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Lecture 8

COUNTERFLOYW DIFFUSION TLAMES

The fundamental characteristic of diffusion flames is that the two
resctants, fuel and oxidizer, are supplied in different parts of the
ca~pustion field, so that they must come together =nd rmix by diffusion
hafora reaction can take place. Counterflowing streems provide one
mathod of bringing them together; the resulting diffusion {lame, whose ’

=ain properties were established by Liﬁén, is the subject of this lecture.

! 3asic Zguations

Consider the combustion field sketched in figure 1. A streem of gas
containing the oxidant Yl = X flows to the left and impinges on a stream
containing the fuel Y2 = Y that flows to the right, forming a stagnation

point at the origin. The flow field is
(u,v) = 2(-x,y) (1)

uniar the constent-density approximation; here a constant of proportionality

/2, wnere € is the straining rate, has dYeen absorbed into the length

[

-

uni= (which is used to define Mr)' Tor suzh a flow, it is possible for the

comoustion Tield to be stratified in the y-direction, with a flat flame

s-eet at x = x,. The temperature and mass fractions are then functions

e x end t alone satisfying, for unit Lewis pumbers,
- -6/T
L(T) = -2L(X) = -2L({Y) = @ with 9 = DXYe 3 (2)

a/3t-2x 3/ax - 3°/3x° (3)

[
w

and the boundary conditions are
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y X2>0, Y+>Y_ as x+ -», T+7 X+X_,, Y*>0as x++=, (4)

£+’

Tae coelficie is tionel to €, 8o that en increass in the
Tae coefficient U is proportional to l/e, that i in th

straining rate causes e decrease in D. It is the respsnse of the

2ozzustion field 4o veriations in D that is of prizciprsl interest.

(%)

‘Since bota Lewis numbers have been taken equal to 1, there are two

Saveb-Zeldovich variavies (section 2.2), naxzaly

THX = T,+2_, TH2Y = T 42, (s)

whers . - —- - -

T, = i(Tfigrfc(-x)+Tf_erfc(x)], z_= Xferfc(-x), z, = Yferfc(x). (6)

3ota these variables are annihileted by 1 and satisfy the boundary
coniitions (k). Ve are left with a prodblem for the temperature alone,

“n2n X end Y are hereby suppressed in favor of T. Note that no

E R

tne reletions. We shell, however, be concerned solely with steady solutions
utsil section 5.

when
De'e/T +0 (1)

th1are is no chemical reaction, even if reactents are present, and the
2o=zustion is said to ©e frozen. There are two ways in which this can

2 Zrouziat shout:

(1) D + 0, the s=all DamkShler-number limit;

F (11) D .'ee/T* as 0 » » with T < T,, a creature of activation-

‘energy asympiotics.

In sase (1) the entire combustion field is frozen, whereas in case (ii)

onlr that portion where T falls below T, {s frozen.
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Wmen

08T 4 = (8)

there is nothing to beslance en infinite rsaction rate outside vanishingly

%nin layers (spatiel or temporsl), and so

XY - 0. {9)

At least one of the r=actants is not present, i.e. there is equilibrium.

Here, as for frozen combustion, there is no reaction, but for quite a

different reason.

There are two ways in which equilibrium can be achieved:

(i) D + =, the large Damk¥hler number limit;

8/T,
(i) D -~ e as 8 + » with T > T,, another creature of activation-

energy asy=ptotiecs.
In case (i) the entire combustion field is in eqnilibrium,'but in cese (ii) ,

only that portion where T rises above T, is in equilibrium. Because

of the nature of this limit, there is alweys the possibility of a reaction

zone, known as & Burke-Schumenn flame sheet, existing in the middle of an
equilibrium region; that cennot happen in a frozen region.

Simple analytical treatments are possible in these two limits,
frozen and equilibriur. So elementary is the first that we shall forego
discussion of it, concentrating instead on the second, which is called
the 3Surke-Schumann (eguilibrium) limit after en early, basic combustion
problem they considersd (see section 10.2). Large values of D are
easily obtained in practice, the reason why the limit was originally
introduced by Burke aad Schumann.

