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Lecture 10

FREE-BOUNDARY PROBLE4S

Throughout these lectures we have ensured that the reaction terms

vanish everywhere except in a thin (flame) sheet, whose location has

to be found as part of the solution. So far this free boundary has been

either a plane, a circular cylinder, a sphere, or a perturbation of one

of these; we now consider problems with more complicated free boundaries.

There are four different ways of confining the reaction to a sheet.

i) Adopt the 6-function model discussed in lecture 7.

(ii) Take the hydrodynamic limit.

(iii) Take the Burke-Schumann limit.

(iv) Use activation-energy asymptotics.

In this lecture, which is an expanded version of Buckmaster (1982), we

shall briefly mention examples of (ii) and (iii), but most of the

discussion will deal with parabolic problems for premixed flames that arise

from (iv).

1. The Hydrodynamic Limit

The jump conditions (3.9),@imply that the flow will be diffracted

by an inclined flame Sv'af.e. If the flame speed W is much smaller than

the speed U of the fresh gas, i.e.

W cU -ith l << 1, ()

a uniform flow

v (U,0) (2)

is turned by a plane flame so that the velocity of the burnt gas is

r -e + o(c,e), (3)

i4
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where the sign is opposite to that of the flame slope (figure 1). The

corresponding Jump in pressure across the flame is O(e). Such a deflection

of the streamlines is a fundamental characteristics of tube flames (figure 2),

which are often slender (i.e. correspond to small c).

In order to describe the shape of the flame when the prescribed efflux

from the tube is the plane flow U(f(n),O), we look for i(nterior) and

e(xterior) solutions

u =[f(n)+c v (cxcxi)+...

Uf(n)+cui(excn)+"" -

These expansions are consistent with the slender-flame approximation,

Euler's equations, and the Jump conditions. Both the flame shape and

the flow field can be constructed in a straightfor-ward manner (Buckmaster

& Crowley 1982).

In fact, a differential equation for the shape

= -F(Cx) (5)

i 2)
of the flare can be deduced immediately. Since v is O(C , it does

not contribute to the O(c) normal velocity ahead of the flame, so that

the flame speed has the required value (1) if

1 + f(F)Ff = 0, (6)

a result that is also true for axisymmetric flow. When

f(1) = -1a 2 w'.th InI < a, (7)

i.e. the flow is Poiseuille, the flame shape is given by

F - F /3a -x. (8)

6F3/-a 2

fJ~..1
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Only for slender flames can the shape be determined directly from the

given flow leaving the burner.

2. The Burke-Schumann Limit

This limit arises in the context of diffusion flames as P . -. As

we saw in section 8. , the fuel is then absent on one side of the flame

sheet and the oxidant on the other. The problem considered by Burke and

Schumann in their seminal work was the divided flow of fuel and oxidant

through concentric tubes with the flame attached to the rim of the inner

tube (figure 3). If the oxidant is in excess, the flame terminates at

the axis, and is said to be overventilated; if there is an excess of

fuel, termination occurs at the outer tube, an underventilated condition.

Burke and Schumann neglected the effect of the flame on the flow,

i.e. they adopted the constant-density approximation over 50 years ago.

It is curious, in view of the enormous insight provided by their well-

known analysis, that to this day one finds, at scientific forums, objections

to the a-zroximation -,hen it Is used in activation-energy asymptotics. They

also neglected longitudinal diffusion, a step that can be legitimized

by setting

x = x/U (9)

and letting U * . The equations to be considered are then

a2 T/y 2, Wax/ = K- a 2x/ay 2 , aY/ax = L-la2y/ry2 (0)

under the ,-.p conditions

6(T) = 6(X) = S(Y) = 6(a-T/Vay + 2K-1 x/way) = 6(aT/ay + 2-l a/y) = 0. (11)

Fhe olane version of the equations used by Burke and Schumann has been

w-ritten because we shall consider a simpler, but related, problem than
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theirs. General Lewis numbers have also been introduced, which necessitates

a slight modification of the Jump conditions derived in section 8.

Consider a plate, coincident with the negative x-axis, separating

parllel and equally fast flows of oxidant and fuel (fi.,ure 4). The

initial conditions are

T X = [f, Y =[ for y 1 0 at x = O0;12
TJ( X0~=for > ax 0 (12)

in fact, X is required to vanish everywhere below the flame sheet and Y

ever.where above. The solution of the problem (10-11) can be written

in terms of the similarity variable

= y/x (13)

as

X. erfC(K*/2), Y for w , (14)

0 Y~~_L~ rfc( L' 2)l
0 Y~f[l]

erfc (.,/2)

where , is given by

2, 1 1 , 2
X e-KZ./1 r * (-[ J,/2) = Yf Ke- LW*l4erfc (K ./2). (15)

Corresponding formulas for T could also be written.

