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20. (Contd)

CANY F
__._———-:‘Pleads immediately to the absolute potentials of the rocket sections. Approxi-
mate formulae are developed to calculate the sheath potential from the charge
in the sheath, A fast converging reiteration gives the charge on each 3
conductor, the sheath charge, and the part of the conductor potentials that |4
are due to the sheath. Explanations are given for: (1) the charge on the rear . :
section having the opposite sign of, and a smaller magnitude than that on the H
forward section; (2) the magnitude of the probe voltmeter reading being less
than that of the rear section voltmeter for moderate beam currents, and the
same for beam currents way beyond saturation; (3) the ratio of these two
voltmeter readings approaching 1 with increasing magnitude of beam current;
(4) the potential of the probe being negative for ion emission; (5) the magni -
tude of the probe potential reaching a maximum, then approaching zero with
increasing magnitude of beam current. _Two different methods are given for
i calculating the approximate potential af\the probe with the probe removed.
Calculations of charging time (:onstanzs ow them to be considerably larger
than the plasma periods. A few obsefvatlons are made on the effect of
' vehicle size and fraction of vehicle surfacg covered by a dielectric on sheath
i thickness, vehicle potential, and charge.
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1, Cohen, H.A., Sherman, C., and Mullen,\E.G. (1979) S~acecraft charging
due to positive emission: an experimental study, Geophys. Res. Letts,
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Potentials and Charges on Conducting Rocket Sections 1

1. INTRODUCTION + 4

Rockets and satellites may become charged tc high enough potentials to present
a significant problem. A method of controlling the potential is to emit an ion or
' electron beam., Cohen et al1 flew a rocket with three conductors: forward section (1),
rear section (2), and extended probe (3) (see Figure 1 and Table 1) to 258 km
altitude at night. Conductors 1 and 2 were separated by an insulating ring. At
certain times, an ion or electron beam of known current, Ib’ and particle energy,
Eb, was emitted froin the front of the forward section causing certain steady state ]
potentials and charges to develop cn the three conductors, Voltmeters measured "3
ob = V2 - V1 and Q)t = V3 - Vl' The measurements in Table 2 are part of the results,

They are taken rrom Table 1 and the two extreme points of Figure 5 of Cohen et al. 1

They were measured after steady state was reached, so except for secondary

| electron current, the return current equals Ib and electrostatic theory is used. An
ion beam was emitted with the electron beam, but its current was negligibly small;
thus it is ignored in the last line of Table 2. Questions arose: What were the

. absolute values of the potentials? Why was ¢t ~ ¢b? Why was ¢t <¢b?

(Received for publication 9 November 1982)

1. Cohen, H.A., Sherman, C., and Mullen, E G. (1979)Spacecraft charging due to 3

positive ion emission: an experimental study, Geophys. Res. Letts.
6:515.
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Figure 1. Rocket Diagram

Table 1. Rocket Dimensions in Meters

a a b b b s d

a 2 3 1 2 12

1

0.19 0.19 0.07 1.27 0.205 1.475 0.26 1.71

The purpose of this report is to make an approximate analysis of the measurements
in Table 2 and to gain an understanding of some of the basic electrical phenomena,
including answers to these questions.

First, approximate values of coefficients of potential, capacitance, and induct-
ance are calculated in Section 2. They provide a more complete physical under-
standing, including (1) the approximate potential the position of the probe would have
without the probe, and (2) the charging time constant, Then the sheath radii, abso-
lute potentials of the conductors, part of the latter due to the sheath, charges on
the conductors, sheath charge, charging time constant, and ion traverse time through

the sheath are calcuiated and interpreted in Section 3. The summary and conclu-

sions are given in Section 4 and five auxiliary detailed calculations in Sections A1l
to AS of the Appendix.




Table 2, Measured Beam Current, Energy, and
Conductor Potential Differences

E
% b % % |
Beam |
HA keV kV kV |
ion 1 0.2 0. 05 0.02
ion 9 1.0 0. 42 0.25
i
ion 11 2.0 0. 47
ion 12 2.0 0. 55 0. 34
ion 374 2.0 1,04 ;
electron -10, 000 0.09 -0.09 -0.09 i
3
2. COEFFICIENTS OF POTENTIAL, CAPACITY, AND INDUCTION T.

Let pij’ i and cij for i # j be the coefficients of potential, capacity, and
i induction respectively. Let the subscripts 1, 2, and 3 designate the forward section,
the rear section, and the extended probe respectively. From electrostatics, for

example, a slight generalization of Page, i

Vs=PQ+ UV, (N
Q= C(V -~ VS) . (2)
C = P'l, (3)
r -
Vi Vis
vV = V2 , VS = V28 . (4), (5)
V3 V3s]
P P2 Pi3
P = lpy Pag Po3 | - (6 i
P13 Py3 P33 i
Q= Ja, | . (7)
} 11 €12 €13
C = (:12 C22 C23 » (8)
{ fls €23 “33 :
. 1

2. Page, L. (1935) Introduction to Theoretical Physics, Second ed., §120,




P and C are symmetric, the pi.'s and cii's are positive, and the cij's fori¢#j are

negative, \liS is the part of Vi due only to the sheath.

Definitions

C Capacitance of the forward section by itself.

1

Cl' Capacitance of the forward section with the rear

section attached, insulated, and uncharged.

