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ABSTRACT
On the basis of some approximate equations derived for nonlinear water

waves in a channel of variable cross section, several problems of interest,

which have attracted much attention recently, will be taken up in this

-
v

report. Flrstlﬁe sh;ii consider the breaking of an acceleration wave moving
toward a shoreline in a general channel. Next the so-called infinite mass
dilemma, which arises in the study of the development of a solitary wave in a
channel of variable cross section, will be resolved. Finally wéfbhall use an
approximation method to study the fission of solitons in a general channel and

Justify it.
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SIGNIFICANCE AND EXPLANATION

Consider a wave in an open channel moving toward a shoreline. Under
physically reasonable assumptions, we shall determine whether the wave will
break, and the location of the break if it does. 1In recent years, there has
also been growing interest in the development of a solitary wave in an open
channel of variable cross section. It is found that a shelf is generally
formed behind the solitary wave. In some studies, the shelf is found to
extend to infinity. This is the so-called infinite mass dilemma. 1In other
words, infinite mass would be created or annulled by a perturbation on the
solitary wave. We shall resolve this dilemma by showing that the ghelf can
only be finite. On the other hand, if a solitary wave propagates from one
uniform cross section of a channel to another, the solitary wave may split
into several solitons. We shall use an approximation method to find a
criterion for the fission of n solitons in a general channel and show that
the approximation method indeed yields an approximate solution to the exact

solution of the governing equation.
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SOME NONLINEAR PROBLEMS OF WATER WAVES IN A CHANNEL

M. C. Shen
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1. INTRODUCTION

y In this report we shall study several interesting problems of nonlinear water waves in

a channel of variable cross section by means of some approximate equations derived from the
hydrodynamical equations. For finite amplitude waves, a system of shallow water equations
will be given. Por small amplitude waves, we shall use a K-dV equation with variable
coefficients derived in a previous report (Zhong and Shen, 1982).

One of the fascinating phenomena of finite amplitude water waves in a channel concerns

L the breaking of a wave moving toward a shoreline, the development of a bore and the
f‘: novement of the shorsline after the bore reaches it. Por the two-dimensional case
f::: corresponding to a rectangular channel of variable depth, the bore run-up problem was
a studied by Keller, Levine and Whitham (1960), Ho and Meyer (1962), and Shen and Meyer

0 (1963a,b) on the basis of shallow water egquations (Stoker, 1957). Later Gurtin (1975)

derived a criterion for the breaking of an acceleration wave in a two-dimensional channel,

and his result was extended by Jeffrey and Mvungi (1980) to the case of a rectangular
channel of variable width and depth. We shall make use of the shallow water equations for
a general channel and generalize Curtin's result to predict the breaking point of an
acceleration wave. Needless to say, the use of shallow-water equations for the study of
bore propagation may be open to criticism. The issue would be settled if we knew the
precise conditions for the validity of these approximate equations. Up to date, the
shallov water equations for a two-dimensional channel with analytical initial data have
been justified by Kano and Nishida (1979), and for a nearly uniform channel with a priori
assumptions on the free surface by Berger (1976). At present we may accept shallow water
equations as model equations,and the bore run-up problem for a general channel certainly

deserves further investigation.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041 and the National
Science Poundation under Grant No. MCS800-1960,
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Recently the problem of the development of a solitary wave in a channel of variable
cross section has attracted much attention, and there have been discussions on the so-
called infinite mass dilemma, which arises from the formation of a shelf behind the
solitary wave. If the shelf were extended to infinity, then infinite mass would be created
or annulled by a perturbation on the solitary wave. A study of this problem may be found
in Miles (1979) and Knickbocker and Newell (1980), based upon the K-dV equation for a
rectangular channel of variable depth or width (Kakutani, 1971; Johnson, 1973; Shuto,
1974). As an extension of the existence results due to Kato (1975, 1980), a global
existence theorem will be established here for the solution of the K-dV equation with
variable coefficients. It follows that the shelf can only be finite if it is formed behind
the solitary wave.

