AD-A127 873

UNCLASSIFIED

2

Bncxscmrzame FROM_ANISOTROPIC RANDOM MEDIACU) RONE
AIR ogvgkggnggrsgsnrgn GRIFFISS AFB NY S P YUKON

F/G 1271 .

=
-




T T T Y TR TS N G e T e . - e

!

3
’
'y
,
'.«
‘

r'
v,

'-
4

P

| S

)/ ST
.ﬂ.‘ ’ !
S I

a0
e

TR

XX -SXARA,

1

»
¥
P

!

S et e

LR R R AN

o AR LR SRR S

———
||||

————
S ———
—————

=
N
[

FEECERER

EEEE

Er
¥
(13
=
o

—_
———
=
=

22 it s

N A M 4

PV

Rlea ]
Miran
S

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-&

v

- - . .
. ) : ) . . e N N W S S T R .
L S U TR U S P PR




RADC-TR-82-287
in-House Report

m November 1982
o
v &
e
Y BACKSCATTERING FROM ANISOTROPIC
<  RANDOM MEDIA
e
' N
<jf;{§$§%§b
stantord p. Yoken RS
«

APPROVED  FOR PUBLIC RELEASE; DISTRIBUTION ~ UNLIMITED

ROME AIR DEVELOPMENT CENTER
Air Force Systems Command
Gritfiss Air Force Base, NY 13441

83 05 10- 001

DTIC FiLE copy




This report has been reviewed by the RADC Public Affairs Office (PA) and
is releasable to the National Technical Information Service (NTIS). At NTIS
it will be releasable to the general public, including foreign nationms.

RADC-TR-82-287 has been reviewed and is approved for publication.

APPROVED: Q‘Z&% //c;(;%w,

TERENCE J. ELKINS
Chief, Propagation Branch
Electromagnetic Sciences Division

APPROVED: é)“f“ N (v:;_.,&futg

ALLAN C. SCHELL
Chief, Electromagnetic Sciences Division

FOR THE commmn:% P A,

JOHN P. HUSS
Acting Chief, Plans Office

If your address has changed or if you wish to be removed from the RADC
mailing list, or if the addressee is no longer employed by your organizatiom,
please nctify RADC (EEPI) Hanscom AFB MA 01731. This will assist us in

maintaining a current mailing list.

Do not return copies of this report unless contractual obligations or notices
on a specific document requires that it be returned.




N G R R g TS T n S maes Bagy s o it G anane o [ Snu AN 2 At sheciinde B arae e wna o MR Se e s oA o ‘_?vh__r

Unclassified
SECURITY CLASSIFICATION OF THiS PAGE (When Dlujnlllcd)
= REPORT DOCUMENTATION PAGE AEFORE COMPLETING FORM
REPORT NUMBER IZ GOVTY ACCESSION NOJ 3 RECIPIENT'S CATALOG NUMBER

RADC-TR-62-287 D H 2T T3

L} YITLE and Subtitle) 5 TYPE OF REPORY & PERIC:D COLERED
BACKSCATTERING FROM ANISOTROPIC

In-House

RANDOM MEDIA

6 PERFORMING OG. REPORT NUMBER

T RAITOOR e § CONTRACT OR GRANY NUMBFRF ~ 7

Stantord P. Yukon

3 PERFORMING ORGANIZATION NAME AND ADORE3S
Flectromagnetic Sciences Division
Hanscom AFB
Massachusetts 01731

0 PROCRAM ELEMENT PROJECT TASK
- i, "
(L}PI) REA & WORK UNIT NUMBE RS

F1102F
46001608

[ CONTROLLING OFFICE NAME AND ADDRESS ’ 12 REFORT OATE 7
Flectromagnetic Sciences Division (RADC/EEP1)| November 1082
Hanscom AI'B 11 NUWMBER OF PAGES Tt
Massachusetts 01731 3 |
BTy CLASS . thas report

T8 MONITORING AGENTY NAME & ADTRE %1 ditbeowrm trn

Linclaseitied

!'s.f:" CAGSIFILATITN DOWN s A e
; STNEOLLE

1

. cm e o

16 OISTRIBUTION STATEMENT of this Keparr)

Approved for public release; distribution unlimite i.

TR T TR

. FRFS b t
Y B e o7 ‘i
RADC Project Lnginecr: Stantord B. vYukon, RALC,ELPL, |
- r
(T3 CTy WORDE (Contimae - s : A i
;
{39 Leontte s Propuostion v i
Cross sedction Anmsotropd i
= oattering Croeva's Y ol RN ! #
Bondor: ne din ’ s )
T RN TR AT T 0 e tm T e T T e e TR e T T T c

=1 DThe rross section for backseatte ving from an anisotgopic randorh dielee-
tric medinum g computed for the eage where the wavelenpth is much smnailer
than the outer scale length of the medium and where the path length tiirough
the mediur: con be nany times the rean tree path for smmall-angle torwer

seattering. The cross sectior s fund tion of Ky wnd e, the initiyl an:t :inal
. waveyectors, 1s obtained by anooxtersion of the cumalative forwarid-sentter
3 : i .
£ cineie -harksoatter cnlouli o of Dol Uhe erass section for the senerny Lo o
E.
‘ Cam
. DD .Y W73 o e s RN : Toyeli
R R




B A Y .

W Unclassifi

! SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

20. Abstract - Contd.
———2>| case is computed by expanding the general expression for the cross section in
terms of %z:ath dependent correlation functions using Kubo's cumulant expansion
method. Evaluation of the resulting Fourier transform is achieved by a func-
tional Taylor Series expansion in terms of multiple convolutions of the pro-
jected correlation functions. Numerical results are obtained for the case of
a Gaussian correlation function and a method is presented for calculating the
cross section for the Kolmogoroff spectrum.

N

}

\

>y
.

a e 4
Pt

F .

."1?’.’]‘-‘:'

L 2
DD

FYS v
P R YR
»
-
»
z
>

R




1 TR or LI RN

R
AR I

-
.
-
g

Contents
1. INTRODUCTION 7
2. MULTISCATTERING FROM A RANDOM ANISOTROPIC
MEDIUM 8
3. CROSS SECTION FOR GAUSSIAN FLUCTUATIONS 26
4. NUMERICAL RESULTS FOR THE MULTISCATTER
CROSS SECTION FOR @ = & 30
REFERENCES 65
APPENDIX A: CALCULATION OF EFFECTIVE PATH LENGTH 67
APPENDIX B: EVALUATION OF a%(ef - 1]/f IN TERMS OF THE
INCOMPLETE GAMMA FUNCTION 69
APPENDIX C: CONVOLUTION OF PROJECTED CORRELA TION
FUNCTIONS 73
APPENDIX D: MULTISCATTERING TERM FOR GAUSSIAN
CORRELATION FUNCTION 75
APPENDIX E: MULTISCATTERING TERM FOR GAUSSIAN
CORRELATION FUNCTION FORj=0, n=-j>0 790

APPENDIX F: REPRESENTATION OF KOLMOGOROFF
CORRELATION FUNCTION BY A SUM OF
GAUSSIANS 83




R At Aty il Sl Anl A M I A A ase dhe et S SN i o s o

m illustrations
o
'f'_?:' 1. Multiple Small Angle. Single large angle scattering
o event (a) and double large angle scattering event (b) 9
Geometry of Initial and Final Scattering Angles 11
3. Decomposition of Scattering Wave Vector Into Components
Parallel and Perpendicular to Magnetic Field Direction 22
4. Sketch of Expected Behavior for o (Born) and n? Order
Scattering Cross Section Contributions 28

