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The Line Shape for Collisionally Broadened Molecular
Transitions: A Quantum Theory Satisfying

the Fluctuation Dissipation Theorem

I. INTRODUCTION

The dipole autocorrelation function for spectral line broadening is treated in
a quantum theory which rigorously satisfies the fluctuation dissipation theoreml' 2
on a microscopic level. The basic approximation in the theory is the binary colli-
sion approximation. The two-body interaction is decomposed into a part which
commutes with the internal coordinates of both the radiator and the perturber, and
a part which does not. The theory, as developed, is appropriate for broadening
mechanisms for which the non-commuting terms may be treated within the frame-
work of perturbation theory, while the commuting term is to be treated exactly.
The theory gives, at long times, a result for the dipole autocorrelation function
consistent with the well-known impact approximation. At short times, an auto-
correlation function of Gaussian form, with a renormalization of the initial state
occupancy is obtained. It is found that the qualitative features discussed above are
unaltered in higher order perturbation theory. The results are consistent with the
requirement that all time derivatives of the autocorrelation function at t = 0 exist.
This further satisfies the requirement that all moments of the lineshape function

in the frequency domain exist, hence that the lineshape function decays "exponentially"

{Received for publication 24 September 1982)

1. Callen, H.B., and Welton, T.A. (1951) Phys. Rev. %:34.

2. Kubo, R. (1959) in Lectures in Theoretical Physics Vol, 1, Bds., Brittin, W.E.,
and Dunham, L.G., Interscience Pub., Inc., N. Y., p. 120.
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sutticiently fur in the wings.  The computationul procedure for obtaining the spec-
tral line shape from the present theory within the framework of the uncoupled line
approximation will be discussed. A more extensive development of the theory hus

. . 3
been given by Davies et al.

2. THEORY

The absorption coefficient, a(w), for an ensemble of molecules is given by

*)
a "

w(w) = w v tw) (1)

3he

where w is the frequency and ' (W) is the imaginary part of the complex sus-
ceptibility.  The quantity, \" (w), may be expressed in terms of the Fourier trans-
form of an appropriate dipole moment autocorrelation function, o(t). There are

three generally used forms for this description of ' (w):

., e F .
\ (w) = ﬁ?ﬁ E dt ¢ 10(1‘) + 0(_f)] ’ (Za)
+ e —o0
o0
V'iw) = (1 - o"”i“’)% f at ¢ 19t o), (2b)
Zo0
and
a0
" 1 -iwt
Vo [ a9 o - o (2c)
% 4 )

where 3 = (kT)" l. lhe equivalence of these three expressions is established by
satisfying the fluctuation-dissipation fheorem]’ 2 (I'DT).

In the frequency domuain, the statement of the fluctuation-dissipation theorem
is cxpressed by

o(-w) = W o)y, (3a)
which, in the time domain, implies

o(-t) = ot + i3n), (3b)

3. Davis, R.W., Tipping, R.l., and Clough, S.A, (1982} Phys. Rev. A26:3378.
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where
Ca
oiw) = f dve T o . 1) !
P~ o)

In order to gain insight into the influence of the fluctuation-dissipuation theorem on

the line shape, it is instructive to consider the effect of the failure to satisfy the

FDT on the far wing of a spectrai line. Consider the impact result for the uuto- |
correlation function,

5 Y. it lwt
ot) = Z by !“iflz O n e fi . (5a)
if

with spectrul density

”
) => 2y lngl”
e bt

-

Y .
[- - fi 2] (5b) :
Y ot (w - u)“) y

where p; is the diagonal element of the density matrix, Kig is the transition moment

describing u transition from the i to f state, Y is a parameter (the halfwidth) des- :
criptive of the Markovian collision process, and W (ﬁu)fi =t 3 i) is the transi- ]
tion frequency (which for simplicity includes any shift term). The impact result

for @(t) clearly does not satisfy FDT since p(-t) # 0(t + iiifil. The three expressions

for the imaginary part of the susceptibility become

-B fiw Yoo v
" 1 -e 21 fl fl
X W) = ——ps Yo lu le= + .
1 1+e W Gr ot i’ 7 y.2+(w-u.).)7 y.z+(w+w.)2
fi fi fi fi
(6a)
" -8 hw 5 1 Y§i
) = (1 -e )Zp LR ” ” (6b)
it PitHae T [y S e

o 2 Y ¢ Vs i
xjw) = 2o Ll ':F [ T L T T T i 7] - (60

if Y t W wﬁ) Y tlw+ wﬁ)

