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I. Introduction

The design of algorithm plays an important role in operations research
in general and dynamic programming in particular. In most dynamic program-
ming algorithms, formalism of computing, data structure and complexity
analysis does not appear. One of the objectives of this research is to

provide such a formalism.

The storage and computational requirements of dynamic programming algo-
rithms have limited their practical uses. The storage and computational
demands can become excessive whenever the state vectors are of dimension 3
or more, or if the number of states grow exponentially. Several schemes
have been proposed to reduce the dimensionality in dynamic programming.
However, practical use of any algorithm dictates an efficient implementation
of techniques on computers. But how efficiently do these algorithms run
on computers necessitates their study from the point of view of complexity
analysis, for an algorithm's performance profile is measured in terms of
computing time and space that are consumed. The asymptotic complexity of

. an algorithm determines the size of a problem that can be solved by the algo-

rithm. If input has size k, and for some constant ¢ the algorithm solves

the problem in ckP time or takes ckP storage spaces, we say that its

computational/storage complexity is c(kP).

In subsequent sections, we consider converging branch, diverging branch,
feed-forward loop and feedback loop systems. In each case, first, a high
level algorithm followed by the detailed compﬁter algorithm is described.
Formulas for storage and computational complexities for each computer

algorithm are derived. Finally algorithms are implemented on VAX-11/780

¢ computers using UCSD PASCAL.
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Consider the diverging branch system with the following characteristics.
The state and decision variables are given by
1 < xj1 £kj1, 1 £djy <pjpwherel <idm
1 <xj€kj, 1 <dj <pjwherel <i<n
The transformations and returns are described by the following tables.
| Xj-1 = ti(xj,dj), ri = rij{xj,dj) where 1 <i < n

xi-1,1 = ti1(xi1,941)s ri1 = ri1{xi1,dj1) where 1 <7 <'m

xml = ts1(xs,ds)

Let k = max(k11,..-kpl,k1-e.kp) and kq = k + 1.

2.1 High-level Algorithm for Diverging Branch

First process the branch including stages 11 through ml, and store

the optimal return from stage ml. Process stages 1 through s-1 using

returns from stages s-1 and

Combine the optimal

serijal DP-algorithm,

ml to the return at stage s, and optimize the resultant return. Finally,

process the stages s+l through n using serial DP-algorithm and determine

the optimal return at stage n.




——

FE EE

amg T v R0 U BN e 4 i I -« v -

A. For the branch including stages 11 through ml:

1. fii1(x11) = max ri1(x11,d11)s
d11

Store d*;1,the optimal decision.

2. fi1(xq1) = ﬂax(ril(xil,dil) + fi.1,1 (ti1(x41,d41)))s
il
Store d*j1, the optimal decision for i =2,...,m

3. Store fypp(xmy) for later use.

B. For main branch including stages 1 through s-1:
1. fi(xy) = max ry(xy,dj);
Store d*1?1the optimal decision.
2. fi{x) = géx(ri(xi:di) + fio1(tilxi,di)))s

i
Store the optimal decision dj* for 2 < i < s-1.

C. For junction stage s:

fs(xg) = gax(rs(xs,ds) + fgo1(ts(xs,dg)) + fr1(ts1(xs,ds)));

) S
Store the optimal decision dg*.

D. For the main branch including stages s + 1 through n:

fi(xy) = 2§X(ri(xi,di) + fi.1(ti(x,di)))s

i
Store the optimal decision dj* for s + 1 < i < n.

E. For the optimal return at stage n:

fn(Xn*) = Mmax fn(Xn)o
Xn

F. For the optimal decisions for stages n through 1:
For i =1 ton:
Find di*,
Xi-1* = ti(xi*,di*),

If i =s + 1 then xg= x*s.

s _




' G. For optimal decisions for stages m; through 11:
Xm* = ts1{xs,ds*),
For i = m down to my:
Find dj1*;

xi-1,1 = tj1(xi1*,di1*);

2.2 Diverging Branch Computer Algorithm (DCBA)

In the above high-level algorithm, a brute-force method would be
used to store optimal decisions at each stage for later retracing them
after the optimal return fp(xp*) has been found. This dictates an
enormous amount of storage. Instead, a technique has been used, which
marks the optimal decision value, say, di* by adding kq = 1 + k to
the state entry ti(xj*,dij*), where k = max(ki},...kml,K]1,e+-Kp)e This
eliminates the need for the optimal decision storage. Later when the
optimal decision di* is to be retraced, it may be retrieved by searching

xi*-row of tj for to(xi*,di*)>kq over values of dij. Any future refer-

ence to the table t; will be made as (each entry) mod 2kg.

In a diverging branch system, tables F(0;1,1:K) are needed for opti-
. mal return processing at each stage. At each stage i the optimal return
is processed by using the previous-stage optimal return from F(st,.),
and stored in F(dt,.), where st = (i-1)mod 2, and dt = i mod 2. The
optimal return fp) is stored in the table PM(1:K). Note st and dt

indicate indices of source and destination tables respectively.

We first explain the notations. The algorithms are described in a
| PASCAL-type construct. Comments are enclosed within (*...*). Enclosure
of a simple or a complex statement within a loop is effected by indent-

.
l ing the statement. In the following, the computer algorithm for the




’ diverging branch system is described.
A. (* Branch including stages 11 through ml *)
1. (* Initialize *)
For x11 = 1 to k1 do
F(1,x11) = r11(x11,d11*) = max r3(x11,d11)3
1 <dpp < p
t11(x11,d11*) = t11(x11,d11*) + kg;
k 2. (* Process stages 11 through ml *)
For i =2 to m do (* Find source table *)
st = (i-1) mod 2; (* Find destination table *)
dt = i mod 2;
|

For xij1 =1 to kj] do
F(dt, x41) = riilxj1, di1*) + F(st,tj,(x41,di1%));

= max (rjp(xq1,di1)) + F(st,tj1(xi1,di1)));
1 < di1 < pi1

ti1(xj1,di1*) = tj1(xi1,di1*) + kg; (* mark optimal de-
cision in tj] *)

3. (* Move the optimal return fpj(xm1) to the table PM({.) and free
F(0,.) and F(1,.) for further processing *)

[ M (xp1) = F(dtsxml);

B. (* stages 1 through s-1 in the main branch *)
1. (* Initialize *)

For i =1 to k do

F(0,i) = 0;




2. For i =1 to s-1 do
(i-1) mod 2;

st
dt

i mod 2;

