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ABSTRACT
Considered is the pure initial value problem for the system of equations

uw =u. + f(u) - w, w, = €(u~-YWw), the initial data being (u(x,0),w(x,0)) =
($(x),0). Here €, Y are positive constants, and f(u) = -ut+H(u-a) where
H is the Heaviside step function and a € (0,1/2). This system is of the
FitzHugh-Nagumo type and models the conduction of electrical impulsges in a
nerve axon. In an earlier paper the author considered the curve s(t) =
sup{x:u(x,t) = a}, and showed that if ¢(x) > a on a sufficiently long
interval and decays sufficiently fas’ to zero as |x| + ®, then
lim g(t) = », In this paper a more detailed description of the asymptotic
»oo
:ehavlor of s8(t) is given. The results demonstrate that when € is
small, sg(t) eventually propagates at a rate close to the speed of the unique

traveling wave solution, U(z), for € = 0, w(x,t) = 0 which satisfies

U(=») = 1, U(4») = 0,

AMS (MOS) Subject Classification: 35KS55
Key Words: Free boundary, Traveling Wave Solution
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SIGNIFICANCE AND EXPLANATION

A

‘/A model for the conduction of electrical impulses in a nerve axon is
considered. In an earlier paper the author demonstrated that the model
exhibits a threshold phenomenon. This corresponds to the biological fact that
a minimum stimulus is required to trigger a nerve impulse. 1In this paper a

more detailed description of the asymptotic behavior of the solution of the

equations is given. It is proven that, in some sense, the solution eventually

propagates with constant velocity.

DN

~

Accession For

[ NTIS GRA&I ‘
DTIC TAB E

Unannounced O
Justification

By
_Eis;ribution/ o

Availability Codes
_‘Avail and/or
Dist Special

A

The responsibility for the wording and views expressed in this descriptive
sunmary lies with MRC, and not with the author of this report.




A

A FREE BOUNDARY ARISING FROM McKEAN'S MODEL
PFOR NERVE CONDUCTION

David Terman
Section 1. Introduction
In this pape:r we consider the initial value problem for the system:

u =u_ + f(u) - w
t xx

(1.1)
w = ¢lu-yw) ,

t

the initial conditions being ulx,0) = ug(x), wix,0) = 0. It is assumed that € and Y
are positive constants and f{u) = -u+fi(u-a). Here H is the Heaviside step function
and a € (0,1/2). This system, with f£(u) replaced by I‘(u) = u{(1=u)(u~a), was
introduced by FitzHugh (9] and Nagumo, Arimoto and Yoshirawa ({14] as a model for the
condution of electrical impulses in a nerve axon. The modei we consider was suggested by
McKean [12].

In [18] it was demonstrated that (1.1) exhibits a threshold phenomenon. That is, if
ug(x), which corresponds to the initial stimulus, is sufficiently small, then

lim Fu{s,t)l _ + lw(s,t)} _ = 0. 1In this case the initial data is said to be subthreshold.

:;. uo(x) 1!; lnfﬂcigntl.: large, or superthreshold, then one expects some sort of signal
to propagate. This was shown to be the case for € sufficiently small. More precisely,
assume that ug(x) satisfies the conditions:

(a) uo(x) e cz(l) .

(b) wuy(x) e {0,1] in =» ,

() uglx) = ugt=x) ,
(1.2) () there exists a unigque constant xg > 0 such that uo(xo) =a ,

fe) uplx) > a for Ix|l ¢<x, ,

V2/2) U2y =x)
(f) |u°(x)| < ae for (x| > % .

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This material is
based upon work supported by the National Science Poundation under Grant No. MCS-7927062,
Mod. 2.
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Let s(t) be defined as s(t) = sup{t : u(x,t) = a}. e define uo(x) to be superthres-

hold if 1lim s(t) = . The main result in [18) is then
e

Theorem t: Choose a @ (0,1/2) and Y > 0. Then there exist positive constants € and
8 such that if c e (0,:0) and uo(x) satisfies (1.2) with Xy >0, then ugl{x) is
superthreshold.

