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Lecture 10

EE-BOUNDARY PROBLEMS

Throughout these lectures we have ensured that the reasction terms
vanish everywhere except in a thin (flame) sheet, whose location has
to be found as part of the solution. So far this free boundary has been .
either a plane, a circular cylinder, a svhere, or a perturbation of one
of these; we now consider problems with more complicated free boundaries,
There are four different ways of confining the reaction to a sheet.
(i) Adopt the §-function model discussed in lecture T.
(ii) Take the hydrodynamic limit.
(iii) Take the Burke-Schumenn limit.
(iv) Use activation-energy ssymptotics.

In this lecture, which is an expanded version of Buckmaster (1982), we

shall briefly mention examples of (ii) and (iii), but most of the
discussion will deal with parabolic problems for premixed flames that arise

from (iv).

1. The Hvdrodynamic Limit

(3-10)
The jump conditions ( 3.9),1. imply that the flow will be diffracted

by .an inclined flame §urfece. If the flame speed W is much smaller than

the speed U of the fresh gas, i.e.

W=¢U with e << 1, (1)

a uniform flow
i
v = (u,0) (2)

is turned by a plane flame so that the velocity of the burnt gas is

= (U,2eU(0-1)) + ole,e), (3)
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where the sign is opposite to that of the flame slope (figure 1). The
corresponding Jump in pressure across the flame is O(e). Such a deflection
of the streamlines is a fundamental characteristics of tube flames (figure 2),
which are often slender (i.e. correspond to small g). |

In order to describe the shape of the flame when the prescribed efflux
from the tube is the plane flow U(f(n),0), we look for i(nterior) and

4

e{xterior) solutions

. Uz (n)+eu (ex,n)+... L. Avilen)+... . )
Uf(n)+eu§(ex,sn)+... evi(sx,en)+...

These expansions are consistent with the slender-flame approximation,
Buler's equations, and the jump conditions. Both the flame shape and
the flow field can be constructed in a straightforward manner (Buckmaster
& Crowley 1982).

In fact, a2 differential equation for the shape

n = tF(ex) (5)

2 .
of the flame can be deduced immediately. Since vi is 0(c®), it does
not contribute to the O0(e) normal velocity ahead of the flame, so that

the flame speed has the required value (1) if

1+ £(F)F' = 0, (6)
e result that is also true for axisymmetric flow. When

£(n) = 1-n2/a® with In] < a, ‘ (1)

i.e. the flow is Poiseuille, the flame shape is given by

F - F3/3a2 = €Y. (8)
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Only for slender flames can the shape be determined directly from the

given flow leaving the burner.

2. The Burke-Schumenn Linit

Tais limit arises in the context of diffusion flazes as 0 + =, As
we saw in section 8. , the fuel is then absent on one side of the flame
sheet and the oxidant on the other. The problem considered by Burke and
Schumann in their seminal work was the divided flow of fuel end oxidant
through concentric tubes with the fleme attached to the rim of the inner
tube (figure 3). If the oxidant is in excess, the flame terminates at
the exis, and is said to be overventilated; if there is an excess of
fuel, terzination occurs at the outer tube, an underventilated condition.

Jurks and Schumann neglected the effect of the flame on the flow,

i.e. they a2opted the constant-density apvroximetion over 50 years ago.

It is curious, in view of the enormous insight provided by their well-

known analysis, that to this day one finds, at scientific forums, objJections
to the zrrrorximaticn when it is used in activation-energy asymptotics. They
glso neglected longitudiral diffusion, a step that can be legitimized

by setting

X = x/U (9)
and letting U <+ =, The equations to be considered are then

- - 2
37/5% = 32T/3y2, X/ = K 1azx/ayz, 3¥/ax = L 132Y/ay (10)
under the lump conditions

8(7) = 6(X) = 8{(¥) = &(37/3y + 2K'18X/3y) = §(3T/3y + 2L'13Y/ay) = 0. (11)

