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ABSTRACT
We discuss an attempt to generalize Denjoy's theorem on circle maps to
maps of two-dimensional manifolds. In particular, we prove that if a C°>
diffeomorphism of a compact two manifold has a point interior to its stable
set, then that point must have a periodic w-limit set, provided the map is
‘expansive’ off the stable set. We also give a simple example showing that
some sort of technical condition is needed, if the assumption 'expansive off

the stable set' is to be removed.
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SIGNIFICANCE AND EXPLANATION

Discrete dynamical systems on manifolds, i.e., iterates of a map from a
manifold to itself, can serve as simple qualitative models of real systems in
physics, biology, and other sciences. Even maps on manifolds of low dimension
(one and two) have been used as models since complicated dynamics often
appears already in this setting. Often, when one is studying a model of a

physical or biological system, one is particularly interested in the z:able"}/

orbits, i.e. if a small error is made in setting the initial conditions, we—>=—
P oweeld be hope -

would-hope that this error would not grow with time, and, even better, that it
would decay with time. Such stable orbits have long been observed, e.g.
stable fixed points, periodic orbits form the most elementary examples. It
was shown by Denjoy that for maps which are sufficiently smooth
diffeomorphisms of the circle, these are the only examples of stable orbits,

i.e. any stable orbit must be asymptotic to a periodic orbit.

FAe athr
In this report we attqtfkto generalize this theorem to diffeomorphisms
nen
on two-dimensional manifolds. The theorem we—gtv® requires the extra ,
[-*4 }/ presinfed Is

condition that the map be ’oxpanoin off the stable set, and We present an

easy example which shows that some additional technical condition will be

necessary if “expansive’ is to be removed.

The responsibility for the wording and views expressed in this descriptiwve
summary lies with MRC, and not with the author of this report.
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A GENERALIZATION OF DENJOY'S THEOREM ON DIFFEOMORPHISMS OF THE CIRCLE

Glen Richard Hall

Introduction. When considering discrete dynamical systems as models of real processes it

is important to know which initial conditions are stable under small perturbations, i.e.,
if a small change 1s made in the initial state, what will be the effect after many
iterates. “Sensitive dependence on initial conditions®, where a small change in initial
state makes a large change in the asymptotic behavior of the system is commonly observed
(see (5]). Alternately, one frequently finds stable orbits which are periodic or fixed
points of a system. Pinnlly,\ it is clear that we could construct continuous maps of
metric spaces which have stable orbits, i.e. orbits where a small change in the initial
condition will die out under iteration, but such that the orbit is not periodic or
asymptotic to a periodic orbit.

Surprisingly, perhaps, the existence of examples of the third type puts, in certain
circumstances, limitations on the differentiability of the system. 1In particular, if
8' 1is the circle and f ;: S' + 8' isa c2 diffeomorphism of the circle then if an
orbit is ‘stable’ under a slight change in initial conditions (i.e. if the perturbation
dies out with time), then the orbit is asymntotic to a periodic orhit. (This theorem of
Denjoy [1] is the center piece of a classification for maps of the circle, see (4].)
Denjoy also constructed C'-diffeomorphisms of 8' which have no periodic orbits, but
which have ’stable’ orbits as described above. This report is a, not particularly
successful attempt to generalize the theorem of Denjoy to two dimensions.

Recently, a difficult and beautiful construction of Harrison (see [2,3]) gives an
example which, although constructed for a different purpose, sesms to imply that the
“correct” generalization of Denjoy's theorem is that in two-dimensions we should replace «

c? by c’, i.e., that for a c’-duhmrpht- of a two-dimensional compact manifold,

Sponsored hy the United States Army under Contract Wo. DAAG29-80-C=0041 and a Wational
Science Poundation Postdoctoral fellowship. J
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every ‘stable’ orbit is asymptotic to & periodic orbit. We give an easy example which

indicates that this is not the case, and we give a theores which states that if the map is

‘expanding® away from the stable orbit then such a theorem does hold.

It seems to the
author that there is still considersble room batween the theorem and the example.