5. Sketch of Expected Behavior of Scattering Cross Section
as a Function of Xgs and Various Choices of Slab
Thickness L 30

6a. Plot of Modified Born, Multiscattering, %nd Total Cross

Section as a Function of X¢ for: X; = 45, n=2, L =1,

A=1.6 35
6b. Plot of Modified Born, Multiscattering, gnd Total Cross

Section as a Function of )(f for: Xi =45, n=4, L =1,

A= 1.6 36
6c. Plot of Modified Born, Multiscattering, and Total Cross

Section as a Function of xf for:xi =45, n=8, L=1,

A=1.6 37
6d. Plot of Modified Born, Multiscattering, 8nd Total Cross

Section as a Function of Xg for: X; = 457, n=16, L =1,

A=1.6 38
6e. Plot of Modified Born, Multiscattering, 8nd Total Cross

Section as a Function of Xg for: X; = 457, n=32, L =1,

A=1.6 39
7a. Plot of Modified Born, Multiscattering, agd Total Cross

Section as a Function of Xg for: X; = 457, n =2,

L = 10000, A= 1.6 40

7b. Plot of Modified Born, Multiscattering, 8nd Total Cross
Section as a Function of Xg for: X; = 457, n = 4,
L = 10000, X = 1.6 41

7c. Plot of Modified Born, Multiscattering, and Total Cross
Section as a Function of Xf for: )ci =457, n =8,
L = 10000, X = 1.6 42

7d. Plot of Modified Born, Multiscattering, gnd Total Cross
Section as a Function of Xf for: xi =45, n= 186,
L = 10000, X = 1.6 43

7e. Plot of Modified Born, Multiscattering, %nd Total Cross
Section as a Function of Xg for: X = 457, n = 32,
L = 10000, x = 1.6 44

8a. Plot of Modified Born, Multiscattering, %nd Total Cross
Section as a Function of X for: X = 15, n=2,
L = 10000, A = 1.6 45

8b. Plot of Modified Born, Multiscattering, gnd Total Cross
Section as a Function of Xg for: X * 157 n =4,
. L = 10000, x = 1.6 16

T

PR

TR 4
’ PR

&
S Op

LI
[T -— P LL".‘.'A.Ll“;..n . ’ . - . J




8c.

8d.

8e.

9b.

9c.

9d.

10a.

10b.

10c.

10d.

10e.

11a.

11h.

Plot of Modified Born,
Section as a Function
L = 10000, A = 1.6

Plot of Modified Born,
Section as a Function
L =10000, x=1.6

Plot of Modified Born,
Section as a Function
L =10000, x=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A=1.6

Plot of Modified Born,
Section as a Function
A= 1.6

Plot of Modified Born,
Section as a Function
AT 000

Plot of Moditied Born,
Section as a Function
LI DAY

Piot of \Mohified Born,
Secnon s o Funetion

o
' S

Hustrations

Multiscattering, and Total Cross
of \, for: x; = 159, n = 8,

17
Multiscattering, and Total Cross
of \f for: g * 152, n = 18,
48
Multiscattering, and Total Cross
of \ for: \; = 15°, n = 32,
! 49
Multiscattering, and Total Cross
of\ffor: \. =45, n=4, L=1,
! 50
Multiscattering, and Total Cross
of ¥y for: x, = 459, n =4, L =10,
1 -
21
Multiscattering, and Total Cross
of \f for: . = 45°, n = 4, L. =100,
t 52
Multiscattering, and Total Cross
of x; for: x, = 459, n =4, L = 1000,
1 =
33
Multiscattering, and Total Cross
of ,\f for: x. =457, n =4, L = 10000,
t 54
Multiscattering, and Total Cross
of X for: x, =59, n =4, L = 10000,
1 55
Multiscattering, and Total Cross
of Xp for: x. = 15°, n =4, L = 10000,
t 56
Multiscattering, and Total Cross
of \, for: X, = 452, n =4, L = 10000,
f i BYS
Multiscattering, and Total Cross
of \,.for: \. =730, n =4, [.= 10000,
f 1 -
H8
Multiscattering, and Total Cross
of \, for: x. = 859, n =4, .= 10000,
f i 30
Multiscattering, and Total Cross
of \l' for: \i = 30, n =4, L. = 10000,
)
Multiscattering, and Total Cross
of \p for: \® 159, no= 4, .= 1noon,
w1

Multiscittering, Sn(! Totat Cross
ol v, tor. ‘\.\ R IR CHE S B DU NETRRNIE
IS

I WL VN W W W Dy WL Sy Sy ey - DRI G SUPU, TR G Sy S WU U inallh,

¥ T MU LT AT e e T e




Hius ations

11d. Plot of Modified- Born, Multiscattering, and Total (ross

Section as a Function of \p for: ;= 759, n =4, L = 19000,
x=0.8 !

1le. Plot of Modified Born, Multiscattering, gnd Total Cross
Section as a Function of \, for: ., =85, n =4, L = 10000,
x=0.8 f i »

Al. Geometry for Determining Effective Path Length for a
Given Scattering Wave Vector Hy

IYY,
-




A 4

. o
ey .'3 "~_l

-,
-
'

Backscattering From Anisotropic Random Media

1. INTRODUCTION

In this report we formulate a method for determining the backscattering cross
section for electromagnetic {as well as a acoustic) waves from slowly-varying
anisotropic fluctuations in a random medium. In the electromagnetic case random
media having these properties are found in the auroral ionosphere in the form of
striations, that is, turbulent plasma that has become elongated into thin columns
aligned along the direction of the Earth's magnetic field. Similar structures have
also been induced artificially by barium (Ba) releases in the ionosphere above

150 km1’2 and by high-intensity ionospheric heaters, 3,4 The method developed
here is based on the cumulative forward-scatter single-backscatter approximation
of De Wolf, > extended to include anisotropic media as well as backscattering into
(and from) arbitrary directions.

De Wolf employed a perturbation expansion of the Green's function for the
electromagnetic wave from which the scattered«dield and cross section can be
determined by an infinite summation of selected (bubble) Feynman diagrams, which
arise upon averaging over the fluctuation spectrum. The diagram technique for
averaged quantities is analogous to that employed in quantum field theory for

(Received for publication 8 December 1982)

Because of the large number of references cited above, they will not be listed here.
Sec References, page 69.
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vacuum expectation values with the correlation of two fluctuations replacing the
boson propagator. In the method developed here, we bypass the diagrammatic
perturbation approach and employ an operator representr-.l'cion6 for the full Green's
function in an arbitrary external field. In this approach the fluctuating field ap-
pears in the exponent and the averaging of the product of such exponents to form
the expression for the scattered power is reexpressed in terms of correlation
functions by utilizing Kubo's cumulant expansion method. 7

Actual calculation of the cross section for a given turbulence spectrum re-
quires the Fourier transform of an expression involving path dependent projections
of correlation functions. To effect this Fourier transform we utilize a technique,
similar to that used previously in the calculation of multiphonon absorption, 8
which involves expanding the expression to be Fourier transformed in a functional
Taylor series in powers of the projected correlation functions. The subsequent
Fourier transform of each term can then be carried out in a straightforward way
as a multiple convolution of the projected correlation functions.

