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1. INTRODUCTION

It is well recognized that the mean sea level, as a surface of reference,
varies rapidly 'in time and space', e.g. see Lennon (1974). The variation
of mean sea level from the qeoid, or the 'quasi-stationary' non-tidal
sea-surface topography, e.g. see Mather (1978), is not very well known
but is of the order of 1 meter r.m.s. (root mean square). The vertical
geodetic netwurks in different continents, which are respectively referenced
to mean sea level determinations at coastal tide gages, therefore refer
to different equipotential surfaces. The problems of unification of vertical
datums have been briefly reviewed by Rapp (1980).

Colombo (1980a) proposed that a 'World Vertical Network' may be defined
by 'a set of estimated potential differences among benchmarks situated
in various continents' (ibid., p.2). These potential differences were
postulated to be independent of the precise definition of the gecid, or
the precise knowledge of the zero harmonic of the earth's gravity potential.
The principle of Colombo's method is more fully described in Section 2,
but in outline, he considered the potential difference between two bench-
marks, say BMA and BMB, each in a different continent, by computing the
normal and disturbing potential at each location,subject to the uncertainties

in the knowledge of the earth's gravity field and station (benchmark) locations.

The estimated potential difference, AW(BMA,BMB), could be made more precise
through redundant determinations by computing the potential differences
between some other pairs of bencrmarks, Pi and Qj in the respective
continents; and using these later differences to estimate AW(BMA ,BMB)

by considering potential differences AN(BMA,Pi) and AN(BMB,Qj) obtained

through gravity and leveling observations.

B Al d ok ol b

1
Colombo considered the normal gravitational potential described by

a spherical harmonic expansion to degree and order 20, with standard devia-
tions of the potential coefficients ('imperfect' model) as determined .
by Rapp (1978), and also with zero standard deviation ('perfect' model). 1
1
The disturbing potential was computed from gravity anomalies approximately .
uniformly distributed at a spacing of about 0.4° around each benchmark 1
ir a 'cap' of spherical radius 5° (10° was also considered in some cases). j
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With four benchmarks at hypothetical locations in Australia and five pench-
marks in North America, with standard deviation of relative geocentric
position as 0.15 m and the standard deviation of potential differences
LN(BMA,Pi), AN(BMB,QJ) as 0.1VT kgal.m, where ¢ is the length of leveled
connection in 10? km, Colombo (1980a, p.33) astimeted the sta de A4 oy
of the Australia - North America Vertical datum connection as about 0.3
kgal.m for the 'imperfect' model, and about 0.2 kgal.m for the 'perfect’
model,i.e. the low dearee potential coefficients to degree and order 20
being known perfectly without any error. Colombo (198 extended the
results to consider a 0.3 m r.m.s. unknown shift of tI rigin ¢f the
(benchmark) coordinate system from geocenter, when the -~iimated standard
deviation of the vertical datum connection rose to ab« " 4 and 0.3 kgal.m
respectively for the imperfect and perfect gravitation ° .odel. A slightly
lower value was obtained for hypothetically located benchmarks for the
North and South America vertical datum connection.

The precise coordinates are now available of the Lageos Satellite
Laser Ranging (SLR) network (Smith et al., 1982) in support of the NASA
Geodynamics program (NASA, 1981, p.6; NASA, 1982, p.7). Improved estimates
are also ncw available of the potential coefficients in the spherical
harmonic expansion of the earth's gravitational field (Rapp, 1981) to
degree and order 180. The present study applies the ideas of Cclombo
(198Ca, 1980b) to the currently available data, which is described in
Section 3, to determine the current accuracy estimates of the vertical
datum connections. The West Europe-United States vertical datum connection
is examined in detail in Section 6, as a greater number of SLR stations
are located in these areas. The current accuracy estimates are also deter-
mined for some other vertical datum connections in Section 7.

The present study first investigates in Section 4 the optimum reguire-
ment of the density and extent of gravity anomalies in the cap around
each benchmark for estimating the disturbing potential at the cap center.
Any reduction in the spherical radius of the cap from 5 makes the arav- 'y
anoraly data acquisition and reduction more feasible. This reduction

in *he cap radius is first examined in terms c¢f the accuracy of *trs astima'ed
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disturbing potential. Further reduction in cap radius is examined in
Section 6 in terms of the accuracy of the vertical datum connection, as
a larger number of cap pairs may be available for a reduced cap radius.
Finally, an optimal minimum size of cap radius is recommended for a very
modest requirement of gravity anomaly data while still ensuring reason-
able accuracy estimates.

| VEPT IV LR PLPCLPV- Il UPG Sy
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4
The hypothetical benchmark locations in Colombo's studies (1980a, 1

1980b) were placed away from coastal areas so that gravity anomalies may

not be required over marine areas, as such anomalies would be of lower

precision as compared to those obtainable over land areas. However, as -

several stations of the SLR network are Tocated in coastal areas, the :

effect of lower precision of gravity anomalies is examined in Section
4.5. '

The accuracy of potential difference estimates AW(BMA,Pi) and AW(BMB,QJ)
obtained through leveling could be of some concern over intra-continental
distances, e.g., see Kumar and Soler ‘1981); Lachapelle and Gareau (1980,
Section 4). The effect of leveling errors on the vertical datum connection
are examined in Sections 6 and 7 of this report.

"y A R

The effects of the unknown shift of the origin of SLR coordinate
system from the geocenter,and the random position errors of the SLR stations,
are also examined in Sections 6 and 7. The accuracy of the normal gravi-
tational field is considered in Section 4.4.
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i 2. MATHEMATICAL MODEL FOR THE VERTICAL DATUM CONNECTION

Lc We summarize here the proposal of Colombo {1980a, 1980b; fur es- -
3 '

tablishing the vertical datum connection between two continents or reaiuns
A and B by estimating the potential difference AW(BMA BMB) between two
benchmarks BM A and BM 8 in the two regions. We assume that there

Ratatalatal i, o7

ﬁ are several benchmarks or stations P], and Qj respectively in the two
regions, and that the potential differences Aw;(BMA,Pi) and :w‘(BMB,Oj)
have been obtained through leveling {and hence the subscript 7 ). Note

that Pj and Qj respectively include BMs. AandB , when obviuusly
‘ MW, (BMA,BMA) and ANQ(BMB,BMB) are zero.

D Zhuner e mnan e 4

i

J

1
4
|

2.1 _Accuracy Estimate of the Vertical Datum Connection

L Dencting the gravity potential W as a sum of the normal gravi-
E‘ tational potential U , the rotational potential ¢ , and the anomalous
potential T ; and also introducing errors by the notation . , we have

“W(BMA ,BMB)

1

U(Pi) + T(Pi) + Q(Pi) + AWQ(BMA,Pi) o)

[U(QJ.) + T(Qj) + &.’»(QJ.) + AWQ(BMB ,QJ.)] + Vi

where v.. = ~U(P.) - “U(Q.) + :T(P.) - ~T(Qj) + aAwC(BMA,Pi). (2.2)
= A‘w,.,(BMB ,Q\] ) D

and we are generally following Colombo's (ibid.) notatiun for ease of

reference. The errors in position of SLR stations propagate to errors

in U and 1, but as the magnitude of errors 7 is neagligibly small 1

a

{< 0.3") as compared to -U , the terms b have been omitted in (..

It is clear,by a simple consideration, that the maximum number, N“,

of linearly independent equatiors {2.1) between paris of benchmarks ‘

‘ Pj , O‘j for establishing the vertical datum connection, is one les< than
i the total number of benchmarks or SLR stations consideresd in the two Yedicn, 1

The actual choice of pairs is practicaily determined, thouak ahitrar )

for the simplicity of design (see Section 6.1).

-
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Equation (2.1) may be written in matrix form as:

a W(BMA,BMB) = p +v (2.3) (

where a, p, v are all vectors of dimension Ne' a is the design
vector with all components equal to 1, AW(BMA,BMB) is the unknown potential

PR RPY S RR LPP

difference for the vertical datum connection in the overdetermined system
(2.3); p is the vector of 'observed' potential differences, and v s
the vector of residuals.

The accuracy estimate,c AW(BMA,BMB), of the vertical datum connection
is obtained from:

N, N

1]
1)

o AW(BMA,BMB) = (97 v g)'l/z = [ (V'l)k]]'l/2 (2.4)

—

x ™

the last form of the equation being a consequence of all components of
a being 1. In (2.4), V 1is the variance-covariance matrix of the 'ob-
served' potential differences:

V= V(cAU) + V(EAT) + V(zA0W) (2.5)

where the right hand side terms are the variance-covariance matrices of
the errors in U(P,) - u(oj), f(Pi) - ?(Qj), LN (BMALP) - AW (BMB,0;)
respectively. The computation of V(cAU) and V(cAaW,) is described in
Sections 2.2 and 2.3, while V(ZAT) is considered in Section 5 after con-

:
b
;
1
{
:
!

LA M a‘aa e

sidering the accuracy estimates of the predicted disturbing potential
in Section 4.1. The notation ?(Pi) or ?(Qj) indicates that 'modified’
gravity anomalies (Section 4.2) have been used for predicting T.

It is also clear from subsequent discussion that the errors ecal, €aT,

Eaa

e;ANl are primarily due to different parameters. The correlations between
these errors have therefore been neglected in (2.5).

2.2 Variance Covariance Matrix of Normal Gravitational Potential Differences

e The normal gravitational potential U at a station P with geo- !

L AR AR T AR AR 4~ S A0 S S i AN S
a_

centric coordinates (r, ', 1) may be denoted by:
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n
(a/r)" 7 P

U(r‘r’;l "\\) = Gr—M[1+
2 m=0

n

nm( " m

ne~122

where GM 1is the gravitational constant times the mass of the earth;

N is the highest degree of the spherical harmonic expansion; a here is
the equatorial radius, ﬁnnﬂ Cnnﬁ §nn1 are respectively the fully norma’-
ized Legendre's functions and the potential coefficients of degree n and

order m.

The errors -U 1in (2.6) are due to errors in station coordinates,
in the value of GM , and in the potential coefficients,i.e.ecnm,a Snm'

We will consider the effect of errors Ecnm’;snm entirely while evaluating

the error -7 1in Section 4.1; and consider their effect cn :=U here
as zero. The effect of €GM/r will be almost zero on the potential dif-

ferences as such errors cancel in the differencing. And, as already mentioned,

the errors <?', =X for the SLR stations will have negligibly small
effect on U , as compared to the effect of <r on <cU. We may thus
presently consider only the effect of errors or , i.e.,

>
<

E

<U(P.) -

1 —_—

<r(Py) = -ver(P,

Q)
=

where it is sufficient to consider an average value Y of normal gravity
on the ellipsoid. This approximation is reasonable as the latitudinal
spread of the SLR network is not large (see Table 3.1). For simplicity,
we further assume for this study that the standard deviation cf radial
position errors, Ger , has the same value for all stations of the SLR
network. For actual vertical datum connections, it is not necessary to
make these simplifying assumptions.