To study the fine structure of the shelf behind a solitary wave, we ghall consider the
solitary wave moving from one uniform cross section of a channel to another through a
transition section. This problem, in fact, has a long history. Using a system of
Boussinesq equations, Madsen and Mei (1969) studied numerically the problem of a solitary
wave propagating from a channel of constant depth to a shoal of constant but smaller depth
through a transition region with mild slope. They found that the solitary wave is
disintegrated into a train of solitons of decreasing amplitudes, in qualitative agreement
with experiments. An analytical investigation of the shoal-induced fission of solitons was
made by Tappert and Zabusky (1971). They used the WKB approximation to describe the
transition of the solitary wave and the inverse scattering method for the K-dV equation
with constant coefficients by Muira et al. (1974), and obtained a criterion for the fission
of n solitons. Johnson (1973) derived a K-dV equation with variable coefficients for a
channel of variable depth and found the same criterion by a similar method. Recently
Djordjevic and Redekopp (1978) considered the disintegration of internal solitary waves and
zhong and shen (1982) extended the previous results to the case of a symmetric triangular
channel. As a simple consequence of the existence results just obtained, the approximation
method used is shown to be valid if the distance to cover the transition section is

sufficiently small.
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In Section 2, we derive the shallow water equations, and study the breaking of a wave
in a general channel. 1In Section 3 we establish the global existence theorem for the X-dv
equation with variable coefficients and resolve the infinite mass dilemma. Pinally the

approximation method is used ard justified for the study of fission of solitons in a

general channel in Section 4.
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2. SHALLOW WATER BEQUATIONS AND THE BREAKING OF A WAVE

We consider the irrotational motion of an inviscid, incompressible fluid of constant
density under gravity in a channel with a boundary defined by h*(x*,y*,z*) = 0, where
z* is positive upward and x* is in the longitudinal direction (Fig. 1). The governing

equations are

veeg* =0 , (2.1)
Vexq* = 0 , (2.2)
0(*-!;. + q*e¥q®) = ~Vp* + g, (2.3)

subject to the boundary conditions
nee *+ qteVeze =0, at z* = -z* + n*(t%,x%,y*) =0, (2.4)
p* =0, (2.5)
q**Vht = 0, at h* =0 . (2.6)

Here WV* = (3/3x*,3/3y*,3/3z*), q* = (u*,v*,w*) 1is the velocity, t* is the time,

; = (0,0,-g) is the constant gravitational acceleration, p is the constant density,

p* 1is the pressure, and z* = n* is the equation of the free surface. To derive the
shallow water equations, we make the following assumptions. The channel boundary is
convex, sufficiently smooth, and varies slowly in the longitudinal direction; the magnitude
of the transverse velocities is much smaller than that of the longitudinal velocity. 1In a

manner as suggested by Priedrichs (1948), we introduce nondimensional variables

t =8 2o/ V?, (xoy,0) = (87 20/ y0m, 20 m)
N=neM, h=hvE, (wv,w = (u/tem) 2,8 200 V2,8V 20 a) VP
where 81/2 = I/H and L and H are respectively the horizontal and transverse length

scales., In terms of them, (2.1) to (2.6) become

u‘+vy+vz-0 v (2.7)
Buy-vx, B“z.'x' vz-vy, (2.8)
ut+uux+vuy#vu8+px-0, (2.9)
vt*uvx+vvy#wvz+ pr-o ’ (2.10)

wt+uwx+wy+wz+8(pz+1)-0, (2.11)

et
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A CROSS SECTION OF THE CHANNEL

Fig.l.
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n tun +vn ~w=0 (2.12)
t x Y at z = n
p™ 0 (2.13)
uvh 4+ vh +wh =0 at h=0,. (2.14)
x b4 z

Assume that u, v, w, p and n possess an asymptotic expansion of the form
-1 -2
¢ ’o + B 0‘ + B 02 + ees o (2.15)

and substitute (2.15) in (2.7) to (2.14). The equations for the zeroth approximation are

Wox + VOy + Yog ™ 0. (2.16)

“Oy = “0: =Q , (2.17)

Y, + Uoox + Pox + vouoy + YoUor = 0, (2.18)

Poy = 0+ Bog = <1 (2.19)

Noe *+ Yo Mox + vo"Oy “w, = 0 } (2.20)
at z = Ny ¢

ugh, + 'ohy + wh, =0 at h=0. (2.22)

As seen from (2.17), (2.19) and (2.21), vy is a function of t,x only, and

po = =g + no ¢ (2.23)
which implies 1 is also a function of ¢,x only. It follows from (2.17), (2.18) and
(2.23) that

Yoo + YoUox " 0. (2.24)
Now we integrate (2.16) over a cross section D of the channel, apply the divergence

theorem and make use of (2.20) and (2.22) to obtain

'{] (voy + v, )dydz = -u  A(t,x) =

1/

2. -
== u ]h‘(hi + hz) zds + (“Oc + uono,‘)s(t,x) .
L

By rearranging the terms, we have

2 2.-1/2 (2.25)
Nor * YoMox * VoA teX)/BlE,x) = [uy/Blt,x)] I{hx(hg + 1)) as = 0

,

where A(t,x) is the area, B(t,x) 18 the width and L 1is the wetted boundary, of the

cross section D (rFig. 1). (2.24) and (2.25) form a system of nonlinear equations, which

-6~
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may be used to model bore formation and its subsequent development in a channel of variable
cross section.