Calculation of the backscattering cross section has been carried out for the
case of a Gaussian correlation function, where the integrals involved may be
evaluated analytically. The results are displayed as graphs of the scattering
cross section vs. scattering angle for various choices of scale lengths and thick-
ness for the random media, and angles of incidence and frequency for the incoming
wave. A method is also outlined for numerically evaluating the cross section for
the case of the more physical Kolmogoroff spectrum, which essentially involves
representing the power law correlation function as a sum of Gaussians.

2. MULTISCATTERING FROM A RANDOM ANISOTROPIC MEDIUM

In order to calculate the cross section for backscattering from slowly-varying
random fluctuations in a dielectric medium, we will initially assume that depolari-~
zation effects are small and that propagation through the medium can be described
by the scalar wave equation. Denoting the propagating E field by

E(F, 1) = E(T) elWt-iker (1)

6. Fradkin, E.S. (1966) Application of functional methods in quantum field theory
and quantum statistics (II), Nucl. Phys. 76:588.

7. Kubo, R. (1962) Generalized cumulant expansion method, J. Phys. Soc. Japan
17:1100.

8. Bendow, B., Yukon, S.P., and Ying, S.C. (1974) Theory of multiphonon
absorption due to nonlinear electric moments in crystals, Phys. Rev. B.
10:2286.




the wave equation for a given transverse component E may be written as
2. ,— 2 ey gy L
V' E(r)+ k™ e{r)E(r)=0 . )

The dielectric permittivity e(T)is taken to be equal to (&) outside the scattering
volume and equal to (T) = (&) + 6e(T)inside. The scattering volume, as indicated
in Figure 1, has been taken to be a slab of infinite extent in the transverse y-z
plane and of depth L in the direction of forward propagation, which is taken to be
the +x direction.

Figure 1. Multiple Small Angle.
Single large angle scattering
event (a) and double large angle
scattering event (b)

In the following we neglect the contribution of reflections and backscattering
from the interfaces and consider only backscattering from random fluctuations
within the slab volume. We will be interested in calculating scattering from irreg-
ularities that tend to be aligned along a given direction such as a background mag-
netic field B (as indicated in Figure 1). We will continue, however, to assume
that the fluctuations can be described by a scalar, albeit one that is in general
anisotropic.
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The goal of the present calculation is to determince the power scattered out of
an incoming plane wave beam of umt intensity and arbitrary direction of incidence
K.1 into the scattermg direction I\f, which is also arbitrary. The (ktmmon of the

angles determining I\i and K, is indicated in Figure 2. Following De Wolf” we

calculate the backscattering fcross section on the assumption that the scattering
processes that dominate are those composed of a single large-angle hard scatter-
ing event followed (and preceded) by multiple small-angle forward scatterings as
indicated in Figure 1(a). A calculation of the ratio of power scattered outside a

cone ot apex angle 2xC to that inside yields, °in the Born approximation,
. - - ayy~3/3
I\ \(‘)/I(\ < \C) (ZkOLO sin (\C/_)) . )

where ko = w/c, and L is the macroscale of an assumed 3-D Kolmogoroff spectrum
of turbulence. This result indicates that as X, increases beyond the small angle
(k L ) 1, the portion of the incident beam s(‘attel ed through large angles becomes
very small. A similar calculation for the two hard scatter processes of Iigure 1(b)

yvields
Ly >\ /I < A )~ Gk [ sin (/2785 (1)
\ \C X \u = Gk sin \C,_

with even smaller ratios for high order processes. Thus, for wavelengths such
that kOLO = 1, only the single hard scatter-multiple small angle scattering proc-
esses similar to Figure 1(a) need be considered.

We define the scattered wave 61“, as the difference between the field at a given
point r ¥ with fluctuations present, minus the field in their absencc. Using the

Green's function G for the perturbed medium that satisfies

2
5 ey + 65(;))}G(f' Sr=o(r-TY ()

[ —
<+
[\
+

and for the unperturbed medium

r 2
!.—.2 AN K i SUEE I Y SR "
5 |

A
we may express the scatterced wave as

m,",m fd'{»'i(“.(xf-’ﬁ'» B S B Y S ()
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Figure 2. Geometry of lnitial and Final
Scattering Angles

where f(r)is some arbitrary source distribution. The tull Green's function may be

expanded in terms of G° and 6 as
G=G°+§ G%. |- %5 6eG° . (8)

The expression for GES may thus be written for a delta function source at f{n as

- — = =" v . O, =
éhs(r) (;(r',RO) G (r,Ro)
« 9 n
z GO |- &5 oe G°
c

n=1

a7 'GYUT,TY ]:- = 65(?‘)(‘:0(?',1{.0):' +

NI (™
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For the single large angle-multiple small angle scattering processes of Fig-
ure 1(a), the series of Eq. (9) may be rearranged to give

©

aEs(ﬁ) =fo(ﬁ,?') (- ‘:—2 65({")) Gi(F',ﬁo) ar' , (10)

where Gi' G

multiple small-angle scatter approximation.

§ are the full Green's functions for propagation along Ei and Ef in the

If 6¢ is assumed to be a normally distributed random field with zero mean,

averaging Eq. (8) leads to the Dyson equation for the averaged Green's function (G)
Gy = G° + G°Q(G) (11)

where Q is the mass operator. In terms of Feynman diagram's, Q is represented

by the sum of all strongly-connected diagrams9

Q= £ ¢ LESN L, LDaN Ll (12)
where

e = k* 0P 6e(T")) and = GOF, T

T T T T

The wave number shift, 6k2 = k2

given by the Fourier transform of the mass operator Q as

- k(z). due to the random fluctuations is then

9. Tatarskii, V.I. (1971) The effect of the turbulent atmosphere on wave prop-
agation, Israel Program for Scientific Translations, Jerusalem.
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[ | sk = fe“”Q(?)dF . (13)

To lowest order in é¢ only the first diagram in Eq. (12) is retained. Assuming a

simple exponential for the correlation function

r-rtl/s

-~ - 2 -
. (6e(r) de(r')y=6¢"e (14)
te
L i ) .9
leads to the dispersion relation
3 2 p
. se” 12 ¢
KW -k =5 5 (15)
6] 2,2 . &
lk”e° + (1 - ik_1)7]
o]
. To lowest order in é¢g, for kol = 1 this gives
~k, b 5e° K2 1
Re(ok) = —5 Im(6k) = -5 (16)

thus there will be both a wave number shift as well as attenuation due to multiple
scattering in the random medium. As an example, a 30-MHz signal traversing a
random medium with 1 percent permittivity fluctuations having a 100-m scale
length would experience a wave number shift % = 1.25 X 10_3
of @ = 1. 0/km.