Then the reactants are supplied in stoichiometric proportions (i.e.

Y= ) and in addition K = L, the flame sheet coincides with the positive

-s, i.e. * = 0. A decrease (increase) in X or an increase (decrease)

n -ov,,es the flame sheet up (down).

-i. .. . - -, ' - .I - -I I
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Our simple problem has yielded to analytical treatment, but in general

the Burke-Schun-ann limit involves numerical integration of a type that

arises in the free-bou-ndary problems of activation-energy asymptotics

to be treated next.

3. ',EF Tics

The most interesting examples of free-boundary problems uncovered by

activation-energy asymptotics concern ITEF's, and discussion of these examples

have almost invariably adopted the constant-density approximation. The

relevant equations and jump conditions have been developed in section h.

The starting point is a steady plane deflagration in a uniform flow

-ith speed U greater than 1 (figure 5). The solution is

T = n h for (16)
H_ = Tb 0

formulas that have already been used in connection with plane-flame stability

(section 5). ITow consider the effect of introducing an adiabatic,

non-catalytic -wall at the plane y = 0. For simplicity we shall take

Z = 0, so that h vanishes identically and the problem reduces to one for

T alone, namely the free-boundary problem

U9/3x = 72T for n < 0 and y > 0, (17)

T Tb ,  T/3n - Yf as n - 0-, (18)

7/ay = 0 at y 0, (19)

T +Yfn as x - with n fixed. (20)

The last condition comes from the requirement that, far from the wall, the

tenmerature field has the description (16a); this structure gives way to a

. . .. - .......... .. .. I - : . .. . . .. ".... ' "- ; :"'i * -k % -
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two-dimensional combustion field as the wall is approached. Here we have

the problem of a plane-flsme tip for L = 1, the wall corresponding to the

line of syrnetry. No attempt has been made to solve it in this form because

of its ellimtic nature.

If U is large, the formalation becomes parabolic, giving a classical

problem of Ste-v type. Thus, introducing the coordinate (9) and letting.

U - w converts the problem (17-20) into

2 *2
aT/9X = a T/ay for 0 < y < F(×), (21)

T T , BT/y -Yf as y - F(X)-0, (22)

b Yf

T/ay = 0 at y = 0, (23)

T T f + Yf ey +x as X - , (24)

where

y = F(X) (25)

is the free boundary and the origin has been taken at the intersection of

the undisturbed flame with the wall, i.e.

lim [F(X)+x] = 0. (26)

This problem is identical to that of a plane flame approaching a parallel

adlabatic wall, with X playing the role of time.

The solution of the Stephan problem (21-2h), and similar ones

that are discussed later, must be obtained numerically. Meyer's (1977)

method of lines is particularly well suited to this task and is outlined

in an appendix. It was used to obtain figure 6, which reveals a significant

increase in flame speed as the flame sheet approaches the axis, i.e. near

" "..I I i I 7 ,11
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the tip. This adjustment on the diffusion-length scale of a IE? smooths

out the sharp tip predicted by the hydrodynamic analysis in section 1.

A similarity soluticn can be constructed for such vroblems in the

neighborhcod of the tip. Setting

Tb (X-×XPG( ) ,'it-' h (X (-X)-2'y,
4. i(27)

.(here Xt defines the location of the tip, leads to the differential equation

G" - 2G' + 2G = 0 (28)

and the boundary conditions

G'(0) = 0, G(w,) = 0, G(w) = Yf. (29)

.ere the constant .*, which has to be found, determines the locally paraboli

f'lame sheet. The solution of equation (28) satisfying the conditions (29b,c)

-22
-*/4 ' 21h /4 2

G = Y-Je ,f e dx/x (30)

the condition (29a) is then satisfied if

-2

e f 5*t/2eX2 dx = 1, i.e. ,= 1.85. (31)

0

7he siilarity solution breaks do-..-n in the neighborhood of the tip where

the flame sloze is 0(l), but the extent of ;his neighborhood is given by

L2

X. - x = O( -2) (32)

ad, hence, can be made arbitrarily small bY taking U large enough.

1I
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For Z # 0, i.e. L # 1, the function h no longer vanishes and the

problem (21-24) must be augented -with equations and conditions for h,

n particular

Th/3y = 0 for y = 0. (33)

The effects of Lewis number are also shown in figure 6. Decreasing

from 1 causes the tip to elongate and eventually assume a bulbous form.

