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ABRSTRACT
A vector norm |*| on the space of n x n complex valued matrices is
called stahle {f
A" < xial®
for all A and non-negative integers m. We show that such a norm is stable

if and only if it dominates the spectral radius.
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hen solving partial differeatial eguations awmerically ans oftes has to

9se iterstions ilavolving matrices restricted to a glven set A of ar o
,~¢’"‘—‘"—~¢ b
complex valued matrioces. It them follows that the iteratiad schems is stable
{f and only if this set of patrices is stable. That s all powers of all
aatrices from the set ‘\‘Ah"lro uniformly bounded. Such sets were completely
characterized by H. O. Rreiss. uovonr, his criteria are hard to use.
G A Thaa

In this papt.st characterize in a vory -uplo way stable sets of

matrices J wvhenever the set CW is cloud. convex, balanced, and contains a

neighborhood of the origin. Such a set (/ Xs a unit ball of some vector norm

=~

U |, on matrices. llo then show that ( A Jis stable if and only if the above

phe ke N e > TRUE yPLYF OF A
norm dominates the spectral radius h That is §(A) < |A} for all matrices

A. The necessity of the above condition is obvious, and is sometime referred
17 Py gV
to as the Neumann condition. To prove the sufficiency we use the Kreiss

matrix theorem and other results.
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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6. Wisslend’ ont C. Bengee

‘. Istreserties

= let A beaestof n*a complen valead mstrices - A (Ci. A s oslled etable tf

te.n A" < x, »-=0,1,2,..., AQ@ A,

Were |1 1s & vector norm on N (C).

In 1962 Rreiss [S] characterized stable sets. In particuler he showed thet (1.1) te
equivalent to
(1.2) sz =a) Y <crtisl ~ 1), forall Isi> 1, AeA .
While (1.1) easily implies (1.2) with X = C it can be shown that (1.2) implies (1.1)
with '

2
(1.3) x-cnc,ant-’-;'-". lUm a ==,

n>e
See for example (7] anad [9).
The serious draw-back of (1.2) is that it is difficult to verify in general. Thus, a
natural question is whether the condition (1.2) can be replaced by & simpler condition

assuming the set A is of a certian type. In many instances A is of the following

typet
(1) A - ig closed,

(11) A ~ is convex,

(144} A <« is circular, i.e. Q“A = A for all 0 @ R,
(iv) A - contains an open set,

'llobru Univergity at Jerusalem.

“‘lhchnucho Universitat, Munchen.
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Clesrly, these eenditions ore egnivelest o the assumptien Wet 4 (o ¢ wait Sall of
smme vester asrs ! e & (0},
1.4 A = {a,lal ¢},
Thes, -] 1o called stable if ite wait dall is & stable set. For A @ N, let »lA)
dencte the spectral rediue of A. 8ia0e on fiaite dimensional vector space all the nocrms
are equivalent we have the equality
(1.8) plA) = 11m [A™ V2,

e

S0, if A 1is a stable set we get
(1.6) p(A) < 1, AeA.
Thus if |*| 4is a stable norm we have that p(A) < 1 for [A| = 1. Using the
homogeneity of p(*) and |°| we get
(1.7) o(A) € (Al .
Recall that |*| is called spectral dominant if (1.7) holds. Our main result is

Theorem 1. et I°| Dbe a vector norm on M (C). Then |-| is stable if and only

if it is spectrally dominant.
This result was conjectured by C. Johnson in [4]. The case of unitary invariant

norms was proved in PFriedland-Tadmor in (3].
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olleving Songer (0] we firet cansider Gpecial apectral dunisant asrew oo \Gc).
Theoe noras are salled the genesslined aumerical rediue and are dencted by r'(ﬂ. or
reader’s conveaience we give short proofs of thees kaowa reselts. Llet l-l, be the
standard Tuclidea morm on C». As wewsl let = De a colwm vector ia C*, x® and
its transpoee and conjugete transpose. Denote dy 8, the unit sphere of this norm.
Assume that we have the following map
(2.1) ¢ 8, ’ca .
¥e suppose that
(2.2) yix =1, for all y @ é(x) .
We now assume that the map (2.1) is closed. That is, if x €38, v, © Q(x*).
%, * %, the sequence ('k) is bounded. MNoreover if y, *y then y € ¢(x). This in
particular implies that ¢(x) is compact and H ¢(x) 1is bounded. We then define the
2

generalized numerical radius as

(2.3) rglA) = max Iytax) .
‘2 yO)(x)
Lemma 1. The generalised sumericel range i a spectrsl dominant norm on ln(c).

f: In view of (2.2) - (2.3) we have that
(2.4) p(A) € r'(l .
Algo (2.3) yields that r'u) is a seminora. Aeswme that r’(l) =0 and A ¥ O.

According to (2.4) A is nilpotent. Choose a basis in C* guch that A is of the form

(6 v ... ® )

‘- L] ' .
[} 0
\ A'
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Then for ¢ > 0
PIA ¢ £B) = /€ ¢ AR R I AL
Clearly this inequality can not hold for any < > 0. The above coantradiction shows that
r,(l) is a vector nora.
*
\ Let fe1 be anormon X = €. Denote by 1+1 the corresponding norm of the dual
-«
space X ,
. t
| iyl = max |y x| .
Ixi<
! We then let
t -
$(x) = {y, yx = 110y0 Ixt =1}, (x ¢ 0) .
It is easy to show that in this case the map (2.1) is closed. The corresponding

generalized numerical radius is the Bauer numerical radius with respect to the norm [(-+I.

See (2] for details and references.

