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ABSTRACT -
" :'An asymptotic method is developed for the study of gravity-capillary I
’~Ju'.;‘-a.;;.d
waves in a compressible viscous fluid with edge constraints in an inclined, . 9.
straight channel. The Navier-Stokes equations subject to free surface and ":f;
rigid bottom conditions are reduced to a sequence of elliptic boundary :7i?
problems over a cross section of the channel. Their solutions are used to L
determine the wave speed and to construct the Burgers equation for the e
evolution of the gravity-capillary waves. The Burgers equation may become _ﬂ
ill-posed when the Reynolds number exceeds some critical value. A criterion ;,”:ﬂlq
for the stability of the flow is then defined in terms of the critical } -
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SIGNIFICANCE AND EXPLANATION

We consider a compressible viscous flow down an inclined straight channel
of arbitrary cross section. The fluid is filled up to the brim of the channgl
so that the edges of the free surface of the fluid remain fixed. Assume that
a disturbance of small amplitude and long wave length is present on the free
surface; we would like to study the subsequent development of the disturbance.
Within the framework of the so-called long wave approximation, we scale
various variables by appropriate units and expand the solution of the Navier-
Stokes equations governing the motion of a compressible viscous fluid in an
asymptotic series in terms of a small parameter. The governing equations
subhject to prescribed boundary conditions and edge constraints are reduced to
a sequence of two-dimensional linear elliptic boundary problems over a cross
section of the channel. We make use of their solutions to determine the wave
speed and to construct the Burgers equation for the evolution of the
disturbance. The reduction of the Navier-Stokes equations subject to various
boundary conditions to a single nonlinear equation, for which the solution
method is well known, is our main contribution. When the Reynolds number of
our prohlem exceeds some critical value, the Burgers equation may not be well-

posed., ‘Therefore, we use this critical Reynolds numbher to define

for the stability of the flow.
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NONLINEAR GRAVITY-CAPILLARY WAVES ON A COMPRESSIBLE 1
VISCOUS FLUID WITH EDGE CONSTRAINTS ]
M. C. Shen" e
1. Introduction ';
In recent years there has been growing interest in the study of the initial-boundary .3
value problem of a compressible viscous fluid. A bibliography up to 1980 may be found in ————_E
the review article by Solonnikov and Kazhikov (1981). The problem of a compressible :"‘.f
SRR
viscous fluid with heat conduction bounded by a rigid boundary was resolved by Matsumura ';j g
and Nishida (1981), and that subject to free surface conditions only was considered by Tani . Jf
(1981). However, it appears that the general case with both free surface and rigid f.iiié
boundary conditions still remains a difficult problem and it may become more untractable if L :
the free surface and the rigid boundary intersect. WNeedless to say, at present no ?
quantitative analytical results are available for these problems. On the other hand, the ,j
study of gravity-capillary waves on an inviscid fluid with edge constraints in a channel ' Qa

has received some attention lately (Benjamin and Scott, 1979; Benjamin, 1981; Shen 1982).
It should be of great interest, therefore, to develop an asymptotic method for the
investigation of the effects of compressibility, viscosity and surface tension on the
propagation of surface waves subject to edge constraints in a channel. The problem we
shall consider deals with a compressible viscous flow down an inclined straight channel of
arbitrary cross section. We keep the edges of the free surface fixel by filling the fluid
up to the brim of the channel. Suppose a surface éiscurbance of small amplitutde and long

wave length is present in the channel. We would like to study the subsequent development

of the disturbance.

Department of Mathematics and Mathematics Research Center, University of Wisconsin, : v;u

Madison, WI 53706, :::.?.
Sponsored bty the linited States Army under Contract No. DAAG29-80-C-0041 and the National .i
Science Foundation under Grant No. MCS=800-1960, ..._!..1
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Our method of approach is based upon the so-called long wave approximation (Shih and
Shen, 1975). We first introduce a small parameter as the ratio of the vertical length
scale to the horizontal length scale. Then we use it to stretch various variables in the
governinag equations. A coordinate system is chosen to move with the disturbance at a speed
near some critical speed to be determined. By expanding the solution of the governing
equations in an asymptotic series, we reduce the Navier-Stokes equations with boundary
conditions to a sequence of two-dimensional linear elliptic boundary value problems over a
cross section of the channel. Their solutions are then used to determine the critical
speed and the Burgers equation as an approximate equation for the evolution of the
disturbance. The Burgers equation may become ill-posed if the Reynolds number defined in
our problem exceeds some critical value. We make use of the critical Reynolds number to
define a stability criterion of the disturbance. The linear stability theory of an
incompressible viscous flow down an inclined plane was first studied by Yih (1963), and the
ill-posed problem of the linearized Burgers equation for the same flow was considered by
Carasso and Shen (1977).