To the left of tﬁe flame sheet at x = x, there is no oxidant, and

to the right no fuel, The Shvab-Zeldovich relations (5) therefore give




Z_ 0 3(2.-2 )
A X = , Y= for x

z iz_-Z))

VA

Xy» (10)

(&)

gnd continuity across the flame sheet than regquires 7 Z+ there, i.e.

erf(x,) = (Y- If,/(';’:,*-?(f) (11)

which determines x,. The flame sheet lies in the lesner stream: x, $ O
L4

sccordingly 25 X, 2 Y.. The Tlame temperature is
f<°f

T, = (T + T, Y

o Xp + Tp Yo + 2K, Y )/ (X 4, )5 (12)

f
its structure (35), (36) will be derived in section 3 (for 6 + =),

2. The S-Shaped Burning Resoponse

The usual way of characterizing the solution is to plot variations in

same significant paraneter, such as the maximum temperature, with the

[ ety

P xf, Yf are such thet the combustior generates

a neat flux to both far fields, this response is S-shaped in the limit

Da=k8nler aumbder. If T

8 » o(figure 2). Certain physical conclusions can then be drawm.

If the system is in a state corresponding to & point on the lower
brenck, and D is slowly increased, the solution can be expected to
change smoothly until the point I is reached. Rapid tramsition to the

sper branch will then presumably occur, corresponding to ignition. A
suoseguen: slow decrease in 0 is likewise anticipated to produce a
smooth decrease in Durning rate until extinction occurs at E.

If one 5% ihe far fields loses heet, the response is monotonie, so that
the pheno-ena of ignition and extinction are absent. For high activation
energy ths transitior from a monotonic to an S-shaped response occurs

;~en the temperature gradient on one side of the flame sheet is small, a

case that is not difficult to analyze.




Y

Assume, without loss of gensrelityy, thet

(13)

toen th2 small temperature gradient must T2 on the right of the flame sheet,

Ve

i.e. hotter side. Ii it were on ihe colder side, the flexe terperature
(12) =would be close to T,_» which implies (in the limit of zero gradient)

X, = %(Tf_-rf+) <0, (1)

an impossidility. To ensure that Tr+ is close to the fleme temperasture,

eni hence that the temperature gradient is small on the hotter side, set

2Yf = 1f+-Tf_ + k/6 with k = const. (15)

Iv. s2exing an asymptotic solution es & + = we shall assume thet equilibrium
sreveils for x > x, even though T does not rise above T, by an 0(1)

ount there, and check & posteriori that the solution thereby constructed

il

fi

is sali-consistent.

In +iew of the assumption (15), the Shveb~-Zeldovich relations (Sb)

T + 2Y = T, +(k/26)erfc(x) (16)

T=T,, ¢ (x/28)erfc(x) for x > x,, n

s3imse ¥ =0 there. To complete the description of the combustion field
o:1side the reaction zone, we need the temperature in the frozen region
e-2328 0f the flame sheet, i.e. the linear combination of 1 and erf(x) that

tazes on the values Tf- at x = - and T, at x = x,; clearly
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T = [T,_{erfc(-x,)-erfc(-x)] + T,erfe(-x)}/erze(-x,) for x < x, . (18)

Tnis, like the result (1T), is corrsct to eny ordsr in &8 —, provided T,

is determined %o the same order. We shell oaly need lesding-order

exzuracy in the result (18), so thet taking

T* = Tf+ (19) ,
!
|

is zood encugh. Determination of the non-expandable x, comes from analysis

of the reaction zone, for which the leading-order result

X, = E(Tf_-Tr_Berfc(x*)-l-ixferfc(—x*) s (20)

.

2 consequence of the Shveb-Zeldovich relation (52}, is needed.