To calculate the scatter cross section in the Born approximation, we approx-

and an attenuation

imate Gi' Gf by Go, where

ik[F-F|
GO, FN=gf & —— . (17)
T olre -t

1

a
-4

The expression for the scattered field at R for a delta function source at Ro given

- -

by Eq. (10) may then be written as

S i

aE‘s’(ﬁ) =fd?'G°(ﬁ.?')(-k2 se(r ") G°(§',§o) . (18)
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In the plane wave limit (R ~"H1 =~ ) we may approximate
R -y~ R-r'. 1 . -

Expanding G° to lowest order in r/R _ yields
panding o

+ikR - K, ¥ '
. T f
o =1y o 1 +ikR-ikr "R _ e
G'R, r") > 7R € TR
and
N ) ik}toﬁﬁi.}?'
] - .
G (r ,RO) = MRo e . (20)

The scattering cross section may now be determined by dividing the power scatter-
ed into a given direction by the power in the incident beam. In the plane wave limit

the cross section deduced from 6Es is given by

where the average is taken over the distribution of random density fluctuations,

and f_, _ the scattering amplitude is defined through
K.,K
i’ f
- -ik(R+R ) R
£, . = lim b irRR e o sk @ . 22)
R ,R x| o s
Ki'Kf o

Reintroducing the vector character of the field 6fs would lead to a vector
scattering amplitude

T, . = (-K., XK., XEJ)f_ _
KK S
i’ 'f itf
and a cross section9
. .9 o -
o (K.,K) =o0_ _ :sin® (y) , (23)
vt ot >
Ki'l\f
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where ¢ is the angle between the polarization direction of the incident wave E() and
— o

the scattering direction K;. In what follows we shall leave off the sin” {v) polari-

zation dependence and consider only the scalar quantities f . | and o_

K. K Ki,ﬁf
Thus, for the Born approximation we have
2 K -K,). T
£, =§—de' e U se(d (24)
K, & *
it f
and
K¢ [ [, WEKDGE-F = .
o, , =gz Jdr'jdr'e ! (6e(T") e (r")) . (25)
K Ky

- - -~ . 4N - . .
Changing to new variables Ar =r' -Tr", r = _r__2__r_ . and 8K = K, - K, this may

be written as

<
n"

4 e .
% fd? /dA? eIOKBT (52 (AT

i
=y

4 2
_KY eV o~ =
= =g %K) , (26)

where ¢ (K) is the Fourier transform of the correlation function for a homogeneous
medium

L e (-7 = L Ge(R)oes(F0 . @7
e2 el

We note that if (652 (Ar)) is Gaussian, then 5(!2) is also Gaussian. We shall
assume that 3 can be factored as

PK,LELK ) = AK)H LK) (28)

1D




The two functional forms that are of greatest interest are the Gaussian

5 @ - e 1B @ -l K212/ , KiL%/4
‘Pﬂ(K) = d(Kz) ﬂle) = 1rL“ e wLl e (29)
and
5@ - GB &) - [VeL oK s
ﬂ(K) = d(Kz) %(Kl) = WL” e l:l +}_<,2 L2:)“+1 3 (30)
1l 1

where 4 = 5/6 corresponds to the Kolmogoroff spectrum for turbulence. In the
following we shall assume that LII > Ll'

To include multiscattering effects in the simplest way we utilize the eikonal
approximation9 for G given by

K S - o~

iz [ 6e(r+s'K)ds’
G(F,¥" =G%F,FVe ~ . (1)
where the integral is to be taken over the effective path length in the medium. If
we restrict the possible gcattering angles to those outside a small cone of half
angle 6. = (koLo)_l around the direct backscatter direction (I_{f = -I_\:i) then the
averages over products of Gi and Gf are essentially disjoint and may be factored.

Using the eikonal approximation and grouping terms on each path together, we get

4 AR TN
- ZK_y; dr"fd-f' elAK r'-r'")

) 1
.K s "| ot K 5 i) |A 1
iy f de(r'+oK,)do -~iT f e (r "+0'K.)do
2 i 2 i
-00 -on
X e e

K % >
-ig_{oée===(r‘+ol<f)do +i

s" R
fée(_r:”"'o'I\'f)dc‘ ,
X (e " o (F")(e e

R

(32)
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We now reexpress the path dependent terms in the exponent in terms of their

Fourier transforms as
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= -y "g'}t‘u(l\lIT)‘ dr . (o

(¢ van be shown to be the attenuation due to the random medium for a planc wave
i -~
propagating in the direction I\'i).'
For the Gaussian correlation function of kq. (29) this leads to an expression

for «  given by
.

K€" 1 1~
““T LT » NN 27172 41
T8 eosT (W LT Fsin (SO P
LIS
) ")
1. ~- | S N
: and O 1y T . {421
e ,

Fxpressing the path length along k\'i from the x = 0 plane to the x = x plane as

sx) =x . / ——,l— + tan® (6.) (see Appendix A) (43)
/\ 3

sin” (\i)

and defining

. :
b= 20 L 4 an® ) i1

: - )
MV osin (\i)

the path dependent terms can be written as

xu":(Di(A?)-l] xﬁrmf(a?)-ﬂ )
6 o . (43)
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Performing the dr integration yields

- L >y ~\_
ITI; A f N exBi[Di(Ar) 1]+xBf[Df(Ar) 1]

(o]
LB,[D,(A1)-11+LAID(A7)-1]

= [A . L] € -1 . (46)
[18,ID,(87) - 11 + LAIDUST) - 1]

The scattering cross section is thus given by the Fourier transform

4 c AT A

5 o - K vfda“f e!OR- 8T (52 (A7)
- K.,.K
o i’ f
E {Lp,[D,(87)-1] + LB AD(8F)-1] )
_ X € -1 (47)
- {LB,ID, (A7) - 1] + LB IDLAT) - 1]}
-: To effect the Fourier transform we define

f(aT) = {Lpilni(a*r) -1] + Lpf[Df(A*r) - 1)} (48)

and expand [ef - 1] /f in a double functional Taylor series about Di(AY'), Df(A_f') = 0.

Each term of the form
fe“"m‘ (6€2(87)) D?'J(zﬁ) D‘}(AT‘) dor (40)
will thus be an n + 1 fold convolution where we define the convolution operation bv

Ll . (lp. - . o
f(_lf AR gl(r) g,(r) = f_”—‘ ;11(}\' - g, (50

(omy
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and the iterated convolution through

d_I; ~e o ™~
; D"K -p) D(F) . (51)

. D™ 1) =f
- (2m)

The double Taylor series expansion of the functional (ef - 11/f about D, ( T),

. D,(¥) = 0 thus yields

=~ < 1 /n n-j i a" ef -1 N=j, =y A

3 Z Y (3 ) Bi. J e X ot Di J(ar) Df(AI‘) . (52)
r‘, n=0 J=0 af If‘="(Bi+3f)L

The derivative Brf]([ef - ll/f)lf=-x may be expressed in terms of the incomplete
gamma function y{n, x), as (see Appendix B)

ng f - ¥(n+ 1), x) =
Bf([e - 1])/f)|f=_x = T . (53)

The final expression for the scattering cross section for a unit volume is then
given by

o
4 AT
o, L= ol o B fast o100 AT (52 (a7 x
K, K K
i'™f n=0 i’
_(B,+ﬁf)L 0 n
% 1-e ! + Z 1 n!
(8. + B.JL n! (- j!j!
i f =1 =
n=1 j=0
i yin+1, 8, +5I0) T
x gty —— LT . pleh) plsn (54)

+
L3 + )" 1

where the n = 0 term of the infinite sum has becn sceparated out as the first term in
the large brackets, and is essentially the Born term modificd by the attenuation
along the forward and backward paths.

The n™ convolution of the projected correlation [unction defined in Fas. (38)
and (39) is calculated in the most straightforward manner by nsing the delta fune-

tion in Eq. (38) to integrate over the  coordinate parailcl to Kooand then developmg
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t’ the iterated (2-1) convorution scrics s denned s bas (1Y S the ploe be e -
ular to 1\'.1. Phis approeach runs o Gafio ulties due to the toog that Sie orie it
functions of lgs. (24) and (S0) facior into tunctions defined along » o the o« =

plane rather than 1\"i (or &1') and the plane perpendicular to ‘[\::‘ {or }f:.), . g,
the general term in the sum of lg. (54) requires the <onvotution of U;"'J and l)‘; ,
which are defined on planes of differing orientation. The simplest way to avoid
both of these difficulties is to use the projection delta functions in kqg. (38} to
integrate over the q, coord‘inate, projecting both D?’J and l\)‘; onto the Q, -qa,
planc.

