~"AD-A130 810  ANALYTICAL EVALUATION OF THE POTENTIAL DUE TO A

- UNIFORMLY CHARGED PLANAR..(U} SYRACUSE UNIV NY DEPT OF
ELECTRICAL AND COMPUTER ENGINEERING.. J R MAUTZ ET AL,

UNCLASSIFIED APR B3 SYRU/DECE/TR-83/7 N0O0O14-76-C-0225 F/G 12/1

oate
FiLaeo

oTic




| )
o i i
=t fiz2
e
= |
lizs s, s,

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS - 1963 - A







SYRU/DECE/TR-83/7

ANALYTICAL EVALUATION OF THE POTENTIAL DUE TO A

UNIFORMLY CHARGED PLANAR TRIANGULAR REGION

by
Joseph R. Mautz
Ecument Arvas
Roger F. Harrington

‘ ) dg}p’ Department of
& a Electrical and Computer Engineering
N\
Syracuse University

Syracuse, New York 13210 i

L_}\cces:‘.ion For !

NTIS GRasl g | i
DTIC TAB i g
Unannounced o 1
Justitflicaticn

By . . ] Technical Report No. 20
Distributiony

-

April 1983

Aveilubility Quéd:s
‘A‘v"t"l snd/or :
Dist . ¥, .cicl
Y;\ ‘ Contract No. N0O0014-76-C-0225

1

0
Approved for public release; distribution unlimited

Reproduction in whole or in part permitted for any
purpose of the United States Government.

Prepared for

DEPARTMENT OF THE NAVY

t OFFICE OF NAVAL RESEARCH
ARLINGTON, VIRGINIA 22217




UNCLASSIFIED

SECURITY CLASSIFICATION OF TH|5 PAGE (When Date Fnered)

REPORT DOCUMENTATION PAGE BEFORE COMPL ErT o oRM
{. REPORT NUMBER 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
SYRU/DECE/TR-83/7 ON-A/720 K/

4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED
ANALYTICAL EVALUATION OF THE POTENTIAL DUE TO
A UNIFORMLY CHARGED PLANAR TRIANGULAR REGION Technical Report No. 20

6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(s)

Joseph R. Mautz
Ercument Arvas N00O014-76-C-0225

Roger F. Harrington
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
AREA & WORK UNIT NUMBERS

Dept. of Electrical & Computer Engineering
Syracuse University
Syracuse, New York 13210

t1. CONTROLLING OF FICE NAME AND ADDRESS 12. REPORT DATE
Department of the Navy April 1983

Office of Naval Research 13. NUMBER OF PAGES
Arlington, Virginia 22217 48 i
. MONITORING AGENCY NAME & ADDRESS/itf ditferent from Controlling Office) 1$. SECURITY CLASS. (of this report) }
i
UNCLASSIFIED |
‘ TSs. DECL ASSIFICATION. DOWNGRADING ;
SCHEDULE i

16. DISTRIBUTION STATEMENT /of this Repor?

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT ‘of the ahatract enterec in Block 20, If dilferent from Report)

19. SUPPLEMENTARY NOTES

18. KEY WORDS (Continue on reverss side if neceasary and identily by block number)

! Electrostatic potential
Method of moments
Triangular patches
Uniform charge

20. ABSTRACT (Continue on reverse eide If neceseary and identity by block numbder)
The electrostatic potential due to a planar triangular patch of surface

chéfge of unit charge density in free space is proportional to the surface in-
tegral over the patch of the reciprocal of the distance to the observation
Several closed form expressions for this integral are available in the

l point.

! literature. The present report gives a detailed derivation of one of these
[ e expressions.

: 4y

| DD 2™, 1473 . eoimion OF 1 nov 68 1S OWsOLETE UNCLASSIFIED

: "S/N 0102-014- 6601 e —
SECURITY CLASSIFICATION OF THIS PAGE (When Dats Bntered)




CONTENTS

I. INTRODUCTION
II. TRANSFORMATION TO AREA COORDIMATES
III. THE INTEGRAL WITH RESPECT TO n-----
IV. INEQUALITIES FOR Ai’ Bi’ Ci, Di, AND Ei
V. THE INTEGRAL OF THE LOGARITHM; 4AC - B2 =0
VI. THE INTEGRAL OF THE LOGARITHM; 4AC - BZ?‘O, d2 = Q==
VII. THE INTEGRAL OF THE LOGARITHM; d2 >0
VIII. AN EQUIVALENT EXPRESSION FOR THE INVERSE TANGENT----—=-——-
IX. A GLOBAL FORM FOR THE INTEGRAL OF THE LOGARITHM~--—------—-—
X. USE OF THIS INTEGRAL TO EVALUATE THE POTENTIAL------=w—u--
XI. MANIPULATION OF THE POTENTIAL INTO THE DESIRED FORM--~—---
REFERENCES-- —-———- -

ii

PAGE

13

16

21

27

38

40

42

45




I. INTRODUCTION

The electrostatic potential due to a planar triangular patch of
surface charge of unit charge density in free space is called V and is

given by

v(r) = 1_ ” ‘ s’ (1)
ol lE

Here, T denotes the surface of the triangular patch, ds' is a differential
element of surface area on T, Eﬁ is the radius vector to the location of ds',
r is the radius vector to the point at which V is evaluated, and Eo is the
permittivity of free space. The potential integral (1) arises in numerical
solutions of electrostatic, magnetostatic, and electromagnetic problems in-
volving arbitrarily shaped surfaces modeled by planar triangular subdo-
mains [1], [2].

The potential integral (1) has been evaluated by several authors
[1], [3]-[6]. It is perplexing to note that the form of V obtained in any
one of the five references {1] and [3]-[6] is different from that obtained
in any of the others. Although the form obtained in [6] is perhaps the most
convenient for numerical work, the objective of the present report is to

give a detailed derivation of the form obtained in [5]. This form is

(5, Eq. (4)].

I1. TRANSFORMATION TO AREA COORDINATES

In this section, the integral on the right-hand side of (1) is ex-

pressed as an iterated integral with respect to two area coordinates.




s and r

As shown in Fig. 1, the triangle T has vertices 51, 52

In Fig. 1, the point r' on T is called P', and T is divided into the

3°

, and A To facilitate the evaluation of V(r), area

three subareas Al’ A2 3

coordinates (£,n,z) are defined by

A A A
S =2 -3
¢, = A ’ n = —A ’ f, it A (2)
where A is the total area of the triangle T.
It is now shown that
L - =T r +
r (1-n=-2)x, + nr, +2r,y (3)
In order to obtain (3), we express r' as
r'=r +R (4)

where, as shown in Fig. 2, E' is the vector drawn from vertex 1 to the
point P'. The dotted line in Fig. 2 passes through the point P', is
parallel to the line 13, and intersects the line 12 at the point C. It

is obvious from Fig. 2 that

R' = 1C + CP' (5)

where 1C is the vector drawn from vertex 1 to the point C and CP' is the

vector drawn from C to P'. Equation (5) is recast as
1C cp'
v - - -
R T——TEZ =3 (r,ry) + T_ﬁ = (ry-1,) (6)

where 1C is the length of the vector 1C and CP' is the length of the

vector CP'. From Fig. 2, it is easy to see that




PR o

The triangle T with vertices I{+ Iss and Iy .

