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Some properties of matrix sign functions d"cVre -
from continued fractions A

Prof. L.S. Shieh, Ph.D., Y.T. Tsay, M.Sc., and R.E. Yates, Ph.D.

- Indexing terms: Mathematical techniques. Approximation theory. Egenfunctions Linear systems. . ,.\ !

C:.',:? Abstract: This paper proposes an alternate representation of a matrix sign function based on an irrational ___

function described by a continued fraction. The properties of the continued fraction and the truncated
continued fractions are investigated. Also, new algorithms for computing the matrix sign function are
developed. The matrix sign function is then extended to a generalised matrix sign function for directly

-solving discrete-time system problems.

1 Introduction A recursive scheme for computing the matrix sign function.
Since Roberts [iI initially introduced the matrix sign function given by Roberts [I] and improved by Balzer [4],isasfollows:

<t and its applications to linear systems. many applications for I + O Sk So A
solving system problems have been developed [I. 2, 31. A

SNe~kton.Raphson type algorithm proposed by Roberts III and ak + Ok = I and lit ak = lint =

at improved algorithm by Balzer [41 have been used as k k-*
standard algorithms for computing the matrix sign function. if Re (o(A)) * ) 0 (4)

One main feature of the matrix sign function is that it i*

preserves the cigenvectors of the original matrix. This property The algorithm for the extended matrix sign function is given
is useful both for studying the eigenstructures of matrices by 131
and for developing applications to engineering problems.

Tie matrix sign function S of a square matrix A C nx," Sk - =  + + Sk + I (5a)
itht Re (o(A)Ois defned by 111 where Sg 1 and S;+ I denote the (k + I)th iteration of the

S a sign (A) = 2 sign* (A) --I (la) matrix sign algorithm in eqn. 4 using Sj = A + elI and S=

%%here I is attn x n identity matrix and A - eIl,. respectively. e is given by

A D11e (5b)
s ,t ( A ] ,, -- - l -A ) - -d X ( Ib ) 11A D I

2 ni .c where 0 < a < I and AD is the Drazin inverse of A 131.
,4 is a stmple closed contour in right halfplane of X and encloses The algorithm in eqn. 4 is known to be a Newton-Raphson
, nll the right-hallplane eigenvalues of A.- type and is often used as a standard method for computing

V)lhowing Ihe definition of eqn. 1. ifrA has a Jordanl forn: tile matrix sign function.
In this paper. we define an alternate representation of

.I block diag [J.. J_] - J. , J_ (2a) matrix sign functions based onl an irrational function described
by a continued fraction. The properties of the irrational

then function and the convergence of the truncated continued

I ,IJM- (2b) fractions are investigated. This leads to new algorithms for
computing the matrix sign function. It is shown that the

atd standard algorithm in Eqn. 4 is a special case of the new
algorithms derived. The matrix sign function is then extended

S sign (A) M [sign (J.) e sign (L] M-' to a generalised matrix sign function for directly solving

M M / ( 1.2)] M -  (2c) discrete-time system problems.

where JC C nl Xfl JE C nf2xn2 and n = nil + n2 are the 2 Scalar sign function
collection of Jordan blocks with Re(o(A)) > 0 and Re (o(A))
< 0. respectively. MCnxFn is modal matrix ofA. In order to develop a new algorithm for computing the matrix

The extended matrix sign function S of A including Re(o sign function, we define a new representation of a (scalar)
(A)) = 0 is defined by [31 sign function as follows.

C, S ' sign(A) = Mlsign(J+) 0 sign(J_) 1 sign(Jo)JM - i Definition
The (scalar) sign function of a complex value ).ea(A) is

=M_____ _ (-_2) 0._ M _ (3) defined by

J0 where JoC Cn3xn3 is the collection of Jordan blocks with Re + I if Re ) > 0 (6a)(a(A)) = 0- 0n3 is an n3 x n3 null matrix, and n! + n2 + sign (X) = I- if Re(X) < 0 (6b)

