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We study the flow of a heavy, viscous, possibly non-Newtonian axisymmetric jet of
liquid of density p falling under gravity g into a lighter liquid of density j6. If the
change in the momentum of the entrained lighter liquid is neglected the jet will
ultimately reach a modified Torricelli limit with a speed given by

! and an asymptotic radius r 2Q2  -()
a(x) = f(22)I

L(/P) gxJ'

where x is the downstream distance, 8p = p-f l> 0 and 2Q is the volume flow. An
exact asymptotic solution perturbing the Torricelli limit with effects of surface
tension, viscosity and elasticity is given in powers of x-i. An extended unsteady
problem including effects of entrainment is formulated in terms of nonlinear ordinary
differential equations which also account for weak radial variations of the velocity
across the cross-section of the jet. These equations are solved in a boundary-layer
approximation which gives -

a(x)1"17 (P- Qp ., (2)

where A is the viscosity of the ambient fluid. Equation (1) is in agreement with
I experimental observations of jets of liquid into air. Equation (2) is in agreement with
Cnp experimental observations of jets of liquids into liquids.

1. Introducton
A heavy, possibly non-Newtonian, liquid of density p is extruded from a pipe or

vessel of radius ao into a lighter fluid of density #l. It is assumed that flow in the jet
C.i90s axisymmetric with velocity

9U(z, r) = e, U(x, r) + e, W(x, r)

and radius r - a(z), where z increases downward in the direction of gravity (see figure
1). It is further assumed that the viscosity of the jet is very much larger than the
viscosity of the ambient fluid. This implies that the variation of U is determined by
the internal dynamics of the jet, and ultimately, for large x, the accelerating jet will
thin out and U(z, r) will become independent of r. The falling jet will entrain ambient
fluid, however, even if the viscosity/i of the ambient liquid is small, and the change
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of momentum of entrained fluid will be very important if the density of the entrained
liquid is not too small. Thus there are two cases:

(i) the entrainment effect is not important - this case is realized perfectly for jets
into vacuum, and it is realized in practice in the case of jets of liquid into air;

(ii) the entrainment effect is important - this case is realized when liquids are
extruded into liquids.

The two cases are qualitatively different in that the leading dynamical balances,
in asymptotic regions, are between the relative weight of the jet per unit length and
its change of momentum in case (i), and between the relative weight of the jet and
the change of momentum of the entrained liquid in case (ii). Equations (1.1) and (1.2)
below show that there is a huge difference between these two cases. Our experiments
show that both cases are realizable.

We treat case (i) under the mathematical assumption that the ambient fluid is
inviscid and dynamically passive. This means that the stress exerted on the heavy
liquid by the light one is hydrostatic. The effect of the hydrostatic pressure is to reduce
gravity g to (Sp/p) g, where 8p is the difference in density. Thus, any result for flow
of a liquid in air or a vacuum which depends on the gravity g also describes the flow
in another (dynamically inactive) liquid when g is replaced with 8pg/p. In the case
of vertical jets into liquid we get the effect of gravity as a constant acceleration of
the jet which reaches finally a terminal speed given by the asserted modificationI [2(8p/p) gx]l of Torricelli's formula (2gx)i. The radius of the jet must then get smaller
and smaller, reaching ultimately the asymptotic radius

a(x) r 2Q r (1.1)
Loplp) gad"

We find a formally exact asymptotic solution of viscous, non-Newtonian equations
in powers of x-i. We work with a nonlinear jet-shape equation derived from the
equation of motion. The same results follow from direct exact analysis of the
governing partial differential equation. The algorithm for computing such an exact
solution in the case of Newtonian jets into air was indicated by Kaye & Vale (1969),
but they obtained only the first two terms of the asymptotic series. Kaye & Vale found
that their asymptotic solution was good for an oil of low but not of high viscosity.
For the high-viscosity oil they studied a nonlinear jet-shape equation (see (6.23))
which is a special case of (5.18) and got good agreements. They called the asymptotic
method (II) and the method of integration of the jet-shape equation (I), and
maintained that these was a strong distinction between the two methods. In fact,
their method (I) is the same as (II) when the surface-tension terms are added to (I)
and x is large. Clarke (1969) treats viscous fluids with surface tension and he has
derived the correct three-term asymptotic expansion (5.19). He uses a hodograph
method with streamline coordinates, so his analysis, which is based on some
unnecessary assumption about small parameters, and the expression of his results are
less direct and appear to be less rigorous than our analysis shows they actually are.

The fluid dynamics of the jet near the exit (say, within 2 or 3 diameters) is more

complicated because the flow must adjust from a distribution compatible with flow
in a pipe to flow in a jet. This problem is usually studied with g = 0 (see e.g. Trogdon
& Joseph 1980, 1981). In this case the flow reaches a uniform velocity and a final
swelled radius (larger than the pipe radius - much larger for some viscoelastic jets
(see figures 2e-). So the limit 8p -+ 0 might be expected to coincide with the problem
of die swell as it is usually formulated. There is nothing to accelerate the jet when
the densities are matched and, in principle, the jet diameter will not vary downstream
(actually the jet will eventually be destroyed by instabilities not considered here).
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It is not uncommon to simulate g = 0 in experiments on die swell by density
matching, but the idea behind that experimental technique can be erroneous if it

* neglects the effects of entrainment of the ambient fluid by viscous action. In fact the

rate of change of the momentum of the entrained fluid, which in any case is small
if the density of the entrained fluid is small, can be large when density of the lighter
liquid is comparable to the density of the liquid in the jet. In this case (2) the overall
change of momentum produces smaller velocities and larger jets so that the swelled
radius computed in case (1) for small values of 8p g may be much smaller than those
that are actually observed. It could be said that there is a 'die swell' which is
associated with entrainment of the ambient liquid.

