
s 

_ .  

AEDC-TR-83-10 

C,3 
. l  

Nonperiodic Fluctuations Induced By 
Stationary Surface Waviness 

on a Semi-Infinite Plate 

D by 
Harold L. Rogler 

and 
Chih-Tsai Chen 

United Research Corporation 
428 Hill Street, Suite 21 

Santa Monica, California 90405 

July 1983 
Property ot U. S. Air Force 

AEOC LtBgAI~Y 
F40600-81"C-0004 

Approved for public release; distribution unlimited. 

TECHNICAL REPORTS 
FILE COPY 

ARNOLD ENGINEERING DEVELOPMENT CENTER 
ARNOLD AIR FORCE STATION, TENNESSEE 

AIR FORCE SYSTEMS COMMMAND 
UNITED STATES AIR FORCE 



N O T I C E S  

When U. S. Government drawings, specifications, or other data are used for any purpose other than a 
definitely related Government procurement operation, the Government thereby incurs no responsibility 
nor any obligation whatsoever, and the fact that the government may have formulated, furnished, or in 
any way supplied the said drawings, specifications, or other data, is not to be regarded by implication or 
otherwise, or in any manner licensing the holder or any other person or corporation, or conveying any 
rights or permission to manufacture, use, or sell any patented invention that may in any way be related 
thereto. 

Qualified users may obtain copies of this report from the Defense Technical Information Center. 

References to named commercial products in this report axe not to be considered in any sense as an 
endorsement of  the product by the United States Air Force or the Government. 

This final report was submitted by United Research Coporation, 428 Hill Street, Suite 21, Santa Monica, 
California 90405 under contract F40600-79-C-0002, program element 65807F, with the Arnold 
Engineering Development Center/DOCS, Air Force Systems Command, Arnold AFS, TN 37389. Dr. 
Keith L. Kushman was the Technical Monitor of  the contract, and Mrs. Ernestine Badman was the 
contracting officer. 

This report has been reviewed by the Office of Public Affairs (PA) and is releasable to the National 
Technical Information Service (NTIS). At NTIS, it will be available to the general public, including 
foreign nations. 

APPROVAL STATEMENT 

This report has been reviewed and approved. 

KEITH L. KUSHMAN 
Directorate of  Technology 
Deputy for Operations 

Approved for publication: 

FOR THE COMMANDER 

MARION L. LASTER 
Director of Technology 
Deputy for Operations 



UNCLASSIFIED 
S E C U R I T Y  C L A S S I F I C A T I O N  OF THIS  P A G E  rWhen Data  Enlered) 

R E P O R T  D O C U M E N T A T I O N  P A G E  READ INSTRUCTIONS 
BEFORE COMPLETING FORM 

I R E P O R T  N U M B E R  12 G O V T  ACCESSION NO 3 R E C I P I E N T ' S  C A T A L O G  N U M B E R  REPC NL 12 G O V T  ACCESSION 

I AEDC-TR-83-10 
4 T I T L E  ( ~ d  Subtttle) 

NONPERIODIC FLUCTUATIONS INDUCED BY STATIONARY 
SURFACE WAVINESS ON A SEMI-INFINITE PLATE 

A U T H O R ( s )  

Harold L. Rogler and Chih-Tsai Chen 

PERFORMING ORGANIZATION NAME A~D ADDRESS 

United Research Corporation 
428 Hill Street, Suite 21 

Santa Monica: California 90405 
I. C O ~ T R O L L = N G  O F C l C E  ~ A M E  A N D  ADDRESS 

Arnold Engineering Development Center/DOCS 
Arnold Air Force Station, Tennessee 37389 

14 M O N I T O R I N G  A G E N C Y  N A M E  & A D D R E S S ( I f  d: f fe ren t  from C o n t r o ! t l n 8 0 H r c e )  

! 16 D I S T R I B U T I O N  S T A T E M E N T  (o f  l h l s  Report) 

S TYPE OFREPORT&PERIOOCOVERED 

Final Report - February 1983 

6 P E R F O R M I N G  ONG R E P O R T  N U M B E R  

URC-TR-015 
8 C O N T R A C T  OR G R A N T  N U M B E R ( s )  

F40600-79-C-0002 

10 PROGRAM E L E M E N T ,  P R O J E C T ,  T A S K  
A R E A  & WORK U N i T  N U M B E R S  

65807F 

12 R E P O R T  D A T E  

July 1983 
13 N U M B E R  OF  PAGES 

39 
15 S E C U R I T Y  CLASS.  (of this report) 

Unclassified 

15a O E C L  ASSI F I C A T I O N  ' DOWN G R A D I N G  
S C H E D U L E  

N/A 

Approved for public release; distribution unlimited. 

t7 D I S T R I B U T I O N  S T A T E M E N T  (o f  the abstract entered In B l o c k  20. t /  d i f f e ren t  from Report) 

IB SUPPLEMENTARY NOTES 

Available in Defense Technical Information Center (DTIC). 

K E Y  WORDS (Con t i nue  on r e f e r e e  side ;f n e c e a ~ a w  ~ d  l d e n t l ~  by b rock  n u m b e ~  

surface waviness exponentially-varying standing waves 
Kelvin-Helmholtz waves standing waves 
disturbances leading edge effects 
semi-infinite plate 

20 A B S T R A C T ( C o n t i n u e D  ....... es,delfneceaea~ = a l d o . , l y b y b l o c k . . = b . d  An analytical/numerical study I 

of flow over an aerodynamic model or vehicle with surface waviness illustrates 
how surface waviness can generate several families of waves. The classical 
Kelvin-Helmholtz solution for irrotational flow over a wavy wall is extended 
to include the effects of the leading edge of a semi-infinite plate. The 
solution, obtained by conformal mapping and integral transforms, shows that a 
monochromatic surface waviness can generate a spectrum of standing waves with 
a continuum of x-wavenumbers, as well as the Kelvin-Helmholtz solution. Down- 
stream of the leadin~ edge I each of those standin$ waves decays exponentially , 
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in the streamwise direction and oscillates sinusoidally in the direction normal 
to the plate. These standing waves satisfy the usual boundary conditions on a 
flat plate, although they are initiated by the combined effects of the waviness 
of the wall and the leading edge. The spectrum depends upon the phase of the 
surface waviness with respect to the leading edge. Far downstream of the lead- 
ing edge, only the Kelvin-Helmholtz solution remains. Upstream of the leading 
edge, the flow field can be represented as a superposition of exponentially- 
growing standing waves. 

The theory for flow over a stationary wavy wall is applicable to the case 
of flow over a traveling wavy wall if the velocity is properly nondimension- 
alized and the phase of the surface waviness is replaced by the product by 
frequency and time. 
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PREFACE 

This report is one in a series of AEDC Technical Reports which document the solu- 
tions of the Orr-Sommerfeld and Rayleigh equations and how these fluctuations are 
generated. The reports in this series are: 

(1) Rotational and Irrotational Freestream Disturbances 
Interacting Inviscidly with a Semi-Infinite Plate 

(AEDC-TR-83-3) 

(2) Exponentially-Varying, Standing Waves 
in Parallel-Flow Boundary Layers 

(AEDC-TR-83-4) 

(3) Waves Which Travel Upstream in Boundary Layers 
(AEDC-TR-83-7) 

(4) Spatially-Decaying Arrays of Rectangular Vortices 
Interacting with Falkner-Skan Boundary Layers 

(AEDC-TR-83-8) 

(5) The Boundary-Value Problem 
for Two-Dimensional Fluctuations in Boundary Layers 

(AEDC-TR-83-9) 

(6) Nonperiodic Fluctuations Induced by Stationary Surface Waviness 
on a Semi-Infinite Plate (this reporO 

(AEDC-TR-83-10) 

Reports (5) and (6) are concerned with unsteady freestream disturbances and with 
stationary surface waviness, respectively. However, the two studies are closely related 
mathematically. If the solutions are properly expressed, then the solution for (6) is 
imbedded within the solution for (5) when the frequency vanishes and when the surface 
waviness is in-phase on both sides of the plate. Hence, an analogy exists between these 
physically quite-different cases. 

All reproducibles used in the reproduction of this report were supplied by the authors. 
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l.O INTRODUCTION AND LITERATURE SURVEY 

I . I  I n t r o d u c t i o n  an__jdmo~Ivat ion fo____~r t h i s  s t u d y  

A e r o d y n a m i c  s u r f a c e s  a r e  wavy i n  v a r i o u s  d e g r e e s  a s  a r e s u l t  o f  m a c h i n i n g  
and  f a b r i c a t i o n  o f  t h e  s u r f a c e .  The d e f o r m a t i o n  o f  t h e  s t r u c t u r e  due  t o  
a e r o d y n a m i c  l o a d i n g  and  b o d y  f o r c e s  c a n  a l s o  c a u s e  w r i n k l i n g  and  l o c a l  
b u c k l i n g  o f  t h e  s k i n .  S u b s c a l e d  m o d e l s  b u i l t  f o r  a e r o d y n a m i c  t e s t i n g  a r e  
p a r t i c u l a r l y  s u b j e c t  t o  a d v e r s e  a f f e c t s  o f  s u r f a c e  w a v i n e s s ,  even  when t h e  
a e r o d y n a m i c  s u r f a c e s  a r e  m a n u f a c t u r e d  w i t h  v e r y  s m a l l  t o l e r a n c e s ,  b e c a u s e  t h e  
w a v i n e s s  can  be l a r g e  n o n d i m e n s i o n a l l y .  U n s t e a d y  s u r f a c e  waves  may a r i s e  
t h r o u g h  t h e  u s e  o f  a c t i v e  o r  p a s s i v e  c o m p l i a n t  s u r f a c e s ,  p a n e l  f l u t t e r ,  a 
l a y e r  o f  w a t e r  f l o w i n g  a l o n g  t h e  s u r f a c e  h a v i n g  a wavy a i r / w a t e ~  i n t e r f a c e ,  
e t c .  W h i l e  t h e  t h e o r y  we d e v e l o p  i n  t h i s  s t u d y  can  be e a s i l y  a d a p t e d  t o  t h e  
c a s e  o f  t r a v e l i n g  w a v e s ,  t h e  p r o b l e m  we c o n s i d e r  h a s  s t a t i o n a r y  w a v i n e s s .  

The s u r f a c e  w a v i n e s s  can  a f f e c t  l a m i n a r  and  t u r b u l e n t  s k i n  f r i c t i o n ,  
t r a n s i t i o n  t o  t u r b u l e n t  f l o w ,  and t h e  s t r u c t u r e  o f  t h e  b o u n d a r y  l a y e r s .  I f  
t h e  p r e s s u r e  a l o n g  t h e  s u r f a c e  i s  n o t  t h e  same a t  e q u a l  h e i g h t s  o f  s u r f a c e  
d i s p l a c e m e n t ,  h ( x ) ,  t h e n  t h e  w a v i n e s s  w i l l  c a u s e  p r e s s u r e  d r a g .  The w a v i n e s s  
(on  an  o t h e r w i s e  f l a t  p l a t e )  c a n  l e a d  t o  l o c a l  s e p a r a t i o n s  a f t e r  o n l y  a few 
w a v e l e n g t h s .  At t h e  v e r y  h i g h  R e y n o l d s  number  f l o w s  o f  a e r o s p a c e  
a p p l i c a t i o n s ,  G o r t l e r  i n s t a b i l i t i e s  a r e  p o s s i b l e  i n  t h e  r e g i o n s  o f  s t r e a m l i n e  
c o n c a v i t y .  

W h i l e  i t  i s  u s e f u l  t o  a n a l y t i c a l l y  assume t h a t  t h e  wavy w a l l  e x t e n d s  t o  
i n f i n i t y  u p s t r e a m  and d o w n s t r e a m ,  t h e  wavy r e g i o n  may end  a t  l e a d i n g  and  
t r a i l i n g  e d g e s ,  o r  t h e  wavy w a l l  may c o n n e c t  w i t h  ( o r  f l a r e  i n t o )  s m o o t h  
w a l l s .  W h i l e  i t  i s  u s e f u l  t o  n u m e r i c a l l y  s t u d y  f l o w s  w h i c h  a r e  s p a t i a l l y  
p e r i o d i c ,  t h e  i n f l o w  and o u t f l o w  boundax~/ c o n d i t i o n s  w i l l  n o t  be t h e  same i f  
e d g e s  o r  f l a r i n g  r e g i o n s  a r e  " n e a r b y " .  The n o n p e r i o d i c i t y  o f  t h e  
i n f l o w / o u t f l o w  b o u n d a r y  c o n d i t i o n s  w i l l  i n f l u e n c e  t h e  f l o w f t e l d ,  e v e n  t h o u g h  
t h e  s u r f a c e  d i s p l a c e m e n t  may be p e r i o d i c .  Even  t h e  n e r i o d i c  i n f l o w / o u t f l o w  
c o n d i t i o n s  c a n  be a l t e r e d  b y  e d g e s  o f  t h e  wavy r e g i o n s .  

The c a s e  o f  i n v i s c i d ,  i r r o t a t i o n a l  f l o w  o v e r  a s m a l l - a m p l i t u d e  s i n u s o i d a l  
s u z f a c e  was a n a l y z e d  b y  K e l v i n  and H e l m h o l t z  ( R e f .  1 ) .  I n  a c o o r d i n a t e  sys tem 
w h e r e  t h e  s u r f a c e  w a v e s  a r c  s t e a d y ,  and  i n t r o d u c i n g  a p h a s e  s h i f t  0 w h i c h  i s  
u s e f u l  l a t e r ,  t h e  c l a s s i c a l  s o l u t i o n s  f o r  t h e  l o n g i t u d i n a l  and  n o r m a l  v e l o c i t y  
f l u c t u a t i o n s  a r e  

u (x ,  y)  ---'Uo s i n  (ax--Q) e xp ( - a y )  

v ( x , y ) = V o C O S ( a X - - O ) e x p ( - a y )  ( 1 . 1 a , b )  

Howeve r ,  g e n e r a l l y  i~f l e a d i n l  o_xr t r a i l i n ~  e d g e s  a r e  o r e s e n t ,  t h e  
K e l y t n - H e l m h o l t z  # o l u t i o n s  a r e  n o t  m a t h e m a t i c a l l y  c o m o l e t e ;  t h e  f l o w  c a n n o t  be 
r e p r e s e n t e d  a s  a s u p e r p o s i t i o n  o f  t h e  K e l v i n - H e l m h o l t z  s o l u t i o n s .  O t h e r  
w a v e f o r m s  may be r e q u i r e d  i n  t h e  a n a l y s i s .  Even f o r  t h e  s t e a d y  c a s e  o f  an 
i n v i s c i d  u n i f o r m  mean f l o w ,  a m a t h e m a t i c a l l y  c o m p l e t e  s e t  i n c l u d e s  a v a i r  o f  
s t e a d y ,  e x p o n e n t i a l l y - v a r y i n g  s t a n d i n g  w a v e s  o f  fo rm 
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u ( x , y ) = c o s ( ~ y ) e x p ( ± ~ x )  

v ( x , y ) = s l n ( ~ y ) e x p ( ± ~ x )  ( 1 . 2 a , b )  

where ~ i s  a r e a l  number.  These waves grow or  d e c a y  e x p o n e n t i a l l y  in  t h e  
s t r e a m w i s e  d i r e c t i o n  and s a t i s f y  i m p e r m e a b i l i t y  a long  a f l a t  p l a t e .  While  
t h e r e  a l s o  i s  the  p o s s i b i l i t y  of  a n o t h e r  f a m i l y  of  waves r e p r e s e n t i n g  v o r t l c a l  
f l u c t u a t i o n s  i n  t h e  f r e e s t r e a m ,  and some o t h e r  v a r i a t i o n s  t o  ( 1 . 2 a , b ) ,  t h e  
above forms a r e  s u f f i c i e n t  f o r  t h i s  d i s c u s s i o n .  We a r e  p a r t l c u l a r l y  
i n t e r e s t e d  i n  t he  d e c a y i n g  form of  t h e s e  s t a n d i n g  waves and how t h e y  a r e  
l i n k e d  t o  t he  K e l v i n - H e l m h o l t z  s o l u t i o n s  t h r ough  the  p r e s e n c e  of  t he  l e a d i n g  
e d g e .  The i s s u e  of  m a t h e m a t i c a l  c o m p l e t e n e s s  i s  f u r t h e r  d i s c u s s e d  i n  S e c t i o n  
1 . 6 .  