X if Re(X) > 0 (6c)
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g i e 0 The difference equation for both ak and bk satisfies
if Re()>I (6e l-q-'--(z-1)q -  = 0 (1 Ic)

where q -' is a backward shift operator, or q ak = ak -,.
g(.) if Re(k) < 0 (6f) The zeros of the equation in eqn. I Ic become

q + _ad_ (lid)where g(X) is defined by andq = 2

X if Re(X) > 0 From eqn. lid we observe that

g(A) = lq Iq2l if- ir < arg (z) < i (I le)

Xif Re(X) < 0 The general form for eqn. 10a (see Reference 5) is as follows:( RIeJ  if - < 0 < (6g) f V(z) = ( + /z-k +(1 -
2 2 A W VT)1, k( r- O

RXle'(O - V) if < 0 < (6h) C

2 2 2:k~~
Note that Re (X) = 0 is not included in the definition. j= 0

When X is a real value, o, then g(X) in eqns. 6g and 6h

is obviously an absolute value function and . k C~j I Z
i=o

g(U) = 0 (7)

in a similar fashion, when A is a complex function, g(?) may where p = 1k/21 and r = 1(k - 11/21 are integers for k > I
be defined by and kC2j are the coefficients of a binomial expansion.

g(X) (8) Substituting eqn. I Id into eqn. 12a yields

Iwith proper selection of branch cut to match the definitions
of eqn. 7 and eqn. 8. To derive the function g(X) in eqn. 6 or
eqn. 8, we consider a square-root function f:z 'z-that has q(z) I 'z 0
the branch cut on the negative real axis and the first Riemann ,k
sheet with larg(z)l < 7r as the domain of z. The continued
fraction expansion of V1is given by 151fz)= \/7 + zI__ ___- 9)+f ,h [, -

2+ z-l (9 / 1, j (J
Z -

2+ k l and q) t q2  (I2h)

f1,(z) for k =I .... 4 are as follows:
In order to study the domain of z so that the irrational
function f(z) can fully be described by the continued fraction A (Z) = 1 (I 3a
expansion in Eqn. 9, we investigate the properties of the
continued fraction. .f2(Z) = - (13h)

Define the kth truncation off(z) asffk (z), or

3: t
fk (z) = I +2fk_ (z) (lOa) f3(z) --- l3c)z: + 3:

wherefo(z) Oand f(z) 4: (13d)
f (- = (Iz-l) 3

+ (Z - 1) bk k Some properties of the continued fractions in eqns. 9 and 10
1 + which will be used to derive the g(X) in eqns. 6 and 8 are as

+ k(z--) follows:

S(z- I) (10b) Propertsv !
If Iq, I > k1q I. then we have

The recursive forms for a, and bk are flz) = linmfZ) = Vrz (14a)
f-

ak = ah - + I (z- I)a -2  a-, = 1, ao = 0 The important result in eqn. 14a can be verified by a ratio testof the series, which can he obtained by expanding [I -
(I la) (q21q,)"j-t in eqn. 12b. Also. the convergent condition

[IqjI>q 2 implies that the domain of z is in C " where
bi b_ + (z -l)b_ 2  b- I-- 0, b, = I C -- I- and R- isthe negative real axis R- = (-,O],or that the complex variable z must he - < arg (z) < ir.

( lib) Thus, the function f(:) uniformly converges to the desired

112 EE PROC. l'o. 130., I. 1). No. 3. MAV 1983



function v'Z, and %r/Z can fully be represented by the con- where C1 M1 C -- I and I is the entire imaginary axis. From thetinued fraction if z E C a properties shown in eqn. 14, the domain of z is in Cathere-

Propery 2 fore the domain of X must be in C. In other words, the
fProperty 2 lanfunction g(E) converges ifIf Iq I I 1q21 and z = 0, then X = IPdelO and 101 * -  (I15b)

f(z) = limfh(z) = 0 (14b) 2

Based on the convergent condition derived in eqn. 14a, we
Property 3 have the desired function g(E) in eqn. 6 as follows:
It" q I = Iq2 1,1z I * 0, and [arg (z)l= x, then

limfk(z) - cc (14c) gX) = limgk() = /K

The results in eqn. 14b and c can be verified as follows: 1/ e = I~ieJ = X if -"<2 <-

