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On behalf of the United States Army Electronics
Research and Development Command, parent command of
the sponsoring Electronics Technology and Devices
Laboratory, I take great pleasure in welcoming you
all here and formally open the 36th Annual Frequen-
¢y Control Symposium, I am speaking here for Major
General Emmett Paige, Jr., the Commanding General
of the Electronics Research and Development Command
and for Dr. Clairence Thornton, Director of the
Electronics Technology and Devices Laboratory. Both
gentlemen are attending an important conference in
Washington and regret very much that they cannot be
with us today.

friends from other countries. It is always excit-
ing to realize how much the common interest in a
field of science and technology is uniting people
across distances and political boundaries.

It gives me great satisfaction personally to
again be able to attend this annual event. 1 only
missed the Symposium of 1959 of all the 36 confer-
ences. But please do not draw the wrong conclusion
as to my expertise in our field. When you are
moved into management, away from personal research,
E you don't have the opportunity to remain in contact
with the activities in specific technical topics
and you will be surprised how fast technology moves
forward without you. But when I finally retired, I
as able to return at some degree tc my favored

‘-\ﬁbb:xé frequency control. | was amazed how far you
have progressad in controlling all the disturbing
influences of time, design and environment on our
frequency control devices.

«_\K; o

36th Annuel'inquoncy Control Symposium - 1982

(k ! b\/&;t".‘ ! ,

(%% o

“
it OPENING REMARKS
" Lw
\
- DR. E. A. GERBER
VL e (retired)
P US ARMY ELECTRONICS RESEARCH AND DEVELOPMENT COMMAND

FT. MONMOUTH, NJ 07703

At this occasion, I cannot resist the tempta-
tion to look back at the birth of our conferences.
It happened in 1947 when the first symposium was
held 1n a conference room of the former Squire
Signal Laboratory. The purpose of this first
meeting was to review progress on the various con-
tracts to assist the military in future program
planning. The next three symposia were expanded
and moved to Gibbs Hall. After that they were
moved to Asbury Park in 1951 and stayed there until
the first meeting in Atlantic City in 1960, the
fourteenth symposium.

I remember too well, by today's standards, all

I would like to extend a special welcome to our _ \*1he frequency control devices available in 1947

were totally inadequate. The holders leaked, high
frequency crystal units aged or drifted badly and
they had high resistance at low drive levels.

There was considerable variation of resistance with
temperature and many of them had unwanted modes
which caused off-frequency operation of the equip-
ment. —

It is beneficial once in a while to look back
in order to be proud and happy on the tremendous
progress which has been achieved in crystals. A
similar statement is valid for our atomic standards
considering how much we have gained in accuracy and
ease of operation together with a tremendous re-
duction in size specifically when we remember the
first eight-foot Cesium beam gian{.” But now enough
of the past. tet ys begin to¥dook at today's pro-
gress in our field and get some glimpse of new ad-
vances the future may bring for frequency control..

7~

In this regard, I wish all of you an interegt-i
ing, profitable and enjoyable meeting.

Thank you.
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THIRD OVERTONE QUARTZ RESONATOR

R.D. Mindlin
89 Deer Hill Drive, Ridgefield, CT 06877,U.S.A.

ABSTRACT - The Lee-Nikodem equations of motion of elastic plates are solved
for the case of vibrations of a&n AT-cut quartz strip, with free faces and
edges, at frequencies up to and including the third harmonic thickness-shear

overtone.

1. Introduction

About 30 years ago, A.W. Warner [1] developed a high precision
crystal-plate resonator utilizing the third harmonic overtone of thickness-
shear vibration, i.e. a mode involving a thickness-shear motion with three
nodes across the thickness of the plate rather than the one node of the
fundamental thickness-shear mode. At about the same time, equations were
developed which extended the classical (Lagrange-Germain-Cauchy) range of
frequencies to include that of the fundamental thicknes-shear mode; but it
was not until much later that Lee and Nikodem [2,3] formulated eguations
suitable for studying vibrations at frequencies of the harmonic overtone
modes of thickness-shear.

In the present paper, the Lee-Nikoderm third-order egquations are
solved for a case of rotated-Y-cut quartz plates with free faces and a pair

of parallel, free edges. The results of computations for the AT-cut plate

r -
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are presented for vibrations in the neighborhood of the frequency of the
fundamental thickness-shear mode and in the neighborhood of the third
harmonic overtone. The differences between the two exhibit some of the

reasons for the higher stability of the latter.

2. Lee-Nikodem Equations

To obtain two-dimensional equations of motion of plates from the
three-dimensional equations of linear elasticity, Lee and Nikodem start with
an expansion of the three-dimensional, rectangular components of displacement,
u.,j=1,2,3, in series of trigonometric functions of the thickness-coordi-

J
nate, Xg of the plate:

N\
uj = Zugn) cos N8, (m

n=0

(n)

where the Yy are independent of Xy and
B = m(1 = xy/b)/2 (2)

in which b is the half-thickness of the plate. The functions cos ng8 give
the shapes of the simple thickness-modes of an infinite, isotropic plate with
free faces at X2t h.

The expression (1), for the uj , is substituted in the variational

equation of motion [4]:




(7 - pl;)ou.,dv = 0 (3)
fv 13,1 7 PUg7oY

where the T1 3 are the components of stress, p 1is the mass density and

V 1s the volume. The integration is performed over the thickness of the

plate and leads to stress-equations of motion of order n; which are,

omitting the terms accounting for surface tractions,

Ti(?) - (nm/2b) Tg) = enpu‘gn) . (4)

1
where |

b b
(n) . (n) . 1 j
Tij b f Tij cos ng dx, , Tij b Tij sin ng dx, ,
-b =b
(5)

and en-z for n=0 and en-1 for n>0. (Corrections of [3] by a
factor of 2, for n=0, were kindly supplied by Professor Lee).

The three-dimensional strain-displacement relations,

Sij = (Uj'.i +u1,j)/2 s (6)
become, with (1),
{n) . &(n)
Sij ° 2.% (513‘ cos nB 51.;.' sin nB) , (7)
where
5




s(g) s (u() H)/z, Sgg)= nn(GZiu§”)+6 oMyee (8

231

and <S,l j is the Kronecker delta.

The three-dimensional stress-strain relations,

T cijklskn. 1,4,ks2%1,2,3 or T = ¢ S, p,q=1...6, (9)

iJ P P9 q

become, from (5) and (6),

ng) * ciJkl(e S(n) ; A S(m)) T(n) 4 Jk2 (n) Z Anmsl(:L‘) (]0)

where

Am = (0, m+n even; 4m/(m2-n2)1r,m+n odd. (1)

The components of stress (10) are derivable from a strain energy

density, U, according to

T,(g) . aums%", 11(3‘) . aU/asgg) (12)

where

oo g (4S5 + SIS D SIS ¢SS0

(13)




3. Reduction to a Special Case

The example to be studied is one of steady vibrations at frequencies
high enough to include the third harmonic overtone of the thickness-shear
family of modes of an AT-cut quartz plate bounded by free faces at X, =+b
and free edges at x=*a. The modes are to be straight-crested along X3
and antisymmetric with respect to both x; and Xy » Thus, we take, of (1),

only

u = (u%” cos B + uP) cos 38) et

u = (uéo) + ugz) cos 28) elut . (14)

. (0) (2) jwt
u3 (u3 + u3”’ cos 28) e R
in which the ugn) depend only on Xy . The second term in U accommodates
the third harmonic overtone thickness-shear mode.

What remain of the stress-equations of motion (4) are

(0)
Tz t2fuf® = 0, i) e 22l - o,
L L I A L F UM S

(3)
ng) - (ﬂ/b)Tég) + owzugz) = 0. T, - (am/20) 13 pwzuP) = 0.
(15)

and the only non-zero components of strain are, from (8) and (14),




P
stV =l {1 = wan)d)
I T ”
2 = (wonl? 32 = (wenl?
S S 3830 = (amyn)uf®)

Nine constants of elasticity, referred to axes in and normal to the
plane of the plate (with X; an axis of two-fold symmetry of the elastic pro-
perties of quartz), enter into the present example. As computed by A. Ballato

[5] from R. Bechmann's [6] principal constants, they are (in N/m2 X10'9):

¢y - 86.74 ¢i2 T -8.260543013 Cgg = 68.80698505
Cp = 129.7663387 €y = 5.700423178 Co6 " 29.01301496
cqq = 38.61152627 ¢y = -3.654869573 Cgg = 2.533571817

0f the remaining twelve constants, four (c]3. Co3s c33, c43) do not enter
into the present example, as the modes are independent of X33 and the others
(cls. €50 €350 €45 160 C26° C3g° C46) are zero for the rotated-Y-cuts of
quartz,

Lee and Nikodem introduce a low frequency correction factor k1 and a

high frequency correction factor kz . The former appears as a factor of A1o

in the strain energy density appropriate to the present example:




W . z(c555§°)5§°) . c“sémséo’ + 2c565§o)séo)) . CHS‘msgn
+ °555§2)5§2) + Csssgnséz) + ZCSGS‘(SZ)ng) ‘ ‘nsl( 3)5§3)

2)x(2 2)e(2 2)e(2 el 3)x(3
+ c225§ )Sé ) . c44S£ )Sg )+ 2c243§ )Sg ), cGGSé )Sé ). c665é )56 )

+ 2"1“10“665:(30) + csssgo))sé” + ulz(cessé” + °555§2))5§1)
+ 2‘21(°1zs§2) * °145£2))51m + 2“23“125£2) + °145£2))51(3)
+ 2“30“665«(30) + °565§0))5é3) + ZAaz‘casséz) * csssgn)sés) ,
(17)
where
App = 4/, App = -4/3m Ay = 8/31 ,
(18)
Ayy = -8/51 Ay = /3, Agp = 12/5m.

The correction factor k2 » 1in the present example, is inserted as a divisor
of the tem 2puul®)  in the first of (15).