Geometry for the evaluation of B'.
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Hence, (6) becomes j
RY = (iz_il) + (53_51) &)

Substitution of (9) into (4) gives the desired result (3).
In regard to the differential element of area ds' in (1), Fig. 3
shows a finite element of area 's. The area .'s is the area of the parallelo-
‘ gram bounded by the lines correspuonding to =, »+'r, 7, and z+/-. The
vertices of this parallelogram are the points a(n, 7+.), b(ntAn,z+AL),

c(n,z), and d(»+'n,:). The area of this parallelogram is given by

ls = [; x ab'! (10)

where ac and ab are the vectors drawn from the point a to the points

¢ and b, respectively. Specifically,

ac = r'(n,0) = ' (7,0Hn) an

Substitution of (3) into (11) gives

ac = A7(ry=r,) (12)
Similarly,

ab = ir(r,mr)) (13)

Substitution of (12) and (13) into (10) gives




‘ Fiz. 3. Representation of s as the area of the parallelogram

whose vertices are a, b, ¢, and d.

Fig. 4. Range of n along a line of constant z .




As = ](52-51) x (_1:3—_r_1)lAz;An

Thanks to (14), (1) becomes

and r' is given by (3). The limits of integration in (15) were ob-

tained from Fig. 4.

III. THE INTEGRAL WITH RESPECT TO ©

The integral with respect to = in (15) is evaluated in this

section.

As the first step in the evaluation of this integral, R is expressed
in terms of n and %. Substitution of (3) for r' in expression (16) for R

and subsequent squaring give
In(r,-t,) + o(r,-r.) - (r-r )'2
—2 =1 =3 -1 - —1

which becomes

R2 = ﬁnz + 26n + v

(rymry) » (nlrymry) - (5—_r_1))i>

Gy - et )




Completing the square in (18), we obtain

S0 :£2
R™ = «(( + *‘*)_ + ‘ﬂ~:2*‘~~) (20)

R4

Being the square of the leneth of one of the sides of the triangle T,

- 0. Now, thanks to (20},

=L - - (21)

2
Since, from (17), R™ 0, it is evident from (20) that

2
L B
(h+ ) H e 0 (22)
for all finite values of * and ~. In particular, (22) is true
for n=-%/. so that
2
G- T 0 (23)
2
It is evident from (19) that « - 7 is a quadratic function of 7, where
2
the coefficient of ~~ is
I |2 ; 2 2
R N LR = B SRS B SO

The above quantitv is positive because the vectors (£2 - 51) and

(53 - 11), being two sides of the triangle T, can not be parallel to
2

each other. So far, it has been established 1y - £~ satisfies the

inequality (23) and is a quadratic function of -~ where the coefficient
L2, Sy .
of 7 1is positive. Consequently, there can not bhe more than one value

of - for which




yo- 15 =0 (24)

Hence, as far as the integration with respect to ~ in (15) is concerned,

we may, when integrating with respect to 1;, assume that

In view of (25), application of [7, Formula 200.01.] to the

integral on the right-hand side of (21) gives

(26)

Multiplication of the argument of the logarithm in (26) by anv posi-
tive constant will not change the value of (26). Choosing to multiply
by v and evaluating the right-hand side of (Z6) at the limits O and
1-", we obtain

1--

ood 1
T L n Ry + ) - In Ry + x))] 7N

—
A

ol




According to (20), the argument of the square root in (28) is

2
R™ at n = 0, and the argument of the square root in (29) is R2 at

2
n = 1-7, Now, use of (17) for R” reduces (28) and (29) to

)
R, = /ﬂ\ T4+ B+ , i=1,2
i V i i i
where
A= 1, - -
e 'ri TJ
B = -2 - . -
i (ri ri) (r ri)
. -2
C, = r~-r
i i

Substitution of (19) for : and . In (30) and (31) gives

x. =D+ FE i = 1,2

i i i
where
(ro —ryy = (r, - 1))

RS LURALS T
i Ty T rl

. Q:L:;fllylfr;iAiH
i r, -

IV. INEQUALTTTES FOR A, B., C.. D, AND E
1

Because r r and r. arc the vertices of the triangle T, A,
: i

| R 3

of (33) satisfies the incquality

Ai 0, i=1,2

Being two sides of the trianple T, the vectors T, TN and LEN

can never he parallel to cach other. Hence, it is evident from (33)

and (37) that

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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A, - D2 -0 i =1,2 4
.'i i > 1 » (0)
For later convenience, we desire to have
n,#0 , 1i=1,2 (41)

1
Since the triangle T can not have two right angles, it is evident from
(37) that Dl = D2 = 0 is impossible. If either D1 or D2 is zero, then
we can cyclicallv permute the assipnment of the vectors Ty Lo and I,
to the vertices of the triangle T until neither D1 nor D2 is zero. Hence

we can, without loss of generalitv, assume that (41) holds.

Tt is evident from (23), (28), (29), and (32) that

R2 = A i2 + B +C 0 - L 7o (42)
i i i—
2
Now, Ri can be expressed as
2 Bl 2 4Aici - Bl
Ri = Ai[( + EX;) + —————E-———J (43)

2
Clearly, the minimum value of Ri with respect to 7 in (43) is given by

4AiCi - Bi
mln(Ri) Ry — (44)
i
where min denotes minimum value. In view of (39), it is apparent
from (42) and (44) that
2
4N C, - B, - O (45)
i’ i—

The definitions (33) - (35) of Ai' Bi’ and Ci reveal that equality is

attained in (45) onlv when the point r lies on the line which passes

through the points I; and Ei'

A




Inspection of (28)-(31) reveals that

Rz'—x_::i"_——b_ ([‘6)

Taking the minimum with respect to 7 of both sides of (46), we obtain

2 2 ay - 72
min(RS - x%) = min(—") (47)
i i ~

Since o is positive, it is apparent from (20) that the minimum of R2 with

respect to n and 7 is the minimum of (~y - Gz)ﬁx with respect to Z.
2 P 22
min(R7) = min(~——) (48)
| As a consequence of (47) and (48),
. 2 2 . 2
mln(Ri - xi) = min(R") (49)

If the point r is not in the plane of the triangle T, then

r - r, can not be expressed as a linear combination of the vectors

1

)~ I and ;-1 which appear in (17). As a result, the vector subject

to the magnitude operation in (17) can never be zero so that

Ll

3

min(R™) © 0 (50)

As a consequence of (49) and (50),
min(R> - x2) - 0 (51)
i i

The definitions (32) and (36) of Ri and X lead to

2
3. - 2D.E c, - E
5 . E, .
R2 -kl = a, - 0Dl e e N 1)
1 1 1 1 A -1D A, - D

i i i i
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Upon completion of the square, (52) becomes
2 2 2 B - E ]
R, - x7 =, -D)) [( + —~——————~f—) + —71 (53)
' oot 2(A, - DY) D
i i i
where
2 2
” 5, O, = Ei (Bi - 2DiE')
dj =0, [F— - 55 ) (54)
A, = D]  4(A, - D))
i i i
In view of (40) and (41), it is evident from (51) and (53) that
2
di 0 (55)

The above inequality holds whenever the peoint r is not in the plane

of the triangle T.