When 1qij=lq2 , from eqn. lid we have II +V/i= 2

11 - VY. Ifz = 0, then we have ak =-(k/2)(1/2)p and b, = vr/Ille T c -wl = lXe'(0-*)= -X (16a)
(k+ I X1 /2)k in eqn. 11. Thus, f(z) in eqn. 10a becomes if 3ir
I/(k + 1)and if -<O<-- (16b)

f() = limf(z) = irn -- 0 (14d)
k- k_. +1 where

The functionf(z) converges to zero ifz = 0. g(X) = fk(z) with z = A (16c)
On the other hand, when z is a nonzero negative real, then Thus, the scalar sign functions defined in eqn. 6 can be

Vi~z =,'o. Thus I +v'z=ViT-w eJO and I -V=v'--z expressed by
e -jo where 0 = tan- '. Therefore, we have

e-2o sign(X) 4 E = lim sign&)(A) (17a)! + 
-j ~ ¢  _- o (14e) =g(A') k--_

fk (z) = I - e -JO = tan (k) or -
The function fk(z) diverges as z E (-0o,0).

PropertV 4 sign(X) g) = lim sign& (X) (17b)
X k oo

The poles and zeros of f,(z) and k > 2 alternate on the
negative real axis. where

From eqn. 12 we have the poles of fk(Z) where

) IT k =X_ (I + ))k -(I -)) (17c)
P. (tan k gk(X) (I +X)"+(l -X)k

1, 2. (k -l)/2foroddk (14s) (I +A g)_(l -- ) (17d)

.(k - 2)/2 for evenk and

and the zeros (I + X)
k + (I -)

gk(N) = X (I +?)"_(I--X)" k = 1,2 ,... (17e)

Zm = - tanI_- • is the kth truncation of the continued fraction

(k - )/2 for odd k g(X) lim g,(x)
in = 1,2 . k12 for even k (14g)

k I ~~ 2 f oXv e, E2 - 1

Since the tangent function tan0 is monotonically increasing 2 - I X E C' (17f)
for 0<0 <ir/2, the poles and zeros of fk(z) for k > 2 alter- 2+ -

nate on the negative real axis. 2+A
Using the function (z) and the properties obtained in

eqn. 14 we are now able to derive the desired function g() in
eqn. 8 using the principal square-root function f(z) of eqn. 9.
Let z = X

2 , we have

(z) £ g() = g, A E C' 3 Matrix sign function
The scalar sign function derived in Section 2 can be extended

A2 
- I to a matrix sign function. For this extension we need to

!+ A2 
- I (15a) investigate a matrix function generated by a scalar analytic

2 + function.
2+ Consider a matrix A EC" x " with spectra o(A) = (A, ..

X11 where I~n. If a scalar function p(N) is analytic at Ap.
-- = I......1, then the matrix function P(A) generated by

lEE PROC.. Vol 130. Pt. D, No. 3. MAY 1983 113



p(X) can be defined as [61 Since the poles and zeros of f(z) in eqn. 14 alternate on the
negative real axis, the 'poles and zeros of gQ) in eqn. 1 7c or

P(A) = (),) (M.-A)-I d) (18) in eqn. 17d alternate on the imaginary axis. As a result, if

aA) E ', or no ?%j E o(A) exist on the imaginary axis, then

g(X1), i = . . I are finite. Thus, from lemma 2 and the

where c is a simpleclosed contour which encloses j,= 1..... . result shown in eqn. 16, we have

The matrix function described in eqn. 18 has the following

properties 161: g(Xk Xk if Re(3t)> 0 (21a)

Lemma)I - k if Re(Xk)<0 (21b)

Let A be defined as above and p(), q(X) and r(X) are analytic
at 3j E o(,), Xj = 1, ..... < n, then Since

(i) if p)=k,gthen(P(A)=kin '()k) = if Re(X )>0 (21c)

(ii) ifp(= X, then P(A) =A -1 if Re(Xk)<O (21d)

(iii) if pO.) qQ,) + r(X), then P(A) = q(A) + r(A)

(iv) if p(X) q(?) r(3), then P(A) =q(A) r(A) = r(A) q(A) we have
(v) if p(,) r(q(X)) and r(X) is analytic at q(X1), and there

exists Xj E (A), then P(A) = r(q(A)). g(Jkh) = Jkh if Re(Xk)>0 (21e)