In the following n.mond Gurtin's method to the case of a gener:il channel. The
assumptions made are the following:

(1 uys Ny are continuous,

(2) the first and second derivatives of u, and Ny possess at most Jump
discontinuities,

(3) G =Ny =0 ahead of the wave.
Denote the value of a function f immediately behind the wave front by f~. Hereafter we

also drop the subscript 0. PFrom assumptions (1), (2), we have

u- - n. =0 , (2026)
By total differentiation,
u; - -cu; . '\; - ‘cn; '] (2027,

where C 1is the speed of the wave front. From (2.24), (2.25) and (2.26), it follows that
..:«»n;-o, n;+u;l-ll--o. (2.28)
Comparing (2.27) and (2.28), we have
S - (a~/m-y172
o =cn, C (A/3) . (2.29)
Now we differentiate (2.24) with respect to t and (2.25) with respect to x, and

evaluats the equations behind the wave front. When we eliminate n__ and make use of the

1=
expression
2 - S PN -
3 LI d(u‘)/dx cdut/dx
to obtain
-2catmpax + ()i - aTen 37 -0
where
2. .2.-1/2
r-r{n‘(ny+u‘) ds .
Hence,
. - I . L RN e
n = ase C[(F)ag | e exp [ IT(aT)Tax' + 1] Texp [ (2 Tax . (2.20)
- » X
o
-
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vherse a; is the initial value of e at x = x5. We call x = L a shoreline if
A(2) =0 but B (2) #0, and let
x x1
I(x) = (%) / c-slze:p / r'(zn')"ax' .
*o o
Suppose a; < 0. 1If I(%) = =, then n; = o and the wave breaks before it reaches the
shoreline. If I(L) # «, then either the wave breaks before it reaches the shoreline or
it breaks at the shoreline. Next suppose a3 > 0. If I(L) # », then the wave breaks at
the shoreline. Otherwise if I(%) = », we evaluate the limit of n; given by (2.30) as
x + £ and obtain
- 2 - - -
Lmn = (3) (~(a)/a+T /0280 _, (2.31)
x*%
where 4 = A /B . Hence the wave will never break if (a7)' is finite at x = £.
However for channels of variable cross section the equilibrium water surface may converge
to a point and this case is also of interest. Assume again ag > 0, I(%) == oOf
B (2) =da(L) =0, (d)" is finite at x = £, and hix,y,z) = -z + g(x,y) = 0, we have

1/2

- 2 2.~
r ]hx(hy+hz) as = [ gdy.,

L
where y = -b,,bz are the endpoints of the width B (x). It follows from (2.31) that
Ua . = 3) -(x)/4 + g./2)

oL e 3 %' “ixmg !

and the wave will never break.
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3. EK=aV BQUATION AND THE INFINITE MASS DILEMMA

We only sketch the derivation of the K-dV equations for a channel of variable cross
section and the details may be found in Zhong and Shen (1982). We first introduce the non-
dimensional variables

nx'/ﬂ.y'/ﬂ. z*/8)

v = 820/ V2, (xyum) = (87
nh,p and (u,v,w) are the same as before. The mathod used here is a specialization of
the procedure developed by shen and Keller (1973). Assume that u,v,w,p and n as
functions of t,x,y and = also depend explicitly upon a new variable

' £ = BS(t,x) ,
where 8, a function of t and x only, will be a phase function, and that they possess
an asymptotic expansion of the form
$Et,x,¥,2,8) ~ ¢ + 8.10‘ + 8'202 + e s
The zeroth approximation is assumed to be given by
H (“o"o"‘o’ =0, Py =~ N = 0.

