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inttroduct ion

We report the results and the interpretation of Smith-Purcell

radiation experiments which were carried out in Tel-Aviv Uniersity

during the grant period Nov. 80 - Oct. 81 and some time after it.

The experiments were carried out using the electron beam of a Philips

EM-300 electron microscope operating at 100, 80 and 60 key energies and

using a variety of optical gratings. We put special emphasis on the

quantitative measurement of the radiation power pattern at different

angles. This helped to evaluate the validity of various models and

physical mechanisms which were suggested before to describe the Smith-

Purcell effect. It also helped to draw conclusions on the design of

resonator structures for the Smith-Purcell free electron lasers

(FELl[I-31 and for the related milimeter wavelength tube device, the

orotron (4-7].

The basic configuration of the Smith-Puroell radiation effect is

described in Fig. 1. An electron beam propagates parallel and very

closely to ths surface of an optical grating, perpendicularly to the

grating rulings. At any angle n relative to the plane perpendicular to

the beam direction (viz. 90-n angle relative to the beam direction)

radiation is emitted at a wavelength

-A -: -
(L1)/V -

where 0 is the gratirg period, vo is the electron velocity and n is a

negatiie integer,

Various models and mechanisms were proposed to explain the

experimentally observed effect. Smith and Purcell explained the
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dispersion relation (1) in terms of a Huygens wave construction of the

radiation emitted by the oscillating positive image charge of the

electron inside the conductive grating[8]. Ishiguro and Tako used the

oscillating dipole model to calculate the radiation power and radiation

iattern using the known radiation fcrmula of a moving dipole [9]. Their

calculations did not fit very well with the measured Smith-Purcell

radiation power and radiation pattern.

Since the image charge model requires the electrons to move very

close to the grating (less than the grating period) only a small

fraction of a finite cross section electron beam shot parallel to the

grating will ccntribute significantly to the radiation. This motivated

Salisbury to offer an alternative mechanism to explain the Smith-Purcell

radiation effect(O1]. According to Salisbury some of the electrons in

the electron beam hit the grating surface at a shallow angle and are

reflected by the tops of the rulings, forming current sheets with

periodicity which is determined by the grating period. The space charge

electric field which is associated with the reflectad sheet current

beamlets applies a periodic force on the other electrons across the

incoming beam, and forces them to oscillate. Salisbury reported

experimental results which were claimed to support his model. However

no other independent study confirmed his result. Futhermore a complete

quantitative calculaticn of the strergth of Salisbury's mechanism was

not given.

A Lseful model for solving the Smith-Purcell radiation problem was

introduced by Toraldo di Francia who analized the radintion effect as a

regulzr grating diffraztion problem where the incoming wave is an
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evanescent wave which appears whn the moving electron point charge is

expanded into its Fourier components[12]. This presentation of the

Smith-Purcell radiation problem was further imporved by van-den-Berg[121

who rigorously solved the Maxwell equations with the optical grating

boundaries (assuming ideal conductor sinusoidal grating). Matching

boundary conditions at the electron beam coordinates resulted in an

integral equation which was numerically solved and presented graphically

in [12] for some exemplary parameters, van-den-Berg's analysis seems to

be the most rigorous quantitative description of the Smith-Purcell

radiation. However its quantitative predictions were not compared to

experiments.

A number of experimental studies of the Smith-Purcell radiation

effect were carried out since Smith and Purcell's experiment [13,14].

All of these studies confirmed the basic radiation condition (1).

However little attempt was made to compare the quantitative power

n:esurements to the predictions of the different theoretical models.

In the present report we base our experimental interpretation on van-

den-Berg's model. The main features of the measured Smith-Purcell

radiation pattern at various latitude and azimuth angles fit well with

the theoretical curves derived from interpolation of van-den-Berg's

example data.

in order to check Salisbury's model, we derive explicit expressions

based on the knowr spontaneous emission formulas of free electron lasers

to account for the radiation emission due to the space charge force

radiation mechanism. It was found that the power emission predicted due

to this mechanism is orders of magnitude lower than the power measured



experimentally. We conclude that Salisbury's model is irrelevcnt for

the parameters of our experiment and probably all previous Smith-Purcell

experiments.