In this paper we give a more detailed description of the asymptotic behavior of
s{t). Before stating these results we point out that one expects that if the initial data
is superthreshold, then the solution of (1.1) should asymptotically approach a traveling
wave solution. By a traveling wave solution we mean a solution of the form (u(x,t),
wix,t)) = (U(z),w(z)), z = x + 6t. These correspond to solutions which propagate with
constant shape and velocity. The existence of traveling wave solutions for the FitzHugh-
Nagumo system, with f,(v), was given by Carpenter [2], Conley (3], and Hastings [10].
Rinzel and Keller (16] considered the McKean model with Y = 0. Similar results for the
McKean model with Y > 0 have been obtained by Rinzel and Terman [17].

There may exist at least two traveling waves of a particular type (pulses, fronts,
periodic waves, etc.). Jones [11] considered pulse shaped solutions of the FitzHugh-Nagumo
model and showed that the fastest wave is asymptotically stable. This means that if the
initial data is sufficiently close to the traveling wave, then the solution asymptotically
approaches some translate of the wave. Stability of waves for McKean's model was proven by
Feroce [8)]. Both Jones and Feroe used techniques developed by Evans (4] - (7]. One
expects, however, more to be true. Numerical calculations (see [17]) indicate that any
superthreshold initial data should give rise to a solution which asymptotically approaches
a translate of a traveling wave solution. In terms of the curve s(t), this means that
there should exist a constant, Oe, such that if € is sufficiently small and the initial
data is superthreshold, then 1lim (s(t)-ﬂet) exists.

If ¢=0 and wix,t) = ;t. then (1.1) reduces to the scalar equation:

(1.3) u, = u 4 £f(u) .




This equation possesaes a unique traveling wave which satisfies U(-») = 1, U(+s) = 0. 1In
fact, {f ©6* i the speed of this wave, then 6% = (1-2.)[.[1-.)]-1/2 (see Ringel and
Keller [16]). The result of Jones and numerical calculations lead one to expect that

lim 8 = 6*. 1In this paper we show that if € ig sufficiently small, then s(t)
::3nptot1cllly propagates with speed close to 0*. This is made precise in the following
theorem. 1In the theorem, as in the rest of the paper, we assume that a and Y are fixed

constants and uo(x) satisfies (1.2} with Xq > o.

Theorem 2: Given & > 0, there exists a conatant, ¢€(§), such that if 0 < ¢ < €(§),

then for any T > 0 there exists a ts > T such that
(89=8)(t=ty) + slty) - & < a(t) < (B*+8)(t-t,) + &
for all t > t,.

The theorem is proved using the fact that s(t) must satisfy an integral equation.
This equation is presented in the next section where preliminary results are also proved.
In section 3 we describe how to choose €(8). The proof of Theorem 2 is given in section
4.

Throughout this paper we assume that there exists a unique solution of (1.1). We also
assume that there exist constants U and W such that Jui(x,t)] < U and |wix,t)] <w
in R x l’. The question of uniqueness is apparently quite hard and to the author's
knowledge has not been solved. Some discussion of these questions is presented in [18].

We conclude the introduction by pointing out that in (19], the author considered the
scalar equation (1.3) and showed that in the superthreshold case 1lim (s(t)-0¢t) exists.
A rather complete description of the asymptotic behavior of colutii;: of the scalar

equation has been given by McKean [13]. McKean's results also hold for (1.1) with e < 0.
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Section 2. Preliminary Results
We first introduce some notation. Let
-t

—_ /4t
(2.1) Kix,t) = h‘ntvz e

That is, Xi(x,t) is the fundamental solution of the equation
(2.2) Ve =V "V -
It will be convenient to define s(t) for t < 0. We assume that s(t) = s(0)

t < 0. lLet

vix,t) = [T ROxeE, t)ug(E)AE

etx,t) =[5 (21T pie-g,e-vrakar
Tox,t) = [ [7, Kix-€,t=T)w(E,T1akar
G = {(x,t) ¢ u(x,t) > a} ,

H = {(x,t) : uix,t) = a} .