. Definitions and Notations. Let M be a -.tfle space with metric p. In the sections
which follow the space M will be a smooth manifold; however the following definitions
! make sense for any metric space.
Definition: Suppose f :M *+ M 1is continuous. Then we let
1) £° 2 identity, %= o™ ‘
2) the ®w-limit set of a point x e M is
w(x) = n closure {t'(x) : m > n}.
0
Definition: A set S C M is said to be periodic under amap ¢ : M+ M if there
exists n > 0 guch that for every x € S we have (%) = x (i.e. every point of S {is
periodic with period n).
Remark: We do not require that the least period of every point of 8 be nu.
Definition: The stable set of apoint x € M under amap € : M+ M is

woix,2) = {y : p(t"(y), 7 (x)) + 0 as n +®} .

i b S

3~




Scatement and Proof of the Theorem. As was pointed out in the introduction, the theorea

of Denjoy on homeomorphisms of the circle 8' can be interpreted as saying that if

£ 18 + 8 is a sufficiently smooth diffeomorphism then x @ interior (W (x,£))

implies w(x) is a periodic set. The following theorem is an attempt to generalize this '
to two dimensions. We let in polar coordinates A = {(r,8) € ¥ : 1 < r ¢ 2} be the

annulus and to avoid the necessity for local coordinates we will state the theores for

this manifold, however it will he clear from the proof that the theorem holds for any

smooth compact two dimensional manifold. Let u and p denote the usual measure and

metric on A respectively.

Theorem: Suppose f : A * A is a C’

diffeomorphism and x, € A satisfies
1) xy € interior (w"(xy,f))
2) Iofity) > 1 for a1l y & LJ £"(w*(xy.0))

(wvhere |Df| denotes the ;::obhn of f).

Then U(xo) is a periodic set.

Remark: Clearly condition (2) is very restrictive. By the end of the proof certain
generalizations will be clear, however they all require that f be “expansive™ on a large
set of points. The example of the next section shows that some sort of technical

condition is necessary if condition (2) is to be removed.
3

Proof: Suppose f : A* A isa C

homeomorphism and there exists xy € A such that
(1), (2) are satisfied. We may assume

" (WP (xgo£0) N (WP (xg,0)) =6 Vi> 3> 0.

et a s

For suppose (*) does not hold, 1l.¢., 3Ii > >0 and 2 € A with
s € fi(w'(xo,ﬂ) n fj(w'(xo,f)). Then thers exists Xy Xy @ w'(xo,f) with ‘
f‘t(x,) =g= f’(xz)- Hence

e, e 1)+ 0, pee™(2), " (x)) 20 as e
which implies

(*e) pte™ 3 x 1, x)) + 0 as ne .,

Suppose w € U(xo). Then there exists ny * ® with




P
ws 1im 4 (xo) .
kom

Put then by (**)
veltn 000 - 2 0um Hixg)) = 17300
Koo Koe
i.e. the sst u(:o) is periodic with period i - j. Hence it suffices to assume that (*)
holds.
Let u_ = ute (Wix,,£))) ana

l:n - max ain plz,y) .
yer"(wo(x . ) 2e¢" (w0ix, £))

-
Then I | €1 by *, and by the definition of ‘n we see that for each n there

n=
exists y e £7(w(xg,2)) with {2 : ply %) < tn) c f"(w'(xo,f)), so

- 2 -
Z e < z '] <1,
n=0 " pmo "

{8ee Pigqure 1.)

\

\\_\ - =7 ,’/’)

/\ -
- T £ (x..))
’, ‘\en\ \ \ xO

Figure 1

Tor each n > 0, 1let =z f“(w'(xo,f)) be chosen so that

n
Iofite,) = min Ioglts) ,
zet” (W' (x,,£))
Yaeq Yo
s0 lD!l(:n) < for all n. Suppose —— < t. Then =_ is a local min for |Df|
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' u"k" Yaes
and DI[Df](s,) = 0. Pix n, *+ ® such that €1 for all k and if <1

u“k n
then n=n, for some k. Pix m=n for some k. Then by the definition of t-
s )
there exists w_ @ Af" (v (x,£)) with pls ,w) € and [Dfl(w)) =1 by (2). But
then by the mean value theorem there exists c- on the segment joining £ and va such
that

w1

1 - —

Dlml(c-) >
n

But then, again by the mean value theorem there exists a B- on the segment joining = .

and c- such that
2
D IDtI(B.) >

(See PFigure 2.)