The experimental results in agreement with van-den-Berg's model

indicate stronger emission at azimuthal angles r off the plane which

includes the electron beam line and is perpendicular to the grating. We

point out the relevance of this observation to the resonator design for

Smith-Purcell free electron lasers and orotrons.

Theoretical Model

Our theoretical mcdel is based on the theory of van-den-Berg[12].

The electro-magnetic radiation on top of the gratings (Fig. 1) is given

in terms of a Floquet mode series
PO

Uj (2)

000

(3)

where

A ' t r/D
- 1/2.(4)

where k = w/o.

7he zcro order space harmonic Cn=O) is chosen to be synchronous with

the (i frequency Furier ccrocnent of the single electron current

-e% a G(x-vot,./, z.0) i x

0 (5)
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2o that kxO=c0 /VO. It follows from (4) that this space harmonic is

necessarily nonradiating (evanescent in the z direction) since k2 -

kyZ-((j/v 0 )Z(O. However some of the negative order space harmonics

(diffraction orders) may be radiative if kz-k The radiation

directions can be defined in terms of the angular coordinate systems

(7n, n) which are illustrated in Fig. 2.

k(6

The synchronization condition cj/vo=kxO together with Eqs. 4(a), 6(a)

are sufficient to determine the radiation condition (1). Clearly, only

negative diffraction orders n<O can radiate. Radiation is possible at

all wavelengths A and orders n which satisfy the inequality

sini)lIc/vo + n A/13<1. The radiation wavelength X is only a function

of the angle 7) and is independent of . Consequently, the Smith-Purcell

radiation appears as a rainbow of continuously varying colors

(wavelengths), where each color is emitted along directions which define

a half cone of half angle -a/2-,n whose axis lies along the beam

propagation direction.

While the radiation (dipersion) condition (1) was derived without

complete solution of the electromagnetic radiation field, derivation of

t;.e absolute optical power emission and the angular radiation pattern

required a detailed solution for the electromagnetic fields in the

presence of the electron beam as was done in [12]. The translation

synmetry in the >' direction, which allowed us to define the radiation

-6-
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modes with a single wavenumber k., also permits separation into two

different modes: the E polarization for which CyhO,$y=O and the M

polarization for which Cy=O fyO, All of the field components of the E

polarization can be presented in terms of Cyn:

All the field components of the M polarization may be presented in terms

of n

E J ,, k3) W

(8)

The Poynting vector power density of the n order rdiatin space

harmninc is propagating in the directicn of the kn propagation vector

an .3i 'en. by

The energoy whicih is lost by a sing'ie electron by radiation when

traversing cone period length C is found to be the su~n of the Poynting

-8-
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veotcr Lower- " i3 . t - z direct ion of aIl radiati ng spnce .armon cs

integrated over all (i and kz and multiplied by D; (10)Dt-o
where WOtrel h 0

The parameter IR,( ,1)l2 can be calculated from 0,In after these

funct'cns are computed from the equations resulting by matching boundary

conditions at the beam position z=Zo and the grating surface. Assuming

ideal conductor sinusoidal grating the parameter R - 1 ,77) was

numerically computed by van-den-Berg and was illustrated for various

values of v/c and h/D[121.

The parameter hint( ,i) is the effective interaction length. Only

electrons passing within the interaction length above the grating

zo-zmax <hint ( ,11) contribute effectively to the n-order imith-Purcell

rad Jat,on in the ( ,r) direction. For nonrelativistic or moderately

relativistic electron beam hint is a fraction of a wa, length. Thus at

the optical wavelength only a small portion of the electron beam current

is effective in the interaction and the radiation is weak.