It is also reasonable to assume no correlation for <r 1in the deter-
mination of the positions of SLR stations, and we thus have a diagunal
matrix for V(cAU) with each diagonal term 3°:AU given by:

. Py R = - \
in s C cosm + inm ] ]
S )1 n )\ SnmS i ] {2

) (2.7)
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We now need to also consider the additional contribution to V{( U)
of the unknown shift of the SLR coordinate system from the geocenter.
The error ar(Pi) caused by the shift (X, AY, AZ) of the origin of

the coordinate system is given by the projection of the shift on the radius

vector r(Pi):

xié X+ YiAY + ZiAZ
ar(P.) = (2.9)

! r(Pi)

where (xi, Yo Zi) are the coordinates of P..

Denoting the coordinates of Qj by (Xj, Y., Zj),and the spherical

J
distance between Pi and Qj by w(Pi,Qj); the covariances in V(=2U)
in addition to (2.8) are obtained (see Colombo, 1980b, p.99, equation

(21)) by using (2.7) and (2.9):
, Xin + Yin + Zizj 2
)

r(p;) (0,

v cov(er(Py), er(Qy)) =
=y ~§§ cos (¥(P;,0;)) (2.10)

where the simplifying assumptions have been made that variances of shifts
‘628X, o%AY, o®AZ) along coordinate axes are not correlated with each
other, and are all equal to some constant o%h .

s2AX = o2AY = 0%AZ = 0%A = 37s/3 (2.11)

and <°s 1is the standard deviation of the shift of the coordinate system
origin. A range of values may be tried for os , say from O to 50 cm.

3
b
!
b
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2.3 Variance Covariance Matrix of Leveled Potential Differences

The standard deviation, . , of the first order, class [ double-
run leveling, based on tolerances (Federal Geodetic Control Committee,
1980, pp.24 and 28) between forward and backward measurements, may be
quoted as 0.5VL mm, where & 1is the leveled distance in kilometers
(Vanicek et al., 1980, p. 507). However, this may not be realistic for
long lines of leveling observed over a period of several months. For
the determination of sz over intra-continental distances between SLR
stations, a more conservative estimate (Personal Communication from
C.T. Whalen, NGS to R.H. Rapp, June 1981) would be 5 = 2.10"Vf kgal.m.
Now, if 2 1is expressed in 10% km, ¢ = .06VZ kgal.m, which is comparable
to 0.1V¥ kgal.m used by Colombo (1980a,b). To get an insight into the
effect of leveling errors on the vertical datum connection, a range of
OENMi in Sections 6 and 7:

values will be tried for o

Ty = k(0.1VE) kgal.m, 2 in 10° km, k = 0,1,2,4 (2.12)

If M, is obtained from BMA (or BMB) to Pi {or Qj) by separate
routes, the variances of czcawl would be uncorrelated. The Jeveling
errors covariance matrix in one recion would have off-diagonal elements
if the level route proceeds to a station through a preceding station.

For example, if in region B, there are five stations Qj (including BMB,
which is numbered as 1), and level routes are independent from BMB to
each station except to station 5, which proceeds through station 4, then

V(.34 ), may be written in the form of following matrix:

B

.01 k2 { (1,1)

= (1,3) (2.13)

s
-
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with other elements zero. The term (1,4), for example, is the distance
between stations 1 and 4 in 103 km; and similarly, other non-zero terms

in (2.13). The form of V(gsz) is discussed further in Section 6.1 (also
see Table 6.1).

The elements of V(EAANZ) in (2.5) for leveling errors in the potential
difference sz(BMA,Pi) - Awg(BMB,Qj) would be formed by summation of cor-
responding elements in V(EAWR)A and V(eAwg)B , according to the selected
pairing of stations in the two regions in the Ne equations represented
by (2.1), assuming no covariances between leveling errors in region A
with those in region B.
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3.  STATIONS AND GRAVITATIONAL MODEL

The stations used for computing the accuracy estimates for the vertical
datum connection were from the solution SL4 (Smith et al., 1982), and are
described in Section 3.1. The gravitation model i- deccritad in 7o #ivy
3.2. Potential differences 4W; , through leveling and gravity observa-
tions in a region, were not needed (see Section 2.3 for leveling error
covariances) for the vertical datum connection accuracy estimates. But
estimates for AWy should be readily available when actual computations
are made. A very wide range of oeAWy in (2.12) will be considered for

the present accuracy studies in Sections 6 and 7.

It is assumed for this study that point gravity anomalies will be
available in a uniform pattern at an approximate spacing of 10' ( 18-20 km)
around the SLR stations in a cap. These uniformly patterned anomalies
may be predicted from existing gravity anomalies in the area. (See Section
4.1. Additional gravity observations may be required in some areas).
'Modified' anomalies (Colombo, 1980b, Sec. 3.3) are envisaged for predicting
T(Pi) or T(Qj), which will be discussed in Section 4.2. The choice of
an optimally minimum spherical radius of the cap for the vertical datum
connection would be discussed in Section 6.3.

3.1 Lageos Satellite Laser Ranging Stations

A precise set of coordinates are available in the SL4 system (Smith
et al., 1982) from Lageos laser ranging data for May 1976 till August 1981.
A stightly revised 1ist of coordinates was suppiied on punched cards by
0. Christodoulidis (Personal communication, June 1982). Counting only as
one station, when different nearby sites were occupied at different times,
there were 29 stations in the solution. Stations 7896 (Pasadena) and 7110
(Monument Peak) were very c1osé, about 1° and 1/2° respectively, to stations
7115 {Goldstone) and 7062 (San Diego). After omitting 7896 anc 7110. the

remaining 27 stations have been plotted in Figure 3.1. There are 14 station-

in conterminous United States, 4 in Europe, 2 each in Australia and Soutt

America, 2 each in the Carribean and Pacific Isiands, and 1 in Hawaii.
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Because the largest number of SLR stations are in Europe and U.S.,
the vertical datum connection between these two regions has been examined
in detail in Section 6. The coordinates of these 18 stations have been
listed in Table 3.1. The coordinates refer to the Laser tracker optical

center at the four sites in Europe and the SAQ site at Mt. Hopkins, Arizona.

The coordinates at the remaining 11 sites refer to the survery pad.

3.2 Model of the Earth's Gravitational Field

Rapp (1981) computed the potential coefficients in the spherical har-
monic expansion (2.6) of the earth's gravitational field to degree and
order 180. The expansion was in fact carried out to degree 300, but there
was some concern (ibid., p. 24) about the sharp discontinuity at degree
180 in the quadrature weights for computing the potential coefficients.
The data sets utililized for developing this field were an a-priori set
of potential coefficients to degree 36 based on a number of the latest
available solutions including a substantial number of resonance terms,

a 1°x1°anomaly field derived from the Seasat data set, and the latest
available 1°x 1° terrestrial field. In principle, the three data sets were
used to provide a global set of adjusted 1°x1° anomalies, from which the

final set of potential coefficients were obtained by the quadrature formulas.

The standard deviation (etnnv e§nnﬁ of the potential coefficients
was estimated considering the data noise, -i.e. the r.m.s. standard deviation
of the global anomaly set, which was taken as 20 mgals; and the sampling
error due to the finite size of 1°x1°blocks.

The effect of data noise is several times larger than the effect of
sampling error on the standard deviation of the potential coefficients
(Rapp, 1981, p. 29). Figure 11 (ibid., p. 33) shows the coefficient per-
centage error, %En , as a function of degree n. This has been reproduced
as Figure 3.2 and shows that %En is ahout 60% at degree 60 and rises
to about 150% at degree 180.

n
(7T, +&'S )/(ens) 10T (T 482 y/(ene) 1100 (3.1)

0 nm nm m=0
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The rise in %En reflects the fact that coefficients decay faster
than the estimated standard deviation. (Also see Section 4.4, Figure 4.4).
There is also some evidence that the standard deviations may be slightly
?‘ pessimistic (Lachapelle and Rapp, 1982, p. 4). The r.m.s. coefficient
and the r.m.s. accuracy by degree i.e. the denominator and numerator on
the right hand side of (3.1) have been listed in Table 3.2 for all dearees
for N < 30, and every tenth degree till N = 180.

Table 3.2
| RMS Variation of Coefficient, ¢y,
. and RMS Accuracy, €, by Degree N
; December 1981 Potential Coefficients Field (Rapp, 1981)
d
?. | ! 1 :
\ . 8 . 8 . 8 . | e '
N | o -10 e 10 N | 10 e -10° N } cpe10° e .10°
21 1.22 .34 90 .14 .11
2 | 125.7 11 22 1.40 .34
3| 112.2 .30 23 1.05 .32 100 .12 .10
4| 50.5 .31 24 .92 .32
51 35.0 .59 25 .96 .31 110 .104 .094
6| 24.9 .48 26 .73 .30 ‘ )
71 19.7 .71 27 .67 .27 120 .089 .087 {
8| 11.7 .64 28 .75 .27 | ;
9, 9.7 .81 29 .65 .26 130 .074 .080 i
10 i 7.7 65 30 70 24 ;
| |
11| 5.6 .76 40 48 | .25 140 .065 .075 :
12! 3.3 .57 .
13| 4.4 .60 50 .39 .20 1 150 .053 .070 -
- 14, 2.5 .54
= 15 2.3 .49 60 .29 17 160 | .088 | 066
o 16| 2.6 .50
- 174 2.0 .44 70 .20 .15 170 .043 .063
- 18 1.8 .42 |
@ 19 1.6 i .41 | 80 .17 .13 180 .038 | .060
= 20 1.2 .3
4 | 1 ’ J 1
{ .
r o= ? (T2 +3 )/t e = [ . (e 425 )/(2n+1)7"
!. n m=0 nm m > "n méo nm nm
;O
. -15-
§
1 @
3
S
l — MM A M . S e P I e -

e e e e e e o e e o e o e



T

it s

i PSS i S S i Rty et S Y ME oy R TN e————- R —— -

The potential coefficients in Rapp (1981) will be used in this study
to describe the earth's normal gravitational field. The coefficients set
to degree 180, or a iower degree subset, will be termed as December 1981
potential coefficients field when the standard deviations as given in ibid.
are used. It will be termed as 'perfect to N=1C, 20, 30' if the standa:
deviations of the coefficients to degree 10, 20, 30 are set to zero. This
corresponds to the characterization by Colombo (1980 a,b) of the 'imperfect'
and ‘perfect' model of the normal gravitational field.