The plan= version of the equations used by Burke and Schumann has been

“ritten because we shall considar a simpler, but related, problem than
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theirs. General Lewis numbers have 2lso been introduced, which necessitates
e slight modification of the Jump conditions derived in sg;tion 8.
Consider & plate, coincident with the negative x-axis, sevnarating
carallel and equally fast flows of oxidant and fuel (fizure k). The
initial conditions are
ey Xf 0

o= , X= , Y= for y 3 0 at x = 03 (12)
by v Y

£~ T
in fezet, X is required to vanish everywhere below the flame sheet and Y
everywhere above. The solution of the problem (10-11) can be written

in tarms of the similarity varisble

w = y/x (13)
as
3.
" [1_ erse(K?5/2) ] 0 | |
£ - 3~ . -
i= erfe({K u,/2) , Y = 1 for w 2 wy, (1k)
erfe(L%6/2)
0 Yf l - — 1
erfe(L®a,/2)
whers o, is given by
3_-K33/b 3- 3 -Lak/ 3
K L2eTM T erze(l?h,/2) = Y KT Terte(Kiu,/2). (15)

Corresvonding formulas for T could also be written.
“her the reactants are surplied in stoichiometric proportions (i.e.

-

X, =7,.) and in addition K = L, the fleme sheet coincides with the vositive

-~

x-2xt3, i.e. w, = 0. & Gecrease (increese) in X, or an increase (decrease)

1= K =oves the flame sheet up (down).
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Our simple problem has yielded to analytical treastment, but in general
the Burke-Schumann limit involves numerical integration of a tyve that

arises in the free-boundary problems of activation-energy asymptotics

to be treated next.

3. NEF Tivs

The most interesting examples of free-boundary provlems uncovered by
activation-energy asymptotics concern NEF's, and discussion of these exanmples
have almost invariably =zdopted the constant-density approximation. The
relevant equations and jump conditions have been developed in section 4.

The starting point is a steady plane deflagration in a uniform flow

with speed U greater than 1 (figure 5). The solution is

T, + Ypen -sznen
T={ ° * , h= for n : 0, (16)
H, = Tb 0

formulas trat have already been used in connection with plane-flame stability
{sectiorn 5). !ow consider the effect of introducing an adiabatic,
non-catalytic wall at the plane y = 0. For simplicity we shall take

2 =0, so that h vanishes identically and the problem reduces to one for

T alone, namely the free-boundary provlem

2

UaT/3x = VT for n<O0 and y > 0, (17)
T T, 37/3n » Y, as n > 0-, (18)
37/3y =0 at y =20, : (19)

T T, 4 yfe“ as x + -» with n fixed. (20)

e last condition comes from the requirement that, far from the wall, the

tamperature field has the description (16a); this structure gives way to a
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two-dimensional combustion field as the wall is approached. Here we have
the problem of = plane-flame tip for L = 1, the wall corresponding to the

line of symrmetry. No attempt has been made to solve it in this form beczuse

e

of its ellirtic nature.
If U 1is large, the formulation becomes parabolic, giving a classical
provlenm of stedan type. Thus, introducing the coordinate (9) and letting.

U + = converts the problex (17-20) into

aT/3x = 32T/3f2 for 0 <y < F(x), (gi) i
T+ T, 3T/ 3y ~ Y, as ¥y F(x)-0, (22)
/3y =0 at ¥y =0, . (23) )
T » Tf + Yf I¥X 49 X+ -=, (24)
wnare
/
vy = F(x) (25)

is the free boundary and the origin has been taken at the intersection of
the undisturbed flame with the wall, i.e.
lim [F(x)+x] = 0. (26)
X+
Thiz problem is identical to that of a plane flame approaching a parallel
adiavatic wall, with x playing the role of time.
The soluticn of the Stephan problem (21-24), and similar ones
that are discussed later, must be obtained numerically. Meyer's (1977)
zmethod of lines is particularly well suited to this task and is outlined
in 2n a2ppendix. + was used to obtain figure 6, which reveals a significant