3

Wow since f is C° there exists a constant K > 0 such that

o’Ioeis < x ,

and K {is independent of m = Ny Hence we gee that for all k > 0

u
My

2
™x

-f=




. Ya +1
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.

{ -» " 1 » -
: 2(1':**)‘2": <k ] e ca.
k=0 n k=0 k n=0

But then by a theorem of analysis (Theorem 15.5, Rudin [6))

" _
2 'ne wow v
T ¢ 1Rl Bl o o usw
X=0 “nk ned Un Yo

and we have a contradiction. Hence equation (*) cannot hold, i.e. u(xo) must be a

17/
We could clearly replace condition (2) with

periodic set.

Remarks:

2') (pglty) > 1 for a1l y e U ar“(w'(so,f)) .
o :

but this is just as "uncheckable®” a condition. Similarly, we could reguire

2) for each n there exists y, € £7(W(x,.f))

such that ':;< ( max p(s,yn))/( min o(s.yn)) ¢<c
sor" (W', 2)) sede"(w'ixy, 2)

for a constant C > 0 4ndependent of n, and for each n there

exists 5, € 387W (x,2) with [Dfl(s) > 1.




2a exasple. In this section we construct a relatively easy example showing that condition &
(2), or sowe similar condition, is necessary in the theorem of the preceding section. 1In
particular we show

Theorem: There exists a c. Aiffeomorphism € : A+ A such that there exists g € A ‘

vith x, @ interior W'(x,,f) but ®(x,) is not a periodic set.
Proofs ml’,:h*l be defined by
11(r,0) - (r,f‘(O))

vhere !' 1 8 + 8 isa c' diffeomorphism having two fixed points which are nodes at

0 and %, with positive second derivative at each node and !; near gero. (Sse

!+

Figure 3.)

rigure 3

Pix 01,02 e (o,v), 03,0‘ € (¥,2%) such that

f1(0') -02, ‘(.3) -0‘ and let 'I,‘ t (01.02) + (0,11 ,

L (03.0‘) + [0,1] bDe c' positive bump functione with n, = 1 for

e s

(8,,8,1 S (0,00, n) =1 for (§,,8,0S (0,,0,), ana Injl < a.
Define g, t A* A,
NN TR NURE FERRINY
S tA*A .
o, -0
U)o (r,0 - ny(0) o gbo g0 - Ay,

; Finally let hy = 93 °9y ° f,. {8ee Pigure 4.)

r=— T 8 R AT AT, ST e T e B e e L S i A AR M T
e o ey PR IRCIONILT S -7 o Y T
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Figure 4

Now, let B CA bea subset of (3,2) x (§,,8,) (see Figure 5). Then hJ(B) limirs
onto a segment contained in (':-,1) x {x}. By a c. small perturbation of h; near the
line O = ¥, we can create a map h1 such that h1 has no fixed points on (%,2) x {n}
and there exists N, > 0 with h‘:1(3) [ (%,2) x (33,5‘). Now h(B) will tend, as

n + ® to the segment (-:-,z) x {0}, By a c. small perturbation of h1 near 0 = 0 we
can create a map h2 such that there exists N, > 0 with h:"'(n) C B. Continuing in
this manner we can create a sequence of c. diffeomorphisms into A converging to the
diffeomorphism € from A into A such that f"(B) is contained in the sets

{1,2) = (61,32) and [1,2] x (0.3,0-‘) infinitely often and £ |is c. close to hy,.
Hence each point in the interior of B is in the interior of its stable set. Moreover,
for each x @ B, w(x) includes points in, for example, {1} x (51,62). Hence

the w~limit set is not periodic and the construction is completes.

s
3
3
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Concluding Remark. It seems that there is still considerable room between the theorem and
the example given above. In particular the proof of the theorem is "local” in nature, not
using the fact that the images of the stable set return close to one another -- it is this
fact which allows the theorem of Denjoy on 8' to be improved from *c?* to ¢! plus

bounded variation of the derivative®. One hopes that considerable improvement is possible

in the above, perhaps using a more global approach, but we don’t know.
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