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Nonlinear extensional vibrations of quartz rods
H. F. Tiersten
Department of Mechanical Engineering, Aeronautical Engineering and Mechanics, Rensselaer Polytechnic
Institute, Troy, New York 12181

A. Ballato
U. & Army Electronics Technology and Devices Laboratory, USAERADCOM Fort Monmouth. New Jersey
07703

(Received 8 October 1982; accepted for publication 4 February 1983)

The one-dimensional scalar differential equation describing the extensional motion of thin
piezoelectric rods is obtained from the general nonlinear three-dimensional description. Only the
elastic nonlinearities are considered. The relations between the quadratic and cubic coefficients of 7M

the rod and the fundamental anisotropic elastic constants of various orders are derived. The
quadratic rod coefficients are calculated for various orientations of quartz rods, but not the cubic
rod coefficients because the fundamental elastic constants of fourth order, which are required for
the calculation, are not presently known. The nonlinear equation and boundary conditions are
applied in the analyses of both intermodulation and nonlinear resonance of quartz rods. In each
instance a lumped parameter representation of the solution, which is valid in the vicinity of a
resonance, is obtained and the influence of the external circuitry is included in the treatment.

PACS numbers: 43.40.Cw, 62.20.Dc, 43.40.Ga 2
INTRODUCTION the linear eigensolutions. A lumped parameter representa-

A one-dimensional scalar nonlinear differential equa- tion of the nonlinear solution, which is valid in the vicinity of
tion describing the extensional motion of thin piezoelectric a resonance, is presented. The representation relates the am-
rods oriented in an arbitrary direction with respect to the plitude of the rod displacement nonlinearly to the voltage
principal axes of an arbitrarily anisotropic crystal is obtained across the electrodes. The external circuitry is incorporated
from the general nonlinear three-dimensional equations of in the analysis and an equation relating the amplitude of the
electroelasticity.' Only the elastic nonlinearities are includ- rod displacement nonlinearly to the driving voltage and oth-
ed in the description. The electrical behavior is taken to be er circuit parameters is obtained.
linear since quartz has small piezoelectric coupling. The It should be carefully noted that the coupling between
treatment provides the relation between the quadratic and extension and flexure, which can exist in an anisotropic rod,
cubic nonlinear extensional coefficients of the rod and the is not included in this description. However, since the cou-
fundamental anisotropic elastic constants of second, third, pling of a high overtone of flexure with a low extensional
and fourth order, along with the well-known relation mode occurs only for certain well separated geometries,4 the
between Young's modulus and the fundamental second-or- equation for the anisotropic rod presented here is valid for all
der elastic constants. The quadratic rod coefficients are cal- other geometric ratios. This means that the equation is valid 2
culated for various orientations of quartz rods with respect for almost all geometries and certainly for all practical cases.
to the principal axes of the quartz crystal. Such calculations
cannot be performed for the cubic rod coefficients because I. NONLINEAR EQUATIONS
the fourth-order elastic constants of quartz, on which the The stress equations of motion and charge equation of
cubic coefficients depend, are not presently known. electrostatics for material points of an electroelastic solid

The steady-state solution of the nonlinear system is de- with small piezoelectric coupling may be written in the re-
termined at an intermodulation frequency2 by straightfor- spective forms'
ward iteration from the linear solution. The intermodulation "-"
current-voltage relation, which is valid in the vicinity of a Ks. L = ,O p 4, (1)
resonance, is obtained and the crystal is incorporated in the DL, L 0, (2)
test circuit and the relation between the intermodulation and where we have employed the conventions that capital and "

driving voltages is determined. This relation and the calcu- lower case indices, respectively, refer to the reference Carte-
lated quadratic rod coefficients can be used along with mea- sian coordinates and present Cartesian coordinates of mate-
surements to determine the cubic rod coefficients for any rial points. We also employ the conventions that a comma
desired orientation of quartz rod, including, of course, the followed by a capital index denotes partial differentiation
practical 5"X cut. with respect to the known reference coordinates, i.e., the

. In addition, the nonlinear equation and boundary con- independent variables excluding time, a dot over a variable
" ditions are applied in the analysis of nonlinear resonance in denotes partial differentiation with respect to time, and re-

quartz rods. The steady-state solution is obtained by means peated tensor indices are to be summed. The symbols p,
of an asymptotic iterative procedure3 and an expansion in um, KU, and DL, respectively, denote the reference mass
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density, the mechanical displacement, the Piola-Kirclihor
stress tensor, and the electric displacement vector. In the
nonlinear stress equations of motion, Eq. (1), it is understood
that the motio of a material point is described by the fun-
tional relationS -y(XL, t (3)
which is one-to-one and differentiable as often as required, 2W
wberey and 'L, respectively, denote the present and refer-
ece position of material points. The symbol 8JN in Eq. (1) is FIG. I. Schmatic dpman ofthe emecroded pmlectrc rod

a translation operator, which serves to translate a vector
from the present to the reference position and vice-versa and D3 = D(X,, 1), (1 ic)
is required for notational consistency and clarity because of
the useofcaptal and lower case indices, respectively, to refer where V is the voltage across the electrodes, and D, and D,
to the reference and present positions of material points. are not needed here, and to this order deviations from what is
Clearly, the mechanical displacement vector uN and preseiv shown in Eqs. (11) are negligible. Since the electrical behav-

and reference positions of material pointsy, and XM are re- ior is linear and the linear electric constitutive equation ad-
lated by justed for the rod is well known,' it is convenient to omit the

electric field W , from Eq. (7) while obtaining the nonlinear
yi = 8*N(XN + UN). (4) rod equation and then introduce the known electric quanti-
For purposes of this treatment, the constitutive equa- ties suitably adjusted for the rod."

tions forK ,, and DL may be written in the form' Since we are interested in wavelengths of the order of I

gt =yjm TLN, (5) and, hence, solutions varying slowly compared with h (and
w), both the inertia and stiffness of the electrodes are negligi-

DL e.rc EX + fSLA VCx, (6) ble and with the rod axis along X, we have the boundary
where conditions•"-

TLU CLwVO -rLeX + CLMA&,EPGEAD K = 0 at X2= ±w, Kj =0 at X 3 = ±h. (12)
2 Since for the low frequencies of interest the solution varies

+ C cMCADC Em EA ECDI (7) slowly compared to the cros-sectional dimensions and flex- -'
4 ure is uncoupled from extension, which we art considering,

and the transverse accelerations are negligible exactly as in the
(8) linear theory of elastic rods and we have

is the finite strain tensor. Substituting from Eq. (4) into Eq. i2=0, i 3=0, (13)

(8) we obtain while we must retain the displacement gradients u2., and

EA = I(uA., + UXA u ,), (9) u3 that qusistaticaly accompany the dynamic longitudi-

and, of course, since the electric field is quasistatic, we have5  slow variation and the smaflnes ofto and h, we see that we
Fir = - . (10) should take ;..

