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ABSTRACT

We discuss an attempt to generalize Denjoy's theorem on circle maps to

maps of two-dimensional manifolds. In particular, we prove that if a C3

diffeomorphism of a compact two manifold has a point interior to its stable

set, then that point must have a periodic w-liuit set, provided the map is

'expansive' off the stable set. We also give a simple example shoving that

som sort of technical condition is needed, if the assumption 'expansive off

the stable set' is to be removed.
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SIGUIFICAMMZ AND U1LATIOK

Discrete dynamical system on manifolds, i.e.. iterates of a map from a

manifold to itself, can serve as simple qualitative models of real systeme in

physics, biology, and other sciences. Even maps on manifolds of low dimension

(one and two) have been used as models since complicated dynamics often

appears already in this setting. Often, when one is studying a model of a

physical or biological system, one is particularly interested in the stable -

orbits, i.e. if a small error is made in setting the initial conditions,

Weeld h that this error would not grow with time, and, even better, that it

would decay with time. Such stable orbits have long been observed, e.g.

stable fixed points, periodic orbits form the most elementary examples. It

was shown by Denjoy that for maps which are sufficiently smooth

diffeomorphism of the circle, these are the only examples of stable orbits,

i.e. any stable orbit must be asymptotic to a periodic orbit.

In this report,.. attemptrto generalize this theorem to diffeomorphissme

on two-dimensional manifolds. The theorem, -we-q±Y requires the extra

condition that the sap be 'expansive'off the stable set, and *s-prsset an

easy example which shows that some additional technical condition will be

necessary if 'expansive is to be removed.

The responsibility for the wording and views expressed in this descriptive
summery lies with N, and not vith the author of this report.
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A GEHERALIZATION OF DENJOY'S THEORM ON DIPFEOMORPHIS48 OF THE CIRCLL

Glen Richard Nall

Introduction. When considering discrete dynamical systems as models of real processes it

is important to know which initial conditions are stable under small perturbations, i.e.,

if a wall change is made in the initial state, what will be the effect after many

iterates. "Sensitive dependence on initial conditions*, where a small change in initial

state makes a large change in the asymptotic behavior of the system is commonly observed

(see (51). Alternately, one frequently finds stable orbits which are periodic or fixed

points of a system. Pinally, it is clear that we could construct continuous maps of

metric spaces which have stable orbits, i.e. orbits where a mall change in the initial

condition will die out under iteration, but such that the orbit is not periodic or

asymptotic to a periodic orbit.

Surprisingly, perhaps, the existence of examples of the third type puts, in certain

circumstances, limitations on the differentiability of the system. In particular, if

8' is the circle and f : 3' + 8' is a C
2 

diffeosorphism of the circle then if an

orbit is 'stable' under a slight change in initial conditions (i.e. if the perturbation

dies out with time), then the orbit is asymototic to a periodic orbit. (This theorem of

Denjoy 111 is the center piece of a classification for maps of the circle, sea (41.)

Denjoy also constructed C'-diffeomorphims of 8' which have no periodic orbits, but

which have 'stable' orbits as described above. This report is a, not particularly

successful attempt to generalize the theorem of Denjoy to two dimensions.

Recently, a difficult and beautiful construction of Harrison (see (2,31) gives an

example which, although constructed for a different purpose, seems to imply that the

"correct" generalization of Denjoy's theorem is that in two-dimensions we should replace

C2 
by C3 , i.e., that for a C

3
-diffeomorphium of a two-dimensional compact manifold,

Sponsored by the United States Army under Contract No. DAAG24-S0-C-0041 and a National
Science oundation Postdoctoral fellowship.



evry *stable' orbit iI asymptotic to a periodic orbit. We give an easy eamle UiLch

Indicates that this is not the case, and we give a theorem Which states that if the map is

'expanding' away from the stable orbit then such a theorem does hold. It Meem to the

author that there is still conaiderable room between the theorem and the example.