To actually calculate a given convolution product it is best to form the (n - \)"h

~ .
convolution of Di in a voordinate system p_, p, where p | is directed along i
4 1

- . 11 .
and where Kii is the projection of l\'ionto the p, - P plane as shown in Figurc 3.
In a similar manner, the jth convolution of I)f(d) can be formed in a coordinate

system where ail is directed along }Ef' .

>

Figure 3. Decomposition of Scattering Wave Vector Into Com-
ponents Parallel and Perpendicular to Magnetic Field Direction

One can show that the convolution of two K projected functions is another K

".'_'.".; projected function (see Appendix C}. Thus, for the Gaussian
..‘: >y ~ ~ — os
S @m(p) d(pZL”)‘a\D(pLLL) (55)
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we get for the projected correlation function in the Py =P, plane a hybrid given by
Ty = DOl K - 9K, cos 56
Dy “(p) = D; (pl)[21r6 (K; - p)K, cos (\,)] (56)

with

~ 99 9~ 9
o LT pr L/ 4(neg) -p1L{/4(-))
Dy (pl) "Tm-po© e (57)
where
~y 2.2
Ly = L+ L) tan Gy - (58)

A general term in the sum of Eq. (54) with (n - i’ > 0, j > 0 will require the
Fourier transform

fda*r eIORBT (52053 D! J(aT) D}(A*r) , (59)

which we reexpress as a double convolution

i(K,-K,) 67 YR S
fdA_f‘e if f d ell'Ar(ész(l))

@m)
BASdl |, T mnepenioe o
=/did‘+d~ (6e(@) BN I() Bl s +5+3+K, -K) . (60)
@)

Changing variables to p' = )" + I\?i' q'+ =g+ Kf and dropping primes this becomes
after integration over d ¢
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dp dq
f—g— Ge (@ - P “J(p -I\)DJ(I\
(27)

dpdq , 2, i Vi -
(8e”(q - PN D NE -K DR -
f 2”) q Py IS A ST L

Xo{(F-K)- K )-a((qd-Kp- K| @rk e, ) . (1)

This can now be evaluated by integrating the two delta functions over P, and q,

and projecting ﬁL along the B, axes as
L
py - [ql] =q, cos (of - oi) - gy sin ((i)f - Oi)

f>2 . [E]'L] =q, sin (of - Oi) +q, cos (of -0.) (62)

to form the argument for (352(6 -p). These operations are carried out in
Appendix D for the Gaussian correlation function of Eq. (29),

The terms in the sum of Eq. (54) with (n - j) =0, j >0, and (n -j) >0, j =0
can be evaluated in a similar manner. Results for the Gaussian correliation func-
tion are developed in Appendix E. The expression for the total cross section for
the Gaussian correlation function, using the results of Appendices D and E, thus
becomes a simple double sum of exponentials. This expression has been evaluated
for various values of the medium parameters L‘, L, slab thickness L, wave
number K, and angle of incidence \ (and is plotted in Figures 6a through 11e).

The behavior of the cross section for the Gaussian correlation function is discussed
in the next section.

The evaluation of the cross section given by Eq. (54) for the Kolmogoroff
spectrum of Eq. (30) is more difficult due to the fact that integration of the projec-
tion delta function of Eq. (38) over p, leads to an e\pressmn tor DIA] which, as
in the Gaussian case, is no longer a function of p but of p , and p ., separately
and which, mereover, does not factor as does the (naussian.& The 3~1) convolutions
for DA} can be carried out numerically in a straightforward wayv with no difficulty
other than that of the computation time and core memory involved. >ince the scrics
of Eq. (54) converges rapidly (N = 5 is sufficient for the Gaussian) this is not a

scvere problem unless a large nuinber of points (for example, as represented by

the curves of Figures ta through 11¢), are involved. Inorder to compute o | for
A

- e - _ o -
e A L o~ Amandh o - i P 2 -
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the Kolmogoroff spectrum in a more economical way, we represent the correlation

function
B T R . S— (63)
N PR
a;

as a sum of Gaussians by employing the integral representation for the gamma

function

')

1]

[ 0]
A"/X"’l oo hx 4 (64)
[0}

T I
IR

here W, and X, are the Gauss-Laguerre weights and zeros. I‘hls allows the func-
tion D[?(] to be approximated by a suin of separable Gaussian DI as given in

Eq. (57). A way to avoid rctaining all of the (M)" terms that would appear in the
nt convolution of DIX] is to approximate each at? order convolution DI%I by an
appropriate new sum of Gaussians. A procedure for doing this is given in
Appendix F.

Although we have utilized the cikonal approximation {kq. (5)] to the full Green's
function in the calculation thus far it is possible to give a completely general for-
mulation for the cross section by using, in conjunction with the cumulant and con-
volution expansions of the previous section, the operator representation for the

N
full Green's function in an arbitrary external field developed by Fradkin and
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Milekhin. 10 In this method the full Green's function, starting from the Fourier

transform of Eq. (5) is given by

G(Z.P)

u

- [(3- ip) - K e(?)]

=1

I S .
x is[(v-ip)“~k'(‘))e(r)]
fe ds
)

P is(-pirisH 2 B T isk_e(T)
ife ds . (66)
O

Milekhin has shown that the principal approximation that is necessary in deriving
the eikonal limit corresponds_te_dropping the term lis V2] in the exponent of

Eq. (66). Operating with 2P Von (), shifts the argument from T to T + 2ps
and operator ordering leads to the eikonal form given in Eq. (5).

Calculation of the scattering cross section to include the effects of terms in
the Green's function beyond the eikonal approximation is most straightforward if
Fradkin's representation using functional derivatives is employed [Reference 6,
Eqg. (5.17)]. We shall, however, leave the calculation of the cross section includ-

ing these higher order contributions to a future publication.

3. CROSS SECTION FOR GAUSSIAN FLUCTUATIONS

The behavior of the cross section can most easily be studied for the case
where the correlation function (8 52(—1: -T") is given by the factored Gaussian of
Eq. (29). Looking first at the n = 0 (modified Born) term in Eq. (54) we have

2L
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o or L‘, > b this term will be smiall unles: i"i/ = l‘.' oo Bornoteesn ol thus
" peak when \F Ty ieading to essentially specular scattering.  Mu'tscattering cffects
ol are contained in the term in brackets and appear as a path dependdent attennation
for traversing the slab. lor small L. the exponent can be expanded and the
bracketed term equals ~ 1, which is expected as multiscattering effects will not
- contribute unless the path length is longer than the mean free path between small
- angle scatterings (L ~ 1/2a). Due to the anisotropy of the medium, paths direc-
_ ted along the x axis (x ~ ;7:-) will be attenuated less per unit length than those
- directed more toward the 4 axis (x ~ 0) as can be seen from the expression foru\

given in Eqs. (41) and (42). Recalling that #; contains the geometric tactor

r 1 , 1/2 .
| —3 + tan” (0.) = T (68)
Lmn (\i) J
the product
GL=2 - e T(R) i o)
1 \ 1

is seen to represent the path length from the front of the slab to the back of the
slab along the ray i\ times the attenuation for that ray direction. Thus for shallow
angle rays, in add1t1on to the larger attenuation as a function of the polar angle x,
there will be an added reduction in the scattered power due simply to the longer
path lengths that are required in traversing slab at shallow angles.

