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Abstract: This paper proposes an alternate representation of a matrix sign function based on an irrational
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function described by a continued fraction. The properties of the continued fraction and the truncated
continued fractions are investigated. Also, new algorithms for computing the matrix sign function are
developed. The matrix sign function is then extended to a generalised matrix sign function for directly

solving discrete-time system problems.

1 Introduction

Since Roberts [i] initially introduced the matrix sign function
and ity applications to linear systems. many applications for
solving system problems have been developed (I. 2. 3]. A
Newton-Raphson type algorithm proposed by Roberts [1] and
an improved algorithm by Balzer [4] have been used as
standard algorithms for computing the matrix sign function.

One main feature of the matrix sign function is that it
preserves the eigenvectors of the original matrix. This property
is useful bath for studying the eigenstructures of matrices
and for developing applications to engineering problems.

The matrix sign function § of a square matrix AeC "*"
with Re(o(4)) # 0 is defined by (1]

S 3 sign(d) = 2sign"(4) 1, (1a)
where /,, is an 1 x n identity matrix and
1 -
spnt(d) = ""‘__‘& (M, —A) 'd) (1)
-~ e,

& 18 a sunple closed contour in right halfplane of A and encloses
all the right-haltplane eigenvalues of A.
Following the definition of eqn. 1, if 4 has a Jordan form:

J = hlock diag {J,.J) 2 J, & L (2a)
then
A= MIMT! (26)
and
S = sign(A) = M[sign(J,) @ sign(J)]M™"
=Ml & ( LM (2¢)

where J,eC™M*™ J.eC " and n = nl + n2 are the
collection of Jordan blocks with Re(a(A4)) > 0 and Re (0(A4))
< 0. respectively. MEC™ ™ is 2 modal matrix of 4.

The extended matrix sign function S of A including Re(o
(A4)) = 0 is defined by [3]

S 4 sign(d4) = M[sign(J,) @ sign(J) @
= M(Inl B (—Inl) ® OnSIM-I (3)

where J,EC™*™ s the collection of Jordan blocks with Re
(6(A)) = 0, Oy, is an n3 x n3 null matrix, and #t + n2 +
n3 =n.
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sign (Jo)J M™!

A recursive scheme for computing the matrix sign function,
given by Roberts [1] and improved by Balzer [4], isas follows:

Sker = xSk +Br Sy’ S =4

op t 0 =1 lim

k — oo

if Re(a(4)) # )0

and o = limBy = 4,

R— ™

(4)

The algorithm for the extended matrix sign function is given
by (3]

Sk*l =§I:¢l +S‘;¢| (50)
where Si,, and Sg., denote the (k + Dith iteration of the
matrix sign algorithm in eqn. 4 using Sg = A +€l, and Sy =
A —el,, . respectively. € is given by

_ M
€7 14y

where 0 <y < 1 and AP is the Drazin inverse of 4 [3].

The algorithm in eqn. 4 is known to be a Newton-Raphson
type and is often used as a standard method for computing
the matrix sign function.

In this paper. we define an alternate representation of
matrix sign functions based on an irrational function described
by a continued fraction. The properties of the irrational
function and the convergence of the truncated continued
fractions are investigated. This leads to new algorithms for
computing the matrix sign function. It is shown that the
standard algorithm in Eqn. 4 is a special case of the new
algorithms derived. The matrix sign function is then extended
to a generalised matrix sign function for directly solving
discrete-time system problems.

(5b)

2 Scalar sign function '

In order to develop a new algorithm for computing the matrix
sign function, we define a new representation of a (scalas)
sign function as follows,

Definition
The (scalar) sign function of a complex value AEa(A4) is
defined by

+1 if Re(d) >0 (6a)
sign (A) =
-1 if Re(A) <O (6b)
A

— if Re{(d) >0
20 if Re(A) (6¢)
i L if Re(A) <0 6d
g\ (&)
1n

. 83 07 27 056
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T PP Bl . ﬁ
'
PTeN The difference equation for both a;, and b, satisfies |
= if Re()) >0 (6e) -1 -
A : 1-¢7'=4¢—-Dg =0 (1c)
= where g 7! is a backward shift operator, or q 'ap=ay-,.
g if Re(\) <0 N The zeros of the equation in eqn. 11¢ become
A
1+ 7 1— V7
where g() is defined by @ = and g, = > (11d)
A if Re(N) >0 From eqn. 11d we observe that
g = 1g11=1q:1if —7 <arg (z) <= (11e)
—2if Re(d) <0 The general form for eqn. 10a (see Reference §) is as follows:
el if —2 << ) = VIO VEFE0 - VIR
= U+ V) —(1— V2 )k
1r 3w
INed® ™ §f —< ¢ < — (6H) » _
2 2 I Gz
Note that Re () = 0 is not included in the definition. _ i=0° (124
When A is a real value, ¢, then g(\) in eqns. 6g and 6h r _
is obviously an absolute value function and L Cojy 2
J=0