The dynamical effects of entrainment of ambient liquid by the jet are studied in
§§6 and 7. We derive some nonlinear ordinary differential equations for jet problems
which are axisymmetric but unsteady. These equations differ from approximate
equations used in the problem of fibre spinning, and other thin-fluid filament
problems in that the dynamics of the ambient liquid is represented and the equations
allow at least for weak radial variations of the velocity and pressure at each axial
station. In §7 we treat the problem of entrainment by approximate methods in which
the dynamics of the entrained liquid is presumed to be governed by boundary-layer
equations, and the boundary-layer equations are studied by the method of KArmln
and Pohlhausen. We find that the boundary-layer thickness increases like 1/a' and
that ultimately the jet radius is nearly constant and is given by

a(x) = 1 p171( E)/ (1.2) t
The results from theoretical analysis seem to be in good agreement with observations
reported in §2 and discussed in §§5 and 8.

* 2. Experiments

In our experiments we extruded heavy liquids from a round pipe of radius r = a,,
all, with vertical x-axis parallel to gravity, into lighter fluids of different densities #l. The

experiments were originally undertaken to study the problem of 'die swell' in
non-Newtonian fluids. This led us to certain problems in understanding the influence

*. of the ambient liquid on the dynamics of the jet. A partial resolution of these problems
is established in the theory developed in the sequel. To motivate our theory it is

* perhaps best to report some details of the actual motions that we observed in our
experiments.

A sketch ofa typical experiment is shown below in figure 1. In this work the density
difference p-A > 0 is of crucial importance. We have normalized this density
difference with the density p of the extruded liquid

M-P. (2.1)P

In a vacuum F - 0 and e - 1, e M I when F is for air and e is very small when the
density # of the lighter ambient liquid is close to p. Unfortunately it is not possible
to find ambient fluids of intermediate density. We can extrude into a gas or a liquid.
There is nothing in between. Fortunately, we can at least find liquids of different
density so that different but small values e can be used to test our theory.

We worked with jets of dione oil and jets of an elvacite solution into air and into
liquids of diffetnt density. The silicone oil is a Newtonian liquid which swell a little
at the exit and the elvacite solution is a viscoelastic liquid which swells a lot at the

ta-I
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2a,

P, A Y= X -X 0 1

Light fluid
of density A r-x

and viscosityd

FIGURi 1. Sketch of the falling jet. For large x the jet radius and
the radial velocity tend to zero.

Density Viscosity
difference of ambient
silicone I fluid

Ambient fluid (g/cm ) (cP)

Air 0"943 -

100% alcohol 0"161 1-2
71 % alcohol/water 0068 2"3
50% alcohol/water 0023 2.8
40% alcohol/water 0-005±0-002 2"9

TABLS 1. Densities and viscosities of the ambient fluid for jets of silicone oil 1

exit. The elvacite solution was a 98 % (by weight) solution of elvacite in diethyl
malonate (DEM) and the elvacite itself is a polymethyl methacrylate polymer with
a viscosity-average molecular weight of about 4 x 10'. First we shall list the values
of the relevant physical parameters for the liquids used in the experiments:

for silicone oil I
p - 10 P, p - 0-943 g/cm, a = 21-2 dyn/cm (into air);

for silicone oil 2
p - 125 P, p - 0-972 g/cm$, a - 21-5 dyn/em (into air).

The silicone oil was injected into air and into various mixtures of water and alcohol.
The viscosity of these mixtures was of the same order as the viscosity of water; that

-t I
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SDensity Viscosity

difference of ambient
silicone 2 fluid

Ambient fluid (g/cm3) (cP)

Air 0-972
100% alcohol 0187 1"2
66% alcohol/water 0-102 2.3
42 % alcohol/water 005 2"8
35 % alcohol/water 0023 2.8
27 % alcohol/water 014 2-5

TABLE 2. Densities and viscosities of ambient fluids for silicone oil 2. The density
of the alcohol mixtures was determined by weighing of known volumes.

Density Viscosity
difference of ambient

elvacite/DEM fluid
Ambient fluid (g/er S) (cP)

Air 1-067 -

Water 0-067 1
25% glycerol/water 01005 2 I

TARLZ 3. Densities and viscosities of ambient fluids for jets of elvacite

is, many orders of magnitude smaller than the silicone oil. The density difference and
viscosity for the various mixtures used in the experiment are given in tables I
and 2.

For the elvacite solution
p (zero-shear viscosity) = 9 P, p = 1-067 g/cms, or = 30-2 dyn/cm (into air).

The elvacite was injected into air and into various mixtures of water and glycerol.
The viscosity of these mixtures is also of the order 10-' P. The density difference for
the various mixtures used in the experiment are given in table 3.

We were unsuccessful in finding values for the interfacial tension of the silicone
oil into liquid. Ring-tensiometer measurements fail in liquid-liquid cases in which
the surface tension is too small to measure.

Some typical raw data for the experiments are the photographs reproduced in
figures 2 (a-d) (silicone 1) and 2 (e-g) (elvacite/DEM). The mass-flow rate for all the
silicone I experiments was16 g/s(Q - 1.6/2irp - 01027 cm3/s)and forelvacite/DEM
0-61 g/s (Q = 0-091 cml/s). A 1'78 mm inner diameter nozzle was used. The axial
magnification of the true shape is different from the radial one owing to the curvature
of the cylindrical container. The jet shapes are also plotted in figure 3 (silicone graph
labelled [2], [31, [4], [5], [6]) and figure 4 (elvacite/DEM graph labelled [2], [3], [4]).

The interpretation of the experiments is best deferred until we have established
some theory. Direct comparison with theory can be found at the ends of §5 and 8.
However, at this point it is perhaps useful to remind the reader that we are interested
in the dynamics of the jet away from the pipe exit.

In the absence of gravity, e - 0 the jet attains a final uniform velocity U - Uf and
diameter a - at (see e.g. Reddy & Tanner 1978; Trogdon & Joseph 1980, 1981). In
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(a)

(b)I Fiouss 2 (a, b). For caption see p. 451.
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(d)

Fiotmz 2(c, d). For caption wee p. 451.
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(2)

FIoURE 2. Photographs of falling jets: (a)-(d) silicone 1; (e)-(g) elvacite/DEM.