Iat X(x,t) Dbe the indicator function of the set G. Then for (x,t) ¢ H, (u,w)

satisfies the system

L + X(x,t) ~w
(2.3)

v, = € (u-yw) .

If (x,t) ¢ H, then (u,w) can be written implicitly as

R . o R
u(x,t) = ¢(x,t) + Io [ R(x=E,t-T)X(§,T)dEar ~ T(x,t)
(2.4)

ulx,n)dn .

wix,t) = f:e-“t I; e”“

Letting x = s(t) in (2.4) we obtain

(a) a =~ ¥(s(t),t) + ]: 7. Rla(t)-E,t-1)X(E, 1) & AT = T(8(t), &)
{2.5)

uls(t),n)an .

() viale),t) = e o't [T 1O

We now set

for



as)(t) = 8(alt),t)
i) = Tis(t),t)

Wit) = yls(t),t)
R(t) = eta)(e) - [o [T, Kis(e)-£,t-1IX(E,TI8kaT .

Then (2.5) becomes
(a) ¥(s)(t) = a + I(t) - y(t) + R(x)

(2.6)

(b) wis(t),t) = ce u(s(t),n)an .

-€Yt J; "
We now present the important properties of the various terms appearing in (2.6),
beginning with ¢(t). Note that ;(x,t) is the solution of the scalar equation (2.2) with

initial condition ¥(x,0) = uo(x). A simple application of the usual comparison theorem
for scalar, parabolic equations (see {1], Theorem 2.1) implies that l;(x,t)l < e-t for
all (x,t). Hence

2.7 o< Ut <et
for all ter.

To estimate R(t) we use the following result which is proved in {18].

Proposition 2.1: Fix a and Y, and let € and @ be as in Theorem 1. Assume that
0 <€ < eo and uo(x) satisfies (1.2) with Xy > 6. Then, there exists a positive
constant A (=A(€)) such that u(x,t) > a for s(t) ~ A < x < s{(t), £t > 0. PFurthermore,

1im A(g) = 4=,

€+0
This result implies that
re) < SO (30 xiacerg,emmragar + [5 (2B E e (geey g, emnr at e
T R,(0) + Ry(E) .
Now,

Ro(e) € [0 [T xister-,eonrogar = [0 T gy - 07t

D LR T = - L T T NP,




8ince 1lim A(¢) = », a gtraightforward calculation shows that
[ 24]

Rz(t) < gtle)
for some function, g(¢), which satisfies 1lim g(e) = 0,

€+0
Therefore,

(2.8) R(t) < gle) +o % .

We now discuss some properties of &, Choose T > 0, and let al(t) and 8(tr) be
continuous functions which satisfy a(t) < B(t) for t < T and a(T) = 8(T). From the
definition of &, it is clear that #(a)(T) < #(B)(T). Now let O and K be constants
and t(t) = 8t + K. We claim that &(L)(t) is independent of both K and t. This is
because,

TGN e T e R L
and, letting s = 1-t, z = £ = (8t+K) we find that

stey(e) = O [%% x(eg,-s)dzan |,

which only depends on 6. Ilet
(2.9) h(0) = I?_ I?‘: K(-z,-s)dzds .
It is not hard to see that h(0) = 1/2, h'(8) < 0 for all 9, and ;u h(6) = 0, Hence,
there exists a unigue constant 9* such that h(6*) = a. RAs a.lucuue:'in (191, o+ jis,
as in section 1, the speed of the unique traveling wave solution of (1.3) which sati:cfies
U(-=) = 1 and U(+=) = 0,

Before discussing [(t) we must discuss ways of finding a-priori bounds on
julx,t)] and {w(x,t)|. The main tool in obtaining these bounds is the next proposition
and its corollaries. Por the statement of these results it is convenient to define the
operators:

Flu,w) = u cu  tutw

t

Gl(u,w) = v, - c(u-Yw) .