Adjusted values of kl and kz » as supplied by Professor Lee, are

W s /8, K = 0.501. (19)

From (12), (17) and (16), the surviving stress-displacement relations

are




9+ el o el 4

= 2[c56 + Ceﬁ(“

W °11“§1% * (8/3b)(°12“§2) * °14“§2));

TS e ol + csglull] - D v casos,
T = cggu?) + cogluf?) - 2zl + asso)uy,

(20)
Tﬁ) ¥ cn“§31) + (8/5b)(c12u§ Vs c”u(z) .

T%;) = (dk]/w)(c55u§°% +c66u§0)) +(w/2b)c66 ( ). (4/3n)(c56ug % *CggU g %).

ng) = (8/ﬂ)c‘ (u(1)/3 - u§3%/5) + (w/b){c 2u§Z) + c24ugz)),

b . (8rm)cy il - u(a),s) ¢ (ub)e,uf) + cqui®)

1 . (473m) (cggu g )s c55u‘°’) N (1z/sn)(c56u§ )+ g ;_2)) + (3n/2b)cggul

The displacement equations of motion, to be solved, are obtained by
substituting the stress-displacement relations (20) into the stress-equations
of motion (15) -~ with k2 inserted in the first of (15), as mentioned
previously.

Finally, the edge conditions are

0 0 1 2 2 3
T§3) = T‘(z) = T](]) - T§3) - T{z) - T{‘) =0 on x‘ - ian (2])




4, Dispersion Relation

In (14) we take, omitting the factor eiwt.

0« A0 in gy, g2 < Al sinex
u§°’ . A§°) sin €xq s “52) - Agz) sin &xps (22)
u§1) : Agl) cos €xy » U§3) = Aga) cos £xg

and substitute first in (20) and the result in (15) to produce a set of six
simultaneous, homogeneous, linear algebraic equations in the six amplitudes

(n) .
AT of (22):

a“AgO) + a‘zAgo) + a‘3A%1) + 0+ 0 o+ 316A§3) - 0
alego) * azzAgo) + °23A§]) + 0 + 0 o+ 325A§3) =0
R R (23)
0+ 0 ragl) 344A§2) * aasAgz) + a46A§3) =0
0 v 0 raghl) v agal® vagall v aald < o |
aleAgo) + azsAgO) + 0+ 346A§2) R aseAgz) s aseA](3) -

The coefficients apq , made dimensionless and real by some manipulatiors

of the equations, are




o
—
—_
[

- 2(22-92/k2). a, = 255622 v oaye 4k]z?'/1l . A 4%,

e 2E 42 ol - = 2 _oa= L2
22 2(c551 -0, 2,3 4k]c562 /n, a26-4c56z /T,

33 (c”zzﬂ -Qz)zz. ay, = -4(1+4c]2)22/3rr, agg = 4(4c]4-c56)zz/3n ,

(24)
a,, = 22 + 4C,,-0%, a,. = 8C,, + See2, @ = 4(9 + 4¢ )22/51:
44 22 * T45 24 56~ * “46 12 *

L
[}

- 2 - 2 . - . 2
55 CSSZ M 4C44 -, agg 4(4C]4 + 9C56)Z /5w,

= L2 2,.2
ase-(c”z +9-q%)2°,

where

- -2 2 2 - .
z=2tb/n, QFww, w =7 c66/4ob . cpq = cpq/CGG H

i.e. 2 1s the ratio of the thickness of the plate to the half-wave-length
along the plate and @ 1s the ratio of the frequency to that of the funda-
mental thickness-shear mode of the infinite plate.

The determinant of the coefficients of the A§") , set equal to zero:

lapql = 0, (25)

in which a1 " 35 "2y " 3y = a3 = 0, apq = aqp » Pproduces the dis-
persion relation Q vs. z: a sextic, algebraic equation in z2 . The
equation is the same as (43) of [3] except for the factors 2 in 3170 3150 350
as already noted above in connection with (4). Also, here, all the elements
a are real as a result of multiplication of the third and sixth rows and

pq
columns by z.

12




The six branches of the dispersion relation, computed on the HP-85
micro-computer, are illustrated in Fig. 1. The characters of the branches

are indicated by their identifying symbols:

F = Flexure

FS = Face-shear
15 Thickness-shear (in xl-direction)

2. = 2™ Thickness-shear (in x3-direction)

3 = 3™ (Harmonic) Thickness-shear (in x]-direction)

22 « 2 Thickness-stretch (in xz-direction)

The subscripts in the symbols 1]. 23. 31. 22 designate the direction of
displacement (or predominant displacement) at z=0, whereas the numbers
themselves give the number of nodes between x, = *+b, Thus: in 2, the
displacement at 2z =0 1is predominantly in the direction of X3 with two
nodes across the thickness of the plate. Note that the roots 2z for branches
F and FS are real for all @, but the roots for the remaining four
branches may be real or imaginary, depending on the frequency. If imaginary,
the variation of displacement along X is exponential or hyperbolic rather
than trigonometric.

The zigzags in the curves in Fig. 1 result from the spacing of dots
on the cathode ray tube display of the HP-85, The figure is the HP-85's hard
copy of the CRT display. The roots 2z were actually computed to an accuracy
of 10'9 -- 3 precision required for their subsequent use in solving (34) and

(37). Intervals of 0.02 in Q were employed for Fig, 1, resulting in a com-

putation time, for the range 0<Q<4, of about 6 hours or about 18 seconds




i

i
I

per root. The secant iterative method was used, with starting values given

by the following approximate formulas, followed by increments of 10’6 in

2,
zn :
2
F . l] 2 g 2
2( = 6.42258(1+6)Q°[1 £ (1+K)2/", (26)
l] i
t 6 = w2 Ty E,), K= ea1)0v6)8 (2)) J
Fs : 25 = 0.48119 o (28)

2,.2
. 22 - {2.229(9 /94 - ]), Q < 94 »

3 > 2 (29)
0.42305(e%/28 - 1), 2 > 9, »

2,125 = s@ed -1, a>a, (30)

2 2 . oaem um T = 42, 422 %

Yo B = ATy + Ty F [Ty - Sg)” + 46317 (31)

0.33799(a% - 9), <3,
L2 (32)

3] o 2

0.40651(0% - 9), 0> 3.

These trial roots match closely or exactly the roots of the sextic at z=0
and at 0=0,3 (except zg at 2=3) resulting in trial values adequate

for convergence of the iteration for all 0<Q<4,

14




5. Frequency Spectrum

For each of the roots zs of (25), five amplitude ratios, say

0),,(1 0),,(1 2) ,(1 2) ,(1 3) (1
Ag)/A§)gu]n‘Ag)/Ag)'aZn'Aé)/Ag)=°3n'A§)/A$)=“4n'A$)/A§)=°5n’

(33)

may be found from five of the six equations (23). Thus, with the third of (23)

omitted, we may write

anlzgapg) + agplzgep) + 0 0 * 6%y = -8y
N2(Zorn) *aglze ) v 0« o *a6%n < g3
o ¢ O v aulzgy) tagslzeg) ¢t ey, (39)
6 0 *agslzgag) +agg(zop ) + ageag = -ay

216(Zn%1n) * 226(2025) ¥ ag5(z003) + agglz 0, ) + 305, = 0.

This form is chosen because the Z,%0* 2,000 Zpa3ns Z.9, and ag, are
real for all Q , as are also the apq -- as arranged previously.
With the six z, from (25) and the thirty %on determined from (34),

we may now write, in piace of (22):

R R et '—tvi




—

[=]
~—
1]

6 6
E . (0) E ;

= Aa, sing x;, u = Aa, sin g X,
o= 'n In n"1 3 pe 2n n’1

Y2
(1 Zf: (2)
N 2) . .
uy = 2 An €os £ Xy » Uy = . Ana3n sin £ Xy (35)
(2) . : (3) . S
u3 = L An“4n sin Cnx] R u) = s An°‘5n cos gnx1 .

Upon substituting the displacements (35) in the formulas (20) for the

stresses and the results in the edge conditions (21), we have the six equations:

nZ;A"bm" =0, m=1...6, (36)

where

1n = (Co6Zn%1n * CssZgdan * ZKyCg/T + Wggag /miot Tn,

on = (2,81 * Coe2adpy + 2Ky/T + 205 /m)cos Z 4
- - asl oA
3n > (-cnzg + 16205, /3 ¢ 16Cy 4209407302, ST 20,

an - (-4c56/31r *+ CgeZn%3n * C552n%n + 36c56a5n/5n)cos znl s

o
[]

gn = (-4/31 + z g, + Cgeziag, + 360, /5m)cos z L,

- - - - 2 a1 A
b6n (lbclzznu3n/5n+16c]42na4n/5n+c”zn;5n)zn sin z b

in which z, = wzn/Z = gnb, 2=a/b and the bm are real for all Q.




The roots £ of the equation obtained by setting the 6x6 determinant

of the coefficients of the An , 1in (36), equal to zero:
= 0, (37)

produce the data for plotting a frequency spectrum  vs., a/b.

The results of computations in the two ranges:

0.99 <q<1.01, 16 < a/b < 24

and
2.995 < Q < 3.005, 18 < a/b < 22

are illustrated in Figs. 2 and 3. To construct these figures, the six roots

z, of the sextic (25) were first computed for a given Q. Then the five

linear equations (34) were solved for the apn for each of the six z, and

the resulting combinations of apn and z, substituted in the transcendental
equation (37), after which the range of 2(= a/b) was traversed in steps of
0.1 for Fig. 2 and 0.025 for Fig. 3 and the value of lbmn‘ computed at
each step. A change of sign of ]bmnl indicated a straddled root & which
was then determined to 'IO'3 by successive linear interpolations. The process
was then repeated at intervals of 9 of 5x 1073, Figs. 2 and 3 required
about 58 and 49 hours of computation, respectively, on the HP-85.

In Fig, 2:

F22...30 are overtones of flexure

FS11,..15 are overtones of face-shear

ISt thickness-shear (fundamental).

]]] is the




In Fig. 3:

F62...74 are overtones of flexure
FS37...41 are overtones of face-shear

1]33...35 are anharmonic overtones of the 15t (fundamental)
thickness-shear

2323...27 are anharmonic overtones of the 2nd transverse
thickness-shear

3]1 is the 3rd harmonic thickness-shear overtone.