The equations for the first approximation determine a Hamilton-Jacobi equation for 8. Let L

k-sx, w--st'

w=kG(x), G(x) = lalx)/b(x)) 2, (3.1
vhere a(x) 1is the area of a cross section D3, and Db(x) is the width of D,, of water
at rest (Fig. 1). (3.1) may be solved by the method of characteristics and the
corresponding characteristics equations (Courant and Hilbert, 1962) are

at/d0 = y d4x/4¢ = G(x), dk/do = -kuG'{(x), duw/do = 48/d0 =0 . (3.2)
Where u is a proportionality factor. We choose U = 1 so that o = t. The solutions of
(3.2) determine a one-parameter family of bicharacteristics called rays,

x = X(t'°1)

where 9% is constant along a ray. The equations for the second approximation determine a
K=dV equation with variable coefficients

mNy, + BN+ @y, + YRS + '4“1555 =0 . (3.3)
Here
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2b(x) ,

2a(x)/G(x) ,

N

-letx”t [ hx(h; + hi)-’/zdn - 316 (x)alx)
L
0

3x[6(x)] !

b(x) - u.'lty(t,x,yzao) - bty 0]

=o' ) (vpPayas ,

Dy

Ly 1is the wetted boundary of Dy, y = yq/¥3

¢ 1is the solution of the following Neumann problem

o=k in D

0: = “2 at

o ’
z=0,
oho+ o =0 at L .
Since from (3.2)
d/do = 3/3t + G(x) 3/3x, ax/do = G(x) ,
along a ray, we may express (3.3) in terms of 0 and §
Byfyg ¥ My + ByNyNye * MeNiege = 0 ¢
or in terms of x and ¢§
Byl ¥ BNyt BNy Myt Mg~ 0
To be definite, we choose
G(x) = +la(x)/b(x)1 V2,
v -
8=-t+ [ (6(z)) lax,
0
which is a solution of (3.2) and it follows that
k=6 (x) .

w= 1,

We note that other choices of 8 are also possible.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

are the endpoints of the width of D,, and

(3.9)

For rectangular and triangular

channels, the coefficients given in (3.4) to (3.8) can be explicitly evaluated (Zhong and

Shen, 1982).
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1) Rectangular channel

Let d(x) and b(x) be the variable depth and width respectively

/

m, = 2ix), =, = 2xa2x, & =pwa e+ aonmda 2,

0 1
a, = 37 0bx), m = (1/3)b(x)A(x) .

2) Triangular channel
Let the two sides of a cross section D, be defined by z = u1(x)y - d(x),

z = -uz(x)y = d(x), ‘where ui(x) - d(x)/hl(x). i=1,2.
my = 2[b,(x) + by(x)] = 2b(x), =, = VZ a20anen) ,
n, = /2 &2t 0atx) + & 0bix1/21/2, my = 587 xIBlx)
a, = [ 0/41bx0aR () + (B3 + B x/3) .

In both cases, my > 0, my > 0, m; >0 it d4(x) > 0, Dbi(x) > 0. PFor general cases, as

seen from (3.5), (3.8) my > 0, =, > 0 where we choose G(x) > 0, but the sign of =m,

given by (3.7) 1is not obvicus. We shall assume that =m_# 0 is the case.

3
Let
x - .
1= -‘(x')le')dx' . (3.10)
0
-1
A= -a(x)l‘ (x)r\1 . (3.11)

In terms of T and A, (3.9) becomes

At+M£+ AE;E-B('I)A. T>0, =»w<C <o, (3.12)
subject to

A(0,E) = AO(E). »CfCw, (3.13)
vhere

-9 -2
h(t) = "2(""4 (x) - -i(x)n‘ (x)ls(x)[l‘(x)/latx)l' .

A global existence theorem for (3.12) and (3.13) can be easily obtained by extending the
existence results for the K-4V equation with constant coefficients due to KRato (1975,

1980). Assume H(T) is continuous and let H"(~w,®) denote the Sobolev space of order

-11l=-
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s of the L°~type. Since H9z)A satisfies the conditions (f1), (£2) in Kato (1975), we

have the following local existence result (Kato, 1980).

Theorem 1.

(3.12) subject to (3.13) with Ao e H', s > 2 has a unique solution

A eclo, 8% c'to, 8%

1, A(0,) = AO(E) [)

for some T' > 0 and A(t) depends upon A, continuously in the H®-norm.

2

Hereafter we shall denote an H®-norm by ¥+1_ and an L -norm by 1:1. To show that

there exists a global solution in [0,T] for any T > 0, we need a regularity result and
an a priori estimate for IAl 20 which may be obtained by means of the first three
conservation laws for the K~-dV equation with constant coefficients (Lions, 1969).