g(o) = Vo’ ]

In a similar fashion, when A is a complex function, g (A) may
be defined by

gV = VA2 (8)

with proper selection of branch cut to match the definitions
of eqn. 7 and eqn. 8. To derive the function g(}) in eqn. 6 or
eqn. 8, we consider a square-root function f:z - v/z that has
the branch cut on the negative real axis and the first Riemann
sheet with |arg(z)] < m as the domain of z. The continued
fraction expansion of \/Z is given by [5]

2zl

f@=Vz =1+ ©

2+

In order to study the domain of z so that the irrational
function f(z) can fully be described by the continued fraction
expansion in Eqn. 9, we investigate the properties of the
continued fraction.

Define the kth truncation of f(z) as fj (2), or

fu@ = 1+2f5 (@ (10a)
Ywhere f3(z) =0 and
{ez—-1 a &
H a g€—, k=21
P A Gl )
. Ye-1 (105)
The recursive forms for a, and b, are
ay=ay., +(z— 1oy, a, =1 a8 =0
(11a)
by= by, +3 (@ —1by_, by =0, by =1
(11b)

112

where p = [k/2] and r = [(k — 1)/2[ are integers for k > |
and , C,; are the coefficients of a binomiat expansion.
Substituting eqn. 11d into eqn. 12a yields

.f%ﬁ

4

AR

@) =TT . 2]
q1
ik k]-1
ol (1h-4
oy q1
k=1 and q, # ¢, (12b)
fr@fork=1,. ... 4 are as follows:
1) =1 (13a)
. R
folz) = — - (13h)
. 3+ ]
f3z) = P (13¢)
fay = L] 13d
4 4:+4 (134

Some propertics ot the continued fractions in eqns. 9 and 10
which will be used to derive the g(A) in egns. 6 and 8 are as
follows:

Property |
If Igi1> lg; 1. then we have

fiz) = lim fi(z) = vz (14a)

The important result in eqn. 14a can be verified by a ratio test
of the series, which can be obtained by expanding [t —
(92/q0)*17" in eqn. 12b. Also. the convergent condition
lql.[_> Iqa| implies that the domain of z is in C" where
C" 4 C ~R " and R isthe negative real axis R™ = (—oo, 0].
or that the complex variable z must be —-n<arg(2) <.
Thus, the function f(z) uniformly converges to the desired

IEE PROC Vol 130, Pr. D, No. 3. MAY 1983




function vz, and vz gan fully be represented by the con
tinued fractionif z€ €~ .

Property 2
If lgy!1 = lg2land z = 0, then
fe) =klimf..(z) =0 (14b)
Property 3
Iflgy1=lq;l. 21 # 0, and larg (z)] = w, then
m f(2) = o (14¢)

The results in eqn. 14 and ¢ can be verified as follows:

When ¢,]=Iq,l, from eqn. 11d we have |l +/Z|=
[1 =V/z|. If z = 0, then we have a,, = — (k/2)X(1/2)* and b, =
(k + 1X1/2)* in eqn. 11. Thus, fy(z) in eqn. 10 becomes
1/k + 1)and

.____)0

k+1 (14d)

£y = limfi(z) = lim
] ko

The function f(z) converges to zero if z = 0.
On the other hand, when z is a nonzero negative real, then

VZ=jw. Thus 1 +y/z2=v1+w? € and | ~Vz=vVTF+&?

¢7/® where ¢ = tan~! w. Therefore, we have

1 +ei3ke w
1 —e %% 7 qan (k¢)

The function fy(z) diverges as z € (— o0, 0).

fil2) = jw (14¢)

Property 4
The poles and zeros of fi(z) and k =2 alternate on the
negative real axis.

