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I. INTRODUCTION

The electrostatic potential due to a planar triangular patch of

surface charge of unit charge density in free space is called V and is

given by

V(r) = 41 ds'

T

Here, T denotes the surface of the triangular patch, ds' is a differential

element of surface area on T, r' is the radius vector to the location of ds',

r is the radius vector to the point at which V is evaluated, and c is theO0

permittivity of free space. The potential integral (1) arises in numerical

solutions of electrostatic, magnetostatic, and electromagnetic problems in-

volving arbitrarily shaped surfaces modeled by planar triangular subdo-

mains [1], [2].

The potential integral (1) has been evaluated by several authors

[1], [31-[6]. It is perplexing to note that the form of V obtained in any

one of the five references [11 and [3]-[6] is different from that obtained

in any of the others. Although the form obtained in [6] is perhaps the most

convenient for numerical work, the objective of the present report is to

give a detailed derivation of the form obtained in [5]. This form is

[5, Eq. (4)].

II. TRANSFORMATION TO AREA COORDINATES

In this section, the integral on the right-hand side of (1) is ex-

pressed as an iterated integral with respect to two area coordinates.
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As shown in Fig. 1, the triangle T has vertices rl' 2 9 and r3 "

In Fig. 1, the point r' on T is called P', and T is divided into the

three subareas A1 , A2, and A . To facilitate the evaluation of V(r), area

coordinates ( are defined by

A A A31 A2 (2)

where A is the total area of the triangle T.

It is now shown that

r' = (+--) 1 + 2+ 3 (3)

In order to obtain (3), we express r' as

r' = r1 +R ' (4)

where, as shown in Fig. 2, R' is the vector drawn from vertex 1 to the

point P'. The dotted line in Fig. 2 passes through the point P', is

parallel to the line 13, and intersects the line 12 at the point C. It

is obvious from Fig. 2 that

R' = 1C + CP' (5)

where -C is the vector drawn from vertex 1 to the point C and CP' is the

vector drawn from C to P'. Equation (5) is recast as

, 1C (r -r ) + CP(6)

- -2 -12 -1 -E3  _ -3 - 1

where IC is the length of the vector IC and CP' is the length of the

vector CP'. From Fig. 2, it is easy to see that

M"
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Fi. The trianglIe T w'ith vertices- r-,, L2' andr3

HH

IFig. 2. Ceometrv for the evaluation of R'.



IC h1  hIir 3 - E A2
r-r - H H r-r (7)

2 -1 1 1-L3 -1

and

CPI h hir - r I A3

-3 - r1 H 1-E2 -E T.

Hence, (6) becomes

R' = '(r,-r) + (r, 3-r) (9)

Substitution of (9) into (4) gives the desired result (3).

In regard to the differential element of area ds' in (1), Fig. 3

shows a finite element of area .s. The area 's is the area of the parallelo-

£gram bounded bv the lines corresponding to '-, -r, <, and +/^-. The

vertices of this parallelogram are the points a(-, i+,), b(n+An, +i7),

c(n,,r), and d(+n,,). The area of this parallelogram is given by

c= c < ah (10)

where ac and ab are the vectors drawn from the point a to the points

c and b, respectively. Specifically,

ac = r'(n,&) - r'(n, +tI) (11)

Substitution of (3) into (11) gives

ac = r (rI-r 3 ) (12)

Similarly,

ab = ,-(r 2 -r 1 ) (13)

Substitution of (12) and (13) into (10) gives



tS

3

17-0 q +A 7

Fib. 3. Representation of :.s as the area of the parallelogram

whose vertices are a, b, c, and d.

3l
A2  A-A-3

2

Fig. 4. Range of , along a line of constant •
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As = I(r2-rl) (r3-rI)tArAn (14)

Thanks to (14), (1) becomes

1 I-c;

V(r) =~ 2 4rI r - ) dC d- (15)
_47c j f R

where 0 0

R = ir - r' (16)

and r' is given bv (3). The limits of integration in (15) were ob-

tained from Fig. 4.

III. THE INTEGRAL WITH RESPECT TO 7I
The integral with respect to ' in (15) is evaluated in this

section.

As the first step in the evaluation of this integral, R is expressed

in terms of r and *T. Substitution of (3) for r' in expression (16) for R

and subsequent squaring give

R= n(r2-r1 ) + ,Cr3-(r) - (r-rI 2  (17)

which becomes

R = ri2 + 2 +y (18)

where

* 2 -El

= (r -r) (rr -r (r-r
-2 -1 -3 r3-(l-_ 1r)r)[(19)

y= *(r3 L1 - r-r1)
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Completing the square in (18), we obtain

R- ( ' + --, -+ 2 )(20)
2

Being the square of the lenvth of one of the sides of the triangle T,

0. Now, thanks to (2)),

1-- I--
d d I d ,, ( 2 1 )
R2

0 ' + + ,-

22

Since, from (17), R- 0, it is evident from (20) that

" 0 (22)

for all finite values of ' and . In particular, (22) is true

for =- so that

- 0 (23)

It is evident from (19) that - is a quadratic function of where

the coefficient of " is

2 9Ir2 - r1 - - r -i - ((r, - r ) (r - r
-2 r _ -1 --- -1 --3 -1

The above quantity is positive because the vectors (r - r ) and-2 -1

(r 3 - r,), being two sides of the triangle T, can not be parallel to

each other. So far, it has been established 4" - .2 satisfies the

inequality (23) and is a quadratic function of - where the coefficient

of .2 is positive. Consequently, there can not he more than one value

of , for which



- =0 (24)

Hence, as far as the intei,,ration with respect to 7 in (15) is concerned,

we may, when integrating with respect to T;, assume that

2
- (25)

In view of (25), application of [7, Formula 200.01.] to the

integral on the right-hand side of (21) gives

i- ' 2 1- -

TlIn + + + (26)
4 0

Multiplication of the argument of the logarithm in (26) by any posi-

tive constant will not change the value of (26). Choosing to multiply

by and evaluating the right-hand side of (26) at the limits 0 and

1--, we obtain

I--
d, I [i.n (R,, + x ) - In (R + xl)I (27)

0

Where 2,

R =/(-) + - (28)

/ 1-)+ 2 ?~
R= (-) + (29)

V

xI  (30)

+

x . . . ...... . (31)

ti
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According to (20), the argument of the square root in (28) is

R2 at r1 0, and the argument of the square root in (29) is R2 at

n = I-,. Now, use of (17) for R reduces (28) and (29) to

R cB - f , = 1,2 (32)
i VI i

where

A. = r - r. (33)
I I

B. (- (r - r.) (r - r.) (34)

C = r- r (35)

Substitution of (10) for zand in (M) and (31) gives

x. = P. + i. , I 1,2 (36)1 1 I

whe re
(r.) - r (r - r.