We formulate our problem in Section 1. The critical speed is determined in Section
2. In Section 3, the Burgers equation is derived and the stability criterion, defined.
Some special cases such as a compregsible viscous flow down an inclined tube and two-
dimensional flow down an inclined plane or between two planes are discussed and some
remarks regarding a heat-conductive fluid and probtlems for further study are given in

Section 4.
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2, Formulation ,

We consider the motion of a compressible, viscous fluid in an inclined straight
channel of arbitrary cross section. A rectangular coordinate system (x,,xz,x:‘) moving
with a constant speed A* in the xq-direction is chosen so that the two edges of the
channel lie in the x.,x,~plane and H®*(x,,x3) is the equation of the channel surface
(Figure 1). For simplicity, we assume that the fluid is barotropic, that is, the density

p* of the fluid is a given function of the pressure p* only. In reference to the moving

frame, the Navier-Stokes equations are

p*/Ats + Ureprqr = 0, T
p* Da*/Dt* = <Veps + pvq +u Veoge + (u/3)9%(Vsege) (2
p* = p*(p*) (&)

subject to the boundary conditions:

at the free surface E = Xy + n'(x1,x2.t') =0 ,
o,.n, = TRe + Re"in (4)
3" 1 2 i
DE/Dt* = 0 ; (5)
at the channel wall H'(xz,xs) =0 ,
a = (-A*,0,0) ; (6)
at the edges x, = b A x3 =0 ,
n* =0 (7)

Here V* = (3/3::’, 3/3x2, 3/3x3), D/Dt* = 3 /3t* + ;-V' ;‘ = (q,,qz,qa) is the velocity

!
-

'

vector, ; = (g 8in 8, 0, ~g cos 0) is the constant gravitational acceleration, @ is the

.
e et
PP I 1% Y

5

inclination angle and 0 < 8 < ®/2, u is the constant viscosity coefficient, aij is the

.

stress tenscr given by

= (-p* - 21:‘7'-3'/3)61 *u(2g, %, + 20, 8x) (8)

o
ij 3 3
n = (an'/ax1 ,3n'/3x2, = 1) is the normal vector to the free surface € =0, T is the

v

constant surface tension coefficient, and
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- -1 2
n"+n' = {n* (1¢n'2)*n‘ (1 +n* ) -
1 2 x'x' X, x2 2 x
(9)
2 2 =3/2
my n;n; 14 +ny +ny ) / ‘
1%2 % %2 1 2
where the subscript x5 denotes the partial differentiation with respect to xg .
Furthermore, we also assume that p*(p*) > 0, do*/dp* > 0.
We introduce the following nondimensional variables
1
2 /2
t =€ t*/(h/g) <, (x,¥,2) = (CX,.xz,x3>/h ’
- -3 -7 1/2
q = (u,v,w) = (q1, € qz. € qs)/(qh) P =p*/4 ,
p = p*/(8gh), n =n*/h, H(y,2z) = H*(y*,2*) ,
1 1 1
R = 8(ah)2h/u, S = T/lu(gh)2], A = A*/(gh)2 ,
L =2*/h, e =h/L <<V ,
where h and L are respectively the vertical and horizontal length scales, A is a
reference value for the density to be chosen later. 1In terms of them, the governing
equations and boundary conditions (1) to (7) become
+ + +
eot (pu)x (pv)y (ow)z =0 , (10)
€ + + + + [
[} (t:ut uux vuy wuz) = -cpx p 8in
(n
-1 2 -1 2 -
+ + + +
R (e L uyy “zz) R (e /3)(V°q)x
e2(v. +uv_ +uv +wv ) = py + R E(€v_+v_ +v )
P t x Y ¥ 124 Vix Yy zz
(12)
+ R e/ (99
b4
pcz(w +uw +vw +ww)=-p -pcosf + R-1€(ezw +w +w )
t x y z z X% vy zz
(13)
+ R"(e/s)(v-a)z
p =plp) ., (14)

subject to the boundary conditions: At the free surface z = n(x,y,t,€),
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€lRp + (2 €/3)Veq = 26u In_ - (u + €2v_)n
X x Y LI 4

