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Chapter 1

. Introduction

In studying the behavior of power functions of various multivarié.te tests under al-
ternative hypbtheses it is essential to develop a distribution theory for noncentral distribu-
tions in the multivariate case. Ii is somewhat surprising that this is not straightforward.
In fact even intuitively obvious résults concerning the power functions of multivariate tests
often require fairly elaborate arguments bécause of this difficulty. For a reeent example of

this see Olkin and Perlman (1980).

, Let us take the noncentral x? distribution and its multivariate analog, the non-
central Wishart distribution, as an example. The density of the noncentral x2 distribution
is usually’writt'en as an infinite series. This series arises from the expansion of the exponen-
tial part of the normal density into a power series and its term by term integration with
respect to irrelevant variables. In the multivariate case this integration becomes nontrivial
involving an integration with respect to the Haar invariant measure on the orthogonal
group. Anderson and Girshick (1944) and Anderson (1946) were the first systematic studies
of this problem. James (1955a, ‘1955b) introduced the integration with respect to the Haar
measure on the orthogonal group explicitly and made further progress. Herz (1955) devel-
oped a theory of hypergeometric functions in matrix arguments and expressed the density of
the noncentral Wishart distribution by a hypergeometric function. Then James (1960,1961)
introduced “zonal polynomials” which have a special invariance property with respect to the

Haar measure and the density of the noncentral Wishart distribution can be expressed in an

infinite series involving zonal polynomials. This infinite series provides an explicit infinite
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series expression for the hypergeometric function introduced by Herz. James (1960,1961b),
Constantine (1963, 1966) and others worked out many other distributions and expressed
them in a similar fashion. Thus zonal polynomials provide a unifying tool for the study of

multivariate noncentral distributions.

In spite of this advantage zonal polynomials have been considered to be difficult
to understand. This is mainly because the definition of zonal polynomials required rather
exlensive knowledge of group rcpresentation theory, spherical function theory, ete. This
difficulty was hardly alleviated by more recent (abstract) treatments by Farrell(1976) and
Kates(1980). Another reason is that explicit cxpressions for zonal polynomials are not
known. Furthermore an infinite series involving zonal polynomials often converges very
slowly. Because of these difficulties many noncentral multivariate densities which can be
expressed in infinite series involving zonal polynomials have been rarely used and studied

numerically.

The purpose of this paper is to present a sell-contained development of zonal
polynomials for people workihg with multivariate analysis. Our primary goal is to write a
readable account of zonal.po]ynomials in the framework of standard multivariate analysis
and our development in the sequel might scem somelimes repetitive. Furthermore we
pay fairly close attention to the numerical aspects of zonal polynomials, their cocfficients, |
etc. No knowledge of extensive mathematics is needed but we assume that the reader is
familiar with usual multivariate analysis (e.g. Anderson(1958)) and linear algebra. As is
often the case with an elementary aproach we have to do a good deal of computation,
which sometimes becomes tedious. This is in a sense a necessary tradeoff in adopf;ing an
elementary approach. In any case usual material in multivariate analysis requires fairly-

heavy computation and the computation in the sequel does not seem too heavy.

Recently there have been several elementary treatments of zonal polynomials.
Let us briefly discuss these approaches and their relations to the present work. Our
starting point was Saw(1977) who derived many properties of zonal polynomials using
basic properties of the multivariate normal and the Wishart distributions. Unfortunately
al several points Saw(1977) refers to Constantine(1963) which in turn makes use of group
representation theory. Therefore Saw(1977) is not entirely scll-contained. Actually as

Saw(1977) suggested, it Lurns out that only the elementary methods from Constantine(1963)
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are needed to complete Saw’s argument but it was not clear. Furthermore it seemed more
advantageous to deﬁne zonal polynomials in a different way than Saw did and rearrange
his logical steps, especially because his definition of zonal polynomials lacked a conceptual
motivation. See Remark 3.12 on this point. In our approach zonal polynomials will be
defined as eigenfunctions of an expectation or integral operator. Actually by considering
the finite dimensional vector space of homogeneous symmetric polynomials of a given degree
we work with vectors and matrices and we define zonal polynomials just as characteristic

vectors of a certain matrix. This will be done in Section 3.1.

The idea of “eigenfunctions of expected value operators” is investigated in a more
general framefork in recent works by Kushner and Meisner(1980) and Kushner, Lebow,
and Meisner(1981). In the second paper they gave a definition of zonal polynomials. They
follow James’ original idea but mostly use techniques of linear algebra and their approach
is very helpful for the understanding of James’ original definition. They consider the space
of homogeneous polynomials of (elements of) a symmetric matrix variable A whereas we
consider the space of symmetric homogeneous polynomials of the characteristic roots of A.
In the former approach an extra step is needed to define zonal polynomials by requiring an

orthogonal invariance. Therefore our approach in Section 3.1 seems to be more direct.

Another welcome addition to our limited literature of elementary treatment of
zonal polynomials is provided by the recent book by Muirhead(1982), in which zonal
polynomials are defined as eigenfunctions of a differential oper:itor, or as solutions to
partial differential equations. Although Muirhead proceeds informally and many points
are illustrated rather than proved, the approach can be made precise. We discuss this in
Section 4.5.4. From our prejudiced viewpoint our approach seems more natural, especially

because the differential equation is hard to motivate.
None of these treatments seem to be as complete as the present work.

Zonal polynomials were originally defined using group represe_ntation theory and
their properties were derived from the definition. An obvious alternative for us is to look
at various properties satisfied by zonal polynomials and see whether these properties can
be used as a definition. A definition must be first of all meaningful., namély it should define

some mathematical object which exists in a unique way. It becomes a successful one if all
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other properties can be derived from it. Is our definition successful? The answer seems
to be affirmative. Actually we will derive almost all the known major properties of zonal
polynomials in a self-contained way as well as many new results. Proofs are often new.

The new contributions of the present work are listed in Appendix.

A good measure to judge our optimistic claim is a remarkable paper by James(1964).
It is expository and contains many statements which seem to have never been proved in

publication. In the sequel we will often refer to formula numbers in this paper.

We will not discuss various noncentral densities which are written as infinite series
involving zonal polynomials. In addition to James(1964) we just refer to Subrahmaniam(1976)
which provides extensive references for various applications of zonal polynomials. Once
zonal polynomials are defined and their properties derived it seems not hard to write down

those densities. We will not discuss hypergeometric functions of matrix arguments either.

On the other hand we included a development of complex zonal polynomials (zonal
polynomials associated with the complex normal and the complex Wishart distributions).
One reason for this is that our approach for the real case almost immediately carries over
to the complex case. Another reason is that the existing theory of Schur fu;}_ctions provides
explicit expressions for complex zonal polynomials. This becomes apparent 1[' one compares

Farrell(1980) and Macdonald(1979). See Chapter 5.

Finally let us describe subsequent chapters. Chapter 2 gives preliminary material
on partitions and homogeneous symmetric polynomials. Definitions and notations should
be checked since they vary from book to book. In Chapter 3 we define zonal polynomials
and derive their major properties. If the reader is not much interested in computational
aspects of ional polynomials the material covered in Chapter 3 should suffice for usual
applications. Chapter 4 géneralizes and refines the results in Chapter 3. It deals largely with
computation, cocllicients, ete., of zonal polynomials. The development becomes inevitably
more tedious. In Chapter 5 we apply our approach to complex zonal polynomials. We add
some material from Macdonald{1979) and show that complex zonal polynomials are Schur

functions.



Chapter 2

Preliminaries on partitions
and homogeneous symmetric polynomials.

In this chapter we establish appropriate notations for partitions and homogeneous
symmetric polynomials and summarize basic facts about them. A large part of the material

in this section and section 5.3 is found in Macdonald(1979), Chapter 1.

§2.1 Partitions.

A set of positive integers p = (py, ..., pe) is called a partition of n if n=p+-- -+ pg.
To denote p uniquely we order the clements as p; > py > e > P ‘pl, ..., pg are called
parts of p; £,py,n are
€ = {(p) = length of p = number of parts,

(2.1) P1 = h(p) = height of p,
n = |p| = weight of p.

respectively. The multiplicity m; of ¢, (¢ = 1,2,...) in p is defined as
(2.2) ' m; = number of j such that p; = 1.

Using the m;’s p is often denoted as p=(1"12™2...). The set of all partitions of n is

denoted by P, (={p : |p|=n })-

It is often convenient to look at p as having any number of additional zeros p=
(P1y-++yP2, 0,...,0). In this case it is understood that pr = 0 for k > £(p). With this
convention addition of two partitions is defined by (p+9) = pi + qi, 1=1,2,....
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A nice way of visualizing partitions is to associate the following diagrams to them.
For p = (p1,...,pe) we associate a diagram which has p; dots (or squares) in i-th row. For

example the diagram of (4,2,2,1) is given by

| |

or

Figure 2.1.

We define the conjugate partition p’ of p by means of this diagram, namely p’ is
a partition whose diagram is the transpose of the diagram of p. From Figure 2.1 we see
(4,2,2,1) = (4,3,1,1). Clearly p' = (p')' = p. Furthermore |p| = |p'|, &(p) = h(p'),h(p) =
£(p'). More explicitly p' is determined by
(2.3) mi(p') = pi — pit1, i=1,...,0
Therefore for example

') = my(p') + ma(p') + - -
(24) | = (p1 — p2) + (P2 — p3) + - -
= p1 = h(p).

Let s > h(p),t > £(p). We define
(2.5) P =(5—Pt,8—Pe—1, ", 85— p1)

From Figure 2.2 we have (4,2,2,1); 5 = (4,3,2,2,0). Note that

(2.6) |ps,:| = st — |p}
8
X X
i . . X X
X X X

X X X X
Figure 2.2,
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- Now we introduce two orderings in P,. The first one is called the lezicographic

ordering (>). In this ordering p is said to be higher than g (p>q)if

(2.7) PL=(q1,.++yPk—1 = Qk—1,Pk > qk [or some k.

This is a total ordering. For example P, is ordered as (4)>(3,1)>(2,2)>(2,1,1)>(1,1,1,1).

This ordering is preserved by addition.

Lemma 2.1. Ifp' > ¢',p* > ¢ then p' +p* > ¢! + ¢° with equality iff p! = p?,q' =

q%.

Proof: Let k;, 1 = 1,2, be the first index such that p};', >-qfc'_. (k; is defined to be oo if
pt = q'.) Let k = min(ky, k2). Then

p;""?’?;‘];‘"’Qf; f07'j<k,
(2.8) pi + Pk > qk + 4}

Hence p! + p? > ¢! + ¢2. Equality holds if and only if k =oo or p! = q',p? =¢%. §

Another ordering is the majorization ordering. p majorizes q (p > q) if and only
if

(2.9) PL2qL,P1+Pe>qu+qe, oo P11+ FDE > @t gy

Note that for k& > maz(£(p), £(g)) the equality holds because both sides are equal to the
weight n. Majorization is a partial ordering and it is stronger than the lexicographic

‘ordering;:
Lemma 2.2. Ifp > q then p > q.

Proof: Suppose P1 = (1, ", Pr—1 = Qk—1,Pk # gk. Then P1 4+ . +pk Z q + .. +qk
implies p > qi. Hence p > q. 1 '
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Remark 2.1. The converse of Lemma 2.2 1s false. For ezample (3,1,1,1)>(2,2,2) but

there is no majorization between these two.

Analogous to Lemma 2.1 we have

Lemma 2.3. Ifp! > ¢',p% > ¢%, then p! + p? > q' + q* with equality iff p' = p2,q! =

.

Proof: For any k

(pi+p})+-- +(pr+p}) > (gl +qd)+ -+ +(qt + q2)

with equality iff pf + --- -i-p};=q'i+--- +qi,i=1,2. &

§2.2 Homogeneous symmetric polynomials.

Let f(®1,...,2x) be a polynomial in zy,...,zk. [ is homogeneous (of degree n) if

f has only n-th degree terms. f is symmetric if

(2.10) [y, 26) = flZiy,y .05 24,),

where (iy,...,4) is any permutation of (z1,...,zk). Let V,, denote the set of all n-th
degree homogeneous symmetric polynomials including the constant f = 0. We look at V,,
as a vector space where addition is the usual addition of polynomials. Let f € V,, and
suppose that f has a term az{'---z}' ((p1,...,ps) € P,), then by symmetry it also has
a term azf}-.-zf! where iy,...,17; are distinct integers taken from (1,...,k). Counting all
different terms we see that f can be written as a linear combination of monomaial symmetric

functz’ohs Mp, PE Pn,

ean = 3 aphty
. Pepn

where

(2.12) ) MP = Z xgll_.-m:.’:.

(F150082) C(1,..,k)
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In (2.12) we count only distinguishable terms. For example
(2.13) , : _ -M(l,l) = Z z;T5.
1£4)
Sometimes it is more convenient to use augmented monomial symmetric function AM, for

which the summation in (2.12) if over all permutations of £ different integers from (1,...,k).

Therefore
(2.14) AMay = Y mizj = 2M(,y).
i
In general
h(p)
(2.15) | AMp = (] ms!)Mp.
’ i=1

where (py,...,pe) = (1™12™2_..).

We note that in (2.11) the number of variables k does not play an explicit role.

Actually M, can be defined for any number of variables by (2.12) and

(2.16). .Mp(:vl, veay Lk, 0, ceey 0) = .M,,(a:l, ooy Zk).

Hence it sullices to consider .M,,‘ which is defined for sufficiently large number of variables.
Now suppose

(2.17) > apM, =0,

PEP,

We look at terms of the form z{*.-.zj*. Differentiating (2.17) p; times with respect to z;,
1=1,...,¢ we have a, = 0. Hence .M,,,p‘ € P,; are linearly independent in V,,. (Of course
if & < {(p) then My(zy,...,zx) = 0 which is linearly dependent in a trivial sense. But as
above we consider k to be sufficiently large. For more detail see Section 4.1.) From (2.11)
and (2.17) it follows that { Mp, p € P, } forms a basis of V,. This is a rather obvious basis.

~ We want to consider other bases. The following lemma is useful for this purpose.

Lemma 2.4. If A i3 an upper .triangular matriz with nonzero diagonal elements, then -

A~! has the same property.

Proof’: By assumption |A| # 0. Hence A~! exists. Let A™! = {a‘f}. Then a¥/ = Aj;/|Al,
where A;; is a cofactor of A. By triangularity of A, Aji =0fori > j. |
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Corollary 2.1. If A is an upper triangular matriz with diagonal elements 1 and integral

offdiagonal elements, then A~! has the same property.

Proof: |A| =1. Furthermore A;; is an integer since the elements of A are integers. 1§

Now we consider prod\icts of elementary symmetric functions. Let

(218) Uy = Z Tiy*e Ty,

1< <ty

be the r-th elementary symmetric function. For p € P,, we define

(2.19) _ Up = ui' "P2up? 7P uft,

The degree of U, is

(2.20) , (Pl—P25+2(P;—P3)+"'+3Pt=P1+'“+Pz='n-

Hence Up € Vy,. Up defined by (2.19) corresponds to U, in Macdonald’s notation (1979).

Lemma 2.5.

(2.21) Up = Mp+ D apgMy,

q<p

where apq are integers.
Proof: Consider .monornial terms of the form z3'z...2%, ¢ = (q1,...,qx) € Pa- Now
Up = (21 + -~ .)PI“PE(;,;IZ2 4o )PP (e 4 - JPLL
Hence the highest order term obtained by expanding U, is
2PV P (g g )PIPR. o (g - 3g)PE = 2B R - 1Y,

which has coefficient 1. It is clear that other terms are lower in the lexicographic ordering

and have integral cocflicients. §
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Remark?2.2. For a stronger result see Lemma 4.1.

We order Mp,lUp, p € P according to the lexicographic ordering and form two

vectors:

[ M@ ) (U )

Mn—1,1) Uin—1,1)

(2.22) M = ], u=

\ M(.I") J \ U(;") )

Then Lemma 2.5 implies that
(2.23) U=AM, A= (ap),

where A is a matrix satisfying the condition of Corollary 2.1. Therefore considering Al

= (aP?) we obtain

(2.24) Mp=1Up+ Y aPTU,

g<p
where aP? are integers. We see that {Up,p € P.} forms another basis of V,.

Product of U functions corresponds to the addition of partitions.

Lemma 2.6.

Proof:
upuq _ uxlh—qugz—Pa e u‘{x-gzugz—'% Ve

— u(?1+91)—(92+92) (p2+92)—(pa+qa)
- 1 u2 )

= Up+tq-
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The third basis of V,, is given by product of power sums. Let
(2.26) ' ' = :vf‘.

For p € P, we define

(2.27) = g g,

T, defined by (2.27) corresponds to Ty in Macdonald(1979) and in Saw(1977). Here we

prefer the above definition because of the simpler relation between U, and Tp.-

Let
(2.28) U(s) = H(1+sx1—) =1+u8+ugs®+...

be a generating function of u’s. Then

log U(s) = ) _log(1 + sz:)

82- r—lsr
= sty —gta oo (ST e

(2.29)

On the other hand
1
(2.30) logU(s) = (u18 + ugs® + ) — §(uls +ugs® - )2 4-en,

Comparing coefficients of s” in (2.29) and (2.30) we see

te=(-1)""r{ur+ Y, arglle}

a>(17),9€P:

= (=1 {Uuny + D argllg}

g>(17),9€P,

(2.31)

It is straightforward to show that.

