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A direct method for determining real height from virtual height data has
seen applied to two ionograms from data recorded at Boulder, Colorauo and
(iarchv, France. The initial height was obtained by a modification of the
one-start procedure of lIos.' and McKinnis. The real height results obtained
from th( two iunouranms %ere in good agreement with prvioiisly-reported
Vi' Ilra ( - eri,' ai U11,U itlOT1-;
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20. Abstract (Contd)

To provide a simpler procedure for performing the required integration
and thus make the present method more rapid and convenient, the virtual
height data have been modeled in terms of a polynomial governed by a single
parameter. The parameter was determined by comparison of the model
with the data. The results using the model were in good agreement with those
obtained by direct use of the data.

-The present method affords a simple and convenient means of obtaining
real height from virtual height data, within the accuracy of the experimental
data.
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5. REEEMNATION OF ITAL HEIGHT DAAI

SIMPLE PARAMETRIC FORM 11

6. SUMMARY AND CONCLUDING REMARKS 1
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Illustrations :

• ~1. Boulder, Colorado, lonogram, 20 February 1970,..-'
'" 1900:27 MST. Declination I = 67. 50 7"-'

*
o  

* ... ,

" 2. Garchy, France, Ionogram,ol9 March 1961, 0200 Local ..
Time. Declination I = 1;30 7 ,:

3. Plot of Parameter a Against Frequency; 0 is Angle Between•-Ray and Magneti Field 8--
4. Comparison of Real Height by Present Method for Boulder

lonogram With Previous C-alculation 1"!

5. C;omparison of Real Height by Present Method for (-iarchy .,
Ionograin With Previous ('alculation 12 ".
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Illustrations

Plot of Virtual Hfcight Fuzi'tion A gainst Fre lue 11cy x f01
Boulder lonogram; the Function g is Normalized to Maximum

*Virtual Height *

- 7. Plot of Virtual Height t unction g Against Frequency x tor
Garchy lonogram; the Funiction g is Normalized to Maximum
Virtual Heighlt 1

8. Virtual Height Function g for Lower Frequencies (Eq. 17) as
ai Function of Frequency for Several Values of Parameter a;
Data Points at the fLo,. er Frequencies From Bo0th lonograrns
are Also Plotted on the Figure 1I

9. Virtual Height Function g for Higher Frequencies (L q. 18) as
a Function of Frequency for Several Values of Parameter b;
Data Points at the Higher Frequencies From B~oth lonograms
are Also Plotted on the Figuire 15
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Application of a Direct Method tor
Real Height Determination to Two lonograms

in a prey iou s report, a direct -)rocedure was developed for the deter-nination

0' IVU eIcIt frow virtual height data obtained in the presence of a magnetic field.

Uich methv %%as based upon the representation of the dispersion relation betw-een

index of refraction and eiectron density Dy a simple power law, resulting in an

Abel initegral equation for the relation between real height and virtual height, which

could thcn be solved explicitly for the real height as a function of frequency. To

study the accuracy, of the method, two parabolic models of electron density were

corr.,( rted into virtual height data, troni which the real height was determined by --

the orcescnt method. The results obtained were in good agreement with the or Iginal

In the present report, the method has been extended to the analysis of field

data. To assess the accuracy and reliability of the method, ionograms have been

ohosen for which accurate numerical calculations of real height were available for

compar ison.

(Received for- publication 2: February 1983)

1. Klein, %I. . (1981) A Simplified Procedure for Direct Determination of Real
Height From VirteTteTmination AG LT ITon8og)77amTsA104374.
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to a ra . 7 to '2 \ iLz t ,. L,, '. I t ci' -, . 'c tl height h Uelow

which. the etffct of ionizction may' o ccnsiderc. nei.}igiile. ro deternine h, it

is re. ,ac*' to assume a variaton ti virtual li.+{t h' ron fro i down to the fire-
min

quen L- corresponding to the initial heig.i, .>,,c the Ga_,,,ny ionogram is flatter

in thie lomer frequency realon tan the Boulder t-urve, we mvy anticipate that the

initial height calculation will be more accurate for Uarcny than for Boulder.

As shown in Reference 1, the real height is cotained from the integral

V

h4f p(,) 1 h1(f -T df 1
f) f _F- rf "'

where u is a frequency dependent parameter,

sin -.. ( 2
p(a) = cx (2)

72

and fv is the maximum probing frequency. Since the lowest frequency for which

data is available is f 0 ' we write Eq. (I) in the form

f
h h'(f) - h 0  (

f 1h l--_ df ,

so that the integral gives the increment in real height measured from h 0 . A curve

of the parameter a as a function of frequency, taken from Reference 1, is given in

Figure 3.

