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The Line Shape for Collisionally Broadened Molecular
Transitions: A Quantum Theory Satisfying

I the Fluctuation Dissipation Theorem

I. INTROI)ICTION

The dipole autocorrelation function for spectral line broadening is treated in
a quantum theory which rigorously satisfies the fluctuation dissipation theorem 1 ',2
on a microscopic level. The basic approximation in the theory is the binary colli-

sion approximation. The two-body interaction is decomposed into a part which

commutes with the internal coordinates of both the radiator and the pei'turber, and

a part which does not. The theory, as developed, is appropriate for broadening

mechanisms for which the non-commuting terms may be treated within the frame-

work of perturbation theory, while the commuting term is to be treated exactly.

The theory gives, at long times, a result for the dipole autocorrelation function
consistent with the well-known impact approximation. At short times, an auto-
correlation function of Gaussian form, with a renormalization of the initial state

occupancy is obtained. It is found that the qualitative features discussed above are

unaltered in higher order perturbation theory. The results are consistent with the

requirement that all time derivatives of the autocorrelation function at t = 0 exist.

This further satisfies the requirement that all moments of the lineshape function

in the frequency domain exist, hence that the lineshape function decays "exponentially"

(Received for publication 24 September 1982)

1. Callen, H. B., and Welton, T. A. (1951) Phys. Rev. 83:34.

2. Kubo, R. (1959) in Lectures in Theoretical Physics Vol. 1. Eds. , Brittin, W.E.,
and Dunham, L.G., Interscience Pub., Inc. * N.Y. , p. 120.
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sufficientlv far in th, \%ings. Tht, computational procedure for obtaining the spec-

tril line shaipe from the present theory within the framework of the uncoupled line

,ipproximation will be discussed. A more extensive development of the theory has

been given by )ivies et al.

2. I'IIIKOI( 1

The absorption coefficient. i (w) I. for an ensemble of nolecules is given by

341C

where w is tle frequency and \" (w) is the imaginary part of the complex sus-

ceptibility. The quantity, \" (w), may be expressed in terms of the Fourier trans-

form of an appropriate dipole moment autocorrelation function, 0(t). There are

three generally used forms for this description of \' (,0):

c + dt iw 10(t) + O(-t)] . (2a)\ I)

\" )- I -e - 'i )  
- ~ io

.0

(I -etO)w f dt eAOt 0(t) , (2b)

,and

I f -iw0

\"(w) f dt (, u (t) - 0(-t)l , (2c)

where I (kT)- . ihe equivalence of these three expressions is established by

satisfying the fluctuation-dissipation theorem 1 2 (IDT).

In the frequency domain, the statement of the fluctuation-dissipation theorehl

is expressed by

0(-U)) = e
- (fu') 

O(W), (3a)

which, in the time domain, implies

0(-t) Q(t + iifli) , (3b)

3. Davis, H. W. , Tipping, .I1. and (tough, S. A. (19821 'hys. Rev. A26:3378.
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he re

(i) f d t o (t) (4)

In order to gain insight into the influence of the fluctuation-dissipation theorem on

the line shape, it is inst ructive to consider the effect of the failure to satisfy the

FDT on the far wing of a spectral line. Consider the impact result for the auto-

correlation function,

with spectral density

0( 1~ 1=i r itfil"7 -2)
E~U 2, 1 - (5 b)

fi + (w -fo+i

where p, is the diagonal element of the density matrix, f'if is the transition moment

describing a transition from the i to f state, Vfi is a parameter (the halfwidth) des-

criptive of the Alarkovian collision process, and w fi (hu)fi = ( f - t i ) 
is the transi-

tion frequency (which for simplicity includes any shift term). The impact result

for 0(t) clearly does not satisfy DT since 0(-t) 4 0( + if3h). The three expressions

for the imaginary part of the susceptibility become

X(W) I - C0fW1 12 1[ ~ - fi 2
I + j 

- f in w EPi Ilif T z=+ 2
()i+( - U.fi) fi +  (w +  Wfi2

(6a)

-"w (I - ~~)~~Ii 2 + ( if 1 ] (6 b)
2' 1if Pi l  

yfi 2 + (W Wfif

1if1 2 1 [ + (-fi) 2 fi (6c)

i f 'fi
2 + (u, - U0fi) Yfi + (W0 + Lofi)2

Ties. three impact line shapes are generally referred to as the Van Vleck-

W\isskopf. the simple Lorentz, and the full Lorentz respectively, although the

front dependence on O fiw is often not correctlv given. If we consider the blue

wings for which (i1Sw >>l and w >> w fi, we obtain

• .