Thes. three impact line shapes are generally referred to as the Van Vleck-
Weisskopf, the simple Lorentz, and the full Lorentz respectively, although the
front dependence on g fw is often not correctlv given. If we consider the blue

wings for which gfw >>1 and w >> we.» we obtain

-1
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" Yo
,\'l'(w) = L N |uif|“ 71, —fz‘- (2) (7a)
if w
. 2 1 Y .
uw) = X op; Tyl = — ) and (7b)
= if w
" 2 Yei (495 .
e = Zoa gl 1 Ig(28). e
I w

This clearly demonstrates that an autocorrelation function which does not satisfy
the DT, for example, the impact autocorrelation function, gives significantly
different results for the far line wing using these three different formulations.
Additionally, it should be noted, thuat the impact autocorrelation function does not
satisfy another important condition: the function is not anualytic ut t= o und us a
consequence the higher order moments in the frequency domain are not finite.

An example of the type of problem for which the present discussion has dircct
relevance is the continuum absorption observed in the sclf broaudened water vapor

spectrum. The symmetrized spectral density function, <g(w) + o(-w)>, for

this casce is shown in Figure 1. The water vapor continuum, <@(w) + é(_“"bconf'
utilized in this computation is indicated by the dotted line and is obtained from
line by line calculation from which the contribution within 25 cm-l of the line center
has been excluded. The line shape is taken as the product of the impact line pro-
file, Eq. (5b), with an exponential type function containing three parameters ad-
justed to attain agreement with the continuum observations. The continuum buased
on this profile provides good agreement with experiment in the entire spectral re-
gion from 0-5000 cm_l, including the three atmospheric "windows', 0-10 um_l,
950-1250 cm_l. and 2000-2500 cm_l as shown in ligure 2. lFor comparison, we
show the continuum resulting from the impact line shape alone as indicated by the

dashed line and observe that <¢ (&) + o(-w) > is too large in the window regions

ont
and tocsmallin regions of strong absorption. It is clear from these resultsthat only
a proper description of the collisional broadening will resolve the issue of the role
of line shape vis-d-vis other mechanisms in contributing to the continuum absorp-
tion in these spectral regions., A critical test of the theoretical results will be the
extent to which the theory describes the strong temperature dependence of the ob-

served continuum absorption in the 1000 cm” ! and 2500 em™! regions.

4. Clough, S.A., Kneizys, FF.X., Davies, R.W., Gamache, R., and Tipping, R.H.,
(1980} in Atmospheric Water Vapor edited by Deepak, A, Wilkerson, T.D.,
Rhunke, T..H., Academic, Press, New York, p. 25.

5. Burch, D. k. (1981) Continuum Absorption by H,O, AFGI.-TR-81-0300,
AD A112264 (available Trom NITS).
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Figure 1. Power Spectral Density, <o)+ 0(-w)>, Self Broadened Water Vapor.
The continuum (...) is obtained using a modified impact line shape (see text)

The objective of the present theoretical development is to obtain an autocorrela-
tion function which satisfies the ¥DT, treats the physics of collisions and is com-
putationally tractable. The Hamiltonian for the entire svstem may be separated
into two parts.

H = HO+V (8)

in which Ho describes the unperturbed molecular energies including intermolecular
interactions commutative with the internal coordinates of the radiator (including
the dipole moment operator ) and the perturber, and \' is the non-commutative
part of the interaction potential. The matrix clements of \ will be obtained in o
representation in which HO is assumed to have been solved exactly, that is, in
which realistic quantum mechanical trajectories have been obtuined.  The theory

is developed assuming the binary collision and the uncoupled line approximations,

The final results involve a second order perturbative treatment of the potentiol \
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Figure 2. Power Spectral Density, < ¢(w, + ¢o(-w)> cont’ for the Self Broadened