2. Wright, J. W., et al (1972) Automatic N(h,t) profiles of the ionosphere with a
digital ionosonde, Radio Sci. 11:,1033-I 43

3. Taieb, C. (1967) A quick model method for obtaining real-height parameters
from routine ionosphere data, Radio Sci. 2(new series)(No. 10):1263-1267.
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Figure 1. Boulder, Colorado, Ionogram,
20 FebruaryJ970, 1900:27 MST. Declina-
tion 1 67. 5
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Figure 2. Garchy, France, lonogram ,
15) March 196 1, 02 00 Local Time.
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Figure 3. Plot of Parameter a Against Frequency; e is Angle Between
Ray and Magnetic Field

3. DETERMINATION OF INITIAL HEIGHT

4We have found the one-start procedure of Howe and McKinnis convenient to

use and easy to adapt to our method. We write Eq. (3) in the form

h-h 1 h'(x) - h0  1 dx

h'-h f Pa) h' - h 0  a 2)/20v x(1 --x0

where x = f/fv is a normalized frequency variable. We now assume a linear varia-

tion of h' between x0 and nearby points x 1 and x1, at which h' is known and write

x

h h-
1  0  0 dxhlh0 f x I  x 0 x

x o

4. Howe, H. H., and McInnis, D.E. (1967) Ionospheric electron-density profiles
with continuous gradients and underlying ionization corrections. I. Formnu-
lation for a digital computer, Radio Sci. 2(Ntw S%,.rios)(No. 10):1135-1158.
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hre, sinc is small, we have taken U ii and p(a) . Calculations show that

chan,4es in r for small c, produce only slight changes in the integral. To deter-
nilne h , we reed an additional relation among the real heights h, h1 , and in

lq,. () and (:). We shall make the reasonable assumption that these real heights

he o. a straight line and write

., -h) - 1 (7) Sli. - i .

ire .:n thLs,_ equations we obtain

I f f I
2

h i1'0 f , (8)

1I 
X x1

x = 0 dx 1in - (9)

X,)

. x 0 x x2 - x0  x 0x 00

Trial valculations showed the value of h0 was slightly sensitive to the choice

of x ) a variation of ). 25 in x 0 yielded a change of about 3 km in h0 for Boulder

and less than ont for Garchy. Since the calculated valuo of h0 for Boulder was

sorne-what lw a parabolic scheme was tried in place ol the preceding linear
m thod. In place of Lqs. (A and (0 we write

4



*1 - 0 f - .N ~ (11) "

jj 2 - 0  dx (12)

0

g while Eqs. (8), (9), and (10) are replaced by

, - - 2 0 1
h'-h f-f~ (13)

x x x 5"x

1 0 1 X (4

1 xx\ 2  x -x 1 (14)02

1_- J% 1 ~) =_x 2 x1 X( )1 -?.X

x X.)-
Xl3xx "30 x0 ix24

x N 2 2
=" + ~ 0 n 2 (15) i

'1 x o ]  ' x,-x (x2 X) 2  xo

The parabolic fit was found to substantially improve the initial height for the

Boulder ionogram while leaving its value for the Garchy case virtually unchanged.

We have, therefore, utilized the parabolic fit in the determination of initial height.

In the abstn(e of data, the determination of h0 by a method such as the present

one, Ahi(h reiies on ordinary ray data only, would ignore any sudden changes in

.irtuqi height below the minimum frequency. If, however, data for the extraord-
2.4inarY ray is ulso used, sudden changes in the real height can be detected. 2 °  For

exairipie, tht calculated value of real height for the Boulder case in Reference 2

sho.% s a sudden rapid drop when the frequency decreases to about 0. 85 MHz.

N-,vr'tht-less, the value of h, obtained herein yields values of h at the higher fre-

qu(.- 1es )n ist( rt w.ith those oi Reference 2.

¢ 
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Uhe calculated values of true height by the present method for the Boulder and

Garchy ionograms are given in Figures 4 and 5. The calculated values of h0 are

the initial values for these curves. For comparison, the previously calculated
3values of true height for Boulder- and for Garchy are also plotted in Figures 4

and 5. For both cases, the true height values by the present method are in good

agreement with, and lying slightly below, the corresponding curves of References 2

and 3. The procedure presented herein accordingly appears to offer a simple

method without undue computational labor for obtaining true height within the

accuracy of the experimental data.
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Figure 5. Comparison of Real Height by Present
Method for Garchy lonogram With Previous Cal-
culation

5. REPRESENTATION OF VIRTUAL HEIGHT DATA IN SIMPLE
PARAMETRIC FORM

Although the calculations of the increment in real height is simple in principle,

it does require the numerical evaluation of an integral for each probing frequency.

We have therefore explored the possibility of representing the virtual height by a

simple parametric model from which the real height can be rapidly determined.