C12 Capacitance of the forward and rear sections attached
and electrically connected.
a Radius of a cylinder or a sphere,

b Half length of a cylinder,

It can be shown that

~ t

Cr <G < Cyp- (9)

Smythe3 gave the following emnirical formula (here slightly modified to e
it good to 0.30% instead of 0.41%) for the capacitance of a right circular cyli al

conductor of radius a and half length b:
b 0.76
c(a,b) =[0,0707+0,0615()  Janf, )

a and b in meters. In particular, this gives

Cl = 0.06294 nf (11)

C12 = 0.06890 nf . (12)
[Let us carry out three gedanken experiments, designated with the subscripts
a, b, and c. VS = 0 and Eqs. (1), (4), (6), and (7) are used for each. In the first

experiment, charge dq, is put on conductor 1 while 2 and 3 are left uncharged. Then

Vlal * P11%a (13)
Vaa * P12%1a (14)
VBa ® P13%a - (15)

3. Smythe, W.R. (1962) Charged right circular cylinder, J. Appl. Phys. 33:2966.

10
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Uonductor 3 is small and far enough awav irorm conductors 1 and 2 1o atfect their

poteatials neglizibly, =0
\]11 ('1'\1'{. (16)
Fas. (13 and (16) show that

{111 = (T-. (17)

(Dividing Fq. (16) and the top line of Fq. (2) by \', gives

a o ) . 2a \Sa

S 9 T B Cggy T
1a 1 11 l..\Ia 13 \1,“1

P . P13
13 pyy

relating the pil's and v].l's to CI‘. Multiplving this by Py and using Eq, (17) gives
‘he equation for the l(!pil(‘ft element of the product CP.) Physical consideration

shows that 1’\"),{' A 13“ so Lgs. (13} and (14) show that

Pry < Pry- (18)

In the second experiment, charge b is put on 1 and Q,, On 2 such that

\ b = \.2b with no charge on 3. Then

Vib T P11y, T Py, (e
Vib = Prafyn  Paslay, (20)
Vab T P39 * Puson 21
Again, 3 is small and far enough awav ‘or \'lb to equal (le + q2b}C12-1 accuratelv,

-1 . .
v = + v = . - o oy D
Y ™ (qlb C|2b)(,12 and a4 /1(121) are substituted into Eqgs. (19) and (20), The
former may then be written

.o-1
Pig = (A + I)L12 AP (22)

11




Substituting this into the latter leads to

= nl 2 .-
Poy = py, -(n SDC, T (23)

The value of 2 is obtained in Section Al and is Eq. (A10),

= 3.770.

Thus, Pyyr Proe and Pyy may be obtained given Cl'.
From Eq. (15},

q
. (25)

The value [:)13-1 would have if 2 were missing is shown in Section A2 and is Eq. (A15),

p130'] = 0.2659 nf . (26) it

Since 3 is smull and far enough away, if 1 and 2 were electrically connected,

-1
Pi3 would be

- 9,1+ 4
1_71b 2b 27

Py - :
12,3 -

= 0. 2641 nf ,

Eq. (A1l6), as also shown in Section A2. (Note the end of Section A2.) It is reason-

able to assume that

N -1 -1
P130 P13 P12,3

(28)

similar to Eq. (9). (Actually, p130-1 <pl3~1 <Py 3-1.) Vap = @pp + qu)p12 3 !

and Ay = n 4y, are substituted into Eq. (21}, yielding

Ppz={(A+1piy 3 -hp .

In the third experiment, charge 93, is put on 3 with no charge on 1 or 2.

v

3¢ - P33%3c -




A maximum effect calculution stiows that the presence of 1 and 2 changes \'.k by

less than 3%, so this effect is neglected. Therefore, since the capacitunce of 3 is

CYT P u’i\"i g_l in MK> units, whe-e g = 8,98755 m/nf, sc that from the value
. RIS . BIN

of Ay in Table I,
) & .28 ! (31
Paz = 7 =0y :
3
Lnus, all pi.'s may be obtuined given (‘1‘ and pl.).-].

1
Ignoring 3, 4 good approximation,

Pay Pry Py 2y, (33). (34)
“l0 7T D C2T Sy T T Y Y2 T T (52), {33), C
D= Yoy - P e e T e (35)
T PPy T Py T 12 14y IR 39
Choosing q., = - Yy tne capacity between 1and 2 is
2
| Vigbag T Yy
v Alv At 2e e — = - 1”. (36)
A Ci2 Pyp ” =Pra* Poy 2t

S0, as the gap between 1 and 2 approaches 0, this capacity and lcii' become very

luarge, since L'l' approaches ("12' Including 3, as L‘l‘ approaches ‘(‘1,,,
0 and Py approaches p12, 5
With Egs. (9) and (28) in mind, the following reasonable pair of values of

effective length of conductor 1 due to 2 being present and of p ! are chosen:

13

= el 2) = 0.065¢ 37
Ll L(ll. b1+b2/2) 0 Ob'ya:_) nf , (37)
where c(a,b) is given in kg. (10), and
-1 -1 -1 o 4
Py = ?“’n:;o * Py Y = 0. ..050 nf . (38)

These result from using the values in Table 1, Eq. (26), and Eq. (27). The value
in Eq. (37) accurately equals the interpolated value, %(Lfl + L.‘lz), from Eqs. (11)

and (12). From the above,

15, 16 12. 07 370
p o= | 12,07 23.74 3830 mn. (39)
1,77 3,83, 128, 4
13

D approaches

animilibinti Nt ettt




From Eqs. (3) and (39),

111.1 -56.2 -1.59
C = }-56.2 70.7 -0.462] pf. (40)
- 1,59 - 0.462 7.85

Since Egs. (32) through (35) show that the value of Cl' can be critical, the
question naturally arises, ''How reasonable is Eq. (37)?'. Rocket sections 1
and 2 were separated by a two-in. cylinder of fiberglass which was essentially
hollow except for a half-inch thick fiberglass disc, To check, the capacitance
between the two ends of an 18,7 -cm length of the rocket, which included the gap,
was measured and found to be 44.7 pf. A correction due to the missing lengths
of 1 and 2 was calculated to be 10, 2 pf, probably slightly too large. Adding this
and equating to Eq. (36), D is obtained which from EkEq. (35) leads to (fl‘ =0, 0653 nt,

not far from the value in kEq. (37).