For xi=1 to ki do

F(dt, xj) = r(xj,dj*) + F(st,tj(xj,di*))

max (rj(xj,dj) + F(st,tj(xj,di)));
Ldj £ py

ti(xj,di*) = tj(x,d;*) + kg

r—

C. (* Junction s *)
st = (s-1) mod 2;
dt = s mod 2;
] For xg =1 to kg do
F(dt,xs) = rg(xg,dg*) + F(st,tg(xs,dg*)) + PM(tg1(xs,ds*))

= max (rS(xS,dS) + F(St,ts(Xs,ds)) + FM(tsl(xSadS)));
1 <ds < ps

ts(xg,ds*) = tg(xg,dg*) + kq;

D. (* Stages s + 1 through n *) ’
For i=s+1 tondo
st = (i-1) mod 2;
dt =

i mod 2;

For xj=1 to kj do

F(dt,x;) = ri(xj,di*) + F(st,tj(xj,di*))

max(rj(xj,dj) + F(st,tj(xj,dj)));
1 <dj <pj

tilxj,di*) = ti(xq,di*) + kq;

E. (* Optimal return fp(x,*) *)

¢ FN(xp*) = F(dt,xp*) = max F(dt,xp);
1 < xp £ kp




F. (* Optimal decisions, stages n through 1 *)

For i=n down to 1 do

select x*-row of tj and search for tj(x;*,di*) > kq for 1 < dj < pj;
If i=s then xs=xg¢* and DS=dg*

Xj-1* = tj(x3*,dj*) mod kg;

G. (* Optimal decisions, stages my through 11 *)
Xm1* = tg1(XS,DS)
For i=m down to 1 do
select xj1*-row of tj; and search for ti(xj1*,dj1*) > kq for 1 < dj1 £ pj
Xi-1,1* = ti1(x41*,d{1*) mod kq;

2.3 Storage Complexity of DBCA

We assume that each variable takes a unit storage space. We
calculate the demand for the storage tables during computation. All
input tables and variables created during the processing are ignored
for this analysis.

Theorem: The storage complexity of DBCA is given by 3k or O(k)

Proof: The tables needed by DBCA are F(0:1,1;k) and M (1:k) which

consume 2k and k spaces respectively.

e %




¥ 2.4 Computational Complexity of DBCA

For the purposes of our analysis, we consider all arithmetic
operations, assignments, comparison and mod operations as basic computa-
tional operations. Other complex operations such as finding an optimum
of a list or searching a list involves these basic operations. The
computational complexity of an algorithm is given by the number of basic
operations performed.

As an example consider a list c¢j,c2,...c]] of values where c;
is a composition of q of these basic operations. A simple routine to

find the optimum value V will be:

V=oc1;
Jo= 1;
For j = nto 1l do
Ifv S_Cj, then Jg = j; V = Cj

. 1
The maximum number of the basic operations in this routine is (qj+3)-1.
21

J

Similarly, searching a value V in the list can take a maximum of 1 com-
parisons. Of course, more efficient searching algorithms are available.
However, for the purposes of our analysis we choose this brute-force

method to get an estimate on the worst cases.

In the following we derive the formula for computational complexity

of DBCA.

Theorem 2: The computational complexity of DBCA is given by

_ 1(4k11p11 + ki1 +pi1 +7) +  (8kipj + ki + pj +10)
1=

+ ksps - k11p11 + 3kp + kpp + k - 5

Proof: We list below ihe number of basic computations performed




’ at each step of DBCA.
Step Number of Basic Computations
A-1 3k11p11 * K11
m
A-2 (4kj1pi1 + ki1 + 5)
i=2
A"3 kml
B-1 k
s-1
B-2 o (Bkipy + kg + 5)
]'—'
c 5(ksps + ks + 5)
n
D (8kipi + ki + 5)
g i=s+l
E 3kp -1
n
F ~ (pj +5)
: i=1
m
G (pil + 2) +1
i=1
The addition of these values gives the result of the theorem.
Corollary 1: Suppose that all discretization levels equal k, in other
words, ki1 = pi1'= ki = pj = k, for all admissable values of i. Then
the computational complexity of DBCA is given by:
2(m +n2 +m+ n)kZ + (M +n2 +m+on+5)k
£
+1/2(7m + 902 + 7m + 9n - 10)
Corollary 2: the DBCA has computational complexities of 0(k2), 0(md),
i and 0(n2) where k is the level of discretization of state and decision
% ' variables and m, n are numbers of stages in the diverging and main

branches respectively.




Corollary 3: Let all three subbranches in the diverging branch system

be approximately equal, i.e., S = Nyj2 =M. Then the complexity formula

reduces to 2(5m2 + 3m)k2 + (5m2 + 3m + 5)k + 1/2(43m2 + 25m - 10).

Corollary 4: The computational complexity of DBCA is independent of
the stage from where the diverging branch starts.

Proof: The formula for the complexity in theorem 2 does not contain

the junction point s.




’
3. Converging Branch System
dm1 d11
il L M1 Xm-1,1 eeeo X11 T %ol
ml ri1
dp dg dj
Xn E Xn_]_ 9908060000 Ns0esRsO, Xs E: Xs_l o Xl m Xo
n s r
]
The state and decision variables are given by:
1 <{xj<kj, 1 <dj<pjwherel <i<m
g 1 <xjp £kj1, 1 £djp < pjp where1 < i <m

The transformation and return tables are given by:

xi1 = tj(xj,dj), rj = rj(xj,dj) where i <i <n
xi-1,1 = til(xi1,di1),ri = ri1(xj1,dj1) where 1 < i < m, i#s
Xs-1 = tg(xs,%01,ds),rs = rs(xs,xg1,ds)

k = max(kjpsesokmlseoekyseookn) and kg = k + 1

3.1 High-level Algorithm For Converging Branch System

L We describe a high-level algorithm to process the converging branch
network. First, the branch is processed using initial-final state
optimization of dynamic programming to obtain fyui(xpmi,xm1), and this

return is optimized over xp; such that 1 < xp € kgje The optimal

return is stored for later use. Stages 1 through s-1 of the main branch

are processed using serial DP algorithm. The return at junction s and

the optimal returns from s-1 and the branch are combined and then
optimized over values of xp} and decision variable, Stages s+1 through

n of the main branch are processed using serial DP algorithm. Finally,




Xpe In the following, we present the details.

A.

