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ABSTRACT

JThe physical meaning of non-linearities in *d" vs.
sin 2  lines, encountered in X-ray measurements of surface residu-
al stresses in polycrjmtalline materials is investigated. It is
shown that when oscillations are present in any one reflection,
switchingto another reflection to obtain a straight line in d
vs. -sin is feasible only under very special conditions. JWe -

also discuss the effect ofquasi-homogeneous' strain distribu-
tions and investigate the effects of #-range on the accuracy of
X-ray residual stress measurements when*-.-splitting""-is present.
A new geometric error is also discussed that can not be detected
by the"annealed power*'-method often used for aligrment.
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Introduction

In the past few years the basic equations used for the de-
termination of surface residual stresses in polycrystalline ma-
terials by X-rays have undergone considerable modification and
expansion. Traditional methods assune a bi-axial stress state
that is uniform in the surface layers penetrated by the X-ray
beaml'2  . This assunption is based on the concept that this
penetration depth is too shallow to be affected by the stresses
in the third dimension. Methods based on this assumption predict
a linear variation of interplanar spacing "d" with sins. , with a
slope that is proportional to the stress in the measurement di-
rection Sj ; here 4 is the angle between the normal of the dif-
fracting planes . and the surface normal of the specimen S3 , as
shown in figure 1. If the components of the (assumed) bi-axial
stress tensor exhibit steep gradients in the volume sampled by
the X-ray beam , curvature occurs in the "d" vs. sin2* plot.
The slope of a least squares fit to such data yields the stress
in the S direction, averaged over the depth of penetration3 .

The assumption in these traditional methods, that stress
components in the direction of the surface normal are negligible
in the volume sampled by the X-ray beam was shown to be invalid
in several recent studies' 3'6 . Stress components of appreciable
magnitude in this direction have been detected in the surface la-
yers of materials prepared in certain ways. Recent theory as
well as experiment show that, when only the normal stress oa is
present in the direction of the surface normal, curvature occurs
in the "d" vs. sin data7'9 . The degree of such curvature de-
pends on the steepness of the gradient in oa • It has also been
shown that even for very small curvature in "d" vs. sin 2* data,
analysis with the bi-axial assumption causes appreciable error in
the calculated surface stress, and that a high * -range
(sin2* a.4) should be used even when tri-axial analyses, (taking
into account the presence of C33 ) are employed . When the shear
stresses C.3 ,,are present in the measurement volume, splitting
of the "d" vs. sirn* data results; that is, *d" vs. sirn* plots
have opposite curvature for negative and positive* . Analysis of
such data has been described in detail by Dolle . (see also
references 4,5 for the use of this analysis). We present here
the first study of the effect of *-range on the accuracy of this
analysis.

Both the traditional methods and the methods that have been
expanded to include the effect of the stresses in the direction
of the surface normal predict a smooth variation in the "d" vs.
sinr-* curves with no large oscillations. However such oscilla-
tions are often encountered in practice and various explanations
have been given for their cause" 1 0 ,1 . The latest
study attributes the cause of oscillations to elastic anisotropy
(i.e change in the elastic constants of the material with each
*tilt), and suggests the use of hO0 and hhh type reflections for



X-ray residual stress analysis when oscillations are present in
the hkl type reflections, since calculations indicate that the
elastic constants associated with such reflections are
isotropic .

In this paper we will investigate the effects of the i-range
on the accuracy of residual stress results determined by X-rays
when i-splitting is present. It will be shown that the #-range
is very important and must be chosen according to the stress gra-
dient(s) existing in a2 3and/or Z23. Information about the gradi-
ent can be obtained from a plot of "a2" vs. sinI2 l(where
a2= (d4j+-d4j-). Furthermore a geometric error will be discussed
which causes *-splitting of the same shape as that caused by the
presence of 13 and/or a.. This error can not be detected by the
current "annealed- powder" alignment technique used to minimize
geometric contributions to the observed "4 -splitting". We will
also examine the presence of oscillations in "d" vs. sin24 and
show that oscillations are expected in hOO and hhh reflections
when they are present in the hkl reflections. Computer simula-
tion and experimental data are presented to test the above ideas.

The Basic Equations

The orthogonal coordinate systems used in the following dis-
cussion are shown in figure 1. The specimen axes are defined
such that S , i_ are in the plane of the specimen surface. The
laboratory system, in which diffraction is occurring,is defined
such that _L is in the direction of the normal to the family of
planes (hkl) whose "d spacings are being measured by X-rays.
L is in the plane defined by z and S2 and makes an angle 4 with
S_, . In what follows, primed tensor quantities refer to the la-
boratory system L. and unprimed quantities to the sample system
S~j , following the convention established by D6blles.