The numbers following the symbols F, FS, 1], 23 and 3] designate both the

order of the overtone and the approximate number of half-wave-lengths between

Fig. 2 illustrates the well known phenomenon of strong coupling of the
1St thickness-shear fundamental with flexure overtones and weak coupling with
face-shear overtones. Fig. 3 shows that the 3™ harmonic thickness-shear
mode has moderately strong coupling with flexure overtones and weak coupling
with face-shear overtones and, in addition, weak coupling with transverse
thickness-shear overtones. As for the interaction of the 3"d harmonic thick-
ness-shear overtone with the anharmonic overtones of the fundamental thickness
shear, the coupling is moderately strong at small a/b (thick plates and low-
order anharmonic overtones) and diminishes as a/b 1increases (thin plates and
increasing order of anharmonic overtones).

Finally, the minimum absolute values of the slopes of the segments 111
are much larger than those of 3;1. For large a/b, the ratio of those
slopes is approximated by the ratio of the curvatures of branches 3] and 1]

at z=0 in Fig. 1. The cxact values of those curvatures, in the three-

dimensional theory, were given by Exstein [7, Eq. 56]:
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Kn = [dzn/dzzl o = k +Ccot(nmn/2 cjg) + D cot(nmn/2 cg) s
z=

where

k = (¢ +A+8), n=1,3,5..., !
A= [(#E)cos 8 + (8, + Eglsin 81/(1-c,)

B = [(§, + Egglcos 6 - (14, )sin 81%/(1-cy) , |
C = 4f{cy+ Elz)cos 6 + (CZESG + EM)]Z/nZﬂ c’é“(l-cz)2 ,

D = &[(cy+ Elz)sin & - (c3€56 + EM)]z/nzﬂ c?(]-c3)2 s

Cprty = (Ggp * Taq + L(Eyy - Tgg)? + 835,12,

tang = EN/(C2 - Cq) -

For the present case, the curvature ratio k]/k3 is 4.7 and that is the
ratio of the slopes.

The large ratio of slopes and the absence, at large a/b, of strong
coupling with all overtones except those of flexure (which, at such high over-
tones, have very small amplitudes) are important contributors to the high

stability of third harmonic overtone resonators.
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Part1ally contoured crystal resonators using
only an edae hevel are frequently used for high
AT-cut devices in the lower frequency ranges.
Tredtaents have been proposed in the past for uni-
“amly contoured crystals neglecting electrode
1455 loadiﬂg?, but 4 convincing theory for the case
af 4 flat crystal nlank with only an edge bevel and
a non-neqgliginle plateback has proved ~-wch more
Jifficult.

Ay

"nis paper follows previous workers in re-
ducing the problen to twn dimensinnal form by 3
rijorous deduction of the dispersion relations for
wavequided modes in each region, accurate to sec-
pnd grder 1n the trgnsverse wave nunhers, corre-
spondiny to a normal thickness shear mode at cut-
aff. The procedure, faniliar from quantum mec-
nhanics, of using the harmonic oscillator functions
as a hasis, and deducing the eigensolutions in
ters of this basis by a perturbation approach has
heea adapted.  This method takes care of houndary
matching problems aytonatically, but it does re-
quir- the evaliation of a number of numerical in-
tayrations over the basis functions; this is how-
ever yery easily accomplished by modern
“aputers,

Key words fontoared crystal resonatar,
Acoustic waveguide,
1 Introduction

Far Aign Y crystals witn frequencies of 3 fow
Mz, tne gse af g spherioal edge nevel ty confine
e ey has Taag heen popalar,  Howeyer despite
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undertaking, and the complexities of the geometry
make a semi-analytic approach scarcely more attrac-
tive. Tiersten and Smythel»? used an equation for
a uniforn bevel, whose solutions may be expresseq
in teems of Hermite polynomials, if the condition
that they vanish at +« is imposed. In general! tnis
equation may be solved with parabolic cylinder
functions, and these were used by vangheluwe3 for
the case of the partial cylindrical contour. This
general approach of seeking a solution in each re-
gion, and constructing the function by matching
across the boundaries, is still feasible for the
two dinensional case of a spherical bevel if tne
material is isotropic in the plane., Ysing circular
polar coordinates the modes for a uniform bevel are
expressible in teems of associated laquerre poly-
nomials, and in the general case solutions may be
constructed with Bessel functions in the flat re-
gion, and with confluent nypergeometric (or alter-
natively Whittaker functions)A in the bevel region,
However when anistropy is introduced the problem
becomes vastly more complex and there does not
appear to be any reasonable way of solving the
equations directly in terms of known functions. For
this reason a somewhat different approach is adopt-
ed, which requires more numerical analysis but com-
pletely resolves the abave difficulties with the
analytic approach,

Following previous workers it is assumed that
the solution may be constructed using a singie fan-
ily of waveguided plate modes. For AT-cut quart:
tnis would be the thickness shear-thickness twist
fanily hich corresponds to a pure shear wave at
cut-f', Analysing the properties and dispersion
recgt s for the particular set of wavejuide
modes, for ,ath an infinite fully electroded ani an
infinite une'ec ied plate, provides approximate
equations f4r the behaviour of the resonathr mode
1n odach of the different regions, and is the start-
in1 pai1at for the method prasented here, Howewar,
the hastc plate mode analysis for this ngper is no’
aerfarmed hy approximate analytic methods, hut uses

ATt wreh wac dore in suppart of <aléard Flectrical Instruments Ltd Times Mi11  Heywood Fnaland
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a fully general computer programme which can ana-
lyse with equal ease, any family of modes, in any
piezoelectric material, with any metal overlay.
Having deduced the basic parameters of the systen,
the eigenvalue problem involving differential op-
erators is replaced by an equivalent algebraic
a@igenvalue problem using an expansion in terms of
the complete set of hasis functions provided by the
unifarn bevel equation, This procedure involves
the evalyation of a certain set of two dimensional
‘ntegrals, hut the special properties of the basis
functions make this comparatively easy. In add-
ition variations in resonator geometry may be
accommodated by this technique at no additional ex-
pense, To solve the eigenvalue probiem the set of
basis functions used is truncated at finite order,
but for low order modes this produces a negligible
error, and the solutions thus found are necessarily
continuous across all boundaries no matter how com-
piicated the geometry,

To sumarize, the basic assumptions of the
theory are:

{a) The solution may be constructed from just one
family of waveguided modes,

(b) The equations of motion in each region may he
deduced fron an analysis of the corresponding in-
finite plate geometry, and the final solution may
he constructed by matching the functinns and their
first derivatives across all boundaries.

(c) The bevel is assumed to confine the energy
sufficiently that the finite crystal size may he
ignored.

f4) The equation for the bevel region =ay be de-
duced on the basis that the variation in thickness
is 'slow'.,

Within the constraints of these assimptions no
significant error is produced in constructing the
solution, and a wide range of geometrical vari-
ations may he accommodated without difficulty.

2 General plate mode analysis

The method for analysing plate modes is fairly
well known, especially in connection with the study
af surface acoustic wave devices, hut in view of
its fundamental importance a briet description is
given here,

The 105t general structure which we rmst con-
sider consists of an arbitrary piezoelactric layer
witn arhitrary metal layers on either side (Fig 1).
The complete solution will be formed by a super-
nosition of partial waves, which, loosely speaking,
i1l consist of three acoustic waves, one langitud-
inal and two shear, propagating upwards, and three
sivilar waves propagating downwards, in each layer,
In addition there will be two partial waves in the
piezoelectric layer to account for the predomi-
nantly electrostatic disturbances, Therufore if a
coordinate system is astahlished with 7 axis normal
tn the plate, then to satisfy houndary conditions
wo oy dssune that all twenty partial waves have 4
NI

)]

A expliliyx + kpy - ()
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dependence with respect to x and y coordinates,
choosing fixed but
w the equations of
used to deduce the
wave, For example

So
arbitrary values for kj, xy and
motion in each region may be

2 dependence of each partia!l

if we assume a dependence

exp [1lkyx + kpy + k3z - wt)] (2)
for the three displacement components uj, and the
potential ¢, in the piezoelectric, then the
equations of motion become

Cijk1ukkIKG *+ exijekiki = wlouj "
—ejklukkiky + eigtkeky = 0

As ky,kp and , are fixed a solution of this set of
homogeneous equations will provide eight possible
values for k3 (in general complex), corresponding
to the eight partial waves in the piezoelectric.

In each of the metal layers a simpler set of equa-
tions apply and there will be six possible roots.
For these partial waves to form a solution certain
boundary coaditions rust be satisfied; the normal
stress components must vanish at the outer bound-
aries, and displacement and normal stress compon-
ents must he continuous across the inner bound-
aries. In addition we inmpose the electrical con-
dition that both metal layers are at zero potential
as it will suffice to deduce the short circuit
frequencies of the final resonator. The boundary
conditions therefore give a 20 x 20 homogeneous set
of equations for the partial wave amplitudes, and
the condition for a snlution is given by the van-
ishing of the 20N x 20 determinant of coefficients,
[t is most unlikely that the initial chaice of ky,ky
and ., will furnish a solution, and so keeping ky
and ko fixed 1s varied in a computer search rou-
tine until a zero value of the determinant is
1ocated. By repeating this procedure for a range
of values of k; and kyp it is possible to map out
the dispersion relationship, and of course all
possible information about the mode amplitudes is
readily available,

For small values of ky and kp, and & suitable
choice nf x and y axes, the dispersion relation may
be written as

? ? ?
aky + aky = (.2 - ) (4)

For the purpose of this work the 'a' and 'b'
coefficients have been deduced by computing the
mode frequencies for a suitahle range of small
values of «; and ko, and then performing a least
squaras it of £y T4y,

Far the fr3g prezoelactric plate the prohlex
1s exactly similar but is wch less complicated as
only eight partial waves are involved,

3 Tha generat formwlation

Having establisned the paraneters of the waveguide

nodes it is possible to write down the approxinatea

s puations in each region for the structure shown in
Figqure 2, 1f the disperiion relatinn in the elec-

troded region is given by




2 2
dlkl + 'JIK2 = {_(.'2

4
- wy) (5)
and we suppose that this relation is also valid be-
low cut-off, then we may use the equivalent
differential equation for the mode amplitude