The eppropriate veriable in the reaction zone is

£ = e(x-x*)a (21)

so that ccefficients in the layer expansion

1.2
- cee t = T :
T = 'If'.*' 8 It"-i? + with ¢ (1/;)l (22) ;

ere considered to be functions of £. The Shvab-Zeldovich relation (Sb)
gives
Y = ;e"l'rfi(cé-m.)*-... with 6, = -k erfc(x*)/ZTa, (23)
£+

50 that the struciur2 equation is

2s7¢z? = D(s-8,)e™ with 0 = DX,e  T¥20°. (2k)

Yote thet D = 0(1) implies 2e~%/T = 0(8%) for x > X,: there must be

tne equilibrium ¥ = 0 on the right of the flame sheet since otherwise
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the reasction term in the Y-equation could not be balanced there. In other
words, our solution is self-consistent.

Equation (2L) is precisely the struciurs equation for the premixed
flemes discussed in section 2.4. Since the.gradient iT/dx vanishes
on tha right of the flame sheet, it determines the graziisnt on the left
(as was explained in section 2.5). But the latter is known in terms

of x, Tfrom the expression (18), so the result is an equation for Xy

nazmely
2 : - =0,l2
- 2 »
2(‘§.+-Tf_) ) * ) T /0X,e -)
/n. erfe(-x,) 8/2z,, °
ge

Waen tne definition (20) is used to eliminate Xy, o
e

equations (23) and (25) give ¢, (representing, when it is negative,
the meximum temperature in the combusiion field) and 0D as functions of
X4s i.2. the required relation between the mexirmum terrerature and the
Da=k¥hler nurber.

The corresponding response curve is shown in figure 3 for several
vositive values of the constant x; when k is non-positive, the
meximum temperature is T, ~and not Tf+-9-1T§+¢*. For k sufficiently
snall, the response is monotonic; otherwise it Is S-sheped. Responses

in the shepe of an § appear to de essociated with a2 flux of heat

away from the flame sheet on both sides, but this has never been proved.

3. GCenersl Extinction Analysis.

We turn now to the question of extinction in generel, i.e. when there
is an 0(1) heat flux away from the flame sheet in both directions. It is
found that the flame temperature on the whole upper branch of the S-response

differs by O(B-l) from the Burke-Schumann value {12) at its end; our

- B NRREE P DS &




-8.8-

extinction enalysis will use this fect. Because of the 0(1) drop in
temperature a#ay Trom the fleme sheet, the cozbustion fielld on 2ach side
is now frozen; nevertheless, the leading-orier solution outsiie the
reaction zone is identical 4o the equilibrium solution consiructed in the
lizit D+ » (sectisn 1). Thus, tha results (10),whicrh follow ‘rom

ejquilibrium and the Savabv-CZeldovich relations, hold for TO,X ¥ Fiaally,

o
before considering the flame-sheel structure, we define x, and T, by-
the formulas (11) end (12).

In the reection zone, the variable (21) and expansion (22) still apply,

while the Shvab-Zeldovich relations gives

-1.2 -
X = 30 lT*(¢+A£)+..., Y = 36 1T3(¢+ BE)+..., (25)
where
2
T e T
A= (T, Ty ¥2X)e /ATy>0, B = (Ty T, -2 )e //T,<0; (27)

the signs of A and B follow from the requirement that the flame
tempzrature be larger than the temperatures at both -« aud +w. The
tenperature equation therefore reduces to

-e/T,

a%6/ag® = D(4+a2) (o+BE)e™® with D = Ti De /ue3, (28)
under the boundary conditions
A4/dE = -A+... &8s E + -», d¢/Af = -B+... as £ + +=, (29)

which come from metching the leading terms in the expansions (26) with

XO =0 for x < x, and YO =0 forx>x, - (30)
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Tre problem (28), (29) determines th2 ;inimum valus 4§ (i.2. the maxiumun

tamdersture in the combustion fielé) es 2 function of D. It can be reduced to

cenonicel Form by writing

5 = oy, E = (&-3)/2 witn y = (2+3)/(a-3); (31)

a%s/az% = 133(«';22-52){“""’E vith O = 49/ (a-3)2 ‘ (32)
and

45/4E = ~1+... as £+ ~=, de/dI =1 4... as £ » +a. (33)

Various responses determined oy numerical integration of the problem (32),
(33) ere shown in figure 4; these C-shap2d curves correspond to the neigh-

borhood of the point E in figure 2. LKote that A > 0, B <0 imply
-1 <y < 1. (34)

Certain limiting forms of this problexn as ﬁg-*o are of interest.