(=1)nt Q-
e T \a1 42,92 — @3-+ G(q)
, eees
(2.32) b

_ (=g — 1)
(g1 — q2)!- - - gy’
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Now

£(p)
Tp = H {PrPet1

r=1

(2.33) l(p) . . Pr—Pr+1t

=TI [0 {Ugn+ 3 arglly}

r=i _ - g>(17),4€P,

By Lemma 2.1 and Lemma 2.6 the lowest order term in (2.33) is given by

£ .
]:[ [(_1)r—lru(1r)]Pr—Pr+1
r=1 )
‘ —
. (2.34) — H [(_1)7—1T]Pr Pr+1u};1—qugz—P3, . 'Ugt
r=1
/4
= (—1)lPl=Py( II rPePerr )Y,
r=1
Hence
Lemma 2.7.
(2.35) Tp = E apgllq,
q=>p
where
£(p)
(2-36) R 'aPP et (_l)lpl—pl H TPr"Pr-{-l # 0.
r=1
Let
(T )
T(-n—l,l)
T=
\ Tum J
Then Lemma 2.7 shows that
(237) | T=11,

where F'is lower triangular with nonzero diagonal elements. Hence {7_'?,1) € P.} forms a

basis of V,,.
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Remark 2.3. To show that { T,,p € Pn} i3 a basis it is much easier to note

T = AMp + Z apg A Mg,
g>p

3
where ap, are integers and use Corollary 2.1. But we will use Lemma 2.7 in Section 4.6.

We study symmetric functions further in Section 5.3. However the material

covered so far suffices to derive zonal polynomials which form another basis of V.



o _ Chapter 8
Derivation and some basic properties of
zonal polynomials

In this chapter we define (real) zonal polynomials and derive some properties.
Some remarks on notation seem appropriate here. We define zonal polynomials as charac-
teristic vectors of a certain linear transformation 7 from V,, to V,,. The normalization
is rather arbitrary for a characteristic Qector and many properties of zonal polynomials
are independent of particular normalization. Corresponding to different normalizations,
different symbols such as Z,,C, have been used to denote zonal polynomials. We find it
advantageous to use still another normalization in additivon to those corresponding to Z,,C,.
Considering these circumstances we use Y, for an unnormalized zonal polynomial. Y, is

used to denote a zonal polynomial normalized so that the coefficient of U, or M, is 1.

§3.1 Definition of zonal polynomials

As mentioned earlier we define zonal polynomials as characteristic vectors of a
certain matrix. The matrix in question will be triangular and we begin by a lemma

concerning a triangular matrix and its characteristic vectors.

Lemma 3.1. Let T = (t,;;) be an n X n upper triangular matriz with distinct diagonal
elements. Let A=diag(ty1,...,¢nn). Then there ezists an upper triangular matriz 5

satisfying

(3.1) | 5T = AS.
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8 is uniquely determined up to a (possibly different) multiplicative constant for each row.

Proof: The diagonal elements of T are the characteristic roots. (3.1) shows that the i-th

row & of 5 is a characteristic vector (from the left) associated with t;. Let

| / . / tll t,l 7
(3.2) YT = (y1,v3) =tny.
0 Ty
‘Given y; = ¢ (3.2) becomes
(33) (t.uc, Ct'l + y'2T2) = (tuc, tuylg).
Therefore
(3.4) | vh(Te — tud) = —ct.

By assumption Ty — t111 is an upper triangular matrix with nonzero diagonal elements.

Hence g is uniquely determined as

(3.5) vy = —cti(Te—tul)™" (¢ #0).
Now for ¢ >1 let
(3.6) ' | YT =tuy.
Then considering first ¢ — 1 elements we have
Y1t =t

yiti2 + yalee = Liiye
(3.7)

Yityien + oo F Yiaatiogi-1 = tiYi-1.

Inductively solving this we obtain 0=y;==---=y; ;. Then (3.6) reduces to an equation
like (3.2) with a smaller dimensionality. Hence arguing as above we see that given y; = ¢,

(Yit1y- -+ Yn) is uniquely determined. §
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Remark 3.1. This lemma seems to be well known to people tn numerical analysis
although an ezplicit reference is not easy to find. It is very briefly mentioned on page 365
of Stewart(1978) in connection with the QR algorithm. The QR algorithm is designed to
transform a general matriz to a triangular form in order to obtain the characteristic roots

and vectors.

For a k X k matrix A = (a;;) we denote its characteristic roots by
(3.8) o =(ay,...,ar) = X\(A),

and (the determinant of) a principal minor by

Biiy  oee Giyi,
(3.9) : Aliy,..., i) =

Qigiy - G,

For a matrix argument we define
Up(A) = Up(er) = Up(N(A)).

As is easily seen by expanding the determinant |A — \I| the r-th elementary symmetric

function of the roots of a matrix A is equal to the sum of » X r principal minors,namely
(3.10) Uary(A) = uplor,.yo) = Y Afig,...,1,).
< <3y
(See Theorem 7.1.2 of Mirsky(1955) for example.) Hence
(3.11) Up(A) = (D AE)I P { Y Alir, ig)}P .
1 1 <tz
Accordingly V,,(A) denotes the vector space of n-th degree homogeneous symmetric poly-

nomials in the roots of A.

Now consider a (linear) transformation 7, : V,,(A) — V,,(A) defined by

(3.12) (n (Up))(A) = (r.Up)(A) = Ew {Up(AW)},

where A is a symmetric matrix and Wis a random symmetric matrix having a Wishart
distribution W(I,v). Here W(X,v) denotes the Wishart distribution with covariance X
and degrees of freedom v. (7o is defined for the basis {Up} by (3.12) and for general elements

of V,(4) 7, is givén by the linearity of expectation.) First we need to verify:
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Lemma 3.2. If A is symmetriz, then (1,Up)(A) € Va(A).

Proof: Since A is symmetric it can be written as A = I'DI" where I'is orthogonal ahd
D =diag(ay,...,ar). Now Up(AW)= U,(I'DI"W)= Uy(DI"WI) because the nonzero
roots are invariant when the matrices are permuted cyclically. Since the distribution of
I"'WTis the same as the distriBution of W, we can take A = diag(ay,...,ax) without loss
of generality. Then | -

(3.13) AW(in, ..., ir) = (04, - 05, )Wit, - -, 3y).

TFor example

aywyy. G1Wie Wiy Wig

(3.14) AW, 2) = — ayag

W21 QW22 w21 W22

From (3.10) and (3.13) the r-th clementary symmetric function of the characteristic roots

of AW can be written as

(3‘15) 'U,,.()\(A"V)) = Z 07 S a'irw(il7 seey ir)'

3 < e <1y

Substituting this into (3.11) and taking the expectation we obtain

(3.16) (. Up)(A) = 5W(Z a,'lVV(il))pl_pz( Z aila,'zVV(il,iz))p’_P"‘. .

13 <1z

Clearly this belongs to V,(A4). &
7, has the following triangular property.
Corollary 3.1.

(3.17) (o Up)(A) = Nipllp(A) + Z apqlg(A).

<p
Proof: As in the proof of Lemma 2.5 the highest monomial term in (3.16) is of the form
(3.18) ab'aB?- - abt Ey {W(1)P P WL, 2)P* P - - WL, ..., )P}

Then using (2.24) we see that (7, Up)(A) expressed as a linear combination of U,'s involves -

only ¢’s such that ¢ < p. In particular the leading coefficient is

(3.19) Aup = EW{VV(I)“"”W(1,2)”2”P3---W(I,...,'K)P‘}.- ,
. :
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Remark 3.2. The constants apq tn (3.17) depend on the degrees of freedom v.

Remark 3.3. To be complete we have to verify that (3.12) does not depend on the

number of variables k or more precisely we need to verify

(320) ) A (T,,Up)(al,...,ak,O,...,O) - (TVU,,)(al,...,ak),

for any number (m) of additional zeros. Note that the left hand side is defined using
ezpectation with respect to W(Iiym,v). Now recall that the marginal distribution of the
k X k upper left hand corner of W(Ixim,v) 18 W(Ik,v) and (3.16) depends only on the
k X k upper left hand corner of the Wishart matriz. Therefore (8.20) holds.

By Corollary 3.1 7, expressed in an appropriate matrix form is an upper triangular
matrix. In order to apply Lemma 3.1 we want to evaluate the “diagonal elements” Aup in

(3.19). For that purpose we use the following well known result.

Lemma 3.3. Let W be distributed according to W(Ii,v). Let T = (t;) be a lower
triangular matriz with nonnegative diagonal elements such that W= TT'. Then tij, t 2>
J, are independently distributed as t;; ~ N(0,1), ¢ > j,ti; ~ x(v—i+1) where x(v—i+1)

denotes the chi-distribution with v — 1 + 1 degrees of freedom.

Proof: This is implicit in the derivation of Wishart distribution in Anderson (1958),Chapter
7, or see Srivastava and Khatri(1979), Corollary 3.2.4. §

Coroliary 3.2,

i 1 ] ,
Ap = 2" [ Tloi + 5 (v + 1= ))/T (v + 1 -4)]

=1

L .

v+1-—1

=2"II _—
( 2 )pa

= V(l:j" 2)'”(V+ 2(?1 - 1))
(w—1)v+1)--(v—1+2(ps — 1))

(3.21)

c(v—L+1) (v =L+ 1+ 2pe—1)),
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where £ = £(p) and (a)x = a(a +1)---(a + k—1).
Proof: Note
(3.22) WL, 1) = (t1ae e ber)2e
Substituting this into (3.19) we obtain
(3.23) Mop = £ 20254},
Now #2 is distributed according to x%(v — i +1) and 67 = (v —i+1)(v — i + 3)-+-
(v—t+1+ 2(p,'.— 1)). From this we obtain (3.21). &
This proof is given in Constantine(1963) in a slightly different form.

Using the vector notation introduced in (2.22) let
[ T(Umy)
Tu(u(n—l,l))

3

(3.24) | n(U) =

\ nllam)

Then Corollary 3.1 shows that
(3.25) Tu(u) = Tuu;

where T, is an upper triangular matrix with diagonal elements t,, == X\,5. T, almost fits
the condition of Lemma 3.1. The question now is what v to take. Actually a particular

choice of v does not matter; we have:

Lemma 3.4. There exists an upper triangular matriz 5 such that
(3.26) ET,= A8, forallv,

where A, = diag(Ayp,p € Pn). 5 is uniquely determined up to a (possibly different)

multiplicative constant for each row.

Lemma 3.4 shows that T, has the same set of characteristic vectors (from the left)
for all v. A proof of this will be given later in this section. Now we define zonal polynomials

using this 5.
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Definition 3.1. (zonal polynomsials)

Let 5 be as in Lemma 3.4. Zonal polynomials Y,,p € P,, are defined by

(Y, )

Y(n-1,1)

(3.27) Y= C =50

\ y(;") )

- Remark 3.4. E s upper triangular and therefore Y, is a linear combination of Uy’s

(or My’s) for which g < p. It follows that { Yp,p € Pn} forms a basis of V,.

Remark 3.5. Since each row of 5 is determined uniquely up to a multiplicatie con-
stant Y, s determined up to normalization. We use Y, to denote an unnormalized zonal

_ polynomial.

In order to prove Lemma 3.4 we first establish that the T, ’s commute with each

other.

Lemma 3.5.

(3.28) . . T,T, = T,T,.

Proof: For a symmetric positive semi-definite matrix A let A? be the symmetric positive
semi-definite square root, i.e., A7 = I'DiI" where I'is orthogonal and D is diagonal in
A = I'DI"”. Now let W,V be independently distributed according to W(Iy,v), W(Ik, 1)
respectively. Consider
(3299 Ew,v {U(ATVAIW)],
where U =(U(n), Un—1,1)» - - - U(an))'- Taking expectation with respect to W first we obtain

Ew,v{U(APVAIW)}

= & {T,U(ATVAZ)}

(3.30) = &v{T U(AV)}

= T,T.U(A).
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We used the cyclic permutation of the matrices since nonzero characteristic roots arée

invariant. Similarly taking expectation with respect to V first we obtain
(3.31) Ew v {U(A}VAIW)} = T, T U(A).

Hence T, T, U(A) = T,.T,U(A) for any symmetric A. Therefore T,T, = T,T,. &

See Theorem 2.2 of Kushner, Lebow, and Meisner(1981) for an analogous result

in a more general framework.
Now we give a proof of Lemma 3.4.

Proof of Lemma 3.4: Consider \,,, given by (3.21). Let us look at \,, as a polynomial in
v. They are different polynomials since they have different sets of roots. Now two different
polynomials can match only finite number of times. It follows that for sufficiently large vy,
Avops P € Pn, are all different. Let vp be fixed such that X\,,p, p € P, are all different. Let 5
be the matrix in (3.1) with T replaced by T,,. Note that the uniqueness part of Lemma 3.4
is already established now; Let A = diag(Ayop; P € Pn). Then for any p A(ET,)= (A5)T,
= (8T,,)T, = 8(T.,,T,) = B(T.T,,) = (ET.)T.,, or A5y = 8T, where §; = 5T,.
Now by the uniqueness part of Lemma 3.1 we have §; = D& for some diagonal D or
ET, = DS&. Considering the diagonal elements we see that D = A, = diag(M\up,p € Pn).
Therefore 5T, = A,5 for all p. #&

We defined zonal polynomials by defining their coefficients. From a little bit more
abstract viewpoint they are eigenfunctions of the linear operator 7, and the results in this

section can be summarized as follows.

Theorem 3.1. Let Y, be a zonal polynomial then

(3.32) (nY)(A) = EWyp(AVV) = )‘VPyP(A)’

where W ~ W(Ii,v), A is symmetric and \,p i3 given in (3.21). Conversely (3.32) (for

all sufficiently large v) implies that Y, is a zonal polynomial.
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Proof: Y = (Y(n) Yin—1,1)r---» Y(1)) = EU. Hence by Lemma 3.4

Ew{Y(AW)} = Ew {BU(AW)}
= 5w {U(AW)}
= 5T, U(A)
— A4, 5U(A)
= A, Y(A).

(3.33)

Therefore (3.32) holds. Conversely suppose that (3.32) holds. Let Y, = 3° p aqly. Then
(3.32) implies

dT, = )\,,pa',

where a’ = (a(n),...,a(1n)). Now by the uniqueness part of Lemma 3.4 a’ coincides with
the “p-th” row of 5 up to a multipli-cative constant. Therefore Y, is a zonal polynomial.

Corollary 3.3.
(3.34) EwlYp(AW) = \.pYp(AX),
where W is distributed according to W(X, v).

Proof: let W= XtW; X% then W, is distributed according to W(Ix,v). Therefore

€Wyp(AVV) = é‘W.yp(AZévvl 2%)
(3.35) = EwYp(SPAZEW) = M, Yp(ZASH) = M, ¥,(AD).

The converse part of Theorem 3.1 will be used frequently to show that a particular

symmetric polynomial is a zonal polynomial. See Sec. 3.3, Sec. 4.4, and Sec. 4.7.

§3.2 Integral identities involving zonal polynomials

In addition to (3.32) the zonal polynomials satisfy other integral identities. The

fundamental one (Theorem 3.2) is related to the uniform distribution of orthogonal matrices.
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The idea of “averaging with respect to the uniform distribution of orthogonal matrices” or
“averaging over orthogonal group” was a very important idea of James for the motivation
of int';roducing the zonal‘polynomials. Therefore it seems worthwhile here to develop the
uniform distribution of orthogonal matrices in a constructive way, although a general theory

of Haar measures readily establishes it (see Nachbin(1965), Halmos(1974) for example).

Definition 3.2. A random orthogonal matrix H is said to have the Haar tnvariant
distribution or the uniform distribution if the distribution of HI is the same for every

orthogonal I
 See Anderson(1958),Chapter 13. More formally

Definition 3.2°. A probability measure P on the Borel field of orthogonal matrices is

Haar invariant if

(3.36) ~ P(A)= P(4AD)
for every orthogonal I" and every Borel set A.

We now examine existence and uniqueness of Haar invariant distribution. We

settle the uniqueness question first.

Lemma 3.6. Let two probability measures Py, Py satisfy (3.96). Then Pi(A) = Py(A)
for every Borel set A. Furthermore Py(A) = Pi(A') where A' = { H' | HE A}.

Proof: Let H '1, Hy be independently distributed according to Py; Py respectively. Then
(3.37) ‘PT(H1H'2 € A) = Eu,{Pr(H\H; € A| Hp)} = Ex, {P1(A)} = Pi(A).
Similarly

(3.38)  Pr(H\H) € A) = Pr(HyH| € A') = &g {Pr(H,H), € A' | H\)} = Py(4).
Hence

(3.39) Pi(A) = P(A').

Putting P; = P, we obtain P;(A) = Py(A’),P2(A) = P»2(A’). Substituting this into (3.39)
we obtain Py(A) = Pp(4). 1
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Remark 3.6. For a more rigorous proof (3.87) and (3.38) have to be converted to the
form of Fubini’s theorem, as is done in standard proofs (see Section 60 of Halmos(1974)).
However in the latter form the change of variables and the change of order of integration
seems to be harder to understand intuitively. The same remark applies to the proof of |

Lemma 8.8 below.

Remark 3.7. If H has the uniform distribution then for every orthogonal H, , HiH
has the uniform distribution. This follows from the fact that H\H and H HT have the
same disiribution for every orthogonal I. The second assertion of Lemma 8.6 shows that

if H is uniform then H' is uniform.

Existence can be very explicitly established as follows.