From eqn. 12 we have the poles of £,,(2)

mm\?
Py = — (tanr) .
- 1)2 k
m=1.2...., (k —1)/2 for odd (14H
(k — 2)/2 for even k
and the zeros
. - _[mn M]’
m k
(k —1)/2 forodd k
m=1,2.... (14g)

for even k

Since the tangent function tanf is monotonically increasing
for 0 <8 < n/2, the poles and zeros of f,(z) for k > 2 alter-
nate on the negative real axis.

Using the function f(z) and the properties obtained in
eqn. 14 we are now able to derive the desired function g(A) in
eqn. 8 using the principal square-root function f{z) of eqn.9.
Let z = A%, we have

)2 g0 = VX, reC

A -1
A -

-
Pyt

=1+ (150)

2+
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where €' 2 C--dand | is the entire imaginary axis. From the
properties shown in eqn. 14, the domgip of z is in C*, there-
fore the domain of X must be in C. In other words, the
function g(\) converges if

A = Ne® and 9] # g

(15b)

Based on the convergent condition derived in eqn. 14a, we
have the desired function g(\) in egn. 6 as follows:

5O = limg,0) = VA

VR = e = e -3<e<3
VIAFET®M = oM = (16q)
n 3n
i 3n
i > <¢< 2 (16b)
where
ge(N) = fi(z) with z = 22 (16¢)

Thus, the scalar sign functions defined in eqn. 6 can be
expressed by

sign(A) & g—(% = lim_ sign] (A) (17a)
or
sign(A) 2 ‘%‘) = :i_rpmsign&))()\) (17b)
where
) A (+N*— =N
a A = (17¢)
signad ) & = (TF AR+ (AR
o o Se) _(LHNR M iy
and
IR RN st )
ge(\) = A TF N (= k=1,2... ()
is the kth truncation of the continued fraction
£ = lim £ (\)
-1+ AT —1
A -1 .
24 —— el amn
A—1
24—

3 Matrix sign function

The scalar sign function derived in Section 2 can be extended
to a matrix sign function. For this extension we need to
investigate a matrix function generated by a scalar analytic
function.

Consider a matrix A €C "X " with spectra o(4) = {A,, .. ..
A} where /<. If a scalar function p(\) is analytic at A,
J=1, ..., then the matrix function P(4) generated by

113




p(A) can be defined as [6]
- L A
PA) = s— 6 PO, —A)" A (18)

where c is a simple closed contour which encloses A;,j=1,...,1.
The matrix function described in eqn. 18 has the following
properties [6] :

Lemma 1
Let A be defined as above and p(A), g(A) and r(\) are analytic
atnEo0d)N=1,. .. ,I<n, then

@) if pQ\) = k, then P(A4) = kI,
(ii) if p\) = \, then P(4) = A
(iii) if PQ\) = q(A) + 7(?), then P(4) = q(4) + r(4)
(iv) if PA) = g (X), then P(4) = q(4) r(4) = r(4) ¢(A)
(v) if p(A) = r(g(A)) and r(A) is analytic at q(\;), and there
exists A; € o(4), then A(4) = r(g(4)).

When 4 has k; Jordan chair:s of length tg; corresponding to
J
A€EoAd),j=1,...,land hEl t;n = my where m; is the multi-

plicity of A;, then 4 can be represented by

A= MIM! (19a)
where
J=JieJe...0J (19b)
and
J=dpedpe...edp, j=1....1 (19¢)
™ 1 0 . 0]
0N 1 .0
Jin = 0 €C th X tn (19d)
L
[0 0 0 )\j..
h=1...., kjandj = 1,...,1

Using lemma 1, a matrix function g(4) generated by g(A)
becomes

‘l .
= —_— -~ J -1 | R M J 1
gA) = M- g0) (M, — /)" IMCT = Mg()M
= Migty)egtUp) e . . egUn)IM
i=1,...1 (20a)
where
it o ()
em) = X L H,, h=l.k
j=1,01 (205)

gO(A) is the rth derivative of g(A) for ¢ > 1, and g¥(\) A5
H%. a shift operator, is the £p X tp, matrix with null diagonal
entries and all 1s on the super diagonal entries. Since g(J) is an
upper triangular matrix, we have the following result [6].

Lemma 2

Given A €C"* ", o(4)=1{\,j=1,...,[<n}and g})is
analytic at each \; € o(4), and g(},) is finite, then o(g(4)) =
E\).j=1,....0<n).

