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case is computed by expanding the general expression for the cross section in
terms of path dependent correlation functions using Kubo's cumulant expansion
method. Evaluation of the resulting Fourier transform is achieved by a func-
tional Taylor Series expansion in terms of multiple convolutions of the pro-
jected correlation functions. Numerical results are obtained for the case of
a Gaussian correlation function and a method is presented for calculating the
cross section for the Kolmogoroff spectrum.
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Backscattering From Anisotropic Random Media

L. INTRODUCTION

In this report we formulate a method for determining the backscattering cross

section for electromagnetic (as well as a acoustic) waves from slowly-varying

anisotropic fluctuations in a random medium. In the electromagnetic case random

media having these properties are found in the auroral ionosphere in the form of

striations, that is, turbulent plasma that has become elongated into thin columns

aligned along the direction of the Earth's magnetic field. Similar structures have

also been induced artificially by barium (Ba) releases in the ionosphere above

150 km 1 ' 2 and by high-intensity ionospheric heaters, 34The method developed

here is based on the cumulative forward-scatter single -backs catter approximation

of De Wolf, 5extended to include anisotropic media as well as backscattering into
(and from) arbitrary directions.

De Wolf employed a perturbation expansion of the Green's function for the

electromagnetic wave from which the scattereciield and cross section can be

determined by an infinite summation of selected (bubble) Feynman diagrams, which

arise upon averaging over the fluctuation spectrum. The diagram technique for

averaged quantities is analogous to that employed in quantum field theory for

(Received for putblication 8 D~ecember 1982)

Because of the large number of references cited above, they will not be listed here.
See References, page
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vacuum expectation values with the correlation of two fluctuations replacing the

boson propagator. In the method developed here, we bypass the diagrammatic
6

perturbation approach and employ an operator representation for the full Green's

function in an arbitrary external field. In this approach the fluctuating field ap-

pears in the exponent and the averaging of the product of such exponents to form

the expression for the scattered power is reexpressed in terms of correlation

functions by utilizing Kubo's cumulant expansion method. 7

Actual calculation of the cross section for a given turbulence spectrum re-

quires the Fourier transform of an expression involving path dependent projections

of correlation functions. To effect this Fourier transform we utilize a technique,

similar to that used previously in the calculation of multiphonon absorption,8

which involves expanding the expression to be Fourier transformed in a functional

Taylor series in powers of the projected correlation functions. The subsequent

Fourier transform of each term can then be carried out in a straightforward way

as a multiple convolution of the projected correlation functions.

Calculation of the backscattering cross section has been carried out for the

case of a Gaussian correlation function, where the integrals involved may be

evaluated analytically. The results are displayed as graphs of the scattering

'- cross section vs. scattering angle for various choices of scale lengths and thick-

ness for the random media, and angles of incidence and frequency for the incoming

wave. A method is also outlined for numerically evaluating the cross section for

the case of the more physical Kolmogoroff spectrum, which essentially involves

representing the power law correlation function as a sum of Gaussians.

j2. MULTISCATTERING FROM A RANDOM ANISOTROPIC MEDIUM

In order to calculate the cross section for backscattering from slowly-varying

random fluctuations in a dielectric medium, we will initially assume that depolari-

zation effects are small and that propagation through the medium can be described

by the scalar wave equation. Denoting the propagating E field by

SE(- , t) = i(r) eiwtikr (I)

6. Fradkin, E.S. (1966) Application of functional methods in quantum field theory

and quantum statistics (II), Nucl. Phys. 76:588.

__ 7. Kubo, R. (1962) Generalized cumulant expansion method, J. Phys. Soc. Japan
17:1100.

8. Bendow, B., Yukon, S. P., and Ying, S. C. (1974) Theory of multiphonon
S:.absorption due to nonlinear electric moments in crystals, Phys. Rev. B.
" •10:2286.
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the wave equation for a given transverse component E may be written as

2 E () + k2 e(7) E(r) = 0 (2)

The dielectric permittivity (-;) is taken to be equal to (-) outside the scattering

volume and equal to e(-;) = (e) + 6E( )inside. The scattering volume, as indicated

in Figure 1, has been taken to be a slab of infinite extent in the transverse y-z

plane and of depth L in the direction of forward propagation, which is taken to be

the +x direction.

Y

Figure 1. Multiple Small Angle.
Single large angle scattering
event (a) and double large angle
scattering event (b)

In the following we neglect the contribution of reflections and backscattering

from the interfaces and consider only backscattering from random fluctuations

within the slab volume. We will be interested in calculating scattering from irreg-

ularities that tend to be aligned along a given direction such as a background mag-

netic field Bi (as indicated in Figure 1). We will continue, however, to assume

that the fluctuations can be described by a scalar, albeit one that is in general

anisotropic.

-. 9
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The goal of the present calculation is to determine the povt r scattered Out of

an incoming plane wave beam of unit intensity and arbitrary direction of incidence

K. into the scattering direction K f which is also arbitrary. The definition of the

angles determining Ki and Kf is indicated in Figure 2. I-,)lowing le Wolf we

- calculate the backscattering cross section on the assumption that the scatterin

. processes that dominate are those composed of a single large-angle hard scatter-

ing event followed (and preceded) by multiple small-angle forward scatterings as

indicated in Figure 1(a). A calculation of the ratio of power scattered outside a
r . cone of apex angle 2 xc to that inside yields, in the Born approximation,

-. I ,- =(2 l sin ( /2))1

S\ ( c o 0 (c(

: where k°  
= W/c, ad L° 0 is the macroscale of an assumed 3-1) ohnogoroff spetruin

of turbulence. This result indicates that as \, increases beyond the small angle

(koLo)-l, the portion of the incident beam scattered through large angles becomes

very small. A sinilar calculation for the two hard scatter processes of Figure 1(b)

yilelds

\ c)/I(\ on c(2k 1 (N '(4)

with even smaller ratios for high order processes. Thus, for wavelength; such
that k L 0-- 1, only the single hard scatter-multiple small angle scatterinc proc-

esses similar to Figure l(a) need be considered.