Theorem 2.

- 1 ]
If A e Cl0,TiH"] 1s a solution to (3.12) with s » 2 and if A(0) = Ay € s®

with s' >s8, then A € C[O,‘l‘rﬂ"] with the same T.
This theorem is a simple extension of Kato's result (1980) and we omit the proof.
 Lemma 1.
Suppose for any T> 0 and Tt in [0,T], a solution of (3.12) A € C[0,T;K’]

exists and A(0) = Ao e l-lz- Then

IA('I')I2 < .2,'1'

where 02 T(°) depending upon T is a monotone increasing function with 02 T(O) = 0.
’ ’

Proof: Assume first A,Ao e H‘. We multiply (3.12) by A and integrate with respect to

£ from =-» to ® to obtain, for t in [O,T],

(Ia(o0) lz) v

ami®zar = 2 [ mioalae .

It follows that

= 2 2 t
-~ . ALY = IA(0)1%exp 2 [ H(T")aAT',

- 0

and IAR < OO'T(IA(O)I) ’ (3.14)




R T - L e e s e T T s e e e
%, (IAL0) 1) = 1A lexp(nT) ,
a3 M= sup |H(D] .
> 0<T<T
$ 2
) Next we multiply (3.12) by A" + uge and integrate again to obtain
-
S 3 2 ® 3 2
a/ar [ (A°/3 - A5)AE = H(T) [ (A" - 2A[)4f .
- ; -l £
_:: Then we integrate the above equation with respect to T from 0 to T to obtain
- 2 < a0+ (13m0, + (i
", € £ 3 3
L L
N t = 2 N ® .3
X +2 [ |1atyl Agagar + [1a(x) | [ a1 agae .
. 0 - 0 --
Since
- i, <2022 <t e c
- .3 £ 3 ()
Iy 5/2
- where C, = 200'1,, we have
2 T
2 2. 4 2.2 5/2 2.,
@) n < 3) mo? + 3) w2 v g3 vy + sn‘j, nfar .
- It follows that
i <c, (1) + ) n It nidar
1 ‘St 2/ "] v
2 vhere C, .(°) is a monotone increasing function with C; y(0) = 0. By Gronwall's
Ty inequality,
ﬂ
) 172 -
N I, <)/ Cexp(ont/a) = 0, (A1) . (3.15)
. Similerly, we miltiply (3.12) by A’ + 3A_ + 6AA, + (18/5)A,, ., integrate the resulting
3 equation and make use of
4
’ it <am il ,
; L £
.t 4
" and (3.14), (3.15) to obtain
3 AL, < & (A0 .
N -13-
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Por A,A € llz, ve may approximate Ay, A Dby sequences of smoother functions,

0
the result of local continuous dependence, and theorem 4 to complete the proof.

1, Theorems 1 and 2 we have the global existence theoresm.

Theorem 3. PFor any T > 0, (3.12) possesses a unigque solution

3

a eclo,ms8% nc'10,78% 3] satisfying AC0,D) =A_eu®, s> 2.

continuously in H®* norm.

It is evident from the above theorem that if we prescribe A
lim A = 0 for any

£t
never be extended to infinity in finite <.

T> 0.

-14-
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A depends upon A,

0 = @ -ochZBE at x = 0, then

If there is a shelf created bshind the solitary wave, it can

make use of

By Lemma
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4. PISSION OF SOLITONS

We consider an open channel with two uniforms sections 8§, for x <0 and 8, for
x > x, connected by a transition section for 0 < x ¢« L2V and assume that the
transitions at x = 0 and x = xy are sufficiently smooth so that Theorem 3 holds, and

that x4 > 0 is sufficiently small. Let

x
n, = mx)s, mix) = exp = | -2(x')-:'(x')dx' . (4.1)
0
In terus of B, (3.9) becomes

lx + Pix)BB, + (1/6)Q(x)B =0, (4.2)

£ 111

where
P(x) = my(ximixin; (x), (1/6)0x) = n om (x) (4.3)
In 8; and 8;, P and Q are constants and we may transfora (4.2) to the standard form
of the X-4V equation with constant coefficients except the change of a sign (Muira et al.,
1974). Let
U=9p8/, {=Qx/6, (4.4)
and (4.2), in terms of U and g, Dbecomes
U+ 6W

¢ £* Vet
Suppose we envisage a solitary wave moving from x = ~» toward x = +% as a progressive