(15)
2 -1 -1
+ u, + € w, = -S(R1 + R2 )enx ’
- 2
[Rp + (2 €/3)Veq - 2v In -€(e"v +u )n
Y vy x y x .
(16) B
-1 -1 o]
+e(v +w) = =S(R + R_)n ’ .
z y 1 2 Yy
- 2
+ (2 €/3)Veq - 2 +Ee(ew + +e + v
Rp + (2 €/3)Veq v, PRGN (wy z)ny )
(17) R
R :
S(P1 2 ) g
where V'E =(u +v +w), o
x y z -
-1 -1 2 2 2 2 2 2 2 2 =-3/2
R, +R, =([en_(1+n ) +n (1 +en )=-2n _nn]J(l +en +n)/ ' ]
1 2 xx y Yy x Xy xy x Yy _1
En +un + v -w=20 ; (18) ‘.
t x Yy 4
at H(y,z) = 0, :r%
o
u=<=A, v==w=0 ; (19) .:i
at y = t¢, z = 0, n=20 . (20) 'H
“

NI EE U
> 5

‘

'?.;;-QL}!TZ

3. Critical speed

Assume that the solutions ;, P, P, N and A possess an asymptotic expansion of the

form e
- + € + 82 ~+ es0ece (21) '.l‘
Vv tey, tey, . .

We call Xo the critical speed. Without loss of generality, assume ) = \0 + €X1- fq
.’_-l

Substitution of (21) in (10) to (20) will yield a sequence of equations and boundary s
"

conditions for the successive approximations. The equations for the zeroth approximation :ﬁi
- :i

are the following: .
-1 2 :‘ﬁ

R V uy T P, sin® in [ , (22) o

w, =0 on L , (23) :;

u, = -XO on L1 ’ (24) -
|

poz = -po cos § in D , (25) Lo

-5 n}
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»
L
L.
r:.
N Poy =0 in D , (26)
Pp =0 on L, , (27)
Py =p(poT" in D ‘e (28)
2 2 2 2 2 .
where we assume "0 =V, = wo = 0,V =3 Ny +3 Nz, u, is a function of y, z

only, D is a cross section of the channel, L, is the channel boundary and L, is the

line segment - < y € &, z = 0, as part of the boundary of D (Figure 1). Furthermore

. we choose A so that 00(0) = 1. From (25) to (28), it is obtained that p, satisfies

Ipo "o ap, = - ] (29)
o P Py )P, Z cos .

i hd

In turn, o is determined from (28). Let

P 0
-E-_t u, = Mo - )‘0 . (30)
- Then by (22) to (24), ¢, is the solution of
- 2
b v 00 = -po sin® in D , (31)
¢02=0 on LO ’ (32) ’
00 =0 on L, . (33) _:
S
The equations for the first approximation are o)
Ty
v Y
(oouo)x + (p,uo)x + (pov1)y + (90"1)2 =0 , (34) ’r:
-1 2 o
R V u, = —91 gin 8 , (35) b
K
p,lz=-p1 cos 6, p1y=0 , (36) g
= . .
py=pr (po)p1 ; (37)
at z =0,
- + + =
YoMy * %z Y Yog"1 T 0 v (38)
+ = -
Rpozn1 Rp1 ] nyy B (39)
uon1x-w1=0 ; (40)
at H(y,z) =0,
u1=-k1, v1=w1=0 : 41)
at y=3t, z =0, n1=0. (42)
-6- &
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We obtain from (36) and (37) that .3ﬁ

- et L

p‘z/p1 -p (po) cos 6 . ’ j

By integration and making use of (25), we have N

Py = D(Po)f1(X,t) ‘ (43 «:E

where f,(x,t), a function of x, t only, is to be determined. Next from (25), (39), ':;

-—

(42) and (43) it follows that ® )

S“‘vv - R cos 8n = -Rf (x,t) ¥

n, =0 at y=4=% . 4

1 ;

It is easy to obtain that ;,j

. 4

n, = v1(y)f1(x,t) ‘ (44) LN

»

where .