In view of the small piezoelectric coupling in qurtz, in (6) K~ =0, K3, =0 everywhere. (14)
and (7), we have included nonlinear elastic terms only and Furthermore, from Eqs. (1). (13), and (14), we have
kept the electric and electroelastic terms linear, in accor-
dancewith thediscussion in the Introduction. In Eqs. (6), (7), K12.1 =, K3, zO, (5)"

and (10) v is the electric scalar potential and ciJj4, CI swNA&, and hence in the nonlinear description being obtained here
CL KU, ez. , and 4z are the second-order elastic, third- K,2 and K,3 should also vanish approximately because they

vanish on the surfaces at X, = ± I. Sinceyj.m is nonsingular,
order elastic, fourth-order elastic, piezoelectric, and dielec- from Eqs. (5) and (14) we have
tric constants, respectively. The associated boundary condi-
tionsatthesurfaceofthepiezoelectricsolidareonNLK or T2, = 0, T3M = 0, (16)

u 1 and NLDL or V, where N. denotes the unit normal to the which shows that in this description of long wavelength ex-
undeformed surface. tensional vibrations of elastic rods all Tzm vanish except T,,.

Aschematic diagram of the piezoelectric rod is given in At this stage the only nonzero components of the Piola-
1 Fi. I, where 21 o 2w > 5h and the surfaces normal to x3 are Kirchhoff stress tensor K, are the K,,, which from Eqs. (4)fully electroded. Since we are interested in solutions which and (5) are given by

vary slowly compared to 2h, to lowest order the electrical K,,= (I + u,,,T,,, (17) j
variabk my be written in the form67  K, 2=u,T,, K, 3 =u.,T, . (18)

1', = S'2 = 0, (lla) In the approximation being made hereu,., is large and all the
3' - - Vf2h, (I Ib) other uL.,, which arise because of the vanishing of the TLI:

- 21 J. AcOust. So. Am., Vol. 73, No. 6, June 1983 H. F. Tiersten and A. Ballato: Vibrations of rods 2023
1::. .- :
["/ I'-"



(LM 11 1), are expressible in terms ofu , and are somewhat The iterative procedure consists of first solving the lin-
smaller. These relations are derived in the next section and in ear portion of Eq. (26) for T, where the zero denotes the

S the course of the derivation it is shown that for wavelengths order of the iterate, and then substituting into the linear por-
large compared to the cross-sectional dimensions of the rod tion of Eq. (27) to obtain oET. Then the oET is substituted

U2. =01 . (19) into the quadratic terms in Eq. (26) to obtain , T, which is
then substituted into Eq. (27) along with the substitution ofThus, from Eqs. (18) and (19) we have oET into the quadratic terms to obtain ,ET. Finally, the oET

K12=0, K13=0, (20) is substituted into both the quadratic and cubic terms in Eq.
and from Eqs. (14) and (20) we see that all KLj 0 except (26) and only quadratic and cubic terms in E, are retained to
K,,. Under these circumstances all that remains of Eq. (1) is obtain 2T,. Accordingly, the zeroth iterate takes the form

K11.1 =p0 i, (21) OT, E/s, (28a)

which is the basic differential equation for the anisotropic OEr= SE/s, (28b)
rod. We must now find the nonlinear relation between Kn, which are the well-known results in the linear theory. Now,
and u, that results from Eqs. (16). This is done in the next substituting Eqs. (28) into Eq. (26) and retaining terms no
section. higher than quadratic, we obtain

Il. NONLINEAR ANISOTROPIC ROD EQUATIONS 1T, = E,/s,, + (3/2s , s p SIQ s 1s E , (29)

Since all stress components T,, have been taken to which is the first iterate for T, and is all we would need if we
vanish except T,,, Eq. (7) can be put in a more useful form for want a quadratic relation for K,,. Substituting from Eq. (29)
our purposes. To this end we first write Eq. (7) in the usual and Eq. (28b) into Eq. (27) and retaining terms no higher than
compressed matrix notation, thus quadratic in E, we obtain

Tp=c EQ-e? " +jcpQ EQER nET ST,+ 1 St STP cpR sQ SRI E I

+ cP,,S EQ Ex Es, (22) T # 1. (30)
The further substitution of Eq. (30) into Eq. (26) and the

wherel0
retention of terms no higher than cubic in E, yields

P, Q,R, , ST= 1,2,...,6, (23) 2 T= cE, +,E2 + ,E (31)
and we recall from Eq. (9) that the EQ are nonlinear in the wher
UKL. We now operate on Eq. (22) with the reciprocal matrix
of the econd-order elastic constants c', which are the elas- 1 1 sp (32a)

" tic compliances ,, to obtain sc1, 2 s,1 ctA sul s,29
Er. sr I T,+d fx Srpcp*E tS

ETTT+dT-SP~Q EE r~~-SIPQ SR I S1U SuCM VIS
S$11 "-'

jSrPC , E x ES, (24) (32b)

where we have employed the condition that all T, vanish -:.-S-
except T, and where the caret on the subscript Q means that

dxr - exp Sr7 (25) sy =0 for Q= 1. (33)
that is particularly useful The second iterate for T, given in Eq. (31) with Eqs. (32) is the

Is a defined piezoelectn.. constant cubic reato wtcual nedtootinteeuifcntiuelea
when approximations are made as a result of traction-free cubic relation we need to obtain the cubic constitutive rela-
boundary conditions. For purposes of this work it is conven- tion for K, in terms of u,t. Substituting from Eq. (13 a t) with

ient to write the six equations in Eq. (24) as two separate Eq. (9),and Eq. (19) into Eq. (17) and reintroducing the linear

equations, one for T = I and the other five for T $1, which piezoelectric term, we obtain the result
in the absence of the piezoelectric term dKT W take the K,, - Cu,, "(, .)