1f the point v is in the plane of the triangle T, then r - L9}
can be expressed as a linear combination of the vectors r, - I and

53 - which appear in (17). Consequently,

min(R%) = 0 (56)

Retracing the development (50)-(55) with (50) replaced by (56), we
obtain

di =0 (57)
Equation (57) holds whenever the point r is in the plane of the
triangle T.

In view of (19), substitution of (27) into (13) gives

r, - x)) s (r, -
ML T 3 "Iy
v(r) = CR Ty

o 2 ~1

f
-0

no—o

[1n(R, + x,)1do (58)
1 1 1

_..
o~

The integral in (58) will be evaluated next.

“_M—_-« e mi
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Instead of the precise integral in (58), we consider, for

generality and notational simplicity, the indefinite integral I, de-

1
find by
Il = J {In(V + v)]dx (59)
where
V = JAXZ + Bx + C (60)
v =Dx + E (61)

Here, A,B,C,D, and E represent the previously defined constants A,, B.,
i i
Ci’ Di, and Ei, respectivelv., From (39), (40), (41), (45), (54), (55),

and (57), we have

A0 (62)
A-p2 0 (63)
nD#0 (64)
h g 2
4AC - B ,_ 0 (65)
2
d” -0 (66)
where
2 2
o] - F - 2DF
a2 = p2(C 1,2 _ (B gm?,)Z] (67)
A-D 4(A - D7)

V. THE INTEGRAL OF THE LOGARITHM; 4AC - B~ =0

In this section, the integral TI. of (59) is evaluated for the
case in which

(68)

]
o

2
4AC - B

Equation (67) can be rewritten as
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2
a2 - _D&“ [(A - Dz)(aAc - Bz) - (2AE - BD)Z] (69)

4A(A - D7)

In view of (66) and (69), it is apparent that (68) is accompanied by

il
O

2AE - BD (70)
d =0 (71)

Completing the square on the right-hand side of (60), we obtain

2
~ 2, 6AC -
V=R /:x-O-B) i el (72)
2 2
4A

Equation (68) reduces (72) to

|==

Vo= A iX"',,\ (73)
&t
Substitution of (73) and (61) into (59) gives
f - B

I] = . Iln(lA x -+ ;K; + Dx + E)]dx (74)
Assuming that x + B/(2A) does not change sign during the integration
in (74), we obtain [7, Formula 610.]

’ - (v
Il - (V-Fv)ln(\ + V) (\ + V)’ x + %% <0 (75)

)

, 7 - 7
V4+InW +v) - (V+ V), . (76)
VK + D

The combination of (75) and (76) will be a valid representation

for the integral (59) onlv if this combination is continuous at

B

x + EK =0




According to (61) and (73)

. o B B 2AE - BD
V+v= A x+-—2Ay +D(x + o) + (77)
Equation (70) reduces (77) to
— B . B
T4 = - — it
Vit v= A x4 g+ Dx + 2A) (78)

It is evident from (78) that ' + v approaches zero as

X +

Hence, the combination of (75) and (76) is a valid representation for

the intepral (59). This combination is expressed as

2Ax + B . . i
II = 73 In(v + v) X A (79)

Omitting the constant -B/(2A) from (79), we obtain

_ 2Ax + B , .
Tl = X In(V + v) X (80)

Expression (80) is I. of (59) for the case in which (68) holds.

1
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VI. THE INTEGRAL OF THE LOGARITHM; 4AC - BZ > 0, d2 =0 ;
In this section, the integral I1 of (59) is evaluated for the
case in which
2.
4AC - B~ > 0 (81)
a2 - o (82)
The substitution [8, Sec. 2.251}
V=1t - AKX (83)

is used.

Recalling that V is given by (60), we square both sides of (83)

to obtain
2 —
Bx + C =t -~ 2 .AXt (84)
and we find that
¥ =‘—i£;;jL_‘ (85)
2\,1\t+B
2(T2+Bt+T(‘)
dx = <At 5 de (86)
(2At + B)
At + Bt +.AC
V=‘ t vAC (87)
vaxt*‘B
e 2 ~ e '
U4y o GATDIT 4 (QAE+BIE+BES GA-D)C (88) :
VAt + B

Upon completion of the square in the numerator, (88) becomes

- 2~ 2
. ’ + 2 d (VA -D i
(R+D) [(¢+ 2AEXB )2, 4 LACD),
V4= 2(\ﬁ +D) D (89)
2VAt + B




17

where

2

a2 - D (BE * (A - D)C _ (2/AE + B)Z]

- 2 — ~
GA - D) vA + D 4LGA + D)2

(90)

It is easy to show that the right~hand side of (90) is equal to that
of (69).

Expressions (85) - (89) would not be well-behaved if the quantity
2A t + B could pass through zero. This quantity will never be zero if

it can be showm that

¢ + 2. g (91)

The inequality (91) is established in the following manner. From (83),

t'sv+|7\_.\' (92)

Substitution of (72) into (92) and subsequent addition of B/(ZJK) to

both sides of (92) vive

, ;
B - / B2 | AAC - B B
t + = A (\ (x + E{) + 5 + x + “—ZA) (93)

2 A 4A

In view of (62) and (81), the rieght-hand side of (93) is positive.
Hence, the inequalitv (91) holds. Consequentlyv, expressions (85)-(89)

are well-behaved.