(37)
r r-2 r1,

(r.) - r (r - r.)-. = -. . . . .. .. . . . (38 )
'i r -r-2 -1

IV. INEQUAI.ITIES FOR A., B., C , ., AND E. .. ... . . . .___________. .. . 1 .. . _. .. . i

Because r.1 , r, and r. are the vertices of the triangle T, A.

of (33) satisfies the inequalitv

A. 0, i = 1,2 (39)

Being two sides of the triangle T, the vectors r - drl nd r 3 - r

t can never be parallel to each other. Hence, it is evident from (33)

and (37) that
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A. - 2 .  0 , i = 1,2 (40)
1 1

For later convenience, we desire to have

D. # 0 , i = 1,2 (41)
I

Since the triangle T can not have two right angles, it is evident from

(37) that DI = D, = 0 is impossible. If either D or D is zero, then
1 2

we can cyclically permute the assignment of the vectors rI , r2 , and r3

to the vertices of the triangle T until neither DI nor D2 is zero. Hence

we can, without loss of generalitv, assume that (41) holds.

It is evident from (23), (28), (29), and (32) that
I

R 2 = A +B + C 0 .... (42)
1 1 I

Now, R2 can be expressed as1

2
2 B. 4A C - B.

R. = A.( + A )2 + i 1 1] (43)
4A'1 A1

9i

Clearly, the minimum value of R with respect to in (43) is given by

4A.C. - B2

min(R ) = ' i (44)
i 4A.1

where min denotes minimum value. Tn view of (39), it is apparent

from (42) and (44) that

9

4A.C. - B. 0 (45)
1. 1 1 -

The definitions (33) - (35) of A., B., and C. reveal that equality is1 1 1

attained in (45) only when the point r lies on the line which passes

through the points r and r,.
-3 -i



III

Inspection of (28)-(31) reveals that

R2 2 =c - (46)-. x. = (6
i I 1

Taking the minimum with respect to r of both sides of (46), we obtain

(2 2 (c 2

min(R - x.) = min( ) (47)
1 1

Since a is positive, it is apparent from (20) that the minimum of R2 with

respect to , and - is the minimum of (:ri - 2 )/,t with respect to .

2 2

min(R 2 ) = min( '  ) (48)

As a consequence of (47) and (48),

min(R 2 
- x) = min(R ) (49)

1 1

If the point r is not in the plane of the triangle T, then

r - I can not be expressed as a linear combination of the vectors

r - r and r - r which appear in (17). As a result, the Vector subject
-2 -1 -3 -1

tothe magnitude operation in (17) can never be zero so that

rin(R-) - 0 (50)

As a consequence of (49) and (30),

2 2
min(R _ x.) 0 (51)

1 1

The definitions (32) and (36) of R. and x. lead to1 1

B 1 - 2D.E. C.- E.
2 2 2 i +1 1 1)

R. - x. = (A. - W) )(2 + 2 + 2' (52)
I 1 1 1 A. -D 2. A. -D2

1 1 1 1
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Upon completion of the square, (52) becomes

B. - 2D.Ei d 2

R - x 2 (A - +i1) [() + 2... (53)
9-1 2(A. - D

2) D.
1 1 1

where

EC - (B. - 2D.E.)2
2 2 i i 1 1 11
i 1 A. - D2  4(A. - D.)22 (54)

1 i 1 i

In view of (40) and (41), it is evident from (51) and (53) that

2

d. 0 (55)
1

The above inequality holds whenever the point r is not in the plane

of the triangle T.

If the point r is in the plane of the triangle T, then r - r 1

can be expressed as a linear combination of the vectors r2 - r1 and

r 3 - r which appear in (17). Consequently,

2
min(R 2 ) = 0 (56)

Retracing the development (50)-(55) with (50) replaced by (56), we

obtain

d. = 0 (57)

Equation (57) holds whenever the point r is in the plane of the

triangle T.

In view of (19), substitution of (27) into (15) gives

1
(-r7 r1 I (r3 - -l) - i r

V(r) -4rl , (-1) [ln(R. + x.)1d,' (58)

The integral in (58) will be evaluated ncxt.
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Instead of the precise integral in (58), we consider, for

generality and notational simplicity, the indefinite integral I de-

find by

I = [ln(V + v)]dx (59)

where

V = VAx2 + Bx + C (60)

v = Dx + E (61)

Here, A,B,C,D, and E represent the previously defined constants A., B.,1 1

C., D., and E., respectivelv. From (39), (40), (41), (45), (54), (55),
1 1 1

and (57), we have

A 0 (62)

A - D2 0 (63)

D 0 (64)

2
4AC - B 0 (65)

d2 0 (66)

where2 2 C - E2  (B - 2E)

d D 2 21 (67)

A- D 4(A - D2 )

2
V. THE INTEGRAL OF THE LOGARITILM; 4AC - B = 0

In this section, the integral I1 of (59) is evaluated for the

case in which

2

4AC - B 0 (68)

Equation (67) can be rewritten as
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dD2 222(9
2 D 2 [2 (A -D2)(4AC - B) - (2AE - BD) 2  (69)