-2-
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Definit ions and Nlotations. Let U be a metric space with metric p. in the sections

which follow the space M will be a smooth manifoldi however the following definitions

make sense for any metric space.

Definition: Suppose f tM U M in continuous. Then we let

1) f* Iidentity, fn _ f * fn-lI

2) thema-limit set of &point xe U is

N(1) n f closure (fx) ta ), ~n).

Definition: A set S C M is said to be periodic under a map f i U + U if there

exists n ) 0 such that for every x e 8 we have f n(W - x (i.e. every point of S is

periodic with period nM.

Remark: We do not require that the-least period of every point of B be n.

Definition: The stable set of a point x e U under a map f t M M is

Ws(x~f) -(y aP(fn(y),fn(.)) *0 as n *-

L3
11 1 C 111; II



Statement and Proof of the 1qteorem. A was pointed out in the introduction, the theorem

of Denjoy on homesmstphieme of the circle a' can be interpreted as saying that if

f s S' + 8' is a sufficiently smooth diffeomorphiem then x 0 interior (Vo(x,f))

implies OW x is a periodic met. The following theorem in an attempt to generalize this

to two dimsensions. we lot in polar coordinates A -((r.0) 0 R2 t 1 r ( 2) be the

annulus and to avoid the necessity for local coordinates we will state the theorem for

this manifold, however it will he clear from the proof that the theorem holds for any

soth compact two dimensional manifold. Let v and p denote the usual measure and

metric on A respectively.

Theorems Suppose f I A 4 A is a C3 diffemorphism and X. e A satisfies

1) 6 0einterior (V(W,f))

2) IDfI(y) ), 1 for all y U L fn(W*(xj01 f))
a00

(where IDf I denotes the Jacobian of f).

Then Wx 0 ) is a periodic set.

Ikemarli Clearly condition (2) is very restrictive. by the end of the proof certain

generalization. will be clear, however they all require that f be "expansive* on a large

set of points. The example of the next section shows that some sort of technical

condition is necessary if condition (2) is to be removed.

Proofs Suppose f : A + A is a C 3homeomorphiem and thiere exists e0  A such that

(1), (2) are satisfied. we may assume

(0)f f(NI(1 0 1 f)) n fj(wm(xoif)) - Vi P0

For suppose M' does not hold, i.e., 2i > 0 and 36 e) with

a a f (ff5(j50~f?) n f1 (Vm(x0 f)). Then there exists x1,x2 6 w
m fx,1f) with

f1 (XI) fa -f(x 2 )' Hence

,(fn(,),fn+ (x0) 0, P(f n(2),f n (x )) + 0 as n*

which implies

(C) (f ni (x 0 )'f n(xo)) + 0 as n

Suppose w C ONx 0 Then there exists nk* with



nI
D~~~~t~ l0m fm kj - 111 x ( 0 ) 1 1

k*

I.e. the set mOxN is periodic with period i P . ence it suffices to assume that (

holds.

Lo o V(fn(W*(f)) and

9 - Mox ain P(z,Y)

ylf n(,*(x off)) zelfa(W*(x Off))

Then 0 o 4 1 by *, and by the definition of Cn we see that for each n there

ei ts 6n fu(W5(ZO4f)) with (z :P(y ,g') < en )£ falWOalK f, so

Ifee Figure 1.)

rigure 1

Tor each n 1O , let zn fntW*(xf)) be chosen so that

IDfI(zn) mi Ila M1(s)

so IDf1(u%) 4 V-00 for all at. suppose -n+ < 1. Then a is a local ala for JDe I
on nn



andDIfIs3  -0.li n* uc tat - < I for all ki and if -( <Iand OIann 0 l k suhta

thean a n for eome k. Fix a-n for some kc. Than by the definition of C

there exists us6 1f ?W(x,.fr) with P (3 *v) 9 C. and I OfI (w.) - 'I by (2). out

then by the mean value theorem there exists a on the eegiment Joining X.and w.such

that

DIDfI( a ) ;b

But then, again by the mean value theoremi there exists a 0 on the segment joining ze

and a asuch that

aa

UU

n

~ B V egmentz
Z. m % Uaa

Figure 2

Now since f is C3 there exists a constant K > 0 such that

D0 lofliB ) 'C K

a"d X is Independent of a nk Ra Nnce we e that for all kc 0 0

nk+t1

2 (



i.e.