Thanks to (R2), substitution of (86) and (89) into (59) gives

e~ 2 T
! + :

1 o= 2 Lill;_{t_ﬁg___Eﬁ_E In w dt (94)
; (At + B)

where

A+ 2ZAE + B2

w2 ED o n A BT R (95)

2ZDA L + B :'(\ A+ D
e

Y
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)
The identity
Al 4Bt 4+ A 1 4 2
t + v . AC -
(A t + B) LA 4A(E + )
2/A
reduces (94) to
2
R 4AC - B
I] = — (I2 + A 13) 97
A
where
,
1, = Inwdt (98)
= J
f
I, = Inw = dt (99)
So(t + __)
2A
‘ Use of (95) leads to
In w = ]n(Lé—t—B) - In(t + —g:) + 2 1n:t + zLéZE—i—E} (100)
2A 2°A 20'A +D)
Thanks to the integration formula [7, Formula 610.]
! L \ E
In'x'dx = x Inlx! - x
J
the integral (98) becomes
|7\- + D !
= — - + + -
I, =t 1n(7 = ) = wdnw, +w 2w21n»w21 2w, (101)
where
st B (102)
A
w, =t + 2AE+S (103)
c 260A + D)

Upon substitution of (92) for t, (101) becomes




—— -—'——mﬂ
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— //_
L= (V+/3 x)ln (AED) Ltnw, +w + 2w lnlw, | - 2w (104)
2 = 1 1 1 2 2 2
2VA
where
o 2Ax + B
Wy o= v o+ — (105)
2v A
2 + 2AE -
w, =V Axr B, Ai '_‘BD (106)
- 2VA 2VA(G A + D)
Substituting (100) into (99) and changing the variable of inte-
gration from t to vy of (102), we obtain
~ r Inw r _
I, =~ ;}-ln(Lé—iFE) - 21 dwy + 2 | jf 1n :wl + gétg:———-E—Q———-—|dw1
1 27A ‘ wl J w1 2\/2\‘(» A+ D)
(107)
The integrals in (107) are evaluated using the integration formulas
[7, Formulas 611.2. and 621.2.]
f
Pl x g o o dmx 1 (108)
) x-- X X
. K .
[Injatbxl o0 oD i A 4 Byynlatox] (109)
J 2 a X a
x
The result is
Tnw ~
1 VA + D 1 1 WA (A+ D)
1. = - = In( ) + +— 220820 g5y
3 ] P Wy Wy 2AFE BD 1
_1_ A (vK + D) |
2 (w1 Y ) g (110)
where w, and w, are given by (105) and (106). Equations (69), (81),
and (82) assure that the denominator 2AE - BD in (110) is not zero.
N Substitution of (104) and (110) into (97) gives




. 2 _ 2 =
L = ‘l:[(w] - 2w, + é%ﬁ———g—) + (V+vAx - 422 = By 1n (AtD |
2 A =N ! 2/A
+(mw, + BAC -_gi s WA (A + L) NS
"1 4A v, 2AE - BD 1
2 T 0E 4 D)
4 2
5l - 4AC - B 1 2A GA+D ; |
+ 2(w, m (w] A S Ep ) Iniwy ] (111)

With V, w],

duces (111) to
2Ax + 2AF - 4Ax + A+
I]= lrv[(_ ‘\F~ B_ _1F“ BD + ABln (lA D)
2 A VA VA A+ 2 A 2 A
.
DA X _ n-
(_Ax~+ B _ (qi(‘, BY(G A+ 1)1) I w,
v A v A (.2:\}‘ - B
I _
7 Axc 2AF - GAC - ‘
+ 2(LA\_+ B + ;\} - BD (4:‘\5 B7) A+ I))) 1niwzl]
v A A (GA+D) 2 A (2AE - BD)
From (69) and (82), we obtain
2
2 2AE - BD
aaG - Be oo (248 = BD)
A-D"
el
Substitution of (113) for 4AC - B~ in (112) gives
2 3 A+D
I] = -x - _;é-ifé—ﬁ——— + (x + ;ﬁ) (LLf:——)
20 GA+ D) e 20 A
E R A — A
- (x - "h“"l;\"LT‘B"“) In w, + 2(x + B————-——ZDE,, )]n[wz]
DA GA =) 2(A - Dl_)

Expression (114)

is recast as

and w, given bv (60), (105), and (106), simple algebra re-

(112)

(113)

(114)




B - 2DE VA + D

I1 = (x +-———————i—)(ln (——) - In Wy + 2 Inlw, |)
2(A - D7) 2v A <
— 2 —
2AE - 2 - - ‘
+ 6E BD — 1In w] C - nﬁ E i B + 4ADE AB - BD 1n (»A + D) J
20A(A - DY) 24 GA+ D) 4A(A - DY) 2A
(115)
It is evident from (89), (82), (102), and (103) that
In (Léf;—g) - In W + 2 ln‘w?f = In(V + v) (116)
20 A -

Using (116) and (105) and omitting the two constant terms that follow

-x in (113), we obtain

- ONF DA .,
1, = (x +-B—~—;DET) In(V + v) + :—H——BD—,— In (V +2A“\—+E)-x (117)

1 2(A - D7) TA (A - D) 2A

Expression (117) is Il of (59) for the case in which (81) and (82) hold.

o
VII. THE INTEGRAL OF THE LOGARITHM; 47 - 0

In this section, the integral I] of (59) is evaluated for the case

in which

1£%]

4= -0 (118)

It is evident from (69) that (118) is accompanied by
2
4AC - BT 0 (119)

Inteyrating (59) bv parts, we obtain

I] = x In w + 1& (120)




>

—ees $Z2WEEE $2 G =

w=V+v (121)

and

[ 2DV 4+ 2Ax + B
o= VN H oA HB g (122)

‘|‘ 2wV

i~

The integral T, will be evaluated byv means of the substitution
4

(83). 1In this substitution, the new variable t is piven by
t =V +14Ax (123)
Expressions for x and V in terms of w and t are

s L w+tE (124)

VA =D

V:»;\\,.*Dt—v:\_ﬁ (125)

VA =D

Substitution of (124) and (125) into the numerator of the integrand

of 1, cives
4

Lo oL A w4+ 2A -t - E
P 1 [20A+D) t =234 : :L QDA T HBIw mt - B) (126)
To26A - )

which becomes

I,o- 1
P — (127)
26 A - D)

where ¢ 7 _ —
Ny - MNA W bh AL
L= 2 A+ DI i‘\ w+ 4AE+B dx (128)
5 \
[ a0 R 2 e ATy YAE )
[, - 206A + D)7 4 (WA E+ %{;__t_wt T 2AEFBE 4 (129)

In view of (1), substitution of (121) for w and (123) for t in

(128) ¢ives

1,o= 1, + 1, (130)




—

where

From (131), we obtain

Replacement of

of (132) and use of (60) ive

wvhere

Performine the interr

Substitution of (72)

Application of {7, Formula 200.01.] to 110 vives

Multiplication of the

23
. 1
l7 = 20A+0D) dx (13D
T4 + 200 E + B
I = SR _i‘.\.‘._;:‘.___ o 19
g v dx (132)
=20 A+ Dz (133)
B he 2B - B in the numerator of the integrand
T K C R I PN (134)
] A+ 0B
Ty = e (13%)
2 \/Ma + Be o4+
I (136)
ation in (I3, woe obtain
T[' = v (137)
for Voin (136) »ives
] l’ I
1 = - - - Sl - (138)
o -
] e
B2 4AC - B
\/ix + {\) S B
o 4A
1 R
B 3.2 A4AC - BT
Poo= i (v oa e By A 2 By 30y
n - = AT 2A RS
|I\ Ql\

arcunent of the lovarithm in (139) by a constant

T ks, -




T ——
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is permissible because it is equivalent to adding a constant to IlO'
Multiplving the arvument of the logarithm by v'’A, we obtain

1 +
[y == In (v + 2520 (140)
v A 2 A

Substituting (137) and (140) into (134) and then substituting

(134) and (133) inte (130), we obtain

— 2 T L - X
T =2 (A 4+ D)x + 4V + (A E - B) In (V + 3554115 (141)
3 _ —
) t\ 2\ A

The integration in (129) will be performed with respect to t.