4A(A - D2)

In view of (66) and (69), it is apparent that (68) is accompanied by

2AE - BD = 0 (70)

2d =0 (71)

Completing the square on the right-hand side of (60), we obtain

B(x + BA)2 +4AC-B 2  (72)
k, = 'x TIN 4A

Equation (68) reduces (72) to

+A x -- (73)

Substitution of (73) and (61) into (59) gives

C B ,
I [In(sA'x + -- , + Dx + E)]dx (74)

I 2,

Assuming that x + B/(2A) does not change sign during the integration

in (74), we obtain [7, Formula 610.1

T = - (V+v)ln(V + v) - (V + v), x + Bp- 0 (75)
1 2AvA - D

= (V +v)ln(V + v) - (V + v), x +-B 0 (76)

,W + D2A

The combination of (75) and (76) will be a valid representation

for the integral (59) only if this combination is continuous at

BX + A= 0
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According to (61) and (73)

V + v A A x + A+ D (x + T)+ 2A-B (77)2A 
(7

Equation (70) reduces (77) to

+ v x + 2A + D(x + -) (78)
2A 2A

It is evident from (78) that V + v approaches zero as

B
x + A - 0

Therefore, the right-hand sides of both (75) and (76) approach zero as

I
B+ - 0

2A

Consequently, the combination of (75) and (76) is continuous at

x +-= 0
2A

Hence, the combination of (75) and (76) is a valid representation for

the integral (59). This combination is expressed as

=2 tx +B - B (9
1 2A ln(V + v) - x - (79)

Omitting the constant -B/(2A) from (79), we obtain

T = 2Ax + B ln(V + v) - x (80)
1 2A

Expression (80) is I of (59) for the case in which (68) holds.

L 

A*- 

.
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VI. THE INTEGRAL OF THE LOGARITHM; 4AC - 82 0, d2 = 0

In this section, the integral I of (59) is evaluated for the

case in which

4AC - B2  0 (81)

2
d =0 (82)

The substitution [8, Sec. 2.251]

V = t - Ax (83)

is used.

Recalling that V is given by (60), we square both sides of (83)

to obtain

Bx + C t- 2 A xt (84)

and we find that

X t(85)

21'A t + B

-2
dx =2A + Bt + 2A C) dt (86)

(2 At + B)

V = t2 + Bt + A C (87)

2 K t + B

('A + D)t 2 + (2 A E + B)t + BE + (,'A - D)CV +v = (88)

2 At + B

Upon completion of the square in the numerator, (88) becomes

((K + D)) [(t + 2A'A E + B )2 + (+(' + D) D2+

V + v 2'A +D) (89)

2 'A t + B
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where

d2 D 2  BE + (' - D)C (2)'E + B) 2
d - 2' (90)

(,'A - D) A + D 4(WGA + D)

It is easy to show that the right-hand side of (90) is equal to that

of (69).

Expressions (85) - (89) would not he well-behaved if the quantity

2 t + B could pass through zero. This quantity will never be zero if

it can be shown that

t + (91)
2t A

'The inequality (91) is established in the following manner. From (83),

I
t V +, Ax (92)

Substitution of (72) into (92) and subsequent addition of B/(2vA) to

both sides of (P2) g ive

_ B 4AC-B_ B
t (+ B + 2 + .- + X + -) (93)

2A 22A

In view of (62) and (81), the right-hand side of (93) is positive.

Hence, the inequal itv (91) holds. Consequently, expressions (85)-(89)

are well-behaved.

Thanks to (82), subhstitution of (86) and (89) into (59) gires

A t + Bt + A C
1 In w dt (94)I (2, A t + B)_

where

= I)- (t + 2 A E + 1 2 (95)

2,A t + B 2 (A + D)

I

!
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The identity

2 B2
iA t +Bt + A 1 4AC -29 =- (I+ 2)A(96

(2,A t + B)2 4,' 4A(t + --B ()

reduces (94) to

I 4AC -B 2

whre- 0I2 + 4A I3) (97)
where ,A

" = Inw dt (98)J

I3 B 2 dt (99)

3 (t +- )-
2% A

Use of (95) leads to

In w = In(U +D) _ ln(t + B ) + 2 ln t + 2vA E + B, (100)

2, 2, A 26 'A + D)

Thanks to the integration formt.'a [7, Formula 610.]

In x dx = x In!x,, - X

the integral (98) becomes

12 = t 1n C +) w lwnw + Wl + 2w 21nw 2 2w 2  (101)
2A

where

wI = t + (102)

2. A

w" = t + 2 E + B (103)
2(v'A + D)

Upon substitution of (92) for t, (101) becomes
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12 = (V +A x)In w + 1 lnw1 + Wl + 2w 2Inw 2 _ 2w 2  (104)
2k'A

where

W, + 2Ax + B (105)
2 A

2Ax + B + 2AE - BD (106)

2 'A 2,(vA + D)

Substituting (100) into (99) and changing the variable of inte-

gration from t to w1 of (102), we obtain

i~ ~ In' +D nw I  1 2AE -BD
I I n (' -+ Dw (Iw + I r in 'w + Idw
3 w2 1 -~ 2 ' VX~4l 2, v- w" w 2,/(A + D)

(107)

The integrals in (107) are evaluated using the integration formulas

[7, Formulas 611.2. and 621.2.]

Inx x
-_ dx -- (108)

X x

f +bx dx = b Inx - 1I + b) na+bxl (109)
j x a x a

The result is

n D Inw_ _L - + 4vA (A + D) In w
3 WI 2A w 2AEBD

-2 (-1 + 2 A D) lnjw (110)w I  2AE - BD2

where w] and w2 are given by (105) and (106). Equations (69), (81),

and (82) assure that the denominator 2AE - BD in (110) is not zero.