We define the scattered wave 6E as the difference between the feld at a given
S

point r with fluctuations present, minus the field in their absenc. Using the

Green's function G for the perturbed medium that satisfies

[ 2 + (<e + 6f6)) G(r -- ') 6(i:-:') (5)

L c

and for the unperturbed medium

F (
+ ;,< \ G ( Z -

: ') 6i(r - cT')

we may express the scattered yave as

Si.(i f - (;(- ,l 7) , )

°o



rK,

Figure 2. Geometry of Initial and Final
Scattering Angles

where f(r)is some arbitrary sour-ce distribution. The full Green's function may be(

expanded! in terms of 0 and 6E as

"2 n

Gur + . 5e o . (8)

n=1 
c

The expression for 6E s may thus be written for a delta function source at 11 as

6E (7) = (7,I1 ) -G° f
S 0 0

G 
° -f( -2 (5 G 

°  )1

n= 1

=- 2 d6-'(,
) P G.1((,o



+ fd :' dP' G0 (i-ir ' [.r ')o -;,

,::. .- w 6t(-")G°(-".R 0, +..

21
2 JdP (7i ' -~ E r) G ('B 9

For the single large angle-multiple small angle scattering processes of Fig-

ure 1(a), the series of Eq. (9) may be rearranged to give

6E(R = LR ) ~~ 6ET')) G.(;',g) d-P 0(0)

where Gi, Gf are the full Green's functions for propagation along Ki and K f in the

multiple small-angle scatter approximation.

If 6E is assumed to be a normally distributed random field with zero mean,

averaging Eq. (8) leads to the Dyson equation for the averaged Green's function (G)

(G) =Go+ G°Q(G) (II)

where Q is the mass operator. In terms of Feynman diagram's, Q is represented

by the sum of all strongly-connected diagrams
9

Q = + + ' + (12)

where

--------- = k4  (6F(7)6 (7 ')) and. =G°( ,7'

2 2 2The wave number shift, 6k = k - ko, due to the random fluctuations is then

given by the Fourier transform of the mass operator Q as

9. Tatarskii, V.I. (197 1) The effect of the turbulent atmosphere on wave prop-

agation, Israel Program for Scientific Translations, Jerusalem.

*i 12
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6 kf
2  C i  Q(P)dr (13)

To lowest order in 6E only the first diagram in Eq. (12) is retained. Assuming a

simple exponential for the correlation function

( )6E( '))= 6E e- (14)

leads to the dispersion relationq

') 6 k 4  2

9 9
0 k - + (I - ik I)'

0

To lowest order in 6E, for k°1 this gives

"-k 65 2  6F 2 k 2
Re(bk) 0 lm(6k) 0 G (16)

8 4

thus there will be both a wave number shift as well as attenuation due to multiple

scattering in the random medium. As an example, a 30-MHz signal traversing a

random medium with I percent permittivity fluctuations having a 100-m scale

length would experience a wave number shift k = 1 25 X 10 and an attenuation

of a = 1./km.

To calculate the scatter cross section in the Born approximation, we approx-

imate G i. Gf by G ° , where

1 eik ll(7

Go U0-)=(7

i~Ti

The expression for the scattered field at ttfor a delta function source at R° given

by Eq. (10) may then be written as

6 E0 () =Fdir Go CA,P)(-0 6F rtr Go&, ) r (18)
5 4/ 0

13<.



In the plane' wave limit (3.-, H A , c nay av-oxim :ite

.: .H~I- - r'i _ t - -1

Fxpanding G0 to lowest order in r /R ° yields

+ikE-jK Cjf

G 0 +ikR-iki'.H H e

and

jkli +iR-r'
GO(i~, ~ e 0 1(20)

0 4r
0

The scattering cross section may now be determined by dividing the power scatter-

ed into a given direction by the power in the incident beam. In the plane wave limit

the cross section deduced from 6E is given by
s

=41r 2 (21)
Kil K f \ . Kfli £

where the average is taken over the distribution of random density fluctuations,

and f_.. the scattering amplitude is defined through
Ki, K f

= in-ik(R+Ro)
f R 4rRR e 6E (k) (22)L'- ~ ~~Ki, K f  0o R E 1

Reintroducing the vector character of the field 61 s would lead to a vector

scattering amplitude

_ = (- fK X E)f.
K i, Kf Ki, Kf

and a cross section 9

v (IK ) = o sin2 (, (23)

' f

4 14
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where u. is the angle between the polarization direction of the incident wave E and- -)

the scattering direction Kf. In what follows we shall leave off the sin- (0) polari-

zation dependence and consider only the scalar quantities f_ _ and a-, .
Ki, Kf Ki, Kf

Thus, for the Born approximation we have

K 6EU'W) (24)
-i f

and

"_ =4, dT dt'" (6e(7') 6&17")) .(25)

be written as

o = f r d~fd& IK (6 2 e (Ar))