B.

c.

D.

EI

Initial-final state optimization of the branch

1. fi11(x11,x01) = max ry1(x11,d11):t11(x11,d11)= xQ1

2, For2<igm,

the optimal return f,(xp,*) is found by optimizing f,(x,) over values of L

fi1(xi1,x01) = max(ri1(xi1,dj1) + fi-1,1(ti-1(xi1,d41),%01))s

1 < dj1 £ pPil

Process the optimal return at stage my

fm1(x01) = max(fm1(xm1,%01)),
1 < xm1 £ kml

Store fp1(xg1)s

Process stages 1 through s-1

1. fplxg) = 0,

2. fi(xj) = max(rij(xj,dj) + fi_1(tij(x3,d5)), 1 < i < s-1;
1 . .

L dj £ pj

Store di* which optimizes the return.

Process junction s:

fs(xs) = max(rg(xs,xg1,ds) + fg_1(ts(xs,dg) + fpi(xg))

1 <dg <ps
1 < xp1 £ ko1

Store dg* and xg1* which optimize the return.

Process stages s + 1 through n:

1. Fors+1<1i<n,

fil(xj) = max(ri(xj,dj) + fi_1(tj(xj,dj)));
1 < dj < pj

Store dj* which optimizes fj.




F. Optimal return fp{x,*) at stage n:
falxp*) = max fn{xg)
1 < xp < kpy
G. Optimal decisions for stages n through 1:
1. For i=n down to s+l;
Find di*;
Xj-1* = ti(xi*,di*);
2. At junction s:
Find dg*;
xs-1* = ts(xs*,%01*,d5*);
3. For i = s~1 down to 1:
Find di*;

xi-1* = tj(xi*,di*);

H. Optimal decisions for stages 11 through mj of the branch:

Lo fri{qn) = max(rppdxpr,din): (tralx,d11) = xo1*);

1<dn <
2. For2<igm

fi1(xy1) = Taz(gil(xil,dil) + fi.1,1(t51(x41,441)))s

i £ P
Store di1*;

3. Find max (fp1(xm1))s
1 Cxm £ km

Let xp1* optimize fp;
4, For i = m down to 1:
Find dj1*;

Xj-1,1 = tj1(xj1*,d41*);
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3.2 Converging Branch Computing Algorithm (CBCA)

We follow the notations of section 2.1, for processing converging
branch system, tables F1(0:1,1:k,1:k) and F(0:1,1:k) are needed to store
converging branch and main branch optimal returns. A table MM(1l:k) is
needed to store the optimal return at the stage ml for later use. Now,

we describe the CBCA in detail.

A. (* stages 11 through ml *)
1. (* Initialize the table F1(1,.,.) by processing stage 11 *)
For x31 =1 to kj; do
For xg1 = 1 to kgp do
F1(1,x11,%01) = r11(x11,d11*) = max(ry1(x11,911)]
t11(x11,d11) = x01);
2. (* Process stages 21 through ml, using tables F1(0,.,.)
and F1(1,.,.)*)

For i=2 to m do

st = (i~1)mod 2;

dt = i mod 2;
For xj1 =1 to kj1 do

For xg1 = 1 to kgp do

F1{dt,xi1,x01) = ri1(xi1.di1) + FI(st,ti1(xi1,di1),%01)

B. (* Maximize fpq1(xm1,X01) over values of xpj, and store the
optimal values in table M(.) *)
st =mmod 2;
For xg1 =1 to kg1 do

M(xg1) = F1(st,xpr,X01) = max F1(st,Xm1,%01)s
1 < xm1 £ kml

) “z



C. (* stages 1 through s-1 *)
1. ( * Initialize by putting 0's in the source table *)

For i=1 to k do

F(0,i) = 0;

2. For i=1 to s-1 do

st = (i-1) mod 2;

dt

i mod 2;

For xj=1 to kj do

F(dt,xj) = ri(xj,di*) + F(st,ti(x{,di*))
= max(ri{xj,dj) + F(st,tizxi,di)));
1 < dj < pj
ti(xi,di*) = ti(xj,di*) + kq;

D. (* At junction there are two source tables, M(.) and F(st,.) *)

]

st = (s-1) mod 2;
dt = s mod 2;

For xg=1 to kg do

F(dt,xs) = rg(xg,xp1*,ds*) + F(st,tg(xg,xg1*,ds*))
+ M(x01));
= max(rg(xg,xp1*,dg) +
1 <dg <ps

F(St,ts(XS,XOI*,ds*) = ts(XS,XOI*,ds*) + k(

E. (* stages s+l through n *)
For i = s+1 to n do
st = (i-1) mod 2;
dt = i mod 2;

For xj=1 to kj do

F(dt,xi = ri(xi,di) + F(St,ti(xi,di*)

max(rj(xj,dj) + F(st,ti(xj,di));
Ldi £pj .

ti(xi’di*) = ti(xi’di*) + kd;




F. (* Find optimal return fo(xp*) *)
Fn(xp*) = F(st,xpq*) = max F(st,Xxp);
1 £ xq £ kn
G. (* Optimal decisions, stages n through 1 *)

1. For i=n down to s+l do

Search xj*-row of ti for tj(x;*,di*) >kq for
1 <dj<pys

Xi-1* = ti(xi*,dj*) mod kd;
2. Search xg*xgl*-row of tg for tg{xg*,xp1*,ds*) 2 kd,
1 <dg < pss

Xg-1* = tg(xg*,x01%,ds*) mod kg3

3. For i = s-1 down to 1 do
Search xj*-row for ti(xj*,dj*) > kg, 1 < dj £ pys

Xi<1* = tj(x4*,d;*) mod ky;
j-1 i s d

H. (* Optimal decisions, stages 11 through mp *)

1. For xj1=1 to kj1 do

F1(L,x11.x01*) = r1lx11,d11%) max(ry(x11,dy1)]

1 <d11 <M
t11lx11,d11*) = £11(x11,d11*) * kq
2. For i=2 tom do

n

st = (i-1) mod 2;

dt

1]

imod 2;
For xj1=1 to ki1 do
F1{dt,xi1,%01%) = ri1(xi1,di1*) + Fl(st,ty1(xi1,di1*)x0]

= max(rii(xj1,di1*) + F1(st,t5(x41,d51)x01%));
1 < dj1 <pi1

ti1(x31,d41%) = ti1(x41,d41%) + kg3




’ i
3. st =mmod 2;
F1(st,xn1*,%x01*) = maxFl(st, xm1,X01%);
1 < xm £ kml
4, For i=m down to 1 do
Search xji*-row of t; for ti1(xj1*,dj1*) > kg
1 < djr*, < pils
Xi-1*,1 = ti1(xj1*,dj1*)mod kq;
3.3 Storage Complexity of CBCA
Here we use the same notations and techniques as in section 2.
] Theorem 3: The storage complexity of CBCA is given by 2k2 + k or O(kz).
Proof: The storage tables used are F1(0:1,1:K,1:K), F(0:1,1:K)
and MM(1:K). However, when optimal returns from the branch
have been transferred to ™, Fl1 can be released and the
smaller table F may be used. So at any one time the
maximum storage used will be no more than 2kZ2 + k.