Substitution of (104) and (110) into (97) gives
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1 4AC - B2  24AC B 2  +D
1=-[(w - 2w + ) + (V + A x - In --

24 A 4 w w

+ 4AC -B I 4 A (tA + D)))In
+ 4A w] + 2AE - BD I

2 4AC - B v  4A (+'A + D) (111)
+ 2(w, w + AE -B -) n,W 2 1

With V, W 1 , and w, given bw (60), (105), and (106), simple algebra re-

duces (111) to

1 A x + B 2AE- BD ) + 4Ax + B In (A + D

24 AA A (6 A + D) 21 A 2 X

I2
1I

(2Ax + B (4AC - B) + D In

.A A (2AE - 3D)

2Ax + B 2AE - BD (4AC - B-) (I K + D) lnw 2 I] (+ 2+ nw2(112)

A 2, A (, A + D) 2A (2AE - BD)

From (69) and (82), we ohbtaLin

2 (2AE - BD) 2

-4AC - B (113)
A - D

Substitution of (113) for 4AC - 1, in (112) gives

2, A E + 1 1 A + 1)
A = -x - + (:: + ) in (- )

2, A A + D) 2, A

- 4 12-B In + 2(x B - 2DE (114)__w_ w(114)(>: -. ..... . . . ) n 1 + 2 x - )n 2'
A,,- (, A - 0) ( - 2

Expression (1 !4) is rccast aM

MO
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1= (x + B - 2DE (In ( + D in w1 + 2 In Iw,1,
2 (A -D) 2, A

2
2AE -2A E + B 4ADE - AB - BD n (A + D+A - D in wI - x - + 2--(

2 A(A - D-) 2k A 6 A + D) 4A(A - D) 2 'A

(115)

It is evident from (89), (82), (102), and (103) that

in ( A+ I)) _ in w + 2 in w., ln(V + v) (116)
2, A

Using (116) and (103) and omitting the two constant terms that follow

-x in (115), we obta in

B - 2DE 2AE v - BI) 2Ax + B)
= (x + )In(V + v) + 2 -B)) 111 (V + ) + x (117)

( \ - ) 2 ,, ( A - 1 ) 2

Expression (117) is I 1 of (59) for the case in which (81) and (82) hold.

VII. TIlE INTEGRAL, OF THE LOGARITHM; d" 0

In this section, the inte.:ral I of (59) is evaluated for the case

in which

d * 0 (118)

It is evident from (69) that (118) is accompanied bv

4AC B- 0 (119)

Integrating (59) hv parts, we obtain

I x In w + 1, (120)
t1
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where

w = V + v (121)

and
2 V + 2Ax + B

4 = - ,' 2wV xdx (122)

The integral 1, will be evaluated bv means of the substitution
4

(83). In this substitution, the new variable t is iven by

t = V + A x (123)

Expressions for x and V in terms of w and t are

t - w + Ex - (124)

A ,- 1 t-) :

S=t - (125)

SA - P

Substitution of (124) and (125) into the numerator of the inte rand

of 14 gives

1 r12(A+ D) t -2 A w + 2 .A + B (w - t - E) dx (126)
2( A - D) "

which berco Wne
I - I

, 5 (127)
,_ (Ga - I))

where
-A 2(2,A + ))t - 2 ,\ w + 4 ,- IA'. + B dx (128)

15 -V-d 18

f 2(A + D))t 2 + (4. A F. + 21E + B)t + (2 A F' + B)E6 w dx (129)
6 WV

In v iew of (61) subst tit ion of (121 f or w and (123) for t in

(128) gvwes

+ 1 (130)

I : '-' " . . ... . : " . - -- i ' I
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where

7 26 A + 0) dx (131)
7

d. + 2 + B8 V -

From (131), we obtain

1 7 4- , . (133)

Replacement ,!' V 2p, I t : nInMrator of the inteirand

of (132) and USL ot ((0) ).

I = '4 + ( . - ) 10 (134)

where

* . ... . .....1 . :,: (1 3 5

2 \.\.: + I.: + C

-- ** (1 *3()

Performin:: tilt into . at i,,n ii I *l .,' ,,t~

(1 37)

Substitution of (72) foir V in ( 3 ) L

11 3 dx
+ __I__1 -+ -M,(138)

lo i\ : t 2 AC - BF

\ ( + 2.\)

4A-

AppIi it ion of 17, Formt lia 200.01 1 to I 10 ivus

1 B ' 4 .\c -S= - In (:,10+ --A +  (x + - + ( 1 9)
SA

M ultip1lic t ion of ilte r ti (If Itc 1 ,o .trittLrn in (139) by a constant

I
...--



24

is permissible because it is equivalent to adding a constant to I10.

Multiplying the argument of the logarithm by A, we obtain

i I + 2Ax + B) (140)
10 ~ ~,o A7 2, A7

Substituting (137) and (140) into (134) and then substituting

(134) and (133) into (130), we obtain

S 2 ( A + D)x + 4V + (21A E - B) in (V + 2Ax + B) (141)
A2 A

The integ<ration in (29) will be performed with respect to t.

After substitution of (86) for dx, (87) for V, and (88) for w, (129)

becomes

=2 2(A + D)t" + (4, A E + 2DE + B)t + (2 A E + B)E dt (142)
16 2t 

(1 2

(, A + D)t- + (2,A E + B)t + BE + (v A - D)C

Express ion (142) reduces to

16 4t + 211 (143)

where

(21)E - B)t + (2,A E - B)E - 2(6A - D)C dt (144)

A (, + P)t + (2, A E + B)t + BE + (A - D)C

Completing the square in the denominator of (144), we obtain

1 (2 -1: - B)t + - B)E - 2(i - D)C dt (145)

l A + D - 2w A E + B)2+ d2 (A -D)
2

(t +z i + 2

2 2(1 A + D) 1)

where d is ,iven bv (9o). - Expression (145) is rewritten as

S
I
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9 B
12 -13

1 - + D 2(A + 1))1
where

A E , + B
t +----------

112 r 2A + D) d2( - ) dt (147)