2 1 (2) (7a)
if )

W Pi ifI 1 and (7b)
ifL

Xiu = Z P Iifi f I Yfi( 4 wfi)" (7c)

3 if 71 U

This clearly demonstrates that an autocorrelation function which does not satisfy

the FDT, for example, the impact autocorrelation function, gives significantly

different results for the far line wing using these three different formulations.

Additionally, it should be noted, that the impact autocorrelation function does not

satisfy another important condition: the function is not analytic at t o and as a

consequence the higher order moments in th, frequency domain are not finite.

An example of the type of problem for which the present discussion has direct

relevance is the continuum absorption observed in tie self broadened water vapor

spectrum. 4,5 The symmetrized spectral density function, <Q(.0) 4 0(- 0>, for

this case is shown in .igure 1. The water vapor continuum. <0(,V) 4 0(-,V)> cont
utilized in this computation is indicated by tile dotted line and is obtained from z,

line by line calculation from which the contribution within 25 cm of tile line center

has been excluded. The line shape is taken as the product of the impact line pro-

file, Eq. (5b). with an exponential type function containing three paraineters ad-

justed to attain agreement with the continuum observations. The continuum batsed

on this profile provides good agroement with experiment in the entire spectral re-

gion from 0-5000 cm -
, including the three atmospheric "windows", 0-10 cm -1

-l -1
950-1250 cm , and 2000-2500 cm as shown in Figure 2. For comparison, we

show the continuum resulting from the impact line shape alone as indicated by the

dashed line and observe that < 0 (, ) +o( e-) ')ont is too large in the window regions

and toosmall in regions of strong absorption. It is clear from these results that onlv

a proper description of the collisional broadening will resolve the issue of the role

of line shape vis-a-vis other mechanisms in contributing to tile continuum absorp-

tion in these spectral regions. A critical test of the theoretical results will be the

extent to which the theory describes tile strong temperature dependence of the ob-

served continuum absorption in tile 1000 cm-I and 2500 cm-I regions. 5

4. ('lough, S. A. , Kneizys, F. X. , Davies, It. W. , Gamache, I ., and Tipping, It. li.,
(1980) in Atmospheric Water Vapor edited by Deepak. A., \\ilkerson, T. 1).,
Rhunke, T. II. , Academic, Press, New York, p. 25.

5. Burch. . E. (1981 )Continuum Absorption by 1120, -I FGI.-T U-8 1 -0300,
A) A 112264 (available from NIIS).
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Figure 1. l'ower Spectral Density, <0(w) + 0(-u0)". Self Broadened Water \apor.
The continuum (...) is obtained using a modified impact line shape (see text)

The objective of the present theoretical development is to obtain an autocorrela-

tion function which satisfies the FDT, treats the physics of collisions and is com-

putationally tractable. The Iamiltonian for the entire system may be separated

into two parts.

H = H 0 (8)

in which I ° describes the unperturbed molecular energies including intermolecular

interactions commutative with the internal coordinates of the radiator (including

the dipole moment operator T) and the perturber, and \ is the non-commutative

part of the interaction potential. The matrix elements of % %\ill be obtained in a

representation in which 11 is assumed to have been solved exa 'tl. that is. in

which realistic quantum mechanical trajectories have been obtained. The theorY

is developed assuming the binary collision and the uncoupled line approximations.