By using (2.6), the anomalous potential T(P) at a station P , with
geocentric coordinates (r,;',\), may be expressed by:

N n
- GM . = n 5 L = .
T(P) = 77( 7 (a/r) Z an(s1n 4) [efnmcos m:+cS sin ms )
n=2 m=0
[os] n n .
+ (a/r)" Y P_ (sing) [T_ cosm+3 sinm]} (3.2
n=;+1 meg M M nm nm )
where we have now considered the errors :C__, <5 in the normal gravi-

-onm nm

tational field to degree N 1in defining T(P) .

We may similarly write an expression for the gravity anomaly . g(P)
using the spherical approximation relation (Heiskanen and Moritz, p. 89):

A —-_‘_-g_,
o= e . T (3.3)

The covariances involving T and g at points P and P' are
tnen given by (Colombo, 1980a, p. 13):

N .
cov { vq(p)) = &M w oAy S1) .2 ,
cov(T(P),2a(P")) = == p;:’)(m,.) (2n+1)(n-1) 22 P (cos ypp.)
+ ? (é¥dn (2n+1){(n-1) = P (COS nn. ) (3.4)
- rr' Lo n ‘n'=Y7 “ppr/ -/
n=N+1
S1A.
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22 N
cov (T(P),T(P")) = CHUE)

n=2 rr
e a \n ,, 2 .
+ n=%+l (FFT) (2n+1) = Pn(cos ’PP‘) (3.5)
) gy G Nt ;.
cov (49(P),8g(P")) == n;g(};ﬂ (2n+1)(n-1)" =7 P (cos wgpi)
T az n 2 .2 " 1
+ n=|%+1 (Z)" (2041) (n-1)7 =2 P (cos vppi):  (3.6)
. n -
where “h mzo(grffnm +e'S /(20 + 1) (3.7)

and the unknown £C 2T may be approximated by the estimated variances

nm® € 2 nm
m of the potential coefficients. Gn is the r.m.s. variation

of the potential coefficient by degree:

efnm , €S

5 Com* Sy (20 + 1)1 (3.9)

%]
"
mm
i~

m
which is related to anomaly degree variance <, by (Jekeli, 1978, p. 19):

¢, = Yo (n-1)2 (2n + 1) c; (3.9)

The anomaly degree variances were computed by the 'two-component' ulobal
model, using the spherical approximation for the earth with radius
R=r=r'"=6371 km:

R?

_. h-1 __;n+2 . n-1
Cn(R) TY1 A (R) o n-2)(n+8 {

R.‘
)2 (3.10)

with the parameters as determined by Rapp (1979, o. 15, Table 5, Case 1}):
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3.4050 mgal” ,
R
—L = 0.998006,
R’

1 ’

140.03 mgal”

,.,
h

X
9ty

% = 0.914232
.

B =2

T T T T

(3.11)

The advantage of modeling the dearee variances by equations like (3.10)
is that it allows the evaluation of infinite series in the second part of the

equations (3.4) to (3.6) by using finite recursions (see Jekeli, 1978, Sec.

[11.4).
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4.  ACCURACY ESTIMATE OF PREDICTED DISTURBING POTENTIAL

We examine in this section the accuracy, -'T , of predicted T at
a benchmark (SLR station) using the gravity anomalies in a cap of radius
. The variance-covariance matrix of errors in f(Pi) - f(Qj), i.e.
V(2aT) in (2.5), will be discussed in Section 5. The evaluation of T
is described in Section 4.1, and the 'modified’' anomalies sg* used for
determining c3T are described in Section 4.2. The effect of anomaly density
or separation, A: , in a uniform pattern of anomalies, and the effect of
the extent or spherical distance (radius)  of the anomalies on T s
examined in Section 4.3. The effect of the errors in the low degree coef-
ficients, and the effect of maximum degree of the normal gravitational field,

on 33T s examined in Section 4.4. Finally the effect of the errors,
ccAg* , in modified gravity anomalies, on geT 1is examined in Section 4.5.

4.1 Disturbing Potential at Cap Centers

We may predict the disturbing potential T(Pi) or T(Qj) at a cap

;
location (Moritz, 1980, Sec. 14):

center or station, P. or Qj , in principle, by using least squares col-

-1 T
L) = Ag = iz + .
T(Py) = Crp glCpg g * D)7 20 = iz + ) (4.1)
where
= -1.T
f=(C, +0D) G (4.2)
and the estimated accuracy, :.T , by:
2T(P,) = Cop - FIC (4.3)
R T - =12 :
C,p_ \q - ;Tz is the covariance vector of the gravity anomalies vector
Fi.20

59 with T(Pj) , and its elements are given by (3.4). The aravity anomalies
vector consists of a signal part, or true value z , and uncorrelated ran-

dom noise part n. The variance covariance matrix of the signal is given

-19-
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%27
be a diagonal matrix, and computed as in (4.5) below. CTT is the co-

variance (T(Pi)’T(pi))’ which was assumed to be the same at all benchmarks
(cap centers), when the anomalies hove the same uniform pattern, and . ,

by ¢ = (g:g,.g); and that of the noise by § , which may be assumed to

for each cap. CT.r and elements of gzz may be computed by (3.5) and (.0}
respectively. The computation of elements of gzz and QTZ are modified
as in {4.6), (4.7) below when using ring averages of gravity anomalies.

The computations of covariances C; and ( are done much faster
if the anomalies are located in a uniform pattern {Colombo, 1979), and the
number of elements are much reduced if ring averages 35; are used instead
of Nk individual anomalies Agkm in the kth ring of specified radius
around the cap center:

Ny
g L7 (4.4)
L_g = - L _.‘\.g .
k Nk me1 km
N
d . . 1 M
Kk T3 (4.5)

and for simplicity, we assume for this study that “km = Sl for all k
and m. This simplifying assumption is not necessary for the computations
of the actual vertical datum connections.

The covariances involving ring averages are related to covariances

involving irdividual anomalies by:

Nk N]
— T 1 v
cov(ig, ,49,) = v L Y cov(ag, ,Ag, ) (4.6)
k*™1 NkN] mel  n=l km*~21n
N
- A'—_l Pk A \
cov(T(Py)atay ) = - 2 cov(T(Py), 29, ) (4.7)
k m=1
| There were an integer number of rings say Np in a cap of radius .
¢ such that:
o= /N (4 7)
1 /p (4.7
-20-
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The distribution of anomalies in the rings was one anomaly at the cap center
(zeroth ring); 6, 12 and 24 anomalies in the first, second, and third rinqc.
The number of anomalies thereafter doubled as the radius of the ring doubled
(i.e. in the 6th, 12th, 18th, etc. ring), and staying constant otherwise
(see Colombo, 1980 a, p. 23). The prediction of T(Pi) and T(Qj) was
done from ring averages of gravity anomalies by utilizing (4.5) to (4.7).

It is assumed for this study that the 'observed' anomalies at separation
of nearly, or slightly less than, Ay , and of extent slightly larger than
(v + Ay) are available, though these are not located in the uniform pattern
described above; e.g. see NOAA (1982) for the conterminous United States.
Additional gravity observations may be required for some caps. The data
requirement is very modest, as will be discussed in Section 6.3. This
set of available anomalies may then be used, as a first step, to predict
anomalies at locations giving the uniform pattern of anomalies described
above. We now discuss in Section 4.2 a set of 'modified' anomalies Ag*
in the uniform pattern; the modification, in principle, lies in usina each
cap center as the 'leveling datum' for all anomalies inside that cap. This
modification bypasses the requirement of accurate physical realization
of the ceoid using coastal tide gages, i.e. the problem of sea surface

topography.

4.2 Modified Gravity Anomalies

We define (Heiskanen and Moritz, Sec. 8.3) the gravity anomaly ‘g
at a point P' on the terrain from the observed gravity g:

where ¥ is the normal gravity on the point Q' on the telluroid

corresponding to P' , such that
UQr) + 7(Q") = w(p") (4.9)

where (Q') = '(P') may be using the notation of (2.1). However, the
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knowledge of W(P') 1is subject to errors in the leveled potential dif-
ferences ANQ(O,P') = W(0) - W(P') over long distances from the geoid
potential W(0) determined at the tide gages, with additional error due
to the unknown sea surface topography.

To avoid this problem, Colombo (1980b, Sec. 3.3) proposed the use
of 'modified' gravity anomaly Ag*(P') referenced to the normal gravity
potential through the corresponding cap center Pi , such that:

8g*(P*) = g(P') - v(Q") (4.8)*

where Q" 1is a point defined on a geopotential surface with the normal
gravity potential

u(Q") + ©(Q") = U(Py) + o(P,) - sz(Pi,P') (4.9)*

which is well defined if we observe the leveled potential differences
sz(Pi,P') over the short distances (Pi,P') inside a cap from the cor-
responding cap center. We thus need estimates of sz(Pi’Pl) for all
gravity anomalies inside a cap to compute the modified gravity anomalies
Lg* in (4.8)*. Errors in Aw2 would propagate into errors into A4g*.
These would of course be much smaller than the corresponding errors in
(4.8), due to shorter distances and will also be free of the errors of
sea surface topography. The last statement is applicable as the normal 1
gravity potential at the cap center, P. , is computed from the SLR !

i
station coordinates.

We further note that as the right hand side of (4.9)* equals
dir) - T(Pi) , and assuming +{Q") = »(Q’), we have using (4.9):

LEQ") = Uu(Q") + T(P.) (4.10) 1
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Hence,  ag*(P') = ag(P') + 1(Q') - ¥(Q") = wo(P') - Y 1(%11
= (P") + ;ngy T(P;) (4.11)

1

as a spherical approximation. (4.11) permits a correction to be computed
in (4.12) below to the estimated T(Pi) from the modified anomalies, because
in (4.11) OAg* may be considered as the original anomalies with a bias
term kT(Pi) , k = 2/r(Pi). If Ag is in mgals, and T s in kgal.m,

k = (2 x 10 )/(6.371 x 10°) ~0.3.

In (4.1) to (4.3), the covariances are based on Ag through (3.4)
to (3.6) and (3.10). We now consider the effect on T and o€l , if the
data consists of the modified anomalies Ag* instead of Ag , but the
covariances, and hence f in (4.2), is based on A4g. Let the estimate
of T(P,) be denoted by f(Pi) or ?(Pi) based on the data Ag or

Ag* respectively, where the overbar indicates that N_  ring averages

q

are used as in (4.4) and (4.7)*, Nq = Np + 1. Then:

) ~ N, Ny ) Ny

T(P,) = T(P,) + ET(P,) = 1 fiag) = § fiag% - kT(P) T fy,

1=1 1=1 1=1

. ET(Py) . Sf14g9]
1-e. T(P;) + I?éf?% T T,
and as T(Pi) = T(Pi) + eT(Pi) , we have finally:

2 . ET(P§) ¢ . Lf18g* -

2T(PL) = Toe » T(P) = Tiﬁf?“l , ko= 2/r(P.) (4.12)

1 i
where the summation extends over the N rings in the cap, and using (4.3):

F1)° (4.13)
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Henceforward, whenever we use T(Pi) or JgT(Pi) , 1T will be
understood to mean T(Pi) or c§T(Pi) based on modified gravity anomalies
Ag* , but all covariance would be based on (~g through the anomaly degree
variance model (3.10) used for evaluating (3.4) to (3.6). The factor
(1 + k:f]) and (1 + ka])2 is then required to be used as in (4.12)

and (4.13) respectively.