It is tempting to terminate solutions of the latter type at the point Q

in figure 6, for they then closely resemble the open flame tips seen in

the combustion of lean hydrogen or rich heavy-hydrocarbon mixtures,

mi.tures for which the effective Le'is number is significantly less than 1.

But the mathematics gives no clear-cut reason for doing this; the only

suzgestion is the marked decrease in temperature along the flared portion

of the flame.

.he negative flame speeds associated with those portions of the flame

wz-h positive slope, although curious, do not violate the physics. There

is a diffusive flux of reactant in the y-direction towards the flame sheet

to maintain the com=bustion.

h. ":-.Wall-2uenchinz

".Then the wall is no- adiabatic, the problem is no longer relevant to

flame tins. For a cooled ,;all it models, in a rough sense, the behavior

of a flame near a burner rim (figure 7). It corresponds more precisely

to -he propagation of a plane wave towards a parallel cooled wall, but

our discussion will be couched in terms of burner flames.

A flame can be stabilized on a Bunsen burner only under a limited

range of conditions. Outside this range either "blow-off" will occur

so t:at the f!ame becomes detached from the burner, or "flashback"

will take place, the flame traveling to the base of the burner via

1. tI'
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the inner wall of the tube. The tendency fcr flashback is easy to under-

stand: a zremixed flame will travel upstream unless the gas speed is

greater than the flame speed, and at the surface of the burner tube

zhe gas speed falls to zero. Flashback is, therefore, inevitable unless

there is some mechanism to prevent the flame from reaching the surface.

Heat transfer from the gas to the tube, quenching the reaction that

sustains the flame, is cormonly regarded as one such mechanism; the

free-boundary problem under discussion illustrates this mechanism.

The boundary conditions at the wall are taken to be

aT/3y = k(T-T )Ie, Y/Vay = 0 at y = 0, (34)

i.e.

aT/3y = 0, 3h/ay = k(T-Tf) at Y = 0 (35)

in the EF formulation. At the same time, the problem will be generalized

slightly by considering a not necessarily uniform flow

y = (Uf(y),O) as U -, -. (36)

This is more realistic than a uniform flow when the no-slip condition at

the wall is satisfied by taking f(O) = 0. We shall set t = 0 so as to

filter out the enthaloy loss or gain at the flame due to unbalanced diffusion

of temperature and reactant.

The problem is again numerical, but certain features can be derived

analytically. So long as the flame intersects the wall, a similar'-ty

solution describes its behavior there; when it extends to X = , there

is an asymptotic solution.

Consider first

f(y) - ; (37)
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later we will briefly discuss the more realistic choice (55). We shall assum

th~at

T -Tb as X*-., (38)

the approach being exponential in X, and that

x-F(x) -,- 0 as x (391

where F is the free-boundary function (25). Self-consistency of the

resulting asymptotic description will be checked in due course.

We start with the problem for h (which has no jumps at the flame

sheet) and write

W (2) (3)
h = h() + h + h , (h0)

-,-here h (1) h(2) satisfy the heat equation (21) individually, the

boundary conditions

ah() /ay = kYf, Zh(2)/ay = 0, ah(3)/ay = k(T-T f-Yf) at y=O, (h)

and vanish exponentially repaidly as y - -. The condition (38) ensures

that h(3 ) is exponentially small as X-- and so need not be considered

fur.ther. The asymptotic behaviors of the two remaining functions are

determined by similarity solutions of the heat equation. Thus

X ( ')1 -2 / b

h(!) X G() with W = Y/X , G = kYf[ erfc(w/2)-(2/v{)eW/h] (h2)

and h (2) is asymptotically a sum of the eigensolutions

2
X-E with E = e D2n (/12); (43)

here n is a non-negative integer and D is the parabolic cylinder

function. Since all the eigensolutions vanish as X -, we need not

cc-sider h( 2 ) further.