Lemma 8.7. (Saw(1970))  Let U = (u;;) be a k X k matriz such that u;; are inde-
pendent standard normal variables. Then with probability 1, U can be uniquely expressed

as
(3.40) _ U = TH,

where T = (ti;) is lower triangular with positive diagonal elements and H is orthogonal.
Furthermore (i) T and H are independent, (i) H is uniform, (i) t;; are all independent
and t;; ~ x(k —i+1), t;; ~ N(0,1), 7 > j.

Proof: U is nonsingular with probability 1. Therefore suppose |U| # 0. Now performing
the Gram-Schmidt orthogonalization to the rows of U starting from the first row we obtain
SU = H where S is lower triangular with positive diagonal elements and H is orghogonal.
Letting T'= S~ we obtain (3.40). Since (3.40) corresponds to the uniquely defined Gram-’
Schmidt orthogonalization T, H are unique. Now W = UU' = TT' is distributed according
to W(Ik, k). Tence (iii) follows from Lemma 3.3. To show (i) and (i) we first note that
for any orthogonal I, UT has the same distibution as U. Furthermore UI" = T(HT).
Therefore HIis the resulting orthogonal matrix obtained by performing Gram-Schmidt
orthogonalization to the rows of UI' and T is common to U and UI. This implies that
given T the conditional distributions of H and HTI are the same. Therefore the conditional
distribution of H given T is uniform. Now by unconditioning we see that T and H are

independent and H has the uniform distribution. |
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Now we prove the following fundamental identity (James (1961)). The proof is
only a slight modification of one in Saw(1977).

Theorem 3.2. Let A,B be k X k symmetric matrices. Then

(3.41) EaYp(AHBH') = Yp(A)Yp(B)/Yp(Ii),
where k X k orthogonal H has the uniform distribution.

Proof: Let N(A) = & = (@1,...,0x) and X(B) = B = (B1,...,Pk). Let A =
HDH), B = Hy;DyH}, where Hy, H; are orthogonal and D; = diag(ay,. .., ok),
D2 = diag(ﬂl, e ,,Bk)- Now

Yo(AHBH') = Y,(H,DH\HH; D: H, H')
(3.42) = Yp(D1H3 Do Hj),

where H3 = H), HH; which has the uniform distribution (see Remark 3.7). Therefore
(3.43) » EnYp(AHBH') = ExlY,(D1HD H').

This depends only on « = (ay,...,0x), and B8 = (By,...,Bk). Now for any permuta-
tion matrix P, A = (H,P) (PD,P) (PH)). Noting that a permutation matrix is or-
thogonal we get £ Y, (D1 HD H') = EuYo(P Dy PHDy H'). therefore (3.43) is symmetric
in ay,...,ak. Similarly it is symmetric in By, ..., Bk. Furthermore given 8 = (B1y---»Bk),
Up(D1HD3H') is a homogeneous polynomial of degree n in (@1,...,ak)(see(3.15)). Therefore

taking expectation

(3.44) £Hyp(D1HD2H) € V.,,(A) fO'l' each ,3 = (ﬁl, e ,ﬂk),

and we can write

(3.45) EuYp(DIHDH') = > ¢y(B)Yq().

qEP,

Now looking at (3.45) as a function of B (for fixed o) we see that cg(8) € V,,(B). Hence

(3.46) cq(B) = Z cqq Yo (B)-

q'€P,
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Substituting (3.46) into (3.45) and returning to symmetric A, B we obtain

(3-47) énYp(AHBH') = E cqq Yq(A)Y ¢ (B).

%q

Note that c,¢ = cgq because Y,(AHBH') = Y,(BH'AH) and H' has the uniform
distribution. Now let A be distributed according to W(X, vp) where vq is such that X

vop?

p € P are all different (see the proof of Lemma 3.4). Then by Corollary 3.3

(3.48) EalnYp(AHBH') = Z Caq M voqYo(Z)Y g (B)-

9.7

On the other hand taking expectation with respect to A first we obtain

EnEaYo(AHBH) = \oprn Yo SHBH)

(3.49) ’ . = Auop Z cqq Yo( )Y ¢(B).
Therefore
(3.50) 0= E(xwp = Xuog)Cag Yo(Z)Y ¢ (B).

This holds for any X' and B. Hence (Ayyp — Apyq)cqqr = 0 for all q,¢". Since Mygp 5 Ayoq
for p 5% q we have cger = 0 for all ¢’ and all ¢ % p. But ¢y = cgq. Therefore cyg = 0

unless g = ¢’ = p. Therefore

(3.51) _ EnYp(AHBH') = cppYp(A)Yp(B).

Putting B = I we obtain

(3.52) Yo(A) = cppYp(Ik)Yp(A).

Hence cppYp(Ix) = 1 and this proves the theorem. J§

For more about this proof see Section 4.1.

Theorem 3.2 implies the following rather strong result. .
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Theorem 3.3. Suppose that a k X k random symmetric matriz V has such a distribution

that for every orthogonal I, I'VI" has the same distribution as V. Then for symmeiric A

(3.53) v y,,(AV)‘ = c,,y,,(A),
where |
(3.54) | ¢p = Ev {Yn(V)}/ YalTi).

Proof: As in the proof of Lemma 3.2 &y Y,(AV) € V,(A). Now since the distribution of
I'VI is the same as V' we have

(3.55) & YAnvD) = & Y,(av).

Letting I" be uniformly distributed

EvYp(AV) = Eréy Yp(ATVI)

| = &y ErYp(ATVITY)
(3.56) = Ev{Yp(A)Yp(V)/ YpIi)}
= yp(A)eV {yp(V)}/yp(Ik)°

Remark 3.8. In the sequel we call the distribution of V' “orthogonally invariant” if ¢t
satisfies the condition of Theorem 3.3.

Although Therem 3.3 has not been explicitly stated, it has been implicitly used
for several cases; first with the multivariate beta distribution by Constantine(1963), later
with the inverted Wishart distribution by Khatri(1966) etc. These cases will be examined

in Section 4.3 together with the evaluation of ¢, for each case.

We note that Theorem 3.3 is a generalization of Theorem 3.1. If we examine
the proof of Theorem 3.2 closely we find that we can take A = XiVE? in (3.48) and
(3.49) where V has any orthogonally invariant distribution provided that ¢, p € P,, are
all distinct for that distribution. Furthermore the construction of zonal polynomials in
Section 3.1 works with any such distribution. Although the Wishart distribution seems
to be a natural candidate, we could have used any such distribution from a purely logical

point of view.

Orthogohally invariant distributions are characterized as follows.
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Lemma 3.8. Let V= HDH' where H is orthogonal and D is diagonal. Let H and D
be independently dz’gtrz'buted such that H has the uniform distribution. (Diagonal elements
of D can have any distribution.) Then V has an orthogonally invariant distribution.

Conversely all orthogonally invariant distributions can be obtained in this way.

Proof: The first part of the lemma is obvious. To prove the converse suppose that V'has an
orthogonally invariant distribution. Now we form a new random matrix V.= HVH' where
H has the uniform distribution independently of V. Then V has the same distribution as
V because for any Borel set A '

Pr(Ve A) = Eg{Pr(HVH € A| H)}
(3.57) . = Eu{Pr(VE A)} = Pr(Ve A).

Now we evaluate Pr(V € A) by conditioning on V. For fixed V we can write V = I'DI"
where I'is orthogonal and D = diag(dy,...,dx). We require d; >+« 2 di then D =
D(V) is unique. Then |

Pr(VEA| V)= I'J'r(HI‘D(V)I"'H’ €EA|V)
(3.58) = Pr(HD(V)H € A|V).

Note that we replaced HI' by H since HI has the uniform distribution. Hence

Pr(Ve A) = &y {Pr (Ve A | V)}
(3.59) = év{Pr(HD(V)H € A| V)}
| = Pr(HD(V)H' € A).

This proves the lemma. §

Remark 3.9. Note that the set of orthogonally invariant distributions is convex with
respect to taking mizture of distribulions. Lemma 3.8 implies that the eztreme points of '

this convez set are given by those distributions for which D is degenerate.

We can replace H in Theorem 3.2 by U whose elements are independent normal

variables.
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Theorem 3.4. Let U = (u;;) be a k X k matriz such that u;; are independent standard

normal variables. Then for symmetric A, B

(3.60)  ElAUBU) = U (A1)

Proof: By Lemma 3.7 U = TH. Then

€pr(AUBU') = 5T€Hyp(ATHBH"T')
= &rénY,(T'ATHBH')

= gTyp(T’Aﬂyp(B)/yp(Ik)

= é‘Tyzu(ATT’)yp(B)/yp(Ik)

__ My
= (Ve s (B).

(3.61)

We used the fact that T7' = UU" ~ W(Ik, k). A
Theorem 3.4 leads to the following important observation.
Theorem 3.5. by = Mkp/Yp(Ik) ts a constant independent of k.

Proof: . Let A,B be augmented by zeros as

~ A 0 - B 0
A= ’ kl Xkly B = ’ kl Xkl-
00 0o 0

Then Yp(A) = Yp(A), Yp(B) = Yp(B), and Ypo(AUBU') = Y,(AUBU') where U (k; X
ki) is obtained by adding independent standard normal variables to U. Therefore
-

myp(A)yp(B) = é‘UyP(AUBU')

= gﬁyP(Afféfﬂ)

(3.62) . . . — )\Iclp y T
. yp(Ik‘)yP(A)yP(B)

_ >‘k1P-
- yp(Ik;)yp(A)yp(B).

Hence Mep/Yp(Ti) = Neyp/Ypllk,)- B

We evaluate the b,’s in Section 4.2. Corresponding to Theorem 3.3, Theorem 3.4

can be generalized as follows.
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Theorem 3.6. Let X be a k X k random matriz (not symmetric) such that for every
orthogonal I, Iz, the distribution of I'' XTI s the same as the distribution of X. Then
for symmetric A, B

(3.63) | ExYp(AXBX) = Yy (A)Y,(B),
where
(3.64) %o = Ex {Yp( XX/ {Yp(T0)}2.

Proof: Tor any 'Brthogonal I
(3.65) ExYp(AXBX') = ExYpo(AXT BN 'X).

Letting I'y be uniformly distributed we obtain

ExYp(AXBX') = 5((}?) ExYp( X' AX)

_ Yp(B) |
= U,(T) ExYp(AXX).

(3.66)

Now V' = XX has an orthogonally invariant distribution because VI ' = (N X)(X). .
Therefore by Theorem 3.3

(3.67) Ex Yol AXXT) = Yp(A) e (Yo (XX} Yo (L)

Substituting (3.67) into (3.66) we obtain the lemma. J§

Remark 3.10. We call the distfibution of X “orthogonally biinvariant” if it satisfies
the condition of Theorem 8.6. ’

Corresponding to Lemma 3.8 we have
Lemma 3.9. Let X = H1DH;, where Hy, Hy are orthogonal and D is diagonal. Let
H,,Hj, D, be independently distributed such that Hy, Hy have the uniform distribution.

(D can have any distribution.) Then X has an orthogonally biinvariant distribution.

Conversely all orthogonally bitnvariant distributions can be obtained in this way.

The proof is entirely analogous to the proof of Lemma 3.8; therefore we omit it.
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Remark 3.11. The notion of orthogonal bitnvariance can be applied to rectangular

matrices. If X 13 k X m in Theorem 3.6 we obtain

Tp = €Xyp(XX’)
P yp(Ik)yp(Im)

and in Lemma 3.9 (for k < m)‘ we replace X = HiDH; by X = Hy(D, 0)Hs.

(3.68)

In the sequel we almost exclusively work with the Wishart and the normal dis-
tributions. But in view of Theorem 3.3 and Theorem 3.6 there could be other distributions

which give information on various aspects of zonal polynomials.

§3.3 An integral representation of zonal polynomials

We prove an integral representation by Kates(1980) which shows that (i) zonal
polynomials are positive for positive definite A and increasing in each root of A, (ii) in
the normalization Z, defined below the coefficients a,q in Z, = Y ay, M, are nonnegative
integers. The derivation by Kates is rather abstract but the integral representation can be
proved directly in our framework. The representation can be formulated in several ways.
James(1973) derived one involving uniform orthogonal matrix. We discuss these variations

in Section 4.7.

From Theorem 3.5 we see that a constant b, or equivalently the value of a zonal
polynomial at I describes a particular normalization. The normalization Zp is the simplest

one in this sense.

Definition 3.3. A particular normalization of a zonal polynomial denoted by Zy is
defined by
(3.69) Zo(Ik) = Nk,

or b, =1 in Theorem 3.5.

Theorem 3.7. (Kates, 1980) Let p = (py,...,pe). For k X k symmetric A

(3.70) ZP(A) — gU{AIi'l —P2 Agz*?a. .. Agt}’



3.3. An integral representation of zonal polynomials 38

where A; = UAU'(1,...,1) i3 the determinant of the upper left minor of UAU' and U is

a k X k random matriz whose entries are independent standard normal variables.

Proof: Let

(3.71) Zp(4) = Ey{Ap TP AR

It can be routinely checked that (3.71) is a-.homogeneous symmetric polynomial of degree
n = |p| in the roots of A. Furthermore augmenting A to A (k1 X k1) by adding zeros and
augmenting U to U by adding independent standard normal variables does not change the
‘upper left part of UAU'. Therefore (3.71) does not depend on k. Hence Z,(A) € V,(A).

Now we want to show

(3.72) | 1 {Zp(A)} = \p Zp(A).

. A 0
A= v X v
i ‘\0 O

and W = Y'Y where Y is a ¥ X v matrix whose entries are standard normal variables.

Then

Let

1{Zp(A)} = £ {Z,(AW)}
4

573 =&y 5,7{‘1=Il [UYAY'U'(1,...,5)PsPi+1}
- ey e [ TAT Y, . i),
. © =1
We switc‘hed U and Y because they have the same distribution. Now by Lemma 3.7 Y=
TH and H can be absorbed intq U. Therefore
| €&€y{f_[[Y(~IAl~]'Y'(1, ooy B)|PiTRIRY)

=1

£
= &g er{ [[ITUAD'T'(1,..., i) ~Pi+1}

=1
4
(3.74) = 5{,51-{ H (t%l. .. t?i)Pi—Pi+l [ﬁ:‘lﬁ'(l, ) '[)]PiT‘P-’+1}
1==1
2 I
= Apéy{ H [UAU'(4, ..., 5P~ Pi+1}
=1

= \yp Zp(A).
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Hence 2,,(_4) is a zonal polynomial by Theorem 3.1. Putting A = I; we obtain

(3.75) Z(Ie) = Ew{W)P P WAL, ., 0P,

where W ~ W(I, k). Again by the triangular decomposition W= TT' (Lemma 3.3) we
obtain Z,(It) = Mp. Therefore Zp(A) = Z,(A). 1

Note that the coefficients of the monomial terms in Z, are integers, being the
expected value of sum of products of independent standard normal variables. Turthermore
if A = diag(ay,...,ax) then by the Binet-Cauchy theorem (sec Gantmacher(1959) for

example)

' 1y eeslr Flyeeesdr
e 5B A DM )
iy <o < g1 < <G oyl Jisyesesdr i,...,7 J:

2
1,...,7

= Z Qg -0y, i ) i ’
< <4, Lysseabr

where B("’ "') denotes the determinant of a minor formed by rows 1 1y+++5%r and columns

(3.76)

Fiy.+.,Jr of B. (3.78) is obviously increasing in each o; when A is positive definite.
Furthermore coefficients for monomial terms are nonnegative. These points are discussed
in Kates(1980). For more about this see Section 4.1. Generalizations of Theorem 3.7 will

be discussed in Section 4.7.

§3.4 A generating function of zonal polynomials

One of the main contributions of Saw(1977) is his generating function which gives
a relatively simple way of computing zonal polynomials. Clearly (tr C)® € V,,(C). Therefore

we can write

(3.77) , (trO)* = D dpZy(
PEPn
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Let C = AUBU' where A = diag(ay, ..., ax), B = diag(fy,...,Bk) and the elements of

U are independent standard normal variables. Then by Theorem 3.4

Eu(tr AUBU)"
= Y dyéu Z,(AUBU')
’ pEP,

pEP, p

= > dpZ, A)Z,,(B).

Pepn

(3.78)

Therefore for sufficiently small 8

Eu {exp(0 tr AUBU')}
= &y {D_ (0"/n))(tr AUBU')"}
(3.79) n=0
= Y _(0"/n)) Y dpZp(A)Z,(B).
n=0 Pepn
On the other hand
k
(3.80) tr AUBU' = ) aifjul;.
1,9

Hence for sufficiently small 8

k
Eu {exp(0 tr AUBU')} = Eu {exp(0 Z aiﬂju?j)}

(3.81) . i
= ]:[(1 — 200{,',3:')_%.
N
From (3.79) and (3.81) we obtain
Theorem 3.8.
(3.82) [[(1—2aa.ﬂ,) =Y (/)Y d z,,(A o(B).

1,7 n=>0 PEPn
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The left hand side of (3.82) can be expanded as follows.

k
I - 200:85)%

ChI .