3.  NUMERICAL RESULTS

Sheath radii are calculated tfrom Egs. (A22) and (A23) in Section A3 and are
shown in row 3 of Table 3, Using l'b = fb(O. 7) (see the end of Section A3), larger
values of RS are obtained: 1,49 m for Ib = 1 uA, 3,5% larger than 4, 87 m for 9 uA,
and smaller percentages larger than the values tabulated for the other beam currents,
Note that the probe is inside of the sheath except for the 1 A case.

Values of conductor potentials consistent with Table 2 are given in rows 4 to 6
of Table 3, \"2 is set = 0 for reasons given below, 'The values of V 3 for the 11 A
cases are guesses, The 374 A case is Seenl to be near or at saturation, the
minimum value of !Ibi at which |V 1= Eb. SO \/'1 is chosen = -Eb. ‘The total net
charge in the sheath is

g 7 - Qg 4y dq) . (41)
\’S. Q, and g, are obtained for each value of ]b bv successive approximation, First,
\'s is guessed. This, V from Table 3, Egs. (2) and (40) give Q, and g, (41) gives
G- V. is then calculated from Eqs. (A38) and (A39) in Section Ad. Has. (AST)

and {A32) are used for V., s for Ih = 1 uA; Egs, (A35) and (A31) are used for the

3¢

other cases. The value of b chosen in these equations is b = h1 soby 2= 1,3725 m,

These calculations are repeated until self-consistent values are obtained, ‘This

procedure converges fairly rapidly for lh = 1 Y and quite rapidly for the other

o e o -




Lable 3.

vases since, for them, 1\" o< < VL
S
Table 3.

The results are shown in rows 7 to 13 of

Sheath Radii, Conductor and Sheath Potentials, Charges,
and Currents, and Charging Time Constants

Probe Potentials

Row

1

2

10

11

12

13

14

17

18

19

20

Ib 1 9 11 11 12 374 -10, 000 pA
Eb 0.2 1.0 2.0 2.0 2.0 2.0 0. 09 keV
R 1.25 4.87 5.43 5.43 5.70 33.03 11.56 m

bl

\ 1 -50 -420 -570 -670 -550 -2000 a0 v
v\, 0 0 0 0 0 0 0
\’.; -30 -170 -100 -200 -210 - 960 0

v 36 67 80 a5 75 46 -6

1s

V. 36 67 80 95 75 46 - 6

2s

' 20 65 77 92 73 46 -6

3s
94 -7.4 -50 -67 -79 -65 - 223 10,3 nC
a, 2.3 23 31 36 30 112 -5.0
45 -0.24 -1.04 -0.32 -1,03 -1.19 - 4,62 -0.11
q 5.4 28 37 44 36 116 -5.2

s

\/'.33 -30.7 -134 -41 -132 -153 - 593 -14 V

V3 - V33 0.7 - 36 -59 -68 - 57 - 367 14

1t 0. 67 8.3 16 16 11. 3 35 - 3 nA
1 0.93 0.91 0.91 0. 90 0. 84 -183
r30

T 7.5 5.6 6.2 7. 5.4 0.60 0.0010 ms
tt(T) 0.9 2,2 2.4 9.4 0.5
tt(tt) 13.8 1.42

15




The muoust striking aspect of these results is that the sign of q, is always oppo-

site to, and that of q, the same as, that of the beam particles. The reasons are
clear. The beam x'e:noves charge of one sign, leaving a charge (ql after reaching
steadv state) ol the opposite sign. After the beam is turned on, the potential of
and charge on the forward section increase in magnitude, Its charge tends to
induce a potential of the same sign on the rear section. Both sections therefore
attract and collect return plasma particles of the same sign as the beam particles,
thus retarding the rise of the magnitude of \'1 and \’2. Since this current to the
rear section is the only current to or from it except voltmeter, secondarv electron
current, ang, tor anion beam, secondarv and emitted electrons from the probe,
which are negligible or small, this section, 2, gains a charge of the same sign as

that of the beam particles, This transient current remains appreciable until \'1

2
near zero, that is, so that V', nearlv cancels \ 21" The potential on conductor i

stops changing, that is, until steadv state is reached. It flows so as to keep V

due to charge q| is designated \'il = pquJ. For positive ion (electron) beam emission,

V., cannot become appreciably pdsitive (negative) because the return particles lack

sufficient energv to cause this. Since the rear section 2, is close to 1 and almost
of comparable area, the magnitude of the negative (positive) potential of 2 required
to collect enough return current to balance the voltmeter current must be quite
small—so it is neglected here, that is, \/2 must be close to zero; here, it is chosen
equal to zero. Thus the rear end of the sheath surface must come in close to the
rear section. The potentials constant and return current collected by 2 equal to
voltmeter current, ob/zb, plus current to the probe emitter, if anv, and that due

to secondaries from 1, constitute steady state, The voltmeter resistance,

Zb = 109 Q + 5%. Also, |q2| < lqll. Physically, this is due to 1 and 2 not being
close enough to each other to be 100% coupled and to 2 being smaller than 1. Mathe-

matically, this is because V nearly equals -V, and P1o < Pyye The probe, 3,

o
is small and far enough awa;zfor‘ 1\'13| and |\'23‘ to be small, less than 2% of |V 1 |,
Basically, the same reasoning holds for the extended probe, so )~ (Db. How -~
ever, since its collecting area is much smaller and it is farther from the front
section than the rear section is, with an ion beam not much beyond that for satura-
tion (£ 1 mA), the voltmeter current, lt : 0t/Zt’ is appreciable. The voltmeter
resistance, 4 Z,t =3 X 1010 2 ¢ 5%. Even with the probe emitter and secondary
electron current, Ie, to the rear section or outside of the sheath, the probe's steady
state potential must be appreciably negative to attract enough return ion current,
l[_3 to equal It - le. Secondaries from 1 to 3 are probably insignificant and are
neglected. The potentials constant and 1t = ‘r.’i + le constitute steadv state., There-
lore, 01 < q)b. If g = \% = 0, V., is essentially the probeless potential, that is,