II I I I I I- I- -



Only h is left and from it -we find

h/X2 = -2kYf,/$r + 0() for w small. (44)
1

In view of the hypothesis (39), setting 1 = X-F in this expansion gives

the value of h at the flame sheet, so that

2 1
(2kY fb)X'[1+o(l)I as X * "o (45)

Consider now the asymptotic behavior of

T = Tb + YfY. (46)

The appropriate modification of the problem (21-24) is

2- 2a TFIOx = a T/'y for 0 < y < F(X), (4T)

0 0, aT'/ y - exp(-O,/2) as y - F(X)-O, (4i8)

T/ay = 0 at y = 0; (19)

the initial conditions (at x - ) are omitted. The solution is

F(X) - W'4 T- exo(-kY f X /JwT j- ) -with a = y/X4,(5.w.x", T- ,ith )

-;here

+ a = 0, G'(3) = 0, G(W,) = 0, G'(3) = I with a2=kYf/2/_T 2 . (51)

:ote that the result (50a) is consistent with the assumption (39) under

which it was obtained. The constant ,, which has to be bound, dez--rmines

the asymptotic share (50a) of the flame sheet. The solution of the

ecuation (51a) satisr'ying the conditions (51b,d) is

G = -cosa /a sin a ,; (52)

fI
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the condition (51c) is then satisfied if

a*= (n+21)r (53)

for some inzeger n. A further requirement comes from the maximum principle

for the heat equation, namely T < Tb everywnhere. The only acceptable n is

zero and we have

7r 5 Tb/h Tb/2kYf (54)

A similar analysis is possible when

f(y) = y, (55)

a more realistic choice physically. Now

(1)_ 1/3 1/3, ar - 3 3
() -!/3G(w) with & = y/xI , G = kY f (-/,/9)/r(-1/3), (56)

so that

h/x!/3 - -32/3kY f/r(2/3) +O( ) for w small; (57)

and

= (32/3ky /r(2/3)T 2)xI/3[+o(l)] as x (58)

prori ded

x F(x) as x (59)

The T-roble has the solution

F()-x 2 9, kYfX/ (2/3)T ) 2/9G(@) with yX2 ,(6o)

where

G"+ 2 -G = 0, G'(O) = 0, G(,) = 0, G'(w*) = I with a3  -1/3 kY/2(2/3) T.(61)

Finally, the raxi-um principle leads us, as before, to the conclusion that
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T/1/3
J_1/3 (2a&31 /3)  =(3 1r(2/3)T r2  1

G=he a *J2/3 (2aj3/2/3 ) , (3 =2/ ) , (62)

-where r is the smallest zero of J-ll3(r).

These results suggest a simple dichotomy: for sufficiently small heat

loss, the flame eventually intersectsthe wall (a necessary condition for

flashback); but for larger values of k the flame ultimately moves

away from the wall, in particular according to the result '(60a) for

the flow (55), and flashback cannot occur. Figure 8 shows Bucl~ster's

numerical solutions; clearly an increase in k tends to reduce the flame

speed near the wall. 'For moderate values of k, he obtained slightly

bulbous shapes (cf. flame tips for L < 1), suggesting that this would

be the case for all sufficiently large k. Niterical re-examination of

question has, however, provided good evidence that the dichotomy mentioned

above does indeed occur.

5. Straining NEFs

So far we have dealt only wiith parallel °flovs, but parabolic free-

boundary problems can also be formulated for the more general velocity

fields

y = Ua(x/U,y/U) with U >> 1. (63)

These are fast flows -with 7- = 0(l); more precisely, each is effectively

made up of an unifor- flow and a simple strain, both of which vary slowly.

The angle between the flame and the streamlines is small, so that it stays

close to a single stre-mline. If X is measured along the streamliL.e and

y perpendicular to it, the velocity in the neighborhood of the stream-

line is approximated by

y = (Uq0,-qy) (64)

---- ---- ---I.I I7I
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-here q0 (X) is the sPeed on y = 0. In the limit U - the NEF equations

(4. ) beco-e

2 2(qo3I/X-qoyaIly)(T,h) = 3 (T,h+ZT)/y2, (65)

and these are amenable to numerical treatment for any choice of qo. Modest

variations in Z do not have a substantial qualitative effect, so that we
*

shall set I = 0.

Two examples will be considered, namely

q (x) = .35 sinx for 0 < X < i , .35(X-2X3/3-x5/5) for x> 0. (66)

Each of these has a stagnation point as X - 0, where the analysis leading

to eouations (65) breaks down; nevertheless the corresponding stagnation-

point solution constructed in section 4. provides the correct initial

conditions. Figure 9 sho.s, for each example, a correlation between

th_= flame s.eed '.! and the strain rate a', a measure of the stretch-o

e:.erienced by an element of the flame: as the stretch increases (decreases)

the flame sneed decreases (increases).

The conclusion is not necessarily valid in other circumstances,

however, as can be seen from analytical results obtained by Buckmaster

(! 2) for a genera, small but rapid velocity change

qo= + CQ(x) with 0 < e << 1, x = X/C2  (67)

on the scale of x. The wave speed has the explicit representation

=1-) = 1 dii, (68)

a formula that, surprisingly enough, is valid for all values of 1. There

is no strong connection between the behavior of W and changes in the stretch

-
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eQ'; in fact, a change in the sign of the stretch has more influence

on X.