In order to determine the behavior of the n > 1 terms in Eq. (54) in an approx-
imate way, we shall assume that L. > l. so that the scattering will be approxi-
mately spectral and set p": ‘Lff- Taking Lit‘? I. > 1 we approximate y(n + 1, ZﬁiL)
by I'(n+ 1) = n! Fhe terms with n > 1 are then

b i 0-gaz DAt
r PR ( E E T _J D ar) Dlar) ~ ~4~—-—[pi TR (o)
1 j=v

Using kq. (57) for the nLh order convolution, we then have very roughly an approx-
in]

K.,K
i

imation for the behavior of o given by

f

PRI # S0

-(m\’,)zl,‘:/4(n+1) -Al\'fl.?/u}(ni-l)
{n] _ Lol 3 o
n+1)

.. (71)
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The contributions to ¢_ _ from the nth order multiscattering terms are thus re-

-

K.K
if -
duced in amplitude by a factory (n + 1) 1 and are broadened by a change in the
effective half width from 1/L " to ./n l/L“. This behavior is illustrated in the
sketch of Figure 4.
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Figure 4. Sketch of Expected Behavior for o (Born) and nth
Order Scattering Cross Section Contributions

{n]

Since we have indicated that each term o "

Ki' Kf

decreases in amplitude as

N
—L the series o[n] _. would appear to diverge as lim In(N). However,
- (n+1) E R N-w

it

:r ." '.'.'. AN

n=1 it f
if the approximation y{n +1, x) > I'(n) is not made, convergence of the series can

be proved by using the integral representation for v(n + 1,x)

b [ o] o0 X -t
& E n+1,x) _ e "t dt
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-Ei(-x) + C + inlx)

EI(X) + C+inlx) , (72)

where Ei(X)’ El(x) are the exponential integral functions and C is Euler's constant.

For the case of an isotropic medium L” =L and o_ _ will no longer depend

L
- K Ky

on Ei and Kf individually, but only on their difference AK = Kf - Ki' The momen-
tum transfer AK may be written as

- 2
aR2 = &, - Kf)2 = K%@ - 2 cos (6)) = K* (2 sin(g)) , (73)
where 68, the angle between Ki and I_(.f, is defined by
cos (8) = K, - K; = sin (xi) sin (xf) cos (¢i - ¢f) + cos (Xi) cos (x_f) (74)
i where the angles x, ¢ are defined in Figure 2. If we take ¢i =0, ¢f = & then
Ef 6 = X + g and we thus expect
-
'AK212/4(n+1)
[l L e (75)
I = (n+1) L
Ki’Kf

to decrease (for xi(> 0) fixed) as Xg increases, as sketched in Figure 5 for the case
L = 0. For a slab of small but finite thickness, the path length in the Xg = 0
direction becomes infinite, cutting off scattering in this direction, whereas for a
thick slab the scattering will be reduced for all x; > 0 as well. This behavior is
sketched in Figure 5 where x; < 0 means x; = ixfl. ¢ = 0, that is, scattering into
the forward dircction.
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HOANUMERICAL RESULTS FOR THE MULTISUATTER CROSS SECTION
FOR & = <I>(

In Figures fia through 1le we have plotted for the case of a Gaussian

tion function: the total cross section[tq. (H1Y]

correlno-

10
Q(?J . E g _ . y
}\i’l\'f n=0 hi' [\f
the modified Born cross scction 0((3] . » and the multiscattering contribation
K.,k
it
- 10
o M 2
b [E . = uh.l] .
K., K K., Kk,
k‘ i n=1 i l\1
F-
. )
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as functions of Xg for X; fixed (with ¢i =0, ¢f =m, € =0,03) The starred curve

[o]

represents o
K.
it
remaining solid curve o

KR’

In Figures 6a through 6e we have plotted the cross section for the case of a

» the highest solid curve ¢, _ , and their difference is the
K., K
it

thin slab (L = 1.) for which the total cross section essentially equals the Born
cross section with multiscattering effects being mainly due to the attenuation of
the random medium, as discussed as the beginning of Section 3. The anisotropy

L
aspect ratio n = L—” varys from n = 2, in Figure 6a which appears almost iso-

tropic, to n = 32 in Figure 6e. The expected behavior for n = 1 was discussed

previously and sketched in Figure 5. For n = 2 the situation is seen to be quite
- . S M

similar. There is a small contribution due to o_

K Ke

as x4 increases. As n is increased to n = 4 the Born term develops two peaks.

which falls off exponentially

From Eq. (67) we see that the Born term will be given by a product of Gaussians
(for the case L = 1 the attenuation factor is = 1)

2.2 2 22,2
AKLn/4 -AK L /4
091‘2152K4ﬂ1/2L2L ! e 471
K..K 4 1 II
i’f
with
aK2 = K% (cos (x)) - cos (x))?
=2 2 . . 2
AK.L = K® (sin (xf) + sin (xi))
and
cos(x)=sin(x)=-\-@— x. = 45°
i i 2 ’ i

The Gaussian with arg'ument proportlonal to NG peaks at x; = 0, while teat with ar-
gument proportional to AK n peaks at X = X;. Thelr product will thus have a +in-
imum somewhere between xf 0 and xf X; (unless n = 1) and this is reflected by
the dip seen En Ij‘ig'\‘lre 6b at Xy~ 11°. As n is increased ton = 8 in Figure fic, the
term exp (-L‘i K“Z) n3/4) dominates and the scattering cross section becomes peaked
around g =\

Increasing n to n = 16 and n = 32 as shown in Figures td and te results in

narrower peaks with larger maxima, The integrated cross section remains

kel
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approximately constant however, since the correlation function is normalized,
that is,

”
4 K212 /4
r L|l f dKZ e =1
bl o]

and for very narrow peaks

dKZ = dIK cos (\f)l = -[sin (\f) K] dyp >const - dyg
as sin (\f) is essentially constant over the main contribution to the integrated cross
section.

In Figures 7a through 7e all parameters remain the same as in Figures 6a
through 6e except that the random medium is now taken to be a thick rather than
a thin slab (L. = 10000 vs. L = 1). Multiscattering and path length attenuation will
thus play a larger role. Comparing Figures 7c¢ through 7e with Figures 6c¢ through
6e, it can be seen that the change in the modified Born contribution U[_f_)! . is
-(;;A+pf)1{| _ I\Qi’ by

/ [(p’i + pf)LJ , which around
the peak \p = 45°, equals > 0.0046. The multiscattering contribution for the thick

entirely due to the attenuation factor Ll -e

slab case is broader than the Born term as discussed previously and is of com-
parable magnitude. For tigures 7a and 7b the implication of a thicker slab tor
the Born term is that the attenuation factor, instead of being = 1 for all angles
will now be angle dependent, being much smaller at shallow angles due to the in-
creased path length in the medium (as well as the effect of a\ being somewhat
larger for shallow angles). This has the effect of suppressing the small angle
peaks of Figures 6a and tb resulting in the broadened and reduced peaks of
Figures 7a and Tb.

The multiscatter contributions oi\_: i in Migures 7a and 7b are seen to be
N, N

broader but roughly similar in shape tcl) thie modified Born terms. They are, how-
ever, of greater magnitude being more than twice the Born cross section forn = 2.