33 3

4, Huber, W, B. private communication,

16




the potential that the poasition of toe extended probe would ove if the probe were

removed., Iy, < 0, V-V s (shightly i g, ! is smiall) less negative (or more
3 i

positive) thon tre probeless potentials This i due to g, inereasing the positive

6N charge density near toe probes Vadiees of A . apd A\ LT \ gy ATUELIVEN AL rows
t4ond 15 of Table o Note it U - A L s neatr Zero for oot josoas expected
SECe Gors Sutside Of the sneath, U osng Iy~ 1}",(". Thand Bz 007 (see toe end of

- Section A resalte e g ~0027 neoand V- et 2.0 8L The fatter unpiovsices]
value must be du o tee poorness o Sle 0or oy Ot csstnphions, probahlyv t
the wvalue of Itw nd o b taken, b ordne ot er won heln current pases, N0 - L 0

wpreershl  negotive, positive foe foe elestran bewn, consistent with the nrabe

helng st of tae soeoty. The nign current clectron be o oSy was se tar hevond

saturation thot 2ae probe potential aad to be proeticsh 2oerc lor the probe to collect
no more return electron current thar reguired to balunoe =105 1, wnere 1 1s the

. v
probe emitter wad secondary electron current fo the forward seotion, Thus, for

tras case. g, cnd Bowere neghigibles Waen g, - L = 0, the probe neither stracts

;o
52
nor repels poetieles, but, fo norongh first approxinetion, possibly collects J.r

times tae ratio of the coverage sohid wogle the probe subtends at an element of the

sheatt surface to 20 steediuns,

The probe radius, w, = 0,07 m, LThe displacement, d = 1,71 ni, of the probe fron.

the conter of the sheath makes only 4%, cerror in 1’_,m for lb = 4 A and less error

for mgher values of 1 For comparison, values of 1 and | trom kg, (342

I r30

are given i rows 14 and 17 of Table 3001 30 L7 nearly independent of ]_h since,
30 ‘

)
troni fig. (AZ200, N7 is necrly proportionad Yo Lo T o= 0 -1 S0 18 fess than 1.

b ro ¢
Sinee L 15 appreciably less fnan I except possibly for the electron beant case,
' 1

i’_:; : I;-",(l’ consistent with the <igns of the vadues of A gy TOW T, Table 5,
A sccond, difterent (not equivalent) wav of caleulating the pproxiote probe-

less potential is s folltows,  Caleulatc u_ and v for q, = (. Subafitute it and

q,= 0 in the hottom line of kg, (2 omd s;,)lvu 1'()1: v For example, tor ;l‘, S

DA, thiz procedure gives 0006 snd -39V os compared o 0,7 and =36\ respe iy -

Ivin row 15 of Table 3,

If 2, woreanereased irom zervo tooinfinity and other aiven quaniitics remaine .

constant, the (steady stated vodue of g would go fron © maximum magnitude and
)

v

fhe same sign as b , through zero to o value of smadler magnitude and opposite sigr;
vy worlld ga fror 1 arch b tron onaxnvun to pracieeally zero; foroan ion bean
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values of “bl approaching saturation potentials and increasing, the (constunt)
value of Z‘t becomes effectively more nearly infinite “t more nearly negligible),
This is due to It becoming a smaller fraction of the total return current with
increasing |1b| . This is borne out by the ratio of Ob to 0t in Table 2 being closer
to 1 the larger llbf is. LlFor lb =374 ua, this ratio from the values in Tuble 3 is
inconsistently large, indicating that the values of Vl and \'3 shown there are chosen
somewhat too negative, und this case was below saturation,  As “bl increases
from zcro, I\'.‘l increases to a maximum near saturation, then approaches zero

approaches infinity., What makes the maximum» Hevond saturation, V

as |1
s 1Ly 1
remains practically constant, the return current increases because it includes

the additional beum current, so |V 'il must decrease to Increase I‘I?‘ . For an ion

(electron) beam, q,s and \ must increase (decrease), ceventually changing signs,

and the fraction of lb that :Ifc probe collects must decrease (decrease} in order to
balance the probe currents. The values in row 6 of Lable 3 ure consistent with
this behavior.

Now the effect of secondary electrons is considered. l.et & be the average
number of secondary electrons per primary incident particle. The rocket surface
was iridite treated aluminum., 4 FFor ion beams below saturation, values of 8 for
NO® on this surface for energies up to 2 keV are needed. In licu of this, the value
used is 0 = 0. 18, the vield from 1 keV 0" ions on molybdenum, 5 The return
current, ignoring the small (* 5% Ib) voltmeter and emitter currents, cven if only
a fraction v (~ 2/3)of the secondaries from 1 exit the sheath, is 1!_1 = I.b/(l + 8); s0
the sheath radii in Table 3 are reduced 8 to 11%. Also, the secondaries decrease
the charge density in the vicinity of the rocket thus decreasing ag and increuasing

q, (decreasing lqll ). V. may increase slightly except at or above saturation. The

other 1 - v of the second'«}lrics goes to conductor 2. About 0. ”r must return to 2

to balance this ~0, OSIr secondary, ~0, 05]r 2 to 1 voltmeter current, and -0. 041r

to 0 current due to secondaries from 2, A more complicated, complete theory is

required for a more detailed and accurate description.