2
SENCRILIIN SR TR (6)
Ax '\yz
In the flat unelectroded region
2 (7)
ap 228 4 by 22A - wph = W2A
ard in the bevel region
ap %A + by a%A - {a + 8(x2 « y2))A = - WA (8)
Ax2 ay?
? 2 .
where 1 = wp(1 - r2/Rh) and B = wp/Rh where R is

the bevel radius. Eq (8) has been deduced by
assuming that the rate of variation of thickness is
'slow' compared to the characteristic rate of vari-
ation of the mode amplitude, and choosing « and R
to ensure continuity between Eqs (7) and (8), and
to match the first order variation of frequency
with thickness at the bevel edge. It must be
realized however that it is very difficult to give
a precise criterion for the validity of such an
assanption,

If we now seek separable solutions of Eq (8)
in the form

Alx,y) = xix) Y{y)
then the equations become
2x2
W
ap 3% - 2 X = - aX (9)
2 T®
2.2
by 327 - 2 v ey (10)
A
wher2  + 1\ = Wl . u; (1 - FZ/Rh) (11)

[f the condition that X+0 as x+t= is imposed
then solutions can exist only for certain values of
\

-§x'2

X re Ho (x7)

2\ 3
ﬂa_) x and » (Rh} = 2m+ 1
Tha, wp\ ap (m integral)

and siilarly for y
-iy?
[ARE)

whers -

Hn ()
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H «
where y* =/ JZ_“\ Yy o= (20e1) 0 7 (13)
Rhb; \ Rh

The Hernite polynomials may he defined %y

Holx) =1, #{x) = 2x SEX
and the recurrence relation
Hasl = 2%Hp{x) - 2nHq_1(x) 11

in addition repeated use of the recurrence relation
is the ideal computer method for evaluation of
these functions. Although these functions dare of
course not solutions of our present problen they 1o
have a number of extremely useful properties, Tha
differential equations {9) and {10) are self-
adjoint and with the chosen bhoundary conditions
satisfy the requiranents of Sturm-Lionville theory,
their solutions therefore form a complete ortho-
normal set. Specifically if wg define

Ax7e
wp(x7) = (Z"n!/q)'aHn(x')e , then an arbitrary
function A(x",y”) defined over the whole x -y~
plane may he writtend

o L

A(x7,y ) = ¥ s Condn (7Y nl(s7)

m=0 n=0
where 1A
cn = LT AT,y Yam{x ) ialy T YdxTdy”

This is analogous to a Fourier series expanr-
sion, and we will transform the problem, so that
instead of solving for A(x,y) directly, we deduce
its components, cmp, in terms of the chosen sot of
basis functions, To illustrate the method of
transformation we will introduce a more compact no-
tation (originally due to Nirac)®, m(x Vunly™) 'o>
where each value of index p corresponds ¢y 2 spec-
ific pair of indices m and n. We will also define

Hz-ap2a2 -bp324 (242 (x2+y?2)) ()
‘\;2 \)’2
for all x and y

V = V) + Vp where

;JZ {1‘:\
Vp= el sa-a(x e y?) = 2 (20 (k2 s )
2 Rh
in the flat region, Vi = 9 elsewhers
2
Vo = (3g-ay) 1 ¢ (bpeby) 22 - 2.7
—_ 5 .

Ayl ’Ny.

in the electroded region, Vp = 0 elsewhera,

The fundamental equation for the prohlen nay
now he written symbalically as




(H o+ V)1 As = W20As (20)
and the set of basis functions are defined by

2
Hip> = wplp> (21)

'jsing the expression (14), 14> = Tcplp>, and sub-
stituting into (18) we obtain: P

“ep(H + V1p> = Wliepips
p 2

Tuzeplul ¢ V) 1p> = W2 seplips (22)
PP >

and so using the orthogonality relationship
<qlp> = %qp

Z(mgﬁpq + <q|VIp>)Cp = JZCq (23)

where <qlVIp> is a symbolic way of denoting the
double integral

<@iVip> = My (7 Yone (Y7 Y oV eum{x " Yan (¥ Ydx“dy”
with g =z m”,n", p = m,n (24)

Equation (23) is a matrix (infinite) problen
exactly equivalent to the original formulation in
terms of differential equations. The procedure is
to truncate the matrix at a finite order and solve
the eigenvalue problem for . and <p using a stan-
dard computer routine. It is intultively reason-
able that for the low order modes which have a
small dependence on the higher order basis
functions the error in this method will be small; a
more precise statement will be given in the next
section.

The obvious disadvantage of this technique is
the need to evaluate the double integrals of
Eq (24), but due to the special properties of the
functions .n(x”) this is not as much of a problen
as might first appear. The indefinite inteqral
over one of the coordinates, x” say, may he de-
duced by simple analytic means, for example

a 2
" Ha(x7 ) Ha(x7 )e=X" dx” =
-a
)
- 272 TmHp{a)Hpo1{2)-0Hy_ 1 (3)Hn(a)] (25)
m-ny

aEn

the case m = n is a bit more complicated byt an
axplicit formyla can be constructed by successive
integratinn hy parts.

Inteqrals of the forn
2

Yo7 Y Hn (7 )x“2e=X" 4x* and
i 4,7
a4 )e 47 (Hplx")e Ydx
1x‘7
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are readily reduced to integrdls of tne type given
in €q {23). 4ith tihis nethod the evaluation of €3
(22) reduces tn a4 finite integral of a continuous
function of y°, which is very easily evaluated hy 2
standari nunerical jJuadr4t ire rcoutine,

Haviag accepted the nead to evaluate & nunher
of inteqgrals, a gredat n1any difficulties are re-
solved, the boundary matching problems which were
S0 troublesome originally are now taken care of
automatically, and variations of the basic reso-
natar geometry prasented here n1ay be introduced
with no fundamental increase in complexity.

4 The nature of the approximation

The proposed method takes the exact fq (23)
and truncates the system at a finite order, N say,
and then by solving for the eigenvalues and eigen-
vectors of the resulting matrix provides approxi-
mations for N resonator =modes., [t is important %o
have some indication of the nature of this approxi-
mation, and some way of gauging the probable error,
First we must note that the matrix of coefficients
<qIVip> is not necessarily Hermitian {or symmetric
in this case as all functions are real). due to the
presence of terms in 22/3x2 and 22/3y? in Vy. How-
ever calculation shows that ay and aj, and by and
by, are virtually identical, so we may neglect the
asymmetric terms with negligible error, and it is
assumed that this is done for the purposes of this
paper.

A variational method is often used to approxi-
mate resonator modes. This consists of taking a
trial function containing a nunber of adjustahle
parameters, and attempting to determine these para-
neters by minimising an expression which is know to
have a minimyn for the true solution.
For this problen the formula

<Al HHV] AS (26)

(?A) will be minimized when |4> is the lowest fre-
quency mode., If we construct the trial function by
a finite superposition of the basis functions !ps,
and minimize Fq (?A) by varying the coefficients,
then it is easily shown that the resylting approxi-
matinn is exactly the sane as that obtained fron
the smallest eigeavalie of f€q (23) with the sane
finite set of basis functions, A generalization of
this result may be stated hy the following theoren:

Thearen

The true etjenfrequency of any ~ode is a lower
hound on any approxination t that fraquency which
may he ohtainad asing a truncated fora of Ty (23],

A proof of this result, which i not teivial,
would be beyond e scope of this parer,  The
theoren tells us that if we oalarge the sot of ha-
sis functinng used, the frequency estitates we
nohtain will be lower, hut still larger than the
true valuas, Sn in practical terms if sing nore
basis functinns produces a negliginle reduction o
nstimated freqaency, then the error i3 almast
certainly mininal, and this riterion i35 used t)




455055 accuracy.  The aethod can therefare

he regaried as a tyoe of variationa! 3ppruach
which provides 3 sinultaneous estinate of N
dutaally orthogonal modes,

If tne matrix is not Hermitian (synmetric)
then the theoren could be violated, and in jenera!
it is Aifficult tn make a precise statement,

Practical rasults and comparison wita experiment

Initially this method has been used for vari-
ours crystal designs on AT-cut quartz. DNue to the
symmetrical form of ~he geometry with respect to
the x and y iaxes, the modes neturally divide into
four classes, rven in x and y, odd in x or y, and
add in both x ard y, For modes symmetric in x and
y, which qive the largest anplitude casponses, only
hbasis functions which are also symmetric in x and y
need be considered, and a similar rule holds for
the other sets of nodes, For all the fallowiny
calculations a set of 36 pasis functinong has bheen
used,

nfortunately detailed experimental data for
the rore sensitive paraneters, such as the relative
frequencies of the modes as functions of bevel and
flat radii, is not yet readily available., For this
reason all old and not entirely reliable data has
been employed’, Two designs with the following
paraneters have been analysed.