7 4 r (26)

where 4 (K) is the Fourier transform of the correlation function for a homogeneous

medturn

1 (6c 2 (U - 7'))-2 + 6e( ) 6et(7')\ .(27)

assume that can be factored as

4 IKs ysK) = "d(z) ,C(K:,Ky) .(28)

15
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The two functional forms that are of greatest interest are the Gaussian

e K 2L2 /4] F Z 2/41)= d(Kz) cK 1 ) 49r L e [ ,L e L (29)

and

¢ g (Kz) K ) : , LI e (30)-SI + Z2L 2 + I

where iA 5/6 corresponds to the Kolmogoroff spectrum for turbulence. In the

following we shall assume that L > L I .
To include multiscattering effects in the simplest way we utilize the eikonal

. approximation 9 for G given by

5':."f 6 E 5 +s'K<)ds'

!G{,i ') = G°(ii ' 1 e (31)

where the integral is to be taken over the effective path length in the medium. If

we restrict the possible scattering angles to those outside a small cone of half

angle 0c = (k0 L0  around the direct backscatter direction (Kf = -K i) then the

averages over products of G i and Gf are essentially disjoint and may be factored.
*~i .Using the eikonal approximation and grouping terms on each path together, we get

K
Kf _f d_' ei6'Z. I)

. K Kf 4

ST S11

K K2 f e I~K Ma-if f 6e* ':(+uK)du'

i':,i s' s" o

-i - f 6&C"(j'+oKf)do +i K r 6e (r"+a'K)da ,

2~ 2 f f~ (6 < 6' E *-") " e "

(32)

0 16
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K 4 rd rd i e'"L
K i, Kf 41r

1'f

2-s. 2 2
S( 1. 7

> 
e

4 ( 2  e f f ( + ) 0 f( T)\ }d
,'- .) e - (37)

We now reexpress the path dependent terms in the exponent in terms of their

Fourier transforms as

2

4 J'

- iq d (--K.rr )-

,' cIN., "'(34

~' (2r

f tltc ljuntion (L. i"~ s pi"".. ti, 1! ~ A.< 3K
.. f 1, tlat 19f ;, Othe 9: ~ ~ .. ~ 1i z .'I IIL

I.
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(c- :an be shown to bc the attenuation due to the random medium for a plane % ave

propag (ating in the direction K~i..

For the Uaussian correlation function of Eq. (29) this leads to an expression

for P I ,

2 2j !2 2 (41)
B Os 0 1 sin ( I ,

- _~? , ,ant ( 42

Expressing the path length along K. from the x = 0 plane to the x x plane as

=, + tan- (6.) (see Appendix A) (43)
Ssin-

and defining

,, 1 2 ) i
2 +tan() , (0i

S- sin2 (\d

the path dependent terms can be written as

- x .[D.( X0)-i xIf[Df(AI) 1.
C,

,"fo
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Performing the d j integration yields

L eix.D.(ir1)-I +xOf(Df(5)_ 1]
A dx

0

O Lf3IDi(&-)-1]+14fDf( r)- i
I, =[A • L]I L [D ( )- (46)

LO [ ,-,j + L Of ]

The scattering cross section is thus given by the Fourier transform

K4 V d6 eiAK., r ( 2 (&l)5

f f

1 f -1 (47)

To effect the Fourier transform we define

f(') = (Lpi[D.(&-) - 1 + Lf[Df(A-) - 1J (48)

and expand [e - l]/f in a double functional Taylor series about Di(6), Df(6) ; O.

Each term of the form

Se
i  

0
-  (Sr2(-)) Dn-Jr )IDf (,S-) (I6r (4.9)

will thus be an n + 1 fold convolution where we define the convolution operation by

.I (,.) g"P.) f rr( - ) (P) (i'B)-. . (? r) "1-



and the iterated convolution through

DnlK BJ d (51)

(2 70)

The double Taylor series expansion of the functional fe~ I Il/f about D.i(i)

Df(ir) = 0 thus yields

_L ( n' ,n-j~~.j-' D 3 (r) Df (6r (52)

n0O j=0

The derivative afde1 
- 1f)jf_ X may be expressed in termso h icmlt

gamma function -y(n,x). as (see Appendix B)

antf- lj)/f)f Y '(n + 1), x) (53)

The final expression for the scattering cross section for a unit volume is then

given by

Ki. Kf n=0 K., f

(0,+ O)L n!(n -j)! j!

-Y {[n + 1. (0 + n! n)

X On-j j ~f n ,

where the n 0 term of the infinite sum has been separated out as the first termn in

the large brackets, and is essentially the Born term modified byN the attenuation

along the forward and backwvard paths.

The n th convolution of the projected c'orrelatlion funetion d(Iefied in :Iqs, C38)

and (39) is c7alculalted in the roost stra irhtfomkard roann i, p v u- ;in th I 1cl~ func -

tion in Eq. (:38) to integrate )vur' the (I n'int parilb .1. t9' I. i md the n (xVpn



tht- ite rated (2 - 1) 1 1 n!1 o r. sc 1 7( 's It 1:3dI Iq

utaln to 1" .. ljlt t t1it

func~tions of I s(29) and (30) i'ac.or into) 1ul ttons detilnet) lionv ir i).

plane rather than 1K (or I ant I ti l p cpC ncl u Vt to 11(• ... i ti.

the general terim in tht sum of Eq. (,4) requires the onvolition o, i;, I),

which are defined on planes of differing orientation. rhe simph st .. ay to avoid!

both of these difficulties is to use the projection d0lta functions in Lq. (3t'6) to

integrate over the q coordinate, projecting both a n and onto the q, - ci
?. :.plane.