The amount and effect of secondury electrons in the electron beam case is much

different. Using the formula of S'rcrnglassG and the values for aluminum:5 .
émax = 0,97 and Umux = 300 V, the value 6 = 0.72 is obtained for U= 90 V', |
Thus many secondary clectrons must be generated by the return electrons hitting e

the forward section.  Since they have no more than a few eV energy, however, they

5. Stannard, P. R., Katz, [, Mandell, M. J., Cassidy, J.J., Parks, D.E.,
Rotenberg, M., Steen, P.G, (1980) Analysis of the charging of the
SCATHA (P8-2) satellite, Report NASA CR-165348, SS5-R-81-4788,
pp 22-24, 29.

6. Sternglass, F.J. (1954) Backscattering of kilovolt electrons from solids,

Phys., Rev., 95:345.
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do not escape, but, in steady state, must be collected by the forward section as

fast as they are generated. Therefore, the sheath radius is not changed bv the
production of secondaries, and the return electron current (including returning
beam electrons if above saturation) equals the beam current. If above saturation,
Vl cannot be affected. The only essential effects of the secondaries are (1) to
increase the electron density near the forward section, causing the eleciric field
to be larger than otherwise near the forward section and smaller in the outer part
of the sheath, and (2) to increase a, and thus | qs| . Other electricul quantities
may change slightly. Some of the return electrons will scatter instead of being
collected, causing the sheath radius to increase. This is believed to be a small
effect with this rocket and is not treated here.

Ionization by beam and return ions is negligible due to the small ion speeds und
high ionization threshold energy. For the 1b = -10 mA case, however, both the
beam and return electrons produce ionization near the rocket. This has the effect

of decreasing a;- increasing the charge density (decreasing lp‘) near the rocket,

and thus of decreasing lqsi . V1 is unaffected since

saturation value. lonization at 140 - 150 kin altitude has a moderate effect at most'

lb| is much greater than the )
since the minimum ionization mean free path there is about 1000 to 2000 m.

The charging time constant, 7, of the forward section is calculated and com-
pared to the plasma periods, For the charge density, ng = 103 cm-z. the latter
are 0.76 ms and 3.5 pus for ions and electrons respectively. The former may be
calculated approximately as follows. IFor simplicity, the probe is ignored since it
has only a small effect, the small voltmeter current is neglected, and the ion transit

time is assumed to be much smualler than 7. Let the instantaneous and final values

respectively of conductor minus sheath potential at conductor 1 be x and X = \'1 - \'lq.
at conductor 2 be “Vog and —\/25. and of forward section return current be irl and v
Irl' From the top line of Eq. (2),
Q= C X " CgVag - (43)
dq
1 _ . L dx = dv,
F " O T T Crzar s (44)

The assumption is made that

i =X = : =Xy ;
X b = e xamd vpg = Vg - (45), (46)

7. Leadon, R.E., Woods, A.J., Wenaas, E.P,, and Klein, H. H. (1981)
Analytical Investigation of IKmitting Probes in an Ionized Plasma,
ATGL-TR-81-0138, AD A1041686.




e o — ittt i = s -

Then

dv25 _ VZs dx

T = X & ey -y ‘5%&’ gti = -y (47), (48)
Assuming x = 0 at t = 0 when the beam is turned on, the solution of Eq. (48) is
-t
X[l -e T]. (49)

c, (V. -V_)+c ,V
SR VA WG i e (50)
b

td
n

Values of T from Eg. (50) are given in row 18 of Table 3. Thus, the charging time
constant is large compared to the plasma period for ion beam currents, Ib < 12 uA,
but not for the largest ion beam current or the electron beam current. As a check,

the approximate time, t,, for an NO* ion to traverse the sheath radially, starting

at t = 0, is calculated fotr each beam current except 11 4A (see Section A5). For
ion biams, the ion is assumed to start at the sheath boundary with velocity Vt in
the -r direction; for the electron beam, the ion is assumed to start at the conductor
with zero velocity. Values of tt for charging time constants 7' = T and tt >T are
shown in rows 19 and 20 respectively of Table 3. The charging time constant due
to capacitances is seen to be much larger than the ion transit time and thus solely
determines the time for steady state to be reached only for the 1 yA case. The
time to reach steady state is determined by both the capacitances and the ion
transit time for the 9 and 12 pA cases, and essentially solely by the ion transit
time for the 374 uA and -10 mA cases.

4. SUMMARY AND CONCLUSIONS

An analysis is made of measurements of potential differences between pairs
of threvr conductors (two rocket sections and an extended probe) flown in the night-
time ionosphere when an ion or electron beam was emitted from the forward
section. !

Approximate values of coefficients of potential (and thus coefficients of capa-
city and induction) can be calculated without using complicated potential theory for
the conductors of an object which has a fairly simple geometry, These coefficients
are calculated for the forward section (1), rear section (2) and extended probe (3) of
the rocket described in Cohen et al. ! Reasonable choices of the limited values of

two parameters are sufficient to give the value of the P matrix which is inverted
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to give the C matrix., A measurement of capacity between the forward and rear .

sections confirms that the important parameter is chosen approximately correctly.
The magnitudes of ¢ 4, Cyq, and Cyq dre much smaller than those of the other
cij‘s since the probe was small and far enough away from the other conductors to
interact with them only weakly. P could also be measured as follows. Hang the
rocket away from other conductors > 10 m above ground and run a small ground
wire, 0, up to the rocket. Measure the capacities between 1 and 0, 2 and 0, 3 and
0, 1and 2, 2 and 3, and 3 and 1. The first three measurements give the pii's,
~nd the last three give the pij's for i # j. The effect of using more accurate values
of the ci.'s than those used in this report is expected to be small.

A formula is developed for a cylindrical sheath radius and for interpolation
between it and the spherical sheath radius to give approximate sheath radii for the ’
various beam currents considered. The probe is found to b~ inside of the sheath
except for the beam current, lb = 1 uA,

The potential of tne rear section is shown to be close to zero. It is chosen
equal to zero, which, witn the potential differences, determines the absolute
potentials. An investigation of now close \/2 is to zero would be interesting. It is
slightly negative (positive) for ion (electron) beams.