The integrand of Eq. 10 is the radiative energy emitted at direction

(7),,) per period length 0 per solid angle. Assuming that the electron

em fills uo the rcgion above Zmax and well al.e z,;x+hi nt with

uniform current density J, then the power emitted by the total beam at

direction n, per' unit solid angle is obtained by multiplying this

intecirand by the electrons flux density J/e, the e-beam width b and the

n,.mber of periods in the gratings L/D, and then integrating over z from

to infinity;

-9-



(12)

lb L C :s ~'r~2
'teD nL £(' wj ..0 ) 1 ( ) I ~

Fig. 3 i1!ustrates the theoretic-l angular power distribution

, which is excectea to be collected by a detector

placed at angle (r,7,) according to van-den-Berg's theory and the assuned

parameters of our experiment. The radiation factor IR - ( ,7)12was

calculated for the experiment parameters by interpolation of the

parameter values given by van-den-Berg. The assumed expermental

parameters of Fig. 3 are: h/D=1/3,E=100 keY (0=0.55), the solid angle

intercepted by the detector was fldet=O.O0 5 ster, J=0.8 mA/cm2, the beam

width b=O.2mm, I/d=3600 lines/mm, n=-1, L=2.5cm.

Though Fig. 3 is based on a crude interpolation it is believed to

reflect the gross features and the approximate quantitative values of

the radiation pattern as predicted by van-den-Berg's theory. The

• ,nirmun of t!e curves around 7)30@ corresponds well with the Doppler

s'i fted (Crlativistic trarsforation) node of a purely transversely

cscillating moving dipole: 7,in= arc sin (B.)=32 o . The curves also

feature a maximum for the radiation pattern as a function of r which

occur for each latitude angle 7 at different azimutal angle , D<r(90*.

-10 -
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Si isbury's r'orlel

An alterrative physical mechanism was suggested by Salisbury to

explain the Smith-Purcll radiationiO]. According to Salisbury's model

the electrons hit the grating at a small angle and are reflected at the

top of the grating rulings, producing thin parallel sheet beamlets with

a period along the x axis which is equal to the gratings period (see

Fig. 4). Accordiny to Salisbury's model the periodic space charge field

of tnese sheet bea;,ilets operates as a wiggler on the incoming eiectrons

in the beam. Though this possible mechanisi should be weak because the

space cnar ie field of the beam is expected to be very small, it hs the

favorable feature that the interaction length limitation (11) is

elimirated and the entire crcss section of the beam is capable of

participttiig in the interaction. Salisbury's model was not yet

confirmec or Jiscardzd by an irdependent study. A3 we show here by

careful ccmpu-tie. o; the effect pre i'ted by Salisbury's mole!, this

mcdel is irappropri ate for explainini the radiation power levels

measured in our experiment, and probably other similar experiments.

The current density and space charge d?nsity nodulation of the sheet

current beamlets is taken to be JO cos ['. %"/(Osin Os)] and

(Jo/"/) ) .c [ 2r,: " ;-,i S i)] respecti,,ly where x" is a coordinate

perp2ndic,:l:,r to the current sheets Csne Fig. 4), The space charge

field in the direction of the incoming e-beam and in the perpendicular

dircction, and the mignetic field are directly integrated from Maxwell

e q jat ions

- 12 -
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E LL 4 i.5 e, (14)

In tne limit of grszing incidence (Oj<0T) in which most Smith-Purcell

experiments are conducted, the period of the wiggling forces which are

experienced by the electrons is D/2. Consequently it turns out that the

radiation oraers (due to the periodic wiggler "synchrotron" radiation

generated by the periodic forces) will coincide only with the even

orders of the Smit-Purcefl radiation given by (1). Thus radiation at

the Ist order is not explained by this meeihanism.