114

Since the poles and zeros of f{z) in egn. 14 alternate on the
negative real axis, the ‘poles and zeros of g(A) in eqn. 17¢ or
in eqn. 17d alternate on the imaginary axis. As a result, if
a(A)EC', or no ;€ 0(A) exist on the imaginary axis, then
g\), j=1, ..., 1 are finite. Thus, from lemma 2 and the
result shown in eqn. 16, we have

A if Re(dg)>0 (2la)
8(Ax) ={ ,
— N if  Re(M)<O (21b)
Since
, 1 if Re(A)>0 2le
£'0) ={ Ak 2le)
—1 if Re(x)<0 (21a)
we have
Jun i Re(M)>0 (21e)
& kn) =! . )
‘th if Rc()\,,)<0 (2|f)
Using the result of egns. 21¢ and 21f, eqn. 202 becomes
gA) =MlJ o)y e .. e~ my)
@...@(—JI)IM_I (2ig)

where Re(d)>0 for I sk <sm and Re(A,) <0 for m <k
< 1. Finally, the desired matrix sign functions can be obtained
from eqns. 21g and 17 as follows:

1
() A -1 — gyt
sign‘’(4) £ i é)\gﬂ\) (M, —A) " dA

il

AlgA) ™ = Mlip, @ Imy & ... @

Imp,) @ - € (—ImIM ' (220)

or
. | . -
sign'?(4) 2 2—;% AN (M, —A)Y ' dx
= A7 gA)] (22b)
and
sign(4) = signV(4) = sign®(4) (220)

Thus using lemma 1 and the results in eqn. 17, we have the
following theorem.

Theorem 1 —u

Given a matrix A €C"*" and o(4)€ C. the matrix sign
function of A4 can be described by a matrix continued fraction
(7] as

sign(A) = Alln + (A% —1,) [21, + A2 —1,)x
2+ @ =17 (23a)
= AT I+ (A2 = 1) (2 + (AP — 1) x
[21,,+(A’—l,.)l...]"]"]"] (23b)
Corollary 1

The matrix sign function of A as defined in Theorem 1 can be
approximated by

sign}(4) = [(n + A ~Un ~ ] [Un + A
+(ln —A)kl_l

IEE PROC.. Vol 130., P1. D. No. 3. MAY 1983




- 1 -1
=[|.Lzrtlkczi+1/12’”][-[zj kCUAu]
j=0 /=0
k=12,... (24a)
signf)(4) = [(In + A)* + (U, —AP] (U, +4)
() o
9 coell ) ]
= EokcuA“ Jg:o 1Caje AY?

k=12... (24b)

For convenience of application we list some matrix sign
functions, signg; (A)fork=1,...,7,as follows:

signB) = 47! (25a)
sign B (4) = (42 +1,)(24)™! (25b)
sign}(4) = (342 +1,)(4° +34)! (25¢)
sign@3}(4) = (4% + 64% +1,)(44° +44)7! (25d)
sign@(4) = (54% + 1042 +1,)x

(4% +104% + 54)7! (25e)
sign{)(4) = (4% + 154% + 1542 + 1)) x

(64° +204° + 64)™! 250
sign{(4) = (74° + 354% + 2147 + 1) x

(A7 +214°% + 354% + 74)°! (258)

Observe that sign§} (4) in eqn. 25b is the standard matrix
sign algorithm ineqn. 4 fork =0and ay, =, = 4.

For a system which contains Re(a(4)) = 0. the matrix 4
is modified as shown in eqn. 5. Then the proposed matrix
sign algorithms in egn. 24 can be applied to determine the
extended matrix sign function [3}.

4 Computational considerations

For online computation, the matrix sign function in eqn 24 or
eqn. 25 can be used to approximate the matrix sign function
in eqn. 23. However, if the matrix 4 contains both large and
small eigenvalues in modules, for a large k of sign{} (4) or
sign@} (4) in eqn. 24, numerical difficulty might occur. To
resolve this difficulty, the following recursive algorithms are
derived.
From eqn. 172 we have

1
sign{ly (\) = T (26a)
1+ i— —
1+ )
Rearranging eqn. 26a gives
=AY 1 —signf )
(1 + x) T +signf ) (265)

Let k = k, k. we have

l_(l N

1+

sign®Rny A = — 5T,
l+(m)

IEE PROC., Vol 130, Pr. D, No. 3. MAY 1983

1_

[ 1 —-signi},’ !()\)]k’

1 +signy ,(A)
— cion$D) k,

1+ 1 s?gn(sl,,) y Q)

1+ Sign(x ) @)

sign{} [sign{}}) Q)]

sign{} [sign®) V)]
. km and using eqn. 27a repeatedly yields
signfiy ) = signl, [sign}) [. . .[sign{l,, 111 Q27c)

Similar recursive algorithm can be derived for sign@} (A) in
eqn. 175.