To actually calculate a given convolution product it is best to form tht (n - i0

convolution of D. in a coordinate system . I where s1 is directed along .

and where Ki is the projection of IK onto the p - p plane as shown in Figur3.
th d w X y

In a similar manner, the j convolution of I)f(q} can be formed in a coordinate

system where ill is directed along f

A
P z

A. - -P Ki

4 A

P1  K.

Figure 3. Decomposition of Scattering Wave Vector Into Com-
ponents Parallel and Perpendicular to Magnetic Field Direction

-. One can show that the convolution of two K projected functions is another K

projected function (see Appendix C). Thus, for the Gaussian

( = PL ")Y(p L (55)

e"')" 1"

" 2": 22:



we get for the projected correlation function in the p- plane a hybrid given by

,. .- (p) Dn- )[ 16 • p K i Cos (\i
) ]  

(5 G)

with

Vn--. 7rL I -p2L 2 /4(n-) -pL 2 2 /4(n-j)
Di P 

(57)

where
-- 2" 2

i L 1 + L tan' ( i) . (58)

K. A general term in the sum of Eq. (54) with (n - j) > o, j > 0 will require the
Fourier transform

fdSr 6iK r ( 6 -2 (5)) D'-J(d5) D ,Sr (59)

which we reexpress as a double convolution

((2w)3

after integration over e

T22



F (2 ) " i fzI
|:fd}4×0(4 - )). D'(3 - Kf). DKf) (-

d d 2n-j iZ

i ~ ~ ffz

This can now be evaluated by integrating the two delta functions over pz and qz

and projecting along the ± axes as

Pc q Cos (Of - i - q sin (Qf - oi)

.o [q1 = q1 sin (of-o.)+q 2  os + (62)

to form the argument for (W2(j - )). These operations are carried out in

Appendix D for the Gaussian correlation function of Eq. (29).

The terms in the sum of Eq. (54) with (n - j) = 0, j > 0, and (n - j) > 0, j 10

can be evaluated in a similar manner. Results for the Gaussian correlation func-

. tion are developed in Appendix E. The expression for the total cross section for
*' the Gaussian correlation function, using the results of Appendices D and E, thus

becomes a simple double sum of exponentials. This expression has been evaluated

for various values of the medium parameters LI L , slab thickness L, wave

number K, and angle of incidence \i (and is plotted in Figures (ia through lle).

The behavior of the cross section for the Gaussian correlation function is discussed

in the next section.

'The evaluation of the cross section given by Eq. (54) for the Kolmogoroff

spectrum of Eq. (o) is more difficult due to the fact that integration of the projec-

tion delta function of Eq. (38) over p leads to an expression for i)[i.J which, as

in the Gaussian case, is no longer a function of p but of p and p separately

and which, moreover, does not factor as does the Gaussian. Ihe 2-1) convolutions

for Diki can be carried out numerically in a straightforward way with no difficulty

* other than that of the computation time and core memory invoiveo. oince the series

of Eq. (54) conveLces rapidlY (N is sufficient for the Gaussian) this is not a

severe problem unless a large ntunber of points (for example, as represented b

the curvcs oi tiui .- fa throu gh I Ie). are Inn ved. rI 01(1(r to ,.omputt _ )_ ')"



n7wi 

!

the Kolmogoroff spectrum in a more economical way, we represent the correlation

function

, q -2 21v (63)

as a sum of Gaussians by employing the integral representation for the gamma

function

T (v) = Af XV 1 eAx dx (64)

0

Letting A =1 + i2 L 2 this yields

- F(v) ex e 1q dx

1 1 + q . 0.

F"(,--) J J dxq I
0

M [ - - Lx.iir'(v) w x. ' -  e -q l i ,:

i=W

where w. and x. are the Gauss-Laguerre weights and zeros. rhis allows the func-vi I V

tion DIAJ to be approximated by a sum of separable Gaussian DkIk as given in

Eq. (57). A way to avoid retaining all of the (M)" terms that would appear in thethIJ* aprimteahntV

convolution of DI*] is to approximate each n order convolution DWI by an

appropriate new sum of Gaussians. A procedure for doing this is given in

Appendix F.

Although we have utilized the eikonal approximation IEq. (5)1 to the full Green's

function in the calculation thus far it is possible to give a completely general for-

mulation for the (ross section by using, in conjunction with the cumulant and con-

volution expansions of the previous section, the operator representation for the

full Green's function in an arbitrary external field developed by Fradkin and

i~~~~~~~~ ... .... .... ... ... ...... . ....... . . .... .....



Milekhin. 10 In this method the full Green's function, starting from the Fourier

transform of Eq. (5) is given bv

= i fei[()l)k;E(r)] ds

0

0 - -s .

= i Je _ +isV +2 oisk 0 r ds (66)

0

Milekhin has shown that the principal approximation that is necessary in deriving
2.* the eikonal limit corresponds to dropping the term [is 172 in the exponent of

Eq. (66). Operating with e 2 s p V.on F(-;), shifts the argument from i to 7 + 2 s

and operator ordering leads to the eikonal form given in Eq. (5).

Calculation of the scattering cross section to include the effects of terms in

the Green's function beyond the eikonal approximation is most straightforward if

Fradkin's representation using functional derivatives is employed [Reference 6,

Eq. (5. 17)]. We shall, however, leave the calculation of the cross section includ-

ing these higher order contributions to a future publication.