insrease in flame speed as the flame sheet approaches the axis, i.e. near
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the tip. This adjustment on the diffusion-length scale of a NEF smooths
out the sharp tip predicted by the hydrodynamic analysis in section 1.
A similarity soluticn cen be constructed for such provlems in the
=eighboracod ol the tip. Satting
1 h {
T =7, + (~x)76(8) witk 0 = (x,-x)"7y, (21)

o

wnare xt gefires the location of the tip, leads to the differential equation
G" - 3aG' + 36 =0 (28)
and the boundary conditions

G'(0) = 0, Gluwy,) =0, G'(w,) =Y (29)

£
Zere the constant ;*, which has to be found, determirnes the locally paraboli

Slare sheet. The solution of equation (28) satisfying the conditions (29b,c)

SiML 5 2,

~ x /b 2
G = Yue sl & ands (30)
M
the condition (29a) is then satisfied if
32
L TUsR g2
5 e f 202 4y =1, tee. w, = 1.85. (31)

%
)

Tne similarity solution dreaks down in the neighborhosd of the tip where

9(1), but the extent o this neighborhood is given by

ot
3
w
iy
'-‘
ln
3
[{]
[
’—J
(9]
‘0
[§]
1
w

‘. - x = 0(U3) o (32)

-

2=d, hence, can be made arbitrarily small by taking U large enough.
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For 2 #0, i.e. L #1, the functicn h no longer vanishes end the
crodblem (21-2L) rust be augmented wiinh equations and conditions for h,

in particalar

/5y =0 for y = 0. (33)

Tre effects of Lewis number are also shown in figure 6. Decreasing

fro= 1 causes the tip to elongate and eventually assume a bulbous form.

It is tempting to terminate solutions of the latter type at the point §
in figure 6, for they then closely resamble the open flame tips seen in
th2 combustion of lean hydrogen or rich heavy-hydrocarbon nixtures,
mixtures for which the effective Lewisnumber is significantly less than 1.
3ut the mathematics gives no clear-cut reason for doing this; the only
suzzestion is the marked decreasse in terperature along the flared portion
ol the flams.

The negatlive flame speeds associated with those portions of the flame

ositive slope, although curious, do not violate the physics. There

‘y
3
ol
1oy
g

is a diffusive flux of reactant in the y~direction towards the flame sheet
tc maintain the combustion.

v
=

b, TP VWall-Quenching

nen the wall is not aiizbatic, the problem is no longer relevant to
fiame tips. TFor a ccolad wall it models, in a rough sense, the behavior
0f 2 flame near a burmer rim (figure 7). It corresponds more precisely
to the propagzation of a tlane wave towards & parallel cooled wall, but
our 3discussion will be couched in terms of burner flames.

A flame can be staobilized on a Bunsen burner only under a limited

ranze of conditions. Outside this range either "blow-off" will occur

53 =rat the flame tecomas detached from the burner, or "flashback"

will taxe place, the flame traveling to the base of the burner via
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the inner well of the tube. The tendency fcr flashback is easy to under-
stand: a premixed flame will travel upstresm unless the gas speed is
greater than the flame speed, and at the surface of the burner tube

the gas spe=d falls to zero. Flashback is, therefore, inevitable unless
there is some mechanism to prevent the flame from reaching the surface.
Heat transfer from the gas to the tube, guenching the reaction that
sustains the flame, is cormonly regarded as one such mechanism; the

free-boundary problem under discussion illustrates this mechanism.