(6
a(y) 5s Swell ratio for Newtonian fluids

141

121

i III

0 5 10 15 20 25
y (cm)

FIOuxz 3. Jet shape for silicone oil I injected into air and various alcohol solutions: [1] equation
(4.6); [2) ep = .4p = 0-943; [3) 0-161; [410-068; [51 0M23; [6] 0005. See table 1 for more information.
The swell ratio a(oo)/a(O) for zero surface tension, gravity and Reynolds number is also indicated
(a(o)/a9 f= 1.113) (see Reddy & Tanner 1978; Trogdon & Joseph 1980, 1981).

*: this problem there is an important exit region, of just a few nozzle diameters, in which
the rearrangement of the velocity profile and the jet diameter to their final constant
values is nearly complete. This exit region is clearly evident in the photographs in
figure 2. We want to exclude this small complicated region near the exit from the

rest of the jet, which has a simpler dynamics.
For the eh acite experiments, the swell near the pipe exit is in good agreement with

Tanner's (1970) prediction when injection is into air, but is about 30 % greater when
injection is into fluids other than air. The same effect is observed with other visco-
elastic fluids tested and appears to increase with the elastic shear compliance of the
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2 141

a(y) _ viscoelastic fluid

a I Newtonian fluid

(it

5 10 15 20 25
y (cm)

FGURz 4. Jet shape for elvacite/DEM injected into air, water and glycerol solution: [1] equation
(4.6); [2) Vp = 8 p = 1*067 (into air); [3] 0067 (into water); [4] 00 (into glycerol solution). See
table 3 for more information. We observe a very large die swell in the experiments labelled [3],
[4]. The die-swell ratios for Newtonian fluid (Reddy & Tanner 1978; Trogdon & Joseph 1980, 1981)
and for viscoelastic fluid (Tanner 1970) are also indicated above.

fluid. At one extreme, when e = 0, the flow a few diameters downstream is
independent of r and x. At the other extreme, for jets of liquid into air with e t 1
the initial swelling does not appear to reach its die-swell value af because the effects
of the acceleration of gravity in increasing U and decreasing a are manifest even quite !
close to the exit. On the other hand, jets of liquid into liquid are strongly influenced
by the change of momentum of ambient liquid dragged along by the jet, and the
velocities are slower and the jet radius larger than in the case of injection into air.

3. Momentum of the jet and entrained fluid
The equations governing the flow in the jet are

U = e. U(x, r) +e, W(x, r) (velocity), (3.1 a)

T =-PI+S (stress), (3.1b)

08(rW) + a_(rU) = 0, (3.2a)

p(W0'U+U0.U) = 8T.1+ -87 f(rT.)+pg, (3.2b)

1
p(W 0'. W+ U 0 W) = 0r Trr+z T.+ r(T.- TOO) (3.2c)

The same equations hold outside the jet. We use a tilde (C, ?, etc.) to designate
variables in the fluid outside the jet. At the free surface r- a(x) we require
respectively that the normal component of velocity vanish and that jumps
[1= ( )- O in the velocity, the shear stress and the difference between jump in the
normal stress and the surface-tension force (or = coefficient of surface tension) all
vanish. When expressed in coordinate form these conditions may be written as

[U] = 0, (3.3a)

W-a'U - 0, (3.3b)
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a'[T,- a'TJ + [T,.- a'T,] = 0, (3.3 c)

[Tr +a"Tx- 2a'T.,J(1 +'t  + =- f 0, (3.3d)

where J = a/(I + a'2), and -pl is the stress of the ambient fluid on the jet. Equation
(3.3c) may be used to simplify (3.3d):

ITr'r-a'Tzr + - 7 =0. (3.4)

We now introduce the head
0 = p-pgx+2 0, (3.5a)
= P-&X+P0,(

where PO is the pressure in the ambient fluid at the pipe exit at x - x0 , and the. -a
stress $ into our equations. Then, in the jet we have

p(WaO, U+ U16. U) = 19,(- 0+8.'.) + r r(rsrx),

p(WO8 W+ U8z W) = 8r(-+Sqr)+8,x+ (Sr-S), (3.6b)
whilst on r =a(x) [UJJ=0, (3.7a)

W-a'U = 0, (3.7b)

a'[S,,- S.] + (1 -a') [S,] =0, (3.7c)

-epgx + -+ -a'Sl + -Z = 0. (3.7d)

To determine the hydrodynamics of the jet far downstream we shall need to relate
the extra stress and velocity. Analysis shows that, though the velocity becomes large
ultimately like z", 0 < a < J, strains decay at least like x-9, fi > 0. It therefore seems
appropriate to use the small-strain-rate expressions S = pIA1 + acA, + a, A2 of the
fluid of second grade. Here u is the viscosity,

A, =VU+VUT, A,=(U.V)A,+At.VU+(A.VU)T,

and a, and a. are constants. In component form we have

8,, = 2/pa, W+,s[2Wb,, W+2Ua, W+4(0, W)'+ 2(a, U)' +2 0, UO. W + at [4(a, W)2 + (a, U+ a, W)2], (3.9a)

800 =f 2# W +'z,2W8, W-- + 2uoXW--+4 -2- +4a2- W ,  (3.9b)
r \ r r r/I., = 24 O=U+ax[2U8,, U+ 2 W8,2 U+4(a U)2

+ 2(a. W)'+2 a_ W8, UI+ix[4(a. U)'+ (8, U+8, W)"], (3.9c)

81. = As(8, U + 8, W) + a, [ W(a,, U+ 0, W) + U(O,, U + 0, W)

+3a, WO8 W+3a, Ua, U+8, Ua, W+O, Wa, U]

+ % [20, W8,W+20,UOxU+20,WoU+2,WO,U]. (3.9d)

In 15 we will avoid making assumptions about the relation of stress to deformation
in the hope of obtaining good jet-shape equations for unsteady problems and other
problems in which the assumption of a second-order fluid is not justified.
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Equations (3.2), (3.6), (3.7) and (3.9) govern the motion at each point of the jet.