We fix constants ¢, K, and T with ¢ and T positive. let £L{(t) =ct +X and Q3 =
{(x,£) : x> £(t), 0 < t < T}, We assume that (u,w) 1is only defined in Q, and
satisfies (1.1) along with the initial-boundary conditions (u(x,0),w(x,0)} = (uo(x),wo(x))
for x > K, and u(f(t),t) = a(t) for c e [0,T]. It is assumed that a(t), uy(x),

and wy(x) are continuously differentiable. Assume that there exist functions u(x,t),

;(x,t). wix,t) and ;(x,t) defined in R which satisfy

(a) (g,w) € (u,w) in 8 ,
(b) ¥, U4, w, and w along with their first derivatives with
respect to t and second derivatives with respect to x are
(2.1 continuous functions in 1 ,
(c) (u(x,0),%(x,0)) € (uy(x),wy(x)) € (u(x,0),w(x,0)) for x>K ,
() u(tlt),t) € a(t) € ult(t),t) for t e (0,71 .

Here (a,b) € (¢,d) means that a < c and b < 4,

Proposition 2.2: If (2.10) is satisfied and
(F(u,%),Glu,¥) € (0,0) < (F(u,w),G(u,w))
in Q, than (u,w) € (u,w) < (u,w) in Q.
This result is proved in (20]). The following few results show how the proposition is

uged to obtain bounds on wix,t) and T(t).

2
and assume that € < ¢ . Furthermore, assume that

c{K-x) c{K-x)

Corollary 2.3: Let W =
c +€

Y
late)| < a in (0,T), luglx)| < ae and |wy(x)| < we

latx,e)] < aeS H ™) pa qwix,t)) < S EIT® o)

for x > K. Then

Proof: This result follows immediately from the proposition once we get u(x,t) =

_aec(l(t)-x)' aix,t) = “c(l(t)-x)' wlix,t) = _ch(l(t)-x)' and wix,t) = mc(l(t)-x).

Proposition 2.4: Assume that Uy {x) satisfiea (1.2) with xo 28, and 0 <€ < eo.

There exists a constant M,, such that lwis(t),t)] < M, for all t e n',

-7e




Proof: 1In (18] it is proved that there exist positive constants Xo, c,, and cz, which

do not depend on €, and a sequence (tk}' k =0,1,2,..., such that for each k,

(a) 0 = to < t1 < t2 Koee
(b) Cy < txey ~ B € C2
{c) l(tk) =%y +k
(2.11)
(a) s(t) < xg + k for t <t
(e) s{t) > xq + k - xo for t, <t <ty
(g) lwix,t}] < a for x > s(t) .

Wwe first show that |v(l(tk).tk)| < CHZ for some M, and each k. Note that (2.11)

1
implies that s(t) < Cz (¢t - (tk-cz)) + o(tk) £ lk(t) for t < t,C,. Fix k and let

L(e) = lk(t). From the definition of s(t) it follows that ulf{t),t) < a for ¢t < tk.
We claim that u(f(t),t) > -a for ¢t < ty . This follows from the following comparison
argument which shows that u(x,t) > -a for x > s(t).

let 1L be the operator defined by LLu = ut - uxx + u. If we can show that
Tu > L(-a) for x > s(t) then, because u(x,0) > -a for x > s(0) and u(s{(t),t) > -a,

the usual comparison theorem for parabolic equations will imply that ul(x,t) > -a

for x > s(t). However, L(-a) = -a while (2.11f) implies that 1Lu = -w > -a.

- 1/c2(x°-x)
We assume that c, > /2. Then, using (1.2f), Ju(x,0)] < ae for x > xg.
€
Corollary 2.3 now implies that |w(f(t),t)| < 2 2 < acic for t <t 4. In
(1/C2) +eY
2
particular, Iw(s(tk),tk-cz)l < aczc. Then, for t > e - Cz' the equation vt = ¢(u-yYw)

implies that

t

Iwiste, ), )] < Jwisle ), b )l +e ftk_czlu(s(tk),n)ldn .

+
Therefore, letting t = t,  and using the assumption that fulx,t)] <U in Rx R, we

find that
2
Iv(-(ek),tk)l < aC,e + e0C, .
2
So if we set M, = acz + UC2 we find that lw(a(tk),tk)l < cM2 for each \.