The final results involve a second otder perturbative treatnvwnt of the potentil \

4'
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Figure 2. Power Spectral Density, < 0(w, + 0(-w)> for the Self Broadened
cont'

Water Vapor Continuum. Experimental data is from Burch, Reference 5

We start with the definition for the dipole moment autocorrelation function for

the system, O(t),

0(t) = Tr 19(o) • 7(t) p(t1)] (9)

where p(1[) is the canonical density operator, and S(o) is the dipole moment

operator. For 1(t) given by the Heisenberg operator

ilit/ft - -i t /li
A(t) = e A (o) e (10)

and p(tl) by

pO) = e- ol /Z (11)

with Z the partition suz-. we obtain for O(t),

10



o(t) F r iltTI ) -i(t-i l) /f o c (12)

l)ft'inini a time development operator. U(t) through the relation

-i Ht/4" 1 -it tll
e 1 ) L(t) (13)

and .. im ilarlv 1'or comle~tx tinie, t-i iif,

) 0 U(t-i 'l i) (14)

wv obtain

Z illt/fi -ill t/fi

0(t) = T r [[ (o) "U(t) e o T(o) e p( i o ) U(t-iofr )] . (15)

At this stage of the development, we sum over the internal radiator states,

designated i and f, suppressing the explicit m dependence for simplicity of pre-

sentation. We also make the uncoupled line approximation, although this approxi-

mation could be delayed until a later stage, and obtain the result

Z 9 C iW f it
7(t = E'  ~ Pi Atif" ifl)e16

if

w he re

Cif(t) = Tr[plIlo ) Uii (t-ii) Ufft) (17)

Here I designates that part of 1I, not dependent on internal radiator coordinates

and thus the trace operation is to be taken over the internal perturber states and

the translational states.

The binary collision approximation assumes that the correlation function for

the system, Cif(t), is expressible as a product of correlation coefficients, c'f(t),

which characterize an individual radiator-perturber pair,

N
Cif(t) = Icif(t) ]  P (18)

where N is the number of perturbers and

s
cif(t) = TripS(H ) u.. (t-io3f) Uf(t) I . (19)

0 ii



The supctr cript s denot..s that th, svstenl now consists of a single radiator

and a single ptr
4 

urber. Followving Bflran Wr, L assume t hat c (t) mar be

written in the folm11

p
(it).; 1,NL ,ft (20)

where n is the perturb-r number density and the ratio n PN is associated wilh

the nornalization volune. In thei, lirit of large N we obtain
P

('t(I) [ ctnjP [- + + aift) P > e 1i 21)

Thus

N pc If(t)- 1]
pi~ t if "'2)

and on substituting Eq. (1) we t,b .in

Ci - I xp IN .TrIiJ (i) U'. (t-i 3 h) ff )) 1(- i(2:)

The time d(,veopnnt op-r;itor may be wriftn in thle following integral form

U: (IM I - W s(t) ( 24)

where

t
\S(t) f Vs(t,)U (t')dt, (25)

thus Cif (t ) becomes

if p - N Tr [ Wsu (tid

+ Tr [P s(I I )YA f t)]

ii f- Tr ) [p (ifo 0 )W U(t-i'tl) w ff (tr'] (26)

6. laranger, IM. (1958) Phvs. R1ev. 112:855.

12



It proves convenient to define the operator K f(t),

Kf M = T r [ p(if0 W (t)TW (27)

and similarly the operators K and K i so that C if(t) is expressible as

C f Wt) N rL[K .;(t-of)4K t i t 4fl](8

and p(t) as Cp -pL'~HF4 -'it' ~ J(8

OWt C,~ifef exp -N[K(- ~ ~ *K() ft.- )] (29)

whet-e we haive supp ressed thle super-script s. This result m~av be conside red

rigorous within thle bina ry collision and uncoupled line approximations.