(t + F + B)2 + d(A D

2(A+ D) D-

p' dt

13 = dt - (148)
(t + E +B2 + d-6 A -

2 (, A + 0) D)

From (90), we f ind that

D2 2
( - (413DE + 4C(A 

) 
- -) 4A - B2 ) (149)

4(\- 1 ) <

so t hat (146) redti ce s to

_ - - (, - )

11 2DE - B 2 13 (150)
A + D I)

Reco 1nizitw thoit the nuMrator of the inte ,rand in (147) is

half of the derivative of the denomintor, we obtain

112 in [(t + + ( ] (151)

2 ( A + D)

Equat ion (89) reduces (151) to

In (V + v) (2 A t + B)
112 n (152)

tA + D

Because t is viven by (92),

2, A t + B = 2 A V + 2Ax + B (153)

Equat ion (153) reduces (1 52) t o

MEOW
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I In (V + -+ 1 k + 2 Ax + B ) + I In k A--) (154)
12 2 2 ?v -

2A ~ A+ D

Omitting the constant term in (154), we obtain

I "Ax + B3

112 in (V + ,') + I In (V + ) (155)
2 - 2q A

App] icat ion of 7, Frirmii1,i 120..1 to (1 48) eives

.\ [2 , B)
Dit +- _

0 -1 ( + D)
d t - " (t :k

In (156) and in the renitnditr 01 thi.- report, d is thc lositive square root

of the right-hand .id( )i ( 1 ,,) ,id t)' , ' tin is r.'-triti'd to li,

betwuen - /2 and /2. Su t 1) I t it ,n (' ( ) fr t in (I h)

n - -i1  (3)

d ( \ - 1)

where

( ( A + 0)(, + A .) +2 A 1 + B)1)(

2y (A - 0)

Thanks to (13) and (157), (1 30) become.

2DE -B -Ax + B 2d(,A D ) -
= [n(V + v) + ln(V + D )] - tan-lw (159)

2 (, A + D) 21 A

Substitution of (1 59) and (92) into (W4 3) :ives

2 DE - B 2Ax+ B
16 = 4V + 4 Ax- + + - [n(V ) + 1n(V+ 

A + 1) 2v A

4d A D) tan W3 (160)

Subtracting (160) frnm (141), we ,bt :in
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1-5 1 6 6 A - D)x In(V + v)1 16 A ; + I)

2AE- 'V2A + B) 4d(. A - D) ta-1

+ AF BI n(V + .... + tanw 3  (161)
A, (, X+ I) 2, A)

Thanks to (161) and (127), (120) hec,,ot

(N + 2!) F' + V) 2Ax + B

= (x + -- 2D,-)In(V + ') + ........ In (V + 2 A

2 -1
+ ! (162)

Expression (162) is I ,f ( ,) -...

VIII. AN wI1VAI:1T '0TAN(NT

In this sect ion, an eqtuivilcnt cxpression is obtained for the

-l
quantitv tan I that . r> in (162). It is evident from (157) that

t.-n -L= 113 (163)

111
Backtr~ik kin , WL' LcL thAlt I I is ,i ven Iy (148) . Using (86), (87), and

(89) to chin:e ( 1 4) , int!, tI interal with respect to x, we obtain

,A + 0 C I,
1 = _______(164)

13 2 V(V +v)

In (164), V and v ire ,ivCn by (60) and (61), respectively. Rationalizing

V + v in the denominator of the intepIrind of (164), we obtain

I = -A +~ - t ) (165)

13 2 14 15

where
l dx

114 =2 (166)
14 \12 - v
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S V )V

The integral 114 is rewrittel :1-,

- d- (168)
1 4 B -

2) )

( :. + .. . .. + <

"((, - 1 ) B)

where d is !jIven b\" (67). App i -tt i-,: ,1- 1 7, F:rl- :i 120.1 to (168)

tZ ives

TI I C' TIt-' C -

,'.d- (170)
Ah (A

4'
"'be ifltC :t " s ' ,'..:- t t 1 ..

" ') . 4-V 4(170)
T .(' I- L. 1 W11'

. 'l < - ' -' 4:1. - [

'Thte ' -i in s]i' ''

- (171

w i b c ' o n s .ide r e d i ir I ', , h , ,S I,: t itt i , ,

I -(,. ± + -. i172)

trm sorms (170) o

- P - (173

,A( - ) +4
where

<I" 'Iv( - B'( 7'

:, - . . . , - 1 74
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Equations (171) and (69) reduce (174) to

p2 = d (175)
A

Application of [7, Formula 120.1.] to (173) gives

- taI 1 A T) (176)
15 d(A -D) d

It is evident from (72) that

A T = V (177)

so that (176) becomes

_ ) -1 V
11 5 -tan (-) (178)

d(A - D')

Expression (178) is I of (167) for the case in which (171) holds.

Consider I of (167) for the case in which15

B - 2)F B (179)
2 .A - )

In this case, I will b- evil tiiaed by means of the substitution [8,
15

Sec. 2.252]
C 3t + C4

T -1(180)

where C3 and C4 are constants that will he determined later. Application

of this substitution to V of (60) ives

C t + .. Ct + C
3 4 2 3 4

V = A( t + + B( ) + C (181)
t + t +

which becomes

!
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(AC 2 + BC3 + C)t
2 + (2AC C + BC + BC + 2C)t + AC + BC + C

v =2 4(182)
(t + 1)

From (60), (61), and (180), we obtain

2 2 " _ _ tD2

V - v = {[(A - D)C + (B -2D)() + C E2 ] + [2(A - D)C3C4
3 2+ 3 34

+ (B - 2DE)(C 3 + C () + 2(( - 2)t + (A - D-) C 4 + (B - 2DE)C 4 + C-E 2./(t+I) 2

(183)

The const ants C3 and c4 are determined by ann ihi ,at in, the

coefficients of t in (182) and (1P,3). These ',et f icients will vanish if

2A(C + B(W + C, + 2C (0 (184)3/ 4

f-(U C + 1f.((': + ) + . = 0 (185)