Denote by U the set of unitary matrices in M (C). As usual by 1l o Ve denote

the induced operator norm on M (C)

(2.5) AL, = max  IAxD, . .
Ixt <1

Theorem 2. lLat rg(') be a generalized numerical radius. Put
(2.6) C. = max r_(U) .
vey ¢

Then

(2.7 (21 - A)-1I2 < c/(iz]l - 1) for all (z]| > 1, rg(l) <1,

N e SR L SR

] In particular a generalized numerical radius is a stable norm.
Y WY
5 Proof: We first note that

(2.8) Iyt, € C for all y @ ¢(x) . ; ]

g~
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Then, fer ytolv‘) wva have

\
IHL o 1yttar - Mgl = s - 1‘lv'l > st =9,
2

On the other hand
3
ly ={| <€ Iy!zldzc C.

Combine the above inecuslities to get
taz -0 ', Ccc/tinl -, 1m, .1,

™hie proves (2.7). ¥Wow the stability of the generaliszed numerical radius follows from the
Kreiss matrix theoresm.

Pinally Theorem 1 follows from Theorea 2 and Zenger's theorem {10] whose proof we
bring for reader’s convenience.

Theorem 3. (Zenger). let I°| Dby a spectral dominant norm on M,(C). Then there
exist a generalized numerical radiup r () which is subordinate to lel. That is

(2.9) Tg(A) € la] for all A e m,(c).

Proofs Let A be the unit bal} of je]. OConsider the convex balanced set
Aj=(BB=(1-alA¢sl, s€C,0¢ac, |z <a).
Clearly
o(B) = (1 ~al)o(A) + s

wvhere o(B) is the spectrum of B, As p(A) ¢ 1 for A @A we have that
(2.10) pi{B) € 1 for B EA, .

Also as A C Ay, Ay 1s the unit ball of a new norm [+]  such that
(2.11) Ialy € Inl .
The inequality (2.10) implies that |°l' is also spectral dominant. Por htl2 -1 let

(2.12) n) = {u,u = Ax, |Al, ¢ W} .

-8




bt LSRN

.
>

L e a

floseily ) 30 ovenge amd 4 @ Mo Nn Pt las Bl 40 Ve SRistams of

P 0" oum vaer
.l,‘d ’ Mp‘uo. iaty ¢ ¢,
Slase lall, ¢ % fer (o] ¢ ' wo Lomadiotely Gnduse thet y's 16 resl ead pasitive.

Thes we cea aormaliss 3 oush that y'u ¢ 1. Lot Glu) bo the oot of 8l) v swh thet
(2.1 I‘I -1, [ Y] |-‘MI -y,
lll‘u

Clearly, y @ ¢ix). As

(2.14) wiAx = eriamvt)
we deduce that
(2.1%) It (5 = 1

where l-l: is the conjugate norm to I'|| on M,(C)

(2.16) I217 = max |tr(am)} .
LYY

This in particular implies that the map ¢ 1is closed. S8ince any finite dimensional

vector space is reflexive we have that
(2.17) Jal, = max |tr(aB)| .

»
Inl'u
Compare (2.3), (2.14), (2.13) with (2,16) to deduce
(2.19) rglA) < Ial, .

Then (2.11) 1”11.. (2.9).
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(3.2 wta® ¢ wea)® .
See for euangis (8) for & shert preetl.
we call the wnit dDall A of & vector mors to be super stahle, 1€

(3.3) A®CA, wm=1,2...
where
(3.4) A= (a0 =2% aq4A).

The inegquality (3.2) implies that r(°) is a super stable mora. This in particular
yields thc Lax~Wendroff result (6] that the set r(A) < V' is stable. In fact, Theores )
is a natural extension of the Lax~Weadroff comdition.

Problem 1. cCharacterise all spectral dominant norms on N, (C) which are super

stable.

Clearly, the standard operator norm on M (C) is super stadle.

In sany numerical schemes for solutions of partial equations one has to consider a
stable set of matrices A whose order is not fixed, but in fact cen be arbitrary large.
In that case the Xrelss matrix theorem doas not apply. See for example {7]. Therefore
one needs to study stable sets in the infinite dimensional case. let B be a Banach
space with a norm {8, L(B) the space of all linear bounded aperators T t B + 8 with
the induced operator norm f+i. Assume that |¢| is a norm on L(B) which is equivalent
to the operator norm
(3.5) afrl < 1P < BiP*l, O <Ca<B .

As before, wa call |+| stable if the unit ball of this norm is stable, f.e., (1.1)

holds.

el i e e b ket .
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5 st thet there ofe pertirsl Gumisat asvan o8 LIB) WRied ore st Sleble ol ore
oguivelent te the eperator sars. Indeed, If we cheess (5] te be the awerics! relies
of B with reapect % the given aars $7 o thea hove the iaequelitise

il < o3t < oinl .

See for emample (2]. Purthersore, scoording to Sollcbls (1], Theorem I, there exists an
operator B guch that B = 1, 1M = o, Ty > /R, k= 2,3,.00 .

Pinally we close our paper with a very specific problem. For x = (l,..-..l‘)t e

let
n
= (] IxIPVP, 1¢pce
p ‘-‘ -
(3.7)
yix) = (R, Ix 1P"2, 5 1= 1P, xypo. .
Then, for A € M (C) we define rp(l) = the p-th numerical radius
(3.8) Tp(A) = max Iyt tax) .
T )
]
Theorem 1, in this case is equivalent to the inequality
(3.9) A" ¢ K (0", m=0,1,2,...,

tor all A @ M (C). The inequality (3.2) yields that

(3.10) ‘2,n =1,

We may assume in (3.9) that ﬁ,n is best possible. In that case clearly
(3.11) Ro,n < ‘p,nﬂ .

Let g be conjugate to p

(3.12) pleglan., v
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T™he egualities (3,.10) and (3.17) suggest that (lp'n)“_‘ is always bounded.
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