1 Frequency 7.3 MHZz
Radius of edyge bevel on each side 135 m
Radius of flat 2-3.5 m
Radius of electrode 1.6 mm
Plateback {nominal) 50 kHz

7  Frequency 4,3 MHz
Radius of edge hevel non each side 72 mm
Radius of flat 3-4.,h mm
Radius of electrode 2.5 ™
Plateback (nominal) 50 kHz

For the first of these designs the wavequide
analysis programme gave parameters

ap = N.40A x 108

by = 1.2A0 x 103

ap = 0,407 x IN?

by = N.276 x 108
and far the second

ap = 7.404 x 108

by = 1.253 x 103

41th das and by neing unaltared, Figures 3-7 show
4raphics representations of the first three Sym=
metric and first two antisymetric modes for design
Uwith a 2,68 m radias flat; the node amplitude is
Alotted a5 a function of the rransverse ¢nordinates
t neing the "Y' crystallogrdaphic axis, The dotted
circle represents the boundary of the bevel, and it
san he (learly seoa that for higher order modes a
cansiderghle anoant Af eaergy is contained in the
sayal ragion, Figures 3 ani 7 show plots of the
snangretical catio of spurious myde to fundamental
made fragquency for each of the two desigas, with a

26

range of yalues of flat radius. The Laree curves
on each yraph represent the fiest threc *ully sp.-
metric spuriogus -wdes, and the experimeni3l values
are also shown. This is a very sensitive test of
the theary, and 1L is seen thatl although *there 5
qualitative aqreement, there is stitl g consider-
avle discrepancy in absolute values. The para-
meters in Eq (R), describing the contn.red region,
are not hdasad on any very fira theoretical found-
ation, particularly for a sharp bevel, Agreement
with experiment zan be considerably inpraved by a
more evpirical choice, but until more and better
data is available no firm rule can be given,

Jsing the =ethods already described in this
naper values for the motional parameters, such as
the inductance, can also be deduced. The wavequidge
analysis prograames can evaluate the charge den.
sity induced on the electrodes by each Fourier con.
ponent of the mode amplitude. For the set of 9asiy
functinns chosen, Fourier transforn technijues ar:
trivial, and the charge density may therefore be
axpressed as a function in YY space, and inteirate!
over the electrode area by a combination of
analytic and numerical techniques as bhefore., This
information combined with the total mode eneryy s
sufficient to determine the motional inductance,

5 Conclusions
This paper describes a technique for the an-
alysis of yenera) contoured crystal resonators on
any materiagl, 1t has a high degree of flexihility,
for instance the case of a contoured crystal! with a
different edqge bevel can be easily accormodated,
and within the bhasic assumptions of the model {1 is
quite rigorous. The method is characterized by a
higher deqree of reliance on numerical technigies
than has heen usual in the past with semi-analytic
treatments, hut it is still a relatively trivial
problen for modern computers, Comparison with ex-
perimental results, such as they are, indicites that
sorie modification to the parameters of the theory
is required, but it has not yet been possible to
draw firn conclusions on this point,
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Figure 6. Second Asymmetric Spurious Mode

Figure 7. First Asymmetric Spurious Mode
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EFFECT OF TRANSVERSE FORCE ON THE THICKNESS-SHEAR RESONANCE
FREQUENCIES IN RECTANGULAR, DOUBLY-ROTATED CRYSTAL PLATES

P.C.Y. Lee and ’.S5. Lam
Department of Civil Engineering
Princeton University
Princeton, N.J. 08544

5
l
t . Summary
The effect of initial stresses, owing to the 1+ L.(()))t(l) . L'(O)t(l)‘
transverse loading, on the changes in the thick- 1- 11,1771 1,375

ness—shear resonance frequencies in rectangular,
doublv-rotated crrstal plates has been studied.
he plate is clamped along one of its edges ana
is subject te a transverse load uniformly distri-
buted along the opposite, parallel edge. The
remaining pair of edges are free of traction.
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derived from Mindlin's two=dinensional first-

vsten of one-dimensional equations is 1.1 f 1,374

order cquations for crvstal plates. The poverning the incremcental stross-strain relations
equations for the tirst six displacement compon-

ents svnmetric to the ®oa plane of the plate (6] R Lty
are emploved to obtain %hv imale L= Li - i Pikk AT
dimensional ficlds ol displacement, strain and

Stress These initial <tres b ement

componéRts are thus dependent on e

and i

: situde + -
o1 the toad, the dimensions and orijentations ot :
the plate, T}
the N
values of aziouth anele o

arce computed and plotted along

and

S

axes of st-cut plate tor varieus

R tawine the Initial 1ields or stress and A R N
displacement at the center of the electrodes

(also the center of the plate) as the averape
values and be oneglocting the coupling of the
reremental thickness-shear mode of vibration
with other modes, an explicit formata is obtained ' = (1 - Yu + 0 u,

for prodicting the force—sensitivite of the reson- ’ s
ator,  The thickness—shear rrequency changes are IR S IS pent
predicted for bhoth AT and S cuts and are compared 1 1,1°1,1 I
with previouslv predicted values b Lee, Wang and

Markenscots and with experimental values ot where
Hinwins, Barous and Perrv, and thoge by Fletoher
—
and Douy Tas., ” ERS , when 1 = 2,4,6.

Thickn ~shoear

bratien under initial stress

Let o rectanenlar olate, which has o length

. vy

Ja, thickre s Oy oand o width Joy o he reterred Lo the
rectanenalar coordicate westen (o), and it middl
i

. peaties ted the coupline o vt other -

St the x plhanre s <o, st pline ot ”5 ; T T
, . d 1 - -

st anyle

Dnoebtadaing Chy trem Hxﬁ L T I

plane he coine {ont
in o leare ! S ' mental waihratfonal medes an

< Lhe e ¢ - 4
N . Sob tar they contribnte maaly to Thickness=-<tret o h
derormations, Tt may heoseen that the initial
‘[H\',‘] icenent oradients ”i‘ coand initial strain
wetem, the ik e u\u;vln-xig‘l\'\‘ the 1r‘rlx‘t'-mvnHH dieplacement

. and ~train in all thred
w;n.lf ions (1) =4 3!3 In order to tl!':;‘l\\)' these
Cootations to predict trequency chanees, we need to
abtain initial stresses, strains and displacements
tirst,

Dotween e

Looain o the plate aad the
ol the vr.";t.ilf. Por oinstance, in g orotated
platey we ' i

honse the dicsonal ot arte

Beterred to the
ot Lonoor ot jon 11\{ the
thickneas—aear vihration i<,
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Woeoseeutie initial vietds o stress and dis-
ploeement eovoverped by Mindbin's two-dinensional

tirst-order coquations tor ervstal plates” as piven

e bt toraet
L0 ut i,4=1,2,3
15,1 J
4)
(9) (o) 2 3 4
- - - Sl =
Aab,a T 3b b a,b 1,3.
Wy, (o
Tp = AR E P.q = 1,3,4,5,6.
(5
3
(b (1)
T = —— =
o 3 quﬁj p.q =1,3,5
trainmdisplagesent relations
£ (0 L)
1 1100 g _ L
1 1,1°
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SR U;O; . g1 _ i)
’ 3 3,3 (6
(0) (0) (v
E = U + U7,
4 ‘ 3 g s 1
3,1 1,3
(0) (0) (0)
E_ =L .
5 1,3 Y3y
(9) {0) (1)
E 1
@ Yathoo-

It s extrenciv ditfioule to solve thygse
coupled vqns (D) =0n), In 4 previous paper , an

appr oximate nethod was developed Tov obtaining two-
dimen-ional solntions trom Canche's flexural theory
ctoerestal plates, and the result was diown te be
clohe o thone by oother amalvtioal and runerical

methoads,

1 the ne: section, in g sinilar manner, we
ire coineg to derive @ sestem of one-dimensional

tions to replhace cgs (o)=Chyy

one~d et

In order to replace approsimately the two-
Pirencboma !l et fons, we expand displacement ip a
. : ) : 4,9

erien o0 rrigonemetrical tanctions as follews, '
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By substitotine (70 ipt.
by parts over x = Lo M, =40, e T
dimensional strése couation T
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_'(n) = = cos a7 1 X Vdx
13 I S U
=(ny 20 . n- - -
1 f'-] 13 sin < (1 - xB)dx3 s
w7 (1)
T = nr > -
ib ‘\-‘ le cos 3 (1 - :43Jcix3 ,
St} S O T ST
1 = . ib sin ?(1 - xs)cx3 .

Jhe one~dimensional stress-displacement relati

can be obtained dv insertiag (7Y inte (3) and the

in turn, inte (93,

In eqs. (7Y, we choose to retain the fir-!
displacement compone:ts svmmetric with respect
the XX plane of the plate, i.e.

SO0 o

1 1 ’
U;o) = V;O) - Véz) cos “;(3 .
U;O) = \';1) sin % ;(3 s
I,(1) - ,‘io) .
oL 2R
3 3 R

Lo




The displacement equations of motion pover-
ning these six displacement components are

= 0 = ) (0)) 1z o, ylo
‘vt °16K1<V2,11‘ vin)te ,

. 2( 0 O, 2z xv'®
Cee’(l(vz,n * v1,1) * Cerif1v1,11

- 2.2 2 = Bz )t
“e6X1Vz,11 (3: Cea¥1 * 3¢ Cas¥3)V31

= (1

z v E koD

8 = 2 = (2
.V K_y —— — )
55°3,11 54°3%3,1 * (3c C54K3 * 3¢ C36K1>v2.1

2= (0
cnVia

2 - © O\ T = (1) (1)
_2 . \ B A S
< C36K1<\'2,1 Y ) 7 ¢ PV3

3.z 2( (0) (0)
-—=C W
2 Kl<v2,l ¥ )

vy, o2 Lo 3
55¥3,11 ~ ¢ "13"1,1 2 7457373,1 2 44

2

Y 3 - 2) (1) )
Y + C, Ko = a0
<4c2 33 b2 4473/73 01'3 *

Porm oot the salutions

For static problems, we set the acceleration
terms of displacements in (113 to zero. B assu-
mine displacements in exponent ial form e "1 and
inserting them into (11), we have the character-
istic cquation in the tollowing form

PO T

el (1nH

Pt Ly be the six non-zero roots

Cot . f .
gt (1Y and r-afe. Then the selution of (11) has
the form
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6 horx 12
~-(12~
v(0) T Ae Pl + 5 oa x(1 p) ,
1 N P s 1
p=l p*
6 A rx 12
~{12-
vi0 V Be L7 p xR
2 - P <7 1 s
p=l P
(2)
v, ..
(n
vy . (13
3 rx 12 R
© _1 % L, 1§ pure
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p=1 p=7
e
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In (13), the sixth order pelvnomials in N LoTTe-
spond to the six repeated zero roots of in (1),
The amplitude raties among A , B ,... U ,p=l,...12
can be obtained by substitut®neg P19 info (11).
Therefore we have only twelve unknown amplituades,
sav A .,

Boundary Conditions
For o plate clamped at x_=-a and subject to

uniform lead " (force per unit lenath) at x,=+4 as
shown in Fig. 1, we have the boundary conditions

v1(0) - v;0) _ V;Z) - v;1) _ L{O) _ &él) -0

at ;1 z é} = -1,
G{o) _ Géz) _ aél) - 1](.O) - T;1) =0,
cém TR e m T (1)

Ru the sy
second set of stress houndary conditions o0 o

~o~cdsplacenent relations, the

can be expressed s helow,




: - 1)
vy ke (V(O) + v(o)> +Lc V( =0,

N S S U RN 1%
11T s ,
b
;‘) =2,
IR o) 2 (0) (0)) - Y
Kisiein * K1‘66<V2, vy ) K eV
t
—- .
: ‘bcn
Whetc
R L BT by’ 11

Fqs.(le) provide the twelve conditions for solving
the twelve unknown amplitudes Ap.