3. CROSS SECTION FOR GAUSSIAN FLUCTUATIONS

The behavior of the cross section can most easily be studied for the case

" where the correlation function (6E2( - ')) is given by the factored Gaussian of

Eq. (29). Looking first at the n = 0 (modified Born) term in Eq. (54) we have

S(KizKfz 
4Ia- -[oE 1 K4  / V L L

. ,, V - 1 -C
44

L

. ( " ij, Loti h ,,Sioi f, ,



"-' L. > . this ttrlu. IIl b( siali (III!( i. I.. h i t. 11i thus

peak when \F - i ading to esst-ntiallN spccu lar S -attt vi m . NW'!Az, alti 111L effects

are contained in the term in brackets and appear as a path depenihnt attenuation

for traversing the slab. lor small 1. the exponent ,.an be expanded and the

bracketed term equals - 1, which is expected as multiscattering effects will not

contribute unless the path length is 1.onger than the mean free path between small

angle scatterings (J - 1/2a). Due to the anisotropy of the medium, paths direc-

ted along the x axis Ix - Z) will be attenuated less per unit length than those

directed more toward the Z axis (k - 0) as can be seen from the expression foru,

given in Eqs. (41) and (42). Recalling that contains the geometric lactor

+ tan 2 
(o) = T(K i)  (68)

sin-(.

the prodtIct
p.

, = _ . .)

is seen to represent the path length from the front of the slab to the back of the

slab along the ray K. times the attenuation for that ray direction. Thus for shallow

angle rays, in addition to the larger attenuation as a function of the polar angle X,

there will be an added reduction in the scattered power due simply to the longer

path lengths that are required in traversing slab at shallow angles.

in order to determine the behavior of the n > 1 terms in Eq. (54) in an approx-

imate way, we shall assume that L, >r 1, so that the scattering will be approxi-

imatel spectral and set j , f. Taking l L > 1 we approximate -(n + 1, 2 0iL)

by I (n + 1) - n' rhe terms with n " 1 are then

n! t nI -a(Ar ) (Z r) D 1 ' r

+(n - P~ _j! i f5 2 2L] "
2nl'(';~I + f j=')'

Using Eq. (57) for the nt order convolution, we thin have very roughly an approx-

. imation for the behavior of o given by
Ni

Kf
2I )L2/4(n+1) K- 4 (n+ )

2(7

:i I



p." th
The contributions to a_ from the n order multiscattering terms are thus re-~KKf

Ki Kf -1
duced in amplitude by a factory (n + 1) and are broadened by a change in the

effective half width from /L to /n + I/L . This behavior is illustrated in the• II

sketch of Figure 4.

". KRi, f

Ki, Kf

K i z

n]
. K , K f

X. Xf

Figure 4. Sketch of Expected Behavior for o (Born) and nth
Order Scattering Cross Section Contributions

[n]
Since we have indicated that each term a_ decreases in amplitude asSKi, 

K f

N

(n + 1) the series E a would appear to diverge as lim N in(N). However,

n=1 fKi'Kf
if the approximation y(n +1.x) i I(n) is not made, convergence of the series can

be proved by using the integral representation for -1(n + 1, x)

S(n + 1, x) e- tn dt
(n + 1) (n + 1)!

n=O n=O o

x -t 00 tL+ I
e (n + 1)! dt

0 nO

4 28

1,-



1.4

L"

0 0

I e -t tm

,..0 m --O

'" = }o(e-t D) dt

= -E.(-x) + C + In(x)

=El(x) + C + ln(x) (72)

where E.(x), E (x) are the exponential integral functions and C is Euler's constant.
1 1

For the case of an isotropic medium L = L and o. will no longer dependII i K i, Kf

I f

on Ki and Kf individually, but only on their difference AZ = f- Ki. The momen-

tum transfer 6R may be written as

g 2
= (K i  ) =K 2 (2 - 2 cos(0)) K 2 2 sin ) , (73)

where 0, the angle between Ki and Kf, is defined by

cos (0) = Ki ' Kf = sin (N) sin (xf) cos (Oi - f) + cos (x) cos (xf) (74)

where the angles x, 0 are defined in Figure 2. If we take Oi = 0, Of r then

o = + \f, and we thus expect

[n] e - K2 I 2 /4(n+l)

Ki'K 
(n + 1)

to decrease (for X,(> 0) fixed) as \f increases, as sketched in Figure 5 for the case

L = 0. For a slab of small but finite thickness, the path length in the kf = 0

direction becomes infinite, cutting off scattering in this direction, whereas for a

thick slab the scattering will be reduced for all kf > 0 as well. This behavior is

sketched in Figure 5 where Xf < 0 means f= ixf1, O f 0, that is, scattering into

the forward direction.

29



(F,-

004

LK

L>>1

-50 00 150 300 450 600 A,

Figure i. Sketch (A I- : -,t, d ticluvij ,
So'attering ( ross ',c,tion -is a ! untin r c,',
and Valious (hoiccs of Stab 'hickness i.