We must now estimate w(s(t),t) for t not equal to one of the t,'s. Choose k so

that ¢t <t < ¢t

X x+1° e consider two cases. FPirst assume that t, < (lo*i)Cz- Then




Jwis(t),t)]| € €Ot < ex < eule oCy) < €uc, (A o+2) .

k+1
-1
Next assume that t, > (lo+1)c2. let £ (x) be the inverse function of lk(t). That is,

-1
£ (x) = Cz(x°l(tk)) + tk-cz

-1
Now, (2.11e) implies that s(t) > -(ek) - Xo. Hence, £t (s(t)) > tk - (X+1)C2. Hence,

lwiate), &)1 < lwiste), 2™ (ate) ] + e [5_ lats(t),n)ldn
£ (s(e))

2 -1
< acye + cu(ckﬁ-l (s(t))]
< c[ac2 + U +2)C,] .
2 0 2
So, we let H1 = acg + U(Xo+2)C2. and the proof of the proposition is complete.

Proposition 2.5: There exists a constant M, which does not depend on €, sguch that

T(t) < eM for all ¢t.

Proof: Fix to > 0, and let C1 and C2 be as in the Proposition 2.4. Let

1
£(t) = == ft=t,] + s(t ). The proof of Proposition 2.4 shows that Jwix,t)| < M€ for
2

x > 2({t), 0 < ¢t < to. Let 1-1(x) be the inverse function of £(t), and assume that
200) < x <L), £ <t < toe Then,

lwix, )1 € lwtx, ")) + €[5 Jutx,n)lan
£

(x)

-1
< €M, + eUfe~t (x)] < E[M1 + Ucz(x-s(to))] .

A similar computation shows that if x < £(0), then
lwix,t)] € t(n1 + Ucz(x-s(to))] .

Now,

t t
0 o 0 (2
IT(e )] < fo fl(T)x(a(to)-E,to-T)Iv(E.T)IdEdt + !o ]_i" K(str )=E,t -T)|w(E, 1) ]|dEdr

O+ @ .

Note that,




t
0
@ < e, [, [7, Rlateg)-€, e -T)dESr < en,.

On the other hand,
t, -(eo)
@ <e fo J o K(s(t )-E,t,-T) M, + UC,(E-s(t,))]aEer

t a(t,)
<e [0 [ 0 RsteE e -ta N, + UC, (E-atty)) ] dgar

- [0 If.x<-z.-r>m1 - uc,klagar

< EHz

for some constant M, which does not depend on t, or €. Setting M = Myt M, we

obtain the desired result.

Combining (2.6a), (2.7), (2.8), and Proposition 2.5 we conclude that there exists a
constant €, and a function G(e) with the property that 1lim G(e) = 0 such that if
€+0

0 <e<e then

1'
(2.12) [9(8)(t) - a] < G(e) + 26 F .

~10-
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Section 3. The constant ¢€(8).

Throughout the rest of the paper we assume that the constant §, which appears in the
statement of Theorem 2, is fixed. Later it will be convenient to assume that
§ < inf{1,c*/2). Since we're really interested when § is small, this is no problem. 1In
this section we explain how to choose €(8). We begin with a few preliminary results.
Fix a0 >0, and T > 0. Let
L(t) = o(t-T) + 8(T) for tew ,
£ ={t <T: s(e) <L)} ,
D= {(x,t) : s{t) < x < L(t), t en} ,

Alx,t) = J'DI K(x-E,t-T)dEar for t > T .

Proposition 3.1. Given a > 0, and x € R, there exists B (=8(a)) such that if

A({x,T) > a, then A(s(T),T) > 8. Furthermore, § Adoces not depend on x, T, 0, or €.

Proof: Since we're really only interested when o 4is small, we assume that a < 1/3. Let

M = -log a/3, M2 = -log(1 = a/3), and z(t) = Col(t-T) + 8(T) - Xo. Here C, and Xo are
as in Proposition 2.4. That proposition implies that
(3.1) z{t) < s(t) < s(T) + 2x° for t < T .
Let
M o= {(g,v) ™M, < T TN, z(1) < E < s(T) + ZXO} '
D, = {(E,x) eD ¢ T < 'r-n‘} Y

((¢,7) eD ;s T-M

o
[}

g €T ¢ T~M2} '

{¢tE,xYeD : T=M, ¢cTCT} .