We shall work with area-averaged equations expressing the conservation of linear

and radial momentum of the jet derived (Joseph 1980) by integrating (3.6) across

the cross-section of the jet, using (3.2) and (3.7). We get

d f [pU 2+4-S,,]rdr = aa'[ -epgx+b] + oJ'+a[9, -a'9, (3.10)

a' d E - rdr = aa'[epgx-]-oJ' r+ [(D -Soo] dr.
x [pUW-Srx]r

(3.11)

Area-averaged momentum equations also hold outside the jet. Here we get

d f [/V2+45- xx] rdr = -d[rx+a'( - xx)], (3.12)

dfa [VfPl-Rrx]rdr = a[$-rr+a'SrxI+ f:[4 - ]dr. (3.13)
dx Ef

We may eliminate boundary terms by adding (3.12) to (3.10) and (3.13) to (3.11).

Thus

d{ p L2 + DSx; r dr +f'V2 + $ xx] rdr} = -pgxaa'+ o-J', (3.14)

dI{f[r WUSrA r dr + fL*5IV -iSridr}
dX a

= epgxa- - + [0-]dr+ [4-goo]dr. (3.15)
a fo

The terms involving ep = g(p-p) > 0 drive the flow. The jet falls because it is heavy.

But (3.14) suggests that the dynamics of the jet can be strongly influenced by the

change of momentum of entrained liquid outside the jet.

4. Torrtcelli formulas

We are going to obtain asymptotic formulas for the jet far downstream from the

point x0 of extrusion. For these large values of x, x-x 0 .- x no matter what may be

the (fixed) value x0 . We get uniqueness of asymptotic formulas up to arbitrary

translations of the origin of x. This type of lack of uniqueness comes from the fact

that 0(x, r) is determined by the global problem, and is only determined to within

a constant by asymptotic analysis. In fact the equations are invariant under the

transformation [0(x, r)] [4(x - xO r) + cpgx0 ]
X 1 1 o  _1"

We are going to show that, if the ambient fluid is inviscid and dynamically passive,

= $ = 0, there is a unique asymptotic solution that perturbs the Torricelli limit.

The Torricelli limit arises for large values of x whenever the ambient fluid is inviscid

and dynamically passive. To specify this limit it is convenient (but definitely not

neccessary) to consider the 'inviscid' flow of the viscous jet. In such a flow, the fluid

is viscous but the viscous terms in the equations are inactive, as in potential flow

of a viscous fluid. The flow in the falling jet is not inviscid at any finite x, but it tends

L -.
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to an inviscid flow as x -X . Suppose that the fluid is really inviscid. Then, the extra
stress S vanishes, and, if we also assume that o - 0, (3.10) reduces to

[ foU +4)rdr] =-epgxaa'. (4.1)

The Bernoulli equation for this flow (along streamlines) is

p[1 2 + W]-epgx+J) = C, (4.2)

where Q U(x, r) r dr

is independent of x, and WI = oIU, U(x, r) - u(x) as x -. o and a(x) -0 0. Hence in
the limit Q = Ja2u. (4.3)

C is a pure constant which may be absorbed into 0 and hence put to zero in (4.2)
without losing generality. So (4.1) may be written as

[ (pu2 - epgx) r dr]= epgxaa', (4.4)

and, using (4.3), (1,= epg a2
a2 2pQ2 ,|

a(x) = [2Q2] (4.5)

It follows now from (4.3) and (4.5) that

u(x) = (2egx)i (4.6)

is given by Torricelli's formula, modified for buoyancy. We get the same solutions
in §5 when x -+ o, even for non-Newtonian viscous fluids.

5. Perturbation of the Torricelli limit
The asymptotic expansion for large values of x of the functions U(x, r), W(x, r),

OX(x, r), a(x) describing the flow in the falling jet follows from the observation that
the continual acceleration of the jet due to gravity, coupled to the condition that the
mass flux is constant, forces the radius of the jet to contract as x increases. In the
limit, for large values of x, the variation of U(x, r) across the cross-section of the jet
must tend to zero so that the leading terms are independent of r. In fact, it is
apparently possible to compute a unique asymptotic solution of (3.2), (3.7) with

= ----0 and (3.9) in the form

4(x, r) X r2"ng (x) - 1 rs' k£ ki x-l -C~r, I

a(x) = - a. x-l", C = ( ae), a1  = \
eg) 51

where 1
[U(x, r), (W(x, r)] - , [ - ' 0 0(xr, r) 'I'(x, r)].

Equations governing the g,,(x) are obtained by identifying independent powers of
r in the equations that hold in the interior of the jet. At the boundary r = a(x) we

t V=
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use the expansions for a(x) and g,,(x). Kaye & Vale (1969) also used the representation
(5.1) in their study of Newtonian jets into air, but their actual calculation omits the
effect of viscosity. We have carried out the identifications using (5.1) that are required
to establish the asymptotic representations (5.19)-(5.23). We are not going to display
the identification, which is tedious; instead we use the integrated equations of
momentum (3.10) and (3.11) to determine the autonomous equation (5.18) for a(x).
We solve this equation in a series of fractional powers of x and then trace back through
the derivation to obtain the other flow quantities.