In Figures 8a through 8e X; has been reduced from X; * 45° to X; = 150, all
other parameters being the same as those in Figures 7a through 7e. The main
difference in the plots for large n, n = 8, 16, 32 is that the peaks for X; = 15° ire
much broader than th‘ose for X = 45 about their respective maxima, as well as
being larger (by ~ 1()2). If we look at the dominant factor in thc Born term

(K, -K, )*1.2%/4

bi(Kfy.) e iz iz " ,» this would yield a curve with the same half width about
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any value for [\-iz it plotted as a function of [\'t. oo As Urgures @0 throuch Hie have

been plotted as a function of \pr @ plot of
bill\ Cos (\1'” VS \

will be broader for curves peaked around smaller x; sinee

A,y = sinOg) e dy, )
Wyt A g
. . . . - . 0.
that is, equal tnerements of dy,. vield a sinaller change in l\fy for smatl \4.(\.\]. ~ 00
1 1 -
. ) . . . [01 -0
than they do tor larse \,(\f. ~ '), The fact that the values of o, . at N T 15
‘ : R SN
17t
in Figurcs &a through e are lavger than in Ficures 7a through 7c¢ is due to the
second factor in the Born terim tha, (771
£2 2 -y -
SARTLT ={sir. \.*sin \'J“I\“ Tl
¢ oo = ¢ ! : -
Thos
A2 T
_4 \ N
N ~ o s Y A
L
S(Ue g 1 »
‘ ~ a3z to VT s
along with a factor of ~u. 125 duc w the larger sttenustion tor the shallow angle
paths in Vigures 8¢ through 8¢, lead to the observed difterence in these peak
maxima which amounts to a factor of ~ 19 with respect to the peak maxima ot
Figoes 50 through e
. ) . . . . .
For X; T D the peak multiscattering contribution with respect to the Borr
LM S
contribution runs {rom about *~{~; > 0,5 torn = 32 to l-:] ~ 2.3 for » = 2, whil
Oy )
o o)

for = = 1;3(y the ratio runs frov: o, to i.

in Figures g through ¢ the cross seotion for n = 4, N T 457, K = 2716 is
plotted for 1. = 1., ta, 190, 1009, and 10, The double peak in Miguie Ya was
discussed previouslv for Figure 6b (Figure 6b = Figure 9a). As l. is increased to
10 the low angle peak in the Born term is suppressed while the peak around \ is
lowered slightly., Since the only {. dependence in the Born term {Eq. (£7)) is in the
attenuation tactor, the low angle suppression 15 due to the increase in ;"f. at low

angles (for 1. = I the attenuation factor is =~ 1}, As §.is increased bevond 10, the
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attenuation factor behaves roughly as 1/(;3i + ﬁf) L, which is reflected in the
behavior of o[_?] _, in Figures 9c¢ through 9e.
IS N
i’ f
In Figures 10a through 10e and 1la through lle we have plotted the multiscat-

ter cross sections for increasing values of x;, ; = 59, 15°, 459, 75°, 85°; for

K =2#/1.6 {(n = 4, L = 10000) in Figures 10a through 10e, and for K = 2#/0.8
(n =4, L = 10000) in Figures 1la through 1le. In Figures 10a and 10b the peak

cross sections are roughly comparable and alf.i - 1s roughly equal to o[_?]

PR A e B 1 ¢
v
.

-

Ki' I\f I\i, I'\f
o ) =0 ~0 20 gpas M . ;
For x; = 457, 757, and 85 (Figures 10c through 10e) ¢, _ is still roughly
K.,K
it f
comparable to O"i)l _, however the peak cross sections drop rapidly for X; = 45°
K K¢ -AKiLiM

and beyond, due to the factor e , which becomes exponentially smaller
around the peak at X; a8 x4 -90°. Thus a doubling of K from K = 2#/1.6 to

K = 22/0. 8 means that the cross section around the peak at \p T\ is given roughly
by o(K = 22/0.8) ~ [o(K = 24/1.6)] %, which accounts for the orders of magnitude
difference between Figures 10c through 10e and the comparable Figures llc
through 1le. If instead of the Gaussian correlation function we had employed the

Kolmogoroff spectrum (Eq. (30) with u = 5/6}, this would lead to a corresponding

change in the cross section around the peak of roughly

«

o (<25~ o (K= 25 foe

that is, one to two orders of magnitude vs. ~20 orders of magnitude for the

(Gaussian.
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Appendix A

Calculation of Effective Path Length

The path length AC may be determined in terms of the polar and azimuth
angles Y, ¢ of the ray direction f(, and the distance into the medium x by

ac= @+ B | )
where
x = BD, AB = x tan (¢), and BC = x/sin (\) (A2)

as indicated in Figure Al.
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Figure Al. Geometry for Determining Effective
Path Length for a Given Scattering Wave Vector
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Appendix B

Evaluation of a‘; [ef - 1]/f in Terms of the Incomplete
Gamma Function

The n'P derivative of (¢! - D/f with respect to f may be reexpressed by using
the L.eibniz theorem as

£ f
i .(9_. -1 J = N ,75_?{ - an{ 1 —{
L f i f £

-

= "N« ey

+ (;‘)(;)r‘_z (-Y)(,_)"3 ha oo d Ml \ oMty (B1)
Using
st e T ;o R STE n".‘, gty (~1)(=0) vee (apy g0l
(1)
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f
a“[e'l] f - L. -1in
f e ny =1 b _ € °7)
; = E (-t WA F
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Letting k = n - j this can be reexpressed as

w0,
-
[~
—_
1
e
i
fo
=]
[}
=
1]
~
[}
L]
[
~
jai
"

n
" )8 0k _ 11
oD \© K {
k=0
Evaluating this at the point f = -x yields

n
0 el -1 . ! e-xz_)_(i_l
f _ n+1 k!
f=-x x

k=0

The series expansion for the incomplete gamma function is given by

0. k
yin+ 1, x) = n! (1-e'x2 %‘(,—)

k=0

- f n -1\n

e -1.n 1 k (£ )

N _f(-f ) ZW(-” ST
k=0

(B3)

(B4)

(B5)

(B6)

(B7)
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- Thus,

p ah [ef - 1] - Yn+1, x) (BS8)
‘ f=-x X1 .
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Appendix C

Convolution of Projected Correlation Functions

To show that the convolution of two projected correlation functions is another
project%d correlation function we start from the definition of Bp("ﬁl) in Eq. (56),
where Di(_ﬁl) is defined in the plane Py - py perpendicular to _ﬁz at the origin
p, = 0),

~ —_ v - - —_
Di(p) = Di(pl)[ZmS(p . K)KZ]

- ]\s (_> f) + f{’l ) El
= lpl)27r pZ —K;—— . (Cl)

The convolution of Si with Di to yield Df is defined in Eq. (51) and yields, using
the expression C1 for Bi(—ﬁ),

a5, DG -3 IDAS )2 (p + by Ky
-3 P p
(2#)3 1L 1 1 KIZ
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Higher order convolutions follow from Eq. (31).
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Appendix D

Multiscattering Term for Gaussian Correlation Function

The general term of Eq. (61) can be written using the factored Gaussian of
Eq. (57) and the coordinate system of Figure 3 as

1 -_- - — VH‘J > - Vs - - . e
@em® f/dq dp &y (p - ) Dy *p, - K; ) D%(qj. ) Kfl)é((p -R) - K

X 8(q - R’f) . Kf)[21rKiz][21rKfZ]

qulfdpl ~ ~ .
— J —_

n-J _ i
(21r) [K K )D (p ll)Bf(ql fl)
x 3 Kiy - () - Ky)) - K5, . Ke, - (q) - Kp)) - K5,
K K
iz fz