-1 -1 A

v1(y) = (cos 8) [V - {cosh kL) cosh ky] , B

; ; (45) -.:

2 pre

k = (R cos O/S)/2 = (pgh cos 0/'1‘)/2 . -7y

Let l_.

u, = F»‘(y,z)f1 - x1 . (46) '55

Then from (3S5), (38) and (41), 01 is the solution of the following problem: |'f1

d 2 '.-

' v 01 - -p'(po)po sin® in D , (47) :

2 B

it v o -

®9z * PoyV1 T %0221 O Ly v (48) :

- M

i 01 = 0 on L_1 . (49) ~§

To determine Xo, we integrate (34) over D, use the divergence theorem, (30), (37),

(40), (41), (43) and (44) to obtain

AN TN s R S0s R g
PR S

f:.omo pETIAPEINC AL PR N R N AL O A EI

and

i 4

-1
Ao = RU S o' (pgip an + !Lov,dyl (o ooy + 0t (pgpgdyran + ILov,oodyl . (50)

b,
% S
.
g which yields the expression for the critical speed. We write
o - -
!“ Xo = RAO ¢ (51) !—11
where A% is independent of R. i

-~
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.
4. Burgers equations
Our next step is to derive the Burgers equation for f,(x,t), and we proceed to the
equations for the second approximation: '.
+ + + =0 52 :
Pap ¥ (Pguy *ouy T oug) F (Pguy TRV * logu, T oWy, ’ (32 ‘
+ + = + in 8 + R.“V2 (53) ‘
Polugiye * Viloy * Wi¥pp) T Pyx TP SiN Uy v j
p.. =R 9%, + (/1R v (54) )
2y 1 y '
= -, cos 8 + R 3w, + (1/3)R N(Veq) (55) -
P 2 1 2’z ¢ -
p, =p'(p,)p, +P"(p )p2/2 ; (56) -4
2 0° %2 (VR | ’
at z = 0, -_:
+ + 2/2’ + + =0 (57) e
w2y T MyM1y T Yoz2"2 T Yozt Rl PR I ¥ ’ .
- + = 58 .
uOynlx * Viz w1y ° . (58) .
. + + (2/3)9eq, = 2w, = =8 59 -
sz Rpozn2 Rpuﬂ1 (2/3) *q, 12 nzyy ’ (59) [
= + : .
Mae ¥ 0 9k Y VN ay T W2 Y Wy (60} -
at H(y,z) =0,
Uy = vy Twy =0 (61)
at y=1, z= 0, n,=0 . (62) l"_'
We first go back to (34) and make use of (37), (43) and (46) to express (34) as .
(o v,) + (pw) =-(pu +pu) o
01’y 01z .01 170'x (63) .
=z - + - A% ¢ £ S
Rlogh, * (4g = A5 (pyle 0E, -
- Then we construct a function Q(y,z) as a solution of the following eguations: ) .
= . = - A%)p?
- v (°0VQ1) —9001 + (¢O Ao)p (po)p0 in D , (64) .
- -\
% Q1z - (p0 Ao)v1 on Lo A (65)
p* -
m Qn =0 on L1 . (66) ...-
:' The Neumann problem posed by (64) to (66) is solvable because of (50). From (63), (64), we
P
p . have
L
- o
- - + - o . .
2 (°0v1 poRQ1yf1x)y (pow1 DORQ1zf1x)z = (67) )
!‘ It follows from (67) that we may define a function R01(x,y) such that .--
- -9-
PQ | I3
- i
g .
3 :
.4 0.
%
b
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R°1zf1x = nov - poRQ 4 ’ .

1 1y 1x e

TR Eix T Po%y T PRy e o

Hence, :i
-1 'i

vy = R(Do 012 + Qiy)ftx ' (68) :3

-1 '-1

= R{- . 9 ‘4

v R{-p °1y + Q1z)f1x (69) -

P |

We now cross-differentiate (54) and (55) and subtract one equation from another to obtain

L R, -w

12 1y cos 9 .

) = -0,

.

By subgtituting (68) and (69) for v, and wy in the above equation and making use of

(46), (54), (68) and (69), it is obtained that

2 -1 . 2 -1 2
v (pg 01)1 cos 8p (pg) 1V (po [ ] z) +v Qw + (1/3)01

1
(70)

.
Sy

-1 -1 2
+ (po 01z)y + (p0 01y)z + v Q1] in D .