2
+ 1,.) 3-fd 3 /s,,) ,3 , (34)

forms where
sp P P1 + C, (35a)

T, = E,+- -cp,, EQE
S,, 2 S11, r=r,+ ,,+1c. (35b)

I ER Es, (26) Equation (34), with Eqs. (35) and (32), is the constitutive rela-
6 SC 4 tion we have been seeking for the arbitrarily anisotropic pie-

zoelectric rod, which is nonlinear in the mechanical dis-
ET -sr, T - TP PQR EQ ER placement gradient u,, but linear in the electric field.

We must now show that K, 2 and K,. do indeed vanish
ft -4 Sip CFQRS EQ ER Es, T 6 1. (27) approximately as indicated in Sec. 1. To this end we note that

4
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* atthe zeroth iterate, from Eq. (28b) with Eq. (9), in tensor S, KIU.+KI(II,(47)

ii~tti~i, WChavewhere in the compressed matrix notation
SKrL =KL I 1 1.1 (36) Pi lT

wherer Sr i r

SKL = 4(ux + ULJC), (37a)XPQ 23f + 1 ,Tl,(8

rKLII =SKLIIS1III, (37b) 3

and u, = u1(X,,t). For KL =22 and 33, respectively, we and each art consists of asum of terms, each of which con- .7

have tains a quadratic combination of the rT1 from Eqs. (45) and

U2. = r221 1 U1. 1 U3.3 = r33 1 1 U 1. 1 (38) (9). The exact form of the aTI Wre Cumbersome to Write
whic ma be nteratd imeditelyto ivebecause of the forms in Eqs. (45) and are not needed here.
whic ma beinteratd imeditel to~VCFrom Eqs. (47) and (37b) along with the procedure followed

U2 = X2r221 1 u1,1 +f(X1,X 3, 0), in obtaining Eqs. (45) in the case of the zeroth iterate, it is

*u 3 = X 3r331, u,,. +(X, X 2 , 4) (39) clear that we can obtain relations similar to those in (45)if we
can obtain the relation equivalent to Eq. (4 1) in the Case of the

*From the remaining three relations in Eq. (36) with Eq. (37a), fisitre.tishonnteApndxhatoecdodr
we havein the mechanical displacement gradientsUKu I the local or-

P ( 1.2 + u2,1) = r,2,, U,,,, (40a) thogonal transformation tensor RKL is given by

j(U1.3 +U3 .1 )= rM3 , u,,, (40b) RKL =,KL +f)LK, (49)
4(u2.3 + U3.2) r123 ti 1. (40c) where

Since the rod axis lies along x, and we have assumed that 1
2 LK =WI1X +4 WZ. WMK + 4(SKM WML -S,,, 11.MK),

torsion is uncoupled from extension in this thin anisotropic (50)
rod, we have and

W3 2 =f(U2.3 -U 3 .2)=O, (41) WLK =4(UK.L ULK)- (51)
wher w3 isthesmal (iner) lcalmecanial otaion In the linear theory the same type of procedure shows that

about the rod axis X1. From Eqs. (39), (40c), and (41), we =
6 L+~(2

= Xr 211~., (2) Since in the quadratic cawe07 takes the place Ofw inKthe
* f= ~r 23 , ii,, glinear, 1223 represents the torsional rotation Of the rod in the

a.Now, substituting from Eqs. (39) and (42) into (40a) and quadratic case. Consequently, in order to uncouple torsion
(40b), respectively, we obtainwetk

U1. 2  2r2II UU32 .X.r 2 1 + X3r2311)ul,l,, D23=0. (53)

U1. 2r,3,,U (l31 +X (43)U,,I Substituting from the zeroth order results in the nonlinear
- (Xr 332  X~r 311),,,,term in Eq. (50) and using the limits in Eqs. (44), from Eq.

Since we are interested in the limit of long wavelengths (A )as (3 eoti o h is trt
the rod collapses to a line, we have

=a12=.E O 4II3= 2 r121 r,3, 1(u,,), (54)
0, ___ (44) in place of Eq. (41) for the zeroth iterate. From the forms in

A AA AEq. (47) and Eq. (54), which take the place of Eqs. (36) and
which with Eqs. (39), (40c), (41), and (43) yields (41), respectively, it is clear that by following the procedure

O*1= 22,, U3 2 , (45a) used earlier in the case of the zeroth iterate, we obtain ex-
O~~I = 1333 U1 , (5b) pressions, similar to those obtained with the zeroth iterate

but Containing additional terms depending on (UI, )2. Fur-
0112,1 =0,(45c) thermore, when we take the limit in Eqs. (44) we obtain

0U2.3 = r232 U 1., (45d) 1112 .1 = 0, 1U3 .1 = 0, (55)

0 U3.1 = 0, (45e) and since K,~ is obtained from I uA,,, from Eq. (18) we have

O32=r231 t U 1.1  (450 shown that2
Which along with (38) gives all the zero-odrdslcmn 22=0 2K13 =0. (56)
gradients. Equations (45c) and (45e) show that at the zeroth When all stress components Tx.(K 41 ) vanish except
iterate Eqs. (19) hold and since ,1 is obtained from OUA, T, I (K 1) the linear piezoelectric constitutive equation can be

we have shown that written in a more useful form. To this end we first write Eq.j
,K,2~, 1K3~0.(4~) (6) in the compressed matrix notation,'0 thus

In the case of the first iterate, from Eq. (30) with Eqs. (9) DL = eLQ EQ + ESK W'KP (57)
and (45), in place of Eq. (36), we obtain and we substitute from the linear portion of Eq. (24) into Eq.