Q
L}

2
Then, for x € R,

alx, ) = [ [ Kix-E,T-T)akar + [ | X(x=~E,T-1)aEar
1 2
+ [ [ R(x~E,T-1)dEar
Dy

T=-M
<. ‘f:. K(x-£,T-T)dEdT + jnzj K{x=E ,T~1)AE T

-11-




T -
+ !r-nzl- K(x-E,T-T)dfar

2a

<3

+ [ | ®(x-E,1~1)8EaT .
2
If A(x,T) > a, then

a
]DZI K(x-E,T-T)dfer > T .

Note that if |x] is sufficiently large, then for (E,v) & M,
K(g(T)=E,T=1) > K{x=E,T-7) .

Therefore,

K{x=E ,T-T
K(s(T)-E,T-1)

is positive. Note that r does not depend on x, T, 0, or €. Now (3.1) implies that

r = inf over (E,T1) e M, xeRr

02C M. Hence,

A(s(T), ™) > [ [ K(s(T)-E,T-1)dEdr
2
>r fD ] ®(x-g,7-1)8EaY
2

> a .

Wi

Corollary 3.2. Given a > 0, let 8 be as in the proposition. If A(s(T),T) < 8, then

Alx,t) < ae'l'-'t for all x @R, t > T.

Proof: Proposition 3.1 and the assumption that A(s(T),T) < 8 implies that A(x,T) < a

for all x € R. Note that A(x,t) is the solution of the inhomogeneous egquation
+
Y "V ¥+ X in RxR
Yi(x,0) =0 in R .
Here, XD is the indicator function of the set D. "Restarting” at t = T we find that
A(x,t) is the solution of the homogeneous equation

Vv, =y -y in R x (T,»)
(3.2) £

V(x,0) = A(x,T) in R .

.12




2

.

The result now follows from a simple application of the standard comparison theorem for
parabolic equations.
We now describe, without motivation, how to choose €(8). Let
I = {({x,e): 0 x< 1, c*/2¢ ¢ < 2¢*} .,

M, = inf fd X{x~ct,-1)at ,

1 -
(x,c)er
(3.3)
.= My
2 r
8 =B8(a) .

Let h(8) and G(e) be as in (2.9) and (2.12), respectively. It is asaumed that
€(8) is chosen so that if 0 < € € €(8) and |h(0)-a)] < 2G(e), then
(3.4) |6-0¢] < inf{8/2, B(a)/24} .

We also assume that G(¢) <« lz"z"‘, and €(8) < €,

-3~
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Section 4. Proof of Theorem 2

It is assumed throughout this section that uy(x) satisfies (1.2) with x; > &, and

0 <€ < (), We begin by obtaining a lower bound on the rate at which s(t) propagates.

Lemma 4.1: let c, = supl{c : s(t) > ct + K for some K and all t}. Then

e, 2 o - 8/2.

Proof: Recall that €(8) was chosen so that if 0 < € < €(8) and h(8) = a + G(c), then

10-8%] < 6/2. Purthermore, G(e) < 228 Choose ¥ eo that L <12 por no>w
a & 1
choose ¢, ®o that h(cn) = a + G(e) + peg) Let tn = ~log ™ and A = 2 o:.:: s(t).

For t € lo,t“] let a(t) = A, and for t > tye let a(t) be the continuous, piecewise

linear function defined by a'(t) = < for t e (tn, )« We show that al(t) < s(t)

ntt
in ®'. Since at(t) > 8% - § for t sufficiently large, this will complete the proof.

It is certainly true that a(t) < s(t) for t e (O,T“)- Suppose that there exists
Ty t" such that s(T) = a(T) and a(t) < s(t) for t < T. Assume that

Te [cn'tn#1)' Then, (2.12) implies that

O(8)(T) < a + Gle) + 2e77

a
<a*6le)*2h .