The implementation of the above equations was done by slight modifi-
catjons of the programs developed by Colombo (1980a, Appendix B).

4.3 Extent and Density of Gravity Anomalies

We now examine the effect of v, i.e. the cap radius or extent of
gravity anomalies around the cap center; and the effect of 4A, , i.e. the
density or separation of anomalies, on the accuracy estimate :£7. Colombo
(1980 a,b) had considered y = 5° , but any reduction in y would make
the realization of Ag*(P') , with the needed estimates of sz(Pi,P')
in (4.9)*, easier in practice.

Figure 4.1 shows a plot of the covariance CT,Ag = cov(T(P),2q(P'))
in (3.4) for variation in the spherical radius ¢ up to 5°, where the
normal gravitationai field is represented by the Dec. '81 P.C. field ('im-
perfect' model) and also the 'perfect' model to N = 30 (see Section 3.2).
The curves for coefficients perfect to N = 10,20 were not plotted to avoid
congestion; they fall between the two plotted curves. The value of N
in the expansion of T in (3.2) and the corresponding expansion of Aig
in (3.3) was taken as 60. The use of this specific value of N will be

discussed in Section 4.4. The plot of the covariance function CT A would

92

of course be more damped out if a still higher degree espansion is used
in (3.2) and (3.3), i.e. when N s taken as 90, 120, 150, or 180. It
is clear from Figure 4.1 that CT,Ag decreases rapidly with increase in

, and the extent of anomalies, for predicting T , may be reduced con-
siderably from o = 52 used by Colombo (1980 a,b).

For a specific value of ¢ , we have also to consider the effect on
- T for different density or separation. Ai , of the anomalies (See

_24.-
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equations (4.13) and (4.7*)). The values of <T are given in Table 4.1
for &v = 1/73°, 1/4°, 1/6° for some values of . . The total number of
anomalies needed for some specific combinations of 4y and - are also
given. The normal gravitational field is described by Dec. '81 P.C. fielc
to degree N < 60; and J:Ag* is 2 mgals. (The effect of variation in

N and 322g* would be considered in Sections 4.4 and 4.5 respectively).

Table 4.1 Accuracy Estimate, =T (Kgal.m), of Disturbing Potential
at Cap Center for Various Density, A.° , and Extent, ; ,
of Uniform Pattern of Modified Gravity Anomalies, xg*.
;=0g* = 2mgals; December '81 Potential Coefficients Field.

Voo | IR
A0 Sl (Kﬁﬁ].m) ] TAyC ' Total # of 2a* in a Cap
wo wo | T
-l 20 |30 | 4 | 50 L I A L N S
i i 7 ! !
1/3° 0.55 052 1 1/3° | ! | 475 | 763
1/4° 0.48 | 0.42 | 0.38 || 1/8° ‘ | 475 | 859 1243
‘ |
1/6° | 0.51 | 0.41 | 0.34 | 0.28 || 1/6° | 475 Il 1051 1723 2875

Table 4.1 confirms the obvious expectation of lower oéT for a specific
density Ay , as » is increased; and also of lower ciT for a specific
., as the density Ay 1is increased. However, a large - along with

t

a large A&y 1is not suitable for realization in practice, as the total

number of anomalies in a cap becomes very large, e.g. &y = 1/6°, v = 4 or 5°.

We can also see from Table 4.1 the possibility of an optimum com-
bination of + and &y . For example, v = 3°, &y = 1/6° gives about
the same value of <£T ,as % = 4°, &4 = 1/4°, Again, . =27, & = 1/§8°
gives slightly higher <ZT than % = 3°, &v = 1/4°; but in fact lower than
L= 1/3° for either v = 4° or 5°.

[t 15 obviously preferable to have a smailer . , as we nced the es-
timates of ;wo(Pi, P') for all anomalies in & data cap, and these can
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be obtained with greater precision for smaller . . Additional tests were
carried out to determine o<T for | < 37 , but with greater density of
anomalies, i.e. Ay < 1/6°. The results are aiven in Table 4.2.

Table 4.2 Accuracy Estimate, o¢T (kgal.m),
of Disturbing Potential at Cap Center.

Extent y < 3% aAp < 1/6°;
Other particulars as in Table 4.1.

T T S
b0 ‘A .

N ~¢T (koal.m) o Total # of 2g* in a Cap

- : T v r l T

C 082! 10 ioee lo3 4 | 0.5° ] 1° 2° | 3

! I T + e

1/6° 0.82 | 0.67 | 0.51 | 0.41 || 1/6° 43 | 139 475 ! 1051
1/8° 0.82 | 0.66 ; 0.50 | 0.40 || 1/8° 67 | 235 859 | 1723
1/12° | 0.82 | 0.66 | | | 1/12°) 139 | 475 |

It is thus adequate to have the anomalies in a uniform pattern (4.7)*
at a separation Ay ~ 10', as a more densely spaced set does not lead to
significantly lower 4T . We will examine the accuracy of vertical datum

connection, specifically of Europe - U.S. connection, using y of 3°, 2°
and 1° with a larger number of equations (2.3) beina available as . is
decreased.

The results in Table 4.1 and 4.2, and a few additional results, have
been plotted in Figure 4.2.

4.4 Accuracy and Highest Degree of Normal Gravitational Field

It is of interest to know how much the accuracy estimate 3T would
be improved if the low degree coefficients in the gravitational field
were known to a higher accuracy than at present (Section 3.2). - T s
accordingly tabulated in Table 4.3 for the current December '81 field,
as well as for the cases if the standard deviation of the coefficients
is zero (perfect) to degree N =10, 20 or 30. The extent of anomalies

in a data cap, i.e.  , is varied; but as determined in Section 4.3,
the anomaly separation =, in all cases is taken as &, = 1/6 .
.27-
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Table 4.3 Accuracy Estimate, =T (kgal.m)
of Disturbing Potential at Cap Center.
Variation Due to Accuracy of Low
Degree Normal Gravitaticnal Field.

Anomaly Separation, Av = 1/6°. roig* = 2mgals
Accuracy of Low Degree Normal Field -3T (kgal.m)
I H
1=0.5° | w=10 0 pe2° =3
! S
Dec. '81 Coefficients 0.82 | 0.67 | 0.51 | 0.4]
(en as in Table 3.2) 1 | ! '
Perfect to N = 10 ' 0.73 | 0.57 ) 0.40 ! 0.3
(e, = 0 for N < 10) i e |
i . \
Perfect to N = 20 057 1 040 | 0.24 | 0.17
(e, = 0 for N < 20) | | |
’ x
Perfect to N = 30 ; 0.48 0.31 | 0.16 | 0.12
(en =0 for N < 30) | 4

The results in Table 4.3, and some additional results for v ™ 3°, are
plotted in Figure 4.3. We clearly see that for a given accuracy of the
normal gravitational field, <ET improves as ¥ 1is increased. However,
oS improves more strikingly for a given ¥ , as the accuracy of low
degree coefficients improves. We do not expect a perfect gravitational
model in the near future, and all vertical datum connections in this report
in Sections 6 and 7 are computed with the present accuracy of coefficients
in the December '81 field. However, we may draw two conclusions from
Figure 4.3. Firstly, the extent % of Ag* may be reduced as the accuracy
of low degree normal field improves; e.g., ~<T of about 0.4 kgal.m may
be achieved with anomalies in a data cap of 37, 2° or 1 with Dec. '81
field, and a field perfect to N = 10, 20 respectively. Secondly, we may
expect limiting values of =ZT of about 0.3 kgal.n with data cap of
- = 1°, which will improve to about 0.2 kgal.m with < = 2°. These improvements
will come primarily from better knowledge of low degree coefficients;
larger data caps (- > 3°) or greater data density (2. < 1/6°) will not
contribute sianificantly to lowerina the accuracy (' T) of disturbina
potential at cao centers.

-29-
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[t is also of interest to examine the effect on - T in (4.13) of

the maximum dearee N of normal gravitational field used in defining

T in (3.2 ); and the covariances (3.4) to (3.6) required in computing

S din (4.3). This is shown in Figure 4.4 for the December '€1 coeffilients
field, for anomaly separation at A, = 1/6°, --7g* = 2 mgals; and for data

cap radius , = 0.5°, 17, 2° and 3”. There is no significant difference

in 27 in any of the cases considered, when the maximum degree M ¢f

normal gravitational field is increased beyond 60. This is due to the

fact that the r.m.s. accuracy n and the r.m.s. variation of the coefficient
(defined in (3.7) and (3.8)), tend to be of the same order of maanitid- I

wﬁen N - 60 (see Table 3.2). However, there is a marked difference n

the computing time in the covariances (3.4) to (3.6) as the maximum dearee

N is increased. The second term in equatinas (3.4) to (3.6) is ubtained

by finite recursions with the use of the degree variance model (see end

of Section 3.2); but the first term in equations (3.4) to (3.6) requires

the summation of a series, which becomes expensive in computer time as

N is increased. Ffor . = 3°, with 12 anomaly rinags (4.4), the computing

time for =-=T for one data cap on the Amdahl V/6 computer was 13.4 seconds

for N = 60, and 36.1 seconds for N = 180. However, as the number of anomaly i

rings are reduced to 12 for ¢ = 2°, the computing time for T was 8.7

seconds for N = 60, and 11.4 seconds for N = 180. The difference in computina

time is further reduced when ., < 2

4.5 Accuracy cf Gravity Anomalies

The accuracy estimate of modified gravity anomalies propagates into
T through (4.5) which defines the noise matrix used in computing f
in (4.2) and -=T in (4.3); and finally through (4.13) we also take into
account the underlying covariance model used for predicting the disturbing
potential f(Pi) or f(Qj) at cap centers in (4.12). This propagatioun
to T strictly refers to the random errors in aravity anomalies, which
cenends on the precision of gravity observations and the position, primarily
the height, of the ¢bservation point. The computation of modified anomalies
reauires ;N;(Pj,P') observations through leveling in (4.9)* and (4.3)*
from the cap center over distances of the order of . = 3, or smaller.