When A has kj Jordan chains of length tAj* corresponding to I-Jkh if Re(X ) < 0 (2If)kj

Se o,), ]=1....1and h. tJh = m1 where m1 is the multi- Using the result of eqns. 21 e and 2 If. eqn. 20a becomes

plicity of Xj, then A can be represented by gA)M[ J•• (J )

A = MJM -  (19a)

w q .. e (-J)jM -  (21g)
where

(19b) where Re(X,,)>0 for I <k <in and Re(Xk)<0 for < k

S J2 •< 1. Finally, the desired matrix sign functions can be obtained

and 
from eqns. 21g and 17 as follows:

S= iJ Ia Jj2 E. . 0 Jkj / ,. 1 (19c) sign')(A) 4 1 k(X)-' (XIn -A)-' dX

1 0 0= A g(A)l = Mil. e i2 ...

0 Xj 1 0 C X (-- ,, 0 ,.. ( (m/mI )IM-  (22a)

Jjh =  0 0 . . .EtjX i (19d)
or

L

o 0 0 .
sign 2 (A) ! - . v'g()(X n -A)-' dX

h = 1. kandj = I. A g(A)] (22b)

Using lemma 1, a matrix function g(A) generated by g(X) and
becomes

sign(A) = sign(|)(A) = sign(2)(A) (22c)

g(A) = M g() (XIn - J)-' dXM -  = Mg(J) M -'  Thus using lemma I and the results in eqn. 17. we have the
21 following theorem.

-Mj(J 1 1 ) g(J12 )@ 19 .ag(Jjkj)JM ,
Theorem)

/ .. (20a) Given a matrix A ( Cn" x and o(A) G C. the matrix sign

where function of A can be described by a matrix continued fraction
(71 as

tj- It Ht  h = 1 ..... kj, sign(A) = AI + (A' -In) [2/, + (A2 -In)x
g(Jj *) =l -  t 2a

9( jh t-o 12 . + (A ' -- ) (23a)-i- l -

/ ...l(20b) = A -[I. +(A' -!,n) 121. +(,A' -i.) x

g(A) is the tth derivative ofg(A) for t> 1, and g(°)(X) A g(A). 11n + (A2 -1,7 1.. .In ' ] - ' (23b)

H* h a shift operator, is the ,* x t matrix with null diagonal

entries and all Is on the super diagonal entries. Sinceg(J) is an Corollary I

upper triangular matrix, we have the following result [61. The matrix sign function of A as defined in Theorem I can be
approximated by

Lemma 2
Given AEC"x " , a(A) = {1, --  

.... i n) andg(Q) is sign& (A) = [(I +A)k -(Ia A) II [(in +A)k

analytic at each Xj E o(A ), and gzXI) is finite, then o(g(A)) = -

jg(Aj~j+ (In - A) I

114 IEE PROC. Iol. 130.. ft. A.No. 3. MAY 1983



-C,,. IA2" ,. ii q,42] - + signikl)Q

J-0 J.0 I + sigfl)() 

or k = 1, 2.... (24a) + +sign,',) W)

signaj(A) = [(I. + A)k + (I. - A )k] [(In + A ) = sign&)2) [sign '),) (X)] (27a)

-(I. -Ar] -' = signL),) [sign&),2) ())] (27b)

=hiI I -Cj~j2+I Letting k = k Ik2 ... .km and using eqn. 27a repeatedly yields
k2 kC 21 . A21 ' sign$B (X) = sign&).) 'sign 'k) [ ." "isignl')]) (A)] 11 (27c)

=0 10 Similar recursive algorithm can be derived for signg (X) in

k = 1,2.... (24b) eqn. 17b.