Equation (185) i.s rewritten is

(C, D + f) (Dc.. + 1) = 0 (186)

The above equiat ion wiI! he it isf jted ii

C3 - (187)

Subst itilt ion of (1,87) ",r C in ( -18 ) ,ive

C4 iE 2-I) (188)

The inequal itv (1 79) as-;sures thait

B) - 2A: # 0 (189)

With C, and C, cIV('n hv (187) and (188), V of (182) becomes
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I t2 BE -2CI)'2 BEF-2CD
TJTT /c + A( B+ A B( j ,,") + C (190)

where

c (CDf BDI: + A17)/1ff (191)

it can be shown that

lil. - _(I _" B1 21 -"(Bi )
A&.ifi (+ B(A( +- Cf (1 92)

P, ~ ~ ~ ~ 1 1)-_ i)2I

1) h 2L 1 (193)

E*quiat ion (1 9?) rc&Iices; (190P) toa

1t 2 + '4A( - ) c (19')

frhla1"t i on C i49') cInI bt rtec st ;I

(2( -r)c-hDW) (195)

I t i S X I I t ' 7 (Ii ~ t h; IW ta

C 0 (196)

Thank S to (1 19) '.inI (1), 1 at ( a2 1)o bex e~rucsd as

C.
t + t (1 (197)

B-1 (198)

,oW,i jti ian o!(1H7) .ind (188) into (183) gives
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" 2~ _ F 2 2 BE- E2CD'2

% 1 - = i (A - 2 ( ) (B 2DE)(E) + C-E 2 )t + (A-D 2)(B )
) ) BD - 2AE

B E 2 C 2 (12+ ( E - ) 2A 1) + C - E /(t + 1) (199)

,NO)W-

Now,

F2(A- iC-(r - (B - 2?E)( ) + C -E = c (200)

and

2 ,-.,B - C + () - "CD. + _F2 (4AC-B2)c - 4c 2D2
(A- -)(- + )(--'--- + C2 (201)

BP2 2P b

Hence, (1914) reduces to

2 CQ( + q - p-)
- . . (202)

(t + I -

whe r'
(203)

and q is iven by (9,) Fihualt ion (149) can he recast as

1< - 2 - 4)2 c (204)

It is evident from (198), (203), (204) and (118) that

I I

q p (205)

From (180), we obta in

C- C
(Ix - 3 , d t (206)

(t + 1

Substitution of (187) and (188) into (206) gives

dy -- 2c dt (207)
Pb(t + 1)

where b and c are ,iven b (193) and (191), respectively. Substituting

' I I . .. .
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(180) for x in (61) and using (187), (188), (191), and (193), we obtain

v -2c (208)
h(t + I)

2 2
Substitution of (197) for V, (202) for V - v , (207) for dx,

and (208) for v in (167) yields

1) 4 - r t + I dt (209)
2 2 2

t + 1(t +q -p) It + q

Assuming that t + I does not change sign during the integration in (209),

we obtain

I = - F t -1 (210)

1 F t -1 (211)

where

4, c 2 dt (212)Db2 2 1 f 2
D2 (t 2 + (I - p) t 2 +q

Avoiding the question as to whether or not the combination of (210) and

(211) is a valid representation for 115 of (209), we proceed to evaluate

(212) and transform (210) and (211) into the domain of x.

The substitution

T L (213)

f2 + 2

and subsequent equations

2
dT dt (214)

+ 2 3/2(K + '1

t 2(215)

1 -T

0I

L a . ,f...... Ii II m I I | '
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reduce (212) to

F 22 2 2 (216)
Dbp ) T1+ - p

2
P

Application of [7, Formula 120.1.1 to (216) gives

4=- tan 1 -) (217)

Db-p - p I - p

In (217), T is given bv (213).

With a view toward eypressin ' T of (213) in terms of x, we use

6(208) to obtain

t + 1 . 2c (218)

It is evident from (218) that

by + 2ct =- i '- (219)
bv

Equation (197) Jives

+ 2(220)

Substituting (218) for t+I in (220), we obtain

S22 2c V (221)
+ (I =

Thanks to (219) and (221), (213) becomes

T= by (by + 2c) (222)

2b Iv ,c V

Bvfore substitut ino (222) into (217), we use (198), (203), and

(204) tO obtain

2 2(A - D )d
SP (223)

2h

Di
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Now, (222), (223), and (203) trnsform (217) to

hi tan -1 (-v (by + 2c)D 2  (224)

(A - q)d 2 v'dV(A - 1-)

which is equivflent to

hv,.,r - I
7 . .....- tan C (225)

by (A - I-)d

where
= (bv + 2c)I1 (226)

2dV (A - lD-

In view of (16), it is evident from (218) that bv 0 when

t . -1 and that by wh Tn t --1. II'Ice, with F given by (225),

(210) becomes

S, by "( (227)(A\- O)2)i

and (211) becOcmes

1) i 1
1 .1 . .- -- I)--- :1 '1 C (228)

(A - 1-)d

The combination of (227) and (228) will be a va llid representation for

I of (167) if this combinat ion is continuotis at by = 0. Since the15

right-hand sides of (227) and (228) are identical, the combination of

(227) and (228) is obviously continuous at bv = 0. Hence, this combi-

nation is a valid representation for I15 of (167). This representation is

S- 1 5

I15 D- -) tan-I C (229)
(A - T) )d

U
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II

I-1

= tan- C (230)

then

G tan (31

Y"oW, (231) imp] its that

ta' (-{ - :'.) - (232)

Because : lics hetween -/2 and /2, , -,K.must lie between 0 and

It is now evident from ("2) thaIt

v- - K tan (-") (233)

-1]*

where tan is thC in 'r-Si tall' clt Vhse vI I ' I ie S c twt n 1 and

From (233), we obtain

- x :m (234)

Subst I tut ion o W (21(1 %,r ,i (

tn,: - t e:i t; (235)

Su st itt in. (2 ) ",,r t {; in 2 ), miitt inc tile constant

/2, in d usin" .. " n

2
1) *1 2dV(A - 1D')

= --- ,- tan (-- + -2) (236)
15 (A - Ovd b + 2c )D

Expression (236) is T 15o (167) for the casc, i . which (179) holds.