Hence, a conservative estimats of 2 mgals was nsed for - "g* - for

km




| £AE A

| €
1.2 —
Hﬂ Figure 4.4: Variation of Accuracy Estimate o7
LN of Disturbing Potential with Highest
B Degree of Norma! Gravitational Field.
-
- oeag*® = 2 mgals. Anomaly Density
k’ 1.0 hy = 1/6°.
ﬁ December 1981 Potential Coefficients
' Field.
3 y=0.5°
;‘l - l
—~ 08 L —— —e— 1 -
S .
O
= Y= |°
. — l
E”' <w —— °- Y. —9
: b
> 0.6
' O =2°
Y << ‘#&
Q- —— o — -
.,
s - —
.- —9
& 0.4 - i
y=3°
0.2 B
|
|
0.0 L1 L | | { |

o 2030 60

HIGHEST DEGREE OF NORMAL GRAVITATIONAL FIELD

S0 120 150 180

ik

b el aia

b




all k and m in (4.5), i.e. for simplicity in this study, all gravity
anomalies were assumed to have a standard deviation of 2 mgals. This
estimate takes into account the gravity observation errors, the additicnal
errors in leveling from the cap center and in the prediction of the uniform
pattern of anomalies described below (4.7)*.

However, to examine the effect on T of larger -cig* , several
values of ceig* were tried up to 10 mgals for different cap sizes. These
are tabulated in Table 4.4.

Table 4.4 Accuracy Estimate, +°T (kgal.m),
of Disturbing Potential at Cap Center.
Variation due to Accuracy Estimate, >clo¥*,
of Modified Gravity Anomalies.
Uniform Pattern of Anomalies with Density 4w = 1/6".
December '81 Potential Coefficient Field.

- R
TEAg® i 02T (kgal.m)
. | o
mgals | v = 0.5 i wo=1° | g = 2° g = 37
0 | .823 i .670 !
1 .823 | 670 ! .508 | .410
2 .8 l .670 ‘ .508 | 411
4 .825 | 672 [ 511 414
6 .827 | 674 | .515 .422
g , .830 } 678 | 519 | 429
10 834 | 683 | 526 | 437
. i R

The results in Table 4.4, and a few additional results for the case
if the low dearee (N < 10) potential coefficients were known perfectly,
have been plotted in Figure 4.5. It is clear from Table 4.4 and Figure

4.5 that -.T depends strongly on the extent of gravity anomalies (with
optimm density . = 1/6°); and T is not particularly affected by the
variaticon in - a*. This result is very helpful in answerina the concern

about the accuracy reguirement of gravity anomalies over marine areazs

-33-
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around those SLR stations, which are located in coastal areas (see Ficure
3.1). Even if the random errors of some modified aravity anomalies are
r?x quite large, the accuracy estimate T of disturbing potential at cap
center is obtained to about 41, 51, 67 kaal.m for . = 3, 2", 1 re-
spectively, if modified gravity anomalies are available in a uniform pat-
tern at density Ay = 1/6°.

A A A a4 A A semam oA 2 .

A systematic error in gravity anomalies due to height error of as

Targe as 50 cm is shown by Colombo (1980, p. 20, footnote) to cause an

constant height error in all stations will result in a constant bias in

:
error of the order of 0°05 kgal.m in T , which may be neglected. A
all gravity anomalies. As the pattern of gravity anomalies, i.e. the

Q

extent ° and density J&v® , is the same around each cap center, the
resulting <T will be nearly the same and will largely cancel out in

disturbing potential differences between cap pairs. For similar reasons,

D A S A

a systematic error in GM will largely cancel out from the normal and dis-
turbing potential differences between cap pairs. The effect of random
errors in positions of cap centers, and the geocentricity of the coordinate
system , on AU was discussed in Section 2.2.

e & ) _ s s a2 _2

We now first examine in Section 5 the variance-covariance matrix
of disturbing potential differences V(:aT) in (2.5) between cap pairs,

Y WD S

Pi’ Qj in regions A and B . The optimum extent + of gravity anomalies
around each cap center is then examined in Section 6 by < W(BMA,BMB) in
(2.4) for the case of Europe - U.S.A. vertical datum connection, in view

of larger number of equations being available as + is decreased below
3°.
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5.  VARIANCE COVARIANCE MATRIX OF DISTURBING PCTENTIAL DIFFERENCES

The variance covariance matrix V(I2T) in (2.5) for errors in
l(Pi) - I(Qj) are given by propagation of covariances through :3$T(Pi)
and “iT(Qy) in (4.13) and by cov(£T(P;), £T(Q;)). For example, the

diagonal element v of V(EAT) s given by:

kk

>

Vi = MET(PG) = ET(P )7

= ST )+ CET(RS) - MIET(PL ) TR0, (5.1)

where M is the averaaing operator, and k = 1,..., Ne (see equation 2.3)).

Similarly, the off diagonal element Vi of V(€4T) s given by

Vi = MEET(P) = 2T(04,)) (BT(Pyp) - £T(0

i

A

{ " 2 fg 2 o Mg 5 B
MET(PL ) ST(PL )} + MEET(Q,,) ET(0,0F - MEET(PL ) <T(Q4);

and a representative term M{fT(Pik) 5T(Qj}); = Mt'T(Pi) cT(Qj,} for
convenience of notation, and using (4.12), is given oy:
i T
TP - fla T(0.) - fia,
MoOT(PL T(QyeMA o -ui-?AiA—
J 1 < . L
L” fey b ach -3
. T T 2 - 2 -
T Cr (P02 P Gy P ey £ gy £
| ’ i i i
13.30

Ahere 3 are the vecturs of ring averages ur modified aravity anomalies:
‘N onotations dare samilar to (4.01) to 14.3); and we have assumed in
"3V thar the sattere of anamalics, and tneir noise matriv, is the came
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The computation of covariances ggiqj of ring averages of aravity
anomalies in {5.3) is very expensive or computer time, if these are com- B
puted rigorously by (4.6) and (3.6). It is adequate for (5.3) tu compute 'i
the covariance of ring averages k and 1, i.e. ij@}kﬂﬁj]} by Colombo »
(1980, p. 31, (4.17)): .]
3
b
- = 1 2~ 1 r2” 1
( = ———————— oy , 0, —————— — LY A . 4 T
Miogy 2953} = Mg sinyy [ 9l e agnr [ oaely, )68
k o 1 o
—
= Gzﬂi : ? (2n+1)(n-1)2 -2 P (cos ¢, ) P {zos ~,) P (cos _..) .1
at L mn L SAR RS R "1 :
Nmax
+ ™ - : '72 ) ) “ .~ o
n=ﬁ+1 (2n+1) (n-1) I Pn(cos wk) Pn(cos J]) Pn(cos “ij)' (5.4) b
where &k R w] are the radii for the rings k and 1 , vij is the E
spherical distance between cap centers i and j , and other notations j
are as in (3.6). "
The covariances for disturbing potential at cap centers from (5,3)
have been plotted in Figure 5.1 against spherical distance ¢y when
all caps are of a given size, i.e. 3°, 2°, 1°, 0.5°. December 1981 »

Potential coefficients field was used with N = 60 and Nmax = 500. The
elements of the matrix V(€AT) for disturbing potential differences
are computed according to (5.1) and (5.2) based on the cap pairs Pi, Qj

for the vertical datum connection equations (2.1). 2}
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Figure 5.1: Covariances Between Cap Center Disturbing Potential :
Errors. -

0.8 oeAg* = 2 mgals. Anomaly Density avy = 10'.
December 1981 Potential Coefficients Field.
See equation (5.3).
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6. ACCURACY ESTIMATE OF EUROPE-USA VERTICAL DATUM CONNECTION

vy

We note from Figure 3.1 that the maximum number of satellite laser
ranging (SLR) stations, whose coordinates are available in the SL4 co-
ordinate system (Table 3.1) and which are, or may be, interconnected
by leveling in a region, are 14 in USA and 4 in Europe. We therefore

Aol o s scd Ara

examine in this section the various possibilities of achieving Europe-
USA vertical datum connection by estimating the disturbing potential

from modified anomalies in various capsizes around the SLR stations. The
effect of errors in the geocentricity of the SL4 cocrdinate system, the
effect of random errors in SLR station positions, and the effect of
leveling errors inside each region on the accuracy estimate of the ver-

tical datum connection is examined in Section 6.2. We then discuss in

Section 6.3 the optimum capsize for Europe-USA vertical datum connection.

6.1 SLR Stations for Vertical Datum Connection

Figures 6.1 and 6.2 show the SLR stations available in Europe
and USA for the vertical datum connection. A cap of radius 3 = 1° has
been drawn around each cap center, in which ' modified' gravity anomalies
Ag*  (Section 4.2) may be used, at a spacing of 10' (Ay = 1/6°) in a uniform
pattern (see below (4.7)*), to predict f(Pi) or f(Qj). With v = 1°,
we have 4 'benchmarks' Pi in Europe and 14 'benchmarks' Qj in USA to
establish the vertical datum connection, by using Ne = 17 independent

equations (2.1). To ensure that these equations are linearly independent
(see (2.3)), and to ensure numerical stability in the solution of

! 3
4 o AW(BMA,BMB), the caps should not be overlapping so that different sets of i
F gravity anomalies are used to predict T at each cap center. ?
b .
t . We recall from line 1 of Table 4.2 that the accuracy estimate 7T %
. A
z of the disturbing potential at cap center improves as the cap radius 1
» -
t. is increased. However, the number of caps then becomes smaller to avoid :

the overlapping of caps. Figures 6.3 and 6.4 show the available cap
centers in USA when the radius + 1is 2° and 3° respectively. The avail-
able cap centers in USA are therefore reduced from 14 to 10 and 5, as i

Y V'S

(M am ol as aa o S0 h ok ae e )
o

is increased from 1 to 2° and 3. A1l the 4 caps in Europe remain
) -39-
i
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non-overltapping even with ¢ = 3¢, except for a very siignt overlap

:(1 between the caps around WETZEL and KOOLAS. The number of equations
(2.1) for the vertical datum connection are thus Ne =17, 13, 8 in

3 tne three cases. The advantage of increased accuracy in the predicted
: T(Pi) or T(Qj) is therefore somewhat offset by the reduction in thre
hii number of equations Ne in (2.3). Also, the increase in . very
sharply increases the number of modified anomalies (Table 4.2, line 1,
last 4 columns) required in each cap; and accordingly increases the
7ieid work for determining the potential differences &wz(Pi,P‘) in
{4.9)* from the cap centers to the anomalies.