The boundary conditions at the wall are taken to be

3T/ 3y k(T-Tf)/e, ¥/3y =0 at y =0, (3k)

aT/3y = 0, ah/3y = k(T—Tf) at ¥y =0 (35)

in the JET formulation. At the same time, the problem will be generalized

slightly ©y considering a not necessarily uniform flow
y = (Uf(y),0) as U » =, (36)

This is more realistic than a uniform flow when the no-slip condition at

the wall is satisfied by taking £f(0) = 0. We shall set £ = 0 so as to

filter out the enthalty loss or gain at the flame due to unbalanced diffusion
of temperature and reactant.

The problem is again numerical, but certain features can be derived
analytically. So long as the flame intersects the wall, a similar ty
solution describes its behavior there; when it extends to x = =, fhere
is an asymptotic solution.

Consider first

fly) = 1; (37)
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later we will briefly discuss the more realistic choice (53). We shall assume

that
T + Tb as yx -» o, (38)
the approach being exponential in y, and that J
-3
X ‘F(x) +0 as yx + =, (397

“nere F 1is the free-boundary function (25). Self-consistency of the
resulting asymptotic description will be checked in due course.
We start with the problem for h (which has no Jumps at the flame

steet) and write

(1), (@), (3 (40)

h=h

whers h(l),h(z),h(3) satisfy the heat equation (21) individually, the

ooundary conditions

ah(l)/ay = kY_, ah(e)/ay =0, Bh(3)/3y = k(T—Tf-Yf) at y=0, (k1)

f

and vanish exponentially repaidly as y = «. The condition (38) ensures

[34

net h(3) is exponentially small as ¥+ and so need not be considered
further. The asymptotic behaviors of the two remaining functions are

determined by similarity solutions of the heat equation. Thus
(1) 3.,- - 3 = rtola 3%/
h 70 x*G(w) with @ = y/x%, 6 = ka[werfc(m/2)~(Zﬁﬁ)e ] (k2)

ani h is asymptotically e sum of the eigensolutions

- 2 ‘
X2TE@) witn £ = e 8, (Grv2)s o (u3)

here n 1is a norn-negative integer and D is the parabolic cylinder

! Tunction. Since 2ll the eigensolutions vanish as x + =, we need not

(2)

farther.

l ccrsider h
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(1) : £, 3 - &3
Only h is left and from it we finé
] - -
n/x® = -2xY_/V= + 0(w) for & szell. (bh)

1
In view of the nypothesis (39), setting & = x °F in this expansion gives

the value of h at the flame sheet, so that

i

by (2ka//FT§)x%[l+o(l)] as x + =. (¥5)

Consider now the asymptotic behavior of
T=T +YT. (46)

The appropriate modification of the problem (21-24) is

3T/3x = 3°T/33° for 0 < 3 < F(x), (47)
T > 0, aT/3y ~ exp(-4,/2) as y + F(x)-0, (48)
aT/3y = 0 at y = 03 (¥9)

the initial conditions (at x = -=) are omitted. The solution is

< = L
Fx) ~wex's T~ exp(-kax%//ﬁTi)x’G(w) with @ = y/x°, (50)

G" + 2% = 0, G'(3) =0, 6(a,) =0, G'(3,) =1 with 32=5Yf/2/%T§. {51)

ote thst the result (50a) is consistent with the assumption (39) under
wnich it was obtained. The constant w,, whici has to be bound, de--rmines
+ne asymptotic shage (50a2) of the Tlame sheet. The solution of the

equetion {5la) satisZying the conditions (51b,d) is

G = -cosaii/a sin aiy; (52)
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the condition (5lc) is then satisfied if

aw, = (n+3)w

(53)

for soze inTager n. A further requirement comes from the meximum principle

for the hest eguation, namely T < T, everywhere. The only acceptable n is

b

zero and we have

G, = /" T, /V2T.
A similar analysis is possible when
£(y) = v,

a more realistic choice physically. Now

(1) 1/

o) ~ G( 3) with @ = y/)(ll3

2 that

h/)(1/3 2/3

- =3 ka/r(2/3) +0(p) for w small;

and

be = (32 3cx,/1(273)72 ) 3140(1)] as x > =

_1/3F(x) +0 as x + o.