Variations of Tnitial Stresses and
Displacements

A rectangular SC-cut quartz plate with a/c=

1.5, <hown in Filu, 1, is chosen for the study.

For a piven edge shear intensity q'. the
amplitudes A_ can be computed from (14) and dis-
placement cofiponents from (13). Then the two-~
dimensional displacements and stresses can be
obtained from (10) and (16) respectively, with .
recarded as a parameter.

Yor the visualizatinn of their twe dimensinnal
variations in the plate, some of the stress and
displacerent components are computed and plotted
along the x, and x, axes in dimensionless quantities
and fYor var%nus values of ., as shown in Figs.2-7.

Force Sensitiviey
Bv taking the initial fields of stress and
displacement at the center of the plate (also the
center of the e¢lectrodes) as the average values
an! he neslecting the coupling of the incremental
thicktvss=-tear mode of vibration with other modes,
an expiic it forrala is obtained from (1)

¢ . y

TS noy 53 68
i il CHN
1 A Con 16K TK,1
(D (16)

+ ¢ Y
. 0k Tk, 3

Fq. (16) has identical form as that given in kef.n,
H?Kyvur, in the precent paper, the initial strains
E are computed from the two-dimensional theory
and k ranges tron 1 to A for doublv-rotated cuts,.

The changes of thickness-shear resonance fre-
quencies 'f/f'0 are computed as a function of the
azimuth angle for both AT and SC cuts of quartz
nlate.

In Fiup, ¥, the presently predicted values of
1/f  are compared with our previously predicted
valu®s' . with the experimental values by Mingins,
Barcus and Perrv. Figs. 9 and 14 give the com-
parison of predicted 'f/fo with measured values by
Fletcher and Douglas™ tor AT and SC cuts, respect-
ivelv.

It mav he seen trom Figs. 8-10 that Eq,(16}
predicts the locations of zero and maximum of
f/f as a function of guite well and has also
idenfified the predominant factors contributing te

the force sensitivity of the resonators.

In order to take into account of the spatial
variations of the initial stresses and the coupling
of the thickness-shear with other modes, like ex-
tension and flexure, for more accurate predictions,
a perturbation method should be emploved as the
next step.
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x! Fig. 1 A rectangular cantilever plate referred to x
L~ 1 coordinate system, x' referred to axes of
crystal symmetry, and . the azimuth angle.
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Fig. 2 Displacement u, along the x. axis of a rectangular 5C-cut of

1
quartz plate (r = a/c = 1,25),
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AN ANALYSIS OF CONTQURED SC-CUT QUARTZ CRYSTAL RESCIATOKS
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Abstract

A previous treatment of SC-cut quartz trapped
energy resonators 1s extended to the case of plates
with slowly varying thickness. As in the earlier
treatment, the approximate equations are referred
to rotated coordinate axes obtained from the eigen-
vector triad of the pure thickness solution for the
SC-cut, The approximate dispersion equation
describing the mode shape along the surface of the
SC-cut, which was used in the recent treatment of
the trapped energy resonator, is extended to in-
clude the influence of certain relatively large
transformed elastic constants that were neglected
in the earlier work, The extended equation is
considerably more accurate than the earlier one,

A scalar differential equation describing the mode
shapes along the surface of the contoured SC-cut
for the family associated with each odd harmonic

is obtained from the extended dispersion equation
for the flat plate. The scalar equation is applied
in the analysis of contoured SC-cut quartz crystal
resonators, and an approximate lumped parameter
representation of the admittance, which is valid in
tha vicinity of a rescnance, is obtained. The
analysis holds for the fundamental and odd harmonic

and anharmonic overtone thicknerss modes of interest,

1. Introduction

Previous analytical work on contoured crystal
resonators holds only for rotated Y-cuts of quartzﬂ
In recent years the doubly-rotated SC-cut *® has
given every indicaticn of possessing significant
technological advantages' '’ over the AT-cut, On
account of the additional anisotropy of the SC-cut,
the existing analytical treatment of contoured
resonators does not hold.

In a recent analysis of SC-cut quartz trapped
energy resonators with rectangular electrodes
certain transformed elastic constants were ne-
glected, which are not that small, In this work
the carlier treatment is extended to include the
influence of the transformed elastic constants that
are not that small and were neglected in the
carlier work , As in the earlier treatment’ the
analysis proceeds by decomposing the mechanical
displacement vector along” the orthogonal eigen-
vector triad of the pure thickness solution and
transforming the independent spatial variables to
a Cartesian coordinate system containing the plate
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normal and the component in the plane of the plate
of the large thickness eigen-displacement of inter-~
est, Since the piezoelectric coupling is small in
quartz and we are interested in obtaining the dis~-
persion rclations in the vicinity of the thickness-
frequencies of interest for small wavenumbers along
the plate,only the thickness-dependence of all
electrical variakles is included in the treatment.
The resulting system of transformed differential
equations and boundary conditions on the major sur-
faces of the plate are employed in the determina-
tion of the asymptotic dispersion relation in the
vicinity of each thickness-frequency of interest
using a genecralization of a procedure used in the
case of rotated Y-cut quartz ' . The corrected
asymptotic dispersion relation for the flat plate
is considerably more accurate than the earlier
one’ . The dispersion equation enables us to con-
struct the differential eguation that describes

the mode shape along the surface of the flat plate.
The resulting single scalar equation may readily

be generalized” to be applicable to the description
of the mode shape along the surface of the con-

toured SC-cut since the thickness is slowly varying.

Since the influence of the contouring on the trap-
ping is much greater than the influence of the
electrode’ , the edge of the electrode .s ignored in
the determination of the eigensclutions. Since the
mode is sharply confined to the vicinity of the
center of the contoured plate, the edge of the
plate is ignored in the analysis.

An inlomogeneous diffcrential equation is oh-
tained for each harmonic thickness mode of interest
for the casc of a driving voltage applied across
surface electrodes, The differential equation ob-
tained depends on the order of the odd harmonic.
The resulting system of eguations is applied in the
analysis of the forcel vibrations of a plano-convex
contoured SC-cut quartz crystal resonator and a
lurped parameter representation of the admittance
is obtained. Fome numerical results are presented.

2. Transformation of Equations

As in the carlicr treatment the stress equa-
tions o motion and charge equation of electro-
statics may be written in the form

T = 4 . D =0, 2.1
M, m n m, ™

.




The linear piczoelectric constitutive equations are
given by

=C o te oo, (2.2)
mn mnrs r’S rmn ’r
D =e 4 —e_ ¢ . (2.3)
m mrs r,s mn' ., n
The notatinn is conventional® and carets have

been introduced over the mechanical variables and
the elastic and piezoelectric constants because we
are jeing tc transform from the Cartesian coordi-
nate system presently being employed to a combina-
tion of two very special Cartesian coordinate sys-
teme that facilitate the analysis. Moreover, in
the original coordinate system we consistently use
the tensor indices m, n, r, s. The substitution

of {2.2) and (2.3) in (2.1) yields

P { +e ¢ =:u (2.49)
mArs r,sm - rmn’,rm n
-z v =0

e u 2
mrs r,sm mn- . nm

’

(2.5)

which are the differential equations of linear
piezoelectricity,

The coordinate axes are oriented with X,
normal to the major surfaces of the plate, which
are at kX, =:h, and X, directed along the axis of
second rotation of the doubly-rotated quartz plate.
Since 1n the modes cf interest the spatial rate of
variation of the dependent variables in the plane
of the plate is much less than in the thickness
direction and the piezoelectric coupling is small,
we can ignore the i, dependence of ¢ and D, and of
any variable in the expression for D,, and in place
of Egs, (2,3) and (2.5), respectively, write

D (2.6)

2 T C2r2Yy 27 %227 27

€227 22=0

~ a -
®2r2%r, 22 , , (2.7
and we have introduced the convention that the sub-
scripts u, v, w take the values 1 and 3, but skip2,
Moreover, it is advantageous for us to write (2,2)

and (2.4), respectively, in the forms

T =& @ = 2.8
Trn ™ “mnr2 r,2" eZmn‘,z"cvrnmur,v' (2.8)

C2nr2ur,22+022n:,22+(c2rnv+c2nrv)ur,2v
& % :h (2,9)

+C = ,
vnrw r,wv n

since we are interested in modes in the vicinity of
the frequencies of thickness vibration, Substitut-
ing from (2.7) into (2.9), we obtain

-

b + (& +e VG
2nr2 r,22 2rnv 2nrv r,2v

(R}

(2.10)
where

(2,11)
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are the usual piezoelectrically stiffened elastic
constants.