S o l u t i o n s  ( 1 . 2 a , b )  a r e  s i m p l i f i e d  v e r s i o n s  of  waves of  form 

u ( x , Y ) = f ( y ) e x p ( ~ x - i ~ t )  

v ( x , y ) = ~ ( y ) e x p ( ± ~ x - i ~ t )  ( 1 . 3 a , b )  

found i n  v i s c o u s ,  p a r a l l e l - f l o w  boundary  l a y e r s .  These waves have  been  
c a l c u l a t e d  by R o g l e r  and Tsug~ (Ref .  2 ) ,  and R o g l e r  ( R e f s .  3 a , b )  as  s o l u t i o n s  
o f  the  O r r - S o m m e r f e l d  e q u a t i o n  f o r  F a l k n e r - S k a n  bounda ry  l a y e r s .  

A m o t I y a t i o n  f o r  t h i s  s t u d y  i s  t o  b e t t e r  u n d e r s t a n d  the  r o l e  and 
p r o p e r t i e s  of  t h e s e  a d d i t i o n a l  s o l u t i o n s .  Even f o r  c a s e s  where s u p e r p o s l t i o n s  
o f  the  K e l v i n - H e l m h o l t z  s o l u t i o n s  a r e  p o s s l b l e  ( e . g .  the  ca se  of  a 
s e m i - i n f l n l t e  f l a t  p l a t e  j o i n e d  t o  a s e m l - l n f i n i t e  s l n u s o l d a l  w a l l )  i t  may be 
u s e f u l  to  r e p r e s e n t  the  f l o w f i e l d  i n  t e rms  of  m a t h e m a t i c a l l y  c o m p l e t e  s e t s  in  
t he  two r e g i o n s ,  and j o i n  them s m o o t h l y  a t  the  j u n c t i o n .  An o b j e c t i v e  of  t h i s  
s t u d y  i s  t o  o b t a i n  t he  f l o w f l e l d  ove r  a s e m i - i n f l n l t e  s i n u s o l d a l  w a l l .  While  
we c o n s i d e r  the  wavy s u r f a c e  t o  be s t a t i o n a r y ,  w i t h  a p p r o p r i a t e  
n o n d i m e n s i o n a l i z a t i o n s  and phase  s h i f t s ,  t he  s o l u t i o n  f o r  the  f l o w f l e l d  i s  
a l s o  a p p l l c a b l e  f o r  f low ove r  a s e m l - l n f l n i t e  p l a t e  w i t h  t r a v e l l n g  s u r f a c e  
w a v i n e s s ,  The t h e o r y  w i t h  t r a v e l i n g  s u r f a c e  w a v i n e s s  i s  documented  in  R e f . 2 2 .  

1 .2  An i n t r o d u c t i o n  to  the  i n f l u e n c e s  of  Leading  and t r a i l l n g  edRes o f  wavv 
s u r f a c e s  and f l a r i n g  s e c t i o n s  be tween  wa_.~ and smooth s u r f a c e s  

S e v e r a l  i n v e s t i g a t o r s  have been  aware of  (a )  t he  i n f l u e n c e  of  the  phase  
a n g l e  e when a l e a d i n g  edge i s  p r e s e n t ,  (b)  t he  l e n g t h  of the  f l a t  s e c t i o n  
which j o i n s  t o  the  wavy r e g i o n ,  and (c)  g e o m e t r l c a l  d e t a i l s  o f  the  f l a r i n g  
s e c t i o n .  There  a r e  s e v e r a l  mechanisms by which the  l e a d i n g / t r a i l i n g  e d g e s  o r  
f l a r i n g  s e c t i o n s  can i n f l u e n c e  the  f l o w f i e l d .  For  s i m p l l c i t y ,  we w i l l  c o n f i n e  
t h i s  d i s c u s s i o n  t o  f i r s t - o r d e r  bounda ry  l a y e r  e f f e c t s ,  where t h e s e  f a c t o r s  can 
i n f l u e n c e  the  f r e e s t r e a m  v e l o c l t y  a t  t h e  b o u n d a r y  l a y e r  edge ,  Uw(x) " 

( I )  In  t h e  d o u b l y - i n f l n l t e  K e l v i n - H e l m h o l t z  s o l u t i o n ,  the  phase  O of  the  
s u r f a c e  w a v i n e s s  can be e l i m i n a t e d  by a s l m p l e  c o o r d i n a t e  s h i f t .  However,  the  
c a l c u l a t i o n s  by Dryden (Re f s .  4 , 6 ,  b a s e d  on Ref .  5) f o r  the  b o u n d a r y  l a y e r  
deve lopmen t  a l o n g  a p l a t e  show t h a t  t h e  s e p a r a t i o n  p o i n t  depends  on the  phase  
0 of  the  s i n u s o i d a l l y  imposed f r e e s t r e a m  v e l o c i t y  
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U~(x) = U~ + esin(ax--O) (1.4) 

(We h a v e  f r e e l y  c h a n g e d  t h e  d e f i n i t i o n  and s i g n  o f  t h e  p h a s e  a n g l e  u s e d  b y  
o t h e r  i n v e s t i g a t o r s  t o  be c o n s i s t e n t  w i t h  t h e  p r e s e n t  w o r k . )  Wi th  a l e a d l n g  
edge  p r e s e n t ,  t h e  p h a s e  a n g l e  o f  t h e  w a v i n e s s  b e c o m e s  a r e l e v a n t  p a r a m e t e r  
b e c a u s e  t h e  p h a s e  i n f l u e n c e s  t h e  i n l t l a l  c o n d i t i o n ,  t h e  i m p o s e d  p r e s s u r e  
g r a d i e n t  a s s o c i a t e d  w i t h  t h e  v e l o c i t y  ( 1 . 4 ) ,  and t h e  edge  b o u n d a r y  c o n d i t i o n  
i n  t h e  b o u n d a r y  l a y e r  e q u a t i o n s .  D r y d e n f s  c a l c u l a t i o n s  ( R e f .  4) 
s y s t e m a t i c a l l y  c o n s i d e r e d  t h e s e  e f f e c t s .  

(2 )  The f l o w  a r o u n d  t h e  l e a d i n g  edge  can  s u b s t a n t i a l l y  i n f l u e n c e  t h e  i n i t i a l  
c o n d i t i o n s ,  t h e  p r e s s u r e  g r a d i e n t ,  and t h e  edge  b o u n d a r y  c o n d i t i o n s .  T h i s  
f l o w  d e p e n d s  on t h e  p h a s e  o f  t h e  w a v i n e s s .  B a s e d  on  t h e  t h e o r y  p r e s e n t e d  
h e r e i n ,  t h e  f r e e s t r e a m  v e l o c l t y  t a k e s  t h e  fo rm 

U~(x) = U~ + esin(ax-O) + eu(S)(x,O) 

l 
~ - S e c o n d a r y  f l o w  c a u s e d  by  t h e  

l e a d i n g  and t r a i l i n g  e d g e s ,  
f l a r i n g  s e c t i o n s ,  e t c .  

K e l v i n - H e l m h o l t z  s o l u t i o n  
e v a l u a t e d  a l o n g  y = 0 

(1.5) 

m u n i f o r m  mean f l o w  w h i c h  w o u l d  e x i s t  
i f  t h e  p l a t e  we re  f l a t  

T h i s  e x p r e s s i o n  i s  v a l i d  o n l y  a l o n g  y=0 where  a s i n u s o l d a l  w a l l  i s  p r e s e n t .  
The s e c o n d a r y  f l o w  i s  a l s o  p r o p o r t i o n a l  t o  t h e  a m p l l t u d e  o f  t h e  s u r f a c e  
w a v i n e s s .  The s e c o n d a r y  f l o w  i s  no___tt p e r i o d i c  i n  x .  We s h a l l  show t h a t  i t  i s  
composed  o f  a s u p e z p o s l t i o n  o f  d e c a y i n g  waves  o f  fo rm ( l . 2 a , b ) .  ]Tni le  u ( s )  
wou ld  v a n i s h  f a r - d o w n s t r e a m  o f  t h e  l e a d i n g  e d g e ,  t h e  i n f l u e n c e  i n  t h e  b o u n d a r y  
l a y e r  c o u l d  p e r s i s t  d o w n s t r e a m  b e c a u s e  o f  t h e  d e v e l o p m e n t  o f  t h e  b o u n d a r y  
l a y e r  i n  t h e  f i r s t  h a l f - w a v e l e n g t h  o r  so o f  t h e  w a v i n e s s .  A s i m i l a r  b e h a v i o r  
i s  p o s s i b l e  w i t h  a f l a t  s e c t i o n  c o n n e c t e d  t o  a wavy s e c t i o n .  I n  e l l i p t i c  
p r o b l e m s ,  t h e  ( p o s s i b l y  d i f f e r e n t )  p h a s e s  o f  t h e  w a v i n e s s  on  t h e  t o p  s l d e  o f  
t h e  p l a t e  and  t h e  b o t t o m  s i d e  o f  t h e  p l a t e  w o u l d  be r e l e v a n t .  I n  t h e  p r e s e n t  
w o r k ,  we assume t h a t  t h e  p h a s e s  a r e  t h e  same.  

(3 )  I f  b o t h  l e a d i n g  a n d  t r a i l i n g  e d g e s  ar___ee p r e s e n t ,  t h e n  t h e  w a v i n e s s  c a n  
i n f l u e n c e  t h e  c i r c u l a t i o n  a b o u t  t h e  p l a t e .  The s e c o n d a r y  f l o w  w i l l  now d e p e n d  
on  t h e  p l a t e  l e n g t h ,  L. T h i s  s e c o n d a r y  f l ow  i n  e q n . ( l . 5 )  c o u l d  r e m a i n  
s i g n i f i c a n t  f o r  many w a v e l e n g t h s  f rom t h e  l e a d i n g / t r a l l i n g  e d g e s .  A s l m i l a r  
e f f e c t  c o u l d  a r i s e  w i t h  a f i n i t e - l e n g t h  o f  s u r f a c e  w a v i n e s s  a l o n g  a 
d o u b l y - i n f l n i t e  p l a t e .  The f e a t u r e  s h a r e d  by  b o t h  o f  t h e s e  c a s e s  i s  t h a t  t h e  
end r e g i o n s  o f  t h e  wavy s u r f a c e  can  e s t a b l i s h  h i g h  and low p r e s s u r e s ,  and  t h e  
d i f f e r e n c e  b e t w e e n  t h o s e  p r e s s u r e s  d i v i d e d  by  t h e  l e n g t h  o f  t h e  wavy  s e c t i o n  
i s  a p r e s s u r e  g r a d i e n t  w h i c h  c o u l d  have  a r e l a t i v e l y  l o n g  r a n g e  i n f l u e n c e .  I n  
e l l i p t i c  c a s e s ,  a n o t h e r  f e a t u r e  o f  r e l e v a n c e  i s  w h e t h e r  t h e  mode l  s u p p o r t  o r  
a t t a c h m e n t  o f  t h e  wavy s u r f a c e  t o  t h e  w ind  t u n n e l  w a l l  w i l l  i n f l u e n c e  t h e  
c i r c u l a t i o n  a b o u t  t h e  p l a t e .  

(4 )  The g e o m e t r i c a l  d e t a i l s  o f  any  ( n o n - s l n u s o l d a l )  f l ~ r i n g  s e c t i o n s  w h i c h  
c o n n e c t  t h e  wavy s u r f a c e  t o  a d j a c e n t  n o n - w a v y  s u r f a c e s  c o u l d  be t r e a t e d  a s  
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s t i l l  a n o t h e r  s u p e r p o s e d  f l o w f i e l d .  T h i s  f low would  be e x c i t e d  by t h e  w a l l  
b o u n d a r y  c o n d i t i o n  w h i c h  i s  t h e  d i f f e r e n c e  b e t w e e n  t h e  s l n u s o l d a l  w a l l  and t h e  
f l a r i n g  r e g i o n .  

A n a l y t i c a l  s o l u t i o n s  have  b e e n  o b t a i n e d  ( R e f s .  7 - 9 )  f o r  t he  i n t e r a c t i o n  
of  v a r i o u s  f r e e s t r e u m  d i s t u r b a n c e s  w i t h  s e m l - i n f i n i t e  p l a t e s .  W i t h i n  t he  
f rumework  o f  i n v i s c i d  l i n e a r l z e d  a i r f o i l  t h e o r y ,  t he  c l o s e l y  r e l a t e d  s o l u t i o n  
f o r  f low o v e r  s t a t i o n a r y  s u r f a c e  w a v i n e s s  on  a s e m i - i n f i n l t e  p l a t e  c a n  be 
d e v e l o p e d .  For  t h i s  r e a s o n ,  a s e m i - i n f l n l t e  wavy w a l l  i s  u s e d  i n  t h i s  
a n a l y s i s .  The c l o s e d - f o r m  s o l u t i o n  wh ich  r e s u l t s  c a n  be r e a r r a n g e d  t o  
i l l u s t r a t e  t he  o r i g i n  of  e x p o n e n t i a l l y - v a r y l n g  s t a n d i n g  w a v e s .  I n  t h i s  
r e p o r t ,  we w i l l  n o t  d i r e c t l y  c o n s i d e r  e i t h e r  t h e  combined  e f f e c t s  o f  l e a d i n g  
and t r a i l i n g  e d g e s ,  or  t he  e f f e c t s  o f  n o n s l n u s o i d a l  f l a r i n g  r e g i o n s .  

I n  S e c t i o n s  1 . 3 - 1 . 9 ,  we o u t l i n e  e i g h t  a p p r o a c h e s  t o  t he  p r o b l e m  of  
s t u d y i n g  f l ow  o v e r  wavy w a l l s .  Whi le  t h e  s u r v e y  i s  n o t  e x h a u s t i v e ,  a d d i t l o n a l  
r e f e r e n c e s  i n  any  c a t e g o r y  can  be f o u n d  t h r o u g h  t he  p a p e r s  and r e p o r t s  w h i c h  
we c i t e .  We d i d  n o t  t h o r o u g h l y  s u r v e y  t he  r e l a t e d  t o p i c s  o f  ( I )  f l ow s  o v e r  
t r a v e l i n g  wavy w a l l s ,  (2) g e o p h y s i c a l  s t u d i e s  of  t he  e x c i t a t i o n  of  w a t e r  waves  
by t he  w i n d ,  (3)  a i r f l o w  o v e r  a f l a t  p l a t e  w i t h  a f i l m  of f l u i d  w i t h  a wavy 
s u r f a c e ,  (4) G ~ r t l e r  i n s t a b i l i t i e s  i n  t he  c o n c a v e  s t r e a m l i n e s  o v e r  a wavy 
s u r f a c e ,  (5) i n f l u e n c e  of  w a v i n e s s  on  t h e  T o l l m i e n - S c h l i c h t i n g  i n s t a b i l i t y ,  
(6) t h e  t r i p l e - d e c k  a n a l y s e s  of  f l o w s  o v e r  a s m a l l  bump i n  a b o u n d a r y  l a y e r ,  
(7) a l a y e r  of  l i q u i d  f l o w l n 8  o v e r  a wavy s u r f a c e ,  such  as t h e  f low of  a r i v e r  
o v e r  an  u n d u l a t i n g  r i v e r b e d ,  (8)  h e a t  t r a n s f e r  i n  corrugated p i p e s ,  (9)  low 
R e y n o l d s  number  l u b r i c a t i o n  p r o b l e m s  w i t h  wavy s u r f a c e s ,  ( I 0 )  f low i n  b l o o d  
v e s s e l s  and  p i p e s  w i t h  wavy w a l l s ,  ( I I )  f l ows  a l o n g  f l a t  e e l s  and  o t h e r  
a n i m a l s  w i t h  u n d u l a t i n g  s u r f a c e s ,  and (12) b o u n d a r y  l a y e r  d e v e l o l x n e n t  w i t h  
s u r f a c e  r o u g h n e s s .  

1 . 3  I r r o t a t i o n a l  f l ows  v a s t  s m a l l - a m p l l t u d e  a n d  l a r g e - a m p l i t u d e  wavv wall_____~s 

I r r o t a t i o n a l  i n c o m p r e s s i b l e  f l ow  o v e r  a s m a l l - u m p l i t u d e  s i n u s o l d a l  w a l l  
was a n a l y z e d  by  E e l v l n  and H e l m h o l t z  ( R e f .  1 ) .  The s t r e u m l i n e s  of  t h i s  f l ow  
a r e  p l o t t e d  i n  F i g u r e  1 .  T h i s  s o l u t l o n  was e x t e n d e d  by A c k e r e t  ( R e f s .  1 0 - 1 3 )  
t o  t h e  c a s e s  of  c o m p r e s s i b l e  s u b s o n i c  and  s u p e r s o n i c  f l o w .  For  t he  s u b s o n i c  
c a s e s ,  t he  p r e s s u r e  i s  s y u n n e t r i c  on  t h e  windward  and l e e w a r d  s i d e s  of  t he  
wave ,  and t h e r e  i s  no p r e s s u r e  d r a g .  For  t h e  s u p e r s o n i c  c a s e ,  wave d rag  i s  
g e n e r a t e d  b e c a u s e  of  t he  a s y m m e t r i c  v a r i a t i o n  i n  p r e s s u r e .  