2025 J. Acoullt. Soc. Am., Vol. 73, No. 6, June 1983 H. F Tiersten and A. Baliasto: Vibrations of rods 2025



(57) andl employ Eq. (25) to obtain 10O"
DL-dpT *.W, (58)

* where
ef.- f,+ e~gdg. (59) 43'

* We now substitute fromn the linear portion of Eq. (24) for
T = Iinto Eq. (58) and And

DL S,+(60)

from which, with the aid of Eqs. (11), we obtain

D3 = Still +till)-

*in which we have reintroduced the tensor notation.
The substitution of Eq. (34) with Eq. (I lb) into Eq. (21) *

C811.11 +P ((jj, j2j'j +?r[(U, 13],l =pu,, (62) 9

which is the difeential equation of motion of the piezoelec- FIG. 3. Linear and quadratic elastic constants for rotated Y-cut quartz
*tric (anisotropic) rod. The boundary conditions consist of the *

specification of K, 1 or u I at the ends of the rod X, L along the crystallographic Y direction. The locations of the
After a solution has been obtained, the current I can be cal- o-Xct r hw ntefg

culatd frm th reltionure. Figure 3 is for the rotated Y cuts with 0=0IT corre-
* ~ ' D3 dx,,(63) sponding to the rod axis along the crystallographic X direc-

tion. This figure exhibits the twofold symmetry of quartz

and we recall that W3 in Eqs. (34) and (61) is related to the wt h ioa xs iue4i o obyrttdct
dnvig votageVby q. (ib),with 6 = 0r corresponding to the rod in the X-Y plane at2

The quadratic rod coefficient 0 has been calculated + 45 from the X axis. In Figs. 2-4,= 90' corresponds
from Eq. (35a) with Eqs. (32a) for a number of orientations of to the rod axis along the crystallographic Z direction.
quartz rods using the second-"1 and third-' 2 order elastic

* constants of quartz and the results are plotted in Figs. 2-4.
-The linear rod constant c is plotted along with -pin each IN RMDL lO INOS

figure. The quadratic rod coefficient 6 is always negative and In this section we consider the problem of intermodula-
ranges in value f1rom about - c to about - Sc. Figure 2 is for tion in piezoelectric rods. For clarity we reproduce certain of
the rotated X cuts with 190W corresponding to the rod axis the pertinent equations obtained in Secs. I and 11 here. The

to' P. -s

_W -V -W 1. or -U'r _ -I. -W I. Or W

8 9
FIG. 2. Linam and quadratic elastic constants for rotated -cut quartz FIG. 4. Linear and quadratic elastic constants for a family of doubly rotated

quartz rods.

2U6 J. Acoust. Soc. Am., Vol. 73. No. 6, June 1993 H. F Timrten and A. Ballato: Virations of rods 2026



IF .71 -

stress equation of motion and charge equation of electrostat- T )2

icsfor the piezoelectric rod takethe form 2 4wlio, 2h\- + r2N [ 2 )- ) V,, (77) Q.I)

A111n =P u, (64a) where we have made the identification I, =-I atcw, since
D.3 = 0, (64b) at w, the crystal is passive'" and

where (k,) 2 =d2,IS, 4jFT (78)
K 1,I = cu,1 .+/(u,.I )2 + yQ, )3 - 'dn (65) and we have replaced wN by W^, where

sit WN = CN + icNo 2QN, (79)

= (d3 /sn,)u,., + ( -_ d3,/s,,)g, (66) in which QN is the unloaded quality factor of the resonator in
that mode, and serves to prevent the resonant denominatorand cfl, and -yare given in Eqs. (32) and (35). From Eq. (Ilb) fomvnsiga0 ,

we have from vanishing at wo = W,. N ]
whaeSince we are interested in intermodulation due to the

= - (1V/2h )e', (67) simultaneous application of test tones to the resonator at two
where Vis the magnitude of the applied voltage and c is the nearby frequencies co, and w)2 , both of which are in the neigh-
steady driving frequency. For a rod free at both ends the borhood of w,, we consider the steady-state linear solution
boundary conditions are to the vibration problem already presented in this section to

K,, = 0 at X,= ±!. (68) be at the frequencies w, and 2. Moreover, since we are inter-
ested only in the situation in which the intermodulation fre-

Since the asymptotic solution to the nonlinear problem quency D is in the vicinity of 0 , N, only certain combinations
is obtained by iteration from the solution of the appropriate of the nonlinear frequency products are significant. To ob-
linear problem, we begin the analysis with a brief presenta- tain expressions for the nonlinear products in Eq. (65) we
tion of the known solution of the associated linear problem. first write the dominant real solution in complex notation,
As a solution of the linear problem, i.e., Eqs. (64a) and (68), thus
with Eq. (65) in the absence of# and y, we write us - O Ie""" + OuN 2e1

u 1[u - (d3 1/2h )VX 1Ie ' ', (69) + oUZ e + OuZ 2 e U'Zf), (80)
the substitution of which in Eqs. (6Ma) and (68) yields where * denotes complex conjugate and we have ignored the

Co
u . m 

+pO
2
0 U =p~oW2(d 3 1/2h ) VX,, (70) terms containing V., and V, because they do not have reso-

ou., =0 at X, = +l. (71) nant denominators, 4 and then substitute into the quadratic
The eigensolutions of the homogeneous form of Eqs. (70) and product in Eq. (65) to obtain a linear steady-state inhomo-

,,with V =0, may be written in the form geneous forced vibration problem for the first iterate solu-tion. When the appropriate linear inhomogeneous vibration

u = u. e ,  (72a) problem has been defined standard complex notation for lin-
u. = a. sin il. X,. (72b) ear systems is employed. This type of procedure, i.e., the use

of the previous iterate to define the linear inhomogeneous
Substituting from Eqs. (72) into the homogeneous form of problem for the next iterate in the above-mentioned manner,
Eqs. (70) and (71), we obtain is employed at each successive stage of iteration. In view of

po2 = cvq2, (73a) the foregoing statements, the form of the linear solution, and
q1. = nr/21, n odd. (73b) previous experience" only the frequencies of(2w, - to,) and-

(2W2 - odd) are of interest in our inte rmodulation study. Fur- d
We write the steady-state solution of the forced vibration thermore, it is sufficient for our purposes to determine the
problem in the form response at (2aot - o2w) only because the response at

ou =XA. sin V. X,, (74) (2W02 - w|) can then be obtained simply by an interchange of
II the subscripts I and 2.

the substitution of which in Eq. (70) along with the use of the Since we are interested in the response at (20, - a)2)
orthogonality of Eq. (72b) with Eq. (71) and Eq. (73a) yields only, the form of Eq. (65) along with Eq. (80) and the sur-

A. - - 81( -1 )(n - )/-2d,, V/1 [(W/ao 2) _ 1 ] n2
722h). rounding discussion reveals that we need determine the first

(75) iterate solution ,u, due to the quadratic nonlinearity only at -

Since Eq. (75) has a resonance denominator, in the vicinity of 2w, and (a), - W)2). Furthermore, in the interest of brevity we
a resonance, say the Nth, one term in the series in Eq. (74) obtain nu, at 2w, only and simply present the changes in the
dominates and with Eq. 169) we have result at (a), - W)2). As already noted the first iterate equation

at 2w, is obtained by substituting ou, in Eq. (76) in the qua-
ou= [IAN sin (NirX1/21) - (d3) V., /2h )X, ] e"'-, (76) dratic term in Eq. (64a) with Eq. (65), in accordance with Eq.