= exp{log H (1- 2001.3;)—;}

,J

— exp{ Z Z (20) rﬂr

. 1,7 r=1-
. 20
(3.83) = ex p{ Z ( t-(B)}
- r=1
= Z Z T.(A)TH(B)
n—0 pE Pn
P £(p) -1
. _1_(1.) ( p1 ) II TPr—Pr-hl
21!\2/ \p1—p2,P2 — P3,---, Pep)/\ ;=5
= Y _(0"/n)) D cpTp(A)Tp(B),
n=0 ) pGPn
where

-1

£(p)
(3.84) ¢p = 1p|!z""—""”{ I reerrter - ,,,+1)!}

r=1

The fourth equality follows from the fact that T, being a product of p; terms comes only
from the'pl-th power term in the expansion of exp. Comparing the coefficient of 6™ in

(3.82) and (3.83) we obtain

(359) S G5B = T o TAATIE.

pEP, PEPn
Note that Cp is positive for every p € P,. Therefore putting A = B and regarding (3.85)
as a quadratic form in V,,(A) we see that (3.85) is positive definite. It follows that d, > 0
for every p € P,. Now let D = diag(dp,p € Pr), C = diag(cp,p € Pn). We recall that -
Z = BU where & is upper triangular and T'= FU whére F'is lower triangﬁlar (see(2.37)).

Therefore in matrix notation (3.85) is written as

(3.86) U(A) 5'DEU(B) = U(A) FCFU(B),
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or
(3.87) E'DE = FCF.

We note that the left hand side and the right hand side correspond to two different trian-
gular decompositions of the same symmetric positive deﬁnit.e matrix. F' can be computed
from (2.33) or alternatively F can be obtained from ‘tables given in David,Kendall,and
Barton(1966) for n < 12. Therefore we can compute the right hand side of (3.85) rela-
tively easily, then we decompose the resulting positive definite matrix as 5/ DS. Diagonal

elements of 5 corresponding to Z,, is obtained in (4.33). This determines D and & uniquely.

Remark 3.12. Saw{1977} defined zonal polynomials or the coefficient matriz 5 by
(8.87) and derived the ﬁrsi part of Theorem 3.1 from this definition. It seems that (3.87)
should be looked at as providing a convenient algorithm for obtaining 5 rather than provid-

ing a definition of 5 because it lacks the conceptual motivation necessary for a definition.

Actually d, is knowﬂ to be (James(1964),formula(18))
dp = X[2pj(1)2"n!/(2n)!
(3.88) - 2l (%m0 — 2p — i 4+ )
- TR e+ ) -

where n = [p| and x[gp)(1) = (2n)! [lic; (2 — 2p; — 1 + 5) /Hf(i)l(2p,- + £(p) — ) is .
“the dimension of the representation (2p) = (2py,. -+ 2Py(p)) of the symmetric group on

2n symbols.” This is one thing we were unable to obtain by our elementary approach. It
was obtained by James(1961) using group representation theory. We will discuss this point

again in Section 4.2 and Section 5.4.
dypZy is usually denoted by C, so that

(3.89) (trA)” = D" Cp(A).

pEP,

This notation often makes it simpler to write down various noncentral densities. Our last

item in Chapter 3 is related to this point.

Lemma 3.10.
!

£ (b AH)?™ = Z 2" "d" Z,(AA))

(3.90)
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where k X k orthogonal H s uniformly distributed.

Proof: Let the singular value decomposition be A‘== I DI; where I'y, I'; are orthogonal,
D = diag(61,...,0x) and 0; = 6?, £ =1,...,k are the characteristic roots of AA’. Then
(tr AH)?>" = (tr IN'DILH)®*" = (tr DI HI)?" and I2HT has the same distribution
as H. Therefore £y (tr AH)?" is a 2n-th degree homogeneous polynomial in 015y Oke
Furthermore thg order of 61,...,6; and the sign for each §; are arbitrary in the singular

value decomposition. It follows that g (tr AH)?" € V,,(AA'). Therefore we can write

(3.91) : Eu(tr AH)*™ = " a,Z,(AA").

PEPn
Now let A = diag(cy,...,0) and U = (u;;) be as before. Then tr AU = Za.;u,-.; is
distributed according to N (0, a?). Hence

Eu(tr AU = (D of)*-1-3-+-(2n—1)
- (2'"')' nn
(3.92) = g (T A4)

On the other hand by Lemma 3.7 .

gu(tI'AU)zn = €T’H(tl‘AT n

= Y apérZ,(ATT' A')
(3.93) PEPn

= ) aphipZp(AA)).

PEPn

Comparing (3.92) and (3.93) we obtain (3.90). &



Chapter }
More properties of zonal polynomials

Th.is chapter is a collection of results which are for the most part generalizations
and refinements of the basic results given in Chapter 3. We do not attempt to collect
various known identities involvihg zongl polynomials. For this purpose the reader is referred
to an excellent survey paper by Subrahmaniam(1976). Actually in the discussion of the
orthogonally invariant distributions we saw that zonal polynomials satisfy an infinite num-
ber of identities. It is a rather frustrating fact that although many ide);i:t;;ities for zonal

polynomials are already known, explicit forms of zonal polynomials are not known.

§4.1 Majorization ordering

The proof of Theorem 3.2 which played an essential role for the subsequent

development in Chapter 3 is not complete as it is. In (3.49) we argued that

(4'1) A . 0= .Z()‘uop - XVoq)céq'yq(E)yq’(B)z

9
for any X, B implies (Ayop — Augq)eqy = 0. One objection may be that 3 is restricted
to be positive semidefinite. But this causes no trouble since (4.1) is a polynomial and a
polynorﬁial which is identically zero for nonnegative arguments has to be zero everywhere.
A more serious question is that the dimensionality of X and B is fixed to be k X k which
is the dimensionality of the uniform orthogonal matrix H. The same objection applics to

the proof of Lemma 3.10. (In the case of U whose entries are independent standard normal
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variables we could augment U : k£ X k to U : ki X k; without loss of generality and we
could avoid this difficulty.) What we have to consider is Vu,k(Z1,...,zk),the space of n-th.
degree homogeneous symmetric polynomials in zj,..., 2k (k fixed) and we have to show
that {Y,,p € Pn} is indced linearly independent and forms a basis for Vak(Z1, .-+ Tic)e
To do this we now study homogeneous symmetric polynomials again from the viewpoint of

majorization ordering. The following is a refinement of Lemma 2.5.

Lemma 4.1.

(4.2) : Up=Mp+ D apMg
4<p,97%p
(4.3) Mp=1Up+ D, aU.
9<p,97p
Proof: Let @ = z; = +++ = z,. Then the degree of @ in Mg is q1 + -+ + ¢,. The degree

of a in Up is py + -+ -+ p, because

Up(a,...,a,:v,+1,...)
= (a + . -.)Pl—pz(az + . .,)PZ—P:!...

. (ar oo _)Pr—Pr+l(a"$r+1. . ,)Pr+1—Pr+2, .. (arxr+1. ceLp e ,)PL

(4.4) — ca(pl—p2)+2(pz—p3)+---+r(pr—pr+1)+'--+fpt 4oee

— caPttPe 4L,

where ¢ is a term not containing . Let @, = {g|lq < p and q +---+q¢ > p1 +
.+« +p, }. Now since the degree of o in (4.2) is py + --- + p, we have

(4.5) Z aquq(a,...,a, IC,-+1,...) = (.
9€Q-

Now M,(e,...,a,Zyy1,...,Zk) are lincarly independent if & is sufliciently large. Therefore

apq = 0 for ¢ € @,. Repeating this argument for r =1,2,... we have

(4.6) apg =0 if gEQIUQaU---.

But if g is not majorized by p there exists an r such that q € Q;. Therefore apq = 0 for
every g which is not majorized by p. This proves (4.2). (4.3) can be proved similarly. @
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Let V, (z1,...,7%) be the vector space of n-th degree homogeneous symmetric

polynomials in 1, ..., zx (k fixed).

Lemma 4.2. {Mp’p € P'me(p) < k}:{ uﬁ:? € P‘n;e(p) < k} are bases of Vn,k(mly ceey

:vk).

Proof: Note that My(z1,...,2x) = 0, Up(zy,...,2%) = 0 for p such that £(p) > k. Let
J € Vo r(zy,...,2%). Then from (2.11)

fleg, .., ze) = Z a,,.M,,(zl,...,:vk)'
(4.7) ' pe,
= Z apMp(zy, ..., 28).

PEPn,L(p)< k

Therefore any f € Va,k(1,...,%k) can be written as a linear combination of M,'s for which

P € Ppn,l(p) < k. Now suppose -

(4.8) ' D agMy(zy,..., z) =0.
9€Pn,La)<k

Then differentiating (4.8) with respect to z; p; times, { = 1,...,4p), (notélf(p) < k) and
setting 0 = z; = --. = z we obtain a, = 0. Therefore {Mp, p € P ,l(p) < k}is linearly
independent in Vn,k(zl,....,xk). This shows that {M,,p € P, £p) < k} is a basis of
Va,e(z1,...,2%). To show that {Up,p € P, f(p) < k} is a basis it suffices to observe

Mp(®1y ..y 2h) = Up(,y ..., 24) + E aPlUy(zy, ..., z)

a<p

=Up(z1,-.rze) + Y. aPUg(zy,...,zx).
1<p,lq)<k

(4.9)

This and (4.7) with f replaced .by Up shows that {Up,p € Pu, £(p) < k} is another basis of
Var(xy, ..o zi). 1

Remark 4.1. It is known that ay,, in (4.2) is nonzero and positive if and only if ¢ < P.
This 1s called the Gale-Ryser theorem. (See Macdonald(1979), Marshall and Olkin(1979).)

Now we prove the following,
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Theorem 4.1.
(4.10) Yp=_ apgllg =D ap M,
a<p a<p
and {Yp,p € Pu, Up) <k} forms a basis of Vi, i (21,...,%k).
Proof: We first note that majorization is transitive,i.e. if p! > p?,p% > p® then p! > p3.

Therefore in view of Lemma 4.1 the equalities involving U’s and M’s are equivalent. Hence

we prove one involving U’s. Now as in the proof of (4.2) the right hand side of (3.16)

(4.11) EW(Z Q‘i,W'(il))p‘—pz( Z i, o, Wiy, z-z))m—pa' ..

1 <tz

has only those monomial terms My(A) for which ¢ < p. Therefore

(4.12) T n(Up) =) bpgM,.

. 9<p

Substituting (4.3) into (4.12) and using the transitivity of majorization we obtain

(4.13) ' n(Up) = D byl
a<p
Now let
(4.14) ‘ Yo=Y apglly.
9<p

We want to show that @, = { ¢ | apq # 0, g not majorized by p} is empty. We argue by
contradiction. Suppose that @, is nonempty. Let ¢* be the highest partition in Q,. Then’
apg 7 0 and ¢ > ¢* imply ¢ < p. For any such ¢ .

(4.15) apgTul(Ug) = apg{ D Vyplly}.

9 <q

Now ¢’ < ¢, ¢ < p imply ¢’ < p. Hence the right hand side does not have U, term. It

follows that U,. does not appear in

(4.16) _ | | E apeTu(Uq)-

*<q<p
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Obviously
(4.17) : : D ap(lly)
7<q*

does not involve Ug. term either. Therefore the coefficient of Ugs in

Tu(yp) = Z pqTu(Uy)

9<p
(4.18) - = apg-1(Uge) + (4.16) + (4.17)

is @pg+Apge. On the other hand

(4-19) TV(yp) = AupYp-

Therefore the coeflicient of Uq+ on the right hand side of (4.19) is X\ypap,+. Taking v =

we have a contradiction. Therefore @p is empty. This proves (4.10).

To prove the second assertion we note that g < p implies £(q) > ¢(p). Otherwise
Prt e+ pyg < pr+oer+ Pep) = m = q1 + -+ + gy, and this contradicts ¢ < p.
Therefore in (4.10) we have only those U,'s for which £(q) > £(p). Now suppose that A is
kX k and k < £(p). Then every U,(A) in (4.10) vanishes. Hence

(4.20) Up(A)=0 ifAiskXkandk < {(p).
Now write
(4.21) Up= D aP1Y,.
9<p
Then .
‘ Up(zrye . oyzh) = Z aP Y (z1,...,2x)

(4.22) : 9<p ‘

. = Z aP' Yy (z1,...,zk).

9<p,l(q)<k

Similarly »
(4.23) Yolza,...pz8) = Z apqllg(zy,...,2k).

9<p,8(q)<k

In view of Lemma 4.2, (4.22) and (4:23) imply that {Yp;p € P,.,Z(p) <k} forms a basis of
Vn,k(ml;-'-)xk)- |
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In the proofs of Theorem 3.2 and Lemma 3.10 we replace all the summations by

(4.24) > , > ete.

ol a2’ €P,
PEP )k Ha) Sk, e <k

Then those proofs are complete. We do not repeat the steps of those proofs. But in later '

proofs we will be careful.

Remark 4.2. Using the Gale-Ryser theorem (Remark 4.1) and (3.70) it can be shown
that a,,, in (4.10) is positive if and only if ¢ < p. This is stronger than Theorem 4.1.

For future references we record (4.20) as a corollary.

Corollary 4.1.  If A is k X k and {(p) > k then Y,(A) = 0.

§4.2 Evaluation of 1Y,(I)

In the sequel we often work with a normalization denoted by Y, which has the

leading coefficient 1, namély

(4.25) 1Yp =Up + E 16pqUs.

<p
Advantages of this normalization will become clear soon. We shall evaluate ;Y,(Ix). From
Thorem 3.5 we know that 1b, = Akp/ 1Yp(Zk) is a constant independent of k. Therefore

our goal is to obtain 1b,. Now-
(4.26) 1bp 1Yp(Ik) = Mip = Zp(Ik)-

Therefore 1bp is the leading coefficient of Z,. This was needed for the unique decomposition

of the left hand side of (3.87). We use the following recursive relation.
TheoreAm 4:2. IfAisa k‘ X k symmetric matriz, then

(4.27) , |4l 1Yp(A) = 1Yp+x)(A);

where p+ (1) = (py + L,pa + 1,..., o+ 1, kst +--) € Pagk, n = |p|.

Proof: 1 ¢(p} > k then 1Y,(A) = 0 by Corollary 4.1. In this case {(p + (1¥)) = £(p)
> k. Hence 1Y, (15)(A) = 0. (4.27) holds trivially in this case. Now let £(p) < k. Let



4.2. Evaluation of | Yp(I) ' : 45

(a1,..., k) = X(A). Clearly |A| 1Yp(A) € Veps k(as,. .., o). Therefore by Theorem 4:1
we can write
(4.28) |A] 1Yp(A) = Z aq 1Y4(A).

' QGPanl(q)Sk
Putting AW in (4.28) and taking expectation with respect to W(Ix, v) we obtain
(4.29) Ew{lAWL Yp(AW)} = D gk 1Y,(A).

qGPn+k,l(q)$k

Now the left hand side of (4.29) is equal to [A] éw{1Yp(AW) |[W]}. Absorbing |W] into
the Wishart density and letting W be distributed according to W(Iy, v + 2) we obtain

Al 3y am W)
IAI?kII 2= e ( p(arny

(3v+1-

k v +3-1) £(p) Plps + 4w +3 — i) |
(4.30) ke Hl‘[( i T U ey %@

= E B e e )

= )\V,p+(l’°)|A| lyp(A)
= Ay, p4(1%) Z aq1Yq(A).

qGPmHnl(Q)Sk

Subtracting (4.30) from (4.29) we obtain

(431) Z aq(xvq - >‘u,p+(l")) lyq(A) =0.
qun+kvt(q)Sk

This holds for any k X k symmétric A. Therefore by Theorem 4.1 ag (Npg— )\,,,p+(1k)) =
0 for every q such that g € P, 1«,8(q) < k. Taking v=v, we obtain ag = 0 for g 5 p+(1%).
Now comparing the leading coefficient in (4.28) we sce api(1+y = 1. This completes the

proof. |

Corollary 4.2, (Formula(129) in James(1964))  Let p = (py,.. ., P¢) and p — (pf)
= (p1 — PeyP2 — Pty .-, Pe—1 — ps). Then for an £ X ¢ symmelric A

(4.32) 1Yp(A) = |AP 1 Y1) (A)-

Proof: IAIPL lyp—(pf)(A) = IAIpt-l lyp—(pf)+(l‘)(A) = = lyP(A)' |
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Applying Corollary 4.2 to the identity matrices of appropriate dimensionalities we

~ can evaluate 1b, in (4.26).

Theorem 4.3.

p) 3
(4.33) b =27 TT T (5 z—— = 1) + P = Pi)pi—pisas

1=1 J-——l

where (a)y = a(a +1)--+(a +k —1).

Proof: We prove this by induction on the length of p. Let £(p) = 1, namely p = (p1).
Then

(4.34) 1yp(11) = U,,(Il) = 1Pt =1.

Therefore

ibp = >‘1p/ lyp(Il)
= 1'3"'(2171 ...1)

(4.35) 4 .___2,,1(%) ,

which is of the form (4.33). Now suppose that (4.33) is true for {(p) = k — 1. We want
to show that then (4.33) holds for £(p) = k. Let p=(p1,...,px) and p — (pf)=(p1 — px,
j)g — Pky +++y Pk—1 — Pk). Note that £(p — (pk)) = k — 1. Putting I in (4.27) we obtain

(4.36) 1Yp(Ik) = 1Yp_(piy(Tk)
or
Ak
(4.37) 1bp = 1bp_(pty T
P F (p ))‘k,P'—(Pk)

Using the induction bypothesis



4.3. More on integral identities - 47

(4.38)

_ ; Ak
15, = 2IP—(@D) H H (—z - —(.7 =)+ (25 = 2k) = (6 = Py )
Pt kip_(P:)
— 2|P—(Pk)| H H (—z — —(] 1) +p; — p"-) Pi—Pi+1
t=1 =1

2P 17 Tlps + §(k +1 —J')]/T‘[l(’c +1—7)]
" glr—(2b)] H" i T[pj—pr + & Hk+1~ ])]/I‘[ (k+1-7)

_2IPIH ]i[(—z—— ‘ 1) +p; - )ps—pa+x'H((Ek—é(j_l)-'_pj_pk)m
=1 .