(i) ™e Burke-Schumann limit

~ ~ ~ ﬂ2 -~ ~ -
a%4/a8? = (-89, ab/af = fle...es £ e (35)
is obtained by setting
5=9,71% 8 -07% (36)

~ris is th2 structure problem for the equilibrium solution discussed at the
ané o section 1l; it applies far to the right on the upper branch in
Sigzure 4. Zxistence and uniqueness have recently been vroved by Holmes.

(1i) The so-called premixed-flame 1init results on defining a small

parsmeter € by

Y
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e an(1/e) = o

=

sccording as Yy 2 O

and putting

-~

$ = d6-2mg, £ =& F fne.’
We find

a29/a8% = 2(338)e Ve

(37

(38)

(39)

and the boundary conditions (35b); existence of the solution requires

chenging from one equetion to the other when the sign of ¥ 1s changed.

The relevance of this structure problem to the lower branch in figure &

is discussed below. . .

(iii) The so-called partisl-burning limit corresponds to

Y = 0.

Delining ¢ by

e-ze'l/e =pt

(37

and setting

gives

dza/dg2 ze

and the boundary coaditions (35a). Cases (ii) and (iii) apply on the
lower branch in figure b and correspond to the X-perturbation becoming

large (y > 0), the Y-perturbation Yecoming large (y < 0), and the two

(40)

(k1)

(42)

(43)

perturbaﬁions becoming large simultaneously _

e e

N




LR S~ e
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(v = 0). They are of interest because evary point on the middle branch

of the S in figure 2 that is not too close to E or I corresponds
to a solution for which the flanme-sheat structure has ona of these
three forms. As an exemple we shall now demonstrate the genaral

applicebility of case (iii).

L. Partisl-Burning Braach '

This vart of the S is charecterizei by 0(1) velues of X, and ¥Y,,
nence the term partial-burning. It is convenient to prescride the flame

pet-34t

temperature T, (2lso the maximum tempersture) and calculate D, rather
than vice-versa.

On either side of the flame sheet the leading-order temperature is

T, = sz + (T*-Tf;)erfc(zx)/erfc(ix*) for x § x,. (Lh)

In order to determine x,, we anticipate a conclusion to be drawn from

the flame-sheet structure, to wit

Lixy-0) + £ (x,40) = 03 (45)
this gives
erfe(x,)/erfe(-x,) = (T*-Tf+)(T*~Tf_). (16)

Th2 Shvab-Zeldovich relations (5) then determine X, and Y,.
In the reaction zone, the variable (21) and expansion (22) still epply,

so that the structure equation is

- - -8/T
a%s/ag% = De™® with D = DX, Y,e /T, (L7)

waich is equivalent to the equation (L3). A single integration shows that

the derivative d¢/dx takes equal but opposite values at § = 2=  the origin

.
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o7 the relation (45). No informaticn is obteined about 0, hovever, except
t=2% it is proportionel to e and tharefore & rapidly decreasing function
ol T,; to dstermine it rajuires en exemination of higher-crder {erms.

Tnis structure is appropriate for <he lower part of the middle branch.
ks T, increases on =oving up the brznch, one of the mass fractions X,
or Y, decreases to zero; therefore, a different structure takes over,
craracterized by o(a'l) values of one of the mass fractions but still 0(13 )
values of the other. One or other of the equetions (39) then governs;

e/r* '

aga2in D is proportional to e . Further increase in T, towards the
Burke-Schumana value (12) causes thé remainiﬂg O(i) mas§ fraction_to

decrease until the structure (32), (33) is atteined. We forego further

discussion of the midéle branch since it corresponds to unstable solutions,

our final topic.