(80) and the associated discussion, but ignoring OUN2 and the
where we have introduced the notation w,1, V,,, and AN to time-independent term and neglecting the term without a
denote the quantities at driving frequency o,. Substituting resonant denominator 4 to obtain
from Eqs. (76) and (67) at wi, into Eq. (66), which is then 2."
substituted into Eq. (63), we obtain cu ., ii =,6, A ' 7/' (sin 21,N X,/2)e'"". (81)
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.-4

Since the boundary condition is given by Eq. (68), by virtue of c2u,., -p 2i :
Eqs. (73) the solution for ,u, takes the form = (/2)[(,4 EM + ,ANCM)nN .".

1 11 B. sin X, -, eVIi ', (82) X('N sin "
COS71

.4,u = 2h + V7M sin ilm X, COS IN X,)
where the B., are obtained from the orthogonality of the - TN(d 31/2h )(2A * V. + IAN V. )sin 7 , X, e'"'
sin ij, XI. Including only one term, 6 say the Mth, in the +. 90);'. : + y j N 2V, 1 O S r os 17, X , sin 17,v X ,e" n. (90 ) ...:
series in Eq. (82), we have

6tA 2V W 81 As in the case of the zeroth iterate we take a series solution2 3 8(- l)M-l)1d31 V2.), !
""4 NIlNPNM N - for 2uI in the form
B ---- 2o(4w [( /4 2 )- 1]M 2 r22h'

(83) 2U w I G. sin 71. , - A-1 Vn X, e# ,  (91) -:._
2 2h

where we have used Eq. 173a) and
and with the aid of the orthogonality of the sin yX,, we find21 'sin(2N -- M)itrl2 sin(2N + M)lr/2).

PNM - -'--- )---i-- M (84) for n = N, which dominates the others
ir8 2N-M 2N+M 1)(N -/zd 3 V

Substituting from Eqs. (82) and (67) at 2w, into Eq. (66), GN - -- 2

which is then substituted into E.-. (63), we obtain [N

8(k ~X (2A N*BM+ AN CM)?N 77M(1NqNM+ flM77MPNM)12,1 2 -4 h I M2 [{Z214ca2 ) _]V2., 2 /'.'
/V ,., + 'A'. V ) (.A.

(854 d3 1 flA (JpNm- a O(f 2 2 ^2
s,, lpO(4o _ gMI 9 r1 A..,%,

where we have made the identification 12., 1 at 2w, since + - 2 2 (92)
at 2w, the crystal is active.'" In a similar way, again includ- p(1 2

ing only the Mth term,' 6 at (w, - 2) = a, we obtain where
s~in 7/M .1.

ful C. sinqm X, -d3. V,. X ',  (86) qNm s-..!

with ( (sini27 N + 7lM)/ + sin(217N- _M) (93)

C lANA* NPNM 81(- 1)(M-"d 3iV, 2\ 2--- +-M +. )
2/p(a 2 - 2 .) [(-2 /a 2) - I ]M 22h' Substituting from Eqs. (91) and (67) at f2 into Eq. (66), which

(87) is then substituted into Eq. (63), we obtain
8(k, 31) 2

I - wia I8 M2(k')2  1 -wU 633 8( ' --

,N(88) +1132w , , )(N 2 ((88 2 [(.( s1 dIV\""

The linear second iterate equation at 42 (2w, W- 2) is + IANCM),?N ,M rNAM 231  N V2A , + I A )
obtained by substituting the appropriate expression for IUn, ! -u, 2 , ANV))
i.e., a linear combination of the zeroth and first iterate solu- A d 2A 18 4 N N IN - 0

tion functions at w ,,2, 2w,, and a, which is of the form s,3 16 pO [A2( -2 1 ] '-."

I d311[( d ,Ve,, ) (94)
111 "U 2[( 4N sin Vv X. -IL X.)e""

where we have made the identification In = I at 2 since the
/ sinN - d3, V, \crystal is active'3 at 12 and

+ (,4,, sin NX, - 2h X e"'' :

+h rNM = 7INqNMI + 7yM PNMl 2 " (95)

d3 V2,, s A schematic diagram of the circuit, which is driven at
+ (B sin 71M X , 2 X, e the two-test tone frequencies w, and w2, is shown in Fig. 5,

U' / where V is the driving voltage, R. the generator resistance,
+ (C, sin 7

,, X, d31V X,)e ' + c.c.], (89) and R. the load resistance. Application of Kirchhofi's vol-
2h tage equation to the circuit shown in Fig. 5 at a, and (0,

in both the quadratic and cubic terms in Eq. (64a) with Eq. yields the two equations
(65), neglecting terms without resonance denominators, i.e., , + I, (R, + RL) + V,, 0,

..j terms containing V, and V2 but not V2., and V., compared , +I,(R, + RL) + , - (96)
" to terms with resonance denominators and retaining all 2

terms of order A 2A and proportional to e", with the which with Eq. (77) for wa, and the equivalent for w, enables
* result the determination of V., and V , in terms of. V and 2V,_
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... .u. . . . .. sin,. ... X,

(M 2h/
R

Rg + I C. sin . XI, (100)

where the Bm and C,. are obtained from the orthogonality of
the sin v, X, and we have made use of the fact that the
electrodes are shorted at zero frequency. Since the case of

FIG. S. Schenatic dipam ofthe reduced test circuit, primary interest is N = l and for that case M = I gives the
largest term in each series in Eq. (100) and also results in the
largest single term caused by the series in Eq. (100) at the

respectively, from which ,AN and 2AN are obtained in terms next iterate and we are not interested here in an exhaustive
Of IV, and 2 V,, respectively, from Eq. (75). The application treatment of all possibilities, but only in indicating the na-
of Kirchhofrs voltage equation to the circuit shown in Fig. 5 ture of the influence of the terms in the series in Eq. (100) on
at 2w, a, and 2 yields the nonlinear resonance equation and obtaining the expres-

I,,(R, +RL)+ V,, =0, K =2w1,a,, (97) sion due to the term ofgreatest influence for the case N = 1,
we consider the term M = N only in each series in Eq. (100).