=1 J—l

= 2l7! H H (—1, - _(-7 1) +p; - p‘)pe—PiH'

i=1g5=1

Therefore (4.33) holds for k = £(p) and the theorem is proved. g

There is a curious fact about 1bp. Let k!! denote 1-3.--kor 2-4-.. % depending

on whether & is odd or even. Then as above it can be shown by induction that

£(p)
(21)1 — &Py — i+ ] ”
(4.39) ,I<I, Gpr = 2% s 1)" H 2p; — i + £(p) — D).
.
Now (tr )" = 37d, Z,(A) = Y d,, lbp 1Yp(A). From (3.88) *
£(p)
dp 1bp = 2"n! H (2p: — 2pj — i +5)/ H(zl’a — i+ {p))!
i<y t=1
£(p)
' (2p: — 2p; — i+ 5 — )
44 - ) : 2 T ’l: + V4 -1
( 0) il;J;. (2;0; — 21)1 —t4+ 75— " 11:-]:1 pi (p) )

£(p)

= [ i L en—i+ o,

i< 2p1—2p,—1+1

This is very similar to lb‘l if we ignore the constant 2”n!. In Section 5.3 we will see

that in the complex case the- corresponding quantities dp, 1b satlsfy an exact relation
p( 1 p)? = nl.
§4.3 More on integral identities

In this section we evaluate the constant ¢p in Theorem 3.3 for several distributions.

The first one is the inverted Wishart distribution. See Khatri(1966), Constantine(1963).
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Lemma 4.3.  Let W be distributed according to W(I,v),v > 2h(p) + k— 1. Then
(4.41) EwYp(AW™!) = c,Yp(A),

where .

) PiL(v — k +4) — pi]
L3y —k+ )20~

(4.42) Cp =
i=1
Proof: Let A = diag(ai,...,ax) without loss of generality. We look at the monomial

-term aP'---aPt (£ = £(p)). Then as in (3.18) its coeflicient in (4.41) is
(4.43) Ew{W Q)P Prw1(1, 2)Pe P WL, )P,

which has to be equal to ¢,. Let W= T'T where T'is lower triangular with positive diagonal
elements. Then analogous to Lemma 3.3 ¢;,0 = 1,...,k, are independently distributed
according to x(v—k+14). Then W-l=T"1T'~1 and T~! is lower triangular with diagonal

elements reciprocal to the diagonal elements of T Therefore W—1(1,...,7)=(t11+ - t,,) 2.

Hence _

— €{t_2p‘~-t"2p‘}
€p 11 2 .
i ORI
=i I[i(v — k + 2)j2»
]
={J[(v-k+i-2p)v—k+i—2pi+2)--(v—k+i—2)}".
=1
|

Lemma 4.3 implies the following interesting identity which is briefly mentioned in

Constantine(1966). Let P;,: be defined by (2.5).

Lemma 4.4. Let A be an t X t positive definite mairiz. Then

YolA™1)  Yp: (A)

(4.44) |A|® VL) = Vo ()

where s > h(p),t > {(p).

Proof: Without loss of generality let A=diag(e1,..., ). Consider |A|® Y,(A~1). Let

(4.45) Yol A™) = T apeMq(t/a,..., 1/ac).

q<p
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Note that ¢ < p implies h(q) < h(p). Now the degree of 1/a; in Mo(1/ey,. .. ,1/as) is h(q).
Hence the degree of 1/a; in Yp(A™') is h(p). Now |A|*= (@1---0x)® and 5 > h(p). We see
that 1/a; is cancelled by |A|* and |A}* Yp(A™!) is a polynomial in (e, ..., a;). Clearly it is
symmetric and homogeneous of degree st — |p|. Therefore |Al® Y,(A™!) € Vat—ipl,e(e, ..,
at). By Theorem 4.1 we can write
(4-46) lAlsyp(A—l) = Z bqu(A)-

9EPae—p, 8(q) <t
Replacing A by AWin (4.46) and taking expectation with respect to W(I;,») we obtain
(4.47) Ew{lAWIYp(ATI W = 3T b\.Y(4)

qEPAQ—Iph’e(q)St

Now proceeding as in (4.30) and using Lemma 4.3 the left hand side of (4.47) can be

evaluated as

|Al*Ew {IWI°Yp(A™ W)}

= tapee I RO e a7y

=1 .
aget T T+ 14 25— ) TR T4+ 25—t +35)—pj], ,_
=l [ T[i(v+1—73) 11 T[i(v + 25—t + 7)]2%s Ypla™)

=1

=1

LT[ (v s—1
(4.48) — IAlsyp(A—1)2at—|p| H F[i‘([%(_::_':iz)] )]
Tlg(v +1=35)+ 8= pr_jrpi]
Pli(v+ 1+ 25— 3%

1==1
t

=

7=1

t 1, —1 8 — Pp—g
R e | Jf*[l%(uﬁ—z‘)lp -

=1

where W ~ W(L,v + 2s) and 7' = t— j + 1. Now Py =(s— PtyS = Pe—1, ---,8 — p1) and

t

(4.49) | Mps, =277 T
1=1

P[3(v +1—14) + s — prita]
L3{v+1—1) '

Therefore combining all these things

Mowse Do balUelA) = M |AIPYR(A7Y)
qepﬂt—lphe(‘”st

(4.50) ' = Ew{|AW]°Yp(Aa~' W 1)}
. = Z bq)‘uq_y q(A).

qGP-:-myl(Q)St
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It follows that b,=0 if q # pj ,. Therefore

(4.51) ' |AI"Yp(A™!) = bp: , Yp: ,(A).

Putting A = I, we obtain

(4.52) ' bP:,‘ = yp(It)/yp:,e(It)-

The second distribution is a “multivariate F” distribution. There are many ways
to generalize the univariate F distribution to the multivariate casc. Here we work with the

following version. For other generalizations see Johnson and Kotz(1972).

Lemma 4.5. Let the columns of X1 : k X vy, X3 : k X vy (va >2h(p) + k — 1) be
independently distributed according to N(0, X). Let W=X’1(X2X’2)_1X1. Then

) p i
(1.53) Eur (YA} = nup T TR e ol

Proof: Premultiplying X;, X by >-% we can take X=1I, without loss of generality.
Then

EwYp(AW) = Ex, Ex, Yp(X1AX (X2 X))
£(p)

Ty Tl3ve — k+14) —pi
(4.54) - H (L (52 K+ 4)] 27 Ex, Yp(AX1 X71)

“”’ T[L(ve — k +14) — i

- .gl T{i(ve — k +d)]2 XkuP(A)-.

Remark 4.3. It is more or less obvious to prove Lemma 4.5 for other definitions of

multivariate F distribution.

Our last distribution is multivariate beta distribution (Constantine(1963)). The

following derivation is essentially the same as in Constantine(1963), but a little bit more
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“probabilistic”. Let W;,W, be independently distributed according to W(X, 1), W(Z, v3)
(2 k X k) respectively. Note that W=W; + W, ~ W(Z, v1 + vg). Now the conditional
density of W; given Wis '
f(wy | VV)
|W1| exp(—— tr ZTIWL)|W— Wy | exp(—— tr 21 (W - w,))
(4.55) W57 exp(—f tr 2-1W)

lWll Yy — k IIW Wllvg—k 1
IW‘VI+U2;_"-1 ’
where
I" _ -
(4.56) c= Ht—l [$(v1 + vo —i+1)]

wk(e=0/4 [TE_ D[4 vy — i+ DI [F(vg — i +1)]

Note that terms involving X cancel out in (4.55) . Therefore the conditional distribution

does not depend on X. When W=1, f(W1 | I)is called multivariate beta density:

2k1

(4.57) f(Wi |I) = oWy [T T Wy

Since this density is orthogonally invariant the conditional distribution of Wy given W= I

is orthogonally invariant. Now we want to evaluate cp in s

(4.58) E{Yp(AWL) | W =T} = c, Y, (A).

For a posmve definite A let A? =I'D*I" where I'is orthogonal and D is diagonal in
A=IDI". Now the conditional distribution of A2 W, A% given W= I is the same as the
conditional distribution of W, given W = A. This follows from the above mentioned fact

that the conditional distribution does not depend on X. Therefore
(4.59) E{Yp(AW) | W= T} = £{Y,(W1) | W= A}
Letting A = W; + W; we obtain from (4.58) and (4.59)

(4.60) EQYp(W1) | Wy + Wa} = ¢, Yp(Wy + Wa).
Now taking unconditional expectation we obtain

(4'61) VleP( )"“CP V1+V2.PyP( )

Hence ¢y, = Ay, p/My40,,p- Now we have proved
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Lemma 4.6.  Let W, have the density (4.57). Then

(4.62) Ew, Yl AW1) = 2412y (4),

>\V1+V27P

Variations of the above .three lemmas can be found in Khatri(1966), Subrahmaniam(1976).

§4.4 Coefficients of U, in Y,

In this section we study coefficients of U,'s when zonal polynomials are expressed
as linear combinations of Ug’s. For definiteness we work with 1apq in 1Yp=Up+2_ 1apeUq.
If rank A=1,2 all the relevant coefficients are known and we can compute Y,(A) ex-
plicitly. We review this first. After that we study several recurrence relations between
the coefficients. When rank A > 2 these recurrence relations are not enough to compute
the values of zonal polynomials Y,(A) for all p. Nonetheless they seem to be very useful.
Coeflicients of M,’s will be discussed in the next section and Tg’s in Section 4.6. We discuss

relative advantages of various bases on the way.

4.4.1 Rank 1 and rank 2 cases

If A is symmetric and rank A=1 then A has only one nonzero root. Let A =
diag(a,0,...,0) without loss of generality. By Corollary 4.1 Yp(A) = 0 if £(p) > 2.

Therefore only onepart partitions p = (p;) count. Obviously
(4.63) 1Y(p)(A4) = Up,)(A) = ol

Therefore in this case zonal polynomials reduce to powers of a;.

Now suppose rank A=2. Let A=diag(a;, a2,0,...,0). We have to consider only

partitions with two parts p = (p;, p2). Now we use Corollary 4.2:

(4‘64) 1y(P1,P2)(A) = I‘A'lp2 ly(pL—Pz)(A)’

where (py — p2) is a onepart partition. Thercfore it suffices to know the value of a zonal

polynomial of onepart partition evaluated at rank 2 matrix A. Actually zonal polynomials
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of onepart partitions are known explicitly. If we let 8; = 1,8 = -+ = ;=0 in (3.82)
we obtain
k oo
(4.65) I —200)=% = 3~ (0" /n)d() Z(n)(A) 150m)-
=1 n=0

Now in (3.77) (trO)* = U(,,)(C") and U(»)(C) term appears only in Z(,)(C). Therefore

(tr C)n= ly(,,)(_C) + +-- = (1/ 1b(n)) Z(n)(C) + - -. Hence dgy= lb(—,nl). We have
k . oo .
(4.66) I —200:)7% = 3" (67 /n!) Z(ny(A).
) =1 n=0

The left hand side can be expanded as follows.

k
(- 200:)"F = {1 — (20u; — 40%uy +---)}~#
=1
> 113 2p—1 P
(467) = S (g S~ L13 ( | )
:{4 pg; P22 2 \P1— P2, P2 —P3,- -, Pe(p)

-(...1)(?2 p3)+(ps— p5)+...up.

This follows from the fact that U, being a product of p; terms comes only from p;-th power

term in the expansion of (1 — 26u; +---)~*/%, Comparing (4.66) and (4.67) we obtain

4.68 Zi = 27n) 1) (Pe—Po)+(pa—ps)+-- (2)p:
- ” pEZP.. (P1 — p2)! - - po(p)!

Note that 1b("') =1-3---(2n— 1), 2"nl=2-4-... (2n), |A|P2 u('lu']z) (A)zu(91+P2,¢Iz+P2) (A).
Therefore if rank A=2 we obtain from (4.64)

2-4---(2p1 — 2pg)
ly(PlyPZ)(‘A‘) 1 3

(4.9 “(2p1 — 2p2 — 1)
1.69 (1as
> (—1)‘“((h__z(;“)@u(qﬁpz,qﬁpz)(A)-

(a: ,qz)epm -P32
See formula (130) in James(1964)..

If rank A=3 what we have to know is the values of zonal polynomials of twopart
partitions evaluated at a rank 3 matrix A. Obviously things become more and more
complicated as rank A increases. However several useful recurrence relations on the

coeflicients can be obtained.
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4.4.2 Recurrence relations on the coefficients

We present here three recurrence relations. The first one is already used in deriving

(4.69).

Lemma 4.7. If k > Up), k > {q), then

(4.70) 18pg == 10pt(1k),q+(1F)"

Proof: Let A be k X k. Then

4] 1Yp(A) = |Al{Us(A) + Y. 1apllg(A)}

a<p,(g)<k

= up+(1k)(A) + Z 1apquq+(1k)(A).
a<pl(q)<k

(4.71)

By Theorem 4.2

|A] 1Yp(A) = 1Ypraxy(4)

(4.72) = UP+(1k)(A) + Z lap+(l"),q'uq'(A)‘
' 7' <p+(1%),8(¢')<k

Comparing (4.71) and (4.72) we obtain by Lemma 4.2 18pq = 10pt(1%),q+(1%) B
Remark 4.4. Theorem 4.2 has been known and Lemma 4.7 is almost an tmmediate
consequence. However it does not seem to have been ezplicitly stated.

The next one is in a sense conjugate to Lemma 4.7. Let p = (p1,...,pe) € Pn and

m > py=h(p). We denote by (m,p) the partition (m,p1,p2, ..+, pe) € Potm.

Theorem 4.4. Let m > h(p). Then

am
(4.73) P 1Ymple, -y opg1) = m Yplag, ..., ox).
Proof: Let
Yomp) (s -+ os et 1) = > @ m,p)gUal@Ls - Oky1)
< (m,p),qGP,,.,..,.
(4.74) . = ) (m,p),(m, ) Uim, ) (@1 -+ Qh1)

(m,q")<(m,p),q'E€Pn

+ Z a(mm).quq(alr ceny alc—l—l)o
4€Pntm h(g)<m
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We differentiate (4.74) m times with respect to cz11. Now the degree of Qfyq in
(4.75) Uglony ooy erst) = (3 02> ayay) . ..

4 i<
isq1=(q1~¢q)+(q2—q3)+--- + qe(g)- Therefore the terms in the second summation
on the right hand side of (4.74) drop out. Now Uim,gy(eet, ..y @ky1) is a product of
m=(m—g,)+ --- +qygy elementary symmetric functions up(@1,. .. ,0c41) which are linear
in agyy. Therefore differentiating U(m,q,) m times we are left with the term where each

u, is differentiated exactly once. Furthermore

0

4.76 O
(4.76) o

u,(al, ooy ak+1) = u,_l(al, .. .,ak).

Therefore by the chain rule of differentiation

am

aai"+1 u("‘xq')(o‘l’ ey Oky)
' a . : m—g’ o dima,
(4 ) = m.{aak+1u1(a1,...,ak+1)} {Bak+1u2(a1""’ak+l)} 2...

= m!ul(al, ey ak)ql‘_q;uzl(al’ ceey ak)q,z_qg. .

= m!Uq;(ql, seny ak).

Let g(al, ceay ak) = (Bm/aafc"ﬂ)y(m,p)(al,’. 'y ak+1). Then

~ . o™
y(al, ey ak) == Z a(m,p),(m,q) ——aazn_{-l U(m,q)(al, sy ak+1)
(4.78) 9<p
= m! Z a(m’P)J(mlq)uq(al, ceey ak’)-
¢<p

We replaced ¢’ by ¢ and (m,q) < (m,p) by ¢ < p since (m,q) < (m,p) if and only if
g < p. We want to prove that 9 is a zonal polynomial. This can be done by showing that,
¥ satisfies the condition of Theorem 3.1.

Let A = diag(ay,...,ak+1) and Ay = diag(ay,...,ax). Then exactly as above

we obtain
(4.79)
k
am . _ . _
Far Y AW) =1l D " 6 ), (m, ) Wk + )"0 (3 0, Wiy, k + 1))
ot X8 a<r . -
k

) ( Z Qgyree ai;(q) W(’I:l, ceey il(q)) k+ 1))‘”“).

i1 <o <idggq)
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Let W be partitioned as
. Wi Whi1
(4.80) wW={ | ,
' Wei1 Wkt1,k+1

where wiy1,k+1 = W[k + 1) is a scalar. Let

(4.81) Wikt = Wit — Wi 1 Wy /Wet1,k+1-

Then by the well known identity on the determinant of partitioned matrices we have

(4.82) W, i B 1) = Wikt Wik (81, - -+ 30)

Therefore in (4.79) wi? = (mra)ta—a) (o es out as a common factor and we
kt1,k+1 k+1,k+1 /

obtain

am
dop Y () (AW) =1L Y om0),(m, )W 1,41 Ug(A1 Wi k11)
+

(4.83) <P
= w1 k1 (A1 Witks1)

Now if W is distributed according to W(Ik+1,v) then wri1,k+1 and Wirkyy are inde-
pendently distributed according to x2(v), W(Ik,v — 1) respectively. (See Srivastava and
Khatri(1979), Theorem 3.3.5 or Mardia, Kent, and Bibby(1979), Theorem 3.4.6.) Therefore
taking expectation with respect to W

. am
)\u,(m,p)y(Al) =X v,(m,p) A aa y(m,p)(ah ) ak+l)
= ‘E‘W{Wy(m,p)(Aw)}
(4.84) kL
= Ew{wii1 k1Y (A1 Witks1)}
(% + N
= 2”Ml€w{y(A1Wu-k+1)}-
r'(%)
Hence
~ I'¥ +m)) -~ '
(4.85) EwY (A1 Witkt1) = {Xu,(m,p)/2m—(ﬁ‘T)}y(Al)'
\ 2
Now
I(4 +m) 39 I(%5 + i)
(4.86) Nymipy = 2™ —Ee [ =2

IE) = 1)
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Therefore
(¥ +m)
(4.87 Ao, (m, / 22 = Nyt
) {(m,p) I( _2_) p
By Theorem 3.1 we conclude
(4.88) Y = ey,

Comparing the leading coefficient we obtain ¢ = m! in (4.73).