5. Stabilitw.

The middle branch has long been believed to be unstable, dut only
resently has the matter been confirmed methematically. To do so, the

problem must be examined on a time scale that is relevant to the reaction

zone, i.e. using a fast time
T = eat. (L8)
Tr= governing equations (2) show that
3T/8t = 3X/3t = 3Y/3t =0 (%9)

evarywhere on the two sides ol the flare sheet: T, X, and Y are described

to 2ll orders by the steady state.

On the other hand, in the reaction zone the time derivatives are as

izzortant as the diffusion terms, so that equation (28) vecomes

e
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325/aga-a¢/ar = D(o+i£)(2a+ BE)e'é. (50)

Correspondingly, eguetion (32) is replaced by
T a2 a5 al S -2 =2, -btI . =
3°0/3g"-54/3t = ve(oz-ez)e YL Litn T = (a-3)%x/h. (51)
Tnfinitesimal disturbances extal of the steady stats 50, vhich is the

solution of the provlem (32), are then described by the eigenvalue

oroolen

3y [v(g)_k]5l =0, 51 +0 as £+ =, . (52)

T
vV = ve(¢o-2¢o-s e - (53)

(Attention is restricted to disturbances satisfying the Shvab-Zeldovich
ra2latjons.)

This problem has been treatad by Taliaferro, Buckmaster & Nachman
(1983) who show, in perticular, that the tramsition from stable solutions
on the upper branch to unstable solutions on the middle bdbranch occurs
exactly at the static extinrction point E in figure 2. (The rigorous
part of the analysis is due to Taliaferro.) Stability on the upper branch

is typified by the Burke-Schumann limit (35), for which the corresponding

2igenvalue problem is
57 - (28 4803, =0 with A =023\, § +0as §+ s (54)
1l 0 1 e S

instability on the middle branch is exemplified by the premlixed-flame and
vertial-burning limits (39) and (43). For the former the eigenvalue

srovlem is
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” L. hgME
) - [2(228-3))e *1lg; =0 (55)

unier the boundary conditions (Sko); for the latter it is

-
-

&+ (e 203 =0 (56)
under the same boundary conditions.
tenderd treatmenis show that the spectrum of X is negative if $°
is everywhere positive, and that is ensured by the property ao > IE] of
the steady state. Peters was the first to spow,_g;beit.pnmerical;y, that
the problems (55) have eigenvalues with positive real part. (Peters
writes equations in a slightly different way from ours; his m is equivalent
to 2(1-]y|) and so is positive.) Matalon and Ludford noted, in a different
context, that the problem (56) has 2 positive eigenvalue. Indeed, the

steady state is

60 = gnl2 coshzi(g-gm)], (57)

where ém is an integration constant giving the loecation of the maximum

temperature, so that
A =1, §, = sech 3(5-¢ ) (s8)
ars seen t0 be an eigenvalue and its corresponding eigenfunction.

6. The Ignition Point.

The neighborhood of the point I in figure 2 can be analyzed by
considering perturbations of the frozen solution that raise the maximum
tezperature by an 0(6'1) amount. A similar analysis in the context of
spherical diffusion flames will be given in the next lecture, so we omit

the discussion for counterflow flames. The stability of the lower branch
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has not yet been exanined, but the conclusions must gzr2e with the

instability result for the partial-buraing sortion 27 the middle branch.
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Captions

8.1 Notation for the counterflow diffusion flame.
8.2 Ignition and extinction for S-shaped response.

8.3 Steady~state responses when the temperature gradient
in positive for x > 0 and small for x < 0 , the
latter being representative by K. Drawn for Xf = k(Tf+-Tf_) .

8.4 Extinction curves. For |y > 1 no turning point is
found numerically, a result that still lacks formal -]
proof.
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