When 8i((rt the longitudinal electric field modulation E, diminishes

relative to the transverse field E- . Futhermore, for relativistic

beams the transverse Lorentz force eviBy. which wrs ignored by Salisbury

altogetiier, is coiparabal to the transverse electric force e Ez

(reduced Ly a fnctoa 0!). They both go to zero in pronarticn to 9i

whe n Ui<<OI.

The spon;tinecus emission theory of mgnetic bremsstrahlung

Csynchrotron radiation) free electron lase'-s[151 can be

straightforwardly adopted to describe the spontaneQus emission due to

th , trzarsv~rse wi,?cgl-n3 force e(E×,+v S ). n terms of the angle

coordinat_ s In);,ne radiation nattern is given Ly (16)

e OW W' L COS 1 ( F '. S6 ' f"

There

_ _ L/o) (17)

and k.=4TT/D.

- 14-



ca.culate te p .er d is rluticn Pdet ( ,I) = ( ,I dot which

would be prediated oy (15) using the same experimental parameters as

before. The radiation cattern exhibits similar behavior to that

predicted by van-den-Berg's model, including the dip at angle =arc

sinO=32*; however the aosolute power emission is significantly smaller.

Even for a large incidence angle Oi=le , the power collected by the

detector should be 5x!0 " t watts multiplied by the angular dependence

factor of Eq. 16. This is much smaller than the power predicted in Fig.

3. It is also significantly smaller than the minimum power which can be

detected by our detector.

Exne-irmrital Prnei'ur'e and Results

We used a Philips Eii330 Electron microscope to produce a 0.2S5iA,

200gm diameter circular e beam. The divergence of the beam was less

than I m rad, anJ the bea-n voltnge was 60, 80, or IOQKeV (1:0.443, 0.503

and 0.550 resp-onsivelv). The grazing ;e used, was a l"xl" aluminium

coated replica grating with ISOO ruling lines per mm. The radiation was

detected using a senzitive Hamamtsu R 936 photomultiplier.

The power detacted was calibrated using the photomultiplier Response

Curves and taking into consideration the window absorption.

Th? measured S.D. pctjer in tne -2 diffraction order is drawn in Fig.

S versus angle -t 100 key for i:os, -165, -23'. The variation of the

measured pcwer 'ersus the angle -,) at a fixed :37.5 is presented in

Fig.6. ;e al neusn'ed S.P. pcwer vorsus electron energy a (for 60, 80

and 101 key) nr'd -.e found, in nccordnnce With most existing theories for

the S.P. sefzft, that the piwer increased very fast with increasing 3.

5,/ goiig from I:C.443 to S=Z.550 the power was tripled.
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Discussion

The main features of the radiation distribution which was measured as

a function of ( ,7)) (Figs. 5,6) agree quite well with van-den-Berg's

theoretical model for Swith-Purcell radiation (Fig. 3). The measured

absolute power levels are about an order of magnitude lower than the

theoretical prediction. Since van-den-Berg's analysis was made for -1

order diffraction from an ideal conductor sinusoidal gratings its

application to our experiment for a blazed grating and -2 order

diffraction should not give more than the main features of the radiation

pattern and order of magnitude or upper limit values for the radiation

power.

The experimental confirmation of the dispersion relation (1) was

evident. We also verified that the radiation wavelength did not change

as a function of r and was only dependent on . Nevertheless this by

itself is not a check for the validity of the theoretical model or even

the physical mechanism. Toraldo di Francia's model would predict

exactly the same dispersion realtion, but his prediction for the angular

power distribution and power levels deviates substantially from the

measured parameters. As we mentioned before confirmation of the

dispersion relation (1) in the second order is also consistent with

Salisbury's model, and so is the radiation pattern measured. However

the absolute value of the radiation power due to Salisbury's model is so

much smaller than the measured power, that it must be rejected as a

possible explanation for our experiment or similar ones.