3.4 Computational Complexity of CBCA

The notations and techinques of section 2 are used here also.

S TR T T TS TN TR AT T e R T
.

Theorem 4: The computational complexity of CBCA is given by

m
(8ki1ko1pi1 + 4ki1pil - kirkol + ki1 + pij1 + 12
i-1

+ 1(4kipi + ki + pj +7) + Sksko1ps + 3kmiko1 - 4ksPs - ko1
"=
+3kn+3km1+k‘8

L A s C e A A
3

Proof: The number of computations performed at each step of CBCA

is listed below:
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Step
Al

A.2

C.l

c.2

G.1
G.2
G.3
H.1
H. 2
H.3

H. 4

Number of Basic Operations

4kj1ko1pil - ki1kol
m

) 2(4ki1k01p1'1 - kitko1 + 5)
'|=

3kmikoi - ko1 *+ 2
k
s-1

(4kipj + ki + 5)
i=1

Skgkoips * kg + 5
n
(4kipi + ki + 5)
i=s+l
3k + 1
n
(pj1 + 2)
i=s+l
ps + 2
s-1

(pi +2)
j=1

411P11 + K11
m

(8kj1pi1 + ki1 + 5)
j=2
3Ky + 1

m
(pi1 +2)
i=1

Addition of these results gives the complexity stated in the theorem.




’
Corollary 5: Let ki1 = pj1 = kj = pj =k for all admissible values f;.
Then the computational complexity formula for CBCA reduces to
(2m2 + 2m+ 5)k3 + 1/2(m2 + 4n2 + m+ 4n - 2)k2 + (M@ + n2 + m+ n + 6)k
+1/2(12m2 + 7n2 + 12m + 7n - 16)
Corollary 6: For the conditions stated in Corollary 5, the CBCA has
, complexities 0(k3),0(m2),0(n2).

Corollary 7: Assuming that the numbers of stages in the three subbranch- j
es of the converging branch network are approximately equal (s=n/2=m),
the formula for the complexity reduces to

¢ (2m2 + 2m + 5)k3 + 1/2(m2 + 4n + m + 4n - 2)kZ + (5mZ + 3m + 6)K

+ (20m2 + 13m - 8)

Corollary 8: The computational complexity of CBCA is independent of

the junction stage.

Proof: The result of theorem 5 does not contain any s.
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} 4., Feedforward Loop System
dm) di1
xm1 T mT xm-1,1 x11 TIIT %01
ml ri
dn dJ
xp I T xp-1 xj T3 xj-1 xs2 I xs-1 IsL xs-1 x IIT %o
M rj rs-1 s
The state and decision variables are given by
1 <{xj<kj, 1 £dj < pjwherel>i<n;
1 < xj1 £ kj1, 1 €djy < pjp where 1 <7 <mj
' k = maX(kll,...kml,-.. ,klo.o ,kn); kd = k + 1

Transformations and returns are described by tables

xml = tj1(xj,dj);
xi-1,1 = ti1(xj1,dj1), 1 <1 <my '
= ts(xg,x01,9s) 3

xj-1 = ti(xj,dj), 1 < i < n, ifs;

b3
w
]
p—
[l

r¢ = rg(xs,%01,ds) s
ri = ri(xj,dj), 1 < i < n, ifs;

ri1 = ri1(xj1,di1), 1 ¢ i <m

4.1 High-level Algorithm for Feedforward Loop System

First, the loop-branch is processed as an initial-final state

optimization using serial DP-algorithm, and the optimal return

fml(Xm1»X01) is stored. Similarly, using serial DP-algorithm stages
1 through s-1 are processed and fg.1(xg.1) is stored. Stages s through

j-1 are processed obtaining returns which depend on xgj. The branch




optimal return and that from the stage j-1 are combined with the return

at jlth stage, and the resultant return is optimized over values of
Xp1 and dj. Stages j+l through n are handled using serial DP-algorithm,
and optimal return f,(x,*) is determined.

The details of this algorithm are given below:

A. For branch including stages 11 through mj, perform initial-final

state optimization.

1. fi1(x11.%01) = gax(rll(X11,d11)=t11(X11,d11) = x01)s
11

2. fi1(xi1.%01) " max(riy(xi1,di1) + fi-1(ti1(xi1,di1),%p1))s
il

Store fy1(Xm1,>X01)s

B. Serial DP-algorithm for stages 1 through s-1:

[}

1. fo(xg)
2. fi(xy)

o (* initialize *)

zaX(ri(Xi,di) + fi-1(ti(x4,dy))
i

Store optimal decision dij* which optimizes fj.

3. Store fg_1(xs-1).

C. At the stage s perform usual DP optimization.

fs(xs,x01) = gax(rs(xs,x01,ds) + fg1{ts(xg,%01,dg)))s
S

D. Stages s+l through j-1:

fiixi,x01) = gaX(ri(Xi.di) + fio1(ti(xi,di),x01));
i

E. At j combine all returns:

filxj) = Tg;(;g(XJ,dj) * fi-1{tjlxj,d5),x01) + fmpltjilxj,dj),x01));
] J .

Store the optimal decision dj* and xg1*.