since at these frequencies V = 0. From Eq. (97) with Accordingly, including only the M th term in both series in
K = 2w, and K = a, respectively, and Eq. (85) and Eq. (88), Eq. (100), with the aid of the orthogonality of the sin q, X,
V,., and V,, may readily be determined in terms of 1 V, and and Eq. (73a), we have

2 V,. Finally, from Eq. (97) with K = J2 and Eq. (94), V,., can A)(M - 1'
2

readily be determined in termsofIV and 2 V, if y is known. BM = N

However, since actually y is the only unknown quantity, a 2Mp(40 2 -0) [M(072 /4072 ) -]M 2 T22h

measurement of the load voltage In RL enables the deter- 6A2 V PNM

mination ofl1 and V0 from Eqs. (97), from which r can be CM , (101)
evaluated from Eq. (94) for any desired orientation, and in 21poI
particular, for the practical 5X cut. where pNM is given in Eq. (84). Substituting from Eq. (100)

and Eq. (67) at 2w into Eq. (66), which is then substituted into
IV. NONUNEAR RESONANCE IN RODS Eq. (63), we obtain

In this section we consider the problem of nonlinear E-- 8(k,.) 2

resonance in piezoelectric rods. The basic nonlinear equa- 4wh2w33l + [(2/42)--]M2 .2,,

tions required for the problem of interest here are Eqs. (64)-
(68). We again obtain the solution by iteration from the linear + i2w 2w d A N (102)
solution, but now the successive iterates must be corrected S, 1p0(4ol 2 - M
because we are interested in the steady-state nonlinear solu- where we have made the identification 12 = I at 2w, since
tion at the driving frequency w, in which there is a nonlinear at 2w the crystal is active.13 In accordance with earlier dis-
dependence of the resonant frequency 0 N on the amplitude cussions in order to obtain the linear equation for the second
of the extensional displacement of the rod. Clearly, the ze- iterate, the first iterate solution is written in the form
roth iterate, or linear solution, is given in Sec. III and Eqs. [ N d33 V
(69H79) hold for purposes of this section. Again, in the vi- ,u,= I sin--X•
cinity of the Nth resonance one term dominates the series 2 21 2h( ~ r d3, V2,W X, 1e,Wt

and the zeroth iterate is given by Eq. (76) with the subscript I + B. sind 3 VX, 2h
stricken from the AN and theW' 21 2h

In rcordance with the discussion surrounding Eq. (80)  1 .]
inorder toobtain the linear equation for the first iterate, the + C, sin X, + c.c. (103)

zeroth iterate solution is written in the form and substituted in both the quadratic and cubic terms in Eqs.

[(, N, d 3 l V XI (64a) and (68), with Eq. (65), while retaining all terms of order
u, N[ i sinj 2 A 2A * and containing the time dependence e"w' only to ob-

+( Ni ±9 tain the homogeneous differential equation
Vm 2A A 2/C2UL'11 _P2ii

which is substituted in the quadratic term in Eq. (64a) with = -A
Eq. (65) to obtain thelinear inhomogeneous equation for the 2 \,

fs iterate X (7Ns sin t1N X, cos 7/m X,

, p = 8/2)1 sin 2 l X,(A 2e a ' + ANA ). + ilm sin ?1MX, cosflN X,)
(99) V- d~vd V2' smnq X, iw

Since the boundary condition ik given by Eq. (68) with Eq. 2 i

(65) and the V. is negligible, by virtue of Eq. (73b) the solu- +9y4 AZ7COS2 NXsinflN Xe"", (104)

tion for u, takes the form 4
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and the inhomogeneous boundary conditions GN = M I{fN/NruAN, (I I la)

-d3 V ew LN= -A/N18, (I Ilib)".': C2U1' 2 ""

S11 2h where

0 -- A [ NA "N COSV7N 
/  

K /Cy, (112a)

&(yl)112 ANA(1 12b)
2h Since the amplitude AN is very small, Eqs. (111) with Eq.

k,(112b) show that GN and LN are negligible for our purposes
+AN 'IN coS 1N ICM1?M cos'qM except insofar that they might result in a change in N by

3 virtue of the boundary conditions (105). Substituting from
A (, N le'  Eqs. (108) and (109) into Eq. (105), we obtain

4 (105)/6 fN""

where we have neglected terms without resonant denomina- cosflN I =-YC ?IN I + - K -- cos 2
71N I

tors, i.e., those containing V,,, compared to terms with reso- 81 Nir

nant denominators and we have not yet set M = N. It should - 8 IN
be noted that the right-hand side of Eq. (105) turns out to be 27 • -
negligible because AN is small and 71N is nearly given by Eq. I 1 (113
(73b). Since we regard the AN, 77N, and 7m on the right-hand 24

side of Eqs. (104) and (105) as presently unknown and ignore The roots of Eq. (113), with Eq. (110), determine the ampli-
Eqs. (73b) and (75), the equations are homogeneous for tude dependent eigenfrequencies @N of this piezoelectric rod
V = 0 and'we say the iterate is corrected.' 7  in the nonlinear case. In the absence of the nonlinear term A,

Before we obtain the nonlinear eigensolutions of Eqs. Eq. (113) reduces to Eq. (73b). SinceA is small, the roots flN I
(104) and (105) we first note that for the short circuit case may be obtained iteratively from the roots in the linear case,
V,. = 0, and the open circuit case I,. = 0 yields the greatest which are given in Eq. (73b). Consequently, in the nonlinear--.
difference in eigenfrequency from the shorted case. Further- case the roots must differ from Nir/2 by small quantities, say

more, the open circuit voltage V. obtained from Eqs. (102) AN, and we may write
when substituted in Eq. (104) contains the product of (k ' )2 flN 1 -Nr/2 + 4 s, N odd. (114)

and A 2A *, both of which are small. Since the product of
two small quantities is negligible, we may omit V, in Eqs. Substituting from Eq. (114) into Eq. (113), expanding and
(104) and (105) in the sequel. The nonlinear eigensolutions retaining terms linear in 4 N , we obtain
must satisfy Eq. (104), which for M = N takes the form AN = - ( )(N NNr '  (115)

-:( which shows that as a consequence of the existence of the
C2U 1. 1 e2 a, (H sin 2 V1N Xi coefficient P of the quadratic term, the nonlinear boundary