(27a)
(27b)

Lettmgk = k|k2 .

Theorem 2
Recursive algorithms for computing the matrix sign functions
of A foro(4)€ C U are

signgy, , p (4) = signf), [sign{y) (4)):

sign{) (4) = 4 (28q)
or
signfi . (4) = signf}), [sign@,, (4)];
sign} (4) = 47! (28b)
where ., =fin, fork=1,2...., fr>landn, =1
Remark 1

Using the following property of a matrix sign function sign{ )
= sign(4 '), we can set the initial condition of eqn. 28b to be

sign3) (4) = 4 (28¢)

Remark 2
The standard matrix sign algorithm in eqn. 4 is in fact a
special case of the matrix sign algorithm derived herein by

choosing f, =2 in eqns. 28a or b. For example, from eqn.
25b we have

signB(4) = A*+1,) 24 =4 4+47") (28d)
and
signF(4) = sign3) [sign(3) ()]
= (A% +64% +1,)(44° + 44)7 (28¢)

The result in eqn. 28e is identical to that of the recursive
algorithm in eqn. 4 using k=1 and a, =, = 1/2. Other
new recursive algorithms, sign{})) (4) for prime number k > 3
in eqn. 25 can be considered as basic recursive algorithms for
computing the matrix sign function.

Remark 3

From eqn. 262 and lemma 2,if \; =1 + pe/®, 0 < |p| << I,
is an eigenvalue of A, then XA, is the corresponding eigen-
value of sign{}) (4):

(2%)
1s




Similarly, if \; = — 1 + p&/®, 0 < |p| << 1, then we have

2
An =
"N,
1+,

Therefore, the order of convergence in the neighbourhood of
+1 is k. Furthermore, if \; = %1, then the corresponding
eigenvalue of signf}} (4) stays at 1. The same remarks are
true for signﬁ,)) ).

o\
(e o

Remark 4

If signf})) (4) or sign)) (4) is a satisfactory approximation of
sign (A4), and if the recursive algorithm in eqn. 28 with
constant order f; and number of iterations m is used, then the
number of iterations needed for large/small eigenvalues is
logg, V. This result can be verified as follows:

Let N<(fi)™, then m = log, N (29¢)

Thus, the result obtained by using the approximate model in
eqn. 24 with k = (f,)™ =N is equivalent to the result using
the recursive algorithm in eqn. 28 which has a constant order
fi and the number of iterations {m) shown in eqn. 29¢.

5 Generalisation of matrix sign functions

The matrix sign function defined in Section 3 can be viewed ..
a nonlinear mapping which maps the eigenvalues at the right
and left-hand side of the imaginary axis to +1 and — 1,
respectively. Also, the matrix sign function preserves the
eigenvectors of the original matrix. The above properties are
useful for examining the eigenstructure of a matrix and for
solution of control system problems.

The matrix sign function can be generalised to map the
eigenvaltues of a matrix to + 1 for those cigenvalues located at
one side of a simple closed curve in C and to — 1 for those at
the other side of the simple closed curve.

Theorem 3
Let L C C be a simple closed curve which can be mapped onto
the imaginary axis by a conformal mapping A(X). Assume that

amatrix A €C"* " with o(4)={\.i=1,.... 1} exists such
that o(4) N L = ¢ and A(A) is analytic at A;. Define
s 1 ¢ gh@Q)) i,
a — In — ! 3Ca
S(A)'Zm'ch()\) (M, —A)" dr (3Ca)
or
= 1 h(\) -1
4 —@ ——— (M, A4 dA 30b)
S4) & I h 2 (A, ) (
where
A -1
gA) = 1+ N1
2+
A -1
2+

- 1im AL+ N+ =M
Thme (1N (-2

(30c)