The evaluation of OMt ais given by l'q. (29) remains a formidable problem. At

this stage wec use second order, perturbation theory but caution that the procedure

is vaLlid only if thle matrix elements of thle interaction potential V aire smiall in the I

rlep resent:ition in which I1 is diagonal. We proceed by evaluating K (t) through
0f

second order and obtain

1'2 1,t2 f'. Ak 2- f (t-
d fdk' LIlff .1 k' f. i f (t (30)

The time dependence is contained in the function f 00tW

fI ( M = i 1(0 - Cos )0 - i (O t - sin w ag t)] (31)

with

U)0 3 f f Ct -(i +t k-k (32)

The matrix elements, V M k'(" are obtained in the representation in which

If10 is diagonal, that is. the representation diagonal in the internal states of the

radiator, the internal states of the perturber and the translational states for thle

isotropic potential. V (MD. For the dipole-dipole interaction appropriate to self-

broadened water vapor problem, we have with angular integrations and m sums

suppressed,

1 3



where p. and Ap tre(' Unit v, cfors a'ss(ociated with ihe dipol, morn ent ol inc iaia

and perturber respectivel. and H is t he tnerniolcul:,r distance. The w.ve)unc.tin.

H)kt(O, associated with translational energy t k is obtained fiorn the solution of the

Schroedinger equation for the collisional problem.

.t ((+ ) (R) 0 04- 4i +, \oI 1 ) + -i* (i--- ) I k (  
Ckt4

0 2 IC ( C k 4 k(~ 1 ~4

Wie now investigate the long and short time behavior of K ft) given by the func-

tion f(t). Making use of the identities

lira I - cos UW t
t -b C_____ - 9 ! tj -6(o ( 35;0

and

Lim W t - sin u
) 

t
t 

=
0 2 = t Pr (35b)

with Pr denoting the principal value, we can obtain the long time behavior of Kfit).

For the real part we have

00 .0

RK(t) -ItI f kpfd ' 11 (t
eKf dkpk dk' Vk(k,, ff, . j.,

(36)

and for the imaginary part.

Im Kf(t) c t dkpkf dk' u ff f Pk, %k(k'U'! ij

(37)

This result for Long times is consistent with the time dependence obtained from

other formulations of the impact result from second order perturbation theory;
7

specifically the real part associated with the width varies as itI and the imaginary

part associated with the shift varies as t.

7. Anderson, P.W. (1949) Phys. fiev. 7,6:647.

14



I or 1.! fiines, tin bthivimr of K It) nav be obtained by expanding f(t). and

II fil im 11111it " th t tln

K(f) k / t dkk dk Vkfk,. (38)ft ) 11 Px f cp k '('

In the small time reime, K (t) is a real quadratic function I time, whereas

K I(t-i )'h) contains a contribution from the 121T; for dipole-dipole interactions, Kif

vanishes. The real part of the correlation function in this lirnit is, nevertheless,

')f Gaussian form.

In order to provide additional insight into the functional form of the dipole

moment autocorrelation function, 0(t), it is useful to consider a reference function

having an analytic Fourier transform. We choose as a convenient reference the

complex function, G(t), for which

Re~i,,  { -ait2  - a2<tH

t 6t) -a I e 2  (39a)

and

b2 b 211

ImI G(t) b te -  ® e (39b)

The svmbol 1 denotes the convolution operation. It should be noted that a
0

is chosen such that Ile G(o) = I and a and a2 are chosen to fit the short and long
time behavior of IIe o(t), Eq. (29). Similarly, for Im o(t), b and b 2 are chosen

to lit the short and long time behavior of Im 0(t), and b is assumed equal to a 1.

Raving defined the reference function, we now consider the difference, A(t),

between the dipole autocorrelation function, 0(t). and the reference function G(t),

A(t) = 0(t) - G(t) . (40)

This procedure has two purposes: To allow consideration of the results of the

current theory on a scale which is manageable, and to facilitate the computation of

the lourier transform for the resultant line shape. To illustrate the functional
properties of the autovorrelation function, we plot in Figure 3 a typical A(t) calcu-

lated froni an approximate 0(t) that has the qualitatively correct time dependence.

For a more complete calculation of o(t) we expect the oscillations to be less pro-

nounced with the conve-rgence to the impact limit (IleA(t)=0) to occur more smoothly
and at a, shorter time. The rapid variation at the short time limit is expected to

remain, reflecting the collision dynamics on the time scale commensurate with the

duration of collision.

15i
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