=0 . (4.5)

solution of (4.2) in 8,, and would like to find the condition under which figsion of
solitons will take place after the solitary wave moves into 8§,.
A progressive wave solution of (4.5) is given by
U = (c/2)sech? ()25 - cp)/2) © (4.6)
In othr words, if we prescribe U at [ = 0 in the form of (4.6), U will be a solution
of (4.5) for all (. Assume
B =5, sech’al at x=0. (4.7)

From (4.1), we have

N . lol(O)mhzaz at x =0,

1
where m(x) = m(0) for x < 0, Then (4.4) implies
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U = [P(0)By/Q(0)] sech’af at [ =0, (4.8)
where P(x) = P(0), Q(x) = Q(0) for x < 0. In comparing (4.8) with (4.6), Ay and a
must satisfy the following conditions
P08 /Ry =2, < /P2ma,
so that (4.7) is the initial ocondition for a progressive solution of (4.5). Hence it
follows that
P(0)B/120(0)a"] = 1 . (4.9)

After the solitary wave moves into 8,, we neglect the effect of the transition

section. With (4.4) given by

U= P(x‘)l/Q()t‘). t= 9(31)2/5 ’ (4.10)

where P9x) = P(x1)n Qi(x) = Q(x,) for x > x (4.5) may be solved by the inverse

10
scattering method, and the corresponding eigenvalue problem is posed by the equation
EwWae + [U(0,E) + Ay =0, -=<E<e, (4.11)

0(0,5) = (P(x1)n°/9(x1)]sechza£ . (4.12)

" Prom the known results (Tappert and Zabusky 1971; Johnson 1973; Muira et al. 1974), U

consists of n solitons for large (7 if

P(x,)B,/(Q(x,)¢’] = n(n + 1), n = 1,2,... (4.13)
Waz - '-2' m= 1,2,00e,n &
and the amplitude of the ath soliton is given by
U- - -ZX-, A= 1,2,000,]‘ .
We may eliminate !olaz from (4.9) and (4.13) to obtain
P(x1)Q(0)
m = n({n + 1)/2 ne= 12,00 , (4.14)

vhich yields a relationship among P(0), P(xy), Q(0), Q(xy) for the fission of n

solitons to take place. For rectangular and triangular channels, P(x) and Q(x) can be

explicitly expressed in terms of channel width b(x) and depth d(x), and (4.15) assumes

rather simple forms.

-16-
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(1) Rectangular channel.

Let d(x), b(x) assume constant values d;, b, in S, and d,, by in 8. It is

found that
am = 52 ma A, po = GV, (glato = (Fa72 .
(4.14) now becomes
(8,78, 40, /0)7"% = nta + /2, n = N2,eee (4.15)

1t b, - bo. (4.15) reduces to the criterion obtained by Tappert and Zabusky (1971), and
Johnson (1973).
(2) Symmetric triangular channel.

Let the two sides of the channel be defined by z = tu(x)y ~ d4(x), where
B(x) = 24(x)/b(x) and let 4a(x), b(x) assume constant values dg, By and 4y, by 1in
8 and 8, respectively. Then (4.14) reduces to (Zhong and Shen, 1982)

1WA L atn ¢+ 1)/2, no=1,2,... ,

(2 + 120708 + 123 00p/7) " 04,789
where 1‘ - b1/d . 1=0,1,

In solving the K-4V equation (4.5) with constant coefficients by the inverse
scattering method, we tacitly assumed that the initial condition used in (4.11) was given
by (4.12) and the effect of the transition section upon the evolution of the solitary wave
was completely neglected. However, if x, is sufficiently small, then by the continuity
of A and its continuous dependence on Ay as obtained in Theorem 3, the approximation
made here is justified. Let n, (x,,t) be the solution of (3.9) at x = x, with the
initial condition n - n,(o,ﬁ) e B', s »2 and n:(x,ﬁ) and n, (x,£) are respectively
the solutions of (3.9) for x » x, with initial conditions ng(:t‘,() = n,(0,8),

n, = "1"1'5)' Assume that the coefficients in (3.3) are sufficiently smooth. We state
the result as
Theorea 4.
Por any given X > 0 and € > 0, there exists § > 0 such that
Ing(x,£) - n,(x,z)l. < ¢ for x, < §, xe [0,x], and s >2 .
We note that the theorem cannot tell what happens as x + «, This concerns the global

stability of a solution of the K-dV equation, which is an interesting problem for further

study.
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