116

Then we have

54) = sign{h(4)) = Mllp, © ... 0 Iy ©
—Imp,,) @ - @ (—Im)IM! (30d)
if the Jordan decompostion of 4 is given by
A=MlJ, 0 ...0Jp 0Jpm, © ... 6 JIM!
(30e)

where J; is a generalised Jordan block, and
a(d)) = {N:Re(r(N))> Ofor I <i<mand
Re(h(\;)) <O form <i<l} (309

Proof

Since L is a simp!. closed curve in C and A(X) is conformal,
which maps L onto jw-axis, the whole complex plane is
separated into two regions C; and C, by L, such that
Re(h(A)) >0 for A€ €, and Re(h(A)) <0 for AEC,. Since
h(\) is defined to be analytic at \;€0(4),i=1,...,I from
eqn. 18 we have

i
HA) = =@ Ny =AY A (3la)

Assuming that a(4) "L = ¢ vields. i) Eo(h(A)).i=1.. .. .1,
which are not on the maginary axis. or h(d;) # jw, w ER.
Thus. we conclude that #();) is in the domain of sign (A).

Define S(A) = signth(X)) 31b)
where
. &) A
x = —— = -
sign(A) \ e 3le)
Thus

1o
Sid) = ‘70 SO, —4) Y dA
{ -c

| N ;{(ht_)\))

- .0

N, —A)!
i e h(\) (M = A) " dA

= Le M) o —ar o 31d
w8 oy M G
If 4 can be decomposed into the form of -qn. 30e, from
eqn. 20 we have
h(A) = Mlh(Jy) & . ..

W) & ...

2 h(Jy) @
& h(JYIM™! Q3le)
Furthermore, since Re(i(A\;))>0, 1 <i<m and Re(h()))) <
0,m <i</|, fromegn. 22. we have
S(4) = signA) = Ml & ...
(—1

&Iy, ®

Ve .. (~ImIM 31N

Mma+)

In a manner similar to that of theorem 2, we have the
following computational algorithm for the generalised matrix
sign function.

Corollary 2
Let A()\) and A be defined as in theorem 3. Then we have
S(4) = sign(h(#)) = lim S, (4) (329)
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where

Snpo () = 5 [Say (D1 Si(d) = hA)  (32b)
.2,

Ryoy = o my for k =1 a2 lLm 21
and
Sny(@) = [Un + HAN™ — (I, —HA)™] X
[Un+ R™ + U —hA)™*]' ()
for kK =1,2,...

With theorem 3, we can develop appropriate matrix sign
functions for several applications. For example, in discrete-
time control system problems, we usually need to separate
the eigenvalues of a matrix A by the unit circle, A\|=1,
which can be mapped onto the imaginary axis by a class
of conformal mappings [8], A(X) = (@ + b)/(cA + d) with
=l.b=—1l.c=landd=1,0r

. A—1
h()\) = ;‘+—] (33(1)

Replacing A in eqn. 17a by A(A) in eqn. 33a gives

. A —1
SBO = signBe) =5 (33b)
Also, similarly, eqn. 17b yields
. AR+
SO = (33¢)

Thus, the corresponding generalised matrix sign functions for
the mapping shown in eqn. 33a become

Sto) = (A* — 1) (A" + 1)
k=1.2.... (34a)
Or
S@) = @ + 1) @* -1,)!
k=12.... (34b)
and

Sy = klimn SHA ) = Jim 5@ @) (34c)

The algorithms derived in eqn. 34 for computing generalised
matrix sign functions can be directly applied to solve the
algebriac discrete Riccati equation (see Appendix), discrete
regulator problem [9]), and discrete-time stability problem
{10].

6 Conclusions

This paper has proposed an alternate representation of the
matrix sign function based on an irrational function described
by a continued fraction. It has been shown that an irrational
function v/z of a complex variable z can be fully represented
by a continued fraction if z is not a negative real value. Also,
the poles and zeros of the truncated continued fraction alter-
nate on the negative real axis. The principal square-root
function, flz) = vz, is then extended to generate a matrix
sign function. It has been shown that, when the matrix of
interest has no eigenvalues on the imaginary axis, the matrix
sign function can be fully described by a matrix continued
fraction.