T r a n s o n i c  f low o v e r  a wavy w a l l  was a n a l y z e d  by C. K a p l a n  ( R e f .  14) and  
Hosokawa (Re f .  15) who i n c l u d e d  t h e  n o n l i n e a r  t r a n s o n i c  t e r m  i n  t h e i r  
a n a l y s e s .  Both  assumed t he  f l ow  to  be i s e n t r o p i c  and p e r i o d i c ,  and t h u s  
t a c i t l y  n e g l e c t  t h e  i n c r e a s e s  i n  e n t r o p y  a c r o s s  t h e  s h o c k s .  Moore and  G i b s o n  
(Re f .  16) and  V i n c e n t i  ( R e f s .  1 7 , 1 8 )  a n a l y z e d  I n v l s c i d  c o m p r e s s i b l e  f l ow  o v e r  
a s l n u s o l d a l  w a l l  of  a gas  i n  v l b r a t i o n a l  o r  c h e m l c a l  n o n - e q u i l i b r l u m .  They 
f o c u s e d  on  t h e  e f f e c t s  o f  f i n i t e - r a t e  c h e m i c a l / v l b r a t l o n a l  a d j u s t m e n t s ,  and 
n e g l e c t e d  t h e  e f f e c t s  o f  any ( n o n l i n e a r )  t r a n s o n i c  t e rm  i n  t h e i r  c o n s i d e r a t i o n  
of  s u b s o n i c ,  t r a n s o n i c ,  and s u p e r s o n i c  f l o w s .  Ry l mi ng  (Ref .  19) d i s c u s s e d  t h e  
combined  p r o b l e m  of  t r a n s o n i c  e f f e c t s  and f i n i t e - r a t e s  of  a d j u s t m e n t .  For  t h e  
( e q u i l i b r i u m )  t r a n s o n i c  c a s e s ,  t he  mixed s u p e r s o n i c / s u b s o n l c  f l o w s  c a u s e  
p r e s s u r e  d r a g .  For  t he  n o n - e q u i l i b r l u m  c a s e s ,  t h e  f i n i t e  r a t e s  o f  a d j u s t m e n t  
w i l l  c a u s e  p r e s s u r e  d rag  e v e n  i n  t h e  s u b s o n i c  c a s e s .  
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F i g u r e  1 .  S t r e a m l i n e s  f o r  the  p e r i o d i c  K e l v l n - H e l m h o l t z  s o l u t i o n ,  ~ , ( k h )  f o r  
i n c o m p r e s s i b l e ,  I r r o t a t i o n a l  f low ove r  a wavy w a l l .  The phase  of  
t he  w a v i n e s s  i n  t h i s  f i g u r e  i s  t he  same as  i n  F i g u r e s  2b ,  5 b , a n d  6 f .  

(2a) (2b)  

c 
o " ' ~ ~ , ~ f  ~ o o 

F i g u r e  2.  Geometry and s t r e a m l i n e s  f o r  n o n p e r i o d i c  f low in  a c o r n e r  i n d u c e d  by 
a t r a v e l i n g  wavy w a l l  (Ref .  2 3 ) .  
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H o r l o c k  ( R e f .  20)  a n a l y z e d  i n c o m p r e s s i b l e  f l o w  i n  an  u n s t e a d y  wind  t u n n e l  
w i t h  s m a l l - a m p l i t u d e  wavy w a l l s  w i t h  v a r i o u s  p h a s e  r e l a t i o n s h i p s  b e t w e e n  t h e  
two wavy w a l l s .  R o g l e r  ( R e f .  21)  a n a l y z e d  t h e  s m a l l - a m p l i t u d e  c a s e s  o f  w a l l  
ampl i tudes  v a r y i n g  a s  

and  
h ( x , t )  = h o e x p [ l a ( x - c t ) ]  w i t h  a c o m p l e x  

h ( x , t )  = ( h o + h x x + h ~ t ) e x p [ i a ( x - U o o t )  ] 

(1.6a) 

(1.6b) 

The l a t t e r  " g a l l o p i n g "  w a l l  s h a p e  i s  a s u r f a c e  wave w h i c h  i n d u c e s  d i s t u r b a n c e s  
t h a t  p r o p a g a t e  a t  t h e  f r e e s t , c a m  s p e e d ,  c=Um. The s i n u s o i d a l  w a l l  s h a p e  
( l . 6 a )  w i t h  a r e a l  c a n n o t  i n d u c e  d i s t u r b a n c e s  p r o p a g a t i n g  a t  t h e  f r e e s t r e a m  
s p e e d .  

F low  i n  a w i n d  t u n n e l  w i t h  l a r g e - a m p l i t u d e ,  n o n - s i n u s o i d a l  wavy w a l l s  was 
a n a l y z e d  i n  R e f .  21 a l s o .  F o r  t h e  c a s e s  a n a l y z e d ,  v e l o c i t y  d i s t u r b a n c e s  o f  
t h e  form 

u , v  = [ f ( y ) , ~ ( y ) ] e x p [ i a ( x - c t ) ]  ( l .Ta)  

w i t h  on_._~e x - w a v e n u m b e r ,  ~ ,  were  i n d u c e d  b y  l a r g e  w a l l  d i s p l a c e m e n t s  w h i c h  w e r e  
e x p r e s s e d  a s  t h e  F o u r i e r  s e r i e s  

h ( x , t )  = ~ [ h ( 1 ) s l n a n ( x - c t )  + ~ 2 ) c o s a n ( x - c t ) ]  
n=0 

( 1 . 7 b )  

w i t h  t h e  s e r i e s  o f  x - w a v e n u m b e z s ,  an=nU , n = 0 , 1 , 2 , - . . .  The v e l o c i t i e s  w e r e  
expressed- - - -a -~ lna ly t~xca l ly ,  and  t h e  w a i l  s h a p e s  and  F o u r i e r  c o e f f i c i e n t s  w e r e  
o b t a i n e d  n u m e r i c a l l y .  

I n  a c o m p a n i o n  s t u d y  t o  t h e  p r e s e n t  r e p o r t ,  R o s i e r  ( R e f .  22)  a n a l y z e d  
f l o w  o v e r  a s e m i - i n f i n i t e  p l a t e  w i t h  t r a v e l i n g  s u r f a c e  w a v e s ,  i n c l u d i n g  b o t h  
s i n u s o i d a l  and  t h e  more  g e n e r a l  " g a l l o p i n g "  waves  o f  e q n . ( 1 . 6 b ) .  The c o m b i n e d  
c a s e  o f  f r e e s t r e a m  d i s t u r b a n c e s  and t r a v e l i n g  w a l l  w a v i n e s s  was a l s o  a n a l y z e d .  
N o n p e r f o d i c  f l o w  i n  a c o r n e r  i n d u c e d  b y  a s i n u s o i d a l  w a l l  was a n a l y z e d  b y  
R o g l e z  ( R e f .  23)  a s  shown i n  F i g u r e s  2 a , b .  T h a t  s o l u t i o n  a l s o  i l l u s t r a t e s  t h e  
s u p e r p o s f t i o n  o f  t h e  K e l v t n - H e l m h o l t z  s o l u t i o n  and a s t a n d i n g  wave s o l u t i o n .  

1 . 4  S o l u t i o n s  o f  t h e  b o u n d a r y  l a y e r  e q u a t i o n s  f o r  f l o w s  ~ a s t  wavy w a l l s  

As d e s c r i b e d  e a r l i e r ,  D r y d e n  ( R e f s .  4 - 6 )  o b t a i n e d  s o l u t l o n s  o f  t h e  s t e a d y  
b o u n d a r y  l a y e r  e q u a t i o n s  f o r  an  s l n u s o i d a l  v a r i a t i o n  o f  t h e  f r e e s t r e a m  
v e l o c i t y .  C a l c u l a t i o n s  w e r e  made b y  a m o d i f i c a t i o n  t o  P o h l h a u s e n r s  m e t h o d .  
S o l u t i o n s  o f  t h e  b o u n d a r y  l a y e r  e q u a t i o n s  w i t h  s i n u s o i d a l  edge  c o n d i t i o n s  and  
p e r i o d i c  p r e s s u r e  g r a d i e n t  h a v e  b e e n  o b t a i n e d  b y  G ~ r t l e r  ( R e f .  2 4 ) ,  Q u i c k  and 
S c h r ~ d e r  ( R e f .  25 ;  s e e  a l s o  F i g . A , 1 0  o f  R e f .  6 ) ,  Ge ropp  ( R e f .  2 6 ) ,  and Walz  
( R e f .  2 7 ) .  Walz  c o m p a r e d  t h r e e  s o l u t i o n s  u s i n g  a p p r o x i m a t e  m e t h o d s  w i t h  t h e  
f i n i t e - d i f f e r e n c e  s o l u t i o n s  o f  Q u i c k  and S c h r o d e r ,  whe re  t h e  v e l o c i t y  Um(x) 
was d e s i g n a t e d  a s  (1)  a u n i f o r m  f l o w ,  (2 )  t h e  sum o f  a u n i f o r m  f l o w  and a 
s i n u s o l d s l  p e r t u r b a t i o n ,  and (3)  t h e  sum o f  a u n i f o r m  f l o w  p l u s  a 
n o n s l n u s o l d a l  p e r t u r b a t i o n  i n  an  i n t e r m e d i a t e  s e c t o r  t o  r e p r e s e n t  t h e  e f f e c t s  
o f  a f l a r i n g  s e c t i o n .  R e s u l t s  w i t h o u t  a s t a r t i n g  l e n g t h  w e r e  a l s o  c o m p a r e d .  
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F a n n e l ~ p  and F l ~ g g e - L o t z  (Re f .  28) s o l v e d  the  c o m p r e s s i b l e  b o u n d a r y  l a y e r  
e q u a t i o n s  f o r  s u b s o n i c  and s u p e r s o n i c  f low ove r  a wavy w a l l .  They used  an 
i m p l i c i t  f i n i t e - d i f f e r e n c e  s o l u t i o n  and a d d r e s s e d  the  p rob lem of a f l a t  p l a t e  
j o i n e d  to  a wavy w a l l .  The e f f e c t s  of  b o u n d a r y  l a y e r  d i s p l a c e m e n t  were  
i n c o r p o r a t e d  by assuming the  s i n u s o i d a l  edge c o n d i t i o n s  t o  be t h o s e  
c o r r e s p o n d i n g  t o  t he  combined e f f e c t s  of  s u r f a c e  w a v i n e s s  and d i s p l a c e m e n t  
t h i c k n e s s .  The bounda ry  l a y e r  f low was found ,  t he  l o c a l  d i s p l a c e m e n t  
t h i c k n e s s  was c a l c u l a t e d ,  and t h e  w a l l  shape was found i n d i r e c t l y .  Walz 
(Re f .  27) a l s o  compares  two a p p r o x i m a t e  methods a t  s u p e r s o n i c  Mach numbers 
w i t h  and w i t h o u t  h e a t  t r a n s f e r .  I n t e r e s t i n g l y ,  Walz (page 242) p l o t s  t he  
a m p l i t u d e  s o f  the  s i n u s o i d a l  v e l o c i t y  which l e a d s  t o  l q m i n a r  s e p a r a t i o n  
~ i t h i n  the  f i r s t  w a v e l e n g t h .  Th is  a m p l i t u d e  v a r i e s  from 2.13% a t  Mw=0 to  
abou t  0 .5~  a t  Mw=4.0 , but  a l s o  depends  on h e a t  t r a n s f e r .  Presumably,  b a s e d  on 
D r y d e n ' s  c a l c u l a t i o n s ,  t h i s  a m p l i t u d e  would a l s o  depend on t h e  phase  O of  t he  
w a v i n e s s .  The s m a l l n e s s  of  t h e s e  a m p l i t u d e s  e m p h a s i z e s  t h e  s e n s i t i v i t y  of  t he  
bounda ry  l a y e r  to  w a v i n e s s ,  a t  l e a s t  when t h e  mean p r e s s u r e  g r a d i e n t  v a n i s h e s ,  

dPw/dx=0.  

Rogers  (Ref .  29) d e v e l o p e d  an a p p r o x i m a t e  method of  a c c o u n t i n g  f o r  
bounda ry  l a y e r  e f f e c t s  on p r e s s u r e  d r ag  p r o d u c e d  by a c o m p r e s s i b l e  f low ove r  a 
wavy w a l l .  

Numer ica l  s o l u t i o n s  f o r  s u p e r s o n i c  f l o w s  o v e r  s i n g l e  and m u l t i p l e  
s l n u s o i d a l  p r o t u b e r a n c e s  were o b t a i n e d  by P o l a k ,  W e r l e ,  V a t s a ,  and B e r t k e  
(Ref .  3 0 ) .  Loca l  s e p a r a t i o n s  and r e a t t a c h m e n t s  were  c a l c u l a t e d  u s i n g  b o u n d a r y  
l a y e r  e q u a t i o n s  where t he  i n t e r a c t i o n  of  the  b o u n d a r y  l a y e r  w i t h  t he  
i s e n t r o p i c  s u p e r s o n i c  i n v i s c l d  f low was mode led  by l i n k i n g  t h e  p r e s s u r e  
g r a d i e n t  p a r a m e t e r  to  t h e  l o c a l  i n c l i n a t i o n  of  the  t o t a l  d i s p l a c e m e n t  body .  
Th i s  d i s p l a c e m e n t  body i n c l u d e d  the  e f f e c t s  of  the  wavy s u r f a c e  and t h e  
b o u n d a r y  l a y e r  d i s p l a c e m e n t  t h i c k n e s s .  

In  t h e s e  r e f e r e n c e s ,  t h e  p r e s s u r e  a t  t h e  b o u n d a r y  l a y e r  edge was 
i m p r e s s e d  on the  l a y e r ,  in  c o n t r a s t  t o  the  s t u d i e s  of  S e c t i o n  1.5  where the  
p r e s s u r e  i s  no t  r e q u i r e d  t o  be c o n s t a n t  a c r o s s  t h e  b o u n d a r y  l a y e r .  

1 .5  I n c o m p r e s s i b l e  an_.~d c o m p r e s s i b l e  p a r a l l e l - f l o w  b o u n d a r y  1 a v e r s  w i t h  
s m a l l - a m p l i t u d e  wavy w a l l s  

E f f e c t s  o f  the  mean bounda ry  l a y e r  a long  t h e  wavy w a l l  have been  s t u d i e d  
a n a l y t i c a l l y  and n u m e r i c a l l y  by assuming a p a r a l l e l - f l o w  bounda ry  l a y e r  and 
s e e k i n g  s o l u t i o n s  of  l i n e a r  o r d i n a r y - d i f f e r e n t i a l  e q u a t i o n ( s )  s u b j e c t  t o  
l i n e a r i z e d  bounda ry  c o n d i t i o n s .  These s t u d i e s  assume t h a t  the  d i s t u r b a n c e  
f low i s  o f  the  form 

u (xoy)  = f ( y ) e x p ( i a x )  

v ( x , y )  = D ( y ) e x p ( i a x )  ( l . g a , b )  

and s i m i l a r l y  f o r  the  o t h e r  d i s t u r b a n c e  v a r i a b l e s  i n  a c o o r d i n a t e  sys t em 
moving w i t h  the  s u r f a c e  wave.  Th i s  s o l u t i o n  form has  t he  same x -waven ,mber  as  
t he  s u r f a c e  w a v i n e s s ,  and i s  c o m p a t i b l e  w i t h  the  l i n e a r i z e d  bounda ry  
c o n d i t i o n s  a long  y=0.  However, i t  e x c l u d e s  s t e a d y  waves o f  form ( 1 . 3 a , b )  
which may be p r e s e n t .  
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M i l e s  (Ref .  31) s o l v e d  the  I n v l s c l d  R a y l e l g h  e q u a t i o n  f o r  f low ove r  a 
t r a v e l i n g  wave i n  an a n a l y s l s  f o c u s e d  on p r e d i c t i n g  t h e  e n e r g y  t r a n s f e r  
be tween  a p a r a l l e l - f l o w  ( a i r )  b o u n d a r y  l a y e r  and g r a v i t y  waves in  w a t e r .  The 
r a t e  a t  which e n e r g y  was t r a n f e r r e d  was p r o p o r t i o n a l  t o  t h e  p r o f i l e  c u r v a t u r e  
a t  the  c r i t i c a l  p o i n t .  

Benjamin  (Ref .  32) a n a l y t i c a l l y  s t u d i e d  f low ove r  a s t a t i o n a r y  wavy w a l l ,  
a long  w i t h  o t h e r  c a s e s  o f  t r a v e l i n g  s u r f a c e  waves .  With t he  c r i t i c a l  p o i n t  a t  
t he  w a l l ,  v i s c o s i t y  was r e t a i n e d  i n  a t h i n  l a y e r  a d j a c e n t  t o  t he  w a l l  where 
the  mean v e l o c i t y  was assumed t o  v a r y  l i n e a r l y .  M i l e s  (Re f .  33) a l s o  i n c l u d e d  
v i s c o s i t y  in  h i s  a n a l y s i s .  