The total net sheath charge is the negative of the sum of the charges on the
three rocket conductors. Formulae are developed to give the sheath potential as a
function of this charge, the sheath radius, and the radius of the point in the sheath,
The sheath charge density is assumed constant. These formulae are used to give
the part of the conductor potentiils that is due only to the sheath. The latter and
the conductor charges are determined by a fast converging reiteration. Except
for Lb = 1 uA, the sheath potentials are relatively small. _ Nevertheless, use of
Jaycor's more realistic simplified Lam sheath treatment' instead of assuming con-
stant charge density would be interesting and not very difficult, to ascertain that
this more correct treatment would make only a small correction.

The charge on the rear section is always positive for a positive ion beam,
negative for an electron beam, and of smaller magnitude than that on the forward
section. The rear to forward section voltmeter current and any probe emitter
electron current to the rear section have a negligible effect.

The extended probe has a much smaller area and is farther from the forward ‘
section than the rear section is, so it collects much less return current for a given |
potential. This and the size of the probe to forward section voltmeter resistance 1
cause V3 to be between 0 and Vl' except for beam currents far beyond saturation, l
the minimum value of Ib for which lVl] = Eb’ the beam particle energy. Thus, ;
in general, |¢t| < |¢b| . This resistance is so low that, for all the positive ion I
beam (lb > 0) cases considered, the charge on the probe, q3s must be negative 1or
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the probe and emitter current to balance tiie voltmeter current. For lb > 0, much

larger values of tnis resistance andjor lb would cause a3 to be positive. lor “b
beyond saturation and increasing, this voltmeter current becomes more nearly
negligible and [\ 3| approaches zero. With the voltmeter used, as l].bl increases
from zero, at first [\ 3" mereases and ot/ob is a positive number appreciably less

. [ .
than one,  After saturation 1s approached, |V, | reaches a maximum then approaches

3
0 (except for thermal energy) while ot o, approaches 1. The numbers in LTables 2
and 3 are consistent witn these conclusions, but more extensive data to test them
would be desirables Since the clectron beam case is way bevond saturation, the
probe to forw.ard section voltmeter resistance is effectively infinite,

'f q = U, the probeless potential, that 1s, the potential at the position of the

probe with the probe removed, is essentially V', Two non-equivalent methods are

3
given for calculating the approximate probeless potential when qy # 0.
For o positive ion beam, secondaries reduce the sheath size, decrease the

chuarge density near the rocket, q,. and I g . For an electron beam, many

scconduries may be produced which increu;v the electron density near the forwurd
section. Their effect is te increase the clectric field near the rocket, to decrease
the field in the outer part the sheath, to increuse q1 and 'qS! , and, if below
saturation, to increase slightly the rocket potential.  Further investigation would
be intere ting., The cffect of scattering is thought to be small but should be
investigated,

Ionization is negligible for positive 1on beams, but should be investigated for
electron beams, for which it has o small or moderate effect,

The charging time constant of the rocket (the forward section) due to its
capacitunce is calculated tor ¢ach value of Ib. It is much lurger than the jonplasma
period for ion beam currents less than o few 105 of pA. It dominates the time
behavior below ~10 w2 jon beam current,  The ion transit time through the sheath
becomes importunt at higher beam currents and dominates the time behavior at ion
and electron beam currents near or above saturation,

A number of approximations dre used in this report. More accurate treatments
would lead to appreciable changes in numerical results, but they would be expected
to make little or no qualitative changes. A combination of the capacitative coupling
equations used here and a more complete probe theory may lead to a prediction of
the potentials and charges on the conductors of a rocket or satellite such as that
considered here. The treatment here for three conductors may easily be extended
to any number of isolated conductors or small insulators of a rocket or satellite,

From the results of Lam-Jaycor7 and this report, one may induce the following
general steady state properties of vehicles in the ionosphere at potentials small
enough not to cause breakdown and appreciable ionization of background neutrals.

For a given beam current and shape of vehicle with an all-conducting surface, as
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the size increases, the sheath thickness, vehicle potential, and charge decrease.
For sheaths that are thick compared to vehicle size, the charge decreases very
little. Ior a given beam current and vehicle, as the fraction of the surface that
is covered with dielectric is increased, the potential und charge on the conducting
part increase.

After this report was written, my attention was drawn to a paper by Katz
and Mandell, 8 who made some analysis of the rocket of Cohen et al, ! They
concluded from their calculations that the rear section is no more than ! \" negative
when the féx'ward section is charged negatively to several kV in a plasma with a
fraction of an eV temperature. They indicated that this potential would be positive
and of larger magnitude when the forward section is positively charged over a k\,
but did not consider the case of its potential ~+100 V. They ulso concluded that the
forward section potential was nearly saturated at -2 kV for Ib = 374 puA (~400 pA),
Their explanation of the difference in probe and rear section potentials, however,
disagrees with that in the present report. They seem not to huve considered the
important effects of the charge on the probe and the probe to forward section

voltmeter current.

8. Katz, L., and Mandell, M. J. (19882) Differential charging of high-voltage
spacecraft; the equilibrium potential of insulated surfaces, J. Geophys. Res.
87:4533.
wv
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Appendix A

Auxiliary Detailed Calculations

AL FORWARD TO REAR SECTION CHARGE RATIO

In this section, the ratio /it of the charge on the forward section of the rocket

to that on the rear section when the two sections are electrically connected is cal-
culated,

3 . . . -
From Smvthe,  the surface charge density on the side and end respectively are

N\'
. 2 n-1/3
z

V(‘
B _ .