Stages j+1 through n:

fi(xj) = gaX(ri(Xi.di) + fis1(ti(xi,di));
i

Store the optimal decision di*.

fnlxn*) = max fp(xp)
Xp

Optimal decision stages n through 1:

1. fs(Xs) = Q&X(FS(XS,XOI*,dS) + fs_l(ts(xS,Xol*,ds)));
S

Store the optimal return at dg*.
2. For s+l < i < j-1:

filxi)

gaX(ri(X1,di) + fi-1(ti(xi,d4)));
i

Store dj*.
3. For 1=n.down to s+l:
Find di*,
xj-1* = tj(xj*,dj*),
If i=j then XJ=Xj*.
4. Find dg*;
Xg-1* = ts(xs*,XOI;:ds*);
5. For i=s down to 1:
Find dj*;

Xi-1* = ti(xi*,di*);

Optimal decision for stages 11 through mj:

1. f1ilxqy) = gaX(rll(X11,d11)=t11(X11-d11) = x01*)s
11




2, For2<igm
fir(xi1) = max(ri1(xi1,di1) + fi-1(ti1 (xi1,di1)));s
Store optimal decision dji*;

3. xm* = t;i(XJ,dj*);

4., For i=m down to 1:
Find dij*;

*

i1 ,1 = ti1(x31*.di1%)s

4.2 Feedforward Loop Computer Algorithm (FFLCA)

In FFLCA, tables F1(0:1,1:K,1:K) and F(0:1,1:K) are needed for
storing optimal returns. Moreover, FS(1:K) and MM(1:K,1:X) are also

used for storage of fg_1(xg-1) and fp1(Xm1.xg1) for further processing.

A. (* Branch stages 11 through m; *)
1. (* Initialize F1(1,.,.) by processing stage 11 *)
For xli=1 to k11 do
For xg1 to kgp do

max(ry1(x11,d11)}
<d11 £p11

F1(1,x11,%01) = r11(x11,d11%)
t11(x11,d11) = xp1);

2. For i=2 to m do

st = (i-1) mod 2;

dt = i mod 2;
For xj1=1 to kj, do
For xpg1=1 to kg do
F1{dt,xi1,x01) = ri1{xi1,di1*) + F1(st,t{1,(xi1,di1*),%0);

= max(rip(xi1,di1) + F1{st,ti1{xi1,di1%)»%0));
1 < dj1 < piy




3. (* Store the mth stage results into P4(.,.) for later use *)
For xp1=1 to kyp do
For xp1=1 to kqgj do
M(xm1,%01) = F1(dt,xj1,%01);
B. (* Stage 1 through s-1 *)
1. (* Initialize by putting 0's in the source table *)
For i=1 to k do
F(0,i) = 0;

2. For i=1 to s-1 do

st = (i-1) mod 2;

dt

i mod 2;

For xj=1 to kj do

F(dt,xj) = ri(xj,di*) + F(st,tj(xj,di*))

]

max(ri(xij,dj) + F(st,ti(xi,di));
1 <dj <pj

til(xj,di*) = tj(x5,di*) + kqs
3. For xg-1=1 to kg-1 do
FS(XS-I) = F(dt,XS-l);

C. (* stage s *)

st = (s-1) mod 2;

dt

s mod 2;

For xs=1 to kg do

For xg1=1 to kg do
F1{dt,xg,xg1)

rs(xssx01,ds*) + FS(ts(xs,x01,ds*))

‘max(rs{xs,x01,ds) + FS{ts(xs,X01,ds*));
1 <ds < ps




D. (* Stages s+l through j-1 *)
For i= s+l to j-1 do
(i-1) mod 2;

st
dt

i mod 2;
For xj=1 to ki do

For xg1=1 to kg1 do

FL(dt,xi,%01) = ri(xi,di*) + F1(st,ti(xi,di*),x01)
= Ta;(;;(zisji) + F1(st,ti(xi,di),%01))s
E. (* Stage j *)
st = (j-1) mod 2;
dt = j mod 2;

For xj=1 to kj do
F(dt,xj) = rj(xj,dj*) + Fl(St,tj(Xj,dj*),X01*)
+ M(tji(xj,d5)5%01))s

= max(rj(xj,dj*) + F1(st,tj(xj,dj),x01) + M(tji(xj,d5),%0
1 < xg1 L kol

1<dj <pj

tj(xj,di*) = tj(xj,dj*) + kds tjl(XJ,dj*) = tj1(xj,dj*) + kds

F. (* Stages j+l through n *)
For i=j+l to n do
st = (i-1) mod 2;
dt = i mod 2;
For x1=1 to kj do
F(dt,xy)

ri(xj,di*) + F(st,tj(xj,di*))

max(ri(xi,di) + F(St,ti(xi,di))
1 < dj £pi

ti(xj,di*) = ti(xj,di*) + kg
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G. (* Find maximal return fp(x,*) *)

F(dt,xp,*) = max F(dt,xp);
1 < xp Lky

H. {* Optimal decisions for stages n through 1 *)

1.

2.

3.

4.

5.

dt = s mod 2;

For xg=1 to kg do

F(dt ’XS ,XOI*) rs(XS,xol*,ds*) + FS(tS(XS ,XOI*,dS*))

= max{rs(xs,x01*,ds) + FS(ts(xg,%01*,d5)));
1 <ds < ps

tg(xg,x01*,ds*) = tg(xg,xp1%*,dg*) + kg

For i = s+1 to j-1 do

st = (i-1) mod 2;

dt

i mod 2;
For xj=1 to ki do

F1(dt,x;,%91*)

n

ri(xj,di*) + F1(st,ti(xi,di*),x01*)

1}

max(rij(xj,dj) + F(st,tj(xj,di),x01*));
L di < pj

tilxi,di*) = ti(xj,di*) + kqs
For i=n down to s+l do
Search xj*-row of t; for ti(xij*,di*) > kg, 1 < di £ pjs
1f i=j, then XJ=Xj*;
Xi;l* = ti(xi*,di*) mod kq;
Search xg*-row of tg for tg(xg*,xg1*,ds*) > kg, 1 € dg < pgs
Xs-1* = ts(xs*,xg1*,ds*) mod kg;
For i = s-1 down to 1 do

Search xj-row of t; for ti(xij*,di*) > kg, 1 € d;j < pj;

xi-1* = ti(xi*,dj*) mod kq;




’ I. (* Optimal decisions for stages 11 through my *)
1. For xj1=1 to k11 do

F1(1,x11,%01*) = r11{x11,d11*) = max(r11(x11,d11)[t11(x11,d11)=%01*);
1 <d11 < p1

t11(x11,d11*) = t11(x11,d11*) + kds

2. For i=2 to m do

st = (i-1) mod 2;

dt

i mod 2;

For xj1=1 to kj1 do

F1(dt,xi1,X01*) = ri1(xi1,di1*) + F1(st,ti1(xj1,di1*),%01*)

= max(ri1(xj1,di1) + F1(st,ti1(xi1,d41)s%01%));
1 £ dj1 £ pPil

ti1(xj1,d11*) = ti(xj1,di1*) + kgs ‘

¢ 3. Search xg-row of tji for tji(XJ,dj*) > kg, 1 £ d5 < pjs
xm1* = tj1(xg,dj*) mod kq; é
4, For i=m down to 1 do
Search.xil*-row of tj1 for ti1(xj1*,di1*) > kg, 1 < dj1 < pi1s

xi-1,1* = ti1(xi1*,dj1*) mod kq;

4.2 Storage Complexity of FFLCA

We use the same notations and techniques as 1in section 2.
Theorem 5: The storaye complexity of FFLCA is given by 2k2 + 2k or
0(k2).

