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A vector norm 1* 1 on the *Paco of n x nl complex valued matrices is

called stable it

for all A and non-negative integers m. we show that such a norm is stable

if and only if it dominates the spectral radius.

AMS (MOS) Subject Classifications: 15A60, 39At1

4 Key Words: Stable norms, Numierical ranges

WokUnit Number 3 (Numerical Analysis and Scientific Computing)

Hebrev University at Jerusalem.

Technieche tniversitat, Munchen.

Sponsored by the United States Army under Contract No. OAAG29-SO-C-0041.



'M S01a1S iIPSrttei 41ditterie t eqsstliM mitL1y Oe eOtt b" to

oe itrteme tonvolmvin r mtoest reetrited toe give set A of a a

oom1es valed matrices. It them follows t -the Itorat 4 scheme t stable

If and only if this met of matrices is stable. That Is all powers of all

matrices from the set A 'are wtformly bounded. Bach Sts were completely

characterized by R. 0. ftees. Rovever, his criteria are hard to use.

In this paper characterise La a very simple way stable sets of

matrices /, whenever the set (A) is closed# cotivex, balanced, and contains a

neighborhood of the origin. $uch a set Aj As a unit ball of some vector norm

0 1 ', on matrices. W then show that A is stable if and only if the above
i !"I* o rl.. .thn h tA

norm dominates the spectral radius . That is #(A) I for all matrices

A. The necessity of the above condition is obvious, and is sometime referred

to as the Neumann condition. To prove the sufficiency 4w use the Kreiss

'4 matrix theorem and other results.

: €at., tPbut w . on..

"~~~A e I bil , ,
*iaal 'v 0'i,,

The responsibility for the wording and views expressed in this descriptive
suary Ites with RC, and not with the authors of this report.
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Lot A be a s ee ofa a samles alew atieg. %ICI. A to eel%* stable if

Mare 1 is a vector Mosm an %(C).

ts 1992 fteies tS1 charact~rlsed stable *"ta. in particular he shoe that (t. II isj

equivalent to

(1.2) list - a)- 1 4 C/(IsI - ). for all lat . A

While (1. 1) easily Implies (1.-2) with X -CIt can be shows that (0.2) Implies (1.1)

with

( 0 . 3 ) a . a L2 9 a i a a
n a

Ses for example (7) and (9].

flh. serious draw-back of (1-*2) is that it is difficult to verify in general.. Thus, a

natural question Is whether the condtion (1.2) can be replaced by a simpler condition

assuming th. set A is of a certian type. in many instance* is of the following

typet

(I) A - is cosed,

(II) A - is convex,

(iii) A - io circular, i.e. a A aA for all 6 6 It.

(iv) A -contains an open met,

Nebrew Vniversity at Jorusalext.

"Technische Universitat, Hunches.
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Thus I- I ts caLled stable it its mlt ball to a stable set. Per A 0 Us0 lot O(Al

demote the spectral tedism Of A. "a"e em fiaite dimensiomal vector spain all the sme

are equivalent ws have the equality

(1.5) P(A) Ia

so, if A in a stable set we got

(1.6 (A) i,1 A e A.

Thus if 1-1 is a stable norm we have that p(A) 4C 1 fot JAI -1. Using the

homogeneity of P(*) and 101 we gst

(1.7) P(A)IC J AI

Recall that 1*1 is called spectral dominant if (1.7) holds. Our main result is

Theorem 1. Let 1*1 be a vector norm an %q(C). Then 1-1 is stable if and only

if It is spectrally dominant.

This result was conjectured by C. Johnson in 141.* The case of unitary invariant

nor"a was proved in Friedland-?adeor in (31.
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Os ooe arIeGelled the g1mo ollN4 smasiel rediss are &Nms by r9 ( I . ar

reader's eomvaleme as give mbet presto o1 tbaoo hm res ito. wt I$.a be the

standard ftlidem morn m c. he usual lot be a an vector in el at Said we

Itz trap conu te 5tasp2o. Oot by a2 the alt sphere of We mm.

Assume that we have the fol~lin map

(2.1t) $ 82 # 2Ca .

we sappme that

(2.2) ytx - 1, for all y 9 #(x)

We now assume that the ap (2.1) to closed. That 'a, if k S 82- Yk g #(k)

Uk + a, the equene (yk) is hounded. Noreover if yt * y them y • #(z). This in

particular implies that *(*) La omspect and _ *62(x) is oe. o then dsfine the

generalized nmerical radius as

(2.3) a"A)- e lytAX .
V an2 Ye(u)

Lem !._ The eonerallsed ,merosl re is a sstural domiant nets ocm (C).

Proof: In view of (2.2) - (2.3) we have that

(2.4) 0(A) 4 T9(a .

Also (3.3) yields that rI(A) is a Somimorm. aimm that r (A) - 0 and A 0 0'

According to (2.4) A is allpoteat. dhoes a basis in C such that A is of the fom

* 1 ... 0

0 0

Al

~-3-

i



4E

be ae

thea fot € 1 0

P(A + es) I 4 ' A t o3) - Cr (a)9 9

Clearly this inequality cas not hold for any f ) 0. The above contradiction shows that

r9 (A) 1. a vector norm.

Let I. be a norm on I - e. Denote by log* the corresponding norm of the dual
A

space ,

I -mx lytxl
1IlI

We then let
x) {y, yt x 1 lyl xl - 1, (x jo 0)

It is easy to show that in this case the map (2.1) is closed. The corresponding

generalized numerical radius is the Bauer numerical radius with respect to the norm 1-1.

See (2) for details and references.