For convenience of application we list some matrix sign Recursive algorithms for computing the matrix sign functions

functions, sigN (A) for k = 1 .. 7, as follows: of A for c u(A)E te are

signS%(A) = A-' (25a) - (A) = sn '')sign. ,2) (A) = =in. (AsI + 1.) (2A)-
(2) (25b) sign(. (A) = A (28a)

sign j (A) = (3A 2 +In)(A 3 +3A) -  (25c)

sign ,2 (A) = (A4 + 6A 2 +I)(4A3 +4A)-' (25d) sign, 1,)+(A) = sign?,) [sign(,) (A)];

sign(S)(A) = (5A4 - A2 +In)x sign (A) = (28b)

(A + 1A
3 + SA) - ' (25e) where nk+ =fknk fork = 1,... f >l and n', I

sign6(A) = (A6 + 15A4  ' I5A 2 +/n)x Remark I
(6A' + 20A3 + 6A) - I  (25f) Using the following property of a matrix sign function sign(4)

= sign(A -1 ), we can set the initial condition of eqn. 28b to besignl (A) = (7A 6 + 35A 4 + 21A 2 + In)xsin(A A(8c
SgN+_IA2+1)xsign () (A4) = A (28c)

(A 7 + 21A s + 35A3 + 7A) - I (25g) R r
Obseve hat ign 2)Remark 

2
Observe that sign) (A) in eqn. 25b is the standard matrix The standard matrix sign algorithm in eqn. 4 is in fact a
sign algorithm in eqn. 4 for k = 0 and ak = = J. special case of the matrix sign algorithm derived herein by

For a system which contains Re(o(A)) = 0. the matrix A choosing fk = 2 in eqns. 28a or b. For example, from eqn.
is modified as shown in eqn. 5. Then the proposed matrix 25b we have
sign algorithms in eqn. 24 can be applied to determine the
extended matrix sign function [31. sign{l (A) = (A 2 + 1.)(2A (A'+A (28d)

4 Computational considerations and
sig (2) (A) Sg (2) I•ig (2)

For online computation, the matrix sign function in eqn 24 or sign(2)(A) (2 signo ) (A)]

eqn. 25 can be used to approximate the matrix sign function = (A 4 + 6A 2 + I)(4A 3 + 4A)-  (28e)
in eqn. 23. However, if the matrix A contains both large and
small eigenvalues in modules, for a large k of signlk) (A) or The result in eqn. 28e is identical to that of the recursivesignl (A) in eqn. 24. numerical difficulty might occur. To algorithm in eqn. 4 using k = I and cik = Ok = 1/2. Otherrsoe (A)hin diffiuty, nuerical fo ficulty mihteccur. liThs a new recursive algorithms, signl ) (A) for prime number k > 3resolve this difficulty, the following recursive algorithms are in eqn. 25 can be considered as basic recursive algorithms for

From eqn. 17a we have computing the matrix sign function.

I- Remark 3
- From eqn. 26a and lemma 2, if Xj = I + pe ¢'. 0 < IP1 << i.

signlpl)) M (26a) is an eigenvalue of A. then X,, is the corresponding eigen-,+ X ) value of sign ',) (A):
1++ -

Rearranging eqn. 26a gives -lk "

- _ I - sign (A ((26b) i + )-

I +X - I + signl)Q,) A)'

Let k = k, k2 , we have = I -

sign h ,,)(A) = I 2 _ 2() /

I +( I -A (29a)

lEE PROC. Vol 130. Pt. D, No. ). MAY 1983 115



Similarly, if , = -I + pe *, 0 < IL1 << 1, then we have Then we have

2 k- -i S(A) = signjh(A)j M1lm, 9 ... 0 lM m "_X /1-, ' -!" - +2 2±2 e' (29b)

l--Xj + 1 (- .I, .) o ... ( (-m 1 )1M-' (30d)

if the Jordan decompostion of A is given by

Therefore, the order of convergence in the neighbourhood of A = M[J , ... Jm Jm., ... J (30e)
±1 is k. Furthermore, if Al = ±1, then the corresponding (30)
eigenvalue of signljk. (A) stays at ±1. The same remarks are where Ji is a generalised Jordan block, and
true for signp (A). o(J,) = {}X: Re(h(Xi)) > 0 for I < i < m and

Remark 4 Re(h(X)) < 0 for m < i < 1} (30f)
If signW) (A) or signpd) (A) is a satisfactory approximation of
sign (A), and if the recursive algorithm in eqn. 28 with S-oof

constant order fk, and number of iterations m is used, then the Sice mais a simp clos cre i hol co nmlwhich maps L onto 1w-axis, the whole complex plane is
number of iterations needed for large/small eigenvalues is separated into two regions C1 and C2 by L, such that
logfN. This result can be verified as follows: Re(h(},)) > 0 for X E C V and Re(h(X)) < 0 for X E C 2- Since

Let N <(fVf) , then m = log,,N (29c h() is defined to be analytic at Xj EE a(A),i= 1 ... , 1, from
eqn. 18 we have

Thus, the result obtained by using the approximate model in
eqn. 24 with k = (f,)' 2N is equivalent to the result using h(A} = hlX (V, -A) - dA (31a)
the recursive algorithm in eqn. 28 which has a constant order Dri
fk and the number of iterations (m)shown in eqn. 29c.