Proof: Two tables F1(0,1:k,1:k) each with k¢ storage requirement are
used to process branch. One of these tables is retained to
store fyu1(xp1,X01) for later use while the space taken by the
other can be released. Tables F(0:1,1:k) using 2k spaces are

used to process main branch. Moreover, FS(1:k) and PM(1:k,1:k)

are used for storage of optimal returns for later use. Hence,




’ at one time no more than 2k2 + 2kZ spaces are required.

4,3 Computational Complexity of FFLCA

The notations and techniques of section 2 are also used here.
Theorem 6: The computational complexity of FFLCA is given by
m

J
, 1(4k11k01pil + 4kj1pi1 - kitkol + ki1 + py1 +12)  (4kjko1 - kikpp + 5)
1= 1=s

n
(4kipi *+ ki + pj +7) + 2k;
i=1
! + kikgipj * Kikgy = 4kjps + kpikgp * 3k + kg + ps + k + (n2 - sZ 4+ -5 - 17).
Proof: The number of computations performed at each step is listed below.
5 Step Number of Computations
A.1 4k11ko1p11 - kiikol
m
A.2 . 2(4k11k01pi1 - ki1ko1 * 5)
- “=
F A.3 kmiko1
B.l k
s-1
B.2 (4kipj + kj + 5)
i=1
8'3 ks-l
¢ 8ksko1ps - kskoy + 5
j-1
{ D (4iko1pi - kikoy + 5)
i=s+l
E 5kjk01pj + 3kj +5
n
F (4kipy + ki + 5)
i=j+l
G 3k - 1

H. 1 8kgpg + kg + 2
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j-1

H.2 (4kipj + ki + 5)
i=s+l
n

H. 3 (pj + 4)
i=s+l

H. 4 ps + 2
s-1

H.5 (pj + 2)
i=1

I.1 4k11p11 + k11
m

1.2 _(8kj1p41 + ki1 + 5)
i=2

1.3 pj + 2
m

I.4 (pi1 *+ 2)
i=1

Addition of all these gives the result of the theorem.

Corollary 8: Suppose that kj1 = pj1 = ki = pj = k for all admissible

values of i, Then the formula for computational complexity for FFLCA

reduces to

2m? + 32 - s2 +m+ j+s+1/2)k3+1/2(3m +4n2 + 2 - 2 +3m+48n - j -5 - 4
+(m + 02 +m+n+ 8k +1/2(12m2 + n2 + 552 - 652 + 5] + 4s + n + 12m - 34)

In other words it has representations 0(m2), 0(j2-s2), 0(n?), and 0(k3).

Corollary 9: Assume that all three subbranches in feedforward loop
system are approximately equal , i.e., s = j/2 = n/3 =m. The formula
for computational complexity for FFLCA becomes:

(8m2 + 8m + 1)k3 + 2(9m2 + 3m -1)kZ + 2(5m2 + 2m + 4)k + 1/2(35m2 + 29m - 34).

Corollary 10: The computational complexity of FFLCA depends on the

Jjunction points j and s with complexity described as 0(j2-52).




|
l
I
'

H.2 (4kipj + kj + 5)

i=s+]

n

H. 3 (pi + 4)
j=s+l
s-1

H.5 (pi + 2)
j=1

I.1 4k11p11 * k11
m

1.2 (4kj1pi1 + ki1 + 5)
j=2

.3 pj + 2
m

I.4 (pi1 + 2)
i=1

Addition of all these gives the result of the theorem.

Corollary 8: Suppose that kj; = pj1 = kj = pj = k for all admissible
values of i. Then the formula for computational complexity for FFLCA
reduces to
2m + 2 -2 +m+j+s+1/2)k3 +1/2(3m +4n +s2 - 2 +3m+4n - j -5 -4
+ (M +n2 +m+n+8)k+1/2(12m2 + n + sj2 - 652 + 55 + 4s + n + 12m - 34)
In other words it has representations 0(m2), 0(j2-s2), 0(n2), and 0(k3).

Corollary 9: Assume that all three subiranches in feedforward 1loop
system are approximately equal , i.e., s = j/2 = n/3 =m. The formula
for computational complexity for FFLCA becomes:

(8m2 + 8m + 1)k3 + 2(9m2 + 3m -1)k2 + 2(5m2 + 2m + 4)k + 1/2(35m2 + 29m - 34).

Corollary 10: The computational complexity of FFLCA depends on the

junction points j and s with complexity described as 0(j2-s2).




5. Feedback Loop System

d1) dm1
x01 TITT 1 Xp-,1 Im] xm1
r1 "ml

xn In[ xp-1 xj LT3[ *j-1 xs IsT xs-1 x1 11T xo

n rj r's r1

The state and decision variables are given by:

1 <xj<kj, 1 <djLpi 1L
g 1 <xi1 £ ki1, 1 €djp <pj1 1 Lism

k = maXx Kjiseeekmlskiseeoeky and kg = k + 1;

The states and returns are given by the tables:
Xj-1 = tj(xj,%01,d5)5 rj = rjlxj.x01,d3)3
xj-1 = tj(xi,di); ri = ri(xi,dj), 1 <1 < n, 14,
Xml = ts1(xs,dg);

xi-1,1 = ti1lxi1,di1)s ri1 = ritlxi1.di1), 1 <9 <m

5.1 High-Level Feedback Loop Algorithm

! Process the branch including stages 11 through m; using initial-
final state DP-algorithm, and store the optimal return fpj(xpn1,xg1) for
later use. Process stages 1 through s-1 using serial DP-algorithm, and

combine this and the branch optimal returns with the return at the stage

s. Optimize the result over values of dg to obtain fg(xg,xg1). Process

¢ stages s+l through j-1 using serial DP-algorithm. After combining the




’ optimal return from the stage j-1 and the return at j, optimize the result
over values of xp) and dj to obtain fj(xj). Process stages j+1 through n
using serial DP-algorithm and find the optimal return by optimizing fn(xp)

over values of xp.