Corollary 4.3. If m > h(p) then

(4'89) la'Pq = la(m,p),(m,q)'

Proof: From (4.73) and (4.77)

mi(Up + Z 16pqllg)

qg<p
am
4.9 =mhYp= 0 1Y(m,
(4.90) P= Bap, Ymr)

= m!(Up + Z 18(m,p),(m,q)lU q)-

q<p

Therefore (4.89) holds. g

In terms of the diagram of p Lemma 4.7 corresponds to adding a column to the

left of the diagram and Corollary 4.3 corresponds to adding a row to the top. In this sense

they are “conjugate”. There might be a decper reason for this conjugacy.

X = v e . X X X X X

Figure 4.1,
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Our third recurrence relation follows from Lemma 4.4.

Lemma 4.8. If s > h(p),s > h(q),t > £(p), t > €q), then

(4.91) ’ 18pgq =— 1ap:.”q:".

Proof: From Lemma 4.4

(4.92) |A]° 1Yp(ATY) = ¢ 1Yp; ,(A),

|APULA™) + DT 1apgAlU(ATY)
9<p,Yg<t

= c(up-(A) + Z lap‘,q'uq’(A))’

9 <p*,£(¢')<t

(4.93)

where p* = p; , and ¢ = 1Yp(L:)/ 1Yp+(It). Now let A=diag(ay, ..., a). Then

t

|A]u,(A—1)=(a1---at) Z 1

‘i1<-"<1'.-‘ (s TIRREY N

r

t

(494 = Y e

T1 < L Jbmr
= ut_,(A).

Note that (4.94) is true for r = 0, ¢ if we define ug = 1. Therefore

IAlsuq(A“l) p— |A|8—ql{|A|91U1(A-1)¢11—92, R 'ue(q)(A_l)qL(’)}
(4_95) = ut(A)a—mut_l(A)qx—%. .. ut—l(q)(A)q‘(")
= u‘]:,g(A)’

because g5 = (s,..-,8,8—qe(q)s- -, 3—qe,3—q1) and £(q} ;) = t. Substituting (4.95) into
(4.93) we obtain

UP‘(A) + Z lapquq:,,(A)
e<p(q)<t

= c{Up-(A) + E 18p-gUg(A)}.

¢ <p*l¢)<t

(4.96)

Therefore by Lemma 4.2 1ap, = 10p;,,0:,, c=1.
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Remark 4.5. Again this lemma is much easier to grasp in terms of the diagram. See

Figure 2.2.

Looking at Table 2 in Parkhurst and James(1974) we find that the above three
recurrence relations give a lot of coefficients without any calculation (except that the table
is for Z, rather than for 1Y,). However it seems to be still a long way to obtain all

coeflicients along this line.

§4.5 Conversion to coefficients of M, and James’ partial differential equation

So far we have becn mainly working with Up's. But in view of Lemma 2.5, Lemma
4.1 etc. we could have worked with My’s as well. We defined zonal polynomials in con-
nection with the Wishart distribution and it was more straightforward to define zonal
polynomials in terms of U,’s in that setting. But when it comes to obtaining coefficients
it seems easier to work with Mp’s. In this section we translate every result in Section
4.4 into the coefficients of M,'s. Another big advantage of working with monomial sym-
metric functions is a partial differential equation by James(1968), from which he derived a
recurrence relation on the coefficients of monomial symmetric functions in a zonal polyno-
mial. (Note that the recurrence relations of Section 4.4.2 were on the coefficients of Ug's in
different zonal polynomials. Iere the recurrence relation is on the coefficients in one zonal
polynomial.) Actually it is possible to develop a whole theory of zonal polynomials from
the partial differential equation. This is done in a recent book by Muirhead(1982) explicitly
and illustratively. We discuss the partial differential equation and the recurrence relation

in Section 4.5.4.

Furthermore Jacob Towber (personal communication) has recently obtained a
combinatorial method for determining the coeflicients. His method involves several steps of
counting related to the diagram of a partition. At the moment the combinatories involved
seems to be too complicated to obtain an explicit formula for the coefficients, but it might

be carried out.

From the above discussion we see that we have much more information on the

coefficients of M,’s than on the coefficients of Up's. Therefore in a sense it is pointless
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to work with U,’s any more. However from a computational point of view it is easier to
compute U ’s once we obtain the characteristic roots and the characteristic equation of a
matfix A. We simply multiply the elementary symmetric functions. In the case of Mp’s we
have to multiply the roots in all possible ways and sum them up. The relative advantages

of Mp’s and U,’s should be judged from this viewpoint too.

4.5.1 Rank 1 and rank 2 cases-

Let p = (n) be a onepart partition. To express Z(,) in monomial symmetric
functions we can use the integral representation by Kates. This was done by Kates(1980).

Letting » = 1 in (3.76) we obtain

(4.97) ' UAU'(1) = Z a;ul,,
i=1
where A = diag(al,..._,ak) and uy, 7 = 1,...,k, are independent standard normal

variables. Therefore by (3.70)
k
(4.98) Zmy = €D agud,)".
=1

Now the coefficient of ai'---ak* on the right hand side is

P1,D2y-- P2 Pl -pel 2P1p ! 2Pep,!
(4.99) 2p1 2ps
- - n!2_"( )( )
) . b1 Pe

Thercfore

£(p)
(4.100) Zmy=n12"" > My(4) [] (2”‘).
=1

pEP, P

This looks nicer than (4.68). 1Y, has the leading coefficient 1, so

PEPn t=1

(4.101) 1Y) = (2:)— 2 Mo lﬁ?» (m)
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Now let A = diag(a1, @2). Then for ¢=(q1,¢2) (¢1 7 ¢2)

|A* Mg(4) = (a100)*(af af* + o' af?)
(4.102) — agl-f-kagz'f‘k + agl+kalilz+k

= M(qy+k,q2+k)(A)-

(The equality of the extreme left and the extreme right hand sides holds for g;=g3 too).
Therefore from (4.64) we obtain
(4.103)

2py — 2p2 -t 2q; 2q2
1Y(p1,p2) (@1, 2) = ( ) Z ( M(g1+p2,02+p2) (1, 02).

Pr—=p2 (41192)Epﬁ1—pz 7 92

This takes care of rank 1 and rank 2 cases.

4.5.2 Again on the gencrating function of zonal polynomials

To express T, in terms of M,'s we can simply expand it and count various
monomial terms. Therefore it seems easier to express the right hand side of (3.85) in M’s
than in Ug’s. Then we decompose the resulting positive definite matrix as LL’' where L
is lower triangular with positive diagonal elements. The elements of L give the desired
coeflicients. The development on page 34 goes through in exactly the same way except that
we order { T,,p € P, } according to the lexicographic ordering of the conjugate partition

p’ (see Remark 2.3). We do not repeat it here.

Rather we notice here the similarity between two generating functions (3.82) and.
(4.66). Let 71, ..., 742 denote the k2 numbers o;f;, i =1,...,k 7 = 1,...,k Let
C=diag(71, ..., k). Then from (3.82) and (4.66) we have

oo (>

(4.101) S0 /n) Y dyZA)Zy(B) = 32 (0 /) 2y (O
n=0 pEP, n=0

Hence

(4.105) | 3 4y Z,(A)Zy(B) = Zw(C).

PEP,
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Now we can substitute (4.100) into the right hand side. Then it reduces to expressing
Mp(C) as a sum of products Mg(A)My(B). This seems nicer than directly expanding the
right hand side of (3.85).

Finally we prove that the coefficient of M(3xy in Z, , p € Pi is k!. This is stated
in James(1968).

Lemma 4.9. = Let p € P, and A= diag(ay,...,ar). Then
ak
= kl.
(4.106) Sadaraas 2A) = k

Hence the coefficient of M(yx) in Z,, is k.

Proof:

k oo
(4.107) @ = 200:8,)7% = " (07/n) Y dyp2,(A)Z,(B).

1,7 n=0 pEP,

Differentiating this by «;,0q,..., ar we obtain

k k oﬂ . k .
I1 (£ =i T - e

(4.108) == b .
= S (0"/n) 3 4,2,(B)—2—7,(A)
2(0 /n) Z p&~p aaln.aak P *
n=0 PE Pn

Now 08;/(1 — 200.:;) = 08; + higher order in 0. Hence

k k k
oﬂj — pk Ak . .
(4.109) H (Z m) =10 (Z B;)" + higher order in 0.
i=1 \j=1 j=1
Comparing the coefficients of 6% we obtain
u d ok
Ve — ™ % 9 ,
(4'110) (Z ﬁ]) Z k! ZP(B)aal. .. aak ZP(A)
g=1 pEP:
But by (3.77)
k .
(4.111) (- B = (r BY* = > d,Z,(B).
y==1 PEP:
Comparing (4.110) and (4.111) we obtain
ak
—2Z,(A) = k!
aal,,.,aa'kzP( ) k
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4.5.3 Recurrence relations of Section 4.4.2

Here we work again with the normalization ;Y,. Let

(4.112) , 1Yp=M, +'Z 1bpg M.

9<p
Lemma 4.10. Ifk > Up), k > £(q), then

(4.113) 1bpg = 1bp4(1%),g(1%)-

Proof: Let A = diag(c,,...,ax) where k > £(p). Then

|AIMg(A) = (a1 - ag) > af o .. ot
(’:ll"'Ii()C(l,-..,k)

_ +1_gs+1
(4.114) = > ali el
. (Gtyenrie) (1o k)

= Mgt(1x)(A4).

Note that this equality does not hold for augmented monomial symmetric functions. The

equality above holds because the summation is over distinguishable terms and a:-’l‘---af:

is distinguishable from af}--- o if and only if (ay- - - ax)a!- - of! is distinguishable from
(ea---ag)adl- .- . For augmented monomial functions refer to (2.15). Now the lemma can
be proved just as Lemma 4.7 if we replace Up,Ugq, 1ap, in (4.71) by Mp, My, 1bpq respectively.

Lemma 4.11. Let h(p) < m. Then

(4-115) 1bpg = lb(m,p),(m,q) .

Proof: The degree of axyy in My(ay,...,aky1) is k(q). Hence if h(q) < m, then

™
(4.116) qu(al,...,ak_’_l) = 0.
If h(q)=m let g=(m, ¢'). Then clearly
o™ :
(4.117) a_a};n.?Mq(al’“.’ak-l-l) = m!Mqr(al,...,ak).
+

(Again this equality does not hold for AM,.) Now (4.90) holds with Mp, Mg, 1bpq replacing

Up,Ugs 18pq Tespectively. This proves the lemma. J
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Lemma4.12. If h(p) < 8,h(q) < s,8(p) < t,¥q) < t, then

(4.118) 1bpg = 1bp; .0z,

Proof: Let A = diag(ay,...,e:), ¢ =1(q1,---,9¢),q1 < 8, £ < t. Then

1
|AJ My(A™) = (a1 - a)® e
(i110erie) C(1,.0t) 12 te
(4.119) = > ai Mo e M a0,
CRPRON ) Lanl § PO
= M‘J:,c(A)’
where 1 < Jy,...,Jt—¢ < t are indices not included in (44, ...,7) and g5,:=(8.-.,8,8—qq

8
...y, 8—q2,8—q1). (Again (4.119) dos not hold for AM,). Now (4.93),(4.95),(4.96) hold with

Mp, Mg, 1bpq teplacing Up,Uq, 1apq respectively. This proves the lemma. |

We have shown that the recurrence relations of Section 4.4.2 hold in exactly the

same way for the coefficients of U,'s as for the coeflicients of Mg's.

In the next section we discuss James’ partial differential equation and a recurrence

relation derived from it. The mathematical development will be somewhat sketchy.

4.5.4 James’ partial differental equation and recurrence relation

James(1968) derived a partial differential equation satisfied by a zonal polyno-
mial from the fact that a zonal polynomial is an “eigenfunction of the Laplace-Beltrami
operator.” Let A=diag(ay, ...,ar), p=(p1, ..., pe) € P,.Then his partial differential

equation is

k k
(92
(41200 ) o? 37 Yp(4) + >
i ij

t=1

a? d ¢
e Yel) = (3 pile =i+~ 1)),

=1

Qg —

This might seem a little bit strange because it depends on the number of variables (k

appears in the summation on the right hand side). Let

(4.121) | as(p) = Y, pilpi —9).

1=1
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Then the right hand side of (4.120) can be written as

(4.122) ()Yl A) + (k= )Yp(4), 1= |p|

To get rid of n(k — 1)Y,(A) we notice the fact that for any f € V,(A4), Z‘_ a(3/0a;)
J=nf. To prove this it suffices to show that S (8/8a;)Mp(A)=nMy(A) for any p € P,.

Now this follows from

(4.123) Za, -af' 0B . aft = (py +--- +pe)ofis -0l = noll... ok,
Therefore
(4.124) (k= 1)nYp(A) = (k—1) Z o y,

t==1

But we can write

(4.125) —1) Z i 5 Z > aip—

=1 F==1 154y
Now subtracting (4.125) from both sides of (4.120) and using the relation of /(o — ;)
—a;=a;a;/(o; — a;) we obain

k

(4.126) | > ol af? Yo(A) + Z az% iyp(A) = ai(p)¥p(A),

=1 174_1

which does not involve k as a coefficient and is valid for any number of variables. (4.126)
was derived by Sugiura(1973) in an elementary way. Because his exposition is clear and
readable (except that there are complications like a higher order partial differential equation

and differential equations for complex zonal polynomials) we do not derive it here. Let

(4.127) Yp(A) = Z bpg Mq(A

9<p

Substituting this into (4.126) we obtain

Z bpq Z o= 8 7 + Z aoz._a;J dog Mq(A)

(4.128) a<p  i=t

= a1(p) D bpgMg( A).
9<p
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Now

ko, 82 £ ey O
4.129 2 s Mq(A —_—_M,(A
( ) ‘;a'; aa? Mq( )’ ‘; o — aj doy ( )
can be expressed as sums of monomial symmetric functions. Then comparing both sides
of (4.128) we can determine the coefficients byq. It is hard to visualize what is going on
here unless one works out some examples. Muirhead(1981) does that very carefully using

(4.120) rather than (4.126). See James(1968) also. Therefore we only sketch the procedure

here.
Let ¢ = (qu,...,q¢). It is fairly straightforward to verify that
k 62 4
(4.130) D el oy M=) aila — 1) My,
i=1 i i=1

(4.131) Z oy O .M = - i gi(t — 1)My + lower order terms

’ — ;= a,- aa,' q : ' 1 )

1743 : 1=1

Adding (4.130) and (4.131) we obtain
(4.132) DMq = a1(q) M4 + lower order terms,

where

k

oo
D=Z % B 2+Za,-—:x,8a.

It is fortunate to get only lower order terms by the differential operation. It is this triangular

nature of the differential operation that enables one to determine bpq recursively starting
from the (arbitrary) leading coefficient byy,. If one works out “lower order terms” (which is

nol hard) one arrives at the following rule by James(1968):

i+ 1) b
(4.133) =3 (@ + ) =g = 7))oy .
o7 alP)—ailg)
where ¢’ is an unorderd partition of the form ¢'=(qy,...,q: +7,...,¢; —,... yqe(q)), (1<
r < g;). The summation is over all (7,7,7) where ¢ < 7, * > 1 such that when the

unordered partition ¢’ is ordered we have ¢ < ¢’ < p.
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Actually in view of Theorem 4.1 we have to consider only partitions q,q which

are majorized by p.

The advantage of this method is that it is self-contained. It gives all coefficients of
a single zonal polynomialA without computing others. Therefore it is by far the best method
if one is interested in computing few zonal polyﬂ'omials. On the other hand if one wants to
compute many zonal polynomials then relying exclusively on this method seems to involve

a great deal of redundant computations in view of recurrence relations of Section 4.5.3.

Remark 4.6. Logtically the recurrence relation (4.138) is not complete until one shows
that the denominator a1(p)— a1(q) is never zero. James(1968) states that (4.138) gives rise
to positive by, ’s. Since the numerator (g; +1)— (g —~r)=(g: — q;) + 2r is positive he seems
to claim that ai(p) — a1(q) > 0 for all relevant pairs p,q. By Theorem 4.1 it is enough to

prove

(4.134) ai(p)—ai(g) >0  forp > q.

Then this ensures that {4_.133} works for all cases and nonzero by, ’s are positive. (4.184)

can be easily proved using techniques from the theory of majorization. See Marshall and

Olkin(1979). We do not go into this here.

§4.6 Coefficients of T, in Z,

In this section we si;udy the coefficients of T,. The normalization Z, seems to be
most advantageous. An important fact about the coefficients of Tp is their orthogonality.
We derive this first. See formulas (117)and (118) in James(1964),and Problem 13.3.9 in
Farrell(1976). ' :

For p € P, let .