For thickness vibrations only x.-dependcnce is
considered and (2,10) takes the form

CanZUr, 227 "%

{24

. (2,12)

In the case of the unelectroded plate the antisym-
metric thickness vibration soclution can be written
in the form

- . iwt -
ur=Arsln'Lx2e s (2.13)
which satisfies (2,12) provided
z -Gk = 2.14
(czan c‘nr)Ar Q, (2.14)
where
- 2,2
c=ow /7, (2.15)

For a nontrivial solution the determinant of the
coefficients of A in (2.14) must vanish, i.e.,
-8 | =
2nr2 nrl o,
which yields a cubic equation in ¢. Since the

&, .. constitute a symmetric, positive-definite
matrixt®, Eq.(2,16) yields three real, positive
roots'? T 1) (i=1,2,3), which yield mutually orth-
ogonal eigenvectors As’f when substituted in (2.14),
and we may write

Ie (2.16)

A, 5) 2

= 2,17
r r (i)5 (2.17)

iy’

where the N¥, are the normalization factors. If we

normalize the al!) thus
(1) (i), L
= N ,lc.
q, Ar /‘(i)’ (2 )

and write the ¢'!) as a 3X 3 orthogonal transforma-
tion matrix Q,., from (2.17) we have the orthogonai-
ity relations

Q. 0 (2.1

=B,
ir®jr i3’
and, of course, the other orthogonality relations

2,9 %

ir*is rs’ (2.20)

hold.,

We may now transform the components of the
vector GT in the original coordinate system tc the
components u, in the thickness solution eigenvectc
coordinate system and vice-versa, thus

ui_Qirur' ur_Qirui' (2.2
A schematic diagram showing the original coordinate
system along with the eigenvector coordinate
system is shown in Fig,l, For a pure thickness
sol::tion for an unelectroded plate, one of the
thickness eigen-displacements, say u,, exists and
the other two vanish identically. Moreover, for a
mode of vibration in the vicinity of the thickness
solution for which u; exists, although u. and u,
exist they are one or more orders of magnitude




smaller than u;, This is the reason there is a
significant advantage in decomposing the mechanical
displacement along the eigenvector triad of the pure
thickness solution when describing this type of
mode,

Clearly, the independent variables x, must be
referred to a Cartesian coordinate system contain-
ing the axis X;, which is normal to the major sur-
faces of the plate, and two orthogonal axes in the
plane of the plate, Of all the orthogonal coordi-
nate systems in the plane of the plate, one is par-
ticularly well suited for the description of modes
of vibration in the vicinity of the pure thickness
solution u,, when, as is the case in this work, it
is dominantly a thickness~shear displacement, as
shown in Fig,l, That coordinate system contains
the axis formed by the projection of the u,-eigen-
displacement direction on the plane of the plate as
shown in Fig.2, From (2,21l)zthe angle § is given
by

-1
= 22
€= tan (-Ql3/Qll) . (2.22)

and the planar rotation matrix R,, is given by
- (c?s 8 -sin 9§ , (2.23)
av sin 6 cos §.

where we have introduced the convention that the
subscripts a, b, ¢, d take the values 1 and 3 but
skip 2. Clearly, the planar coordinates x, and X,
are related by

x_=R_%X , X =R_x (2.24)
the first of which yields

% = .25
3/ Rawa/axa. (2 )

Transforming (2.10) with Q, , substituting from
(2.21);for &, and G and (2.25) for the partial de-
rivatives with respect to X, and %, and employing
(2.14) with (2.18) and (2.19), we obtain

~(3)
+
€Uy 22t (%52 % Ca312"Y 2a
* Ca3ipYi,ab T Yy (2.26)
where

= R ¢
caij2 anQir av vrn2 !

Cajib= Rananierwcvnrw' (2.27)

In the case of the thickness vibrations of the
clectroded plate with shorted electrodes the three
sulutions of the differential equations are
coupledla':‘ in the transcendental frequency equa-
tion. However, since the piezoelectric coupling is
small in quartz and the threce © ) are sufficiently
widely secparated, the transcendental frequency
equation approximately uncouples and we cffectively
have three independent transcendental frequency
equations", one for cach thickness ecigen-
displacement u , Consequently, (2.26) is a uscful
form for the treatment of modes of vibration in the
vicinity of the pure thickness solution u. for the
clectroded as well as the unelectroded plate,

For the electroded plate with sghorted elec-
trodes the electrical boundary cordition :is

c=0 at X, =t+h, (2.2%)

Substituting from (2,21):into (2.7), integrating
and satisfying (2,28), we obtain

g = (e22j/e22)uj* sz, (2,23

where

e C=-( ezz)uj(h)/h. {2.30)

225 ™ %422y 7 225"
In the case of the unelectroded plate because of
the reasoning leading to (2.6) we can neglect the
electric field outside the plate’ and the elec-
trical boundary condition becomes

D2=O at ¥,=zh, (2.3
Hence, from (2,31} with (2.6), for the unelectroded
plate, we obtain

v= (e22j/522)uJ , (2,32)

which is the same as (2,22) but with C=0,

The traction boundary conditions or the major
surfaces of the plate employ the constitutive equa-
tions in (2.8) with m=2, Transforming (2.8) for
m=2 with Q. ., substituting from (2.21)., (2.2%),
(2.29), (2.30), and (2.11) and employing (2,14)
with (2.18) and (2.19) and (2.27),, we obtain

(3)

T =8 Ty 2% €230t Chi0Y 4 (.33
which holds for the electroded plate and for the
unelectroded plate provided C=0, As noted in the
Introduction the traction continuity conditions
along the surfaces separating the electroded from
the unelectroded regions and at the free edges of
the plate are not needed in this work,

3, Dispersion Equations

Although in this work we are primarily inter-
ested in the dispersion equation in the electiroded
region of the plate, we obtain the dispersion equa-
tion for the unelectroded region because the treat-
ment is somewhat simpler and it has been shown that
the dispersion equation for the electroded plate
may readily be inferred from that for the unelec-
troded plate. The differential equations cxpresscd
in terms of the thickness cigen-displacements 1n
the transiormed coordina‘e system arc given in
(2.26), The boundary conditiuns on the maror sur-
faces of the unelectroded plate arc

T2j=0 at x2=.:h, (3,1
where the constitutive equations for T.. cxpresseld
in th same way arc given in (2.23) with C=0.
Since we are interested in the solution for plate
waves 1n the vicinity of the thickness frequencics
for the thickness eigen-displacement u; with wave,
or decay, numbers in the plane of the plate that
are much smaller than the thickiess wavenumbers, a
largc number of terms 1n (2,26) and (2,33) are
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negligible, independent of the values of the associ-
ated transformed elastic coefficients''. In addi-
tion, among the other terms a nunber of the trans-
formed elastic constants are very small and can be
neglected, specifically ¢ Caey G, Cev,
Cooy Cuyy Cuvy €y, B and c,.. As a
consequence of the roregoing the differential
equations (2,.26) and constitutive equations (2,33)

) €17,
Ceny Gy S

with C=0, recduce to the considerably sinpler forms
2 * +
“11, 117 %602 7 a2t %62, 12 " C58Y1, 33
+ (¢, +c__)u +E(l)u = 5l
36" 57" 23 1,227 "%
E(z)u + (c..+c, _)u = ol
2,22 12 66" 71,12 2’
= (3) .
-5 3,
€Uy g2t (G367 C5pIuy g7 PY;, (e
: T =E(l)u +c u. _+c.,u +c_,u
: 21 1,2 %66%2,17 ©16%1,1% %3613, 3
y
P _(2)
F Tpa =€ ¥y 2" %Y 10
]
‘ T =5(3)u +c_u (3.3)
23 3,27 %5771,3°

We must now obtain asymptotic solutions to
(3.2) and (3.1) with (3.3) in the vicinity of odd
u; thickness frequencies for small wavenumbers
along the plate, Note that both u; and u; and u;
and u, arc coupled directly in (3.2) and (3.3) but
that u; and uw, are not, This is the essential
reason that we are ultimately able to obtain a
relatively simple useful gdescription. Since solu-
tions decaying in both directions along the plate
are somewhat simplexr than thogse exhibiting trigono-
metric behavior in one or both directions and the
dispersion equations for trigonometric behavior may
readily be obtained®'® from those for decaying be-
havior, we consider the decaying solutions.
Accordingly, as a solution of (3.,2) consider

et A

-EX. -VK, .
N - 1 3 iwt
r u, = (A sin ,x2+Bcos .,xz)e e e ,
-gxl VX3 iwt
e

= (Csin "x,_,+Dcos ’J,xz)e

\.l2 2 ’
“Ex, -vx,
uy= (Esin "x, +Fcos Tbcz)e 1y 3t (3.4)

2

which satisfies (3.2) provided a system of six
homogeneous linear algebraic equations in A, B, C,
D, E and F are satisfied and which are too lengthy
to present here'l.

In earlicr work™' on a simpler problem of
this nature the asymptotic dispersion relation was
obtaired starting with the pure thickness solution
of interest. However, in the situation under con-
sideration here the thickness coupling appearing in
(3.4) is causcd by the term containing ¢y, in
(3,2}, , which vanishes in thr case of the pure
thickness solutien, Since in this instance the
thickness terms in cach of (3.4) are uncoupled, the
asymptotic dispersion relation cannot be obtained
starting with the pure thickness solution of inter-
cst, HNevertheless, the asymptotic dispersion rela-
ti1on mav be sbtained by tarting with a solution
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" = ?\’; kS i€C16/E y O =3 iA: y (3.5)
. (1) (1)
F £
&%) 1ry A, 1y _ TS
& =F—= Db =
» -
1 1 (3.6)
, (1) (1)
E(l) __ irgvA, F(l) ) erAt
+ 7 x » e T T2 ’
1 1
where
= 7
r, (3.7)
(3.8)

varying with x;, i,e., containing £, and including
the complete effect of the ¢, terms 1in (3.2), and
(3.3),, i.e., including the term linear in £ in
the coefficients of A and B in the resulting alge-
braic equations in the starting form *. This
starting solution for the u, term is equivalent to
the solution for thickness-twist waves in rotated
Y-cut quartz plates obtained by Mindlin'" . Thus,
in consideration of the foregoing and following the
procedure used in Refs.8 and 9, to lowest order in
€ and v for large A and B, we obtain

(1)

4 nw

(1) B(l)

Similarly, for large C and D and large E and F,
respectively, we obtain

) @ @ 5t g
D:t -t.‘i.ci , AI -:—_———Cz s
2
2y %25 2y (2) _(2)
B, .-—~_2 ., By =F, =0, (3.9)
ir_v
(3) .3 _3) ¥ 3
F,o0o=xiE 0 A, =i-—_3—}:= ,
I.v
3 3 3 3
BV 2P P pP o, (2.10)
+ S ot + N

in which the amplitudes that have been shown to
vanish are of order higher than linear in £ or v
and, hence, turn out to be negligible to order T
and V¥,

In order to satisfy the boundary conditions in
(3.1) with (3,3), we take a sur. of the six asymp-
totic solutions of the differential equations in
the form