Based on the structure properties of continued fractions,
new recursive algorithms for computing the matrix sign
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function have been derived. It has been shown that the most
commonly used matrix sign algorithm is a special case of the
recursive algorithms derived in this paper. Finally, the matrix
sign function is extended to a generalised matrix sign function
such that the newly developed matrix sign algorithms can be
directly applied for solution of discrete-time system problems.
For continuous-time systems, the proposed matrix sign
functions can be applied to solve stability problems [3],
Riccati-type and spectral factorisation problems [2].
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9 Appendix

To show the procedure of using the matrix sign functions for
solving discrete-time Riccati equation and discrete regulator
problems, we consider the following discrete-time system:

Xk + 1) = AX(k) + Bu(k) (350)
Yk) = CX(k) (35b)

where A€C"*" BEC"X™ CECP*" and 4 is nonsingu-
lar. The infinite-time performance index to be minimised is
given by

J = ‘f;, (XTGOXE) + uT(Rut)] (36)

where Q = Q07 is a symetric nonnegative matrix and R is a
symmetric positive definite matrix. Assume that the pair
{4, O} is detectable and {4. B} is stablisable, then the steady-
state feedback optimal control law [8] becomes

u(k) = — (R +BTPB)"' BTPAX (k) (37a)
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where the nonnegative definite matrix P is the solution of the
following algebraic nonlinear discrete-time Riccati equation:

P = Q+ATPA—ATPB (R + BTPB) ' BTPA (37b)

The procedures to determine the optimal control law using the
matrix sign functions are described as follows:
Define a 2n x 2n Hamiltonian matrix [8]:

A'  AT'BR'BT
G = (38a2)
Q47" AT +Q47'BR'BT
The modal matrix of G and its inversion are defined as
M é {M" Mu] M'1 é [h:’ll h:’ll]
My Mo, M, M,
M;eC™*";, ij=1,2
M;ec"*"; ij=1.2 (38b)
Thus,
M 'GM = block diag[A,A"T] A€C™*" (38¢)

where A(A™T) is the Jordan block corresponding to the
eigenvalues of G outside (inside) the unit circle. The Riccati
matrix gain P in eqn. 375 can be determined [8] by

P = MZlMl_ll

P in eqn. 39 can be indirectly computed via the matrix sign
functions as follows:

sign(G) = M-block diag[sign (A), sign (A" 7)) -M™!
= M-block diag[l,, —1,] ' M™' = MIM™' (40)

where sign(A)=1,. sign(A'T) =~1I,; I 2 block diag[l,.—
1] and I, is an n x n identity matrix.
Define a new matrix W, or

w A sign(G)+T = M[IM™' + M~'T]

(39)

= M-block diag [2M},, — 2Ma, ]
_ [Muﬁu "MuMzz] A [Wn le]
leMu "Mzzﬁ_‘zz = Wiy Wn

WyeC™ ™= 1,2 1)

Thus P in eqn. 39 can be indirectly determined using the
partitioning matrices W,,,and W,, as

P = Wzlwfl‘ = (ZManln)(Wuﬁ—lu)"
= MuMy) 42)

As a result, the optimal control law in eqn. 37a can be
obtained.

In practice, an approximate sign(G) is often used to deter-
mine the P in eqn. 42. The matrix sign algorithms for com-
puting the approximate sign (G) (defined as G;) are

sign(G) = lim (G’ —1,,) (G + 1,,)™! (43a)
jre
= lim G/ + 130) (GF — 1) (43b)
} o0
> G; for a finite (43¢)
The index j of G; in eqn. 43¢ can be determined when
ltrace[(G;)? ] — 2ni/2n < ¢; (43d)

where ¢; is a desired error tolerance.

Note that, when j is a large value, the roundoff errors due
to direct computations of G’ in eqn. 43 may occur. To
reduce the errors, the recursive algorithm in eqn. 28z with
A =(G —1,,) (G +1,,)"" can be applied to determine G; in
eqn. 43¢ where G; = sign{" (4). Using the G;, the approximate
W (defined as W) yields

[(wn)i (wlz)j]

W, 2 G+1I = . -
! (W) (W);

J

(W), EC™*" ik =1,2 (44)

Thus the approximate Riccati gain matrix P (defined as
P;) becomes
Pj = (wzl)j W);! (45a)

and the approximate optimal control law and gain F (defined
as F;) become

utk) = — FX(k) (45b)
where
F; = (R+BTEB)'BTRA (45¢)