To obtain the equation governing the asymptotic expansion of a(x) for large x we
first decompose the variables appearing in (3.10) and (3.11) as follows:

U(x, r) u(x) fi(x) ftx, r) (5.2a)

- W(x, r)/r '(x) P'(x) wv(x, r) (5.2b)
®b(x, r) Y)(X) fiX) 4,(X, r) (5.2c)

S,,(x, r) _ (x) + 2 0 + f(x, r) (5.2d)

89 (x, r) 0(x) 0 O(x, r) (5.2e)
8,r(x, r) ()(x) 0 10(x, r) (5.2f)

Sr,(X, r) i(x) 0 (x, r) (5.2g)

SJ(x) a(x) 0 JLx, r), (5.2h)

The functions in the first two columns are of leading order in powers of x- and the
functions in the last column are of higher order; t, 4, , also have terms proportional
to r but the x-dependent functions of proportionality are of higher order. The
assertions can be verified a posteriori. The volume flux

Q = F(Z) U(x, r) r dr = jas[u(x) + jasfi(x)] +1,(x) (5.3)

J0

is a constant and (X = x r) rdr.A (X) =ffiox ~,rrr

Moreover

Q = ja 4 u'(x) + au(x) 11(x)] -- ,(x) jaJ U'(x, r) rdr+ 3(x), (5.4)

where (5.2) and (5.3) define 12(x) and J,(x) uniquely. We compute

P ooU'+®-Sjrdr = 2PQI + a[y(x) + jalf(x) - F(x)] +41x), (5.5)0 as

where 14(x) is uniquely defined by (5.4), (5.2c) and (5.2d). Hence (3.10) becomes

+ j'[2 ) ja' (X) ] -- p@g'+d at + [ )+a -(x)-- = epgxaa' + a' +,(x), (5.6)

wherej, = J'(x)- 4 (x). In the same way, we compute from (5.2c, e)

t ( [0(x, r)-S]dr = a[v(x)+ia'9(x)-6(x)I+14(z), (5.7)

and using (5.2a, b,f)

S[pUW-Sr] rdr -Jpu(x) u'(x)a'(x)+7 (x). (5.8)
dr +fT(X)
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Hence (3.11) becomes

d
(u'ua3) = epgxa-a +a[y + a'J-O] +f,(x), (5.9)

where J (x) = -f(x) - f'/a'.
Turning next to (3.7c) with • = S = 0, we find that I

pgx + y, + a" =(X) + -+19(x), (5.10)
a

where), is defined uniquely by (3.7c) and (5.2). From (5.9) and (5.10) we can solve
for j and find 1 d

a7.p W- (aluu') +J,,(x), 51)i

wherejO are all the higher-order terms that arise after elimination. Now, using (5.11),
we write (5.9) as

d_
- P-(a 3uu') + +,. (5.12)

Using (5.12), we eliminate y+ja2f in (5.6), and, after simplification, find that

j2-"2'+ a2(8 - F)- d (a3UU')} = iepga2 + iffal+ 1 . (.3

Using (5.2) and (5.9), we find that

0-r = - 3#u'- 3a,(uu')'- 3a 2 u'2+1)s. (5.14)

Hence

2pQ -3{jLu' + a(uu')' + a,(u')] a2}'- A[a(uu'a3)]' j.pga2 + o'a" +14

(5.15)

Finally we write u(x) = - -ia +1,, (5.16)

where Q may be determined from the shear-stress condition (3.3b) written as

2ag- jau"-3a'u'+f, = 0. (5.17)

Since the leading terms in U and a are of order x and x- respectively, ti is of order
.-. We can therefore use u(x) - 2Q/'a2 in (5.15) without affecting the final result. It
then follows from (5.15) that

_4pQ'a'- jpga + 6Q[aa - aa] - 4%Q, a " -2-

+ ~ ~ ~ ~ ~ ~ ~ a 12,Qj'-1 lf 2!
+l2a l e + cpQ(aa"-a'a+4a')-?aza'+j,,(x). (5.18)

We now set all of the )4 (x) = 0, i = 1, 2, ... , 17. We solve the resulting equations
as asymptotic power series in e-. Then we can verify that everyli(x) is of lower order
than the last term retained. All the unknowns may be generated from (5.18), and (5.1)

- --.
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has a unique solution in powers of x-i with leading term given by (4.5). This solution
is exhibited as (5.19)

a(x) = R+ R 2  3(R-Rs) R4

2R -1R 3 R2 + - R+O(x-V), (5.19a)

where + R +4QRff = t, R2 R, == -, R,= R R6 R2

(=9 4Pg 16p 112p

The coefficients R, ..., R4 are positive and R5 is probably positive. The function u(x)
and the leading term in t2(x) can now be computed using (5.17) and (5.16). This gives

) 2 R 3 2R2 + 3 2 R4 ,-7R3 +i + 4R2[ R 4

R1 Rx RixTR; -,[ Rxl R2 R3  [! J +7'I1
(5.19b)

- 9 -XA+O(XA). (5.20)

Returning now to (5.10) and (5.11) we compute

Rs -  . R2 IR3\ 1 R •R4-

+ 4e R2( 1i iRA-ip+ -AR2epgx-1+° (x - ), (5.21)

f r2[ _fepgX-1 + O(x-1)]. (5.22)

The error terms in (5.2) are
a,-2

x-i,I,- X
X-11

a--

Following Clarke (1968), we note that, when the distance y - a-x, from the point
y = 0 of extrusion is introduced into (5.19), we get

R , + _ -o R +  o ( y -j )a 1  x0 T

asymptotically, for large y. This shows that the asymptotic solution is uniquely
determined only up to the first two terms which contain the principal effects of inertia
and surface tension. Other effects, like viscosity and extensional stresses, depend on
the undetermined constant x0. In the case ets of liquid into air there is good
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agreement between experiments and the y-i law for values of y some pipe diameters
downstream of the pipe exit at y = 0. This good agreement is evident in the graph
labelled [1] in figures 3 and 4 and in some results published by Scriven & Pigford (1959)
and Kay & Vale (1969).

The assumption 4 - S = 0 of this section is not good when e -4 1. In this case the
rate of change of the momentum of the ambient liquid entrained by the moving jet
can be even larger than the change in the momentum of the jet itself. When 0 is small
(e - 1), however, as is the case with air, the momentum of the entrained fluid is small
and does not strongly influence the observed dynamics. This is the reason why the
analysis given in this section matches experiments on jets of liquid into air but not
into other liquids.