(4.135) Zp = Z 9pq q-
- q€P,

Let Z=(Z(n),Z(n_l,l),...,2(1»))’,G’=(g,,q). Then (4.135) can be expressed in a matrix

form as

(4.136) ' Z=GQGT.
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Now we recall that the transition matrix Fin T=FU is lower triangular ((2.37)). Substi-
tuting this into (4.136) we obtain

(4.137) Z = GFU.
But £ = 5. Hence

(4.138) . ’ G = 5F!
Now (3.87) shows

(4.139). | E'DS = F'CF,

where C = diag(cp,p € Py) is obtained in (3.84) and D=diag(d,, p € P,) is known as
(3.88). From (4.138) and (4.139) we obtain

(4.140) G'DG =C.

Inverting this

(4.141) GC'G¢' =D,

Coordinatewise

(4.142) Z GpOpeFpy = Ogq'Cq, (column orthogonality),
P

(4.143) Z IpeFp'q/Cq = bpp [dy, (row orthogonality),
q

where 6, is Kronecker’s delta.

Actually cg,q € P, coincide with the elements of the first row of G. To see this
let By =1, By = --- = =0 in (3.85). Then clearly T,(I1)=1 for every p and we
have Z(n)(A)=3_ cp Tp(A) (see (4.66)) and this proves the claim. Therefore (4.143) can be

written alternatively as

(4.144) Z gpqu'q/g(n),q = Opyp’ /dP'
q



4.6. Coeflicients of 7:1 in Zvp ‘ 69

One obvious advantage of working with Tp's is that the coefficient matrix is readily inver-

tible. From (4.140)
(4.145) G '=qg'Gé'D.

Therefore once we express zonal polynomials in terms of T,’s then it is easy to express T,’s
: p P

(and their linear combinations) in zonal polynomials.

(4.144) was used to compute zonal polynomials in Parkhurst and James(1974) as
follows. (i) Up’s are expressed in T,'s. (ii) They are Gram-Schmidt orthogonalized relative to
the orthogonality relation (4.144) starting from the lowest partition (17) upwards. Because

of the triangularity of & this clearly results in zonal polynomials.

Some g,,'s can be explicitly obtained using the fact Zo(Ix)=X\kp. We regard Akp
as a function in k. Then by (3.21) it is a polynomial in k of degree |p} = n. Now since
t,(Ix)=Fk for any r we obtain T p(Ik)=kP1P2 fPa=Pa...—fP1— kh()  Therefore putting
I in (4.135) we obtain

(4.146) Mep =Y Gpgk™®.
9€P

This uniquely determines g,, for ¢ = (n), ¢ = (n — 1,1),¢ = (1") because these are the
only partitions in P, with h(q) = n,n — 1,1 respectively. Now the leading coefficient of Aikp

is 1, hence
(4.147) Ip,(n) = 1.

(4.147) was originally used by James to determine the normalization Z,. Now let us look

at the coefficient of £~ in g,. It is

£(r)
D {(=i+1)+ (- z+3)+ + (=i + 1+ 2p; — 2)}
=1
Ur)
—-221)‘ —i+ 1)+ (—7i+1+2p; —2)}
(4.148) =
£(p)
= pilpi - z)
i=1

= a1(p).
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a1(p) already appeared in (4.121). Therefore

(4.149) Ip,(n—1,1) = a1(p)-
This is mentioned in the introductory part of Parkhurst and James(1964) in a somewhat
mysterious form
£(p) 1 R
(4.150) Ipin—1,1) = D_ Pilpi = 1) = 5 > p(#; — 1),
i=1 i=1

where p' = (p}, ..., Ph(y) is the conjugate partition of p. (4.149) and (4.150) seem to agree.

Now the coefficient of k in Agp is

£(p) i—1
(4.151)  {2-4---(2p — DH(-1)(1) - 202 = )} =2"—*(m—1)!]:[(——-—) .

=2 2 H

Hence

£(p) i -1
(4.152) gp,m) = 2" (s — 1) ][ (— 5 ) :

=2 Ps
This does not seem to have been noticed.

Now from (4.138)

(4.153) E=GF, E=({q) F=(fpq)

Fis lower triangular. Therefore the last column of 5 is f(1n)(1~) times the last column of

G. By (2.33)
(4.154) T'(l") == tﬂ = (—1)n_ln(u(1,.) + .- .)'.

Hence f(iny(1n) = (—1)""'n. Therefore

£(p) :
_ 1—1
(4.155) Ep (1) = Sum)am)Ip,imy) = (=2)" " 'nfpr — 1t [[ (‘ 2 ) .

=2 §

Making ‘use of (4.145) gives another set of identities.

(4.156) T=G'Z=C"'G'DZ
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Now DZ = (d(.,,)Z(,,), . ,d(ln)Z(ln)), and d,Z, is denoted by Cp (3.89). Therefore
(4.157) T=C'G'(Ctyr---, Ctam)'-
Comparing the second element we obtain !

Tn—1,1) = {7 43

! E a1(p)Cyp

(4.158) -1y pEP,
1
= am=D > a1(p)Cy

pEP,

~ where ¢(,_1,1) = n(n—1) is given by (3.84). (4.158) was given By Sugiura and Fujikoshi(1959)
by a different method. They derive more identities of this kind. Now looking at the last

element we obtain

7’(1") = tn = M)

1 £(p) i—1
2#‘ > Co(pr—1)! H(-— . )P

(4.159) " ean) PEPn i=2 ‘
5 i
— Cp- (o1 — 1) ( ) .
n - 1)' PEPn pi

What are advantages and disadvantages of working with Tp's? One advantage is
that we do not have to compute characteristic roots of A to compute T,(A). (One only
needs traces of powers of A) Another advantage is the ort’;hogonality discussed above. A
serious drawback of T, is that we have to compute T,(A) for all p € P, even if the rank of A
is small. In usual statistical computations rank A is fixed and not too big. It is a covariance
malrix for example. Since the number of partitions grows very fast as n increasés if one
wants to compute Z,(.A) for [p| big it seems better to use U,’s or M,’s. The growth of the
number of partitions p with £(p) < k (k : fixed) is much smaller than the growth of the
number of all partitions. See Table 4.1 in David, Kendall, and Ba;_'tbn(1966).

§4.7 Variations of the integral representation of zonal polynomials

In this section we explore various variations of the integral representation (Theorem
3.7) discussed in Section 3.3. We first repléce U by the k£ X k uniform orthogonal matrix
H.
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Theorem 4.5. (James, 1973) For k X k symmeiric A

yP(A) — P1—PpP2 Pe
) = frlarT oy

2
= Eg{ [ IHAH'(1, ..., PP},

=1

(4.160)

where p = (p1,...,pe) € Pn and the k X k orthogonal H is uniformly distributed.

Proof: Asin Lemma 3.2 it is easy to check that £ {A}* ™72 -.. AP} € V, x(A). Therefore
we can write '
(4.161) L g{ARTPR AR = )T a,Z,(A)
' 9€P. U<k
Replacing A by UAU’ where k£ X k U is as in Theorem 3.7 and taking expectation with
respect to U we obtain
(4.162) Zo(A) = D) ahgZ,(A)
'IGPAJ(‘I)S’C
This being true for any symmetric ¥ X k& A we conclude from Theorem 4.1
: 1 1
a, =0 Gp = — = ————.
q y 4 7é P Gp Mep zp(Ilc) |
Since (4.160) is independent of normalization we can have Y, instead of Zp in (4.160). &

Corollary 4.4. (Kates) Let X : k X k have an orthogonally bitnvariant distribution
then

P1—P2 PeY yP(A)e {yP(X,X)}
(4-163) “:X.{AI AR} = {;:’(Ik)}z .
where A; = XAX'(1,...,7).

Proof: We replace X by Hi XHjy where H; and Hy are independently uniformly dis-
tributed. The distribution of X is unchanged. Now taking expectation with respect to H;

(Theorem 4.5) and Hy (Theorem 3.3) successively we obtain

L
eX{Axln—Pz. . Azl} = EHl,X,Hg{ II [HIXH2AH"2X’}'1’1(1, ceey i)lpi—Pi+1}
=1

(4.164) = Ex, 1, {Yp( XH2 AHR X')} [ Yo (Ik)
' = Yol A)Ex {Yp(X' X)H/ {Y(Ie)}*.
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Remark 4.7.  As in Remark 3.11 X can be rectangular. If X is m X k, then {Yp(I;)}?
on the right hand side of (4.164) is replaced by Yp(Ix) Yp(Im)-

An easy modification of the above formulas produces another set of identities.

Theorem 4.6. Let U,,U; be k X k matrices whose entries are independent standard

normal variables. Then for k X k A

L
(4.165) 16 Zp(AA) = Eu,,0,{ ]| 01 AV, .., i) 2P=2oess),

=<1

where 1b, 13 given by (4.33).

Proof: Let the singular value decomposition of A be A=I"y\DI; where I}, I are or-
thogonal, D=diag(6y,...,6;) and 6%, ..., 6} are the characteristic roots of AA'. Since
the order of 8y, ..., 8¢ and the sign of each & can be arbitrary in the singular value
decomposition we see that (4.165) is a homogeneous symmetric polynomial in 6?, ceey 62
Furthermore (4.165) does not change when A,U;,Uz are augmented as in the proof of
Theorem 3.7. Therefore to prove that (4.165) is a zonal polynomial it suffices to check

whether it satisfies the condition of Theorem 3.1.

Now replace A by U3 A where Ujs is independent of Uy, Us. Then

4
€u,,0a,0s{ [] U1 U3 AUL(1, ..., i))2Pi—2Pins}

t=1

F 4
E= €U1,U2.U3{ H [U3 UlAUg(l, veey i)]2pi‘“2pi+1}
(4.166) '=i
= &y, U, 7,0 { H [THU, AU(1,..., i)lzpa—zp'.“},

1=1

/4
== )\kngl,Uz { ]:[ [UIAU2(1, ceey 1:)]2?6—2p.-+l}’

=1

where T, H are as in Lemma 3.7. Now to obtain the normalizing const.ant we put A=1I,.
Then
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- £
le)‘kP = eUl,Uz { H [Ul Ug(l, ceey 1:)]2?‘_2}’0'+1}

i=1
J 4
(4.167) _ D=y, { H [TU-(1,..., i)]2p,~—2p.-+l}
=1
t .
= >‘kp€Ug { HUQ(I’ . i)zPi"“ZP‘_,_l}‘
=1

Hence 1b, = EU{Hf:l U(,...,4)?Pi—%Pi+1}, Now consider (3.70) and (3.76). Then we see
‘that the cocfficient of aft- - af* is given just by &y {[I5_, U, ...,q)%ri—2pi+1}, Therefore
it is the leading coeflicient of Z, and is given by (4.33).

Corollary 4.5.

’ L \ .

(4.168) 1bpZ,(AA) ”Pzzj(;:)*“ ) - e { [L AT, . P77,
e t

(4°169) %%?;_)_ = EHnHz { H [HIAH2(1: ceey ":)]2?‘—2'!)‘-'-l 2

=1
Proof: (4.168) and (4.169) can be proved successively as in the proof of Theorem 4.5. 1

Corollary 4.6. Let X, X, be independent and have orthogonally bitnvariant distribu-

tions. Then

10pEx, { Zp(X1 X))} Ex, { Zp( X2 X5)}
{Z,(Ix)}*

4
— EX[,Xz{ H [X1AX(1,. . ., i)]2p5—2pe+1 }.

=1

Z,(AA)
(4.170)

Proof: Replace X; by H{X;H3 and X, by HyX3H;. Then taking expectation with .
- respect to Hy,Hpy, H3,H, successively we obtain (4.170). 1

Remark 4.8. Generalization to rectangular matrices is straightforward.



Chapter 5
Complex zonal polynomials

In this chapter we study complex zonal polynomials, i.e. zonal polynomials as-
sociated with the complex normal and the complex Wishart distributions. The complex
multivariate normal distribution is used in the frequency analysis of multiple time series
and complex zonal polynomials are useful for noncentral distributions arising in this set-
ting. Other than that the practical applicability of complex zonal polynomials seems rather
limited. Actually our main reason of studying them is that they are simpler than real zonal
polynomials. If one compares Farrcll(1980) and Chapter 1 of Macdonald(1979) it becomes -
apparent that complex zonal polynomials are the same as homogeneous symmetric poly-
nomials called the Schur functions and the latter have been extensively studied. We will
make this connection clear. Hopefully developing complex zonal polynomials gives further

insights into the real case.

The theory of the complex normal and the Wishart distributions very closely
parallels that of the real case (see Goodman(1963) or Brillinger(1975)) and it turns out that |
our development of Chapter 3 and Chapter 4 can be directly translated into the complex
case. It seems customary to put a ~ to denote corresponding objects in the complex case.
For example we use ,~Zp, é,,, f/p, etc. With this convention the translation of the results in

Chapter 3 and 4 are almost immediate.

§5.1 The complex normal and the complex Wishart distributions.

We give a brief summary of the complex normal and the complex Wishart dis-
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tributions. Let z,y be independently distributed according to N(0,1/2) and let z = z +7y.
z is said to have the standard complex normal distribution. Or we say that z is a standard
complez normal (random) variable. Now let A be an n X n matrix with complex elements

and let
(5.1) w=(ug,...,ux) = A(z1,...,2),

where z1,..., zx are independent standard complex normal variables. This scheme generates
a family of distributions called the multivariate complex normal distribution. Its density

(with respect to J1* d(Ru;) I1% d(Sw,) ) is given by
(5.2) flu) = 1 exp(—u* X 1u)
' k| Z|

where * means conjugate transpose and X = fuu* = AA*. If u has the density (5.2) we
denote this by uw ~ CN(0, X). Now suppose that uy,...,u, are indepeﬁdently distributed
according to CN(0, X). Let W= Y_7_, u;u}. The distribution of W is called the complex
Wishart distribution and its density (with respect to Hf=1 divg; [1; o ; d(Rii;)d(Syy)) is
given by .

|@]"—* exp(— tr T~ 1)
xpe=1)/2 [[*_ T(n—i+1)| T

(5.3) f(w) =

This distribution is denoted by CW(X, n).

Let W = TT be the (unique) triangular decompsition of a positive definite

Hermitian matrix where T=(%;;) is a lower triangular matrix with positive diagonal ele- -

ments. Analogous to Lemma 3.3 we _have the following lemma.

Lemma 5.1. Let W be distributed according to CW(Iy,v). Let W = TT . Then tii)
i > j, are independently distributed. /21 ~ x(2(v —i+1)) and &, 1 > j, are standard

complex normal variables.

Proof: See Goodman(1963),formula(1.8) @
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Remark 5.1. 'f?" has the gamma density f(z) = (1/T(v — i + 1))z¥~fe=.
With this lemma we are ready to translate the results of Chapter 3 and 4.

§5.2 Derivation and properties of complex zonal polynomials

For ease of comparison of the results here and the results of Chapter 3 and 4 we will
consistently put ~ on corresponding objects of the complex case. This sometimes results
in somewhat unnatural notation, for example if H is orthogonal then H is unitary ete. So
much for the notation and now let us follow the development of real zonal polynomials step
by step for a while. All proofs will be omitted since they are the same for the real and\, the

complex cases.

We consider the following transformation.

(5.4) (:"'vup)(;‘) = W{UP(AM},
where .A is Hermitian and W~ CW(I, v).

Lemma 5.2. (corresponding to Lemma 3.2) IfA is Hermitian, then

(5.5) (7 Up)(A) € Va(A).

Corollary 5.1. (Corollary 3.1)
66 . (7o Up)(A) = Noplp(A) + Y dpglly(A),
. ’ 7<p

where A i3 Hermitian.

Corollary 5.2. (Corollary 8.2)

4p) :
< T(pi+v+1—14)
App = I I

(v +1—14)

=1
£(p)
= H(V +1-— i)m

(5.7) = :/sz +1)--+(v+p1—1)

(v=1)p (v —14+ps —1)

(v—LC+1)--(v—2+p)
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where £ = {(p) and (a)r = a(a + 1)---(a + k —1).

Corollary 5.1 shows that
(58) S aw=1u,
where T, is an upper triangular matrix with diagonal elements pr = i,,,,.
Lemma 5.8. (Lemma 3.4) There exists an upper triangular matriz g such that
(5.9) : BT,=A8 forallw.

where A, = diag(i,,p, p € P). 5 is uniquely determined bup to a (possibly different)
multiplicative constant for each row.
Using this § we define complex zonal polynomials.

Definition 5.1 Complez zonal polynomials

Let 5 be as in Lemma 5.3. Complex zonal polynomials y,,, p € P, are defined
by

( Yy
Yin—1,1)

(5.10)

L}
f
f
e
<

 Tum )

Lemma 5.3 is a consequence of the fact that there exists vg for which iuop, PE P,

are all different and the following lemma.

Lemma 5.4. (Lemma 3.5)

(5.11) T, = T,T,.

We summarize these results in the following theorem.
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Theorem 5.1. (Theorem 3.1) Let y,, be a complez zonal polynomzial then
(5.12) ' Ei Up(AW) = 8,,7,(A),

where W ~ CW(Ii,v), A is Hermitian, and X,, is given by (57) Conversely (5.12) (for

all sufficiently large v) implies that yp 13 a complex zonal polynomszal.

Now we explore various integral identities satisfied by complex zonal polynomials.

Definition 5.2 A random unitary matrix H is said to have the Haar invariant distribution

or the uniform distribution if the distribution of HT is the same for every unitary I
More formally

Definition 5.2’ A probability measure P on the Borel field of unitary matrices is Haar

invariant if

(5.13) P(A) = P(AD),
for every unitary I" and every Borel set A.