A. Stages 11 through m

1. fi1(x11,x01) = ﬂax r11(x11,d11) [t11(x11,d11) = x01 ;
11

2. For2<i<m

fi1lxj1.x01) = gaX(ri1(Xi1,d11) + fia1,1(ti1(x41,d41),%01));
il

3. Store fp(xm1,x01) for later use.
B. Stages 1 through s-1:

1. fglxg) = 0;

2. Forl < i < s-1:

filx;) = gaX(ri(xi,di) + fio1(ti(x45,d4)));
i

store the optimal decision di*;

3. Store fs_l(Xs_l);

C. At junction s:

fslxs,x01) = %ax(rs(xs,ds) + fs-1(ts(xs,ds)) + fp1(ts1(xs,ds),x01)))s
s

D. Stages s+l through j-1:

fi(xj,x01) = gaX(ri(Xi,di) + fio1(ti(xy,di),x01));
i

E. Junction j:

fi(xj) = max(rj(xj,xp1,dj) + fj-1(t;(xj,%01,d5),%01));
dj,x01

Store dj* and xg1* for later use.




F. Stages j+l1 through n:

? F1(xi) = max(ri(xi,di) + F1-1(61(x1,d1))3
i

Store the optimal decision di*;

G. Find the optimal return fp{xp*):
fn(xp*) = max fp(xp);
Xn
f H. Optimal decisions for stage n through 1:

F L. fgs(xs) = gax(rs(xs,ds) + fo_1(tg(xg,dg) + fn1(ts1(xs,ds),x01*));
s

Store the optimal decision dg*;
2. For s+l < i £ j-1:

filxj) = gaX(ri(X1.di) + fi1(ti(xi,d)));
i

Store the optimal decision di*;
3. For i=n down to j+l:
Find di*;
Xj-1* = ti(xi*,di*);

Xj-1* = lx5*x01%.d5)s
5. For i = j-1 dowh to 1: *' {
Find di*;

Xja1* = ti(xi*,dj*);

| If i = s+l then XS = xg* and DS = dg*.

I. For optimal decisions, stages my through 11:

L. f11(x11) = max(ri3(xy1,d11):t1xg1.d11) = x01*);

. dii

Store the optimal decision dj;*;




' !
2, For2<ig<m o '
fi1lxi1) = gaX(ril(X11.d11) + fi-1,1(ti1(x4i1,di1)))s
il
% Store dj1*;
g 3. Find xp1* = tg1(xs,ds);
: 4, For i=m down to 1:
| Find dp*;
xi-1,1% = ti1(x;1*,di*)s
5.2 Feedback Loop Computer Algorithm (FBLCA)
The storage requirements for FBLCA are tables F(0:1,1:k),
F1(0:1,1:k,1:k) for optimal returns and FS(l:k) and PM(1:k,1l:k) for

storage of fg_1(xs-1) and fp1(xp1,.%xp1) for later use. The notation and

techniques used here are the same as in section 2,

A. (* stages 11 through mp *)
1. (* Initialize F1(1,.,.) by processing stage 11 *)
For x11=1 to k17 do
For xg1=1 to kg1 do

l‘ F1(1,x11,%01) = r1{xi1,d11*) = max(r13(x11,d11):t11(x11,d11) = X01);
} : w0 1 £d11 £p11
|

2. For i=2 to m do

st

(i-1) mod 2;

dt = i mod 2;

For x11 to k41 do
For x91=1 to kj; do

F1(dt,xj1,%01) = ri1(xi1,di1) + Fl(st,ti1(xi1,di1*),%01));

max(ri1(xi1,di1) + Fl(st,tijr(xi1,di1),%01));
1 < dj1 £ pi1




3. (* store the mth stage results into M(.,.) *)
For xu=1 to kp do
For xpg1=1 to kg1 do
M(xm1.%01) = F1(dt,xi1,%01);

B. (* stages 1 through s-1 *)
1. (* Initialize by putting O's in the source table *)
For i=1 to k do '
F(0,i) =0

2. For i=1 to s-1 do

st = 1 mod 2;

dt = i mod 2;
For xj=1 to kj do

F(dt,xi) = ri(xj,di*) + F(st,tj(x,di));

max(rj(xj,di) + F(st,tj(xi,dj)));
1 <dj £pj

tilxj,di*) = t3(xi*,di*) + kg3
3. For xg.1=1 to kg_1 do
FS(Xs-l) = F(dt,XS_l);

C. (* Process s *)

: I

st = (s-1) mod 2;

dt

s mod 2;
For XS=1 to ks do

For xg1=1 to kg1 do

Fl(dt,xs:XOI) = rs(xs,ds*) + Fs(ts(xs,ds*) + Hw(tsl(xs,ds*)sXOI);

max(rs(xs,ds) + FS(ts(xg,dg)) + MM (ts1(xs,ds)x01));
1 <dg <ps




L

D. (* stages s+l to j-1 *)
For i = s+l to j-1 do

st = (i-1) mod 2;

dt = i mod 2;
For xj=1 to ki do
For xg1=1 to kg1 do
F1(dt,x{,%01) = ri(xi,di*) + F1(st,ti(x{,di*),%01)
= max(rj(xj,dj) * F1(st,ti(xj,di)sX01))s
1<dj <p4

E. (* stage j *)

st = (j-1) mod 2;

dt

"