1. 1 MIVRICAL IS, LTS IVR 'VIW. 11TlI , T r1,I I'Rt)S sI-TfON
FOR1 q

In Figures (;a through I le we have plotted for the case of (au: inc , ir

tGi1 tunction: the total cross section [P'q. ( 1

in

I l f f

the mcodified Born cross section o. . and the nultis (att.-ricl1 ,Vt lt,lcllcil

1f
'" X = < lU

': ° "i' ~f .: i~t l,"

0-'

6



as functions of Xf for x fixed (with 0, 0, Of r , = 0. 03) The starred curve

represents a., * the highest solid curve a_ _ and their difference is the
"Ki lf M Ki. Kf

remaining solid curve a
K V f

In Figures 6a through 6e we have plotted the cross section for the case of a

thin slab (L = 1. ) for which the total cross section essentially equals the Born

cross section with multiscattering effects being mainly due to the attenuation of

the random medium, as discussed as the beginning of Section 3. The anisotr-py
L

aspect ratio ri = L varys from rl = 2, in Figure 6a which appears almost iso-

tropic, to y = 32 in Figure 6e. The expected behavior for 1 = 1 was discussed

previously and sketched in Figure 5. For n = 2 the situation is seen to be quite

similar. There is a small contribution due to aM_ which falls off exponentially
: lK.,Kf

as Xf increases. As Y is increased to n = 4 the Born term develops two peaks.
From Eq. (67) we see that the Born term will be given by a product of Gaussians

(for the case L = 1 the attenuation factor is Z 1)