Assuming Ihat o(A rL 1- 0 yields. h(Xj) C a(h(A )), i = I . I.
which are not on lic imaginary axis. or h(Xj) * jw, w E R.
Thus, we conclude that h(X) is in the domain of sign (X).

5 Generalisation of matrix sign functionsDeneS) i(I()(3b

The matrix sign function defined in Section 3 can be viewed ..s

a nonlinear mapping which maps the eigenvalues at the right where
and left-hand side of the imaginary axis to + I and - 1,
respectively. Also, the matrix sign function preserves the sign() = -) (31c)

eigenvectors of the original matrix. The above properties are X g(X)
useful for examining the eigenstructure of a matrix and for Thus
solution of control system problems.

The matrix sign function can be generalised to map the
eigenvalues of a matrix to + I for those eigenvalues located at .- ! )_ S ,, (,/,, -. 4 dA
one side of a simple closed curve in C and to - I for those at 21i •

the other side of the simple closed curve.

Theorem 3 9( h(A)) -A)'A
Let L C C be a simple closed curve which can be mapped onto h2i .c (-A)
the imaginary axis by a conformal mapping h(X). Assume that
a matrix A EC x "

x with o(A) = {X , i = 1 ..... /)exists such 1 .h,
that o(4 ) r) L = and h(X) is analytic at X1. Define - (( I1 -. A r- d (3 1d)

9 i )( /,-)) It A can be decomposed into the form of .!qn. 30e, from
r(A) = 2-i7h--) (A) 1 -A) - 'A (3a) eqn. 20 we have

h(A) = Mlh(J,} + . h(im)

or h(J.,,) + ... h(J,)IM - ' (31e)

S(A) =- L h(A (Xl, -A)-' d (30b) Furthermore, since Re(h(X,))>O I < i<m and Re(h(Xi) <
20 , g(hok)) 0, m < i < 1. fromi eqn. 2 2. we have

9(A) = sign(htA} ) M1,, I P ... e In,,,

where ( _' in,, ) . . . 4 (_mg)]M ' (31)
hA -

g() I+ A2-In a manner similar to that of theorem 2, we have the

g(2+ X - following computational algorithm for the generalised matrix
A2

- I sign function.2+

Corollary 2
Let h() and A be defined as in theorem 3. Then we havexp( +(I - A)l

i lim l +(30c) N(A) = sign(h(,/)) = lim S,,4 (A) (32a)
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where function have been derived. It has been shown that the most

Snks(,) = S(A [Sn,,(A)]; S' 5(,) = h(A) (32b) commonly used matrix sign algorithm is a special case of the
recursive algorithms derived in this paper. Finally, the matrix

nk., = f nk for k = 1,2 .. fk > 1, n, > I sign function is extended to a generalised matrix sign function
such that the newly developed matrix sign algorithms can be

and directly applied for solution of discrete-time system problems.

Snk(A) = [(I n + h(A ))-k - (I. - h(A ))-,] x For continuous-time systems, the proposed matrix sign
functions can be applied to solve stability problems [31,

[I.+ h(A))"A1 + (I. - h(A))"k] -' (32c) Riccati-type and spectral factorisation problems [2].
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The algorithms derived in eqn. 34 for computing generalised 9 Appendix
matrix sign functions can be directly applied to solve the
algebriac discrete Riccati equation (see Appendix), discrete To show the procedure of using the matrix sign functions for
regulator problem 191, and discrete-time stability problem solving discrete-time Riccati equation and discrete regulator
1101. problems, we consider the following discrete-time system:

6 Conclusions X(k + I) = AX(k) + Bu(k) (35a)

This paper has proposed an alternate representation of the y(k) = CX(k) (35b)
matrix sign function based on an irrational function described where A C n x n, B C C x' m, CE C P x, and A is nonsingu-
by a continued fraction. It has been shown that an irrational lar. The infinite-time performance index to be minimised is
function v'I of a complex variable z can be fully represented given by
by a continued fraction if z is not a negative real value. Also,
the poles and zeros of the truncated continued fraction alter-
nate on the negative real axis. The principal square-root J- = X xT(i)QX(i) + uT(i)Ru(i)] (36)
function, f(z) =.z, is then extended to generate a matrix t 0
sign function. It has been shown that, when the matrix of where Q = f is a symetric nonnegative matrix and R is a
interest has no eigenvalues on the imaginary axis, the matrix symmetric positive definite matrix. Assume that the pair
sign function can be fully described by a matrix continued ,4, 01 is detectable and {4. 8) is stablisable, then the steady-
fraction. state feedback optimal control law 181 becomes

Based on the structure properties of continued fractions,
new recursive algorithms for computing the matrix sign u(k) =-(R + BTPB) -I BTPAX(k) (37a)
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where the nonnegative definite matrix P is the solution of the Thus P in eqn. 39 can be indirectly determined using the

following algebraic nonlinear discrete-time Riccati equation: partitioning matrices W2 1, and W, 1 as

P Q +ATPA -A TPB (R +BTPB)-BTPA (37b) P W2 1 WKl' = (21MA (2M,1 Mll)-'

The procedures to determine the optimal control law using the =M 2 1Mfll (42)
matrix sign functions are described as follows: As a result, the optimal control law in eqn. 37a can be

Define a 2n x 2n Hamiltonian matrix 181: obtained.

~A1  1BRIT 1In practice, an approximate sign(G) is often used to deter-
G =IA' A-IB I (38a) mine the P in eqn. 42. The matrix sign algorithms for corn-

(QA-' A'*+QA-'BR - B T  puting the approximate sign (G) (defined as 6j) are

The modall matrix of G and its inversion are defined as sign(G) =lim (G' - 12 11) (GJ + 12.,)- (43a)

M [Mu M12 1 W R= 1 lim (G' +,) (G -1 2 .)-' (43b)

IMueIAxn; I, tOi for a finite j (43c)
M~E xn Q 1,2 (8) The indexji of O in eqn. 43c can be determined when

1,1 trac(j)2 1J - 2?i12?z<ej (43d)

Thus, weee sadsrderrtlrne
M'lGM block diag[A,A T] A ECnx (38c) Note that, when i is a large value, the roundoff errors due

whee AA- ~l s te Jrda blck orrspodin tothe to direct computations of GI in eqn. 43 may occur. To

whgerves ofT ,Gois e(ie the Jodaiboc creondingto te reduce the errors. the recursive algorithm in eqn. 28a with
eigenvalues~~~~~~~~~~ of=otie(nie h ui ice h ict (G - 2n) (G + 12 n)_ can be applied to determine 4j in

matrix gain Pin eqn. 37b can be determined 181] by eqn. 43c where 4j = sigz4') (A). Using the 4, the approximate

P = M21 Mill (39) W (defined as Wj yields

P in eqn. 39 can be indirectly computed via the matrix sign (wI)j N (,),

functions as follows: W 4+ T =

sign(G) =M-block diag~sign (A), sign (A -T) M- I(21) (W2u i

=M-block diagI,,-1,J -M1 = MTM' (40) (Wi)j E c nX n ilk = 1, 2 (44)

where sign(A) = In,, sign(A -T) =- 1,,; F - block diag [In. - Thus the approximate Riccati gain matrix P (defined as
In, and In, is an n x n identity matrix. P.j) becomes

Define a new matrix W, or =(2)jW,)7(4a

W sign(G) +T = M [1M + M'ij (w1  iw,; 4a
and. the approximate optimal control law and gain F (defined

=M -block diag (2M, 1, 2R221 as fj) become

2 M 11, -M2M2 I1 [wil W121 u(k) = -1X(k) (45b)

-2 M21M,1  -M22 2 ] j W21  W22] where

;ijE nX ; 1,2 (41) Pj (R + BrPB)BTjJA (45c)
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