Jj mod 2;
For xj=1 to kj do

F(dt,xj) = rj(xj,xq1.d;) + F1(st,tj(xj,%01,d5),%01));

max(rj(xj,xg1,dj) + F1(st,tj(xj,%01,dj),X01));
1 <dj <pj

1 < xg1 £ ko1
t(xj,%01%,d5*) = tj(xj,x01*,dj) + kds

F. (* stages j+l1 through n *)
For i = j+1 through n do -
Fdt,xq) = ri(xj,dj*) + F(st,tj(xi,di))

= max{rj(xj,di) + F{st,ti(xi,di)));
1 < dj <pj

ti(xj,di*) = ti{xj,di*) + kds

G. (* Find optimal return Fn(xp*) *)

Fn = F(dt,xp*) = max F(dt,xp);
1 < xp £ Kkp




H. (* optimal decisions from n through 1 *)
1. dt = s mod 2;

For xg=1 to kg do

F(dt,xg) = re(xg,ds*) + FS(tg(xs,ds*)) + M(ts1(xs,ds*),x01%)

max(rg(xg,dg) + FS(tg(xg,dg) *+ M(tg1(xs,dg),x01%))s
1 <ds < ps

2. For i=s+l to j-1 do

"

st = (i-1) mod 2;

dt

i mod 23
For xj=1 to ki do

F(dt,xi) = rij(xj,di*) + F(st,tj(xj,di*))

max(rj(xj,dj) + F(st,ti(x;,di)))s
1 < dj <pj

tilxj,di*) = ti(xj,di*) + kg;
3. For i=n down to j+l1 do
Search xij-row of tj for tj(xij*,dj*) > kg, 1 < di £ Pi;
Xi-1* = ti{xj*,dj*) mod kq;

4. Search xj*-row of tj for ti(xj*,x01%,d5*) 2 k4, 1 < dj < pjs

Xj-1* tj(xj*,x01*,dj*) mod kq;

5. For i

j-1 down to 1 da:
Search xi*-row of tj for tj{xj*,di*) > kg, 1 < di < Pis
Xj-1* = tj(xj*,dj*) mod kqg;

If i = s+l then XS = xg* and DS = dg*;

I. (* Optimal returns, stages my through 11 *)

1. For x11=1 to k1] do

F(1,x11) = r11(x11,911*) = max(r11(x11,d11):t11(x11,d11) = x01*);
1 <dj1 £ P11

t11(x11,d11%) = t11(x11.d11*) + kg3




2. For i=2 to m do

st = (i-1) mod 2;

dt

n

i mod 2;
For xj1=1 to k41 do
F(dt,xi1) = ri1(xj1,di1*) + F(st,ti1(xj1,di1*)

= max(rij1(xi1,di1) + F(st,ti1(xj1,441)));
1 < dj1 <Pl

ti1(x41,di1*) = ti1(xi1,di1*) + kg3
3. xp1* = tg1(XS,DS)
4, For i=m down to 1 do
Search xji*-row of tp) for tpy(xii1*,di1*) > kg
For 1 < dj1 £ pils

xi-1,1 = tj1(xi1*,dj1*) mod kq;

5.3 Storage Complexity of FBLCA

A11 notations and techniques of section 2 are used. 3

Theorem 7: The storage complexity of FBLCA is given by 2kZ + 2k or 0(k2).
Proof: F1(0:1,1:k,1:k) are used to process the branch and after storing
the optimal return at m-th stage in FM(1l:k,1l:k) both these tables can
be released. Then F(b:l,l:k)j‘;re used to process main branch, and
FS(1:k) for storage at stage for later use. So at any one time no more

than 2k2 + k storage spaces are used.

5.4 Computational Complexity of FBLCA

We use the notations and techniques of section 2,




Theorem 8: The computational complexity of FBLCA is given by

m S
_ 1(4k11k01911 + 4ky1pi1 - kitkor + ki1 + pip + 12) +  (Bkiko1pi - kikpy + 5)
i= i=]

]

+ 1(4kipi + ki + pj +7) + kspskoyl - 4kjpj + ksps *+ kjko1 + kmikol + k + kg-1
):

+ 3k + 1/2(3;% - 35 - 38)

Proof: Number of computations at each step is listed below.

Step Number of Computations
A.1 4k11ko1p11 - kiikol
m
A.2 _ 2(4ki1k01pn - kirkor + 5)
]=
B.1 k
s-1
B.2 (4kipj + ki + 5)
i=1
? Bo3 ks_l
¢ (Skiko1pi - kiko1 *+ 5)
-1
| D . . (8kiko1pi - kiko1 + 5)
| ' 1=s+1
E E 8k kqipj + kj + 5
n
: F (8kipj + ki + 5)
; i=j+l
f G 3kp - 1
i H. 1 Skgps + kg + 2
j-1
H. 2 (4kip; + ki + 5)
t i=s+]




H.3 (pj + 2)
i=j+1

H. 4 pj + 2
j-1

H. 5 (pi + 5)
i=1

.1 4k11p11 * K11
m

I.2 (4kj1pi1 *+ ki1 + 5)
i=2
m

1.3,4 (pj1 +2) +2
i=1

Addition of these results gives the formula of the theorem.

Corollary 11: Suppose the discretization level of all state and decision
variables are the same i.e, kji; = pi1 = ki = pj = k for
admissable values of i. Then the formula for complexity
becbmes

(2m2 + 252 - 252 + 2m+ 25 + 25+ 1)k3 + 1/2(3m2 + 4n2 + s2 - 2 + 3m + 4n

-j-5<-2kZ+(m +n2 +m+n+5)k+1/2(12m2 + n2 + 8j2 - 5s
+2j - 34)

Corollary 12: The computational complexity of FBLCA can be described as
0(k3), 0(m?), 0(n2).

Corollary 13: Suppose that all three subbranches in feedback loop system
are of approximately equal lengths, i.e, s = j/2 = n/3. Then computational
complexity formula reduces to
(8m¢ + 8m + 1)kZ + (18m2 + 6m - 1)k + (10m€ + 4m + 7)k + (51m + 21m
- 18) .

Thus this complexity has representations 0(k3) and 0(mZ).




Corollary 14: The computational complexity depends on junction points
of the loop. More specifically it is 0(jZ - s2) in terms of junction

parameters.

6. Comparison and Analysis of Complexities

6.1 Analysis of Storage Complexities

We list the results from various network systems below in terms of

parameter k where k is the level of discretization of state and decision

variables.
¢ System Complexity Depends on Junctions
Diverging Branch 0(k) NO
Converging Branch 0(k2) NO
Feedforward Loop 0(k2) NO
Feedback Loop 0(k2) NO

6.2 Analysis of Computational Complexities

Results of various systems are listed below in terms of discreti-

zation level k, lengths of branch and main branch, and dependence on

junctions points.

Parameter k m n Junction Points j and s

Converging Branch | 0(k2) | 0(m2) | 0(n2)

Diverging Branch | 0(k3) | o(m2) | 0(n2)

Feedforward Loop 0(k3) | o(m2) | o(n2) 0(j2 - s2)
¢ Feedback Loop 0(k3) | o(m) | o(n2) 0(j2 - s2)
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