Py

The number of linearly independent equations (2.1) are one Tess than
the tctal number of caps in both regicns. The choice of cap pairs P.,

t

e

Qj in (2.1) is arbitrary so long as these equations are jndependent;
the actual choice is best made for the simplicity of vertical datum
connection. For example, when ¥ = 3%, with 4 caps Pi in Europe and 5

caps Qj in USA, the cap pairs for formina equations (2.1) for the vertice!

datum connection may be as follows (see Table 3.1 for details of stations):

P.: WETZEL GRASSE KQOLAS FINLAS

N R4
/" ’ A N /'/' \\\ N /\
N 7 .
S \\/ / \\ \\ v \

Oj: PLTTVX QUINCX FTDAVX STALSX RAMLSX

There are 8 linearly independent equations, which are indicated by a
iine joining the two benchmarks, one in each region, i.e. P, and Qj
between which (2.1) is formed. Here, WETZEL and PLTTVY have been szlected
as BMA and BMB, again rather arbitrarily but for the consideration of
heing centraliy placad in each region (Figures 6.1 and 6.4) to give up-
Licum denatns for leveiing from BMA or 2MB to cawo centers. The _entred

wation of BMA and BMB is wonvenient, as we nave Lo consider ootentigs
L1ffarsnces fw;(BMA.Pi) and MW, (BMB,G.) by leveling to enaiis wcaun

f the § zouations (2.1) being written in terms of  N{BMA BMG .

s s . MEA A ax

Aol a'
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From Figure 6.1, it is reasonable to assume that Lwy(BMA,Ps) may j
be obtained by independent routes from BMA to each cap center Pj , and %
thus V(;$w;)A would be a diagonal matrix. From Figure 6.4, if we as- ‘
sume that the route for leveling from PLTTVX to RAMLSX is through STALSX, 1
then V(idW;)B would be as in (2.13).

.

The particulars for the Europe - USA vertical datum connection for b

. =37, 2%, 1° are given in Table 6.1. The accuracy estimate W (BMA,3MB) .
is also given for the three cases. To highlight the effect of differing E
number of equations for the three values of , , W s quoted without _;
considerina any geocentricity errors in SL4 coordinate system, and with- ’

cut considering any station position errors or any leveling errors. The
effect of these later errors is examined in Section 6.2. The normal
gravitational field is described by December 1981 potential coefficients
(Rapp, 1981). The standard deviations of the potential coefficients is '1
considered in determining =T (see equation (3.2)). The standard de-
viation, csidg* , of modified gravity anomalies, is considered as 2 mgals.
The modified gravity anomalies were considered in a uniform pattern (see ]
below (4.7)*) at a density 4av = 10'. Ij
i

We note from Table 6.1 that because of greater number of caps being
available for establishing the vertical datum connection, anomaly data
in capsize of . = 1° gives :“W(BMA,BMB) of 0.45 kgal.m, which is
slightly worse than 0.37 kgal.m for . = 2 . But, considering that
lw:(Pi,P’) observations by leveling are required from cap center tu much
Jesser number of anomalies in each cap (of the order of 150 anomilios +i
© = 1% to the order of 500 for . = 2’), capsize of . = 1 aoppear, *. be
adequate for establishing the vertical datum connection. In fact, if 0
we use ¥ = 0.5° and even if we do not have additional caps, we ot
C3W(BMA ,BMB) = 0.54 kaal.m, which is much better than the Jresert lik.ly
accuracy of 1.41 kgal.m for connec*ion between coasta’l ben_hmark: in
the two regions if we assume the r.m.s. value of sca surfa.2 *opnaranoy ’
to be about 1 meter .

We nowv: examine the effect on the Europe - USA vertica® datur _.on-

nection of other errors, which were not considered in Table .1, »
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6.2 Variations Due to Coordinate System, Position and Leveling Erryrs

If the origin of the SL4 coordinate system does not coincide
with the center of mass (geocenter) of the earth, it results in errors
in the positions of cap centers, whose radial component is given
by (2.9). This causes additional covariances given by (2.10) in
the variance covariance matrix of normal agravitational potential
differences V(-aU) of (2.5). The effect on = AW(BMA,BMB) was ex-
amined for different uncertainties in the shifts of the origin of SL4
coordinate system from the geocenter, as characterized by the standard
deviation, s , of the shift. -s was varied from 0 to 50 cm.

Besides the shift of the origin, the determination of station
positions have errors with respect to the SL4 coordinate system. The
error in the normal gravitational potential is primarily caused by the
radial component of the error in station position, and is agiven by
(2.7). Assuming no correlation between radial errors of different cap
centers, the variances in V(caU) are given by (2.8). The effect un
;oW (BMA ,BMB) was examined for different estimates of radial errors, as
characterized by their standard deviation, cer. <or was also varied
from 0 to 50 cm.

We also consider the effect on 52W(BMA,BMB) of leveling errors
in estimating potential differences sz(BMA,Pi) and AWQ(BMB,Qj) in
relatinag potential differences between cap pairs Pi, Qj to AW(BMA,
BMB) through (2.1). The formation of V(zdaW,) in {?2.5) was discussed
in Section 2.3 by summation of corresponding elements in V(»;w;)A
and V(;Lw,)B in each region. The latter matrices are obtained in
the form of (2.13) depending on the routes of leveling connections
from BMA (and BMB) to cap centers Pi (and Qj)‘ The Teveling con-
nections for the Eurcpe - USA vertical datum connection were discussed
in Section 6.1, and specifically shown inTable 6.1. The estimate uf

errors in JW. due to random errors in leveling is aiven by (2.12):

UW. = k(0.1/7) kgal.m, v in 10" km

-
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The effect on _.cW(BMA,BMB) was examined for different accuracy es-

timates for leveling by varying k from O to 4.

The accuracy estimate -/W{BMA,BMB) for the Europe - USA vertical
datum connection is tabulated in Table 6.2 for the variations discussed
in this section. The variation in os2W is tabulated for each of tnhe

three errors separately for the cases of , = 0.5, 1°, and 2°.

We note from Table 6.2 that the main variation in c</W(BMA,BMB) is
Jue to the anomaly data cap size as discussed in Section 6.1. The ef-
Tect of uncertainties in the shift of origin (os) of the SL4 system,
anc tne efrect of uncertainties in radial position (Jir), on AW s
swiparatively smaller. The effect of s is slightly larger as com-

clred T

Tne =rfelt of leveling errors on "cW(BMA,BMB) has been plotted in

~. <, "n.tudirg some additional results for & = 3°. We recall

et ¢ *mat a -Conservative estimate of potential differences

Sm T eue e aver intra-continental distances is given by 0.1 Ve
g T e T wm o fsee {2.12)). Even if this estimate is doubled

v g, tme effect on W is not large (see last 3 rows of
“artee om0 Tnas means that even very conservative estimates of
Tevelirg errors do not significantly affect the accuracy estimates of
Turooe - US4 yerticdl datum connection,
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Table 6.2 Variation in Accuray Estimate -~ W(BMA,BMB) for Europe-USA
Vertical Datum Connection due to: (a) s.d. (~s) of shift
of origin of SLR stations from Geocenter; (b) s.d. (- r)
of radial position error in SLR stations; and (c¢) accuracy
estimate (ccAW,) of potential difference by leveling between
cap centers: JedW, = k(0.1 VI) kgal.m, £ in 103 km.
Other particulars ds in Table 6.1.

A KM smem A

‘ Capsize ;° 2° E 1° 0.5°

Pi: # Caps in Europe | 4 | 4 4

Q;: # Caps in USA .10 14 14 i

BM A WETZEL WETZEL WETZEL |

BM B | PLTTVX PLTTVX PLTTVX

Shift ! Position ; Leveling [ Accuracy Estimate oAW(BMA,BMB) kgal.m

as{cm) i ~ir (cm) ! K i

0 } 0 | 0 .37 .45 ] .54 !

| _ I | . :

10 , 0 : 0 .37 .46 .54 :

20 | 0 0 .39 .47 .55 :

VI 0 0 41 49 .57 '
. 40 | 0 0 .45 .52 .60 ;
= 50 [ 0 0 .49 56 1 .63 i
. ! L _ B ]
F 0o 10 | 0 .37 .46 .54 '
3 0 i 20 , 0 .38 .46 .54 :
- 0 t 30 ; 0 .39 ; 47 1 .55 X
- 0 . 40 | 0 .41 " a8 56 }
Ef! 0 | 50 } 0 .43 [ 50 .57 ‘
| f ! I P
3 0 | | 1 .38 46 | .54 ;
9 o | 2 | 40 AT B :
e o '_ | .45 ; 53 el J
e |
E

A9




Figure 6.5: Accuracy Estimate oW(BMA,BMB) of Europe - USA Vertical

Datum Connection. Variation Due to Leveling Errors.

No Geocentricity Errar of Coordinate System.
No Station Position Error.
See Table 6.2.
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6.3 Optimum Choice of Anomaly Cap Radius

We have already examined the effect of variation in anomaly data
cap size ¢ on cAOW(BMA,BMB) in Section 6.1, and it appears that
v = 1° or v = 0.5° may be satisfactory considering the comparatively
slow variation in oMW due to other errors examined in Section 6.2.
To determine an optimum ¥, we need to adopt conservative estimates of
uncertainties of errors in Section 6.2; and consider if a lower value
of v , requiring lesser field work of establishing Awl(Pi,P') for
modified gravity anomalies (see (4.9)*) in each cap, would not cause
too large an increase in oaW(BMA,BMB).

A comparison of the origin ¢f SLR station coordinates in 1980

with the origin determined in a previous solution in 1979 gave a shift
of about 15 cm (Smith et al., 1982). Hothem et al. (1982) estimated
the relationship of co-located SLR station coordinates and the Doppler
coordinate systems. After allowing for about 4 meter shift in the Z
direction for the Doppler coordinate system, they estimated the dif-
ference in the origins of the two coordinate systems to be about 40

cm in X, 70 ¢cm in Y and 10 cm in Z directions. Though the above com-

parison was strictly not with the SL4 solution (Smith et al., 1982), and

the origin of the SL4 system may be located more precisely with the
geocenter, we may assume a conservative estimate of os in (2.11) as
30 cm.

The formal standard deviation of the annual mean SLR station
heights in the SL4 system, based on the random error estimate of laser
ranges, is of the orderof 1to 2cm(D. Christodoulidis, personal com-
munication, July 1982). The standard deviation of the monthly solu-
tions of SLR station heights from Lageos data in 1979-80 varies from
7 to 12 ¢cm (Smith et al., 1982). A conservative estimate of radial
errors in SL4 station position may be assumed as oer = 10 cm.

A conservative estimate c¢f errors in potential difference through
leveling over intra-continental distance was discussed in (2.12) as
s iW = 0.1Y% kgal.m, ¢ in 10% km. We give in Table 6.3 the accuracy

estimate of Europe - USA vertical datum connection for ~:twl as

~
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51

adabome o A

ey Wl

i e




3.1y¢, also for 0.2/2; and to emphrasize thnat even very large leveling
errors do rot significantly affect ;AW(BMA,BMB), we also give results
for ue;w2 as 0.4 Yy kgal.m, ¢ in 10° km. Anomaly data in a uniform
pattern around each cap center is considered for ., = 1" and 0.5%; and
also given for comparison for + = 2% as we'l as , = 0.25" and | = J.1°
The anomaly density &, was kept at 10', as a higher density does not
cause any significant improvement in iT (Figure 4.2). However, to
ensure that at least 3 ring averages are used for estimating r(Pi)

or T(Qj) , the density was increased for . = 0.25° and v = 0.1°. The
nunber of modified anomalies i~ a uniform pattern, and €T at each cap

center are also given in Table 6.3.