a[o] 1 e2 4 2 K4 2 L1/2 2L 2  L /4
K i f K fII

with

6 K2z  K2 (cos (xf) - cos

~~~AK 2 
= K2 sn(xf)+ i(i)

(sin (x)+ sin(Y

and

cos(X i ) -sin( i ) % /2 = 450

The Gaussian with argument proportional to AK' peaks at \f = 0, while t.t with ar-
2 2gument proportional to AK z v peaks at Xf = Xi ' Their product will thus have a !-in-

imum somewhere between Xf = 0 and Xf = xi (unless Y7 = 1) and this is reflected by
the dip seen in Figure 6b at Xf - 110. As Y is increased to vY = 8 in Figure 6c, the

term exp (-L K r2/4) dominates and the scattering cross section becomes peaked
' z

around \,f i"

Increasing Y7 to y = 16 and Y7 = 32 as shown in Figures 6d and 6e results in

narrower peaks with larger maxima. The integrated cross section remains

L:



approximately constant however, since the correlation function is normalized,

that is,

-K2 L 9/

/,r L dK = 1

and for very narrow peaks

dK = d[K cos (\f)] = - [sin (\f) KI d ,f const d.f

as sin (\f) is essentially constant over the main contribution to the integrated cross

section.

In Figures 7a through 7e all parameters remain the same as in Figures 6a

through 6e except that the random medium is now taken to be a thick rather than

a thin slab (L = 10000 vs. L = 1). Multiscattering and path length attenuation will

thus play a larger role. Comparing Figures 7c through 7e with Figures 6c through

6c, it can be seen that the change in the modified Born contribution a- is
i~ ~ ~ ~ 1. f1Kj,+pfL

entirely due to the attenuation factor 1 - e, which around

the peak \f = 450, equals Z 0. 0046. The multiscattering contribution for the thick

slab case is broader than the Born term as discussed previously and is of com-

parable magnitude. For Figures 7a and 7b the implication of a thicker slab for

the Born term is that the attenuation factor, instead of being z 1 for all angles

will now be angle dependent, being much smaller at shallow angles due to the in-

creased path length in the medium (as well as the effect of a being somewhat

larger for shallow angles). This has the effect of suppressing the small angle

peaks of Figures 6a and (;b resulting in the broadened and reduced peaks of

Figures 7a and 7b.

The multiscatter contributions cl in Figures 7a and 7b are seen to be
". i' i

broader but roughly similar in shape to the modified Born terms. They are, how-

ever, of greater magnitude being more than twice the Born cross section forn = 2.

In Figures 8a through 8e has been reduced from = 450 to k i = 150, all

other parameters being the same as those in Figures 7a through 7e. The main

difference in the plots for large rl, rl = 8, 16, 32 is that the peaks for = 15 ° ire

much broader than those for Xi = 450 about their respective maxima, as well as

being larger (by - 102). If we look at the dominant factor in the Born term

-K 2 2/4.-- -( iz-Kfz) 11i
bi(K ) e i fthis would yield a curve with the same half width about

I f/

'F i , ,b . - m . - -, -' -. -, --- -- i , i



'I

a ni y v a l u e f o , K i. it p l o t t e d a s a fu n t i o n u t K t .  .\ c c, .- : a Ii: , , , l L , t a , ,

been plotted as a function of \f, a plot of

: tI co0 (\ ) vs \f

wilt be broader for tcu:ves peaked around smaller \. snce

jdl.fz I = :,in (k f ) I

that is, equal increments of d\, yeild a snaliCl' L' hange in K for sm:l (
[oi o

than the lo for }al'aa \f\{. (0"). The fact that the values of a _ _ atJii, f-

in F'igures L a through 8e are lar_,rr ttean in 1, ivures 7a through 7c is due to the

s( ond fact, in th, lBorn lerio i) . (0,,).

a.? ). -w( .t i \a -s it u,7 ,i , h l o -n

,III-,

, . - - :I . 1 i ' - I  
-,J l ,

alongw ,itil a fac:tor of -- a. 125 a ue to til' layr( C attenu: t:on ir the shallow angle

paths in 1 igures 8c through 8e, lead to the, ubsrrc ,:. dfie L'l (ce in tmese peak

nIa.-ilna which alioUlts- to a fa 'toy of - I') ,it 'e S)L'Ct to tht peak maxima of
1' ja 'ce S e th ro u h ,, .

F-or xi is the peak multis(,atte'ing ('ontribution with respe,,ct to the Berr,

contribution runs fron about o--- - ot-r G to 2 . 3 to r a 2, whi,

I0,
foe \i - I;s thet r'atto ips. fron '. ai to .

in iigurs P j through Ne tioe- '1'os ; SE, ion 1 "(0 , 71 = 4, ki  45 , K = 22 / . i is

plotted for 1, = 1. , I 1, l')1), 1 H)), and 1 o i. The double peak in Fiaure !a was

discussed previously for PFigure (;b (Fiire fb = Figure (4a). As I is increased to
Ii the low angle neak in the Born term, is suppressed while the peak around is

lowered slightly. Since the only 1, dependence in the Born term lEq. (V7)1 is in the

attenuation tactor, the low angle stippressior is Hue to the increase in !' at low

anflrcs (for I= I the attenuati n la(toi is As i. is in.creased beyond 11), the



attenuation factor behaves roughly as 1/(0i + Of) L, which is reflected in the

behavior of a in Figures 9c through 9e.

j*f
In Figures 10a through l0e and Ila through lie we have plotted the multiscat-

ter cross sections for increasing values of ki, Xi = 5° , 150, 450, 750, 850; for

K = 2r/1.6 (o = 4, L = 10000) in Figures 10a through 10e, and for K = 2/0. 8

= 4, L = 10000) in Figures Ila through lie. In Figures 10a and 10b the peak

cross sections are roughly comparable and au _ is roughly equal to a[°j

Ki, Kf KiK f

For \i = 45, 75 ° , and 850 (Figures 1oc through l0e) a is still

comparable to [7,- f however the peak cross sections drop rapidly for Yi = 450K i1K I -A K 2 L 2 /4
i'i f

and beyond, due to the factor e , which becomes exponentially smaller

around the peak at Xi as Xi -- 90 ° . Thus a doubling of K from K = 2rf 1.6 to

K = 2 r/0. 8 means that the cross section around the peak at \f = \i is given roughly

by a(K = 2r/0. 8) - [a(K = 2fr/1. 6)4, which accounts for the orders of magnitude

difference between Figures 10c through 10e and the comparable Figures lic

through lie. If instead of the Gaussian correlation function we had employed the

Kolmogoroff spectrum (Eq. (30) with p = 5/61, this would lead to a corresponding

change in the cross section around the peak of roughly

that is, one to two orders of magnitude vs. -20 orders of magnitude for the

CGaussian.

S
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Appendix A
Calculation of Effective Path Length

-' The path length AC may be determined in terms of the polar and azimuth

angles \,. 0 of the ray direction KR, and the distance into the medium x by

AC =(AB~ + BC)1/ (Al)

where

x =BD, AB =x tan (~,and BC =x/sin (')(A2)

as indicated in Figure Al.
V"'U
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Appendix B
Evaluation of 1[e f 1/f in Terms of the Incomplete

Gamma Function

' he nth derivative )f (c- - 1)/f with respect to f may be reexpressed by using
the Leibniz theorem as

• = I()f l')(f-*1) + (fl)f(fn-I ) f-1)
fl -,n re n

.I ) -- 2 ' - [ -~ n-f~) ([)

L( f

+ o2 n) )of ' l



this btcomnes

'? f + (+)(-f-)+ (n)2.(-f 1)2 + + ( j!(_f-

f

+ + n! _ ) n! (-f (B3)

thus

a _ _e f e n, - )n

',-~ f n J(_-1n I4
E (n j)! ( f ' j  f(14
j=0

Letting k = n -j this can be reexpressed as

f 0 ( 1,n f n - n
e L _-~- - 11 (f.4)l(-f

f k! f T (-f1f E~ i~ f
k=n k=O

1(-)n (_f)k(f n+ 1 efE kr

k=O

Evaluating this at the point f = -x yields

n [e 1 -nfl)

The series expansion for the incomplete gamma function is given by

n! (1 - (137)

-9 7 C
X).E.k

i'.'o

f•-0



Thus,

8 ~ ~ x) *(B8)

f4-



I."

Appendix C

Convolution of Projected Correlation Functions

To show that the convolution of two projected correlation functions is another
Vn

projected correlation function we start from the definition of D. (p) in Eq. (56).
where Di(p/) is defined in the plane px " Py perpendicular to pz at the origin

11 z

D.(p) = D )[2 . )Kz

D(P p)27r6 Pz +  " . (C1)

The convolution of D. with D. to yield D. is defined in Eq. (51) and yields, using1 1 1 sdfndi q 51 n ils sn

the expression C1 for Di(p),

J (2 703 D -

- Di(QJ - )D( )27r6 P + P "K.i
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Higher order convolutions follow, from Eq. ( i).
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Appendix D
Multiscattering Term for Gaussian Correlation Function

The general term of Eq. (61) can be written using the factored Gaussian of

Eq. (57) and the c.ordinate system of Figure 3 as

d-ff d76 D P 1  KQ DJ(- f)6(Q;-j~). .

X 6( Z ~f R Kf)[2 1K J[ 12lK fz

(2 706 [K zKJ fz il fI L

R2 9. - i-

,--

Xd K. Udf____KK___ (2 r) 2 K izK1z iz f
(D)

75



where we have used the two projection delta functions to integrate over qz and z
The argument of i - ) may be expressed using Eq. (62) and letting

s sin (0 f i), c = cos (0f -i ) as

[- qn = q2 s +q 1
c - p ] (D2)

12 2
Si = [qs+ 2 c -p 2 1 (D3)

. . along p2

-P2 = + q2 -2P(qc q2 s) -2 P2(qls +q 2 c) +P 2 + (D

This yields