Water Vapor Continuum. Experimental data is from Burch, Reference 5

We start with the definition for the dipole moment autocorrelation function for

the system, oft),

o(t) = Tr (o) - () p(iD}, (9)

where p(l) is the canonical density operator, and (o) is the dipole moment

operator. For [i(t) given by the Heisenberg operator

) = eillf/ﬁ (o) e-ill’r/ﬁ (10)
and p(f) by
ptiny = e P, (11

with Z the partition sum, we obtain for o(t),

10




RULA (o) LoHHi-IB R /N

oty = 27 bre(Tio . (12)

Defining a time development operator, U(t) through the relation

SiHUMA -iH A
e e P L (13)

and similarly for complex time, t-i jh,
-tH( -1, h)h -iH )t/”h -3 “o
e =e Ult-i 31) (14)
we obtain
Z ¢ 1H t/h -iH t/h

o) = o2 Te[fi(e) "L ¢ © Tele ©  plil) Ut-iBh) . (15)

At this stage of the development, we sum over the internal radiator states,
designated i and f, suppressing the explicit m dependence for simplicity of pre-
sentation, We also make the uncoupled line approximation, although this approxi-

mation could be delayed until a later stage, and obtain the result

9 iw, .t

.o 3 . L fi
where
. e S s ' t
(’if(” = Tr [p(llo) Uii (t-iph) L”(t) . (17)

tHere ﬁo designates that part of H  not deperdent on internal radiator coordinates
and thus the trace operation is to be taken over the internal perturber states and
the translational states.

The binary collision approximation assumes that the correlation function for
the svstem, Cifm’ is expressible as a product of correlation coefficients, Cifm'

which characterize an individual radiator-perturber pair,
NP
('ifm = [cif(”] (18)
where Np is the number of perturbers and

_ s, S 4 s .\ 1
Cif(f) = Trp (“()) Uii(t ish) U”(f) 1. (19)
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The supersceript s denotes that the svstem now consists of a single radiutor

. . . 6
and a single perturber. Following Buranger, > wi assume fhat c”.(f) mity be

written in the form

n
. + ) f W,
et e \i; et (20)

where n_ is the perturber number density und the ration /N , is associated with

the normalization volume.  In the limit of lurge Np we obtain

N n N n a f(0)
) = [t P lrs t‘,P_ a gt Poseb B (21)

Nl - 1
Cipft) = v P 122

and on substituting Lg. (19) we obtuin
. wn I P P S ] BT N
Ciph = exp N fTelp al ) U (t-ig ) 1}‘ . (2:3)

The time development operator may be written in the following integral form

U3y - 1 - w3, (24)
where
ot
wih = L vSanctear, (25)
LIS}

thus (. .(+) becomes
if
. I o~ . s S
C if(f) = u\p% Np gTr [/: (W 1;341)]
~ T
s S
+ Ti [p (IIU)\\”H) ]

R o 8 T
- Ty [/) (H )W u(t-lﬁﬁ) Wept) ]s} . (26)

6. Baranger, M. (1958) Phvs., Rev, 112:855,
—_— WAAA




it proves convenient to define the operator Kf(t).
K.t = Tr| pSH )Ws(t)T] 27
f [} ff

and similarly the operators Ki and Kif so that Cif(t) is expressible as

Cigth) = exp { - N K-8 4 Kt - Kif(t.t-iﬁﬁ)]} (28)
and o(t) us

. 5 ket
ot = 2V Y Py e fi

» -N K. (t-iB*% K (t) - K. (t,t-iB4H8 29)
n (xp{ lp[ 1( iBh) + f( 1f( iB )]} (

where we have suppressed the superscript s. This result may be considered
rigorous within the binary collision and uncoupled line approximations.

The evaluation of o(t) as given by I2q. (29) remains a formidable problem. At
this stage we use second order perturbation theory but caution that the procedure
is valid only if the mutrix elements of the interaction potential \' ure small in the
representation in which “o is diagonal. We proceed by evaluating Kf(t) through

second order and obtain

oC oG
: . . , 2 2 2 _
K (t) [dkpk _([dk (E,‘kzk'z' )guﬂ, }i:pj ; M fep® . (0

The time dependence is contained in the function faB(f).