The accuracy estimates :cW(BMA,BMB) in the last three rows of
Table 6.3, and additional values for . = 37, are shown in Figure 6.6.
We note that a conservative accuracy estimate for Europe - USA vertical
connection with anomaly data caps of spherical radius of 1° and 0.5°

is 0.50 and 0.58 kgal.m, which changes to .52 and .59 kgal.m respectively .

even if the estimate of leveling errors is doubled. The accuracy es-
timates will be further improved, when additional laser ranging stations
in Eurcpe in Spain, Switzerland and Greece are included in the Laaeos

SLR nzatwork.

Considering that the requirement c¢f field work in each cap for
providing leveling connections from cap center to the modified ancmalies
{see (4.9)*) is very considerably reduced for ., = 0.57 as compared to

= 1- (by about one-third the number of anomalies over one-fourth the
area), the optimum choice for anomaly cata cap radius appears to be

= 0.57. This leads to a very modest data requirement of about 50
to 60 anomalies at a rough spacing of 15 tc¢ 20 wm around the SLP staticne
in a diameter of about 120 km. Such anomalies, with leveling connecticn
te trne cap center, are already available around most SLR staticns, or
May ve estabiished with modest field work., These anomalies 21. then
be used to predict the modified anumaiies in a uniform patte:n, ae-
sor bed below (4.7)*.
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Table 6.3 Accuracy Estimate -AW(BMA,BMB) for Europe-USA Vertical

Datum Connection.
Optimum Choice of Anomaly Data Capsize :°.

[o)

Normal Gravitational Field, December 1981 Potential Coefficients.
s.d., ug, of shift of origin of SLR stations from geocenter

J. = 30 ¢cm

s.d, cér, of radial position error in SLR stations:
s.d., JeAW,, of potential difference errors bty Teveling between

cap cénters:
s.d, geAg* = 2 mgals.

ceAW

£

or = 10 cm

= k(0.1 V%) kgal.m, 2 in 10° km, k=1, 2, 4.

. o t w
Capsize v 2° 1 1° | 0.5° | 0.25° | 0.1
Pi: 4 Caps in Europe 4 ! 4 4 L4 ; 4
Q;: # Caps in USA 10 18 ' 14 14 14
BM A WETZEL | WETZEL | WETZEL ; WETZEL I WETZEL
BM B PLTTVX . PLTTVX | PLTTVX i PLTTVX ; PLTTVX
I\ ‘ ——
Anomaly density,Ay, in 10" 10' 10' [ 7.5 | 3
uniform pattern @ \
Approx. diameter of anomaly 440 220 110 Y Y.
data cap (km) | ‘ :
# Anomalies per cap | 475 139 43 19 L19
# Anomalies ring averages 13 7 4 3 ! 3
per cap |
Accuracy of predicted T in .51 .67 .82 | .95 i 1.06
a cap (72T - kgal.m) & !
L B S B SO
Potential Difference Errors
Through Leveling ‘ UAW(BMA ,BMB) kgal.m
sed, (BMA,P.); SeAW, (BMB,Q.) |
, : J s
T T B '——"‘r’““ -
' .. _ - . |
P “<0W, = 0.1VTkgal.m, % in 10°km 4350 ‘l 58 | s .70
. = 0.2VT .45 .52 ’ .59 l .65 71
: = 0.4 VI Y ’ .57 .64 ; .70 , .7
. | ! ! L e e
.
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Figure 6.6: Accuracy Estimate oW(BMA,BMB) of Europe - USA Vertica)

1.0 —

O
0

—

O
)
-

O
N
|

ACCURACY AW (BM A BM B) kgal. m
R
l

Datum Connection.Optimum Choice of Anomaly Cap Radius .°.

Geocentricity Error of SLR Cordinate System, o = 30 cm.
SLR Station Radial Position Error, ger = 10 cm.
See Table 6.3.

#

CAPS  y° .
I8 O.f e— — —e
18 0.25¢— — —
18 0.5 o :—:,/"‘
(8 | W
14 2 //4
9 3

ceAW, =k, /Z kgal.m, Zin 10° km
See equation (2.12)

! | l

O
O
O~

0.1 0.2 0.3
LEVELING ERROR FACTOR k
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7. ACCURACY ESTIMATE FOR OTHER VERTICAL DATUM CONNECTIONS

We apply in this section the conclusions of Section 6.3 to determine
the accuracy estimate for other vertical datum connections. The datum
connections considered were that of U.S. respectively with Australia,
Hawaii, Peru (in Sou*h America), Bahamas and Bermuda (in mid-Atlantic
off the U.S. East Coast). There are two SLR stations at Orroral and
Yarragadee on the East and West coast of Australia, see Figure 3.1; and
one SLR station each at other sites, assuming that a satisfactory intra-
continental leveling connection may not be available between the two
SLR station sites in South America at Arequipa, Peru and Natal, Brazil.
In all cases, 14 SLR station sites were considered in U.S. First, the
accuracy estimates J.W(BMA,BMB) were obtained with anomaly data cap
radius % around each SLR station as 0.5°; and as “aW(BMA,BMB) was
comparatively larger than in Section & due to smaller number of caps in
the vertical datum connection, JAW(BMA,BMB) was also obtained with
v = 1°. In both cases of v = 0.5° and ¥ = 1°, <ZW(BMA,BMB) was obtained
with different variatiors s, cer, :;AW: as in Section 6.2 (Table 6.2).
We quote below in Table 7.1 only the results for the standard deviations
gs , shift of SLR coordinate system from geocenter, as 30 cm; -r, radial
position error of SLR stations, as 10 cm; and :sng , potential dif-
ference between cap centers, as 0.1 V1 kgal.m, where : is the lenath
of level line in 10°km. s/W(BMA,BMB) is also given, when none of the
above errors are considered, i.e., each of os, ~r, CoAW, set as zero.
This allows for a ready comparison with results in Sectioh 6, where we
had 4 SLR sites in Europe, while we have now only 2 SLR sites for the
vertical datum connection with Australia, and only 1 SLR site for other
vertical datum connections. The accuracy estimate . "W(BMA,BMB) were

almost similar for the latter 4 datum connections, i.e. of U.S. respectively

with Hawaii, Peru, Bahamas, Bermuda. Hence the results for only one of
these, i.e. U.S. - Bermuda vertical datum connection have been given in
Table 7.1.

A edatan




T T ¢ Py ey
»i, .

-------

Table 7.1 Accuracy Estimateof U.5.and Other Verticel Datum Connections,

s = s5.d. of shift of origin of SLR stations from qeocenter;, ~5 = 30 ¢m
-or = s.d. of radial position errors in SLR stations; -ur = 10 ¢m
ccoW = s.d. of potential difference errors by leveling between cap
cénters in a region
= 0.1vY kgal.m, £ in 103 km.
Other particulars as in Table 6.3

Lin 10% km

-_Yfifjca1 Datum Connections - i U.S.-Europe i U.S.-Australia , U.S.-Bermuda
No. of Caps in U.S. | 12 | 14 | 14
No. of Caps in Other Datum ! 4 f 2 ; 1%
[ ‘ ‘
o ! ) | R
Anomaly Data Capsize = 0.5 Accuracy Estimate . AW(BMA ,BMB) kgal.m
s = or o= ’¢AW% =0 ! .54 ? .65 § .88
*s = 230 c¢m, cer = 10 ¢cm, i ! ]
ard ccZW, = 0.1VT kgal.m .58 I .73
2 in 10° km | ‘ 83
______ R ! i
Anomaly Data Capsize v = 1° Accuracy Estimate oaW(BMA,BMB) kgal.m
S5 o= our o= u_:,wl =0 ; .45 i .53 ]J 72 |
5 =30cm, =r = 10 cm, i | !
1 r
and =Wy = 0.1 VY kgal.m, .50 ! .62 ‘ .73
: 1
|

*

R

Similar results were obtained for other vertical datum connections, with
cniy cne SLR station in tnhe second region, i.e. U.S. and respectively
Bahamas, Hawaii, Peru.
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We note from Table 7.1 that the accuracy estimate of the vertical
datum connection is poor (.73 kagal.m) even with : = 17, when we have b
T(‘ only one SLR station in the second region. When the number of SLR i
: stations in the second region increases to 2 and 4 respectively, the .
accuracy of the vertical datum connection is 0.62 kgal.m with . = 1, E
and 0.58 kgal.m with v = 0.5° respectively. The number ¢f stations g
ﬁi . available for the vertical datum connection has a greater effect for ;
y improving the accuracy of datum connection,as compared to the anomaly
f data cap size u°. k
"I To confirm the above conclusicn, we show in Table 7.2 the accuracy

estimate of U.S.-Europe vertical datum connection with - = 0.5" for three

[T PN S N WY

cases, when the number of stations in Europe are taken as 2,4 and 7
respectively. For the first case, we consider only two SLR stations in
Europe at Wetzell, Germany and Grasse, France (see note below Table 6.1

e ¥V Ry

and Figure 6.1). For the second case, we consider 4 stations in Europe
as in Section 6. For the third case, we consider three additional
stations in Europe at Dionysos, Greece; Zimmerwald, Switzerland: and
San Fernando, Spain. The coordinates of these additional stations are
not currently available in the SL4 (Smith et al., 1982) solution of
Lageos SLR network, but these coordinates are likely to be available in

NPRPRTR . 7 W L

subsequent solutions.

Table 7.2 Accuracy Estimate of U.S.-Europe .

Vertical Datum Connection. Variation :

Due to Number of SLR stations in Europe. K

: Anomaly Data Capsize v = 0.5° _ -

- os = 30cm, cer = 10 cm, AW, = 0.1 /2 kgal.m 1

| @ (see explanation in Table 7.1) 4
Other particulars as in Table 6.3.

i ]‘ T T T T T T
. 4 !

@ - No. of Caps in U.S. i 14 14 14 ; 4

No. of Caps in Europe i 7 4 2 l i

[ N * R K )

¢ Anomaly Data Capsize . = 0.5° | Accuracy Estimate ~W(BMA BMB) kgal.m . )

} e . | e : 1

¢ . i 1

i s =30 ¢cm, -wr =10 cm, and | .49 .58 .74 :

COW. = 01 VT keal.m, 0oin 107 kv .

- e e o e e e e e e e . - .

- -57-
¢ )
tE R L L . e g




TOTTY v wTeeT - v w v e

bl o
4‘

Ty T

ha A AR as At Al At 00 Sa ek & e 0

,vv,ﬁ*g-rv—v-v—rﬁ—.