If (236) were to reduce to (178) when (171) holds, then (236) would

also he 115 of (167) for the case in which (171) holds. The following

reasonin, is presented to show that (236) reduces to (178) when (171)
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is true. It is evident from (171) and (193) that

b =0 (237)

so that (195) reduces to

(I - (238)
A - 1)

Solving (238) for c, ,ibst ttin.'. t lis v,-aue of c into (236), and usine

(237) , we obta in ( 178) . Thcre frc , (236) reduces to (178) when ( 71)

holds. Hence, expression (2361 is 1ol (167) for both the case in which

(171) holds and the c ,se in w,-hich (179) holds.
-l

Conct, rnin, th, c nent - t il in k1o9)5, we find that

(:'. + 5 ) = u (239)
2(,\ - I)2 )

where
,i)

-v + --- (240)
)(A - If)

where v and b .are ivcn 1% ( 1) and (193), respectivelv. Hence,

(169) becomcs;

_ i Ct ) (241)
d(A - )

Subst itut ing (236 ) and (24l) into (165) and then subst i tit ig (165)

into (163), we find that, within an addi t ive constant,

-I 1 -1 u "2dV(A - D))

taIn t7 [tall tanll (242)
- d (hv + 2c)D
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IX. A GLOBAL FORM FOR TilE I N'TEGRAI. OF ' i'tt i.AR I .1.MI

Equations (191 , (239), and (242) .ilow (102) t he r,.written as

I= - Ii, n(V + v) - -- ) - - In (V + ---... ) -
S2,A (A If) 2,,

tin (I -I tin I d * ,) I (243)d (Iv + 2c)I)

Expression (243) is 1I t (59) when d 0. In this section, it is shown

that (243) is a c:Ihobal form for the intuera 1 I of (59)

Expression (2-3) wil 1 he a 1bhal form for the integral I1 of

(59) if (243) is 11 of (59) in 'lI possibIe cCAses. Only three cases areI
possible, the case in whichi (118) holds, the case in which (81) and

(82) hold, and the cise in which (68) holds. By definition, (243) is I

of (59) fOr tl case in wh ich (118) holds. It remains to be shown that

(243) is 1 of (59) for the (a.t in whiChI (81) and (82) hold and the case

in which (68) holds.

Express ion (243) will be I (of (59) for the case in which (81)

and (82) hold if (243) redmes to (117) when (81) and (82) hold. Settinc
-1 /

d = 0 in (243) and not inc that tal (n/d) can not exceed / 2, we

obtain

1 bh3  (A 2

1= 1 1m tn(V + v) - 3 n (V + )+ B Dx (244)
A( - D2) 2, A

In view of (193) and (239), it is apparent that (244) is equal to (117).

Therefore, (243) is I of (59) for the case in which (81) and (82) hold.

Cons ider the ;ircinent V + v of the first logarithm in (244) . It

is evident from (72) and (81) that V 0. Hence, if v '- 0, then

V + v 0. If v 0, we write
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+ v= -(245)
V-v

In view of (82), comparison of ( 168) wit (166) igivcs

V 2- (A - i) (x+ ------ 2 (246)

Eqluat ion (231)) rt.-duct- (240) to

v 2 it(247)

Sub.-;i t u tt i on o f ( 24 7) into (2 4 ) i vc'

+ v A - I)-,)I I (24q,8 )

-_ ( V - v)

According to (248), if + wr to ipproach zero, then Li would

approach zero s miltncisi ilt tile ii In (V + v) term in (244)

woul d approach li zro harml1 ts slv. llokver , if ii is, exactlIv zoro * we

mutaree to omit the it Na(V + v') I! erm from 25)itlot ca'l t-

itug InrdV - v ).

Express-ion (24 1) wil b 1e 1 of ()(0) for the ease in which (68)

holds if (244) reduces, to l(8i))We (f), ) holdis. Frjuat ion (68S) is

accompanied 1w (70), sothat , ;ieeord ni to (10i)

1) 0 (249)

Thanks to (241)), i!, ii il tiof! t lie- eond logar ithm term in

(244) is zero. I'ln:ort 111.1! l]%' th ie rgulment of this logarithm could

be zero. I f. te~i co tt e c I tit iV Zero, we aigree to set this

logarithim t(r,, c I ir 'ct out c;ileuliat ing the logarithm, then

(244) redlic

Ii lnV 4-x') Px)(250)
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(2_Ax + l = (25 1)

Subst itLut ion of (251) into (2 ) '10 i" lds

2,"x + I; 22S I. l+(V + v) - x (22)
1 i.i

which is ident ical to (80). ihnu .. (24/ ) i I 1 of (59) for the case

in which (h8) holds. It i, k.vid,.it from (78) that, whenever V + v

approaches zero, 2Ax + B also approaches zero so that the logarithm

term in (252) approaches zero harmlesslv. Nevertheless, if

2Ax + B is exactly zero, we must agree to omit the logarithm term

from (252) without calculating ln(V + v).

It has been establi, hed that (243) is I of (59) in all threeI

possible cases, the case in which (118) holds, the case in which

(81) and (82) hold, and the case, in which (68) holds. Therefore,

(243) is a global form for the integral I1 of (59).

X. USE OF THIS INSTEGRL TO EV.\I'ATF: THE POTENTII.

In this sect ion, t le gl Obal form (243) for the integral II of

(59) is used to evaluate the totcintial V(r) of (58).