_ 1 o . i .
IGB('{) -w——z | (1 wswnﬂt) ltwaBt amwan)), (31)
ap
with
waﬁ :Lf-(f,-#(j-(j,+(k-tk,. (32)

The matrix elements, \.kﬂk'(" are obtained in the representation in which
llo is diagonal, that is, the representation diagonal in the internal states of the
radiator, the internal states of the perturber and the translational states for the
isotropic potential, \'0( R). For the dipole-dipole interaction appropriate to self-
broadencd water vapor problem, we have with angular integrations and m sums
suppressed,




=Sy, G r £ L 1! RPNV L3

Vk(’k'ﬂ'

where ZJ.X_ and ;J- are unit vectors assoclated with the dipole moment of +he rodiator
and perturber respectively, and R is the intermoleculor distance,  The wuvefuncton,
wkl\l{), associated with translational energy « K is obtained from the solution ot the
Schroedinger equation for the collisional problem,

9 Y
g2,y AT (D) ) ‘
- R v+ \O(l{) + 3R _TI— \llk((l() = (kwk((l{) . (34)
A%

We now investigate the long and short time behaviur of !\'f(t) given by the func-

tion f(t). Making use of the identities

lim 1 - cos w_ Lt

twee @By e ) (350)
R apg
B .

and

lim w_ .t -sinw, .t

t -0 0B aB  _ i ppfd (35b)
w R Ya

aB

with Pr denoting the principal value, we can obtain the long time behavior of Kf”)-
For the real part we have
] oC 2
. AN 2 )
R K(t)ﬂi|f|fdkp [dka Vi i Bt Lp oom, wOw )
e f 5 k A L kek'¢ T ff i J i ij af
(36)
and for the imaginary part,
o0 oo
p : 2
Iml\'(t)ctffdkp fdk'z Vo ,,dZu 'zz:p. Zp.“"‘ Pr ! .
f k ,  ktk'( < Pff - i s ii w
[¢] o (e f i 4 & ag
(37)

This result for long times is consistent with the time dependence obtained from
other formulations of the impact result from second order perturbation theor‘y;7
specifically the real part associated with the width varics as {t| and the imaginary
part associated with the shift varies as t.

7. Anderson, P.W. (1949) Phys. Rev. 76:647,

W
14




For smad! times, the behavior of l\t"” may be obtuined by expanding f(t), and

in the limit st = 0, we obtuln

9 ) 2
Kat)a o = op “¢” f dk p f dk’ Z v PN (38)
{ 1 p / k A T kfk'(

In the small time regime, l\'r(t) is a real quadratic function of time, whereas
Ki(t-i ,)’h).(‘(‘)l‘l[ain.\‘ a contribution from the FDT; for dipole -dipole interactions, Kif
\anishos.'s The real part of the correlation function in this limit is, nevertheless,
of Gaussian form,

In order to provide additional insight into the functional form of the dipole
moment sutocorrelation function, oft), it is useful to consider a reference function
having an unalytic Fourier transform. We choose as a convenient reference the

complex function, G{t), for which
—dlfz ~a2|t‘
R(: Git) = aye @ e (39a)

and

-b t -b, | t|
'"®e ? } ) (39b)

Im G(t) b { te
0

The svmbol @ denotes the convolution operation. It should be noted that a,
is chosen such that HQ Gi{o) = 1 and ay and a, are chosen to fit the short and long
time behavior of “e ot), Eq. (29). Similarly, for Im o), bo and b2 are chosen
to fit the short and long time behavior of Im o(t), and b1 is assumed ecqual to a-
Huving defined the reference function, we now consider the difference, Aft),

between the dipole autocorrelation function, o(t), and the reference function G(t),
A{t) = o) - G(t) . (40)

This procedure has two purposes: To allow consideration of the results of the
current theory on a scale which is manageable, and to facilitate the computation of
the Fourier transform for the resultant line shape. To illustrate the functional
properties of the autocorrelation function, we plot in Figure 3 a typical A(t) calcu-
lated trom an approximate o(t) that has the gualitatively correct time dependence.
For a more complete culculution of o(t) we expect the oscillations to be less pro-
nounced with the convergence to the impact limit (ReA(t)=0) to occur more smoothly
and at 4 shorter time. The rapid variation at the short time limit is expected to
remain, reflecting the collision dvnamics on the time scale commensurate with the

duration of collision.
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