After substitution of (86) for dx, (87) for V, and (88) for w, (129)

becomes ]
n i
Foea + me” WA E + 2DE + 2 A E -:
16 - > 26 A i Yt f (A E + 2DE 4+ B)t + ( ;: E + B)E dt (142) J
GA+ Dt + (A E+ Bt +BE+ (A - D)C
Expression (142) reduces to
= / 2 /
T = 4t + 20, (143)
where
4 AT - O‘T:_ R A -
- 5i2L B)& + (@ : E - B)E - 2(GA E)C dt (144)
! CA+D)It” + (LA FE+ Bt +BE+ (A -D)C
. Completiny the square in the denominator of (144), we obtain
T (ODE - : “VAFE - - A
111 _ 1 | (2nE - BYt +(Zv A E . B)E Zé.A D)C dt (145)
A / XA K 2 A -
vA+ D (L + = \_I. + B) + a7 G A2 n)
206 A+ 1) D
t where d2 is civen hy (90)., Expression (145) is rewritten as




25
2DF, B ARDE + 4C(A Dz) &Al-z Bz
0t - 4 . . - - - -
Yy == 4y - p ? Ig (146)
vA+ D 20 A + D)
where
LAE 4+ B
. £ =
20A + D
o 7, - - ; e a (147)
(t + 2 ;\_h + B)‘_ + d (A ’7- D)
264 + D) n-
Lo dt
137 L S B (148)
(t +._) :\—f'. + B)‘_ + d™ ¢ A)- 0))]
20A + D) n-
From (90), we find that
2 DB 2 2 2
d” = I (4BDE + 4C(A - D7) =~ 4AET - BY) (149)
(A - DY)
so that (146) reduces to
o 1'7 A 2
2DF - B 2dTGA - D)YT
= S, AR (150)
vA+ DT D~ -
Recoenizing that the numerator of the integrand in (147) is
half of the derivative of the denominator, we obtain
1 Y N 2, — 2
2ZVAE + 2 -
; [, =5 In [+ =AEE B, O Ca=D)y (151)
- - 20A 4+ D) n-
Equation (89) reduces (151) to
1 V+ (AL + B
.‘ I, =3 in (ER0GEALE D, (152)
E < vA+ D
Because t is given hv (92),
ZAL+B=2AV+ 2Ax + B (153)
' -
Equation (153) reduces (152) to
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1 2AX A
I, =510 (V+v) T PO .S B PAE R S (154)
- - - 2 A - VA + D
Omitting the constant term in (154), we obtain
1 . 1 . 2Av + B
I, =5 In (A +\')+-51n v+ ) (155)
i A
Application of [7, Formula 120.1.] to (148) wives
he o+ WA E B
- 20A+ D)
;= ——— tm [ QRS LR B AN (156)
4G A =M dhoa - )

In (156) and in the remainder of this report, d is the positive square reot

. . : , . -1
of the right-hand side of (159 and the vilue of tan is restricted to 1ie

between =7/2 and /2. Substitution o (92) Yor t in (156) vives
D -1 .
IH = T tan g (157)
dG A -
where
PGCA DY F A ) 00 AL+ )
vy o= L:i”\.t_llg,-_Lﬁ\ﬁAer.‘,lj- - B! (158)
:(!(1\ - ])~)

Thanks to (135) and (157), (150) becomes

C - 2Ax 4 2dG A - -1
I]] = gﬂ¥:~J5~'[ln(V +v) + In(V + =AX — B)] - 2dC g D) tan w, (159
26 A+ D) 2 A
Substitution of (159) and (92) into (143) yives
— DE - 2Ax +
=4V Rk DE =B g+ v+ In(y + 2By
vA+ D 2v A
446 A = D) -1
- . tan wq (160)

Subtracting (160) from (141), we obtain




2DE - B

I -1, = =206A-D)x - — (v + v)
5 6 -
VA + D
2AE - BI JAx + A6 A - -
+ A By A AdK An D tan lw3 (161)
VA GA+ D) XA

Thanks to (161) and (127), (120} becomes

B - 2DF JAF - ) 2AX
s (ot 2ot g e o RSB 22 By
2(A - DY) S0 (N =-DT) 2 A
:\! 'I
_— N — T 2
N+ n t.in Yy (162)
Expression (162) is II af (h8Y when n,

VITT. AN EOQUIVALENT EXPRESSTON 808 THE INVFRSE TANGENT

In this section, an equivalent expression is obtained for the

-1 . 5
quantity tan w. that appears in (162). It is evident from (157) that
tan w, o= s it 16
oy 13 (163)
Backtrackine, woe sce that IH is wiven by (148). Using (86), (87), and
(89) to chanve (148) back into an dinteeral with respect to x, we obtain

_ LA+ D oode
T T VA (164)

In (1A4), V and v are given bv (60) and (61), respectivelyv. Rationalizing

V 4+ v in the denominator of the integrand of (164), we obtain

- 1 .'\ + D _
113 =5 (114 []5) (165) |
y
where ;
f 1 k
hWe = 7773 (166) '
V- v
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1 = (’ S A— dx (167)

2
‘ (V2 - vV

The integral l], is rewritten s
&4

1 .:
Ly, = T TS T T (168)

”
where d7 is viven bv (A7), Application of |7, Foreula 120.1.) te (168)

pives

(4 L2
h ~! A = 0T
by, = = S O (169)
K o= ) :
i
The intesral !] Tooprenritten s
| ’ N4y
Ty = ooy o T T LT It de (170)
vA (= no- e v AAC - BT
e - 4 R SN D) S S
e~ ! ) ' - lIJ;\.—
The case in which
I .
R SRAR
A - l)
will be considered tirst. T thiic cuasces the suabatitnt ion
I3 / """"" T ‘\
' noa AAC - BT -
\L [ ‘// (v + x‘\) + ‘7\ -A)iri)-i (1 /,‘)
! - AAT
transforms (170) to
N Toodr
1 ) = - A)A 7‘4_7_ 2l
VAN = D ) < + n
where
A} ]
¢ ) d SAC = BT
\ PR




Equations (171) and (69) reduce (174) to

p= = (175)

Application of [7, Formula 120.1.] to (173) gives

D -1 A AT

1., & ———5 tan ( ) (176)
15 a(A = DY) d
It is evident from (72) that
v AT =V (177)
so that (176) becomes
D -1 Vv
IlS =5 tan (5) (178)
' d(A - D)

Expression (178) is 113 of (167) for the case in which (171) holds.