20 20 Z e Ahed dom o4

B .
Lol o2t

The boundary conditions for (70) can be derived from (40), (41), and (58)., It follows from

(30), (44), (68) and (69) that

4, =0 (po'o1z)z = #g,v, - 2008y = ADVly on I,
(70)
“le. +0, =0, p 8. -9 =0 L
Po Y1z 1y =0 P9y, Q=0 on L, .

. i'ﬁx..",ﬁ".?
2 ;

’ .‘l‘nl '.;
L .

Suppose Q4 and 01 have been found, and in the following we shall successively

-
"4
L4

E

b . construct manageable expressions for p,, M and u,. We multiply both (54) and (55) by

2

L4
-1 .
Do and make use of (56) to obtain .i
-1 -1 =1 2 - >
(Do Pz)y Py R v v+ (1/3)(V q1)y] ’ (72) 1
.'*
(- ') = o 1=p"(p,)p> cos 8/2 + R 'Wlw, + (1/3)R " (Veq,) ] (73) -
Po Pply = Pg (7P (PgP, ¥ Ul - -
In D, a fixed point (x,ygs2,) and a smooth curve T from (x5,¥g:29) to (x4.y.,2) i
are chosen. Then from (72) and (73), we obtain £
-1 -1 2 -
P, = 9 ]2 Py R (77v, + (1/3)(Voq,)yldy )
1
-1, . 2 ~1,2 -1, = 1
+p, [=-p"(p,)p, cos8 6/2 + R 9w, + (1/3)R (Veq)zldz + p_f (x,t) (74)
0 0’'P1 1 o'a ]
2 -~
= Pyofy * Pyyfay Pty ¢
N
-
-10- "3
-

L
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where f, is an unknown function of x and t, and by (43), (46), (68) and (69),

2
Pyo = =(py/2) !L P (py)py cos & az

-1,.2 =1 -1
Pay =00 [y Po (T (00, 40,0 ¢ (V/3I6, + (o8, + Q) ]

-1 2 -1
+ (-p, .'Y + Q1z)zy}dy +{v CP .‘Y + Q1z) + (1/3)[01z

-1 -1
Flog 0 Y0 (8, H 0,0, e

Next we turn to the equation (59) for "2' By (25), (36), (37), (43), (44), (46),

(62), (68), and (69), we may express (59) as

2
n - (R/S) cos & n, = (R/S)[-p20 +p*(0) cos Olf1

2yy

-1 -1
= (R/S)p,, + (2/3)(6, + (0, °1y + Q,y)yl = (4/3)(=py 0, + Q) X

y z'z T 1x

n,=0 at y=gst .

2 2 2
Let G(y,z) be the Green's function for (d /dy - k )n2 with n_ =0 at y = 2, it is

2
easily found that
G(y,z) = sinh k({-L)sin k(y+2)/(k sinh 2k%), -t < y < § ,
sinh k(Z+2)sinh k(y=£)/(k sinh 2kt), L < y < £ .
Then
= f2+ f +v f (75)
M2 V201 *V2rf e Y V52 -

where

t
Voo = /g S(Y/TIR/S)I-p,, + p*(0) cos 8] _.dy ,

-1
Vo, = !fl Gly 8 (R/S)p,, + (2/3) 16, + (py &, +0O

” )1

1y

-1
- (4/3)(-13o .‘Y + Q,z)z}zaody .
Finally we take up Uy Making use of the expressions derived before for g ;1, Py

Pas n1 and nz, we obtain from (53), (56), (57) and (61) that
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-1 2 2 -1 -1 :
R Vouy = (RpqUibg-Aghey + (g0, +0 09 + (0, + 04 )0y )
2
+ 90y = Py 8in ] p'(po)}fm - ["'(po)pzo + o'(po)oo/ZJunc 0 £

-posine fz in D ,

£, + R(¢, V!

- ' o
R(¢ 1x oy”20 * *14"1 T %0z2V20

-4

u

L]
2e oy 21 " Yozz21

2 2 .
’0:::“1/2 ¢1zzv1)z *R(Qoyv1 00::“1"2 on LO ’

“2 =0 on I..1 .
As observed from the above equations, we may express ugy in terms of t1x' t‘z and t‘z as
follows:

3 2
uy = (Réyy(y,2) + Rhy (y,2))E, + Rby(y,2)Ey + R, . (76)

Here 62, 03, ¢4 are the solutions of the following problems:
V20, = 0g[(0g =230, + (3@, +0Q 26 + (o W +0Q ), 1, in D
23 [ 0’1 0 "1z 1y "oy 0 1y 170"’ !
[} =0 . on L .