(6 conditions have a small influence' on 7lN" Sincep A 1, from
+ yA 2A N (Sin ?IN X1 Eq. (110), with the aid of Eqs. (114) and (115), we have

16
-- sin 3N XN (106) 1/2 

+
"

where 128 KfN \

1 '6 Al1~ / 8-1 NTrll, (116)

c which gives the resonant frequency of the Nth mode of ex-
IN -IV2 ON+ 11/2 \ tensional vibration of the thin piezoelectric rod with small

A (107) piezoelectric coupling, including the dependence on the am-

and we have made use of the fact that we are obtaining the plitude of vibration."-
The solution to the nonlinear forced vibration problem

steady-state solution for w in the vicinity of w, only and we at a driving frequency w in the vicinity of wN may now be
have employed Eqs. (73), (84), and (101). The homogeneous obtained by means of an expansion in the eigensolutions,
boundary conditions are given by Eq. (105) with V, = 0. As
the Nth eigensolution of the linear differential equation while retaining the nonlinear correction in the dominant Nth
(106), we take eigensolution only. Accordingly, we write

2 u-UNe 
,  

2U I [ 2 u - (d 3 V,/2h )XI ]e), (117)
where

where -,

2 u =AN sin iN X, + GN sin 21N X, + LN sin 31N X,WN -= A, sin ijN X, + G, sin 271N X1 + L, sin 3IN X1, .

(109) + Y A. sin 17 X,, n odd, (118)
the substitution of which in Eq. (106) yields , N

and GN and LN are determined from Eqs. (I 1). In the itera-
pN -- C2(I +/.), (110) tive procedure we are employing the influence of the large
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term in the expansion in Eq. (118), i.e., AN sin i7N X,, already ing that resulting from 6 and the first iterate solution. Substi-
appears on the right-hand side of Eqs. (104) and (105) includ- tuting from Eq. (117) with Eq. (118) into Eq. (104), we obtain

(I +,a) + 2]AN sin -IN X- + C(l-6KfN - P V/a sin 2 V, X,

mJ WJN - ct,+PO.1(N 27 31 N.X

+ [(-c9v +P°) 2)LN --Icfl2AN]sin 377NX, + C (-- - )An sin , -O2 d3  X, (119)".
nvN 2h (119)

and we note that the solution in Eq. (117) with Eq. (118) r^ ..2. d'..
satisfies Eq. (105) identically because the linear terms satisfy I= iw4w 3

3 V 2 h A N (125)
the linear ntomogeneous boundary conditions (71) termwise 23
and the nonlinear term satisfies the nonlinear transcendental where we have made the identification I,,, - I since the
equation (113) Utilizing the fact that w is in the vicinity of rod is passive 3 and
o,, substituting from Eq. (111) into Eq. (1! 9) and neglecting AN = AN( - 1)1N -)/2 126)
terms oforderM2, we have Application of Kirchhofls voltage equation to tI rcuit

[ - c]AN1 +p) - p~w2 ]As in IN XI shown in Fig. 5 yields

+ : (-]Ci +pW2)A. sin,,X, V,+IRg+RL)+V,,=, 27).
*n*N where V, is the generator voltage, Rg and RL are ti

0 2 ator and load resistance, respectively, and V, is tht g e
= 2 V X,, (120) across the crystal. Substituting from Eqs. (125) and (121) into

2h
Eq. (122), we obtain

from which, with the aid of the orthogonality of the 22/r2
sin nrX,/21, we obtain [2 Wi( +aANZ)]Q +iw!h (R5 +RL)

(W 2 d3 V8_ 8 12 ( - IV2
NO_2-" ( l)'N- . (121) --(i(R, + RL)4W E 3r(k )2 N - - V d -'

2hNr it h z

and we do not bother to obtain any other A, because, as (128)

already noted, we are interested in the solution only when w and, as usual, we have replaced 4 N by (^LN where
is in the vicinity of WN and the N th eigenmode is dominant so
that all other eigenmodes are negligible. Substituting from 0

N =N + iWN/ 2 QN, (129)
Eqs. (116) and (1 12b) into Eq. (121), we obtain in which QN is the unloaded quality factor of the resonator in

[T 
2  theN th mode. Equation (128) is the nonlinear equation relat-

N A N [ N(1 + aAA*)] ing the amplitude of the extensional displacement to the gen-
4(- 1 )IN- 2d 3 (I/h )V,,i 2, (122) eratorvoltage. SinceEq. (128)contains A N aswellas A , itis

where ii3 and not simply a complex cubic equation. In order to facilitate
the solution of Eq. (128), we multiply Eq. (128) by its complex

9 21.2 4 #2 f N -." .a = 9 -- IyN- 1)/2 4(123) conjugate and after some algebraic manipulation obtain

16 c 412 9 c 2 2 Ca02 l 2)@42a2.

Equation (122) gives the nonlinear relation between the am- 2

plitude of the extensional displacement of the rod and the =e2,, (130)

voltage across the crystal. Thus for an w in the vicinity ofWN, where
the solution can very accurately be written a=ANA , ,,g = V5 V, (131)

u = sin-- X, d3 1V, X ,  a=o(R, +Rl12wle3/h), d-- 2  
2

2 1_ _ 2 h - N +_ ^L. -/ Q N2/N V(124) C = (0N/QN) + a WN)-b, e=d 11/hv,

.,i A v = N 'n'2/4o ", b = w(R, + Rj)(4wler/h )(k "3t )
2/v. (132)

* -- 2h Equation (130) is a real cubic algebraic equation in the square
where AN must satisfy Eq. (122). Equations (122) and (124) of the extensional vibration amplitude AN A *,which may
constitute the solution of the steady-state nonlinear forced readily be solved for the A N A N. For a solution AN. A * to be
extensional vibration problem for the rod for driving fre- meaningful, it must be real and positive. Consequently, there
quencies in the vicinity of ,  is at least one and possibly three phsically meaningful

Since we wish to obtain the nonlinear relation between A ,* . When a physically meaningful AN A , has been de-
the amplitude AN of the extensional motion of the rod and termined from Eq. (130), it may be substituted in Eq. (128),
the driving voltage V, shown in the circuit in Fig. 5, we which then becomes a linear equation in A , that may readily
substitute from Eqs. (124) into Eq. 166), which is then substi- be solved for the phase if desired. When an AN is known, the
tuted into Eq. (63) to obtain current !_ through the circuit may be evaluated from Eq.
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(125). This result can be used as a check for the ' determined we obtain
from intermodulation measurements for any desired orien- orKL = SKL, (A 3a)
tation and in particular, for the practical 5* X cut of quartz.