- 18 -

&_.._



An iinportar. Feature of th e ccmptjted a:id mo~sured radiation

distribution curves is the fact that the radiated power peaks up at

azimuthal angles rO. This has substantial relevance to the design of

Smith-Purcell free electron lasers since we expect that also the

stimulated emission 4s increased at the radiation directions in which

the spontaneous Smith-Purcell radiation is high[161. Thus in an open

resonator Smith-Purcell free electron laser it may be advantageous to

build the resonator from 3 or 5 mirrors. One of them is the grating

itself and the other placed at directions (± ,±m) where . is the

angle at which the emission is maximal (see Fig. 7a). In milimeter

wavelength Orotron devices 14-71 the resonator is made out of the

grating and a convex mirror right above it (=0,7=0). We suggest that

also in this device it may be preferable to replace the convex mirror by

two mirrors at angles =

In a Smith-Furcell FEL based on a rectangular waveguide it may be

preferable to choose waveguide mdes which have "zig-zag" bouncing

angles close to rm (see Fig. 7b). In the infrared regimes the waveguide

modes are leaky modes whose losses are strongly dependent on the mode

zig-zag angles. If the waveguide is largely over moded, the mode losses

.lay be small enou0g to be used in a laser oscillator or amplifier

confiauration[17,181.

RectanSular w,.'eguids seem to be ost appropriate for Smith-Purcell

7ELs since they in)corporate the gratinigs as one of the waveguide wells.

The leaky modes of a rectangular netal-dielectric waveguid? longitudinal

section magnetic and longitudinal section electric are identical with

tie E type and H tyve modes given in (7), (3) except that the transverse

- 19 -



(-t=0mq "q

\(a)

,77) (b)/0/1

Fig. 7. Proposed optimal resonator configurations for Smith-Purcell FELs.

(a) A 3 mirror open cavity resonator. (b) A rectangular waveguide or closed

cavity resonator.

- 20-



wave nu,;bers k., k, are quJantized by the finite dirnersion3 of the guide

cross section ky=pn/wy k=qT/n2 . In a hollow rectangular waveguide the

high order leaky eigenmodes are Hybrid modes E Hqp [17]. The field

attenuation constant of such modes is given by

Z-WI 
(18)

where v is the complex index oi refraction of the waveguide walls.

For a high order mode in an over moded waveguide we may substitute

p=kywy/r q=kzwz/Tr and use Eq. (6). Hence

For a given operating wavelength, X, diffraction order n and beam

velocityV " is uniquely determined by the dispersion relation (1). The

freedom to choose b, wy, wz allows for the designing of an FEL cavity

with low mode attenuation. Generally Re (V1/iy 2-1)> Re wrvy -l )

For this reason it is preferable to choose r large in order to keep the

second term in (C1) snail. This is favorably consistent with the fact

that stronger emission is also expected at a higher value of . In a

Smith-Purcell FEL design it is expected that the zig-zag angle will be

chosen near the maximum emission angle r . The choice of waveguide

cross section dimensions gives then a degree of freedom for minimizing

waveguide attenuation of the preferable mode.

We would like to acknowledge the valuable technical assistance of

T. van der Hagen and H. Kleinman and useful communications with G. Hughes

and J. P. Bachheimer.
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Figure Captions

Fig. i. Schematics of the Smith-Purcell radiation effect.

Fig. 2. Definition of the latitude (n) and azimuth (r) angles of a

Smith-Purcell diffraction order.

Fig. 3. The Smith-Purcell radiation power detected by a detector

as a function of n for various azimuth angles C as calculated from

van-den-Berg's graphs for grating and beam parameters corresponding

to the experiment.

Fig. 4. The configuration of Salisbury's radiation mechanism.

Fig. 5. Measured -2 order Smith-Purcell radiation power as a function

of the azimuth angle .

Fig. 6. Measured -2 order Smith-Purcell radiation power as a function

of the latitude angle n.

Fig. 7. Proposed optimal resonator configurations for Smith-Purcell

FELs. (a) A 3 mirror open cavity resonator. (b) a rectangular wave-

guide or closed cavity resonator.
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