Even if we confine our discussion to the case of jets of liquids into air, it is necessary
to maintain a distinction between the jet-shape equation (5.18) and the seven-term
asymptotic (for large x) solution (5.19) of (5.18). The jet-shape equation and the
improved jet-shape equations derived in §6 evidently apply in intermediate regions
where the flow is not yet asymptotic. This was shown by Kaye & Vale (1909), who
studied a special case of (5.18) for air (p t 8p) based on the assumption that r-variations
of quantities on the left of (5.2) are zero and a = a21 = 0. Then they integrated the
resulting equation, with o = 0, subject to experimentally determined initial conditions
for silicone oil into air. They got very good agreements for the jet shape in regions
of not so large x where the asymptotic formulas fail.

6. Area-averaged equations

In §5 we used area-averaged equations to derive the asymptotic form of solutions
that perturb the Torricelli limit. Now we shall examine more general approximations
which follow from area-averaging of the equations of momentum and the assumption
of weak r-dependence. We again confine our attention to the axisymmetric case, but
the flow may be unsteady. For unsteady flow we must add paUl/at and paW/at to
the left-hand side of (3.2b, c) respectively. Moreover, the condition (3.3b), which says
that the jet surface is a streamline, is replaced with the kinematic condition

W(6.1)

where the prime denotes differentiation with respect to x. In the unsteady case we
derive the following equations expressing the area-averaged balance of mass, axial
momentum and radial momentum respectively:

2+ rUdrJ ' =0, (6.2)

P rlldr+ [J (pU+0-8zz) rdrJ -pegxaa' +oJ'+a[(q,+a'(4-q.3 )17 -. I

(6.3)

PN tWdt+[J pWU-Sr) rdr]

-pg +a + (0-8)dr- -J'+a[-O+S,,-a'g.,]. (6.4)

Now we make our basic approximation, which may be described, loosely, as
applicable to' thin'jets or filaments. More precisely, we shall work in to-be-determined

I _ _____
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regions of the jet where variations of the axial velocity U(x, r, t) and 'pressure'
O(x, r, t) are approximated by the first two terms of the expansion in powers of r2
(see (5.2)). It will be enough to say that

U(x, r, t) - U(x, t) + rl e(x, t), (6.5a)

O(x, r, t) (Xt) + r(x, t), (6.5b)

and :.at 8(U) is determined by U alone. In this case we may reduce (6.2)-(6.4) and
(3.7b, c) into five nonlinear equations in the five unknown functions U(x, t), e(x, t),
O(x, t), 6(x, t), a(x, t).

The first step in the reduction is the determination of W corresponding to (6.5a)
using (3.2a): W(x, r, t) = - rU' (x, t)- r '(x, t). (6.6)

Since U is now determined in terms of U(x, t) and t(x, t), S[U] is also determined
in terms of these two functions. For example the stresses in a fluid of second grade
may be determined from (3.9). 8_., See, 8, and 8z/r are polynomials in VS with
coefficients depending on x and t. We may write in analogy to (5.2) that[X. 1 [r,(X~t) 1

=I~s Er't ,(X't) (6.7)
S,/rJ Lr,,(x .) I

Combining the expressions (6.5)-(6.7) with (6.2H6.4), we get
a 1'r

as+ aU+!!! 1=0, (6.8)at 2 1j

p-?[WaU+ia4ti + [JpaaU+aU+a~+ + a Irn]

-- pg ,a' +o'J'+a[,.qz+a(I-,.3 ,)l..,> (6.9)

*2m2m+2

N ai+
_' (f.., .W a[ -),a" , , - '( - + (1'-a,

N N

N
I _

p~x+4a~ta*-T -r- .Oa-- J +[-+,rr-a']r . (6.12)

Ithe anrf a ewdtonia fl,7uid) reuN I me l and

8rs, 2p .- = -p[tL + Ir'tp,
IO
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S.. 21A = 2[U'+r''],

So2= = -,[U+r6J

S~r a!!+ L = IAr(-iUff+ 2t)-irt'I.

It is evident that $ may be eliminated from this system, leaving four equations for I
four unknown functions U(x, t), t(x, t), 0(x, t) and a(z, t). We want to know the
conditions under which these four nonlinear equations can give a good description
of the dynamics of the jet.

Special cases of the equations for jets of liquid in air (4p = p, S = 1 = 0) which
arise when $(x, t) and t(x, t) are put to zero have been considered by various authors I
(Matovich & Pearson 1969; Pearson & Matovich 1969). In this r-independent case

we get a
Aal+[a'U]'-O, (0.13)

p-Ja'W- [Ja'(pU' + -r)]' = -pXa' + oJ', (6.14)

a riu u' "as peg a +a-a8 0 -a, 615)

(6.16)
o.J,a'(fCo- r.) + (1-a ') ar, =f 0, (6.16)

(egx+ 0) + 1-aa'.+ _ = 0, (6.17)

where r., f40 , 0o andro are determined by U(z, t). Of course, it is not generally possible
to solve thesefive equations for the three unknown functions U, 0 and a. The common

.- practice is to ignore (6.16) and (6.17). (In fact, the first four terms of the asymptotic
expansions (5.10) and (5.20) correspond to a solution which may be derived from
(6.13)-(6.15) in the steady case and automatically satisfies (6.16) and (6.17) to the

*order considered).
In the steady case (6.13)-(6.15) reduce to

Q = ja2U(X) = a constant independent of x, (6.18a)

[Ja'(pU + 0- r,)]' - -pgxaa'+ oJ', (6.18b)

-[j(foUU'-,)]' - pegxa+a -a- . . (6.18c)

Eliminating 0, we find that

[jtz'(pU +o, - ,'- [a( a(oUU' - *))']' - j s' + oJ' -jo. . (6.19)

For second-order fluids, satisfying (3.9), we get

O - r. - - S3(U" + (a + as)U" + a1UU}, (6.20)

- U + a, [ U'U- UM']-a, U'U1). (6.21)

,Av-i
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a (mm)

5 10 15 20 25
y (cm)

FIoGUZ 5. Jet shape for silicone oil I into air: --- , equation (4.6); -, numerical integration of
(6.22) with the right-hand side set to zero and taking two observed values a(y - 1) and a(If - 25) as
prescribed; +, experimental data.