Consider 115 of (167) for the case in which

B - 2DE B
3 #'R (179)
A-D
In this case, I]ﬁ will bhe evaluated by means of the substitution [8,
Sec. 2.252}
C.t +C
_ 3 4
2= (180)
where C3 and C& are constants that will be determined later. Application
of this substitution to U of (A0) wives
c,t + C c,t +¢C
/ 3 42 3 4
] = -_— —_— 4+ C 1
vV A( P )7+ B( Pa—— ) C (181)

which becomes
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2 2 2
(AC, + BC, + C)t” + (2AC.,C, + BC, + BC, + 2C)t + AC, + BC,L + C
_ 3 3 374 3 4 4 4
V = 5 (182)
(t + 1)
From (60), (61), and (180), we obtain
2 2 2.2 2.2 2
Vo - v = {[(A-D )c3 + (B - 2mi)(:3 +C-E"Jt™ 4 [2(A - D )cac[‘
2 2.2 2 2
+ (B - 2m:)(c3 + (:Q) + 2(C - ET)It + (A =-D )(:,‘ + (B - 2DE)C, + C-E" /(t+1)
- “
(183)
The constants C3 and ¢, are determined by annihilatine the
4
coefficients of t in (182) and (183). These coefficients will vanish if
2AC_C, + B(C, + C) + 2C =0 (184)
34 3 N
) bl
DTG+ DEC, +C6,) +E7 =0 (185)
34 3 4
Equation (183) is rewritten as
(C,D + EY(WC, + F) =0 (186)
Y
The above equation will be satisfied it
o= (187)
3 b
Substitution of (1R87) rer C; in (184) »ives
.. BE - 26D
Cu T B S IAY (188)
The inequality (179) assures that
BD - 2AE # 0 (189)

With Fl and €, viven by (187) and (188), V of (182) becomes
&4




- 2CD BE - 2CD

o= pb o foP p aBE S 2D (BE - 20Dy e
Te+17 VE© “VBp - 2AE BD - 2AE

where

) 20,2
c = (CD7 = BDE + ART)/D

It can be shown that

24
Kl - 2¢h 2 BE - 20D (4AC - B
AGRE—=Tm) T R B(Ge TR 4+ (= e
BN = JAE Bh - 2AE 22
M | \ Db
where
Il
b = (BD - 2AE)/DT
Equation (192) rcduces (190) to
/ B
oo S22, (A = BT
[ + l - fot N
t \ D7h
Lquation (149) can be recast as
Y
2 N 2 2.2
JT o= e (A(A - DTYe = hTDT)

)
YA - DT

[t is evident *rom (63), (A3, (1i2) and (195) that

Thanks to (119) and (19n), V of (194) can he expressed as

L} 1. /7“;_4_-
= +
: Cr 1 vt 4
vhere i
' 2
! ,4.'\('_<:_B\_
! Db

Subatitation of (187) and (188) into (183) gives

31

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)




2 2 L 2, k.2 E 2.2 2, .BE - 2CD,2
Voo = voo= (A =D =) - (B - 2DE)(3) + C-E + - _—_—
[ ) - ) (@) Je© + (a-p”) GE—22)
LR LA A 9}‘_"_:“322 2'. 2
+ (B _m.)(m) — 2;\!-1) + C - E"H/(t + 1) (199)
Now,
2002 N 2
(N = D )(h) - (B - SDP.)(I—)) +C-E =¢ (200)
and
2. B B 2 2 2p?
20 BE = 2ep, 2 S~ 2C 2 - - -
(A = DY EEZ =y o oy B2 Sy g2 L (BACTB Je - be D (o0
B - 2AE B~ 2AE 2 2
Db
Hence, (199) reduces to
al .l al
R A, A28 L0 (202)
(t + 1O~
where Ny
VT (203)
and q is given bv (198). Fquation (149) can be recast as
)
2 Do 2
d” = —— (4AC - B - an’e) (204)
JO(A - I)~)~
It is evident from (198), (203), (204) and (118) that
2 2
From (180), we obtain
¢, -C
. /)
dx = S q¢ (206)
(t + 1)
Substitution of (187) and (188) into (206) gives
dx = —2C e (207)
Dh(t + 1)
where b and ¢ are piven by (193) and (191), respectivelv. Substituting
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’
(180) for x in (61) and using (187), (188), (191), and (193), we obtain
[
__~2c
Vibvt + ) (208)
2 2
Substitution of (197) for Vv, (202) for V. - v~ , (207) for dx,
and (208) for v in (167) vields
A +
e R dt  (209)
’ phe L L2 2 2 2 2
t+ 1 (T +q° -pT) VvVt +gq

Assuming that t + 1 does not change sign during the integration in (209),

we obtain

! 113 = ~ F R t -1 (210)
I15 = ¥ , t -1 (211)
i where
‘ L o
F = - :‘_‘_(. s’ dt (2]2)
2
Db 2 2 2 2 2

(t™ +q° - p) t” + q

[ Avoiding the question as to whether or not the combination of (210) and :
(211) is a valid representation for 115 of (209), we proceed to evaluate
(212) and transform (210) and (211) into the domain of x.

The substitution

T = (213)
2 2
[+ q
and subsequent equations
F
: dT = 5 =75 dt (214
2 2.3/2
| (t™ + q7) /
!
2 2 q2 (215)
t +q = ——3
1 - T




reduce (212) to

Application of [7, Formula 120.1.] to (216) gaives

b ¢ -1 pT

o 9 I 3 n

Db p q” - p” a” - p
In (217), T is given bv (213).
With a view toward expressing T of (213) in terms of x, we use

(208) to obtain

2
L+ 1 = - =5
bv
It is evident from (218) that
bv + 2c¢
t = - —
bv
Fquation (197) cives
2 2 T+ 1y
Jto + G = e
v C

Substituting (218) for t+1 in (220), we obtain
[2 "I 2kv
tra T T
Thanks to (219) and (221), (213) becomes

_ bv (bv + 231

2hv e V

Before subhstituting (222) into (217), we use (198), (203), and

(204) to obtain

(216)

(217)

(218)

(219)

(220)

(221)

(222)

(223)




Now, (222), (223), and (203) transform (217) to

. bh -1 -v (bv + 2c)D2
Fos o — —— tan  (

H ! 2
h (A - Dp7)d 21v dV(A - D7)