If the unstressed lattice spacing "do" for the material
under examination is known, strains in the L3 direction may be
obtained from the formula :

(€P 3) - (df*-do)/do •(t

this strain may be expressed in terms of the strains in the
j i coordinate system using the tensor transformation

(c33 ).f*- a3ka31Ckl (2-a)

where a3k ,a 31 are the direction cosines between the axes - and
Sk or SL respectively. Fbr arbitrary angles § and t (2-a)
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FIGURE 1: Definition of the angles and orientation of the
laboratory system L with respect to the sample system S
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Figure 2: Schematic of a diffractometer in a stress measurement.
a) Certain atomic planes satisfy Bragg's law and diffract X-rays
at a value which depends on the spacing of the planes. This
spacing is affected by the stresses existing in the surface la-
yers. b) After the specimen is tilted, diffraction occurs from
other grains but from the same sat of planes. Since the normal
stress cmponent on these is different than in (a), the plane

spacing will be different, as will the diffraction angle.



becomes :C') 2 2 si2 -
(e 33)ft U €1 c os 5+ e 2s in E_22 s n - 33 3

+ (C13cos4+C2 3 s in)sin 2 (2-b)

once the strains in S. are obtained (by techniques described in
reference 6, or byleast squares solution), one can obtain the
stresses in the sample coordinate system from:

aij - Cijklckl (3)

Where C ... are the stiffness coefficients of the material, re-
ferred iK~he S. coordinate system.

Presence of Oscillations

It must be noted that the above development makes no assump-
tions about whether the material under investigation is polycrys-
talline or is a single crystal. It is valid for both isotropic
and anisotropic materials, and predicts a linear "d" vs.
sin* behaviour (for C3, C23- 0 ) or regular "t-splitting"
(c3 and/or C -*(There are however two implicit asstmptions in the
above treatmEt":
(i) The strain tensor for the material under examination is a
symetrical second rank tensor.
(ii) The strains ekI in the specimen coordinate system S. are
homogeneous in the total diffraction volume sampled during the
experiment.

The second assumption is very important for X-ray residual
stress determination in polycrystalline specimens. It is well
known that the grains that contribute to the diffraction profile
(from which wdi0g is determined) are different for every *-tilt
(figure 2*). Thus, when we use the (C 3 A* , determined from these
mutually exclusive subsets of the total irradiated volume to cal-
culate the strain tensor for the surface coordinate system 1i ,
we are assuming, a-priori, that {kl in the coordinate system
s is invariant (i.e. homogeneous) no matter where the origin

o-fS is located within the total irradiated volume. An experi-
menlly determined linear "dot" vs. sir?* plot means that this
assumption is justified and equation 2 is valid for the volume of
material examined. On the other hand, oscillations in Id" vs.
sin?* mean that an inhomogeneous strain distribution exists at
the surface, with each diffracting subset having their unique
strain tensor (ckl) for the coordinate system Si . In such a
case the strain along a given direction in the sample coordinate
system will be different at different points and this will cause
non-uniform strain gradients in the irradiated volume whose vari-
ation increases with increasing oscillations in "d§%" vs.



sin2l It is rather improbable to have certain grains in the
irradiated volume that are free from the effect of these gradi-
ents, which is the assumption made when switching to an hoo and
hhh reflection (without moving the beam position ) after observ-
ing oscillations in an hkl reflection. Consider figure 3; When
oscillations are present in "dl%" vs. sin 2* for the hkl reflec-
tion,e, 1 are different at points 1,3,5. In order for "df" vs.
sir?* to be linear for the hhh reflection, ek should be constant
at points 2,4,6. When grain size is small arkJ the gradients are
steep (i.e, large oscillations ), this is probable if the inhomo-
geneous regions have a very small mean size and volune fraction.
Otherwise all pints will have large, non-uniform gradients in
order to keep the displacements constant across grain boundaries
in the measurement volumne. Thus one would expect oscillations in
all reflections when large oscillations are present in any one
reflection.