~~~~nj _ , ,,,+_L f ,L -
(2 [0)4 -T- f] EI

X ffdpl dq I e (PKi2 /4(n-J)e -(q -K )2Z2/4j

-[(P1 -Ki )tanki-K cosy1 -(q -Kf )tanxf+Kcoskfl 2 L2/4

2 22
-(P2 -K ) L /4(n-j) -(q -K )L/4j

S ffdp2 dq2 e i2 e
."2+ 2 2 2L2/2

~[q +p _2p q~c] L /4 [q 2+p2 22(q 1s+q 2c0+2p q 2s]jL/4 (5

-.. c- .,

::-' (D 5)



Performing the integration over P2 and q 2 gives

f2Lfq - 2 /4(n-j) -q 2L 2/4j
dpfqe e

[q +p_22 (q s+q c)+2p~q~ L 2/4

L2 1 n+ 2 (n - j)

2 2
[q ls+p Is c/Q+ 1 /j)] tf0

X e 0(D6)

where

1(= n + 1) + js 2 (n - j)] /[{n - j)(j + 1)1 (M7)

Performing the p1 . q, integration ti en yields

, n j ~ _ __r_ L ._ _ L_ 
_L

i fV/ + 1 + m ~ 2_2/

2 j/nj) 2v'2
[a+1+jy n-j s 2~3+ /4a+Y / 2/

X e [ 1+ 1y/2 
2/41 2+ 

2/4j e 14I02 e" (D8)

where

2 2 2

2 2 2xcsQ + i/j) ) j

2
C s yl

bV 2 0 i/j)

(2 2 2
1 noi + (,2 2~ 1) - s C s

0+ I/i ' +1')
0
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°2

- ~ + t + S

2 2

+ 1 2x s-+', t - t S + 2x 1 + - -

2 2

0 0 0 S 11

--., " (x 1+ )(D(
o

0P 2( + 6 ) -Q +I

w ith

L LLf

.1:2 L)+L2t, 12+L2tn2

I! -

L. =, tn (\.) /L I + = aKj)

, 0.1

2
Yo"= K Cos ( L /sin . , = K

J -- 1 o.1.

=- K coix~L 1 /i f (i I -

oifi
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Appendix E

Multiscattering Term for Gaussian Correlation Function for j= 0, n - j > 0

The general term of the sum of Eq. (54) with n' = (n - j) > 0, j = 0 or with an

interchange of subscripts i - f for (n - j) O, j > 0) can be written for the Gaus-

sian correlation function as

n"
t  f n S

n' iAK. A- ¢ ( ZDi(r) d-

d ieif Sr

3 e D na )6(-. Kj i27rKiz"J (2"')r)3 i q

(27r~ fd fd ~ () D'(-i) 6(i (~(2 70)3

X 6(K i i- f + p + -i)27rKiz]
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(2Tw3JdMlH )6 -~ j 1?

Lettingq' = 4+ K. and dropping primes, this may be written as
"-1 A' .'V

(2) 3  t K D 1 (E2)

Taking the q axis along Kli yields

{ Kf}1  = K Cos( -)(F)
i~iao, U f

f{Kfi}along q2= K sin - (:4

hence

K - = [Kfl cos (of- i) q- q + [Kfl sin (f- Oi)-q2q 2  (E5)

and L may be written as

n' d 1  Z n(-

J (2w)3K. L qz i q - il [27rKiz

%'(q K K 2 ) "" ( (4.L -K 2 )K. KK+ -K.
"-" IZ IZ

(E6)
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Letting c = cos (0f - Q[) and s sin (qf - 9.) this may be ritten as
'Oi f 9

6dqj Ff ~ if L1 if ___,__L [
, ~~~ n' dl±[ > Li; = f ;r K'f L 7ll [ J17rN. I

-(2 ) 10 K n'

(K * c - q 2 L2/4 *(K s-q,) 2 L2/4
Xe e

-(q -K )L 4n' -(q2) 2 L9/4n'

_ ttI i < I

•~~~~~ ~~ 2 v.' 2 l l)

I~ 1 2 2 (.

where

x K Los(K L7

a Cos Ya L, K cos (x L

[L I + L 2 tan 2 (xi)y 1/2

:7L i : /LI '

and where

Yi = [h + nI/n' + n' tan2 (xi (E 10)

= ./
I *1
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with w. and x. the Gauss-Laguerre weights and zeros. We are thus led to assume
I V I

a form for D f given by

V" M (n) 2 (n) 2

£'i V~n "- ) -'i P2-i Pl
-~f (n4)DAf PI) = > in e t  2 (F4)

i=l

where in analogy to the Gaussian case we take

aln) = a /n , (n) =./n (F 5)

To determine the optimum C2
n ) we follow ShavittF 1 and minimize the deviation

(n)( given by

M 2 2] 2

A(n) D _p )D f 1) d 1  - c (n) - iQ 2+ iQ 1 /n= f i P - i e x

i=1

X W(Q )dQ (F6)

where W(Q ) is an arbitrary weight function. Minimizing A(n ) leads to the set of

equations

M

- E 2 c(n) A(n) (F7)
acin) E ii

i j=0

where

) I

i,-in

F". Shavitt, . (1963) Methods in C(oputationa1P ic;, I Alder, I- Lernhach,
and M. Rotenil)h-( 71S., o 2 ( 11 de : PrS-- , N. .

8;4



w ith

G ~ i (F 10)

and

g9f 2$ D Jf (214 I~~( Dj (p_,) .(F 1)

The set of M simultaneous linear equations given by Eq. (F7) can then be solved

for C in).
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