) (224)

which is equivalent to

. bvi) -1
F o= —r——v)l-4~;~4 tan G (225)

bv (A - D7)d

where "
. (bv + 2¢)D”
6= e e (226)
2dv(a - D7)
In view of (196, {t is evident from (218) that bv 0 when
t - -1 and that bv 0 wvhen t -1. Henee, with F ogiven by (225),
(210) becomes
n -1
I]!,) = - ~——=—-—— tin Gy bv -0 227)
(:\ - [)N)(i
and (211) becomes
D -1 .
I]r = e t (1, by (t (22%)
’ (A = DY

The combination of (227) and (228) will be a valid representation for

I15 of (167) if this combination is continuous at bv = 0. Since the

right-hand sides of (227) and (228) are¢ identical, the combination of
(227) and (228) is obviouslyv continuous at bv = 0. Hence, this combi-

nation is a valid representation for .. of (167)., This representation is

15

| ____Il__;___ tan” G (229)

(A ~ DY




-1

2 = tan G (230)
then

G = tan v (231)
Yow, (231) implics that

. I N

tan( - o) = C (232)

Because y lies hetween —=/2 and /2, - = 2 rmust lie hetween 0 and

Tt is now evident from (232) that

—1%x 1

= = 7 otan (f) (233)
—1%
E where tan is the inverse tancent whose value lies betwe n 0 and
From (233), we obtain
~]% ]
o= o= otan G (234)

Substitution of (230) for - in 230y ~ives

= ~1% 1
tan L - Lan () (235)
' {
Substitutin. (233) “or tan G ia (228), omitting the constant
=/2, and usin- (1A, we obtain
1% 2d 2
D - 2dV(A - D
[y = e tan T A D (236) .
(A = DY (bv + 2c)D7 j
Fxpression (236) is IIS(H‘(167) for the case in which (179) holds.

If (236) were to reduce to (178) when (171) holds, then (236) would

also be I]r of (167) for the case in which (171) holds. The following
5

reasoniny is presented to show that (236) reduces te (178) when (171)




is true. It is evident frem (171) and (193) that

so that (195) reduces to

37

(237)

(238)

Solving (238) for ¢, substitutine this value of ¢ into (236), and using

(237), we obtain (178). Therefoere, (236) reduces to {(178) when (171)

holds. Hence, expression (236) is [ . of (167) tor both the case in which

15

(171) holds and the case in which (179) holds.

. . -1 .
Concerning the arcsument ot tan in (1ny), we find that

- 2bE
(= + B—————"I, -} Db =u

2
1(:\ - I) )

where
)

b’
u = v

2(A = D7)
where v and b are siven by (A1) and (193), respectively, Hence,
(169) becomes
D -1 n
e !
d(A - D7)
Substituting (23A) and (241) into (165) and then substituting (165)

into (163), we find that, within an additive constant,
2
1% 2dV(A - D)

tan Iw3 = - [tnnﬁl(%) - tan ( -——~—-———;)]
: ¢ (bv + 2c)D°

(239)

¥/

—~
to

24

Pt}

)

o
~—

P

v emer
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IX. A GLOBAL FORM FOR THE INTEGRAL OF THE LOGARITHM

Equations (193), (239), and (242) allow (162) t. be rewritten as

3
) DA
I, = ]6 [u In(V + v) - ’_L"_T In (V + 2By e

1 QA (A - D) 2A

9
-1 ~1% 2dv(A - D7
+ d tan (%)- dtan ] («i—il———ga%)l
4

(bv + 2¢)D7
. 2
Expression (243) is I] ot (59) when d 0. In this section, it is shown

that (243) is a slobal form for the integral I1 of (59).

Expression (243) will be a global form for the intepral ]1 of

(59) if (243) is I] of (59) in all possible cases. Onlv three cases are

possible, the casc in which (118) holds, the case in which (81) and

(82) hold, and the case in which (68) holds. By definition, (243) is I

1
of (59) for the case in which (118) holds. Tt remains to be shown that
(243) is I] of (59) for the case in which (81) and (82) hold and the case
in which (68) holds.

Expression (243) will he I] of (59) for the case in which (81)

and (82) hold if (243) reduces to (117) when (81) and (82) hold. Setting

-] ,
d = 0 in (243) and noting that  tan  (u/d) can not exceed /2, we
obtain
! bD’ 2Ax + B
1] =5 [u In(V + v) = ————— In (V + =——) - Dx] (24
2 A(A - D7) 2 A

In view of (193) and (239), it is apparent that (244) is equal to (117).
Therefore, (243) is I] of (59) for the case in which (81) and (82) hold.

Consider the arevument V + v of the first logarithm in (244). It
is evident from (72) and (81) that V 0. Hence, if v * 0, then

V+v -0, Ifv 0, we write
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A' )
R
Vb v= ooy (245)
In view of (82), comparison of (168) with (16h) cives
) o] ] . -
o 2 2 B - 2DL 2
Vv = (A - D )x + ————=) (266)
2(A - D7)
Equation (239) reduces (246) to
N i 8l
2 2 (A - D)u”
V- v T (247)
D
Substitut ion of (247) into (245) ives
i )
(A - Dy~
U+ ; " (248)
DoV - )
According to (248), if V + v were to approach zero, then u would
approach zero simultancouslyv <o that the n In (V + v) term in (244)
would approach zero harmlesslve  However, it u is exactly zero, we
must apgree to omit the u In(V + ) term from (24%) without ealculat-
ingy In(V + v).

Expression (243) will he Il of (H9) for the case in which (68)
holds if (244) reduces to (20 when (63) holds.  Fquation (68) is
accompanicd bv (70), so that, according to (ra3y,

b= 0 (249)
Thanks to (249), the cocticient of the =ccond logarithm term in
(244) is zero. Untortunatele, the argument of this logarithm could
be zero. If, becanse it coctficient is zero, we agree to set this
logarithm ters contl to zero without caleutating the logarithm, then
(244) reduco to
1 . ,
(I T In(v + v) - Hx) (250)

Torvgt Dot MEIR




N Wy e

‘) .
L v R, (251)

Substitution of (251) into (250) vields

Ax + B
I] = = \;{~! In(v + v) - x (

to
(sl
to
~

which is identical to (80). Hence, (243) is T of (59) for the case

1
in which (h8) hotlds. It is cvident from (78) that, whenever V + v

approaches zero, 2Ax + B also approaches zero so that the logarithm
term in (252) approaches zero harmlesslv., Nevertheless, if

2Ax + B is exactlv zero, we must agree to omit the logarithm term
from (252) without calculating In(V + v).

It has been established that (243) is T1 of (59) in all three
possible cases, the case in which (118) holds, the case in which
(81) and (82) hold, and the case in which (68) holds. Therefore,
(243) is a global form for the integral T, of (59).