In figure 4 the "d§*" vs. siner plots from a cold-rolled
(90%) a-brass specimen, which was then polished to .05 microns
(diamond paste), are shown for various elastic loads applied
in-situ on a diffractometer. Also shown, as a measure of texture
are the relative intensities of the X-ray peak for each I -tilt.
It is seen that the material has texture, and oscillations occur
for both (222) and (311) reflections. This result can not be ex-
plained by the "elastic anisotropy" concepts dev.loped in refer-
ences [6,7]. In a previous paper rolle and Cohen concluded oth-
erwise but the hOO reflection used was at low29angle (-i0 29)
where any oscillations would be harder to detect ( since
Ad/d--cot9'A2Q/2 ).

The origin of the non-uniform strain gradients, (and hence
the reason for the oscillations) is not important for the argue-
ments presented above. Such gradients may arise from inhomogene-
ous stress gradients"I , inhomogeneous plastic flow in the voluse
under examination ' Oa ' l 7 , or changes in the elastic constants
a, a of the material in various subsets of the total irradiated
volume. This last effect may be due to large grains oriented
differently, texture', or the presence of other phases with dif-
ferent elastic constantss. When an elastic stress is applied at
the boundaries of such materials it will cause a reaction stress
field which acts to keep the displacements constant across phase
(or grain) boundaries . Such a reaction stress field will be in-
homogeneousi 9 , and thus, cause oscillations . Fbr a given applied
stress the inhomogeneity will be more pronounced (and the oscil-
lations larger) in the phases that have a smaller volune fraction
and small grain sizes.

Different methods have been proposed so far to obtain the
stress state in the surface layers for some of the cases listed
above. However so far no combined method that is rigorously

I_
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Figure 3: Hypothetical specimen whose grains 1, 3, 5 and 2, 4, 6
will diffract atA=O ,A " , for hkl and hhh reflections res-
pectively.
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Figure 4: Interplanar spacing "d" vs. sinl lines obtained from
a cold-rolled alpha-brass specimen (using filtered
Fe-K radiation and a solid-state detector to reduce the back-
ground due to luorescence). The specimen was loaded to a dif-
ferent elastic load for each measurement.
a) Od" vs. sirdata for 311 reflection (12P29) at loads 21, 42,
63 mPa.
b) d"4 vs. sinidata for 222 reflection (131P 29) at the same
loads.
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4c) Relative intensities for both reflections at each 4-tilt show
the presence of texture.
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based on elasticity theory is available. Such a method is under
investigation at Northwestern University and will be reported at
a later date.

I-Splitting In Isotropic Materials with Homogeneous Strain Fields

For isotropic materials equation (3) becomesl2:

Cij = (l+i /E) ij-\/E8ijkk (4-a)

or,inverting the equation and expressing strains in terms of
stresses:

ziJ - I / E ) c ij "V/EC kka ij (4-b)

In the equations (4), vis Poisson's ratio, E is Young's modulus
8i.is Kronecker's delta and sumation over repeated indices is
asumed.Substituting equation 4-b in equation 2-b:

(C;3)# ,r(I-1-/E) [(IlCOS2 4 2 2 s i n 2 §+ 1 2 s i v!2 . - (' 3 3
) .,I s i n 2' + ( l  / E )

(C 33) 1- (, /E)Ckk (IJ/E) (c13)1 $COS#+a 23) 1nsinlsin2# (5)

Where carats imply averages over the penetration depth at a par-
ticular I- angle.

The solution to this equation is given by D~lle where the
terms aL and a2 are formed such that:

alCI(€ [ ClOS 21a2sin 2 6+Csin2

1-I-vV/ T (6-a)
_ '733)~ ~ ~ n ktl+v(. 3)

sinl21 (6-b)The stresses -ll, 22 a a 2 are then obtained from the slopes

and intercepts or a vs.sin for =0,90,45 respectively. The
stresses are obtained from the slopes of least-squares
lines for a 2 vs. sinN for*=0,90.

Equations (6) contain terms (ri , i,J-3 ) which can only
exist as gradients in the near surfacd layers, being, by defini-
tion, zero at the surface. Thus, in a strict sense, they violate
the condition of homogeneity, required for the use of equations
(2). However, assuming that the variation of these stresses are



only alonqS , and is a single valued function with depth within
the penetration distance of X-rays, and that the gradient within
the irradiated volume is snall, and also assLining that no gradi-
ents along .2 and S are present for any element of the stress
tensor, it can be sVown that the deviation of experimental points
from that predicted by equation (2-b) will be swall"". We will
call the state described by the above assumptions
"quasi-homgeneity" and all the discussion that follows will be
based upon these assumptions.