T

r

T YY ¥ wremw v~

Dthedeamtad,

A cumparison of the last row and the first columns of Tabies 7.1 an:
7.2 shows that the accuracy estimate of U.S.-Europe vertical datum is abuut
the same when we use . = (.57 but have three additional stations in Eurgpe

17 but without the three additional stations. However,

as compared to
there is a large increase in field work of leveling from the cap centers
to the anomaiies in the latter case of = 1° Hence, the number of

stations available for the vertical datum connection has a greater effect
for improving the accuracy of datum connection, as compared to the ancmaly

o

data capsize .
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8.  SUMMARY AND CONCLUSIONS

We have investigated the procedures recommended by Colombo (1980a) for
establishing a 'world vertical network', and have applied the results to
determine the current accuracy estimate, in particular, of the Western
Europe-USA vertical datum connection.

The principle of the method is to determine the potential difference
between two ‘bench-marks' BM A and BM B in the two regions A and B, without
a precise knowledge of the mean sea level, i.e. without a precise knowledge
of the 'sea surface topography' or the gecid, in particular the zero degree
term in the earth's gravitational potential, the effect of which nearly
cancels out in determining the potential difference. The estimate of the
potential difference AW(BMA,BMB) is more precisely obtained through usual
least squares technique by redundant observations, when we consider the po-
tential difference between several pairs of benchmarks Pi and Qj’ respectively
in the two regions A and B, and relate the potential difference of each
pair to AW(BMA,BMB) by determining AW(BMA, Pj) and AW(BMB, Qj) through
classical leveling and gravity observations.

Hence, the requirements for establishing a vertical datum connection are:

(a) Precise station positions, particularly in the radial component, in an
earth-centered coordinate system, to determine the normal gravitational poten-
tial U(Pi) or U(Qj) and the centrifugal potential ¢(Pi) or ?(Qj)-— see
(2.1). The possible shift of the origin of coordinate system from the geo-
center is considered through correlated errors in the normal gravitational
potential estimates of the stations (see (2.10)). The random errors in
station positions in the established coordinate system are considered through
(2.7) and (2.8). Any systematic effect of a scale factor, the radial com-

~

ponent of all station positions being larger or smaller, is nearly cancelled

out in determinina potential differences.

(b) An accurate description of the earth's gravitational field in terms of
potential coefficients in a spherical harmonic expansion to a high degree
N. This enables comoutaticn of U throuch (2.6). The errors in the

potential icefficients ave considered in defiring the anomalous ootential
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T in {3.2) through the estimated stanaard geviations cf the potantial
coefficients in (3.4) to (3.7). The potential ccefficients 7or degrecs
highe: than N are modelled througn anomaly degree variance mocdels -- see

(3.8) to (3.11).

(¢c) Gravity anomalies, residual tc degree N , at an cptimum densitly and
axtent, or capsize, around each station to predict T(Pi) or T(QJ) through
(4.1). The available anomalies are first used to predict a set of anomalies
in a uniform pattern (sce below (4.7)*) for an efficient algorithm util-
izing ‘ring averages' (4.4), which greatly reduces the size of matrices
inthe collucation formulas (4.1). The choice of optimum density and ex-
tent of the anomalies in the pattern are important for a precise estimate of
T (Section 4.3). Tne propagation of random errors in the anomalies to
accuracy estimate of T is considered in Section 4.5. A systematic errcor
in qgravity anomalies is nearly cancelled in tne potential differences as

the same density, extent, and pattern of anomalies is used around each

station.

(d) Cstimate of potential differences through leveling between the locations
of qravity anomalies in the 'cap' and the station or cap center. This en-
ables the computation of 'modified'gravity anomalies (Section 4.2), such

that the modified ancmalies are referenced to the normal potential of the

cap center instead of being referenced to the potential of the geoid, see
(4.8)%, {(4.9)*. The precise knowledge of the geoid is therefore nut re-
Guired. In subpara. (c) above, modified gravity anomalies are usad for
oredicting T , but as the covariances in tne collocation formula are com-
Juted uvtilizing anomaly deqree variance model, the accuracy estimate of

T dare corrected as in (4.13).

oy Estimate of potential differences ;HQ(BMAﬁ?i) and :wi(BMB«Qi), throuth
loveling and cravity observations, over 1ntra-continental distances in ea:h
regqoan Aand B0 The effect of random errors in U ave concidee b odin

Sl 2030 Aoy systematic error in W which s dependent oo il vouiae
GTer oo (BMA.Pi) ar (BME,Qi), will become apparent when equations (2.1}

seo sy are Formed., )
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(f) An adequate number of stations for establishing the vertical connection
to enable a more precise estimate of AW(BMA,BMB). The number of equations

(2.1) or (2.3) are one less than the total number of stations in both re-
gions A and B.

8.1 Recommendations of Present Study

The above requirements are already fulfilled to a sufficient extent
to attempt the vertical datum connection between Western Europe and USA.
A modest amount of field work may be necessary before actual computations
are done. We first list the current possibilities, and identify the er-
rors whose effects on the vertical datum connection was investigated in
this study; and also briefly mention the highly near-future improvements:

(a) If we count the repeated occupations of adjacent marks in a vicinity
as one station, i.e. using only one of the marks, we have 29 station posi-
tions (Figure 3.1) in the Lageos Satellite ranging network in the SL4 co-
ordinate system (Smith et al., 1982). We used a very conservative estimate
of the standard deviation of the shift of SL4 coordinate system from the
geocenter as 30 cm, and we used the standard deviation of the radial com-
ponent in the station positions in the SL4 coordinate system as 10 cm

(see Section 6.3). These are likely to be substantially improved in the
subsequent SL5 solution. However, this is not a critical factor and may

improve the accuracy estimate of the vertical connection by only a marginal

. amount, say .03 kgal.m (see Table 6.2).

- (b) We used the earth's gravitational field model developed by Rapp (1981),

! which was termed in this study as December 1981 potential coefficients field,

! and was complete up to degree 180. The standard deviations of the potential

[ coefficients are perhaps slightly pessimistic (Lachapelle and Rapp, 1982,

{ p. 4). Any improvement in the accuracy of the gravitational field will re-

o sult in significant improvement of the accuracy estimate of the vertical con-

. nection-- see Figure 4.3 and Table 4.3. A revised estimate of the gravity
field, with accurately determined low degree (say N - 10) potential coef-

{ ficients may improve the accuracy estimate of the vertical connection by

3 about 0.1 kgal.m.

3
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(c) The optimum density of gravity anomalies is at spacing of about 10',
roughly 15 to 20 km apart -- see Figure 4.2 and Table 4.2. The optimum ex-
tent of anomalies, or the radius ¢ of the anomaly data cap zround each
station, is obtained by a judicious balance of the practical feasibility

of the increased field effort with larger . versus the lowered precisicn
of the accuracy estimate of the vertical connection with smaller .. An
important conclusion is that, unlike Colombo's original proposal of . = 5-,
+ may certainly be reduced to 1° (Sections 6.1 and 6.2) without significant
deterioration in vertical connection accuracy, particularly because more
stations are available with reduced cap size (compare Figures 6.2, 6.3 and
6.4). A further reduction in v to 0.5° is discussed below. A very en-
couraging conclusion is the lack of sensitivity of the vertical connection
accuracy to the random errors in gravity anomalies (Figure 4.5 and Table
4.4). With several SLR stations located in the coastal areas, and anomaly
data cap covering marine areas, it is very helpful to know that even large
random errors of 10 mgals (13) in anomalies will lower the accuracy of ver-
tical connection only by about 0.01 kgal.m.

(d) Gravity observations at approximate spacing of 15 to 20 km may be
available around most stations, but Jeveling observations may be required

to determine potential differences from the station at cap center to the
Taocations of anomalies. When we consider that in case of ¢ = 0.57, about
cne-third anomalies are required to be connécted by leveling over cne-fourth
the area around each station (Table 6.3), as compared to the case of . = 1 ,

while the accuracy of vertical connection is lowered by only about 0.07 kcal.m.

1t appears that the optimum extent of gravity anomalies is a circle of di-
ameter of about 120 km corresponding to y = 0.5°.

(e) The vertical connection accuracy is quite insensitive to even very
censervetive estimates of random errors in leveling over intra-continental
distances, see Figures 6.5 and 6.6 and equation {2.12). The currentiy avail-
able estimates of LWQ(BMA, Pi) and Aw;(BMB,QJ) are therefore aagequate

tor the vertical datum connections. This is a very encouraging conclusion

in view of concern over accuracy of leveling cver intra-continental distances,
2.3. Kumar and Soler (1981). Further, the effect of systematic e:rors in

t A \
LI

‘ smould become apparent by the examination of residyals in eciation-
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(f) The vertical connection accuracy improves sharply with the increase in
the total number of stations, see the last two rows of Table 6.1. We have
presently used 4 stations in Europe and 14 stations in USA. This should be
increased in the very near future by another three stations when the co-
ordinates of laser ranging stations in Spain, Switzerland and Greece are also
solved for in the Lageos network. The number of stations would increase
further in the next couple of years with the utilization of Transportable
laser ranging stations (NASA, 1982).

The present accuracy estimate, with the data used in this study (see
(a) to (f) above), for the vertical datum connection between Western Europe
and USA 1is about 60 kgal.cm, see Table 6.3. The improvement in this es-
timate would come primarily from increased number of stations and more ac-
curate estimates of earth's gravity field, subparas (f) and (b) above.
The very near future prospects for the vertical datum connection accuracy
are likely to be about 50 kgal.cm. This is about one-third of the classical
vertical connection accuracy through tide gage determinations due to sea
surface topography.

The various requirements detailed in Section 8 are already available,
or easily accessible. The main additional field effort is the estimate of
potential differences at each SLR station by establishing leveling con-
nections from the station to the locations of about 50 gravity anomalies at
a spacing of 15-20 km in a circle of diameter of about 120 km around the
station.

8.2 Recommendations for Further Studies

The following topics were not covered in the present investigation, and
should be studied further:
(a) An optimum algorithm for predicting anomalies in a uniform pattern,
see below {4.7)*, around each SLR station from the nearest available anom-
alies.
{b) An optimum procedure for computing modified gravity anomalies from the
available gravity observations; and consideration of the corrections to be
apolied to such observations.
(c) The problem of cetermining the absolute value of geopotential at EM 2
or 8M B, with better or comparable accuracy to the notential differerce

N{BMA BM3' o€ +he vertical datum connection.
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(d) The possibility and the accuracy of sea surface topography estimates
by connecting the coastal SLR stations to tide gages and comparing with the
mean sea level determinations at those tide gages.

A better insight into the establishment of the 'World Vertical Network'
will be obtained by initiating the computations of the vertical datum
connection between Western Europe and USA. Most of the data is easily
accessible, and a very modest field effort is needed t: obtain the re-
maining data. A very intriguing question is the possibility of revealing
any systematic errors in leveling observations over intra-continental dis-
tances by examining the residuals of equations (2.1). This may be the
appropriate time to start such investigations in view of the proposed re-
definition of the vertical networks in North America.
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