77) .c 62 -

k k-O k nO0

But then by a theorem of analysis (Theorem 15. Udin (61)

But

(II + .0 asU v

and we hae a contradiction. Hence equation (*) cannot hold# i.e. m(x.) mat be a

periodic set. /

Umemarkso We could clearly replace condition (2) with

2') IofI(y) 3P I for all y 4 U 8 3(W'(x0.f))

but this is just as 'uncheckableg a condition. similarly, we could require

20) for each n there ewiete yu6 fn(,0x3f))

such that - ( C m"x P(s'y ))/( min P(s'yn)) C

for a constant C )0 independent of n, and for each~ a ther*

exist@ an a af1(*f with af,(%3 ) )



J n . Zn this section we construct a relatively easy exarple saing that condition

(2), or same similar condition, Is necessary in the theorem of the preceding section. Zn

particular we sha

Theoremt 2here exists a C diLffeamorphism f ta & A such that there exists x0 e A

with x 0 a Interior wO(xof) but O(x ) Is not a periodic set.

Proofs let fl S A A be defined by

f1 (r,O) -(r,f,(6))

where S' + S. 8' is a C diffeomorphimr having two fixed points which are nodes at

0 and v with positive second derivative at each node and ft near sero. (see

Figure 3.)

1 0 0t

Figure 3

Fix 01,62 1 (0,W), 0 ,a4 a 1,21) such that

f 1 (91) - 2 # f( 3) 04 and let n I1 (81o8 2 • 0,1 ,

q 2  (034) * [0,11 be C positive busp functione with ql for

:,t ( (e1~e2), it I for (03.04) £ (03.64)1 aad I(6l 4.

befine 9

92ln 1l A # A 
0 4

I (r.) rs(r - 1 (e) • * (r - 1))

a r,0) * (r,0 * *zo •c - !4--! ).

Fnally let ho * 92 9 t" (Oe FIgMre 4.)

-
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2 1

Figure 4

Dov, let B C A be a sutbset of ( ,2) x (61.62) (me. Figure 5). Then h (B) lmt

onto a segment contained in (!,I) x (w). By a C mall perturbation of h0  near the
3

line 6 :, we can create a map hI such that h1  has no fixed points on (1,2) x {w}

and there exists N1 > 0 with h1 () C (1,2) x (6ow4. o hn(B) will tend, as

n + . to the segment (2,2) x t0). By a C mall perturbation of h1  near 6 - 0 we
2

can create a map h2  such that there exists V2 > 0 with h2
2 (B) C B. continuing in

this manner we can create a seauence of C diffeomorphisms into A converging to the

diffeomorphism f from A into A such that fn(9) is contained in the sets

[1,21 x (;,,;2) and [1,21 x (63,64) infinitely often and f is C close to h0 .

Rence each point in the interior of 9 is in the interior of its stable set. Moreover,

for each x e 6, u(x) includes points in, for example, (1) x (8,e2) 2 Hence

the u-limit set is not periodic and the construction is complete.

-9-



B h 2 (B)

h (B)0
2~~

I:j

h 1(B)

hN(B)

Pi gure



Concluding Remark. It seems that there is still considerable room between the theorem and

the example given above. In particular the proof of the theorem io localo in nature, not

using the fact that the images of the stable set return close to one another -- it is this

fact which allows the theorem of Denjoy on a' to be improved from OC
2
_ to _C1 plus

bounded variation of the derivative". One hopes that considerable Improvement is possible

in the above, perhaps using a more global approach, but we don't know.

-It-
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