OaKL = - SKL, (AI3b)
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APPENDIX -aKL SXL - I UM.K UM.L + SKM SML. (A 14b)

Substituting from Eq. (A 13b) into the nonlinear terms and
In this Appendix we derive the expression in Eq. (49) (Al4b) into the linear terms in (A] 2) and employing Eqs.

with Eq. (50) for the local orthogonal transformation con-
taining terms up to quadratic in the mechanical displace- (37a) and (51), we obtain
ment gradients. To this end we first note that Green's defor- RMx = 6

MK + 1
7KM, (A 15)

mation tensor is defined by20  where

CKL Y.X Ys.L, (A l) firM WKM + 1 WKL WLM + j(SML WL - SKL WLM),

and that the polar decomposition theorem takes the form2  (A 16)

Y,L = R1M UKL, (A2) which, respectively, correspond to Eqs. (49) and (50). It is a
where simple matter to show that the orthogonality relations

UKM UML = CKL, (A3) RLX RLM = 
6 M, RLK RMK = 

6 LM (A 17)

and, of course, if U -L is the reciprocal of UKL, we have are satisfied to second order in the UKm.

R = Y.L U LK (A4)

We now substitute from Eqs. (4) and (37a) into Eq. (A1)
to obtain

CL = 6 XL + 2SKL + UX UU.L. (AS) H. F. Tiersten, "Nonlinear Electroelastic Equations Cubic in the Small

Since the magnitude of UXL is small, on account of Eqs. (A3) Field Variables," J. Acoust. Soc. Am. 57,660 (1975).

and (AS) U,, must differ from the identity bSXM by a small 2H. F. Tiersten, "Analysis of Intermodulation in Thickness-Shear and

(but nonlinear) quantity rKm, thus Trapped Energy Resonators," J. Acoust. Soc. Am. 57, 667 (1975,.
'H. F. Tiersten, "Analysis of Nonlinear Resonance in Thickness-Shear and

UXM = 6'M + KM. (A6) Trapped Energy Resonators," J. Acoust. Soc. Am. 59, 866 (1976).
'T. R. Meeker, "Extension, Flexure and Shear Modes in Rotated X-Cut

Substituting from Eq. (A6) into Eq. (A3) and employing Eq. Quartz Rectangular Bars," Proceedings of the 33rd Annual Symposium on
(AS), we obtain Frequency Control (Fort Monmouth, NJ, 1979), p. 286.

'H. F. Tiersten, Linear Piezoelectric Plate Vibrations (Plenum, New York,
YKL = SKL + I UtK U ,. - YUL (A7) 1969), Chap. 4, Sec. 4.

d IEEE Standard on Piezoelectricity-IEEE Std. 176-1978 (Institute of Elec-
Also, since UKL is small, U must fa trical and Electronics Engineers, New York, 1978), Sec. 4.5.
small (but nonlinear) quantity a,, thus 'Reference 5, Chap. 13.

U -1 = omL + aML .  (A8) "Since only linear electric terms are retained, this is the consistent ap-
aM (proach.

Since 'In this work we are interested in obtaining the extensional equation for the
rod essentially in the limit as the cross-section collapses to a line.

UKM UML = 6 L (A9) 'wReference 5, Chap. 7, Sec. I.
"R. Bechmann, "Elastic and Piezoelectric Constants of Alpha-Quartz,"

the substitution of Eqs. (A6) and (A8) in Eq. (A9) yields Phys. Rev. 110, 1060 (1958).
aKL -7rL -- y"r aML . (A10) "R. N. Thurston, H. J. McSkimin, and P. Andreatch, Jr., "Third-Order

Elastic Coefficients of Quartz," J. Appl. Phys. 37, 267 (1965).

Furthermore, from Eq. (A4), with Eqs. (4) and (AS), we have '"Reference 5, Chap. 15, Sec. I.
"Only terms with resonant denominators for driving frequencies in the vi-

R1M = 6 M RMX, (A ll) cinity of the resonant frequencies are large and need be retained in the

where nonlinear products.
"5Reference 2, Sec. 11. These are the only frequency combinations occurring

RMX = 6AIX + UM.K + amK + UM.L aLX, (A12) at the lowest orders of nonlinearity that are in the vicinity of o).
and we have employed the translation operator 6

iM dis "Only one term is retained because only the largest term is considered to be
of any potential importance. If more are thought to be required, they may

cussed in Sec. I in obtaining Eqs. (A 1l) with (A 12). Equation be included without difficulty.
(A 12) shows that if we can find aLM to any order in the small "The procedure is a straightforward iterative procedure except when the

quantities UKL, we can obtain RM, and, of course, RX to functional form resulting from the nonlinear terms is identical with that
satisfying the basic linear differential equation, at which point the coeffi-that order in U,,.L. cients associated with the functional form due to the nonlinearity are

To lowest order, from Eqs. (A7) and (A 10), successively, treated as unknown and identical with the coefficients of the linear solu-
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tin. This is the reason Eq. (104) is a homogeneous equation whereas Eq. '919 should be recalled that the lut term in Eq. (116) is the large one for the
(9)is an inhoinogeneous equation. This procedure is appropriate because case N = I only. For other values of N, values of M # N have to be consid-

the term on the rhs of (104) actually is a homogeneous term and appears to ered, perhaps more than one. However, if for a particular orientation x
be inhomnogeneous (known) only because of the nature of the formal proce- turns out to be very small, the last term in Eq. (116) is negligible and the
dure employed which tends to be misleading whenever this type of coinci. solution holds for any odd N.
dence of functions occurs. 20C . Truesdell and R. A. Toupin, "The Classical Field Theories," in Ency--

"A similar effect was inadvertently neglected in Ref. 3 and shouid have clopedia of Physics, edited by S. Fluigge (Springer-Verlag, Berlin, 1960),
been included. However, the quadratic coefficient in Ref. 3 for the AT-cut Vol. II1/I. Eq. (26.2).
turns out to be so small that the effect has a negligible influence on the 2 'Reference 20, Eq. (37.8). The Appendix does no more than carry out to
numerical results. second order what the reference states can be done.
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