' Denote by U the set of unitary matrices in Hn(C). As usual by 1-12 we denote

the induced operator norm on Nn(C)

(2.5) 1AI - x IAxE
2 m21

Theorem 2. Let r (*) be a generalised numerical radius. Put
g

(2.6) C-maX r (U)

Then

(2.7) l(zI - A)'1 2 4 C/(IsI - 1) for all Izl > 1. r (A) 1.

In particular a eneralized numerical radius is a stable norm.

Proof: we first note that

(2.8) lyl C for all y e #(x)
2

4-4



Ia e 6 oee @Oe oo m, v%. . ,earn
sawss.aw. 1 &a* "M) q I. P d . lbe s-"41 084M

tel I. too

a~~ 0 02-I-

1%em. t t (v we bonp

a lyt(al )wll * 18- In A~l y at -1

on the other Mad

tlytxJ 4 1yl2 2 2 •

mine the above Lansolitlee to got

1(91 - A) ' c/(Iul - 1). l d2- I
22

This prom (2.7). Now the Stability of the generalised nWmuioal radim follows from the

Kroise matrix theorem.

Winally Theorem 1 follows from Theorem 2 and mongers theorem 001 whose prof we

bring for reader's convlence.

Theorem 3. (gouger). et !at- I a sectral dmiant nor on %(C). Then there

exist a generalized numerical radius 9 (s) %sbch is ouordinate to l1. That to

(2.9) r (A) t 1at for all A I N,(C)
9-

Pr Let A be the unit bll of J* I. onsider the convex balanced set

A1 - ( - (1 -. a) sI, Sac, i444 1, Jl ( e )

Clearly

t() - (1 - 0)o(h) + a

where 6(9) is thq speotrm of 3. AS p(A) 4 1 for A 6 A we have that

(2.10) o1n) 4 1 for 3 6 A1

Also as A S A1, A1 is the unit bell of a new norm l snoh that

(2.11) txl I C II I

The inequality (2.10) implies that l*t, is also spectral dominant. For Ixl - I let2

(12.12) 3) - (u,u - Ax, I AI 1)

:4
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0 e *ewm *604

4480 loll$ 4 % rim l01 4 1 w smi owl An41r e %am 1 a 4 real OW positive. ,

1.S1a e mal. 7 gw tht I - 1. Lot Val be the e of all v Iwk Oat

(2.3)* JA~ I * 4.

Clearly. Y 0 #W). As

w tAn - tr(Axn t)

we deduce that

3 t I
where I.~ is the conJugate norm to 1*I on %C

(121* - 35x Itr(AB)I

IAI r1

This in particular implies that the map # in closed. since any finite dimensional

vector space in reflexive we have that

(2.1?) JAI, - max Itr(A) I

Compare (2.3), (2.14), (2.15) with (2.16) to deduce

(2.16) r9 (A) 4 IAi"

Then (2.11) implies (2.9).

I
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11.21 Wt 01 4 g4 we

hee ter S iEW4 11 for abort pesi.

we os.U the wit bell A of a we owse he sopow stable. if

(3.3) Am C A. ...

where

(3.4) A m -(9.6 -JP, a QA)

fte Inequality 13.2) implies that r(-) is a ampe stable sorm. this in partiewler

yields the Lax-adroff result 161 that the set rnA) 4 1 is stable. to fact. Mheares I

to a natural extension of the LAx-11endroff condition.

Problem 1. *iroacteris. all smnectal dominant mores n %L4 C) which am We

stable.

Clearly, the standard operator norm an %L(C) is super stable.

Zn many numerical schemes for solutions of pestial equation* one has to consider a

stable set of matrices A whose order is not fixed, but In fact cam be arbitrary larges.

in that case the Kreiss matrix theorem does not apply. Bse for example (71 . Therefore

one needs to study stable sets In the Infinite dimsnsional came. tot 3 he a Vanach

space with a norm I * I,* L1) the space of all linear bounde operators T1 i a +a with

the Induced operator norvi P I - Assume that I* is a nrm on L(43) which is equivalent

to the operator nr

M)S) ei2l 4 III 4 SIPI, 0 < a(5

As before, we call 11stable if the unit bell. of this norm, is stable, i.e., (1.1)

holds.
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as -e Sis ohwe W a o"O Awtona sawm .40 afs o a" too ag g de e

~, w.1eas the st a ere. z6. Lt a sI to be the .me im b com

of a with rweaoto the gigw m wrn s w5 h.eI tht £aequliaee

191 4 so 4 *lei
Mae tot smple 121. Worther oe0 aeo.i1 to Villo. (I). "14m 2. them estate as

operator a such that 11 - 1. Io - e a O b ;I k - 2.3...

Finally we close our paper with a very specific probim. For £ - (xj,....4P t co

lot

13d - ( 3IlP)SPl I < p <
P Ji1

(3.7)

y(x) - (; 2x1 lp,*...,lnl'p2)t, x 0 o

Then, for A e Vn(C) we define rp(A) - the p-th nmerical radius

(3.9) rp(A) - sax lyt(x)Axl•
13d -1

P

Theorem 1, in this case is equivalent to the inequality

(3.9) rp(A") 4 xp8 r(&), a - 0,1,2...

for all A 6 Na(C). The inequality (3.2) yields that

(3.10) K2, n a 1

We mi agune in (3.9) that Kp,n  is beat possible. In that case clearly

(3.11) Kp~n 4 I+

Tst q be conjougate to p

(3.12) pt + q- . .

--



th IqmWa40 t oao

(3.51) . l~a tw (a * I.* AS ~

(3.17)r1) ~ t(A A

The equalitiee (3.10) and (3.17) suggest that (Kai always bouaid.d

1 1 i 11 oiip I pl1
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