Numer i ca l  s o l u t i o n s  o f  the  i n c o m p r e s s i b l e ,  v i s c o u s  O r r - S o m m e r f e l d  
e q u a t i o n  w i t h  a p a r a l l e l - f l o w  B l a s i u s  b o u n d a r y  l a y e r  and w i t h  a wavy w a l l  ware 
o b t a i n e d  by L e s s e n  and Gangwani ( R e f .  34) and A l d o s s  and Resho tko  (Re f .  3 5 ) .  
B o u n d a r y - v a l u e  p r o b l e m s  r e l a t e d  t o  R e f s .  32,  34 ,  and 35 a re  d e s c r i b e d  i n  
S e c t i o n  1 .6  b e l o w .  

I n g e r  and W i l l i a m s  (Ref .  36) s o l v e d  t h e  c o m p r e s s i b l e p  p a r a l l e l - f l o w  
e q u a t i o n s  f o r  f low ove r  a s t a t i o n a r y  s i n u s o i d a l  w a l l .  The P r a n d t l  n r ~ b e r  was 
assumed t o  be u n i t y .  The i n v i s c i d ,  n o n c o n d u c t i n g  s o l u t i o n s  were matched  t o  
s o l u t i o n s  i n  t h e  s u b l a y e r  which a c c o u n t e d  f o r  v i s c o s i t y  and h e a t  c o n d u c t i o n .  
McClure (Ref .  37) a l s o  o b t a i n e d  s o l u t i o n s  f o r  c o m p r e s s i b l e  d i s t u r b a n c e s  i n  
p s e u d o - l a m i n a r  b o u n d a r y  l a y e r s  w i t h  t u r b u l e n t  mean p r o f i l e s .  He d e v e l o p e d  
some J u s t i f i c a t i o n  f o r  s t u d y i n g  t u r b u l e n t  b o u n d a r y  l a y e r s  ove r  wavy w a l l s  by  
u s i n g  the  t u r b u l e n t  mean p r o f i l e s  i n  t h e  l i n e a r i z e d ,  p a r a l l e l - f l o w  e q u a t i o n s ,  
and by u s i n g  the  o r d i n a r y  v i s c o s i t y  c o e f f i c i e n t  r a t h e r  t h a n  some c o m b i n a t i o n  
of  the  o r d i n a r y  and eddy c o e f f i c i e n t s .  Numer ica l  s o l u t i o n s  o f  the  6 t h - o r d e r ,  
v i s c o u s ,  h e a t - c o n d u c t i n g  e q u a t i o n s  f o r  f low ove r  s t a t i o n a r y  wavy w a l l s  were  
o b t a i n e d  by L e k o u d i s ,  Nayfeh ,  and S a r i c  (Re f .  3 8 ) .  Mean b o u n d a r y  l a y e r s  
r e p r e s e n t a t i v e  of  l a m i n a r  l a y e r s  and t u r b u l e n t  l a y e r s  were used  i n  t h e i r  
c a l c u l a t i o n s .  

The r e a d e r  i s  r e f e r r e d  t o  S e c t i o n  1 .10  f o r  r e l a t e d  p a r a l l e l - f l o w  s t u d i e s  
of  the  i n t e r a c t i o n  o f  s t e a d y  f r e e s t r e a m  d i s t u r b a n c e s  w i t h  a b o u n d a r y  l a y e r  
a long  a f l a t  p l a t e .  

1 .6  B o u n d a r y - y a l u e  p r o b l e m s  w i t h  wavv w a l l s  

The s u b j e c t  of  t h i s  s e c t i o n  i s  t h e  s p a t i a l  e v o l u t i o n  o f  d i s t u r b a n c e s  in  
p a r a l l e l - f l o w  b o u n d a r y  l a y e r s  a l o n g  wavy w a l l s .  The s t u d i e s  s u r v e y e d  i n  
S e c t i o n  1 .5  assumed s o l u t i o n s  of  t he  form ( 1 . g a , b )  which have the  same 
x-wavenumber as t h e  s u r f a c e  w a v i n e s s .  As d i s c u s s e d  i n  S e c t i o n  1 . 1 ,  however ,  
t h e s e  s o l u t i o n s  a r e  no t  m a t h e m a t i c a l l y  c o m p l e t e .  Any o t h e r  s o l u t i o n  which 
s a t i s f i e s  t he  same e q u a t i o n ,  e x c e p t  w i t h  homogeneous bounda ry  c o n d i t i o n s  a l o n g  
y = 0 ,  can be s u p e r p o s e d .  There  a r e  o t h e r  s t e a d y  s o l u t i o n s ,  as  w e l l  as  o t h e r  
u n s t e a d y  s o l u t i o n s .  

None of  the  b o u n d a r y - v a l u e  p rob lems  s t u d i e d  by Tsug~ and R o g l e r  
( R e f s .  3 9 a , 3 9 b , 4 0 )  and A l d o s s  and Reshotko  (Ref .  41) i n c l u d e  a l l  of  t he  
f l a t - p l a t e  s o l u t i o n s  an_._dd the  w a v y - w a l l  s o l u t i o n  as  w e l l .  Based on the  
l i n e a r i t y  of the  e q u a t i o n  and b o u n d a r y  c o n d i t i o n s ,  however ,  we can s t a t e  t h a t  
a c o m p l e t e  s e t  i n c l u d e s  
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(1) a f i n i t e s e t o f e i g e n m o d e s ,  inc Iud ing the  
T o l l m i e n - S c h l i c h t i n g  s t a b i l i t y  wave 

(2)  d e c a y i n g  s t a n d i n g  w a v e s  
(3)  g r o w i n g  s t a n d i n g  waves  
(4)  d o w n s t r e a m  p r o p a g a t i n g  c o n t i n u o u s  s p e c t r u m  
(5)  u p s t r e a m  p r o p a g a t i n g  c o n t i n u o u s  s p e c t r u m  
(6) wavy w a i l s o l u t i o n c o r r e s p o n d i n g t o  

Re~. 32, 34and  35 

R e f s .  3 9 a ,  3 F  o,  4 0 ,  and  41 t r e a t e d  t h e  p r o b l e m  b y  L a p l a c e  t r a n s f o r m  m e t h o d s ,  
and f o r m a l l y  d e c o m p o s e d  t h e  i n i t i a l  c o n d i t i o n s  a l o n g  t h e  y - a x i s  i n t o  t h e  
v a r i o u s  w a v e f o r m s .  A l d o s s  and R e s h o t k o  ( R e f .  41) d e m o n s t r a t e d  t h a t  t h e  e f f e c t  
o f  t h e  s m a l l - a m p l i t u d e  wavy w a l l  was t o  i n t r o d u c e  two a d d i t i o n a l  m a t h e m a t i c a l  
p o l e s  i n  t h e  L a p l a c e  p l a n e .  T h e s e  p o l e s  r e p r e s e n t  t h e  s t a t i o n a r y  w a v y - w a l l  
s o l u t i o n s  o f  t h e  O r r - S o m m e r f e l d  e q u a t i o n  c a l c u l a t e d  by  B e n j a m i n  ( R e f .  3 2 ) ,  
L e s s e n  and Gangwani  ( R e f .  34)  and  A l d o s s  and R e s h o t k o  ( R e f .  3 3 ) .  

A d i f f i c u l t y  w i t h  t h e s e  b o u n d a r y - v a l u e  p r o b l e m s  i s  t h a t  t h e  w a v i n e s s  w i l l  
i n f l u e n c e  t h e  b o u n d a r y  c o n d i t i o n s  on  t h e  s t e a d y  f l u c t u a t i o n s  s p e c i f i e d  a l o n g  
t h e  y - a x i s .  A d d i t i o n a l  i n f o r m a t i o n  i s  r e q u i r e d  t o  s p e c i f y  t h o s e  c o n d i t i o n s  i n  
an  e l l i p t i c  p r o b l e m .  

The p r e s e n t  w o r k  a d d r e s s e s  t h e  i s s u e  of  p r o p e r  b o u n d a r y  c o n d i t i o n  when a 
l e a d i n g  edge  i s  p r e s e n t .  W h i l e  e a c h  o f  t h e  s o l u t i o n s  ( 1 - 6 )  a r e  i n d e p e n d e n t  
and  s u p e r p o s a b l e ,  we s h a l l  show t h a t  t h e r e  i s  a l i n k i n g  t o g e t h e r  b e t w e e n  t h e  
s t e a d y  waves  (2 and 6) i f  a l e a d i n g  edge  i s  p r e s e n t .  I n s t e a d  o f  t h e  

q u a r t e r - p l a n e  p r o b l e m  ( 0 ~ x ~ , 0 ~ y ~ )  " o f  R e f s .  3 9 - 4 1 ,  we c o n s i d e r  a w h o l e - p l a n e  
p r o b l e m  ( - o o ~ x ~ o ,  -W~y~+W).  I t  may be s a i d  t h a t  a s e m i - ~ n f ~ n t ~ e  wavv w a l l  
" e x c i t e s "  s e v e r a l  f a m i l i e s  o f  waves  w i t h  i n t e r r e l a t e d  a m p l i t u d e s m  c h a s e s ,  and  
w a y e n u m b e r s .  T h i s  p r o c e s s  i s  c l o s e l y  r e l a t e d  t o  t h e  e x c i t a t i o n  o f  s t a n d i n g  
w a v e s  b y  f r e c s t r e ~  d i s t u r b a n c e s ,  a s  a n a l y z e d  b y  R o g l e r  and R e s h o t k o  ( R e f .  9 ) .  

1 . 7  F l o w  o v e r  a n o n s i n u s o i d a l  bumv t r e a t e d  as  a s u v e r p o s i t t o n  o_~f 
s o l u t i o n s  f o r  f l o w s  o v e r  s i n u s o i d a l  wall___.__E 

I f  t h e  e q u a t i o n s  and b o u n d a r y  c o n d i t i o n s  f o r  f l o w  p a s t  a s i n u s o i d a l  w a l l  
a r c  l i n e a r ,  t h e n  a s u p e r p o s i t i o n  o f  t h e  s o l u t i o n s  i s  p o s s i b l e ,  o f  c o u r s e .  
P e r i o d i c  w a l l  s h a p e s  c a n  be  r e p r e s e n t e d  a s  F o u r i e r  s e r i e s ,  and  n o n p e r i o d i c  
w a l l  s h a p e s  can  be  r e p r e s e n t e d  a s  F o u r i e r  i n t e g r a l s .  F o r  e x a m p l e ,  B e n j a m i n  
( R e f .  32) t r e a t e d  t h e  c a s e  o f  f l o w  o v e r  a bump a s  a s u p e r p o s i t i o n  o f  h i s  
a n a l y t i c a l  s o l u t i o n s  o f  t h e  O r r - S o m m e r f e l d  e q u a t i o n  f o r  f l o w  p a s t  a s i n u s o i d a l  
w a l l .  

G e n e r a l l y ,  t h e  f l o w  o v e r  f i n i t e - l e n g t h  and s e m i - i n f i n i t e  l e n g t h  p l a t e s  
w i t h  wavy s u r f a c e s  c a n n o t  be r e p r e s e n t e d  a s  m e r e l y  t h e  s u p e r p o s i t i o n  o f  t h e  
s o l u t i o n s  o b t a i n e d  w i t h  a p l a t e  t h a t  e x t e n d s  f rom -o0 t o  + ~ .  As n o t e d  e a r l i e r ,  
t h e  r e a s o n  i s  t h a t  t h e s e  wavy s o l u t i o n s  do n o t  fo rm a c o m p l e t e  m a t h e m a t i c a l  
s e t ,  and  o t h e r  w a v e f o ~ s  a r i s e  w h i c h  n e e d  t o  be i n c l u d e d .  The p r e s e n t  
a n a l y s i s  d e s c r i b e s  some o f  t h e s e  a d d i t i o n a l  waves  and  o b t a i n s  t h e i r  a m p l i t u d e s  
and p h a s e s .  We n o t e  t h a t  t h e r e  a r e  s p e c i a l  c a s e s  w h e r e  t h e  s o l u t i o n s  f o r  a 
d o u b l y - i n f i n i t e  p l a t e  c a n  be u s e d  t o  c o n s t r u c t  t h e  s o l u t i o n  f o r  a 
s e m i - i n f i n i t e  o r  f i n i t e - l e n g t h  p l a t e .  An e x a m p l e  i s  t h e  s y m m e t r i c  c a s e  o f  
i n v i s c i d ,  i r r o t a t l o n a l  f l o w  o v e r  a p l a t e  w i t h  w a v i n e s s  on  t h e  t o p  s i d e  w h i c h  
i s  1800 o u t  o f  p h a s e  w i t h  t h e  w a v i n e s s  on  t h e  b o t t o m  s i d e .  
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1 . 8  N u m e r i c a l  s o l u t i o n s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  f lows  v a s t  wavv 
w a l l s  

M a r k a t o s  (Ref .  42) o b t a i n e d  n u m e r i c a l  s o l u t i o n s  of  a s e t  of  e l l i p t i c  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s t a n t  d e n s i t y  and w i t h  p e r i o d i c  
b o u n d a r y  c o n d i t i o n s  on the  u p s t r e a m  and downst ream b o u n d a r i e s  o f  the  
c o m p u t a t i o n a l  domain 

v ( x + p , y )  = v ( x , y ) ,  u ( x + p ) - - u ( x , y )  (1.9a) 

In  a c u r v i l i n e a r ,  o r t h o g o n a l  c o o r d i n a t e  s y s t e m ,  s o l u t i o n s  a r e  o b t a i n e d  by a 
f i n i t e  d i f f e r e n c e  me thod .  Flows were c a l c u l a t e d  w i t h  a n o n s L n u s o l d a l  s u r f a c e  
w a v i n e s s  of  the  form 

h ( x ) =  -(2~)-X/2exp(-x~12)[Co_Cxx+C,(x2_l)] 

T h i s  s u r f a c e  r e p r e s e n t s  w a t e r  waves i n  a c o o r d i n a t e  sys tem moving a t  t he  wave 
s p e e d .  Marka tos  c o n s i d e r e d  b o t h  l a m i n a r  and t u r b u l e n t  c a s e s ,  and examined  the  
t e m p e r a t u r e  and c o n c e n t r a t i o n  f i e l d s  as  w e l l  as  t he  f l o w f l e l d s  i n  an 
e x c e p t i o n a l l y  t h o r o u g h  s t u d y .  The mean f l o w s  were  p l a n a r ,  and a t w o - e q u a t i o n  
t u r b u l e n c e  model was u s e d ,  where two a d d i t i o n a l  d l f f e r e n t i a l  e q u a t i o n s  were  
s o l v e d  f o r  the  k i n e t i c  e n e r g y  of  t u r b u l e n c e  and i t s  r a t e  of  d i s s i p a t i o n .  

Using F o u r i e r  and Chebyshev s e r i e s ,  B a l a s u b r a m l a n  and Orszag  (Ref .  43) 
c a l c u l a t e d  s t e a d y ,  p l a n a r  f l ows  o v e r  s i n u s o i d a l  and n o n - s l n u s o i d a l  p e r i o d i c  
w a l l s  w i t h  p e r i o d i c  i n f l o w  and o u t f l o w  bounda ry  c o n d i t i o n s .  The w a l l s  were  
s t a t i o n a r y ,  and b o t h  l a m i n a r  and t u r b u l e n t  f l ows  were  s t u d i e d .  A o n e - e q u a t l o n  
eddy v i s c o s i t y  model was used  i n  t he  s i m u l a t i o n s  of  t u r b u l e n t  f l o w .  Conformal  
mapping was used  t o  t r a n s f o r m  the  r e g i o n  above the  p l a t e  i n t o  a r e c t a n g u l a r  
s t r i p ,  t hen  t h i s  s t r i p  was mapped i n t o  a f i n i t e  r e c t a n g u l a r  domain .  

For  low Reyno lds  number f l o w s ,  Chin ( R e f s .  44 ,45)  d e v e l o p e d  and a p p l l e d  
c o n f o r m a l  mapping t e c h n i q u e s  t o  f l o w s  ove r  wavy w a l l s .  A l t h o u g h  we a r e  not  
d i r e c t l y  c o n c e r n e d  w i t h  l u b r l c a t i o n  p r o b l e m s ,  we c i t e  t h e s e  r e f e r e n c e s  b e c a u s e  
the  mapping t e c h n i q u e s  a r e  u s e f u l .  