The T-problex has the solution

~ .2
2(x) = B2 I

where

2-~

G"+ =0, 3'(0) = 2, G(d,) = 0, G'(uw,) =1 with a3=371/3

. G = kY ar(-1/3,5°/9)/1(-1/3),

, - exn(- 3?3y x1/3/2T(2/3)T§)x2/9G(m) vith o = ¥)x2/9

(54)

(55)

(56)

(57)

(58)

(59)

»(60)

=373y s2r(2/3)%2 (61)

Tinally, the maximuzm principle leads us, as before, to the conclusion that
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3 1/3
533, j5(225%/%/3) 37/3r(2/3)1%°
G2 -3/2 v Ya =< 2uY ) ’ (62)
am*J2/3(Qam* /3) 3

where r is the smallest zero of J_l/3(r).

These results suggest a simple dichotomy: for sufficiently small heat
loss, the Clame eventually intersectsthe wall {a necessary condition for
flashback); but for lerger velues of k the flame ultimately moves
away from the wall, in particular according to the result (60a) for
the flow (55), and flashback cannot occur. Figure 8§ shows Buckmaster's
nunerical solutions; clearly an increase in X tends to reduce the flame
speed near the wall. TFor moderate values of k, he obtained slightly
bulbous shapes (cf. flame tips for L < 1), suggesting thet this would
be the cases for all sufficiently large k. Numerical re-examination of

questior has, nowever, provided good evidence that the dichotomy mentioned

above does inéeed occucr.

5. Strairinz JEFs

So far we have dealt only with parallel Flows, »u® parabolic free~
boundary droblems can also be formulated for the more general velocity
fields

v = Ug(x/U,y/U) with U >> 1. (63)

These are fast flows «with Py = 0(1); more precisely, each is effectively
made up of an uniform flow and 2 simple strain, both of which vary slowly.
The angle detween the “lame and the streamlines is small, so that it stays
close to a single streamline. If x is measured along the streaml:.= and
y pervendicular to it, the velocity in the neighborhood of the stfeam—

line is approximated by

y = (Vg ,-a}y) (64)
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where qo(x) is the speed on y = 0. In the limit U -+ = the NEZF equations

(5. ) beccme

(qoa/ax-qéya/ay)(T,h) = 32(T,h+1T)/3Y2. (65)

and these are amenable to numerical treatment for any choice of qo. Modest
veriations in 2 do not have a substantial qualitative effect, so that we
snell set ¢ = 0.

Two examples will be considered, namely
qo(x) = ,35 sinx for 0 <y <& , .35(x-2x3/3-x5/5) for x>0. (66)

Eszcon of these has & stagnation point as x + 0, where the analysis leading
tc equations {65) breaks down; nevertheless the corresponding stagnation-
roint solution constructed in section L. provides the correct initial
ccrnditions. Figure 9 shows, for each example, a correlation between
tn2 flame sz2ed W and the strain rate qé, 2 measure of the stretch
exzerienced oy an element of the flame: as the stretch increases (decreases)
tns flame speeéd decreeses (increases).

Tre conclusion is not necessarily valid in other circumstances,
howaver, &s can be seen from analytical results obtained by Buckmaster

(13232) for a general, small but rapid velocity change

-

g =1+ ea(X) with 0 <e<cl, X =x/e° (67)

on the scale of Y. The wave speed has the explicit representation

_ % o
W) =1 -3 [

-00 /;_u

a2 “ormula that, surprisingly enough, is valid for all values of &. There

au, T (68)

is no strong connection between the behavior of W and changes in the stretch
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] €Q'; in fact, a change in the sign of the stretch has more influence

Tre result (63) shows that 4 can te chosen (with a degree of

bitrariness) to make W vanish at any given point. The possibility

i

of decreasing the flane speed to zero at a voint by adjusting the velocity

field has not been demonstrated vefore.