Z R- n l/d (A2)
Rl
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Figure Al. Surface Charge
(o] R Density on Rocket
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D
Let z = by”". Then Eq. {A5) becomes
N 2by o
s 1 (1~ 5 }
- -1/3 -
a,; = rab > A S S (- P82 (A6)
n=0 0 0

‘The first integral is a beta function,

1
fa- B -tz 1/2) (n s 2/3)
5 _ :

'n+ 7 (A7)
These gamma functions are known or may easily be determined accurately.
2b2 = 0.41 and b = b12 =1.475 m ,
so
2b2 2
(1 - -b—) = 0.521333 . (AB)

The second integral in Eq. (A6) was evaluated by expanding the binomial, integrating
term by term, and keeping as many terms as necessary for accuracy. Since
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b = 7.76a, the values of An and Bn given in Smythe's for b = 8a were used.
N =4and N_= 0,
s e

a
_ 3 2
qQ, = 6{ 082 TRdR = 5 2B a” . (A9)
Using a = 0. 19 m, finally
9
Nn=—= 3,77024 . (A10)
92

(Assuming a constant surface charge density would have given the erroneous value
5.22 for/2.)

A2. AN EMPIRICAL FORMULA FOR THE POTENTIAL NEAR
A RIGHT CIRCULAR CYLINDER

The following empirical formula is developed for the potential at a point R, 2

(see Figure Al) due to a right circular cylinder with a charge Q.

a
\':l‘g 1+ b kb _ 1ig, (All)
a 4
R I+T—272
b "+ Rz

a in meters, Q in Coulombs, V in Volts, g = 8. 98755 m/nf.
When b << z| and b2 < R|z|,

V= Q g. (A12)

B AR S
b”+ R 2

When (b << |z| and b < R) or b << R,

vie =8 . (A13)
Rz + z2
When-g— << ln% <<%‘—b and |z| < b,

v i 2. (A14)
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Whenz=0, R=a, k=1.777, and 4/2 " b = 84, then Q/V is within 1. 25% of the

correct capacitance.
P 4o | 18 Q/\ obtained from Eq. (A11) with a = 0,19 m, k= 1.777, b= 1.27 m,
R=1.71m, |z] = 1.01 m, giving

-1 = . -
= 0,2 ;
p130 )._639 nt . (A15)

Py 3-1 is Q/V obtained from Eq. (All) witha=0.19m, k= 1.777, b= 1,475 m,
R=1.71m, |z| = 0.805 m, giving

Py 5 = 0.264, nf. (A16)

Physical consideration indicates that this should be larger than Eq. (Al15). This
discrepancy is due to some inaccuracy in Eq. (All). The latter may be improved
o 4. .4 . . -1, , R
by replacing b~ by 2b°. This leads to Pisg = 0. 2605 nf and Pya,3 = 0. 261, nf.

Use of these values instead of Eqs. (A15) and (A16) would make little change.

A3. SHEATH RADIUS

In this section, an approximate interpolation formula for sheath radius is
developed.

I.eadon et al7 used a modification (simplification) of Lam's method to obtuin
the radius, e of the spherical sheath around an emitting probe, They equated

the thermul current density times the sheath area to the beam current. This gives

I
r. = r

. . (A17)
B I q novt

Ir is the return current usually taken equal to Ib' q is the charge, Vi the modified
thermal speed T m and m the mass of the return particles.
The ion to eclectron mass ratio is taken to be 46, 000. k is Boltzmann's constant,

the plasma temperature, T, is taken to be 550°K, and the number density, n. to

be 10° m . Eq. (A17) is valid when ry is large compared to probe (rocket) size.
When the outside of the sheath is close to the rocket, the sheath is assumed to
be a cylinder concentric with the rocket. Similarly, the return current is equated

to thermal current density times the sheath area

_ 2
Ir— (27 RS + 27 Rs 2B)no|q| Vi, (A18)




where RS is the sheath radius and B is half the sheath length. The latter is
assumed to be

B= (b/a)RS . (A19)

So the sheath radius is assumed to be

R = nﬂ" — . (A20)
m o|q| t

For small beam currents, f = ?b_ii-; for large beam currents, f = %

The interpolation factor is taken to be

(x + Ir)a

= v aws L, - (a21)

i -

. . . _ - 11 a
Somewhat arbitrarily, x is chosen so that f = fb = fb(O. 5) = f(— + m) when

Rs = b. Eq. (A20) is solved for Ir = Irb when Rs =bandf="f Then Eq. (A21) is

This leads to

2
b
solved for x when f = £, and Ir =1

b

Ir(Ir + 0, 148) :
Rsi y TOOMC T (az2) ;

for an ion beam, and

rb’

e g e gy

Il tdn ) + 317

R__= (A23)
se 73. 3 (|Ir| + 244.%)

for an electron beam, where Rs is in meters and Ir in uA, The values of RS in
Table 3 are calculated from E£qs. (A22) and (A23). Values are also calculated

: _ - 1 a
the same way but with f, = £ (0.7) = 0.3 X 5+ 0.7 X 5.

A4. THE POTENTIAL DUE TO THE SHEATH

For simplicity, the sheath charge density p, is assumed constant in this first
treatment of the sheath.

First, suppose a gspherical conductor of radius a and charge -q surrounded by ‘
a spherical sheath of radius r_ and total charge qg (Figure A2).

!
!