Existence and uniqueness of the Haar invariant distribution are established by the

following two lemmas.

Lemma 5.5. (Lemma 3.6) Let two probability measures Py, Py satisfy (5.13). Then
Py(A) = Py(A) for every Borel set A. Furthermore Pi(A) = Pi(A*) where A* = {fIt |
He A}

Lemma 5.6. (Lemma 8.7)  Let U =(i;;) be a k X k matriz such that i;; are inde-
pendent standard complez normal variables. Then with probability 1 U can be uniquely

expressed as
(5.14) U= TH,

where T = (i.-,-) is lower triangular with positive diagonal elements and H is unitary.
Furthermore (i) T,H are independent, (i) H s uniform,(iii) t;; are all independent and
\/EE,',' ~ X(2(k —t+ 1)) Z;J', t> 5, ~ CN(O, 1). .

Now we obtain the “splitting property” of complex zonal polynomials.
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Theorem 5.2. (Theorem 8.2)  Let A,B be k X k Hermitian matrices. Then

(5.15) EaU(AHBH") = §,(A)Y,(B)/ Y, (L),

where k X k unitary H has the uniform distribution.

Definition 5.3 A random Hermitian matrix V is said to have a unitarily invariant

distribution if for every unitary I T'VI™ has the same distribution as V.

As in the real case Theorem 5.1 generalizes to unitarily invariant distributions.

Theorem 5.3. (Theorem 3.3) Suppose that Vhas a unitarily invariant distribution,
then for Hermitian A

(5.16) S & (AV) = ¢, U, (A),
where .
(5.17) R S R\ YR AY

Unitarily invariant distributions are characterized as follows.

Lemma 5.7. (Lemma 8.8)  Let V = HDH where H is unitary and D is diagonal.
Let H and D be independently distributed such that H has the uniform distribution. (Diagonal
elements of D can have any distribution.) Then V has a unitarily tnvariant distribution.

Conversely all unitarily invariant distributions can be obtained in this way.

We can replace H in Therem 5.2 by U whose elements are independent standard

complex normal variables.

Theorem 5.4. (Theorem 8.4) LetU = (i) be a k X k matriz such that iy are

independent standard complez normal variables. Then for Hemitian A,i?

(5.18) £ U (ATDBD ) = k2§ ()7, (B).

YolIk)

As in the real case this leads to the following observation.
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Theorem 5.5. (Theorem 8.5) b, = ka/yp(Ik) i3 a constant independent of k.

Unitarily biinvariant distributions are defined in an obvious way.

Definition 5.4 A random matrix X has a ‘unitarily bitnvariant distibution if for every '

unitary j“l,j“g, the distribution of j"lfff‘z is the same as the distribution of X,
Now Theorem 5.2 and Tileorem 5.4 generalize as follows.
Theorem 5.6. (Theorem 3. 6') If X has a unitarily bitnvariant distribution then for
Hermitian A,f)‘
(5.19) ExUp(AKBX") = ,7,(A)7,(B)
where

(5.20) o = E T XX /T, (1)),

Characterization of unitarily biinvariant distributions can be given in an obvious

way.

e
E%d

Lemma 5.8. (Lemma 3.9) Let X = H,DH,; where H, ,H, are unitary and D is
diagonal. Let fIl,fIg,.b be independently distributed such that H,, H, have the uniform
distribution. (D can have any distribution. ) Then X has a unitarily biinvariant distribu-

tion. Conversely all unitarily biinvariant distributions can be obtained in this way.

Remark 5.2. The notion of unitarily bitnvariant distributions applies to rectangular

maitrices as well,

Now we take a look at the integral representation of zonal polynomials in the

complex case.

Definition 5.5 A particular normalization of a zonal polynomial denoted by 2,, is defined

by
(5.21) ‘ Zo(Ii) = Xy,

or 5,, =1 in Theorem 5.5.
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Theorem 5.7. (Theorem 8.7)  Letp = (p1,...,pe). For k X k Hermitian A
(5.22) Z,(A) = &5 (A7 AT AT,

where A; = f];iff*(l, .+.,%) 18 the 1 X 1 upper left minor of UAU and U is a kX k random

matriz whose entries are independent standard complex normal variables.

(5.22) implies that 2,,(;1) is positive for positive definite A and increasing in each
root. Furthermore using the Gale-Ryser theorem (see Remark 4.1 and Remark 4.2) the

coefficients of M4 in 2,, are nonnegative and they are positive iff p > q.

As in the real case li)p denotes the leading coefficient of Zp,namely

(5.23) ‘ Z, = 1bp1 Y,

Theorem 5.8.  (Theorem 4.3)

£Lp) 4

15?’ = II H (z _j +1+ Pj — pi)P-‘“PH-l

1=175=1

_ T (i — i + ()"
Hi<j(p1’ —p;—i+ .7)

(5.24)

Other than mentioning Theorem 4.3 we will not follow the development of Chapter
4. Of course all the results of Chpater 4 can be translated into the complex case as.
has been done so far. However,it is pointless to go into numerical aspects of complex
zonal polynomials because, as mentioned above, complex zonal polynomials are the Schur
functions and the Schur functions are already well studied. Although the translation of the
results in Chapter 4 presents an alternative “probabilistic” derivation of properties of Schur
functions, it is hardly more advantageous than a well developed standard approach to the
subject. We will present the approach in Macdonald{1979) in-the next section. The link
between our approach so far and the one in Macdonald(1979) is given by Saw’s generating

function.

Saw’s generating function in the complex case was introduced by Farrell(1980). Let
ii;; be a standard complex normal variable. Then 2|u;|? = 2&.;4]; ~ x?(2) (i.e. |%i;]® has
the standard exponential distribution). Therefore by considering &g {exp(0 tr AUBU")}
where A= diag(ay,...,ox), B = diag(B1,...,Pk), and U is composed of independent

standard complex normal variables, we obtain
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Therem 5.9. (Theorem 3.8)

-k . o0
(5.25) II( - taipy)y™ = Y2 (07/nt) 3 d,2,(A)Z,(B),
£,5 n=0 PEPa

where Fi,, 3 determined by
(5.26) . (trA)" = Y d,Z,(A).
' pEP,

Coefficients of Zp can be obtained as in the real case, namely (i) compare the coefficients
of ™ in both sides of (5.25),(ii) express the left hand side as a quadratic form in M, or Up,
(iii) do the triangular decomposition to the resulting positive definite symmetric matrix of
cocflicients. Now it will be shown in the next section that Schur functions Sp satisfy the
same generating function(5.25) and S, is a linear combination of lower order Mg's (S, =
qup apqeMq). Therefore Schur functions agree with the complex zonal polynomials by the

uniqueness of the triangular decomposition of a positive definite symmetric matrix.

§5.3 Schur functions and their determinantal expressions.

In this section we present the development in Chapter 1 of Macdonald(1979)
leading to Saw’s generating function. (It is in Section 1.4, page 33 in Macdonzﬂd’s book.)
This part of the book is entirely elementary and forms an excellent introduction into the
theory of symmetric functions. In addition to several definitions we need only two lemmas
to deﬁve Saw’s generating function. In order to be self-contained we give (detailed)proofs

of them following Macdonald(1979).

Let p = (p1,...,P¢) € Pn. The Schur function S, (z1,...,2x) (k > £ is
defined by

Sp(1y- vy mk) = det(zPH %) <k [ det(zh ) <ii<k ,

k—1 : k—1 - _
2t R A gl L, k!
pa+k—2 p2+k—2
(5.27) = P :
. 1 ves Tk
T a;_g" 1 ... 1
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This is formula (35) in James(1964). If k < £ we define Sp(z1,...,zx) = 0. Note that the

denominator is the Vandermonde determinant

(5.28) _ det(z;?") = I_[(:v,- — z;).

1<y

Clearly the numerator has (z; — ;) as a factor because if z; = z, then det(x§‘+k—i) = 0.
Running (7, 5) over all pairs we see that the numerator has the Vandermonde determinant
as a factor. Furthermore if z; and z; are interchanged then both the numerator and the
denominator change the sign and the ratio remains the same. Therefore S, (24,...,zk) is

a symmetric polynomial in z;’s. It is easy to see that it is homogeneous of degree |p|. Now

we want to show that

(5.29) 8o(21s -+ 1 Z1r 0) = (21, -+, Zk).

The last column of (a:;?‘+k+l_’)1s.;,,-5k+1 is

p1+k ‘ pr+1 _Pe+1y/
(zk+1 per s Ty s Thyt ) .

If 241 = 0 it reduces to (0,...,0,1)'. (Note that px1 = 0 by definition.) Hence if 2541 =
0 then det(x§‘+k+1_") = det(z?"‘*'k'"i), the right hand side being the k X k ﬁrincipal minor
of the matrix on the left hand side. Similarly det(x;7+1_") = det(:v;?_i). Therefore we have

(5.29) and in general by induction
(5.30) - ' Sp(®1y+ ey Tk, 0...,0) = Sp(z4,...,2k).

This shows that S, € V,,. Now let us look at the highest monomial in S, of the form
azi'---zf  ((¢1y..-,9%) € Pn). In det(x;?‘Jrk—") and det(z¥%) the similar terms are

obtained by the products of the diagonal elements. They are

k—1

k—1 -
:L.Il’1+ $12’2+k 2_..zzk’ ARy T E

respectively. From  Sp(zq,...,zk) det(z?"i) = det(z?""k—‘) we obtain

Pk

x*1’1+’°—1...zk

(axgl . .xZ" )(x’lc—l. . 'zk—l) =

Therefore ¢ = 1 and ¢ = (qi,...,q9%) = (P1,...,Px) = p. We summarize these results in

a lemma.
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Lemma 5.9.

(5.31) C o Se=Mp+ Y apgM,,

9<p

and { Sp,p € P, } forms a basis of V,,.

" Now we introduce the -tk complete symmetric function h, which is the coefficient
of 8" in

k

(5.32) _ H(s) = [ (1 — sz:)~1.

=1

For convenience we let hg = 1,h, = 0 forr < 0. Similarly ug = Lu, = 0 forr < 0.

From (2.28) and (5.32) we have
(5.33) ' H(s)U(—s) =1,

or equivalently

(5.34) S =1 uho, =0, n=172,...
r=0

Recursively solving (5.34) we can express u,’s (and their products) in terms of k,’s and vice

versa. Defining
(5.35) )(p = h’Pl hpz' . 'hpu pE Pn)

we see that { ¥,,p € P, } forms still another basis of V,,. We also note that the relation
between u,’s and h,’s corresponds to the relation between coefficients of autoregressive and

moving average representations in time series.

Lemma 5.10. ({3.4) in Macdonald,(36) in James(1964))
Sp = det(hp—ivj)1<i<k

hPl hp1+1 oo hp1+k—1
(5-36) . th—l hpz cee hpa+k—2

hor—k+1 Bpy—kt2 ... hpy
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where k > {(p).

Proof: We work with k variables z; y---yZk. Let ul) denote the elementary symmetric

function of zy,...,%;_1,%;41,..., Tk (omitting z;) and let M be the k X k matrix
(5.37) M= ((—1)Ea))).
Forp€ Puyt(p) < klet kX k rﬁatrices A,, H, be defined by
(5.38) Ap = (“’;‘); H, = (hps—;k+1')-

Now

k—1
UO(s) = 3" us? = JL(1 + sms).

r=1 3

Therefore

H(s)U(j)(s) =(1-— s:z:j)_1

Equating the coefficient of sP* we obtain

k
D bk (1)U = o

r=1

Therefore

(5.39) H,M = A,.

Taking the determinants we have

(5.40) HIIM] = |4, for anyp € P

Forp=§6 = (k—1,k-2,...,1,0),H, is an upper triangular matrix with diagonal elements
1=hg. Therefore |Hs|=1 and

|M]| = |As| = det(zF),
which is the Vandermonde determinant. Therefore

(5.41) - |Hp||As] = | Ayl
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Now replacing p by P + 6 we obtain

|Ap-s] = det(z ),

which is the numerator of (5.27). Furthermore

|Hp.t 5| = det{hp, 4k—i—k+;)
= det(hp,—i+;).

. Hence
|Hp+6| = lAp+6|/|A6‘|
= det(:v;?‘+k_‘)/ det(:v;f_')
= $p.
|
Lemma 5.11. ((4.8) in Macdonald)
k oo
(5.42) _ H(l —Ozy,)" ! = Z o Z Sp(®1y -y Tk)Sp(y1y - -, Uk).
1,5 n=0 pEP,

Proof: Replacing z; by 0z; we can assume § = 1 without loss of generality. Now from

(5.32)

k

.
H(l —zy) " = H H(y;)

=1
=13 a(=))
(5.43) J r=0

Y hay(@)cha, (2l
(a1y..:,a5 )EN*

= Z Hp(=) Mp(v),
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where (ay,...,a;) run over all k-tuples of nonnegative integers and p runs over all partitions

(of length < k). Denoting permutations by «

) ,
(@)l As(u)l T[(1 — zea)

%)

: k
= |A5(m)|(2 stgn(w) H y&™) E Ry~ hayyote - yo*

=1 (a;,...,ak)EN"

= IA5(m)| E Z S’ign(w)hal .. .haky‘;l'*'k“"fx .. _yzk+k—1rk
(al’-"yak)EN,‘ L

k k
=14s(=) D (O sign(m) [] he—ran) [ ¥

(5.44)

(bl,...,bk)eNk T =1 =1
k
=lAs(=) D> detlhaii;) [T v,
(b1, b )eIN* t==1

Now note that if b; = by then det(hp,—k4+;)=0. Hence we can assume that b;’s are all

distinct in the summation. Suppose by, > by, > -+, then
“det(hs, —k+5) = det(hs, —x+j)sign(n).

Hence using (5.41) we obtain

| .
lAs@) Y det(hs_irq) [ o2

(h;---;bk)EN" =1
k
. by,
(5.45) =|As(z)] Y. det(hy_iss) Y sign(x) [ viv-
by >ee>br >0 x i—1
== Z IAbl""’bk(m)lIAbl,...,bk(y)'
bl>"'>bk

Now the set of all k-tuples (by,...,bi) such that by > .-+ > by > 0 agrees with the set
{p+ 6| p:partition, £(p) < k}. Therefore

k
|As(@)l4s@) [T —zay) ' = Y. [Au,,.nu(@)]| sy, .0 (0]
(5.46) w7 by>->be
= Y |Aps(@)||Apss(¥)l-
p:t(p)<k

This proves the lemma. J
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Comparing (5.25) and (5.42) we have

D (dp/n)Z,(A)Z,(B) = D $,(A)S,(B)

PEPn z2EP,

= Z lgp(A)lyp(B)’

PEP,

(5.47)

Hence §, = 19,,. Furthermore

-2
(5.48) . dpiby=n!, n=p|
This was mentioned at the end of Section 4.3.

Remark 5.3. There are two more determinantal expressions stated in James(1964).
One which involves elementary symmetric functions (fomula(37) in James(1964)) is found

in (2.9°) of Macdonald. Formula (38) in James(1964) is not given in Macdonald.

From the viewpoint of numerical computation these determinantal expressions
secem to be all we have to know. For a given matrix we calculate the roots or complete
symmetric functions and evaluaté the determinant, which can be easily done by computer.
We do not have to know the coefficients of M, or Uy, ete. to evaluate the Schur function. It
might be worthwhile to look for an analogue of this for the real zonal polynomial Another
p0s51b1hty is to express the real zonal polynomials in terms of Mp’s. Still another possibility

is to express the real zonal polynomlals in terms of the Schur functions.

§5.4 Relation between the real and the complex zonal polynomials.

We finish this chapter by discussing some results which we were unable to derive
by our e]ementary approach. James(1964) gives the following formula relating the complex
and the real zonal polynomials:

Zp(XX")

(5.49) 2,0

= &u S2p(XH),

where the k X k& H has the uniform distribution of orthogonal matrices, p = (p1,...,p¢) €
Pnyand 2p = (2py,...,2ps) € Pn. (Formula (34) in James(1964).) Furthermore he states

(5.50) | Ex1 Sp( X H) = 0,



5. Complex zonal polynomials 90

if one or more parts of p is odd. (Formula (40)). See also Theorem 12.11.6 and Remark
12.11.11 in Farrell (1976). |

Given these results we can evaluate dp, in (3.77) as follows. First note that by

replacing H by U where Uis composed of independent standard (real) normal variables we

obtain
Eu S2p(XU) = 7,1 S2p( X TH)
(5.51) = &2 Z,(XTT'X')/ Z,(1,)
: = Zo(XX).

By (5.26) and (5.48)

. (trA)’ = > d,Z,(A)
PEPen :

(5.52) = Z ap IZP lgp(A)

Pean

= 3 @n)i5, 1 T,(A)

PE P2

Now let A = diag(ay,...,ax) and replace A by AU. In this case

k
trAU = E agug ~ N(0, Z of).

1=1
Hence
Eu(trAUP" = 1:3--(2n — 1)(D_ of)”

5.53 2n)! n
(5.53) = CR iy aarye,
On the other hand by (5.52) and (5.51)
(5.54) v 3 (@2n)15, 1T, (AD) = 3 (2n)! 15y, Z,(AA)).

PE Pan pPEPn .

Hence comparing (5.53) and (5.54) we obtain

(trAd) = 3 b, 2"nlZ,(AA))
PEP,

or
(5.55) o dp = 2"nl 1By,

Now (5.24) gives (3.88).
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