1 .9  E x p e r i m e n t s  w i t h  f l o w s  v a s t  wavy w a l l s  

S t a n t o n ,  M a r s h a l l  and Houghton (Ref .  46) e x p e r i m e n t a l l y  measu red  f low 
ove r  a wave t r a i n  where  the  a m p l i t u d e  and w a v e l e n g t h  grew in  t h e  downst ream 
d i r e c t i o n .  M o t z f e l d  (Ref .  47) i n v e s t i g a t e d  f low ove r  a r i g i d  wavy s u r f a c e  
composed of  t h r e e  w a v e l e n g t h s .  

A wavy w a l l  w i t h  waves p r o p a g a t i n g  e i t h e r  downst ream or  u p s t r e a m  was used  
by K e n d a l l  (Re f .  48) t o  s t u d y  t h e i r  i n f l u e n c e  on t h e  s t r u c t u r e  of  a t u r b u l e n t  
bounda ry  l a y e r  d e v e l o p i n g  a l o n g  t h a t  w a i l .  Kachanov,  K oz l ov ,  K o t j o l k l n ,  
Levchenko ,  and R u d n l t s k y  (Re f .  49) e x p e r l m e n t a l l y  measured  t h e  l a m l n a r  
v e l o c i t y  p r o f i l e s  o v e r  s t a t i o n a r y  w a v i n e s s  and compared t h e  r e s u l t s  w i t h  
G ~ r t l e r ' s  s o l u t i o n s  o f  the  bounda ry  l a y e r  e q u a t i o n s  (Re f .  2 4 ) .  As n o t e d  
e a r l i e r ,  McClure (Ref .  37) and I n g e r  end W i l l i a m s  (Ref .  36) e x p e r l m e n t a l l y  and 
a n a l y t i c a l l y  s t u d i e d  t h e  c o m p r e s s i b l e  t u r b u l e n t  f l o w s  above s m a l l - a m p l l t u d e  
s t a t i o n a r y  wavy w a l l s .  B e r t r a m ,  e t  a l  (Re f .  50) i n v e s t i g a t e d  h y p e r s o n i c  f l o w s  
p a s t  wavy s u r f a c e s .  
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A w a v y - w a l l  wind  t u n n e l  was b u i l t  a t  Cambr idge  U n i v e r s i t y  and u s e d  f o r  
s t u d i e s  w i t h  u n s t e a d y  a i r f o i l s  and c a s c a d e s  ( R e f s .  5 1 - 5 4 ) .  I n  t h a t  f a c i l i t y  
o v e r  a l e n g t h  of  2 .7m,  a s y s t e m  of cams and s p r i n g s  de fo rmed  f l e x i b l e  m e t a l  
s h e e t s  t o  p r o d u c e  a s i n u s o i d a l  w a l l  shape  of  w a v e l e n g t h  1.8m o v e r  a c e n t r a l  
r e g i o n  of  1 .2m.  The r e m a i n i n g  1.5m were  u sed  f o r  t h e  two end r e g i o n s  where  
t he  a m p l i t u d e s  d i m i n i s h e d  t o  z e r o  so t h a t  t he  wavy w a l l  would  f l a r e  s m o o t h l y  
i n t o  t he  s t a t i o n a r y  w a l l s  o f  the  t u n n e l .  

Holmes (Re f .  51) found  t h a t  s i g n i f i c a n t  d i s c r e p a n c i e s  e x i s t e d  b e t w e e n  t h e  
t h e o r y  and t he  e x p e r i m e n t a l  d a t a  when t h e  t u n n e l  o p e r a t e d  i n  t h e  o u t - o f - p h a s e  
mode where  p u r e l y  l o n g i t u d i n a l  d i s t u r b a n c e s  were  i n t r o d u c e d  a l o n g  t h e  
c e n t e r l i n e .  

We b e l i e v e  t h a t  t h e s e  d i s c r e p a n c i e s  b e t w e e n  t h e o r y  and e x p e r i m e n t  a r e  
r e l a t e d  t o  t h e  p r e s e n c e  of  s t a n d i n g  waves we f i n d  i n  t h e  p r e s e n t  a n a l y s i s  and 
a r i s e  b e c a u s e  t he  s i n u s o i d a l  wavy w a l l s  do n o t  e x t e n d  f o r e v e r  u p s t r e a m  and 
d o w n s t r e a m .  I n  a d d i t i o n  t o  t he  t r a v e l i n g  waves  a n a l y z e d  by  H o r l o c k  ( Re f .  20) 
and R o g l e r  ( R e f .  2 1 ) ,  one would  e x p e c t  t o  f i n d  a s u p e r p o s i t l o n  of  u n s t e a d y  
e x p o n e n t i a l l y - d e c a y i n g  and g rowing  s t a n d i n g  waves  of  the  form ( 1 . 3 a , b ) .  A 
n e u t r a l  s t a n d i n g  wave of form u ( t ) = U e e x p ( - i ~ t )  , v=0 c o u l d  a l s o  a r i s e  f o r  
c e r t a i n  w a l l  g e o m e t r i e s  and phase  r e l a t i o n s  b e t w e e n  t h e  w a l l s  i n  some s e c t i o n s  
of  the  t u n n e l .  

1 .1O Bounda ry  l a v e r  o v e r  a f l a t  p l a t e  w i t h  a s t e a d y  s i n u s o i d a l  e x t e r i o r  
b o u n d a r y  c o n d i t i o n  

Whi le  wavy w a l l s  i n t r o d u c e  d i s t u r b a n c e s  a t  t he  w a l l  and t h e  f r e e s t r e a m  i s  
o r d i n a r i l y  assumed t o  be q u i e s c e n t  i n  a n a l y t i c a l  s t u d i e s ,  a r e l a t e d  p r o b l e m  i s  
t h e  i n t r o d u c t i o n  of  d i s t u r b a n c e s  f rom t he  f r e e s t r e a m  and t he  p l a t e  i s  a ssumed  
t o  be f l a t .  I t  t h e  x -wavenumber s  and pha se  speeds  o f  d i s t u r b a n c e s  i n  t h e  two 
c a s e s  a r e  the  same, t h e n  many f e a t u r e s  a r e  q u i t e  s l m i l a r .  They have t h e  same 
c r i t i c a l  h e i g h t  Yc where  U(Yc)=C, and t h e y  can  have  s i m i l a r  v i s c o u s  s u b l a y e r s  
a t  t he  w a l l .  Based on f i r s t - o r d e r  b o u n d a r y  l a y e r  t h e o r y ,  t he  edge c o n d i t i o n s  
and  t h e  p r e s s u r e  g r a d i e n t s  may be t h e  same or  s i m i l a r .  I f  t he  d i s t u r b a n c e s  
a r e  weak and l i n e a r i z e d  e q u a t i o n s  and b o u n d a r y  c o n d i t i o n s  a r e  a d e q u a t e ,  t h e n  
t h e  two p r o b l e m s  may s h a r e  c e r t a i n  s u p e r p o s a b l e  p a r t s  of  t h e i r  s o l u t i o n s .  I f  
t he  d i s t u r b a n c e s  a r e  s t a t i o n a r y  ( c = 0 ) ,  t h e n  t h e  c r i t i c a l  l a y e r  and v i s c o u s  
s u b l a y e r  merge i n t o  a s i n g l e  l a y e r  a t  t he  w a l l .  

The p r o b l e m  of a p a r a l l e l - f l o w  b o u n d a r y  l a y e r  a l o n g  a f l a t  p l a t e  w i t h  
p e r i o d i c  f l u c t u a t i o n s  a t  t h e  b o u n d a r y  l a y e r  edge i s  t h e  s t e a d y  l i m i t  (~ = O) 
of  the  p r o b l e m  a n a l y z e d  by R o g l e r  ( Re f .  5 5 ) .  The b o u n d a r y  l a y e r  was 
r e p r e s e n t e d  as  a p a r a l l e l - f l o w  B l a s i u s  l a y e r ,  and t h e  O r r - S o m m e r f e l d  e q u a t i o n  
was s o l v e d  s u b j e c t  t o  t h e  e x t e r i o r  b e h a v i o r  

~ (y )  = Ae+aY + Be+TY + Ce-aY + De-TY 

and s u b j e c t  t o  t he  u s u a l  ( f l a t )  w a l l  b o u n d a r y  c o n d i t i o n s  of  i m p e r m e a b i l i t y  and 
n o - s l i p  a t  y = 0 .  The c o n s t a n t s  A and B were s p e c i f i e d ,  and t h e  c o n s t a n t s  C and 
D were  f o u n d  n u m e r i c a l l y .  T h i s  p r o b l e m  i s  r e l a t e d  t o  t h e  p a r a l l e l - f l o w  
t r e a t m e n t  of i n c o m p r e s s i b l e  f low o v e r  a wavy w a l l  ( R e f s .  3 2 , 3 4 , 3 5 ) .  
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L i g h t h i l l  ( R e f .  56) a n a l y z e d  t h e  i n v i s e i d ,  n o n c o n d u c t i n g  c a s e  o f  a 
s t a t i o n a r y ,  weak d i s t u r b a n c e  i m p i n g i n g  on  a p a r a l l e l - f l o w  b o u n d a r y  l a y e r  a l o n g  
a f l a t  p l a t e  w i t h  a s u p e r s o n i c  f r e e s t r e a m .  T h i s  i s  r e l a t e d  t o  t h e  c a s e s  o f  
c o m p r e s s i b l e  f l o w  o v e r  a s t a t i o n a r y  wavy w a l l  ( R e f s .  3 6 - 3 8 ) .  

L i g h t h i l l  ( R e f .  57) a l s o  c o n s i d e r e d  t h e  a b o v e  c a s e  except  he included the 
e f f e c t s  o f  v i s c o s i t y  i n  a s u b l a y e r  n e a r  t h e  w a l l .  The low Mach number  mean 
f l o w  n e a r  t h e  w a l l  was r e p r e s e n t e d  a s  an  i n c o m p r e s s i b l e  c o n s t a n t  p r o p e r t y  f l o w  
w i t h  d i s t u r b a n c e s  g o v e r n e d  b y  t h e  O r r - S o m m a r f e l d  e q u a t i o n  w i t h  a l i n e a r  mean 
p r o f i l e  and  p h a s e  s p e e d  z e r o .  N e 8 1 e c t l n 8  t e r m s  o f  t h e  o r d e r  o f  a S ,  t h e  
s o l u t l o n  i n d i c a t e d  t h a t  WPthe e f f e c t  o f  t h e  s u b l a y e r  on  t h e  f l o w  o u t s i d e  i t  i s  
e x a c t l y  a s  i f  t h e  i n n e r  p a r t  0 ( y ( 0 . 7 8 L  o f  i t  w e r e  r e p l a c e d  b y  a s o l i d  w a l l  and  
t h e  r e m a i n d e r  w e r e  n o t  s u b j e c t  t o  v i s c o s i t y " ,  w h e r e  t h e  v i s c o u s  l e n g t h  i s  
L = [ ~ w / i a U y ( O ) ]  I / s  and  r~ w i s  t h e  w a l l  v a l u e  o f  t h e  k i n e m a t i c  v i s c o s i t y .  The 
c a s e  w h e r e  t h e  a ~ t e r m s  w e r e  i n c l u d e d  i n  t h e  a n a l y s i s  was a l s o  c o n s i d e r e d .  

O t h e r  a n a l y s e s  w i t h  f r e e s t r e a m  d i s t u r b a n c e s  i n t e r a c t i n g  w i t h  
s e m i - i n f i n i t e  p l a t e s  w h i c h  a r e  c l o s e l y  r e l a t e d  m a t h e m a t i c a l l y  t o  t h e  p r e s e n t  
work  a r e  t h e  i n t e r a c t i o n  o f  an a r r a y  o f  s q u a r e  v o r t i c e s  w i t h  a s e m i - i n f i n i t e  
p l a t e  ( R e f .  7 ) ,  s e v e n  o t h e r  d i s t u r b a n c e  f o r m s  i n t e r a c t i n g  w i t h  p l a t e s  
( R e f s .  8 ) ,  and  t h e  r e p r e s e n t a t i o n  o f  t h o s e  i n t e r a c t i o n s  a s  t h e  s u p e r p o s i t i o n  
o f  t r a v e l i n g  and  s t a n d i n g  w a v e s  ( R e f .  9 ) .  

1 . 1 1  P l a n  o f  t h i s  s t u d y  

The s o l u t i o n  f o r  i n c o m p r e s s i b l e ,  t r r o t a t i o n a l  f l o w  o v e r  a s e m i - i n f i n i t e  
s t n u s o i d a l  w a l l  i s  o b t a i n e d  b y  c o n f o r m a l  m a p p i n g  and  i n t e g r a l  t r a n s f o r m s  i n  
S e c t i o n  2.0. I n  S e c t i o n  3.0, t h i s  s o l u t i o n  d o w n s t r e a m  o f  t h e  l e a d i n g  edge  i s  
r e p r e s e n t e d  a s  t h e  sum o f  t h e  p e r i o d i c  K e l v i n - H e l m h o l t z  s o l u t i o n  and  a 
s e c o n d a r y  f l o w  w h i c h  a r i s e s  b e c a u s e  o f  t h e  l e a d i n g  e d g e .  

The n o r m a l  v e l o c i t y  a l o n g  a l i n e  x = c o n s t a n t  i s  f o u n d  a b o v e  t h e  p l a t e ,  and  t h e  
v e l o c i t y  a s s o c i a t e d  w i t h  t h e  K e l v i n - H e l m h o l t z  s o l u t i o n  i s  s u b t r a c t e d  o u t .  The 
r e m a i n i n g  v e l o c i t y  i s  F o u r i e r  a n a l y z e d  i n  Section 4.0 and r e p r e s e n t e d  a s  a 
F o u r i e r  i n t e g r a l  o f  w a v e s  o f  form e x p ( - ~ x ) s f n ~ y .  U p s t r e a m  o f  t h e  l e a d i n g  
e d g e ,  t h e  f l o w  i s  r e p r e s e n t e d  a s  a s u p e r p o s i t i o n  o f  g r o w i n g  w a v e s  o f  fo rm 
c x p ( + ~ x ) c o s ~ y  i n  S e c t i o n  5.0 The s t u d y  i s  s lmamar lzed  i n  S e c t i o n  6.0. 
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2 0 FORMULATION AND SOLUTION 

By con fo rma l  mapping ,  we w i l l  o b t a i n  t he  f l o w f l e l d  w i t h  s t a t i o n a r y  
s u r f a c e  w a v i n e s s  on a s e m i - i n f i n i t e  p l a t e ,  The method of  s o l u t l o n  i s  s l m i l a r  
t o  the  p r o c e d u r e  used  t o  a n a l y z e  the  i n t e r a c t i o n  of  f r e e s t r e a m  d i s t u r b a n c e s  
w i t h  a s e m l - l n f i n l t e  p l a t e  ( R e f s ,  7 - 9 ) .  We s e e k i n g  a s o l u t i o n  which  
s a t i s f i e s  L a p l a c e ' s  e q u a t i o n ,  V2~ (1) = 0 ,  where ~ r e  I)  i s  t he  s t r e a m f u n c t l o n  
a s s o c i a t e d  w i t h  the  f low induced  by the  s u r f a c e  w a v i n e s s .  Fo r  s i g n  
c o n v e n t i o n ,  the  s t r e a m f u n c t l o n  i s  r e l a t e d  t o  t h e  I o n g l t u d l n a l  and normal  
v e l o c i t l e s  by _ ~ y l ) =  u ( i )  and ~ i ) =  v(1)  r e s p e c t l v e l y .  

The geomet ry  and n o t a t i o n  f o r  t h e  s e m i - l n f l n l t e  p l a t e  w i t h  a wavy s u r f a c e  
i s  shown in  F i g u r e  3 .  The d i s p l a c e m e n t  of  the  w a l l  i s  t h e  s h i f t e d  s i n e  wave 

h (x ,O)  = hos in(ax--O)  (2.1) 

where h o i s  t he  a m p l i t u d e ,  0 i s  the  phase  a n g l e  of  the  w a v i n e s s ,  and a i s  t he  
x-wavenumber .  

The l i n e a r l z e d  r e l a t i o n  be tween  the  s u r f a c e  d i s p l a c e m e n t  and the  normal  
v e l o c i t y  a long  t h e  x - a x l s  i s  

v ( i )  (x20,O) = U~Oh/Ox (2 .2 )  

. , ( 0  
= U~ahocos(ax--O) = F x ( f o r  y=O,x~O) ( 2 . 3 a )  

The s t r e a m f u n c t i o n  i s  

~ ( i ) ( x ~ 0 ,  0) = Uwhosin(ax-O)  + ~o ( 2 . 3 b )  

where the  s t r e a m f u n c t i o n  ~ ,  which i s  a c o n s t a n t  or  f u n c t i o n  of  t i m e ,  can  be 
n e g l e c t e d  w i t h  t h i s  s e m l - i n f i n l t e  p l a t e .  These b o u n d a r y  c o n d i t i o n s  a r e  v a l l d  
o n l y  downstream of  the  l e a d i n g  e d g e .  