On the other hand, if we let £R(t) = cn(t-‘l‘) + 8(T), then a(t) > a(t) > 2{¢t) tor
t <T. H.nco,
(2)(T) > #(a)(T) > $(L)(T) = hic ) = a + Gle) + §;

and we have a contradiction.

The proof of the following lemma is quite similar to the one just given.

lemma 4.2. Let c, = inf{c : s(t) < ct + K for some X and all t}. Then

0
co < 8* + §/2.
Before preceeding it is necessary to introduce some notation. Choose G40 0, SO that
h{g,) = a = 2G(e) and h(o,) = a + 2G(c). Since € ¢ €(§) it follows that o, - o, < s.

let K, = 11:;up(o(t)-cot), and 1.(t) = cot + K4, Choose (tn) so that

-i4-
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s(t) < L.(t) + V/n for t> t . and l(tn) > to(cn) ~ 1/n. Choose (onl 80 that

h(On) = 0(-)(tn), and let Xn(c) = On(t-tn) + l(tn). For the time being fix n. Assume
-t
that 2e¢ " < G(c). Let T = too Ly(E) = 0 (E=T) ¢ 8(T), 1,(t) = 0,(t~T) + (T},

ls(t) = Xn(t), and ey = On.

For j = 0,1,2, and 3, let
nj = {tcris(t) < tj(c)}
Jj = (t('l‘)lj(t) < s(t)}
L, (t)

- b]
Aj !“j !s(t)

K(s(T)-§,T-t)akar

B _] ]!(T)
b] Jj lj(T)

K(s(T)-E,T-1)dEar .

To emphasize their dependence on n, we sometimes write Hj(n). Jj(n), Aj(n), and
Bj(n). For j =0 and 3, (2,12) implies that, h(d,) < h(cj) < h(cz), and, therefore,
a, < cj < 6,. From our choice of t  we conclude that lo(t) < l'(t) +2/nfor t > T.
Furthermore, since 11(T) = 13(1) - zz(r) = g(T), it follows that li(t) < ls(t) < !z(t)

for t < T.

Lemma 4.3. Bo(n) +0 as n + &,

2
Proof: Fix m ¢ n. Since s8(t) < zo(t) + ; for t > ty,

tm - t, lo(t)¢-§
B,(n) < | gy K(s(t )=§,t -t)dfdar + !"n !zom K(s(t )-f,t -t)didr

= (1] + (1I] .

£, -(t -1) -t -t )
m<fle " arce " .

On the other hand,

tn !o(t)+ ﬁ
fxr) < [ ]'o“’ Kis(t )-€,t ~1)dEdr

-1%-
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- ]:/- ]g. K({n=c*1,~-1)drdn

a
. ix

for some constant M which does not depend on m and n. We have now shown that

-{t -t )
Bmclse ™R
0 ]

+
for all m< n. let m= % if n is even and m = 5;1 if n is odd. It follows that

-t /2
Bo(n) < n +e " , and the proof is complete.

Note that A; ™ B;. This is because the equality h(cs) = §(8)(T) implies that

£,00)
T2 xtam-tr-vaer = [T [T rieemr-£, T-rragar .

- 7 =4

Hence,

r A3tm)
0= [yxy KB(T)I-E,T-T)dEar = A, -5, .

We now estimate A,(n). Note that since !1(C) < la(t) < zz(t) for t < T, it

follows that

lz(t)

21(‘) K(s(T)-E,T=1)dEAT

T
Ay(n) <A (m) + [§

o 12(1)
= B,y(n) + [0 111(1) K(s(T)=-E,T-1)AEAr

r Lo® p (0
< By(m) + | Iz3m K(s(T)-€,T-1)4Eat| + [, fl1(T)K(-('r)-E.'r-t)dEdt

Bo(n) + (x] + (11] .

To estimate [I] we recall that for 3§ = 0 or 3, 0, < cj <9, Moreover,
lo(T) < s(T) + 1/n. Hence, a simple calculation shows that

o Ap(TI/n 0 %27
< [ [ ey KIsm-g,Temiakar = [ [ © K(-E,-1)8kar
1 '

< 3(02-01) .

Similarly,

«16=




h 3
(xx) < J2 [ 2 me-g,-viagar
1

< 3(02~a1) .