23z 0

23 1

- - .
Voz‘ Po ~ PasP (po)slne in D ,

- . -
%212 " %oy¥21 " %0z2¥21 ™ Iy ¢
4,y =0 on Ly .L‘I
Y
2 - - [] [ -.‘,_-~‘
e, lo'(pglpyg + P "(py0gy/2l8in & in D , ~
RN
2 .
= . ' o - - -7 e
‘3: ’Oy"zo + °1yv‘l ’ou"zo .Ozzzv‘l/z .1zzv1 on I'!) ’ 2
03 =0 on L1 .

Now we are in a position to derive the Burgers equation for f4. As before for the
derivation of the critical speed, we integrate (52) over D and apply the divergence

theorem and (61) to obtain
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+ d
]Df ((oovz)y + (oowz)zldA !l‘o w,dy
(77)
- + -
= oae t Bguy teguy eyl !LO Pty
where we note that po =1 on Lo. By making use of (30), (37), (40), (43), (44), (S51),
(56), (60), (74), (75) and (76), and rearranging the terms, (77) becomes
mofe * Myfqy * Mpffg T Myfux - (78)

Here the coefficient of f, vanishes because of (50), and

m, = J'Lo v,dy + [Iyetpyle an (79)
m, = -X‘mo ’ (80)
m = Rfx.o["'“o"‘ﬁ"’zo * """;1'1z * 04 " "1"";1°1y * 0,
+0'(py)(@o-AgIv 1dy + [[ (2004 + 20" (pglegh, e
+ 29'(po)(0°-la)p20 + o'(po)oi(Oo-Xa)]dA '
my = =fpf [’0“‘3’23 * Rbyy) * Re'(pgIpy,(6g-AG)1dA
(82)

N !Lon“o°"5"’21d" .

{(78) with (79) to (82) is our main result. It is well known that the Burgers equation is
not well posed if m; becomes negative. We set my = 0 and solve for R to obtain

R, = critical Reynolds number

-

-1 V.
= (=Tpf pg#paanl U togeyy + 0" rgIRyy (4o AGIIAA + !LO‘PO'XB"’N"Y” 2.

Assume R. is positive and finite and my < 0 when R > R.. Then the Rurgers equation is

ill-posed for R > R, and we define R < R, as a criterion for the stability of the flow.
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5. Discussion -3
.

In the following we consider some special cases, which can be easily dealt with by our .' J,

{

iRy

previous results.

. l"! “re

(1) Fixed boundary case
This case corresponds to a cospressible viscous flow down an inclined tube of uniform
cross section. We only have the boundary condition u = =A, v=w=0 on h(y,z) = 0. In
all the elliptical boundary value problems, we extend the boundary condition on L, to the
whole boundary. Evidently in (79) to (82) all the line integrals on L should be
dropped.
(2) Two-dimensional case
In this case, the solution of the governing equations (1) to (6) is independent of the
coordinate y, and we also assume v = 0. Furthermore, the effect of surface tension will
not manifest itself up to the equations for the second approximation. First we consider a
compressible viscous fluid flow down an inclined plane. Py is still determined by (29)
and Pge by (28). (31) to (33) become
oa--poune in =1<z<¢<0 ,
06 = 0 at z=0 ,
00 =0 at z = -1 ,
where 00 is a function of z only. For the first approximation, p; is given by

(43). (44) should be replaced by

n, = f1 sec 0 . (83) "
s
Noting that n1y =0 in (38), (47) to (49) now become ;
N
0 - R
0’,‘ = (po)"o 8in 0 in 1¢z2<0 , :
! = " = ¢ .“.1
01 -00 sec 9 at 2z o, .q
01 =0 at z = =1

el

We integrate (34) without (|Dt)v")y with respect to z from ~1 to gz to obtain

= "1]! + ) &
Wy = Po lo4tPguy * Pyl
(84)

e

= Rr(z)f'x
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. -
= where }4
. Fiz) = o [Z. o0, +0' (b )p (8, - AR laz -‘T'i