H e r e a f t e r ,  the  v e l o c l t l e s  a r e  n o n d l m e n s l o n a l l z e d  a g a i n s t  aU~ho, t he  
s t r e a m f u n c t l o n  i s  n o n d i m e n s l o n a l i z e d  a g a i n s t  ~U~ho, and t h e  x and y 
c o o r d i n a t e s  have been  n o n d i m e n s l o n a l i z e d  a g a i n s t  t he  h a l f - w a v e l e n g t h  ~/2 of  
the  s i n u s o l d a l  s u r f a c e  w a v i n e s s .  

For  the  ca se  of  the  w a v i n e s s  b e i n g  I n - p h a s e  on o p p o s i t e  s i d e s  of  the  
p l a t e ,  t he  s t r e a m f u n c t i o n  w i l l  be symmet r i c  a b o u t  t h e  x - a x l s .  Hence,  t he  
homogeneous Neumann b o u n d a r y  c o n d i t i o n  i s  a p p l l c a b l e  u p s t r e a m  of the  p l a t e  

~ i )  = o ( for  y=0, x<0) (2.4) 

The s o l u t i o n  i s  assumed t o  v a n i s h  f a r - u p s t r e a m  from the  p l a t e  and a t  
g r e a t  d i s t a n c e s  l a t e r a l l y  from the  p l a t e .  F a r - d o w n s t r e a m  of the  l e a d l n g  e d g e ,  
one would e x p e c t  t h a t  the  K e l v i n - H e l m h o l t z  s o l u t i o n  would be r e c o v e r e d .  
Hence,  we r e q u i r e  t h a t  the  s o l u t i o n  be bounded as  x->+w. These e x t e r i o r  
b o u n d a r y  c o n d i t i o n s ,  a long  w i t h  the  D i r i c h l e t  and Neumann c o n d i t i o n s  a l o n g  the  
x - a x l s  and L a p l a c e r s  e q u a t i o n  y i e l d  a w e l l - p o s e d  e l l i p t l c  m a t h e m a t l c a l  s y s t e m .  
The s t r e a m f u n c t i o n  w i l l  be symmet r ic  abou t  t he  x - a x i s ,  so we can c o n f i n e  
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a t t e n t i o n  t o  e i t h e r  h a l f - p l a n e  w h i c h  i s  a b o v e  o r  b e l o w  t h e  p l a t e .  

We c o n f o r m a l l y  map t h e  h a l f - p l a n e  a b o v e  t h e  x - a x l s  o n t o  t h e  q u a r t e r - p l a n e  
a s  shown i n  F i g u r e  4 b y  t h e  m a p p i n g ,  p = z I / ~ ,  w h e r e  z = x + l y  and p = ~ + i ~ .  
The c o n f o r m a l  m a p p i n g  a l l e v i a t e s  t h e  p r o b l e m  o f  s p l i t  b o u n d a r y  c o n d i t i o n s  
a l o n g  t h e  x - a x i s ,  w i t h  a Neumann b o u n d a r y  c o n d i t i o n  f o r  x ( 0  and a D i r i c h l e t  
b o u n d a r y  c o n d i t i o n  f o r  x ) 0  ( E q n s .  2 . 3 b , 2 . 4 ) .  Under  t h i s  m a p p i n g ,  t h e  
r e s u l t a n t  m a t h e m a t i c a l  s y s t e m  i s  d e f i n e d  i n  F i g u r e  4 .  

The s o l u t i o n  i s  o b t a i n e d  by  a c o s i n e  i n t e g r a l  t r a n s f o r m  i n  t h e  
d i r e c t i o n .  ] 'he d e t a i l s  a r e  p r e s e n t e d  i n  R e f .  7 .  The s o l u t l o n  f o r  t h e  
s t r e a m f u n c t i o n  o f  t h e  f l o w  i n d u c e d  by  t h e  s e m i - i n f i n i t e  p l a t e  w i t h  a 
s i n u s o i d a l  w a l l  i s  

~(1) = {cosO Real[-cos~zSz(-~z)-sin~zC2(_nz ) 

+cosnzCz(-~z)-sln~zSz(-~z)+sin~z ] 

-slnO Real[-cos~zS2(_~z)_sin~zC~(_~z ) 

-cos~zC2(-nz)+sinnzSz(-~z)+cos~z]}/~ ( 2 . 5 )  

whe re  S 2 and  C z a r e  t h e  F r e s n e l  i n t e g r a l s  

S~(z) = (2~)-I/21t-xlffisin(t) dt 

C2(z) = (2~)-I/alt-X/Zcos(t) dt 

( 2 . 6 a )  

( 2 . 6 b )  

The F r e s n e l  i n t e g r a l s  a r e  e v a l u a t e d  n u m e r i c a l l y ,  e i t h e r  a s  a s y m p t o t i c  s e r i e s  
v a l i d  f o r  l a r g e  a r g u m e n t  o r  s e r i e s  e x p a n s i o n s  v a l i d  f o r  s m a l l  a r g u m e n t  
( R e f .  5 8 ) .  

The v e l o c i t i e s  c o r r e s p o n d i n g  t o  s o l u t i o n  ( 2 . 5 )  a r e  

u(i) _ ~ i )  = - i F ( z , O )  

v(i) = ~ i )  = F ( z , O )  

w h e r e  F i s  t h e  c o m p l e x  f u n c t i o n  

( 2 . 7 a )  

( 2 . 7 b )  

F = s i n ( ~ z - O ) [ S 2 ( - ~ z ) - C 2 ( _ ~ z ) ]  

- c o s ( ~ z - e ) [ S z ( - ~ z ) + C 2 ( - r z ) - i  ] 

- ( s i n O + c ° s O ) / [ ~ ( - 2 z ) X / = ] )  ( 2 . 7 c )  

F o r  l a r g e  J z J ,  c o m p u t a t i o n a l  e x p e r i e n c e  h a s  shown t h a t  i t  i s  b e t t e r  t o  r e c a s t  
t h e  s o l u t i o n  a s  
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U® 

z f x + i y  

I 
I 
I h(x) 

Edge 

~ x  

F i g u r e  3 .  G e o m e t r y  and n o t a t i o n  f o r  f l o w  p a s t  a w a v y ,  s e m i - l n f l n l t e  p l a t e .  

1 /2  
p=z 

___l___ 

p=~+i~ 

~(i)._~o as II-"°° 

~) +~(i) = 0 . ~  

~(i) is bounded as ~ ....m 

~(i) =_Isin(~ z _ @) + ~o 

r 

F i g u r e  4.  Conformal  mapping o f  the  upper  h a l f - p l a n e  on to  t he  q u a r t e r - p l a n e .  
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F = sinO[f - g - 1/[n(-2z) X/=]] 

+ cosO[f + g - 1/[n(-2z)X/=]] ( 2 . 7 d )  

where f ( z )  and g ( z )  a r e  r e l a t e d  t o  t he  F r e s n e l  i n t e g r a l s  by 

f(z) = [~- S(z)]cos(~z'/2) - [~- C(z)]sln(nz=12) 

g(z )  = [ ~ -  C ( z ) ] c o s ( ~ z = 1 2 )  + [ ~ -  S ( z ) ] s l n ( n z = 1 2 )  

S(z) = S=(~z=12); C(z) = C=(,z=/2) 

The a s y m p t o t i c  s e r i e s  f o r  f and g (Ref .  58, page 302) 

W 

nzf(z) ,',- i +~.(-I) m [l.3...(4m---1)l(~z=) zm] 
m x 

n z g ( z ) , ' - .  
w 

(-1) m [1.3...(4m+l)/(nz z)2m+x] 
~o 

conve rge  r a p i d l y .  The s o l u t i o n  form ( 2 . 7 d )  a v o i d s  t h e  p rob lems  o f  c a l c u l a t l n 8  
the  sma l l  d i f f e r e n c e s  be tween  l a r g e  numbers .  While  the  d i r e c t  e v a l u a t i o n  o f  
s o l u t i o n  ( 2 . 7 b )  i s  l i m i t e d  t o  a b o u t [ z [ = l . 8  when 32 b i t  a r i t h m e t i c  i s  u s e d ,  and 
i s  l i m i t e d  to  a b o u t I z [ = 5 . 2  when 64 b i t  a r i t h m e t i c  i s  u s e d ,  s o l u t i o n  ( 2 . 7 d )  has  
been  e v a l u a t e d  a t [ z ~ = 4 0 0 ,  which i s  200 w a v e l e n g t h s  from the  l e a d i n g  e d g e .  

F i g u r e s  5 a , b  show the  d i s t u r b a n c e  s t r e a m l i n e  p a t t e r n  f o r  the  f low i nduc e d  
by the  s e m i - i n f i n l t e  wavy w a l l  w i t h  two phase  a n g l e s .  These f i g u r e s ,  and the  
o t h e r s ,  do no t  i n c l u d e  the  un i fo rm  mean f l o w .  The i n d u c e d  f low depends  on the  
p h a s e ,  O, of  the  s u r f a c e  wave.  The wavy s u r f a c e s  on o p p o s i t e  s i d e s  of  the  
p l a t e  a r e  in  p h a s e .  One can c l e a r l y  see the  u p s t r e a m  i n f l u e n c e  of  t he  
w a v i n e s s ,  as e x p e c t e d  s i n c e  L a p l a c e r s  e q u a t i o n  i s  e l l i p t i c .  

A s i n g u l a r i t y  o c c u r s  a t  the  l e a d l n g  edge f o r  the  v e l o c l t i e s ,  w i t h  the  
v a l i d i t y  of the  t h e o r y  c o n s i s t e n t  w i t h  l i n e a r i z e d  a i r f o i l  t h e o r y .  The r e g i o n  
where the  v e l o c i t i e s  a r e  l a r g e  can be made as  s m a l l  as d e s i r e d  by making the  
w a l l  w a v i n e s s  s m a l l e r .  Hence,  t h i s  i s  t he  p r o p e r  f l r s t - o r d e r  s o l u t i o n  as  long  
as  t he  f low i s  u n s e p a r a t e d  a t  the  l e a d i n g  e d g e .  S ince  we a r e  i n t e r e s t e d  i n  
t h e  p r a c t i c a l  case  of  f lows  p a s t  b o d i e s  w i t h  s t r e a m l i n e d  l e a d l n 8  e d g e s ,  the  
a s s u m p t i o n  of  u n s e p a r a t e d  f low I m p l i c i t l y  c o n t a i n e d  i n  t he  L a p l a c e ' s  e q u a t i o n  
a p p r o p r i a t e l y  mode l s  t h a t  f e a t u r e  w i t h o u t  undu ly  c o m p l l c a t l n g  t h e  a n a l y s i s  
w i t h  d e t a i l s  of  the  nose geomet ry  and p l a t e  t h i c k n e s s .  

F a r - d o w n s t r e a m  of  the  l e a d i n g  edge ,  i t  a p p e a r s  in  F i g u r e s  5 a , b  t h a t  t he  
K e l v i n - H e l m h o l t z  s o l u t i o n  i s  r e c o v e r e d .  However, the  K e l v i n - H e l n t h o l t z  
s o l u t i o n  i s  one p a r t  of  the  s o l u t i o n  f o r  a l l  x20 +. We s h a l l  d e m o n s t r a t e  t h i s  
f e a t u r e  in  the  nex t  s e c t i o n  by r e a r r a n g i n g  t h e  s o l u t i o n .  
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( 5 a )  6 = 0 

(5b)  e = ~ /2  / 

F i g u r e  5 .  S t r e a m l i n e s  f o r  t he  f l ow  i n d u c e d  by s u r f a c e  w a v i n e s s  on a 
s e m i - i n f i n i t e  p l a t e  f o r  two pha se  a n g l e s  of  t he  s u r f a c e  w a v i n e s s .  
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3.0 A SEPARATION OF THE SOLUTION DOWNSTREAM OF THE LEADING EDGE 
[NTO TWO CLASSES OF WAVES 

R e c e n t  a n a l y s e s  ( R e f s .  3 9 a , 3 9 b , 4 0 , 4 1 )  which  have  i d e n t i f i e d  t h e  b a s i c  
s o l u t i o n s  of  the  O r r - S o m m e r f e l d  e q u a t i o n  o f f e r  g u i d a n c e  on how to  decompose 
s o l u t i o n  (2.5,2.7a,b) i n t o  i t s  b a s i c  F o u r i e r - L a p l a c e  c o n s t i t u e n t s .  R a t h e r  
t h a n  r e s o r t  t o  a f o r m a l  b o u n d a r y - v a l u e  p r o b l e m  i n  t h e  q u a r t e r - p l a n e  x~ 0 ,y~0  
f o r  t h i s  i n v i s c i d  p r o b l e m  w i t h  a u n i f o r m  mean f l o w ,  we w i l l  l i s t  t h e  
s i m p l i f i e d  v e r s i o n s  o f  t he  waves  d i s c u s s e d  i n  S e c t i o n  1 . 6 .  The e i g e n m o d e s  and 
t h e  u p s t r e a m - p r o p a g a t i n g  c o n t i n u o u s  s p e c t r u m  do n o t  a p p e a r  i f  t he  mean f low i s  
u n i f o r m  and v i s c o u s  e f f e c t s  a r e  n e g l e c t e d .  For  t he  r e g i o n  d o w n s t r e a m  of  t he  
l e a d i n g  e d g e ,  t he  R a y l e i g h  e q u a t i o n  w i t h  a u n i f o r m  mean f low i s  

(1 - -k-°L) (DZ-k2)~(y)  = O (3.1) 

where t h e  no rma l  v e l o c i t y  and i t s  a m p l i t u d e  a r e  r e l a t e d  by  
v ( x , y , t ) f ~ ( y ) e x p ( I k x - i ~ t ) .  The x -wavenumber  c a n  be complex .  S o l u t i o n s  a r e  
assumed t o  be b o u n d e d  as  y ~ ~ .  The b o u n d a r y  c o n d i t i o n  a l o n g  y=0 d e p e n d s  on  
t he  wavenumber  and f r e q u e n c y ,  and we s h a l l  n o t e  the  a p p r o p r i a t e  c o n d i t i o n  f o r  
each  wave.  The f o r m a l  b o u n d a r y - v a l u e  p r o b l e m s  p r o p e r l y  s o r t  o u t  t h e s e  
s o l u t i o n s  and c o n d i t i o n s  t h r o u g h  t he  use  of F o u r i e r  and L a p l a c e  t r a n s f o r m s ,  
b u t  f o r  b r e v i t y ,  a more d i r e c t  s t a t e m e n t  w i l l  be made h e r e  f o r  t he  s u b j e c t  
p r o b l e m .  

The R a y l e l g h  e q u a t i o n  ( 3 . 1 )  o n l y  a d m i t s  s o l u t l o n s  of  foux forms  wh ich  a r e  
bounded  as  y g w :  

(1)  The ( s t e a d y )  c l a s s i c a l  g e l v l n - H e l m h o l t z  f l u c t u a t i n g  f l ow  w i t h  pha se  
speed  z e r o .  On ly  t h i s  s o l u t i o n  h a s  a nonhomogeneous  b o u n d a r y  
c o n d i t i o n  a l o n g  t h e  x - a x i s ,  and t h e  wavenumber  k i s  t h e  same 
wavenumber  as t h e  s l n u s o i d a l  w a l l .  

(2) I r r o t a t i o n a l ,  e x p o n e n t i a l l y - d e c a y i n g  s t a n d i n g  w a v e s ,  of  t he  form 

v = s l n ( ~ y ) e x p ( - ~ x )  

where  ~ i s  r e a l  and t h e  wavenumber  i s  p u r e  i m a g i n a r y ,  k = i ~ .  T h i s  
s o l u t i o n  s a t i s f i e s  t h e  u s u a l  i m p e r m e a b i l i t y  c o n d i t i o n  a l o n g  a f l a t  p l a t e .  
At t h i s  p o i n t ,  we do n o t  know t h e  v a l u e  of 6.  L a t e r ,  we s h a l l  show t h a t  
t h e r e  i s  a s p e c t r u m  of  t h e s e  w a v e s .  

(3)  I r r o t a t l o n a l ,  e x p o n e n t i a l l y - g r o w i n g  s t a n d i n g  waves o f  t he  form 

v = s i n ( ~ y )  exp (+~x) 

These  g rowing  waves  mus t  be e x c l u d e d  d o w n s t r e a m  of t he  l e a d i n g  edge of  
t h i s  s e m i - i n f i n i t e  p l a t e ,  u n l e s s  some i n f l u e n c e  o r i g i n a t i n g  f rom p o s i t i v e  
i n f i n i t y  i s  t o  be i n c l u d e d .  Growing waves o f  form v ( x , y ) = c o s ( ~ y ) e x p ( + ~ x )  
do e x i s t  u p s t r e a m  of t he  p l a t e ,  however ,  as d i s c u s s e d  i n  S e c t i o n  50 .  