Calculations over the range of data considered here showed that a one-parameter

model was sufficient to represent the data with good accuracy. However, in going

from the lower range of frequencies to the higher range, it was found necessary

to change the parametric form in a simple way in order to maintain the same

accuracy.

Since the calculations will be performed for several values of the probing fre-

quency fv, it is found advantageous to utilize the normalized probing frequency

x = f/fv. Plots of the increment in virtual height for two values of fv, are presented

in Figures 6 and 7. The plots have been normalized to the maximum increment

in virtual height. For convenience in performing the calculations, since the low

frequencies contribute very little to the calculated height, the curves have been

extrapolated to zero excess height at zero frequency. It may be noted at this point

that the higher frequency curves show considerably more curvature than those at

the lower frequencies. It is this increase of curvature with frequency that neces-

sitates the change in parametric form in going to the higher frequencies.
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Figure 6. Plot of Virtual Height Function g Against
Frequency x for Boulder lonogram; the Function g
is Normalized to Maximum Virtual Height
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Figure 7. Plot of Virtual Height Function g Against
Frequency x for Garchy lonogram; the Function g is
Normalized to Maximum Virtual Height
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In looking for a possible parametric fit for these curves, we note that they are

approximately linear in the lower range and then bend up rapidly as the frequency

increases. We have, therefore, tried a polynomial form consisting of a linear

term and a higher order term, of the form

h'- hi'
+ n

hg h I Ilx + a 2 x , ()max-h

where h' is the maximum value of the virtual height and h' is the extrapolated
inax0

value of h' to zero frequency. A numerical study indicated that the data in the

lower range of frequencies could be fitted by the polynomial

9l ax + (1 - a)x (17)

while for the higher range of frequencies the form

g= bx + ( - b)x 6  (18)

was a good model for the data. Plots of Eqs. (17) and (18) for several values of

the governing parameter a or b are given in Figures 8 and 9. To show the kind of

fit obtained, several data points from Figures 6 and 7 are replotted on these fig-

ures. A comparison of the ionogram data and the model curves indicated that the

former could be represented by the parametric values:

Garchy, fv = 3.0, a = 0.45

Garchy, fv = 4.4, b = 0.2
Boulder, fv = 5. 0, a = 0.7 5

v
Boulder, f = 5.0, a = 0.75.

V

Utilizing Eq. (2) and performing the required integrations we obtain for the real

height h,

lower frequencies, Eq. (17)

h h 0  p(h'a x -h ))[aI0 + (1 - a)11 (19)

and higher frequencies, Eq. (18),

h - h1  P(hm ax - h))1bl( ± (1 - b)121 , (20)

tq;
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Figure 8. Virtual Height Function g for Lower Frequen-
cies (Eq. 17) as a Function of Frequency for Several Val-
ues of Parameter a; Data Points at the Lower Frequen-
cies From Both lonograms are Also Plotted on the Figure
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Figure P. Virtual Height Function g for Higher Frequen-
cies (Eq. 18) as a Function of Frequency for Several Val-
ues of Parameter b; Data Points at the Higher Frequen-
cies From Both lonograms are Also Plotted on the Figure
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Evalu'tion of thcse equations yielded the real heights:

6ar h , = .. h 284 kin ,

;a~y f 4. 4. h 3148

=ouldr, f, Ij, h 2 15

fiotJdtir, f = 7.f,5, h 29

As seen from -irures 5 and f,, these values are in good agreement witth those oh-

tamed by numericai integration. For the lower-frequency Boulder case, Figure .

the choice of a proper value of the parameter a is not as clear cut as for the other

cases,. However, this need not concern us greatly since, as shown by an incre-

mental analysis, a change of 0. 05 in the parameter a results in a change of only

about 1 km in the real height. The parametric procedure presented here thus

appears to be a useful alternative to numerical intQration in th( d'ot.rinination

of real height by the present method.

6. SL WM,-\A AND CONCLUDING REMARKS

A direct method for determining real height from virtual height data has been

applied to two ionograms, corresponding to data obtained at I3ouider, Colorado,

and Garchy, France. The initial height was obtained by adapting the present

method to the one-start procedure deveioped by Howe and McKinnis for this

prohttm. Lhe results obtained for the two ionograms were in good agreement

with those obtained from previously-reported accurate numerical calculations.
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J'o o-',tL tle auim 'ihaI t a tint re 'quitd a116 thus 1At kt' the( pl'V :L 10

Tit( tndu mole( rapid and convenient, a pr-,cdure based on the noolelineat t i-

vrtual height uata in terms ot a polvnomnial governed by a single parameter has

been developed. The parameter may be determined by fitting the model to the

civen data. The results obtain(d ,. ith the model %ere in good agreement ith

those previously obtained by direct use of the data.

the present method affords a simple and convenient means of obtaining ren l

heights from virtual height data, within the accuracy of the e-xperimental data.
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