— 1P, K, - K ~: [ ]9,  K,, -K
n-j 1 i il J 1 fl fl
X dy —X_ ||%\|T = — (2n)? KizKez -

(D1)
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where we have used the two projection delta functions to integrate over a, and P,
The argument of & (pl ql) may be expressed using Eq. (62) and lettmg
s = sin (¢; - ¢,), c = cos (9 - ¢,) as

O
N
P
.
e
y
’o

‘[_& -BJ . '2 = [-q2s+qlc-p1]2 (D2)
f L 1 alongpl’

‘[E -3] l2=[qs+qc-p]2 (D3)
(Le alongi)z‘ 1 2 2

- -2 _ 2 2 2 2

[ql -pl] = q;*a -2p1(qlc - q,s) -2p2(q1s+q2C)+p1+p2 . (D4)

This yields

L g [ T | | Ve
TeE L Q) i %

~2 . 2~
oKy R /4 ey -K PTE /4y
X fdpldqle e

2,2
-i(pl-Kil)tanxi-Kcos xi-(ql-Kfl)tanfo(cos \f] L”/4

X e

2.2 . 2/,
-(p,-K. )*L%/4(n-j) -(q,-K, )L /4j
xffdp2 da, e 2 it L e 2 f2 71

2, 2 2 2, 2 2
- + -t > - - <+ Y4
\ e [ql Py Zplqlt]Li/'* e [q2+p2 2p, (g, s*q,c) ZpquS]LlM
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Performing the integration over Py and a, gives
2.2 . 2:24,.
Pyl /4tm-j)  -qyL/4]
dp2 dq2 e e

2. 2 2
- [q2+p2 -2p, ‘q15+q2°)+2p1q25] L/4

X e
2 2 .
47 jtn - j) 1/2 +pis Lzl/4(1+1/3)
= = e
L2l 1+n+js2(n-j)

2,2
[-q,s+p.s-c/(1+1/§)]°/p
xe 1°7P1 o

where
£y = I+ 1) +s’@ - P/l - PG + D]
Performing the Py 9 integration tl en yields

nj L.LL

x & it T

1
\/;+1+j(n-j)s2 \/j(n-j) \/0252*'72/4

lo +8 v/28,1%/4la,+v2 /48,1 B2/ap
xe 101 2 a9y 20 P1/%F2

>

where

2
1 2 9 SXl CSXl
o, =g x, tey, +nx tT -y t t)+ +
S e el s+ 2l

C§2y
5 ¥

2T
070(1+ 1/j)

4
- o vo9

1 "o 2.2 s” c” s
= + + 1) - e —
R e U RN VR s 17 220+ 10>
o ]
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sy C 8 Xy _oZies Ay \
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‘(1 + 1/ “(1+ 1P
Vd g+ 1/ F a1y
with
L. i
n = n n = L n_ = i
’ ’
| o - s LL

T
.

~2 2, .2, 2 ~2 22
= L+ L L% = L°+ L
I_.l ; tan (\i) , ¢ I | tan

-
!

>
<

= K cosz(xi)Ll/sin N N

T
1

-
e
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.
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Appendix E

E_

Multiscattering Term for Gaussian Correlation Function forj=0,n-j > 0

The general term of the sum of Eq. (54) withn' = (n - j) > 0, j = 0 or with an
interchange of subscripts i = f for (n - j) = 0, j > 0) can be written for the Gaus-

sian correlation function as
n' iAK- 81 N oy
L =] e <I>JU(Ar) D' (At) d&r

iK,-K,) 5T S e e
=fda*re i fdp PO T ()

d—‘ 'la'A—;' Vn' - =, by
% —3—(2")3 e D; (ql)é(q Ki)lzwxizl

—»

S— ap [a3 %, (m DG - oF - K,)
_. R Bt I s AL SR L

@@=

X 6 (K, - Kf+ p+a)f2mK, ]
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= —_(31r)3 qu @a (q+ I\i I\f)l)i (ql)é(q I\i)[“”\iz] 0.1
Letting q' = q+ K:l and dropping primes, this may be written as
xn' 1 ~ LoV . = N |
= R S — - - — - r g - - . U 4) 4 Al
- qu %y (4 - K D] (4 - KDo(q - K+ Kpl2ar (F2)
Taking the al_l axis along Kii yields
{Kfi}along a, = Kf.L cos (¢>f - ¢i) (£:3)
{K“}along q, = Kgy i g < 6) (1)
hence
K, -4, = [Kn cos (4, - ¢.) - ql]ql + [Kfl sin (9, - ¢.) - qz]qz (E5)
n'
and XL may be written as
n' da ~ ~_1
x = —%_J_'__ K - a n -
o O ®e - BTE, - R, Dlenk )
iz
= 2 %3 2
<3 [k @’l K - K ~ (q‘l KilK)_K
fz K. i K, iz
iz iz
(E6)
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Letting ¢ = cos ((lJf - ‘D.l) and s = sin (of - oi) this may be written as

- r o ~ 1
) 2
;Cn i dq WL_L . er” . TrL,J.Li lorK |
(2103[\.' 1 1 n' R P
iz

. 2.2 2.2
‘o (Kfl c ql) Ll/4 . (K“s qz) Ll/4

e 222
- (q1 I\“) Li/4n . (q2) Ll/4n

X e iz , (E7)
Carrying out the indicated integration this becomes

2 2

yis
' 1 2 - 1( 1 _ 2
;Cn ! o z1',_(n'+1)+(xl yie)

i (n" + 1)

1 2 2
—[(x, -y, c)-(x_=-y_In tan(x.}]
1 2 2 2 171 a va i
e-4_(xa—ya) n 47

e 1 (E8)
where
xy = Ky by R S ST
x. = Kcos(x,)L , -
a i1 Yo K cos (Xf) Ll ,
. 1/2
~ 2 2 2
. = + .
L, [LJ. L” tan (xl)j! ,
" and where
2 ﬂ’i =1+ ni/n' + n? tan® () 1/2 (E10)
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with w, and X, the Gauss-Laguerre weights and zeros. We are thus led to assume

aform for D Af given by

(n) 2 ﬁ(n) 2

M
ynooes E: ‘(n)
i=1

where in analogy to the Gaussian case we take

aén) =a./n (n) = . /n . (F5)

1

To determine the optimum C(n) we follow Shav1ttFl and minimize the deviation

Al

given by
2
M
) _ n-1,= _ - %1 - (n) [Q’LﬁQ]/
& —f ,[D @ -5 0;(p ) dp, ZC %
i=1
X W(QL)dQL (Fg)
where W(él) is an arbitrary weight function. Minimizing A(n) leads to the set of
equations
28 SN @) o)
s =chj LTI (F7)
i j=
where
AR - fGg“’(’;;l)u;“’(;;i)wq;i) a5, (1)
A!UQ) - -f('.ﬁn)(b.l_)g(n)(p’l)W(;;l) ag, (1)

F1. Shavitt, 1. (1963) Methods in C ()lr_mput'ltmnal Phlsu ~,, . Alder, S, ternbach,
and M, Rotenberg, Tds., Vol. 2, Naademic Pross, NUY.
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with

2 2
- ~{o.po+3.p7)/n
3 Gi(n)(pl) = e L2701 (F10)

and

| dp
’ (n),— , _ L ¥Yn-1,- ¥1
) g (pl) —f a2 Dy (pl) Df(pl) . (F11)

B PS ATRL
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The set of M simultaneous linear equations given by Eq. (F'7) can then be solved
(n)
for Ci .
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