(4) V o r t i c a l  f l u c t u a t i o n s  c o n v e e t i n g  d o w n s t r e a m ,  which  can  be r u l e d  o u t  h e r e  
s i n c e  no v o r t i c a l  f r e e s t r e a m  d i s t u r b a n c e s  have  b e e n  i n t r o d u c e d  i n  t h i s  
p r o b l e m ,  and none  can  d i f f u s e  from t he  w a l l  i n  t h i s  i n v l s c l d  a n a l y s l s .  
These  f l u c t u a t i o n s  would  s a t i s f y  i m p e r m e a b i l i t y  on  a f l a t  p l a t e .  
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H e n c e ,  f o r  x )O ,  we w r i t e  s o l u t i o n  ( 2 . 5 )  a s  t h e  sum o f  two p a r t s  

whe re  

9(I) = v(kh) + V(s) 

~(kh) = ~sln(~x-O)e-~Y (Kelvin-Helmholtz solution) 

~ ( s )  = ~ ( i )  _ ~ ( k h )  ( S e c o n d a r y  f l o w )  

(3.2a) 

(3.2b) 

The s e c o n d a r y  f l o w  r e p r e s e n t s  t h e  I n f l u e n c e  o f  t h e  l e a d l n g  edge  o f  t h e  p l a t e .  
T h i s  s e c o n d a r y  f l o w f i e l d  s a t i s f i e s  t h e  i m p e r m e a b i l i t y  c o n d i t i o n  f o r  a f l a t  
p l a t e .  

The s t r e a m f u n c t i o n  ~ (1 )  h a s  b e e n  e v a l u a t e d  d o w n s t r e a m  of  t h e  l e a d l n g  
e d g e ,  and t h e  K e l v i n - H e l m h o l t z  s o l u t l o n  h a s  b e e n  s u b t r a c t e d  o u t .  The 
s t r e a m l i n e s  o f  t h e  s e c o n d a r y  f l o w  w h i c h  r e m a i n s  a r e  p l o t t e d  i n  F i g u r e s  6 a - h  
f o r  e i g h t  d i f f e r e n t  p h a s e  a n g l e s .  Note  i n  F i g u r e s  6d -6g  t h a t  t h e  f l o w  
r e v e r s e s  i t s e l f  n e a r  t h e  w a l l ,  and t h a t  t h e  s i z e  o f  t h e  c e l l  a l o n g  t h e  x - a x l s  
d e p e n d s  on t h e  p h a s e  a n g l e  o f  t h e  s u r f a c e  w a v i n e s s .  The I o n g l t u d i n a l  v e l o c l t y  
a l o n g  t h e  x - a x l s  i s  t h e  f u n c t i o n  u ( S ) ( x , O )  wh ich  a p p e a r e d  i n  e q n .  1 . 5 .  

The n o r m a l  v e l o c i t y  a s s o c i a t e d  w i t h  t h i s  s e c o n d  f l o w ,  v ( s )  = @ ~ S ) a l o n g  
t h e  l i n e ,  x I = 0 . 5 ,  i s  p l o t t e d  i n  F i g u r e  7 f o r  two p h a s e  a n g l e s .  T h e s e  
v e l o c l t y  p r o f i l e s  we re  c a l c u l a t e d  a l o n g  t h e  d a s h e d  l i n e s  d rawn  i n  F i g u r e s  
6 a , f .  The maximum y - v a l u e  i s  much l a r g e r  t h a n  f o r  t h e  o t h e r  f i g u r e s  so t h a t  
t h e  d e c a y  c a n  be i l l u s t r a t e d .  Note  t h a t  t h i s  s e c o n d  f l o w  s a t i s f i e s  
i m p e r m e a b i l i t y  ( v ( S ) = 0  a t  y=0)  i n  c o n t r a s t  t o  t h e  n o n z e r o  v a l u e  f o r  t h e  
K e l v i n - H e l m h o l t z  s o l u t i o n .  

4.0 THE SPECTRUM OF STANDING WAVES 

I t  i s  o f t e n  u s e f u l  t o  e x p r e s s  t h e  s o l u t i o n  i n  t e r m s  o f  i t s  
F o u r i e r - L a p l a c e  c o n s t i t u e n t s ,  e ach  w h i c h  can  be c a l c u l a t e d  and t h e  w a v e s  t h e n  
s u p e r i m p o s e d .  The K e l v i n - H e l m h o l t z  s o l u t l o n  ( 3 . 2 a )  i s  a l r e a d y  i n  t h e  fo rm o f  
a n e u t r a l l y  o s c i l l a t i n g  w a v e .  The n o r m a l  v e l o c i t y  f o r  t h e  s e c o n d a r y  f l o w  w i l l  
be d e c o m p o s e d  b y  t a k i n g  t h e  h a l f - r a n g e  s i n e  t r a n s f o r m  

w i t h  i n v e r s e  

co  

v ( S ) ( x z , p , O )  = ( 2 1 ~ ) 1 1 a ~ v ( S ) ( x x , y , O ) s i n ~ y  dy 

oo 

v ( S ) ( x l , y , e )  = ( 2 1 n ) 1 1 = ~ v ( S ) ( x x , p , e ) s i n ~ y  dp 

(4 .1a)  

( 4 . 1 b )  

S i n c e  e a c h  o f  t h e  w a v e s  d e c a y  e x p o n e n t i a l l y  i n  t h e  x - d i r e c t i o n ,  t h e  s p e c t r u m  
a t  p o s i t i o n  x i s  r e l a t e d  t o  t h e  s p e c t r u m  a t  p o s i t i o n  x I b y  t h e  r e l a t i o n  

v ( s )  ( ~ , x , e )  = v ( s )  ( ~ , x l , e ) e x p [ - ~ ( x - x l ) ]  

f o r  x , x l ) 0  . Hence ,  f o r  o t h e r  x - p o s i t i o n s ,  t h e  v e l o c i t y  c a n  be e x p r e s s e d  i n  
t e r m s  o f  t h e  s p e c t r u m  a t  x=x I b y  t h e  r e l a t i o n  
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! 
Y 

I 

I 
i 

xx = 0 . 5  

(6a)  0 = 0 . 0  (6b)  0 = 0 . 2 5 ~  

( 6 0 )  0 = 0 . 3 0 ~  (6d) 0 = 0.35:~ 

F i g u r e  6 .  S t r e a m l i n e s  f o r  t he  s t a n d i n g  wave p a t t e r n ,  ~ ( s )  f o r  v a r i o u s  phase  
a n g l e s  of  t he  s u r f a c e  w a v i n e s s .  T h i s  f l o w  r e p r e s e n t s  t h e  a l t e r a t i o n  
t o  t he  K e l v l n - H e l m h o l t z  s o l u t l o n  p r o d u c e d  by  t h e  l e a d l n g  e d g e .  I t  
i s  composed of  a s u p e r p o s l t l o n  of  t he  b a s i c  waves  shown i n  F i g u r e  8 .  
O t h e r  phase  a n g l e s  ace  shown i n  F i g u r e s  6 e - h .  The i n c r e m e n t a l  v a l u e  
of  t he  s t r e a m f u n c t l o n  ha s  two v a l u e s ,  w i t h  one v a l u e  t e n  t i m e s  
s m a l l e r  t h a n  t h e  o t h e r  t o  b e t t e r  i l l u s t r a t e  t he  f l o w .  
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y 

( 6 e )  G = 0 . 4 0 n  

,Jr 

i S 

- - T  
x x = 0 . 5  

( 6 f )  0 = 0 . 5 0 ~  

( 6 g )  0 = 0 . 6 0 ~  ( 6 h )  0 = 0 . 7 5 ~  

F i g u r e  6. Conc luded .  
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v ( S ) ( z , y , O )  = 

(2/~)l/Z~v(S)(~,Xl,0)e-~(x-Xx)sin~y d~ ( 4 . 1 c )  

The s t r e a m l i n e s  f o r  e x p o n e n t i a l l y - d e c a y i n g  s t a n d i n g  waves a r e  p l o t t e d  i n  
F i g s .  8a -c  w i t h  t h r e e  v a l u e s  of  the  x-waveumber ,  k = t~ .  The t h r e e  v a l u e s  o f  
k a r e  a p p r o x i m a t e l y  the  v a l u e s  c o r r e s p o n d i n g  t o  t h e  maximum F o u r i e r  a m p l i t u d e s  
i n  F i g u r e  9.  

The F o u r i e r  spec t rum of  the  v e l o c i t y  p l o t t e d  i n  F i g u r e  7 i s  shown in  
F i g u r e  9.  The spec t rum i l l u s t r a t e s  t h a t  the  v e l o c i t y  v ( s )  i s  composed o f  a 
s u p e r p o s i t l o n  of  s t e a d y  waves ,  each of  form 

v ( S ) ( x , y , ~ , O )  = v ( S ) ( ~ , O ) e - ~ X s i n ~ y  ( 4 . 2 )  

Th i s  f low i s  a l s o  an t r r o t a t i o n a l  f l o w .  Un l ike  the  c l a s s i c a l  K e l v t n - H e l m h o l t z  
s o l u t i o n ,  however ,  t h i s  s o l u t i o n  d e c a y s  e x p o n e n t i a l l y  downst ream of  the  
l e a d i n g  e d g e ,  and s a t i s f i e s  t he  i m p e r m e a b i l i t y  c o n d i t i o n  a t  the  s u r f a c e  of  a 
f l a t  v l a t e .  A l though  t h i s  wave o s c i l l a t e s  n e u t r a l l y  as y ~  , we have  shown 
t h a t  such waves can o r i g i n a t e  from the  w a l l .  The s u p e r p o s i t i o n  of  t h e s e  
waves ,  however ,  y i e l d s  a f low which v a n i s h e s  f a r  away from the  p l a t e .  

5 0 SOLUTION UPSTREAM OFTHE LEADING EDGE 
REPRESENTED AS A SUPERPOSIT[ON OF GROWING STANDING WAVES 

S o l u t i o n  (2 .5 )  f o r  the  s t r e a m f u n c t i o n  ~ ( i )  and s o l u t i o n s  ( 2 . 7 a , b , c )  f o r  
the  v e l o c i t i e s  a r e  v a l i d  b o t h  u p s t r e a m  and downst ream of the  l e a d i n g  e d g e .  
However,  the  r e p r e s e n t a t i o n  v ( i )  = v ( kh ) +v  ( s ) ,  w i t h  v ( s )  e x p r e s s e d  i n  e q u a t i o n  
( 4 . 1 c )  a s  a s u p e r p o s l t i o n  of  d e c a y i n g  s t a n d i n g  waves ,  i s  v a l i d  o n l y  downst ream 
of  the  l e a d i n g  e d g e .  What i s  t he  c o r r e s p o n d i n g  r e p r e s e n t a t i o n  u p s t r e a m  of  the  
l e a d i n g  edge i n  the  h a l f - p l a n e  x(O, -Oo(y(®? 

Upstream of  the  l e a d i n  8 e d g e ,  t h e r e  i s  no c o n s t r a i n t  t h a t  the  s o l u t i o n  of  
the  R a y l e i g h  e q u a t i o n  ( 3 . 1 )  s a t i s f y  the  i m p e r m e a b i l l t y  b o u n d a r y  c o n d i t i o n .  
Hence,  the  K e l v i n - H e l m h o l t z  s o l u t i o n  does  no t  a p p e a r  in  t he  u p s t r e a m  
h a l f - p l a n e .  Hence the  p o s s i b l e  s o l u t i o n s  f o r  v ( s )  a r e  growing and d e c a y i n g  
s t a n d i n g  waves and v o r t i c a l  f l u c t u a t i o n s  of  the  forms 

S t a n d i n g  waves 

(a)  e x p ( + ~ x ) c o s ~ y  
(b)  e x p ( + ~ z ) s i n ~ y  
(c)  e x p ( - ~ x ) c o s ~ y  
(d)  e x p ( - ~ x ) s i n ~ y  

R e c t a n g u l a r  a r r a y s  o f  
v o r t i c e s  c o n v e c t i n g  downst ream 

(e )  s i n T ( x - t ) s i n ~ y  
( f )  s l n y ( x - t ) c o s ~ y  
(g)  c o s y ( x - t ) s l n ~ y  
(h) c o s y ( x - t ) c o s ~ y  (5 .1)  

Of t h e s e  p o s s i b i l i t i e s ,  the  form (b) can be e l i m i n a t e d  by the  homogeneous 
Neumann c o n d i t i o n .  Forms ( c , d )  blow up as  x ~ -co and can  be e l i m i n a t e d .  The 
l a s t  f o u r  s o l u t i o n s  ( e - h )  r e p r e s e n t  v o r t i c a l  f r e e s t r e a m  d i s t u r b a n c e s  c o n v e c t e d  
downst ream,  and t h e y  do not  a p p e a r  i n  the  p r e s e n t  p r o b l e m .  Only the  waveform 
(a)  r e m a i n s .  Hence,  the  normal  v e l o c i t y  u p s t r e a m  of the  l e a d i n g  edge can be 
r e p r e s e n t e d  as  t he  c o s i n e  i n t e g r a l  t r a n s f o r m  

27 
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I 

( 8 b )  u = 1 . 1 i  

( S a )  a = 5 . 0 1  

(8c)  a = 0 . 5 i  

F i g u r e  8 .  S t r e a m l i n e s  f o r  t h r e e  examples  of  the  b a s i c  F o u m t e r - L a p l a c e  
c o n s t i t u e n t s  o f  the  f low i l l u s t r a t e d  in  F i g u r e s  6 a - h .  These a r e  
s t a t i o n a r y  waves which decay  l i k e  s l n ( ~ y ) e x p ( - ~ x ) .  The f low in  
F i g u r e s  6 a - h  r e p r e s e n t  a s u p e r p o s i t i o n  of  t h e s e  waves ,  wi th  
s p e c t r u m s  p l o t t e d  in  F i g u r e  9. These t h r e e  v a l u e s  o f  the  
x-wavenumber c o r r e s p o n d  a p p r o x i m a t e l y  to  the  l o c a l  maximums of  the  
F o u r i e r  a m p l i t u d e s  in  F i g u r e  9.  
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with  i n v e r s e  

O0 

v(S) (xx*~,O)  = ( 2 1 ~ ) x l ~ v ( S ) ( x x , y , O ) c o s ~ y  dy 

OO 

v ( S ) ( x x , y , O )  = ( 2 / n ) x l ~ v ( S ) ( x x , ~ , O ) c o s ~ y  dp 

( 5 . 2 a )  

(5 .2b)  

Of course  fo r  an even f u n c t i o n  in  y ,  a cos ine  t r a n s f o r m  is  a d e q u a t e .  The f a c t  
t h a t  they  are  growing s t a n d i n g  waves appea r s  in  the  next  s t e p .  These a re  the  
F o u r i e r  ampl i tudes  and v e l o c i t y  a long some l l n e  x=xx(O. Since each of  the 
waves grows e x p o n e n t l a l l y  in the  s t reamwise  d i r e c t i o n ,  the  ampl i tude  a t  x i s  
r e l a t e d  to  the  ampl i tude  a t  x x by 

v (x, 13,0)--v(xx,13,0) exp [+13 (x-xx)  ] 

Hence, the  v e l o c i t y  a t  the p o s i t i o n  x , y  i s  

v ( S ) ( x , y , O )  = 

(2/n)x/aJv(S)(xx,~,O)e+~(x-Xx)cospy-- dp (5.3) 
0 

\ 

f o r  x, xx(O. There i s  no "wavy-wa l l "  s o l u t i o n  f o r  x~O. Hence, v(i)---v ( s )  f o r  
x~O. The cos ine  i n t e g r a l  e x p r e s s e s  the  s o l u t i o n  as a s u p e r p o s l t l o n  of  
e x p o n e n t i a l l y - g r o w l n g ,  symmetr ic ,  s t a n d i n g  waves .  

6.0 SUMMARY, DISCUSSION AND CONCLUSIONS 

Conformal mapping of  the i r r o t a t i o n a l  f low induced by s u r f a c e  wav ines s  on 
a s e m i - i n f i n i t e  p l a t e  has y i e l d e d  s o l u t i o n  (2 .7b)  fo r  the  normal v e l o c i t y  
which i s  v a l i d  bo th  ups t ream and downstream of the l e a d i n g  edge.  However, 
downstream of  the l e a d i n 8  edge ,  i t  i s  i n s t r u c t i v e  t o  exp re s s  t h i s  s o l u t i o n  in  
terms of  two f a m i l i e s  o f  waves:  

v (1) ( x , y , e )  = cos (nx-O)exp ( -ny)  

eo 

+ (2 /~ )x l2~v(S) (x1 , J3 ,0 ) s in .By  e x p [ - ~ ( x - x x ) ]  dJ] (6 .1 )  

(1) The c l a s s i c a l  K e l v i n - H e l m h o l t z  flow induced by a wavy w a l l ,  wi th  
s t r e a m l i n e s  p l o t t e d  in  F igu re  1.  This  s o l u t i o n  s a t i s f i e s  a 
nonhomoReneous wa l l  boundary  c o n d i t i o n  a long  the  x - a x i s .  