T-he result (68) shows that G can be chosen (with a degree of

arbitrariness) to make W vanish at any given point. The possibility

of decreasing the flame speed to zero at a point by adjusting the velocity

field has not been demonstrated before.

6. Shearin 'MFs

We conclude our discussion of free-bou.dary problems by briefly

describing the effect of shear on a premixed flame. The wall is

removed and a linear shear flow is inserted for y < 0, the flow being

assu-ed uiniform for y > 0. More precisely,

f(y) L for y < 0 (69)

in the exression (36).

.umerical results have been obtained, in particular for w = 5. Hfere

-we shall be content to describe the solution in the limit of very strong

shear, i.e. w . Then the equations in the lower half-plane simplify

aT/3x = ah/x = 0, (70)

giv'ng the solution

T = Tf, h = 0; (71)

these become boundar- conditions ( at y = 0) on the solution in t'.e upper

ha1f-p! ane.

T e asymptotic behavior as X- is particularly simple, depending

only on y:

7
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S+YIF(-)-Y/F()

T +Y h for y < F(-), (r2)

T..

where

F() = e . (73)

1'rherical integration shows how the remote combustion field (16) is

transformed into the asymptotic field (72). The flame speed vanishes

as X a and is negative or positive in the neighborhood of infinity

accordingly as t is positive or negative.

A=.endix. The Method of Lines

Considert' e parabolic free-boundary problem (21-24). Let

Tn(y) = T(X'y), F n F(Xn), (74)

ani approximate the zartial differential eauation (21) by the ordinary

-ifferential eauation

T" = T /ax - T_/A X  with UX = X-XnlI  (75)

H:-,-ing determined Tr_ ! at the previous step, we must integrate this

second-order equation for Tn  along the line X = Xn  subject to three

bondary conditions (22,23). The integration will, therefore, determine

no-. only T nbut also ,

Let Ay) be the solution of equation (75) with A(O) = 1, A'(o) = 0

an! let B(y) be the solution vith A(O) = A'(0) = 1. Then

T =(P-B)b + B (TO

-s -he solution satisfying

Tn(0) b, T'(0) = 0, (jy)

. . .. . ,,,, . .. .. ... . . - '' i,- " , W ', -n'J
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and from it we may calculate

= (A'-B')b + B'. (78)

Elimination of b from the ecuations (75,(T7) gives a relation of the

form

T' =?T + Q, (79)r n

where P(y) and Q(y) could be written in terms of A and B. The initial

conditions (77) show that

P(0) = Q(0) = 0, (80)

since P,Q (like A,B) are independent of the parameter b. The key step

is to find differential equations for P,Q.

If T' and T" are eliminated between the t-wo equations (75),
n n

(79) we are left with

T (P'+P 2 /Ax) + (Q'+PQ+T n AX) = o. (81)
n n-1

Since only Tn depends on b, the parentheses must separately vanish,

giving a pair of first-order differential equations for P,Q. INumerical

integration, under the initial conditions (80), then determines these

functions.

The position y = F of the free boundary can now be determinedn

as a root of the equation

Yf = P(Fn)T + Q(Fn), (82)

obtained by substituting the flame-sheet conditions (22) in the relation

(79). With F found in this way, the relation

... . .. . n l II l .



(considered as a first-order differential equation for Tn ) can be integrated

towardy = 0 with the initial condition Tn(Fn ) = Tb, to determine T n(y).

The method is quick, efficient, and requires no iterations.

• -~- - . . * ,. .'.,,,.
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Captions

10.1 Diffraction of streamlines at flame surface.

10.2 Tube flame.

10.3 Burke-Schumann's problem: diffusion flame (a) over-
ventilated, (b) underventilated.

10.4 Simpler version of Burke-Schumann problem.

10.5 Plane flame in uniform flow.

10.6 Plane NEF tips.

10.7 Flame near a burner rim.

10.8 Flame-sheet profiles for cold-wall problem.

10.9 Variation of flame speed W and skretch q' with
X for the more general non-uniform velocity fields
(66ab).
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(i) Adopt the 6-function model discussed in lecture 7.

(ii) Take the hydrodynamic limit.

(iii) Take the Burke-Schumann limit.

(iv) Use activation-energy asymptotics.

In this lecture, which is an expanded version of Buckmaster (1982), we shall
briefly mention examples of (ii) and (iii), but most of the discussion will deal
with parabolic problems for premixed flames that arise from (iv).
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