L3 03y, 2
e -a)p=aqg. (A24)

N

Figure A2, Spherical
Conductor and Sheath

From Gauss's Law, fora<r < ro N

47 r2E =47 [—qs + % n(r3 - aa)p]g . (A25)

where E is the (radial) electric field at a radial distance r. The potential, V, at
r minus the potential there due to the conductor is the potential due to the sheath,

Ts 2 2
J‘ qsg qsg 3rs - r a3
- - = 1 1 = = - e
VS—V Va— ) E(r')dr' + = r3—a3 — = |- (A26)
s

Secondly, the potential is obtained in the median plane, z = 0, due to a cylindrical
sheath of radius R and half length B = (b/a)Rs of charge q_ surrounding a cylindrical
conductor of radius a and half length b (Figure A3). First, the case of R < Ry is
treated. Eq. (All) is used with, for simplicity, z = 0. The potential at R due to i
an infinitesimal shell at R' < Rand 2' < 2 is |

kda_g
s z', kzT
dV< =-—Kr—[(1+R-) -1]- (A27)
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Figure A3. Cylindrical
Conductor and Sheath

The potential at R due to a similar shell at R' 2 R and 2' 2 z is agssumed independent
of R, sois

R!
kdq_g | .
_ s z' Y kz" _
dV> = T <1 + *R—,> 1] . (A28)

To make the exponent constant and thus the potential integrable, z' is taken = (b/a)R'.
The charge density is q divided by the sheath volume,

aqs

p= ————g—. (A29)
27 b(R_" -a")
s
2 3qu'2
dqs = p[27 R'22'dR' + 2 7 R'“dz'] = —r dR' . (A30)
R " -a

8

Thus, the potential due to the sheath at a point R inside the sheath is




R
s

R
vim= Joav S av,

a R
>+ 2 +1
3ka_g {aR[R(l +§-)EB - all+ 1%)125 ]
O I a
Rs -a b(ﬁ + 1)
4 a
+2 +2
aznz[(uﬁ)m - (1 D)FP ]
- a R
2, a a
b (EB +l)(i—6 + 2)
5
1,.,2 2 1 b 2 2
--Z(R - a )+?[(l+;) - 1](RS - R )} . (A31)
This reduces to Eq. (A26) for b= a and k= 1. For the case R 2 R, using Eq. (A27),
R
S
o -
VigctR) = f W
a
a a
= 3kqsg aR R (1+bRS)EE*1—a(I+E)EB+1
R°-adlo(@ + 1| S & R
s kb
a a
2R (1+bRs)EB+2—(1+9)EB+2
a aR R
b(m; + 2)
R2_ 2
- I . (A32)
o 9.8
Ags R »», V - —— as it must,
sc R

For increasing Rs >> b, the sheath surface becomes spherical. So, the poten-
tial due to such a sheath at point R in the median plane is calculated. It is the
potential due to the sphere of uniform charge density p minus that due to the
cylinder a, b of density p. First, this potential for R = Rs is calculated,

R
11 R'3pg

s 4
3-——-2-—— dR' - V
R' C

4 3
i _'3'”Rs PE

v ss(R)——R—s—— + (A33)

R
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Figure A4.

Sheath

by a and ag by 1ra22bp.
(g—mz - 1a%2b) p = a .

( So, Eq. (A33) becomes

. qg 3Rq - R
i - s s _
v ss(R) - 3 3azb { 2 X}'

and b = (2/3)a, Eq. (A35) reduces to Eq. (A26).
sheath at R 2 RS is

Cylindrical
Conductor and Spherical

Vc is given by Eq. (A32) in the limit of a + 0 at constant b/a, then RS is replaced

(A34)

(A35)

9 R bk * ! b KB * 2
P e P )
b(E+2)

-3 } . (A36)

If k=1and b= a, this reduces to Eq. (A26) with 33 replaced by (3/2)a3. Hk=3/2

Secondly, the potential due to the

4 3
o 37 R93 pe .98 Rs A3
\" SS(R)-——F— *Vc—m —R--X . (A37)




Asr o=, V' =+ 32 s it must. w
5S R ¢

The sheath potential is taken as 4
|

VIR =PV 4+ (1-F)V_, (A38)
S SSs SC

both for R = Rs and R 2 Rs. } +1as I{S -+ <, and I' = 0 as HS = 4, 5o, the

interpolation factor is taken to be

K= g . (+20)
R+ )
>
1 i
Somewhat arbitrarily, y is chosen so that I = Fb = 0.5 when Rg = b. Then, 4

v = b -~ 2a, The same calculation is also made with fb =f
which y = (3b - 10a)/7.

L(0-7) and ¥, = 0.7, for ) !

A5. 10N TRAVERSE TIME THROUGH THE SHEATH

For simplicity, the traverse time is taken to be the time calculated for an ion

to move radially through a sheath around a charging spherical conductor, starting

when the beam is turned on at t = 0. The beam current rise time is assumed to be
much shorter than this traverse time. Also, the assumption is made that the field
grows exponentially with time and the radial dependence of field and potential arc

independent of time. The radial acceleration of an ion of charge e and mass M is

dzr e
d—tE- = i E. (140)

The values of e and M taken are the magnitude of the electron charge and the mass
respectively of an NOT ion. From Eqgs. (A24), (A25), (A40) and the time assumption,

3 t :
dzr_ €458 s T !
povaliiovnes: Sl Ber 2 | LSRN & (adl)
dt M{r,® -a%) |r

The value of ry is taken from row 3 of Table 3. Integrating E from a to r  at
t = o leads to

z a8 rz - (r - a)a/2
} V(a): - —a— . '—2'———-—2— - (A42)
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The value of a is chosen so that V(a) equals the value in row 4 of Table 3. This

results in 0.47 <a < 0.51 m. X
For an ion beam, att=0: r= ry and dr/dt = Vi From Section A3 ]
Vi = 156 m/s. The mass is taken to be that of NO'. The traverse time, tt‘ is the
time at which r = a, For the electron beam, att= 0: r = a and dr/dt is chosen = 0.
The traverse time is the time at which r = re: The value of tt is determined either

by trial and error, solving Eq. (A41) numerically, or by solving numerically

o

3

2 eq_g 3 r -— ;
; d”t s dt 5 T ;
i s ——r Tl -t . (A43) '
dr M(rs -a)[ r][r ][ :I

The results for 7' =7 and for 7' = t,( > 7 are shown in rows 19 and 20 respectively
of Table 3.
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