(2) A seconda ry  flow which can be r e p r e s e n t e d  as a s u p e r p o s i t i o n  o f  
waves which decay e x p o n e n t i a l l y  in the  s t reamwise  d i r e c t i o n .  
This  f low a c c o u n t s  f o r  the p resence  of  the  l e a d i n g  edge of  the  
s e m i - i n f i n i t e  p l a t e .  This  spec t rum has r e s u l t e d  from ~urf~ce  
waviness  which has o n l y  one x-wavenumber.  These waves and t h e i r  
combined v a t t e r n  s a t i s f y  the  wal l  boundary  c o n d i t i o n  on a f l a t  
p l a t e ,  v(S)=0 a t  y=0,  a l t h o u g h  they  have been e x c i t e d  by the 
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c o m b i n e d  e f f e c t s  o f  th  9 v a i l  w a v i n e s s  and t h e  l e a d i n g  e d g e .  The 
F o u r i e r  a m p l l t u d e s  v ~ S J ( x l , y , O )  a r e  p l o t t e d  i n  F i g u r e  9 .  
F a r - d o w n s t r e a m  of  t h e  l e a d i n g  e d g e ,  t h e  s e c o n d a r y  f l o w  v a n i s h e s  
and t h e  o n l y  s o l u t i o n  w h i c h  r e m a i n s  i s  t h e  c l a s s i c a l  
K e l v i n - H e l m h o l t z  s o l u t i o n .  

A l s o  d o w n s t r e a m  o f  t h e  l e a d i n g  e d g e ,  i t  i s  i n s t r u c t i v e  
s t r e a m w i s e  v e l o c i t y  a l o n g  t h e  p l a t e •  i n  d i m e n s i o n a l  fo rm,  a s  

U~(x )  = Um + u ( k h ) ( x , 0 , O )  + u ( S ) ( x • 0 , O )  

t o  w r i t e  t h e  

( 6 . 2 )  

T h i s  e x p r e s s i o n  e m p h a s i z e s  t h a t  t h e  l o n g i t u d i n a l  v e l o c i t y  a l o n g  t h e  p l a t e  i s  
composed  o f  t h e  v a l u e  i t  w o u l d  h a v e  i f  t h e  p l a t e  we re  f l a t ,  a s i n u s o i d a l  
p e r t u r b a t i o n  a s s o c i a t e d  w i t h  t h e  K e l v i n - H e l m h o l t z  s o l u t l o n ,  and a s e c o n d a r y  
f l o w  c o n s i s t i n g  o f  a s u p e r p o s i t i o n  o f  e x p o n e n t i a l l y - d e c a y i n g  w a v e s .  

These  s i m p l i f i e d  f o r m s  o f  t h e  w a v e f o r m s  a r e  b a s e d  on  a u n i f o r m  mean f l o w  
w h i c h  i s  I n v l s c i d .  T a b l e  1 s u m m a r i z e s  t h e  R a y l e i g h  s o l u t i o n s  ( w i t h  U=I)  and  
t h e  O r r - S o m m e r f e l d  s o l u t i o n s  f o r  t h e  two w a v e f o r m s  d e s c r i b e d  a b o v e .  

The f l o w f i e l d  u p s t r e a m  of  t h e  l e a d i n g  edge  c a n  be r e p r e s e n t e d  a s  a 
s u p e r p o s i t i o n  o f  s y m m e t r i c ,  g r o w i n g  s t a n d i n g  w a v e s  

v ( i )  = v ( S ) ( x , y , e )  = 

=(21n)xlzlv(S)(xx,~,O)cospyexp[+p(x-xl)] dp (6.3) 

E x p o n e n t i a l l y - d e c a y i n g  w a v e s  o f  t h e  u n s t e a d y  form 

v ( x , y , t )  = f ) ( y ) e x p ( - ~ x - i ~ t )  ( 6 . 4 )  

w i t h  0 ( y ) = s i n ~ y  a l s o  h a v e  b e e n  f o u n d  p r e v i o u s l y  i n  a n a l y s e s  o f  v o r t i c e s  
c o l l i d i n g  w i t h  a s e m i - i n f l n i t e  p l a t e  ( R e f .  9 ) .  U n s t e a d y  waves  o f  t h e  more  
g e n e r a l  form ( 6 . 4 )  have  a l s o  b e e n  f o u n d  a s  s o l u t i o n s  o f  t h e  O r r - S o m m e r f e l d  
e q u a t i o n  ( R e f .  2 ) .  T h i s  a n a l y s i s  i l l u s t r a t e s  t h a t  s t e a d y  v e r s i o n s  o f  t h e s e  
s t a n d i n g  waves  o r i g i n a t e  i n  t h e  f l o w  a b o u t  a wavy s e m i - i n f i n i t e  p l a t e .  
F u r t h e r  s t u d y  i s  r e q u i r e d  t o  d e s c r i b e  t h e  e f f e c t s  o f  v i s c o s i t y  and t h e  mean 
b o u n d a r y  l a y e r .  W h i l e  t h e s e  waves  o s c i l l a t e  n e u t r a l l y  as  y->m • t h i s  a n a l y s i s  
shows t h a t  t h e y  can  o r i g i n a t e  f rom t h e  w a l l .  

The y i s c o u s  fo rm o f  t h e  s t e a d x  e x p o n e n t i a l l y - d e c a y i n g  w a v e ,  
v = 0 ( y ) e x p ( - p x ) ,  h a s  n o t  b e e n  c a l c u l a t e d .  The u n s t e a d y  s o l u t i o n s  f o r  b o t h  
d e c a y i n g  and g r o w i n g  s t a n d i n g  waves  i n  b o u n d a r y  l a y e r s  a s  s o l u t i o n s  o f  t h e  
O r r - S o m m e r f e l d  e q u a t i o n  a r e  d o c u m e n t e d  i n  R e f .  2 .  When t h e  f r e q u e n c y  
v a n i s h e s ,  h o w e v e r ,  t h e  e x t e r i o r  s o l u t i o n  t a k e s  on t h e  form of  f o u r  n e u t r a l l y  
o s c i l l a t i n g  waves  

0 ( y )  = AeiYY + B e - i y y  + Cei~Y + De- i~Y ( 6 . 5 a )  

where  7=RX/=(~+~=/Rs)  I / z ,  i n  c o n t r a s t  t o  t h e  e x t e r i o r  solution 

0 ( y )  = Ae-mY + Cei~Y + De- i~Y ( 6 . 5 b )  
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where m=(-~Ra-~2-i~R6) I / s  f o r  the  u n s t e a d y  c a s e .  Numerical  s o l u t i o n s  f o r  v e r y  
smal l  f r e q u e n c i e s  sugges t  t h a t  a v e r y  s lowly  d e c a y i n g ,  h lgh  f r e q u e n c y  
o s c i l l a t i o n  appea r s  and s u r v i v e s  i n t o  the f r c e s t r e a m .  In the  exac t  s t e a d y  
l i m i t ,  these  o s c i l l a t i o n s  may take the  form exp(+ITy)  as  no t ed  above .  These 
a d d i t i o n a l  s t e a d y ,  v i s c o u s  s o l u t i o n s  wa r r an t  f u r t h e r  s t u d y .  

This  s tudy  has assumed a s e m i - l n f l n i t e  p l a t e .  We b e l i e v e  t h a t  the  
s econda ry  flow g e n e r a l l y  w i l l  be s t r o n g e r  f o r  f l n l t e - l e n g t h  p l a t e s ,  t han  f o r  
s e m i - l n f i n i t e  p l a t e s  wi th  wavy w a l l s ,  a t  l e a s t  f o r  c e r t a i n  phase a n g l e s  and 
p l a t e  l e n g t h s .  This  c o n j e c t u r e  w a r r a n t s  d e t a i l e d  s t u d y .  

F i n a l l y ,  we r e c o g n i z e  t h a t  t h e r e  i s  a r e l a t l o n s h l p  between the  s o l u t i o n s  
f o r  the ca se s  of  

(1) f r e e s t r e a m  v o r t l c l t y  d i s t u r b a n c e s  c o n v e c t l n g  downstream and 
e n c o u n t e r i n g  a p l a t e  

(2) i r r o t a t l o n a l ,  t r a v e l l n g  f r e e s t r e a m  d i s t u r b a n c e s  p r o p a g a t i n g  s t  
speeds d i f f e r e n t  from U~ and e n c o u n t e r i n g  a p l a t e  

(3) flow p a s t  a s e m l - l n f l n l t e  p l a t e  w i t h  s t a t i o n a r y  wal l  wav iness  

Table  1 
COMPARISON OF SOLUTIONS FOR FLOW PAST WAVY WALLS 

(a)  S o l u t l o n s  o f  R a y l e l g h  Equa t ion  
wi th  a Uniform Mean Flow 

(b) S o l u t i o n s  o f  Orr -Sommerfe ld  E q u a t i o n  
wi th  a Nonuniform Mean Flow 

( la)  K e l v l n - H e l m h o l t z  S o l u t l o n  ( Ib )  Benjamin (Ref .  3 2 ) ,  Lessen-Gangwanl  
v a r y i n g  as (Ref.  3 4 ) , a n d  A ldos s -Resho tko  (Ref .  35) 
v (x ,Y) - - ' voexp( -~y) s in (~x)  s o l u t i o n  of  form v ( x , y ) = ~ ) ( y ) e x p ( l a x )  
which s a t i s f i e s  nonhomogeneous which s a t i s f i e s  nonhomogeneous 
boundary  c o n d i t i o n  a t  y=O. boundary  c o n d l t l o n ( s )  a t  y=0.  
(See F igu re  1 and Ref .  1) 

(2a) S teady ,  Decaying S o l u t i o n  
v a r y i n g  as 

v (x,  y) =v o s in  (py) exp ( -px)  
which s a t i s f i e s  homogeneous 
boundary  c o n d i t i o n s  a t  y=0.  
(See F i g u r e s  8 a , b ;  F igu re  6a -h  
i s  a s u p e r p o s i t l o n  of  these  
WaVeS) 

(2b) L i m i t i n g  S teady  Case (w=O) o f  the 
E x p o n e n t i a l l y - V a r y i n g  S tand ing  Wave 
v a r y i n g  as 
v ( x , y , t ) = ~ ( y ) e x p ( - ~ x - i ~ t )  
which s a t i s f i e s  homogeneous 
boundary  c o n d i t i o n s  a t  y=0.  
(The u n s t e a d y  case has been 
c a l c u l a t e d  (Ref .  3 2 ) ;  the s t e a d y  
case  has not  been c a l c u l a t e d )  

Stokes  s o l u t i o n  f o r  an u n s t e a d y  
su rg ing  of  the f r e e s t r e a m  is  the  
~--0 l i m i t  of  the u n s t e a d y ,  s t a n d i n g  
waves 
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( the  case  c o n s i d e r e d  in  t h i s  s tudy)  

(4) f low p a s t  a s e m i - i n f i n i t e  wavy wa l l  w i t h  t r a v e l i n g  s u r f a c e  waves  

The r e l a t i o n s h l p s  be tween  t h e s e  f l o w s  f o r  s e e m i n g l y  r a t h e r  d i f f e r e n t  
c a s e s  of  f r e e s t r e a m  d i s t u r b a n c e s  and w a l l  w a v i n e s s  w a r r a n t  f u r t h e r  s t u d y  and 
d e v e l o p m e n t .  
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English 

C=~/a 

C(z) 

C=(z) 

f(z) 

F ( z , e )  

g(z) 

h(x)  

he 

hx ,h2  

i 

k 

S(z)  

S=(z) 

t 

U,V 

U m 

X 

Y 

z=x+iy 

NOMENCLATURE 

phase speed 
Z 

Cosine F r e s n e l  i n t e g r a l ,  C(z) = ~ c o s ( n t = / 2 ) d t  

C(z)=C=(~z=/2)  
Z 

Cosine F r e s n e l  i n t e g r a l ( 2 ) ,  C = ( z ) = ( 2 ~ ) - x / = ~ t - X / = c o s t d t  

f u n c t i o n  r e l a t e d  t o  the  F r e s n e l  i n t e g r a l s  by 

f ( z )  = [ ~ -  S ( z ) ] c o s ( ~ z = / 2 )  - [ ~ _  C ( z ) ] s i n ( ~ z = / 2 )  

f u n c t i o n  d e f i n e d  in  e q n . ( 2 . T c )  

f u n c t i o n  r e l a t e d  to  the  F r e s n e l  i n t e g r a l s  by 

g(z) = [~- C(z)]cos(~z=/2) + [~_ S(z)]sin(~z=/2) 

displacement of the wavy wall 

amplitude of the sinusoldal wall waviness 

amplltudes of the galloping surface as defined in eqn.(1.6b) 

(-1)11 = 

x-wavenumber in the Rayleigh eqn.(3.1) 

Fresnel integral, S(z) = ~sin(ntz/2)dt Sine 

S(z )=S=(nz=/2)  o 

Sine F r e s n e l  i n t e g r a l ( 2 ) ,  S = ( z ) = ( 2 ~ ) - I / = ~ t - X l Z s i n t d  t 

t ime 

d i s t u r b a n c e  v e l o o l t i e s  in  the  x and y d i r e c t i o n s  

mean x - v e l o c i t y  in  the  f r e e s t r e a m  t h a t  would e x i s t  
i f  the  p l a t e  were f l a t  

c o o r d i n a t e  p a r a l l e l  to  p l a t e  and in  s t reamwise  d i r e c t i o n  

c o o r d i n a t e  normal t o  the  p l a t e  

complex c o o r d i n a t e  
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Greek and S c r i v t  

a 

P 

V 2 

). 

~ ( i )  

~(kh) 

~(s) 

P 

O 

¢ ( y )  

{,rt 
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x-wavenumber 

y-wavenumber  

L a p l a c i a n  o p e r a t o r  

s m a l l  q u a n t i t y  p r o p o r t i o n a l  t o  the  a m p l i t u d e  of  the  s u r f a c e  
w a v i n e s s  

w a v e l e n g t h  of  the  s u r f a c e  w a v i n e s s  

d i s t u r b a n c e  s t r e a m f u n c t i o n  induced  by the  s u r f a c e  w a v i n e s s  
on a s e m i - i n f i n i t e  p l a t e  

K e l v i n - H e l m h o l t z  s t r e a m f u n c t i o n  f o r  f low p a s t  a wavy w a l l  

s t r e a m f u n c t i o n  composed of  a p a t t e r n  of  s t a n d i n g  waves 
and r e p r e s e n t i n g  the  a l t e r a t i o n  t o  ~ ( k h )  c a u s e d  by the  
l e a d i n g  edge 

~+ i~ ,  complex c o o r d i n a t e  in  the  c o n f o r m a l l y  mapped p l a n e  

phase  a n g l e  of  the  s u r f a c e  w a v i n e s s  

complex a m p l i t u d e  of the  normal  v e l o c i t y  f l u c t u a t i o n  

f r e q u e n c y  

c o o r d i n a t e s  in  the  c o n f o r m a l l y  mapped p l a n e  

S u p e r s c r i p t s t  S u b s c r i p t s ~  and M i s c e l l a n e o u s  N o t a t i o n  

i a s s o c i a t e d  w i t h  the  f l u c t u a t i n g  f low induced  by s u r f a c e  
w a v i n e s s  on a s e m i - i n f i n l t e  p l a t e  

a s s o c i a t e d  w i t h  the  K e l v i n - H e l m h o l t z  s o l u t i o n  

r e a l  p a r t  of  [ ] 

s a s s o c i a t e d  w i t h  the  s e c o n d a r y  f low which i s  g e n e r a t e d  by the  
combined e f f e c t s  of  the  s u r f a c e  w a v i n e s s  and the  l e a d i n g  edge 

kh 

R e a l  [ ] 

C h a r a c t e r i s t i c  q u a n t i t i e s  used  in  the  n o n d i m e n s i o n a l i z a t i o n s  

~./2 

c~oUoo 

u® 

aho Um/n 

c h a r a c t e r i s t i c  l e n g t h  

c h a r a c t e r i s t i c  d i s t u r b a n c e  v e l o c i t y  

c h a r a c t e r i s t i c  mean v e l o c i t y  

c h a r a c t e r i s t i c  d i s t u r b a n c e  s t r e a m f u n c t i o n  
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