Therefore,
Az(n) < Byin) + 6lo,~0,) .
Bla)
We assume throughout that n is chosen so that loln) < 2 where B(a) was defined in

(3.3), Prom (3.4) it follows that 0 _-0_ < l%,'. Therefore, we conclude that for n

21
sufficiently large,
(4.1) Az(n) < Bla) .

Here we give a brief outline of how the proof of Theorem 2 is completed. We construct

-
a sequence of positive constants, {Sk). k=0,1,2,.., such that Z ck < 8. Purthermore,
k=0

letting s(t) equal to the piecewise continuous function defined by
s(t) for t < t
n

(4.2) z(t) =

)
L) - 1 8
2 y=o 3

for t +k €t ct ¢k <+ 1,
n n
for k = 0,1,2,... , we show that, for n large, =2{(t) < s(t) for ¢t > t,. This
completes the proof of Theorem 2 for the following reason. Recall that
s(t) < l.,(t) +2/mn for t > t,. Hence, if n ie sufficiently large, then
lz(t) -8 ¢ s(e) < l.1(t) + 8
for ¢ > tn. However,
1l - . - -
l‘(t) lztt) g, ~0, ¢ s .
In what follows we fix n, let 'l'-tn. and 'l'k-‘l'¢k.

The §_ are defined inductively. Assume that 6‘,...,6 have been chosen so that

) k=1
for t < T, s{t) > z(t) where sz(t) is defined by (4.2). We siiow how to define Gk-
Here, X may be equal to zero. Note that Gk must be chosen in such a way that

z(t) < s(t) for t € ”k"kﬂ" From the definition of 6\: it will be clear that

-

I 8 <8 for n sufficiently large.
k

k=0

S ¥ 2
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Assume, for the moment, that 6k has been chosen, and there exists tgy € (T),T,,¢)
such that s(t,) = l(to). and z(t) < s(t) for t e (Tk'to)' The following calculation
demonstrates that if Gk is too large, and n is suitable chosen, then

$(2)(ty) > hioy) .
Since z(t) < s(t) for ¢t < t, this impliea that
o) (ty) > #lx)(ey) > hio,) = a + 26(¢)

which contradicts (2.12). In what follows we set

k
£ (t) =2 (¢) - § 8, .
k 2 450 3

t t)
OI‘k

- -

z(t)

t
0
“""o""to"”“‘“ + j-. Iik(‘l’)

S2) () = f K(z(t))~E,t 1) &

(4.3)

1)
-«

v

!(l(to)-i.to-T)did‘

)
h(dz) »> Jt_: Ilk-1(‘t

t
0 (sl
2, () K(z(ty)-E, e -1)dkar + [ __ !.k

h(dz) + (1) + (111 .

Note that

o_1+8
= 7] ]a:r ky(-£,-v)aEat

(4.4)

] skn1

vhere M, was defined in the previous section. Hers is where we used the assumption,
mentioned in the beginning of section 3, that § < inf{1,c*/2}. To estimate [I1) we note

that, since zk_1(t) < lz(t) for T < co,

(t : o(1) ¢ Bg(®) 11 L) i, .

Hence,

lz(t)

att) x(z(to)-z.to-r)didt .

(4.5) tmy > -, [
2

We now wish to apply Corollary 3.2. Comparing the notation of sections 3 and 4 we find

that if t(t) = lz(t). then
L (1)

ett) K(x-§,t~1)akar

(4.6) Alx,t) = In f
2

for t > T, and

18~




A(s(T),T) = Ay(n) .
Hence (4.1) implies that if n is sufficiently large, then A(s(T),T) < 8{(a), and we

conclude from Corollary 3.2, (4.5) and (4.6) that

No
(4.7) [1X) > -ae > ~as .

Combining (4.3), (4.4), and (4.7) we find that

X
0(:)(1:0) > h(uz) + cku1 - ae .

L ™, we cbtain the desired result that #(2)(t;) > ho). Ie

So if we set § =
k 1

-
remains to verify that | Gk < §. However, this follows from our choice of a given in
k=0

(3.3).
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