T_ﬂ 0 -1%o% 0"0'% 0 . —
i At z =0, (40) holds and it follows from (83) and (84) that .
p.” e
- Ao = BT (85) )
:-- where :-
- 0 -1.,0 B
- A3 = ([, p'pyIp dz + sec 8) U gy +0'(pgIngey)az + ¢ (0)sec 8] . i..:
o
Since the expression for w,; is known, we need not consider the equations (63) to . )
ood
s (71). From (74) we obtain :,?
. L
i
<o f% o = (p dpS cos 8/2 + R w4+ (/DR (u, +w, ) 1d -
Py = Pgl_qy Py 1P (Py Py coOB Y2z Y ¥ Viz'219% )
g
+ P, (xet) (86) .~'-‘
=p. £ +p. £, +p.f -
Paof1 T Pa1tae T Pot2
o
where .{
z 2 -

Pyg = -(00/2) !_‘ o'(po)po cos 0 daz ,

=p. [ o-tr(as3IEn + (17316114

P21 0’-1%0 1 y

With similar changes in (59), we have

2
n, =V, £,+V + (sec e)fz ' (87)

2 0 2151

where
= -pt
vzo [pzo(O) p*'(0)}sec 8 ,

Voy = Ip21(0) + (2/3)01(0) - (4/3)F'(0)]sec 68 .

Finally, as in the three dimensional case, we express u, as
u, = [nsoza(z) + R‘z‘(z)]f‘x + nbs(z)ff + RO,fz . (88)
when
$2, " Polidy-Rgle, ¢+ Mgl dn =1 <zt ,
053 =0 at z=0 ,

023 =0 at z=-1
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f‘ ._J
U
P M - ' -1 K "‘_:
X .21 - po p21p (po)aln ® in <z <1 , =
. ' : - = -—-4"

\] 021 -06'\’21 at z =0 , °
b K
- 021 =0 at z = =1 e d
- 2 -3
. " moafp? ”» - -
[ . 43 [0'(PyIPyy + P (PP, /2]8in 8 in =1 ¢z <O , T
= 2 '-’ 9
2 (- - Al - h® - o
. 03 -06'\’20 00 sec 0/2 0‘ sec @ at z =0 , o
03 =0 at z = =1 . ' 4

-
3 To derive the Burgers equation, we integrate (52) without (pov2 + p‘v1)y with respect .
to z from -1t to 0 and obtain . -
Mofae * Myfay * Mafafax T Mafgux ¢ -
P
where .

m = gec 0 + fg, p'(po)oodz

sec 6 + [po(-‘l) - 1]lgsec 6

o MRNGERM — aaaat

-

= po(-”sec e , '::

9 my == Amy ]
Ei m, = 2R[$,(0) - A$]v, o = RF*(0)sec O -
- 0 2
: + [ 1200R, + 2R(p_A3)0"(poIp,0 + 20" (pydpy + " (pyloglaz .

R

0 3
m, = -R[$0(0) = A2Iv, = [_ [0 (R7¢,, + Rb, ) + Ro'(py)(4g-A3)p,,laz .

As before, we set my = 0 and solve R to obtain , '

0 -1_.0 . N s

R, = ([ _19g0,382) U log0,, + 0 (py)p,, (4 -A3) )4z . 1

v 4

- A 2 -

+ (9,00 Xo)vﬂl} . }

4

Assume Rc is positive and finite. If for R > Rc' my is negative, then we define R < )
R, as the criterion for the stability of the flow.

Suppose the plane z = 0 is a rigid boundary. Then in all the two-point boundary ."i
value problems, we simply impose at z = -1 the same houndary condition as at z = 0, RER
The coefficients in the Burgers egquation become -;

.."W
™ - - R

™ [oo( 1) 1] sec 8 ,
mem ATy . i

-l16=
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m, [_‘(2pn03 + 2!(00 Ao)p (po)p2o + 2 (po)po + p”(po)ooldz .

my = =f2) 10y (R%,, ¢ M) + 10t (pg) (40 A2Ip, Naz

In conclusion, we make a few remarks regarding some possible extension of the method
developed here and problems for further study. If we assume the fluid is heat-conductive,
then the relation p = p(p) should be replaced by the energy equation involving
temperature and appropriate boundary conditions for temperature should be prescribed at the
free surface and rigid boundaries. The same method can be carried through if the
coefficient of heat conductivity is sufficiently large. The critical case R = R,
certainly is an interesting problem and it should be of importance to derive an asymptotic
equation near and at R = R, to replace the Burgers equation. Furthermore, if R > Res
the Rurgers equation may be ill-posed and a study of the ill-posed problem is also of

significance.
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