The average 'extensional' stress for the steady jet in regions far downstream is given
by (6.20). Equations (6.18)-(6.2 1) may be combined into one single nonlinear jet-shape
equation for a(x). For Newtonian fluids we get

a' ,6 ( I - [J' a +pQ'a'
as jt/6~a at 'jJ- ay)~a a's a)

(6.22)

The nature of the simplification leading from the r-dependent equations (6.8)-(6.12)
to (6.22) are such as to leave the region of validity of (6.22) obscure. Some authors
(Kaye & Vale 1969) have treated (6.22) for the special case in which the right-hand
side is negligible. The asymptotic analysis of 15 shows that the first four terms in
the asymptotic expansion are asymptotic solutions of the equation arising from (6.22)
when the right-hand side is set to zero.

There are also some numerical results which suggest that (6.22) is a valid equation
under some circumstances. In particular, some good results have been obtained from
(6.22) in two special cases of jets of liquid into air. Kaye & Vale (1969) integrated

-4pQ' 57+ 6#Q(o=jga' (6.23)

numerically for experimentally given initial conditions a(x,) and a'(x,) measured on
jets of silicone oil into air. They got good agreement between the numerical
calculations and the observed jet shape.

Kaye & Vale (1969) also did experiments with a Newtonian jet of low viscosity.
But they could not get the jet shape from (6.23). (They should have included the
surface-tension term JJ.)

We have also integrated (6.23) for jets of silicone oil I into air (Q = 10 P,
W - p - 9-43, Q = 16 g/s, o - 21"2 dyn/cm). We use a two-point method for
numerical integration, taking two observed values a.-I and a.- " as prewribed (see
figure 5). We get good agreement between the experimental shape and the computed
one even in regions in which the asymptotic solution fails. But we did not succeed in
getting numerical computations based on (6.23) to agree with the jets of liquid into
liquid because the momentum of the entrained liquid is important when the density
of the ambient liquid is not small.
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7. Boundary layers on the jet

To assess the effects of viscous drag on the momentum of the jet we now consider
the dynamical effects of the ambient fluid in a boundary-layer approximation. We
shall suppose that the viscosity of the jet is much larger than the viscosity of the
ambient fluid, as is true in our experiments. In this case the shear of the ambient
fluid may influence the momentum of the jet, but it does not induce strong variation
of velocity across the cross-section of the jet. We shall further suppose that the
ambient fluid is Newtonian and that the boundary layer is small in the sense that
the pressure across it may be neglected.

6.i0, (7.1)

and x-derivatives are smaller than r derivatives. Then

Or+ WV r(7.2a)

F r-r = 0, (7.2b)

where 7 v= d/i/ is the kinematic viscosity of the ambient fluid. We require that C and
W' be continuous at the jet surface r = a(x) and that a'(x) be small.

Using these approximations we may write

a(.x -a'x #7.3)

and (3.10) becomes

f(pU+0-S.,)rdr +,'+/A L (x, a) + crJ'. (7.4)
ar

It now follows directly from (7.2) and the conditions

Vas r-G
t h a t a 1 ( , a )

as 8r d P Ordr. (7.5)

Equation (7.5) says that the shear force at the jet surface is equal to the change in
the momentum of the entrained liquid.

Now we seek to determine the velocity and diameter of the jet far downstream
where r-variations of 0 - 9$ and U - u(z) in the jet are negligible. Then to leading
order (3.11) may be written as

epgxaa'- wd" +aa'y - 0, (7.6)
and (7.4) becomes

[Jpai + oJ'-- .a - Jia' + ia + aJ  (7.7)

When 0 -0, we have the cam studied in 14, and the leading asymptotic balance
assited with (7.7) is d

-. V' " '. (7.8)

& g . ._ _ "_. I nI I I _ I I _ II I , ...
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The right-hand side of (7.8) can be interpreted as the weight of the jet per unit length,
and the left-hand side gives the change of momentum per unit length.

We will show that, when /70, the leading balance is

Jepga + a = 0. (7.9)

Equation (7.9) expresses the balance between the weight of the jet per unit length
and the shear tractions on the jet wall.

We shall study the boundary-layer equations by a K6.rmin-Pohlhausen method.
First we evaluate (7.2) on r = a(x). We have

u(x) = V(x, a(x))
identically in x. Hence +

u'(x) = -b- +a

r, C a175X- + F -i+ W- =uu

because w-a'u =0 at r = a. Now we construct an approximate

V(x, r) = u(X) (1 -01)f(1, x), (7.10a)

f(il, x) = 1 + K,(x) 1/2, (7.10b)

t-a
1 7 ) - A(x) = 8(x)-a(x) (7.10c, d)

satisfying V(x,8) = 0, P'(x,S) = 0, C(x,a) = u(x) (7.11a, b, c)

0 1 a t u u ' ( . 1 dt- = (7.lld)
r ar =-

on r = a(x). The conditions (7.11a-c) are satisfied by (7.10), and (7.11) holds if

U'As  A
Kd)fi-T- -'a

Asymptotically we find that K2 = O(x) and

K2(x) f A/a, (7.12)

where the neglected terms, computed a posteriori, are 0(1) and O(x-l).
Using (7.12) we find

INX, r) ft U(X) (1 -,)2 1 + A' V] (7.13)

A (x, a) - (au)(--) -- 4. (7.14), ar A A)- a

The leading asymptotic balance (7.9) of momentum in the jet may now be written

S8~
A = 8 (7.15)

Aft_ 
__"

-dust-_
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FIGuRz 6. Variation of jet radius with 8p: -, theoretical result,

RI 1- 17 (8p)-

+, experimental data for elvacite/DEM at y - 25 cm; 0, experimental data for silicone oil 1 at
y = 25 cm. In these plots the origin is taken at the orifice. The data show a slope of -J, in agreement
with theory. The theoretical line can be made to pas through the experimental points by shifting
the origin of x.