5. Srearing NEFs

We conclude our discussion of free-boundary problems by briefly
describing the effect of shear on a vremixed flame. The wall is
removed and a lineer shear flow is inserted for y < 0, the flow being

assuzed uniform for y > 0. DMore precisely,
£(y) = for y 20 (69)

in the expression (36).

Numerical resuits have been obtzined, in particular for w = 5. Here
we shall be content to describe the solution in the limit of very strong
shear, i.e. w + «. Then the equations in the lower half-plane simplify

to q

3T/3x = an/3x = 0, (70)
siving the solutiaz

T=" h = 03 (71)

Teo

+hese become bouniz»i conditions ( &t y = 0) on the solution in t2 upper
ralf-rlane.

The asymptotic benavior as x-+« is particularly simple, depending

Lz

only on y:

MR ET ST D
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T /F(=) ~2Y /7 (=)
T = ,» h= for y § F(=), (12)
T -lY.‘
D *
woare
Fl=) = e’. (13)

Iumerical integration shows how the remote combustion field (16) is
trznsformed into the asymptotic fiela (72). The flame speed vanishes
as Y * = and is negative or positive in the neighborhood of inrfinity

accordingly as ¢ is positive or negative.

zoendix. The Method of Lines

Counsidert’ e parabolic free-boundary problem (21-24). Let

Tp(y) = Tlx_»¥)s T, = Flx,), ()

ani aporoximate the rartial &ifferential eguation (21) by the ordinary

3if7arential equation

mit = kY - 3+ LY = -
T T“/ux ‘n-l/Ax with ayx xn X (75)

n-1°

-y :

Zzring determined Tn ; at the previous step, we rust integrate this

second-order equatioz for Tn along the line x = xn subject to three

beundary conditions (22,23). The integratiocn will, therefore, determine

ncT only Tn but also 7
Let A(y) be tae solutiorn of equetion (75) with 4(0) =1, A'(0) =0

ans let B(y) be the solution with 4(0) = A'(0) = 1. Then
T = (4-3)o + B (76)

{5 whe solution satisfying

T, (0) =%, TA(O) =0, (N
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ard from it we may calculate
= (A'-3')o + B'. (18)

Zliminetion of b from the eguations (75),(79) gives 2 relation of the

forn

T!': =T+ 9, (79)

where P(y) and Q(y) could be written in terms of A and B. The initial

coaditions (77) show that
P(0) = q(0) = 0, (8a)

since ?,Q (like A,B) are independent of the parameter b. The key step
is to find differential equations for P,Q.
If Té and Tg ere eliminated between the two equations (75),

(79) we are left with

Tn(P'*'Pz-l/Ax) + (Q'+PQ+Tn_l/Ax) = 0. (81)

Since only 'I'n depends on b, the parentheses must sevarately vanish,
giving & pair of first-order differential equations for P,Q. MNumerical
integration, under the initial conditions (80), then determines these

functions.

The position y = Fn of the free boundary can now be determined

as a root of the egquation
Y, = P(Fn)Tb + Q(Fn), - (82)

obtained by substituting the flame-sheet conditions (22) in the relation

/‘—'—-—_——-\
(79). With F found in this way, the relation

V-
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(consider=d as a first-order differential equation for Tn) can be integrated
towardsy = O with the initial condition Tn(Fn) =T, to determine Tn(y).

The method is quick, efficient, 2nd requires no iterations.
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Captions

Diffraction of streamlines at flame surface.

Tube flame.

Burke-Schumann's problem: diffusion flame (a) over-

ventilated, (b) underventilated.

Simpler version of Burke~Schumann problem.

Plane flame in uniform flow.

Plane NEF tips.

Flame near a burner rim.

Flame-sheet profiles for cold-wall problem.

with
fields

Variation of flame speed W and skretch qé
X for the more general non-uniform velocity

(66a,b).
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