Ty ; S+
ul LA+ {sin ‘lxz +1icos 1x2)
[0 I .
+ A_" ' (sin ‘1x2 icos 1x2,
1t2§ (2)
b —

C+ (sin 72x2 + icos ”zxz)

ey

2




55 (@)
- T C_ {sin M‘2x2_ icos 2>(2)
ir v
3 3y, .. : .
+—_-—-E+ (sin w3x2+1cos 3x2)
3
1r3v 3 .. ) R ) —§X1 -VX3
——m—E_ (sin l3)(2—11205 3x2; e e B
3
iy ¢
Lo T2 (L ; o
"2 i ._—"A*' {sin lx2+1cos\1x2)
1
ir 7
2- (L .= -
+—;—A_ (sin lx2 icos lxz)
1
2 L. . -
+ Ci )(sm ~2x2+1cos 2x2)
-7x, —VX
(2} ; - =1 3
+C (sin " x,-1cos 2x2)-l e e ,
u =F-EA(1)( i ~+x +ic05'+x)
37T T % SIS 172
1
ir_v
3 Ly - =
+-—_«A_ (sin 1x2 icos lx2)
1
+ F(a)(sin T X, + 1cos T x,)
‘+ 372 372
-Ix, -VvX
(3) - ; - 1 1 3
+ E_ ' (sin 3x2 icos 3xz)‘e e ,
(3.11)

which satisfies Egs, (3.1) with (3,3) provided a
system of six homogeneous linear algebraic egua-
tions in A}, AT, &7, ), BN and B° are
satisfied and which are too lengthy to present
here'*. Since we are interested in modes in the
vicinity of the thickness solution for large A ‘'’
and A'*’ for which 7, is very near the expression
given in (3.5),, we take

C
S5 T ot G (- SR =
I‘n— = ¢ 16(1) thez , n=1,35..., (3.12)

where 7, is small, and substitute from (3,12) into
the vanishing determinant obtained'* from the
aforementioned six equations obtained from the
boundary conditions (3,1) with (3.3}, and expand:‘
the trigonometric functions and the determinant toc
obtain

22,02 (1) _(1)
) = 4h 'rzc -c66)(r2c +c12) . o
¥ T D_(2y 22 €Ot 2 3
C < won o
2
2.2 _(3) - (3)
) v 4h (135 -c36)(r3c +C45) e e
_(1)_(3) 22 COt F3
CEEERG T {3.13)

to order ¥ and ¥ . Morcover, from the six homo-
geneous linear algebraic equatlions, we obtain

A(l) _ A(l) C(2) __C(Z)
- = + > - - +
n+l
2 ~(2)
i(-1) {r ¢ +C,) A(D)
~(2) . i h +
c sin ",h
n+l
3
(3) 3) i(-1) 2 vi(r & )+c45) )
= A
E- Er g3~ sin ".h +
3 3 {(3.19)

Now, substituting from Egs. (3.5);, (3.6), (3.8)~-
(3.10), (3.12) and (3.13) into either of the two
algebraic eguations obtained from (3.,2), for either

-~ e )

i L :
*or "7, for nonzero A{') and Al'’ we obtain
1 1 '+

2 2_(1)
2 2 n"-“g L2
Mn‘:: +Pv - gt 4= 0, (3.15)
where 4h
2¢
My=cnn * ey HEPICPRETY
=(2) =1
4 -
(r2c +c12) (rzc c66) ot o T
* —(2) : :
ey (3.16)
P = CggtraiCye * Cys)
(3) ={1)
4 -
. (rBZS +c45)(r3c c36) ot n-
ez ), 32
3 (3.17)

Furthermore, it can be shown'’ that all the equa-
tions are satisfied to second order in € and v, but
not to third order. The dominant algebraic equa-
tions fer the 7. and 7, solutions, respectively, do
not yvield any conditions to second order in £ or v,

put turn out'® to be of third order in % or V.

Equation (3.15) is the asymptotic dispersion
relation for decaying solutions in x; and x. for
the unelectroded plate. Hence, past experience '
indicates that for trigonometric solutions in x;
and x. for the electroded plate the asymptotic
dispersion equations are given by

M'f'2+pt2+n; e o2, (3.18)
n n 4h
where 1) 1Y/ =K 6 N
c( = gl ll - 26 2R,
\ -
02 n
2 26 A 22!
< = = . 3,19
F6 T TR T T G.19)
F22
and ' and 2h’ denote the mass density and thick-

ness of the electrodes, respectively,

The manner of derivation of (3.15) reveals
that for (3.18) for each n we must have the homo-
geneous cquation
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—_—— ——
where
’ n ~n n"x2
\.‘vl‘ =0, (3.20) ul=ul(x1,x3,t) sin — (3.26)
where U, is the asymptotic solution function for the Equation (3.25) is the inhomogeneous differential

u, ~displacement for the nth odd harmoni¢, which is
very acourately iiven by

sy
Vo, (LY 2 it
v,o= 2A v cos I COS vV
Uy A st 5 os 'xl s vXg e , (3.21)
for small 7 and .. Consequently, it is clear that
the b oeneous differential equation governing the

node shaves along the surface for u] may be written
in the rorm

2 n 2 n

“1 1

- —— - yT=0, (3.22)

since the substitution of (3,21) in (3.22) vields
(3.13). wWhen a driving voltage i3 applied across
the surface electrodes it can be shown * **° that a
transformation of the inhomogeneous terms from the
boundary condit:ions into the differential equations
causes the equation obtained from (3.2), to be in-
homogenecus. Now, the homogeneocus form of the in-
romegeneous eguation cbta:ined from (3,2), is the
equaticn from which the dispersicn relation (3.18)
1s ultimately obta:ined and all cther equaticns are
hemojenecus as 1n the case of the el;ensclutionél
leading to (3.1l-), Since :in an expansicn in an
infinite sur of the cigens~lu*:ions of the associ-
ated homogeneous problerm for the electroded plate
with shorted electrodes the equations that remain
homogeneous 1 the inhoroaens . us prablem are satis-
fied termwise and ti.c us Lo of the in-
homogenenus eguati~: 16135 (2. 143), the inhomogen=-
cous differential eguat:ict. may ultimately be written
in the form’ ‘"

Geled

. U u 2 2.(
FM ——15 + P -—-QL - o= cu ]
L c noL < < 4"‘2 L‘]. “T1
n=1,35 X1 R ¥
4 €, VK, +
R M (3.27)

where V 1s the driving vnltage and

[ U R ¢ SRS DU 3 24
ny o= L . c =< (1 k26) . (3.24)
a=173,5

[at]

Utilizing the orthogonality of sin n—x ,/2h in the

interval -h to h, from (3,23) we obtain
2-. 2~
< S5 2 2.1 .
" ep —tonZe g e
“n 2 a2 4%2 I
Ky X !
n-1
2 2 26 avel't
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equation in x;, %X, and t governing the system of
anharmonic modes associated with the nth odd har-
monic thickness mode for a driving voltage Vv
applied across the surface electrodes. It can be
shown'® that when (3,25) is applicable the approxi-
mate edge ccnditions to be satisfied at a junction
between an electroded and an unelectroded region of
an SC-cut quartz plate are the continuity of

~n ~n
u, and /e, (3.27)

where n in 3/ n represents the normal to the
junction,

4. Contoured Resonator

A schematic diagram of a plano-convex reson-
ator is shown in Fig.3, It has been shown that the
slowly varying thickness of a spherically contoured
resonator can be represented in the form “'*

2 2
2h = 2ho[l— (xl+ x3)/4Rh°], (4.1)

the substitution of which in (3.25) and expansicn
to first order in xy + X, yields

2 2
SR U G- h i S ("1“‘3’] S
My T2 n __2 7 2Rh
R xR 4h o
1 3 [}
n-1 o
2n__2 2 26 _av_
T T3 (4.2)
c n“=
where
= u(x WX )elwt. (4.3

Equation (4.2) is the inhomogeneous differential
equation for the anharmonic family of the nth odd
harmonic of the SC-cut quartz plano-convex rescn-
ator. It has been shcwn that the eigensolutions of
the associated homogeneous problem, i.e., of 4.2)
with V=0, can be written in the form °'"

2 x2
*1 3
TaT L e DTy T 4
= * ) 4.4)
unmp e Hm( anxl)e Hp( nx3 y !

where H, ahd H, are Hermite polynomials and

2.2.(1) 2 2.(1)
2 _n-"c e2 .h”c¢ R
ln" ! . n 5 . .
SRh M 8Rh P
on on
The eigenfrequencies (,.. obtained from the sclu-

tion (4,4) are given by




2 2.() 2h 172, [H
32 h-e |'-l+i(—o\w [ kel (2m+ 1)

amp ) . n~ \ R Y
4h_¢ ¢
o
P
n .\ -
My (2p -~ 1) o (4.3)
c
where
n=135 ..., mp=0,2,4, .,.. (4.7)

As noted in the Introduction, since the mode is
sharply confined to the vicinity of the center of
the plate, the edge of the electrode and, of course,
the edge of the plate are both ignored in the treat-
ment used in obtaining the solution presented here,

We now write the steady-state solution of (4.2)
as a sum of eigensolutions (4.4), thus

un = 2R HnmPu .
- nmp
mp

Substituting from (4.8) into (4.2) and employing
the homogeneous form of (4.2) for each eigensolu-

(4.8)

tion, we obtain
N 2 2
LT
i mfp nmp
m n-
P > - 6264\'
=41 (=1) ° (4.92)

(1) 2.2
< n -

Jrom which with the aid of the orthogonality of

th cep, W btair
e u., e O Y
-1 2 . va
nmp e26"'n:'np A
H = T2 5 > . (4.10)
c 'n-L [L- (s /u)}
mp nmp
where
IR
~2 m!2%p!
; B T S 4.11)
nmp —_— nmp Inm 3np
and 2
: X
4 .
r 'n > —
= N 1 ~ Ydx
lnm . ¢ }m( :xl'd)\l'
o 2
3oL D
r n 2 =
= L8 c 4,12
Fan . ° ”p(' nx3)'ix3 “.12)

Since the mode is sharply con