1

X. USE OF THIS INTEGRAL. TO EVALUATE THE POTENTIAL

In this section, the global form (243) for the integral Il of
(59) is used to evaluate the potential V{r) of (38).

Replacing the constants A,B,C,D, and E inherent in (59) and (243)

bv A,, B, C,, D, , and E,, we obtain
T i i

i 1
R
i
(In (R, + x.0d" = 2 [u, (R, + x,)
J i i Di i i i
0
b.D, 2A.7 + B,
-t e a4 ———1 - D :
220, (a, - 1) ! XA, 1
i i i
LN J1% ZdiRi(ai - 1) 1
+ 4t - - d t: —————— 253)
d tan (d‘) (il1ﬂ (b,x. e, )] (253
i iTi i 0
where Ri and X, are griven by (32) and (36), respectively. Also, di is
the positive square root of the richt-hand side of (54). Furthermore,




5
A/DT
1 1

a, =
1
2]
b, = (B.D -~ 2A.F)/D7
1 1 i 1 1 1
2 Qo0
¢c. = (C.DT - B.D.E, + A ED/DT
1 1 1 1 1 1 1 1 1
b,
u, = X e
i i 2(a, - 1)

Equations (255) - (257) are similar to (193),

respectivelv, It is evident from (195} that

2
sion for di is

2

set equal to zcero.

When (253) is substituted into (58), the

out of the sum on i and we are left with

(r,-r1r) ~ (ry-r)l 2 i
Vi(r) = Z ~ 1 3v LS G D [u, In(R, + x.,) + L,
i by I Ty i=1 % ! o 1
-1 ”i _1% ZdiR].(ai -1 1
. Iy . SUNDR SR S S 7289
+ di tan (d,) ditdn (b,x_ e )1 (259)
i ii i 0
where

inverse tangent whose value

coefficient of one of the

12 c, bi
¢ = = - N
i a., - 1 2
i A(a, - 1)
i
-1, ,
In (253), tan is the inverse tangent whose value
. S1%

lie between - /2 and /2, and tan is the

is restricted to lie between 0 and 1f di
F in (253) is to he set ecqual to zero. T the

logarithm terms in (253) is zere,

chen that leogarithm term is to be

(254)
(255)
(256)
i
(257) |
(191), and (240),
an alternative expres-
(258) i

is restricted to

-1
}, then the tan term

term in (253) cancels




b.D. 2A.7 + B,
L. = - — 1l in (R, + 1 (260)

24, (a, - 1)
1 I

XI. MANTPULATION OF THE POTENTIAL INTO THE DESIRED FORM

In this section, the term Li in expression (259) for the poten-
tial V(r) is manipulated into the second logarithm term of [5, Eq. (4)].
Then, (259) is rewritten so as to coincide with [5, Eq. (4)].

Expression (260) tor L., is recast as
i

bh.D, 2°A, R, 2A, + B,
Ly = - mmo——k I (et 4 )+ K (261)
2»,1\, ({1_ - 1) i i
1 1
where
b D, 2 T;
Kiy = === In (5D (262)
N :\, (11 - 1) i'
1
It can be shown that
27 + 1,
»»L-«D -t 2;1ixi + hi (263)

where X Ay, and bi are given bv (36), (254), and (255), respectivelv.

Substitution of (263) into (261) gives

hiDi Di 2 K: Ri
. R R -t (=L 4 2a.x, + + K 2
Ly ln(IDi‘ ( Di a,x, bi)) kli 264)

ZA (- 1)
i i
For the purpose of obtaining still another form of Li of (260),

we call the argument of the logarithm in (260) ARG and express it as

24,0+ R 2N+ 0B,
(Ro+ Ly R )




—

With Ri given by (32), (265) reduces to

[

LA C. - BT
i i
ARG = -—om—— L S N )
AR( A S F R, (266)
“a (R - —de el
20N,
i
2
If ~’¢/\iCi - Bi = 0, then it can be inferred from (70) and (193) that
bi = 0 in which case l,i is to be set equal to zero. Hence, it is
il
permissible to assume that ln\i(Ii - I’,”i # 0. 1In this case, (45) im-
plies that
2
AN C, - BT 0 (267)
i i

Equation (267) assures that both the numerator and the denominator

in (266) are positive. Now, (266) allows (260) to be expressed as

b.D, a3 R, AT+ B,
Ly = o= i (el - ey bR (268)
2A, (a, -~ 1) i i -
1 1
where
2
b, WG - B
K, = - oot - In ( _'1‘?1__--__1) (269)
=1 XA, (a. - WAL, D
1 1 H 1

Substitution of (263) into (263) yives

b.D, MAL R, D (2a.x, +h)
I‘f b “f'“l‘"l"” In (“n'" - ’,'"'rl)“!' - K“i (270)
2 .«\]_ (.'1i - D i i -

It is permissible to omit the constants Kl, and in in (264) and
i 2

270) hecanse they will eancel out when the limits of integration are

applied.  ialkine (264) 1or D, O, taking (270) for b, - 0, and omitting
1 1

the con=tants< r(l_ and R0 we obtain
i S




L, = - -————4—-——In (2 a, R, +2a.x, +b,) (271)
N 1 1 1 1 1

In (271), v a, is, of course, the positive square root of a,.
i

Substituting (271) into (259), we conclude that

(r, —r,) - (r, - r) 2 i

, oo Uy 1 (1)

vir) = ro- . oy ey IRy )
o 2 -1 i=1 i

i b o
- sm==-—---In (2a, R_+ 2a.x, + b))
1 1 11 1

Za, (a. - 1)
1 1

u, 2d R (a, - 1) 1

- — 1%
+d tan J(d?) - d tan (—A -1y (272)

. bh.x. + 2c.
1 i i i 0

where Ri’ Xos s hi' oo and u, are aiven by (32), (36), and (254)-(257),
respectivelv., Moreover, di is the positive square root of the right-hand
. ne P -1, . ,

side of (258). In (272), tan is the inverse tangent whose value is re-

. - -1%
stricted to lie bhetween - /2 cnd /2, and tan is the inverse tangent
whose value is restricted to lTie between O and ~. 1f d. = 0, then the

i

-1 . naoy : - -
tan term in (272) is to be set equal to zero. 1If the coefficient
of one of the Tovarithms in  (272) is zero, then that logarithm term is
to be set equal to zero. FExcept for the facts that there are no magnitude
signs on the argument of its second logarithm and that its last term con-
tains an asterisk, the right-hand side of (272) is identical to the right-
hand side of [5, Eq. (4)}. There is no need to take the magnitude of the
argument of the sccond logarithm in (2/2) because this argument can never
be negative. The second inverse tangent in [5, Eq. (4)] has to be on the

range from 0 to ~ in order to pass continuously through ~/2 as bixi + 2ci

passes through zero.
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