'A

The balance of momentum of entrained fluid is given by (7.5) and may be evaluated
using (7.13). We first compute

6Prdr ;:t I5 r dr = &[As(&+ .+4*K])+aA(|+dlK,+d K,)]. (7.16)

To leading order (AaK2 = O(fi0) with neglected terms O(Ai), a poaieriori) this is

AU4=# 1 - (8ijt)4S- a-i. (7.17)

Now, using (7.14) and (7.17), (7.5) may be written as

d ~Q 8~

taking a(oo) -0, we get
a t 1171 4, (7.18)
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5 10 15 20 25

5 10 15 20 25

y (cm)

Fiouna 7. Comparison of the jet shape of liquid injected into air with Tomeielli limit: (a) Torricelli
limit, a(y) (2Q/ey)1i = y-i; (b) experimental data for silicone oil 1; (c) experimental data for
elvacite/DEM. The three plots tend to coincide as y -* .

121

.41

S 10 Is 20 25
Y (cm)

Fwouzz 8. Comparison of the jet shape of a liquid injected into another liquid: [I theoretical.

a~)1-17 p h .Yh

[21-[51 experimental data for silicone oil I injected into alcohol solution; [21 Vp - Sp - 0-161; (31
0066; (41 00W3; [51 0006. [61, [71 experimental data for elvacite/DEII injected into water ad
glycerol solution; (6] Vp - 8p - 0067; (7) 0006. In this figure the origin for the theoretical curve,
which it arbitrary, in taken at the orifice. We count theor and experiments as being in agreement
when it is possible to achieve agreement asp -* oo by changing the origin of p in [1]. The theory agrees
with experiments [2H-41 (silicone oil 1) and [61 (elvacite/DEM). When 8pis very small (ex. rimenta
f51 and [7J) asymptotic regions ae far from the orifice (eventually the accelerating iot nt --t thin
out). For (51 and (71, 4p - 0006, the jet diameter has not yet entered a region , sy. -)totic
dynamics suitable for comparison with [I].
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.0

"

j(P) 01

FIGoRE 9. Variation of jet radius with li: , theoretical,

a/ ( '4j)

+, experimental data for elvacite/DEM; 0, experimental data for silicone oil 1. Jet radii are
measured at y = 25 cm (the origin of x is taken at the orifice). The data show a slope of approxi-
mately 1. The theoretical line can be made to pass through the experimental points by shifting the
origin of x.

and when the viscosity A of the ambient fluid is zero

a ZZ[2Q(7.19)

The x-h decay is much slower than the x- decay, which must prevail at large x
when/4 = 0. The asymptotic powers exhibited in (7.18) are, however, an approximation
at best which is based on the notion that the dynamics of the entrained fluid may
be treated by boundary-layer analysis, and that this analysis itself is adequately
approximated by the Kirmjin-Pohlhausen procedure.

S. Comparison with experiments
The following points of comparison between theory and experiment merit

emphasis.
(i) The experiment for jets of liquid into air are in good agreement with the

Torricelli limit. The nature of these agreements has already been discussed at the end
of 55.
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(ii) The theory predicts that the jet radius scales with

P

This J-power singularity in the density difference holds uniformly in the viscosity /.
even for = 0. Therefore the I-power law is more robust than other features of the
dynamics since it holds when the dynamics are dominated either by the changes of
momentum of the jet (as in jets into a vacuum, or air) or by the entrained liquid
outside the jet. The I-power law is in good agreement with our experiment
summarized in figure 6.

(iii) For large values of x the jet radius is proportional to

1

The = i results are verified for liquids into air, and a--1 appears in the
observations of liquids into liquids with c --+ 0. The rate of change of momentum of
the jet (given by the first term of (7.7), which by itself leads to a = I) is still important
at the largest values of x in the experiments. The shear-stress term, which is equal
to the change of momentum of the entrained liquid, becomes more and more
important as x is increased for fixed e or as e is decreased at a fixed x, with x(e)
decreasing monotonically, apparently from 1 to 4. In reservation, we note that the
value a = a is not yet evident for the smallest e 0"005 because the diameter of
the jet was still increasing at the largest x for which the jet was stable (see figures 7
and 8).

(iv) The jet radius appears to scale with the I power of viscosity as predicted by
(7.18) (see fig. 9).

Experimental results for the silicone oil 2 are in the same measure of agreement
with theory as those already displayed for silicone oil 1 and will not be displayed here.
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Supplement to Section 7

Recall the jet shape equation (eqs. 6.22 and 7.16)

for the problem in which the velocity is assumed to be

independent of r

2 a 2 a 2 2 a
-4pQ - + 6pQ(- - -) 5Q a +ia

a3  a 2 Aa2 1a d

2 2
~ 4pQ 2 1 K2  1 2 2 +K 2.dx a [A (- + + + aA( + + 6- )

4jiQ
Aa (2)

where

= A 4Q a' (A) 2
2 a a a

We shall now show that these equations seem good for

approximations when a << 1. Then

A
K2  -

and the boundary layer equation (2) can be integrated

analytically to give

(A)5 + 135(A) + 45() + 5 7 5 (A)2 1575 Y (3)

a 16-a a

J



Equations (1) and (3) can be simultaneously solved as

a two point boundary value problem using values obtained

from experiments at x = 1 and x = X as prescribed. The

results are shown in Figures 7.1 and 7.2.

Note that for silicone oil, the results of numerical

calculations agree better with experiments for smaller 6p.

This is due to the fact that for smaller 6p, the assumptions

that a ~ constant and a' << are more realistic.

L_
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Figure 7.1 Jet shape of silicone oil 1: - ,numerical integration of

equations (6.22) and (7.16) taking two observed values a(yml) and a(y-1) as
prescribed; +, experimiental data.

[ll 6P = .023 (into 50% alcohol); 12] 6p =.068 (into 71% alcohol/water);

13] 6p - .161. (into 100% alcohol)
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rigure 7.2 Jet shape of elvacite/DEM:-, numerical integration of equations

(6.2) and (7.16) taking two observed values a(y-1) and a(y=£) as prescribed

+ experimental data.

El] 6p .067 (into water); [2] 6p 1.067 (into air).
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