Replacing the constants A,B,CT), and F inherent in (59) and (243)

bv A. , B , C , p., and E., we obta inI 1 1 1 1

(In (R. + x.))(, [t. ln(R. + x.).1 ' I F . i i 1

0 L

h.P. 2A. + B.

ln(R. + 1) _ D
2 A (a.- 1) 2' A.i 1 1

2diR '(a i  - I)

+ d.tan (i) d.tan -  1)2)] (253)
I 1 h x + 2 0

where R. and x. art givcn by (12) and ( 16), respectively. Also, d. is

the positive squlire root of tlih ri, ht-Iiind side of (54). Furthermore,

!
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9
a = /D (254)I I I

1. = (B.D - 2A.iE..)/1) (255)

c= (C .1):- B 1) F + A. F)/D (256)
1 1 l1 ii I 11

b.

u. = x + __ (257)i I 2(a. - 1)( 5 )

Equations (255) - (257) are similar to (193), (191), and (240),

respectively. It is evident from (19)) that an alternative expres-

2
sion for d is

C 2

d 2 . .. ..- ------ (258)i a. 1 (

-1
In (253), tan is the inverse tangent whose v;ilue is restricted to

lie between -/2 and /2, 1 tn is the inverse tangent whose value
-1

is restricted to li' lctweCn ( and If d. = 0, then the tan term

in (253) is to he set cquil to zero. If the coefficient of one of the

logarithm terms in (23)0 is 1eWro1, hen that logarithm term is to be

set equal to zero.

When (253) is substituted into (58), the term in (253) cancels

out of the sum on i and we are left with

-( - 1~ -- 3-r - I I Ii(- )V(r) 4 r -1) [ ln(R + x.) + L.

o-- . i1l

ii 2d R.(a. - 1) 111 1

+ (I tan () - dtan -  (- )] (259)
d. i b.x. + 2c.

1 111 0

where
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h.D. 2A. + B.

-- In (R. + _ ) (260)
1 11

XI. MANIPULATION OF THE POTENTIAL INTO THE DESIRED FORM

In this section, the term 1. in expression (259) for the poten-

tial V(r) is manipulated into the second logarithm term of [5, Eq. (4)].

Then, (259) is rewritten so as to coincide with [5, Eq. (4)].

Expression (260) for I. is recast as

h.). 2t A. R. 2A.' + B
L in --- +---r--Z) + K (261)A , . (a. - 1) 1. 1D!l

A 1

where

b D 2 A\.
K . .. .I- . n (7 -- ) (262):i IX . (a . - 1) D

A .

It can he shown that

2A. + B
2a x. + h. (263)

P. 1 i

where x., a i, and b. are given by (36), (254), and (255), respectively.

Substitution of (263) into (261) gives

h.D. D. 2 A. R.
S I -- --(I'-- ( - + 2 a.x. + b)) + (264)

Li= A (.2- ) . .
I D

For the purpose of obtaining still another form of L. of (260),1

we call the argument of the logarithm in (260) ARC and express it as

2A fl, 2A. + B.
(R. + ) (R - 1).X2 A. 1 , A.

tA.

A R ; . .. . . . . ... .- --- ( 2 6 5 )
A. 1

II
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With R. given by (32), (265) reduces to
1

4C-

2A + B,
4A. (R - )

II

If 4A.C - B = 0, then it can he inferred from (70) and (193) that

b. 0 in which case 1.. is to be sect equal to zero. Hence, it is

permissible to assume that 4A.C. - i # 0. Tn this case, (45) im-

plies that

4A.: - B 0 (267)1 1 1

Equation (267) assures that both the numrator and the denominator

in (266) are positive. Now, (266) allows (260) to be expressed as

S.). 2-IA. R. 2A + B.
L.. .in ( --i--' - _ . ..IT-, + Kvi (268)1 2, A.x . - 1) 2ii

S(a

where

2h.P. '),.(:. - 1K

K. - . In ( -  - . ) (269)
A. (a - I . A. P.1 I 1

SuIbstitut ion of (201) into (2o , _ i .s

b . . ! A . . . ,i . + 1).)

--- = . ... - In ( ) + K, (270)
(a.

It i sp r I ss l eto omit th,1, constants K and K. in (264) and

(270) hc,'cais,, t he, sill canci out whten the limits of interration are

applied . :,. jilC ' .11 6/4) 1or P ) , t iP in (27(0) for 1). 0, and omitting

t ilt, (,0 11 - M t 111.1 ;'i,., " , l l

ligap
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. = . . .. in (2 a. R. + 2a.x. + b.) (271)
2, ;a. (a. - ) 1

1 1

In (271), a. is, of course, the positive square root of a..1 1

Substituting (271) into (25"), we conclude that

(r - r ) (r - r ) 2. i
V(r) - U. ln(R. + x.)

4 r.) -r P1

. . . .. .i . .... In (2 a . R . + 2 a .x . + b .)

ii.2diRi(a i - 1) 1
2 R 11 1

+ titan ) tan (_- _ -- )l (272)
1 11) x + 2c. 0

where R., x., ;a., h., c , and u. areg iv-n by (32), (36), and (254)-(257),

respec tiw lv. Morover, di is the positive square root of tile right-hand

-I
side of (258). In (272), tan is the inverse tangent whose value is re-

- 1*
strictd to li. betwe,,n - /2 nd /2, ;ifd tan is the inverse tangent

whose value is restricted to lie betwee'n () and If d. = 0, then the

-1
tan term in (272) is to be set equal to zero. If the coefficient

of one of the I ,ar ithm-. in (272) is zero, then that logarithm term is

to he set equal to zero. Except for the facts that there are no magnitude

signs on the argument of its second logarithm and that its last term con-

tains an asterisk, the right-hand side of (272) is identical to the right-

hand side of J5, Eq. (4)1. There is no need to take the magnitude of the

argument of the s;e,'md logarithm in (2/2) because this argument can never

be negative. The second inverse tangent in [5, Eq. (4)] has to be on the

range from 0 to in order to pass cont inuousIv through -/2 as h x. + 2c

passes through ze.ro.
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