Consider equation (6-b). Since X-rays penetrate to differ-
ent depths at each i-tilt, a different region in the gradient for
I13,-23will be sampled. This effect when coupled with the fact
that sinl2tI is a multi valued function over -j=0,60 ( the acces-
sible - range in most experiments), causes non-linearity in
avs. sin12 [ . This non-linearity and its effect on the
stresses determined from the slope of a2 vs. sin 12* lines are
now examined.

Assume that the stresses -3j can be expressed by a power-law
in the measurement volume :

C 3 j,,a3j" Zn3J (7)

where z is the direction coordinate along S. , measured into the
material and a34 , n.. are constants over the depth of penetration.
The average stress v alue observed by X-rays at any *t -angle will
then be9 :

(a3*.k r 3j(8)
where r- sin29.cos,)/2p. (9), is the penetration depth of X-rays

at any ale for i-goniometer geometry.

Substituting (9) into (8) we have:

(a3Jaik/(cosa) . (10)

Ebr4=0, substituting (10) into (6-b) we obtain:

(a ),= 1+v/Ek 3(Cos*) n13*inl2 (11)

Now let us examine the behaviour of the function cos( O3sin I 2*.
in figure (5-a,b) this behaviour is plotted for n1 3=1,2 respec-
tively. it is seen that:
(i) a 2vs. sin 12lis non-linear.
(ii) over a range of y=0,60 it exhibits splitting. This effect
is due to the different regions of the stress gradient sampled at
each I-tilt. The steeper the gradient, the greater the split-
ting.
(iii) Three major regions of the a vs. sin ']curve may be de-

I ___in _



fined:
a) The low angle region (4 <33.21f for the cases treated) .
b) The apex region (-e(39.23-45)).
c)The high angle region(4>50 ).

It can be seen from the curves that the slope determined
from the low-angle region is smaller than that determined from
the high angle region. The slope determined from the apex region
is of opposite sign to the slopes determined from the regions a
and c.

In order to obtain some magnitudes for these slopes, and the
- obtained thereof, computer simulation was used. -ne "d" vs.
s 42 curves were sythesized for a given stress profile, and the
results analyzed by least-squares. The following conditions were
assumed:

(cl3) k13  2 1 (c3 3) k 33, 2 0 ( 11) (022) 4ooPa

The assuned stress profiles are shown in figure 6. The corres-
ponding "d" vs. sin2 tcurve is shown in figure 7, with the terms
aIvs. sin2j, a2 vs. sinl2fishown in figures 8-a,8-b respective-
ly. The results of the analysis are sumarised in tablesl,II.

As was reported earlier9  , the normal stresses c 'Z33are
determined accurately over the high , -range. However Ine st'ress
113shown is a totally unrealistic value compared to the actual
profile for this region. By comparison, the total range or the
lower *-range (table I) yield values that are more representative
of the average value. However, when the a2 vs. sinf 2|is divided
into the three regions previously defined and analyzed (table II)
we see that in comparison to the input profile, the most accurate
value is obtained from the low angle region. This is due to the
fact that this region best approximates a fit to our starting
parameters. In practice however, the angular boundaries of these
regions may change depending on the steepness and the shape of
the gradient. It is suggested that the complete a 2vs.
sinj2tj plot forte (0,60) for the case at hand be determined be-
fore a decision is made over the region of the best linear fit.
Alternately, it may be possible to use the shape c, the a2 vs.
sinl2flcurve to determine the type of stress gradient in the
shear stresses "i, ,z23 by determining the best fitting function
to the plot using1  least squares method 1 1 .

Alignment Errors That Produce *-Splitting:

It is well known that positioning of the sample over the
center of the diffractometer is critical for the accuracy in the
parafocusing method of X-ray residual stress measur-nent and
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men which has the stress profiles shown in figure 6 in the vcle
Irradiated by X-rays.

_____,d



'4.4

*i22lae f re l~h dat S=~ n!i e7

2' \

0 . .4 .' A
sdfua#

Figure 8: sT vs. si. (a) and a2 vs, sini 2 4 (b) profiles calcu
lated frcm tne dar.. s~o, In .figure 7.



Table 1: Analysis of the "d" vs. sir, curves shown in figure (7)
over various r-ranqes. The (assumed) stress profile is shown in
figure (6).

Error in
t-range c1I(%_Pa) C22(MPa) c33 lPa) 711 ('Pa) j 13 ,'ac 23(NPa)

0-60 -442 -442 107 42 50 0

0-33.21 -562 -562 55 162 86 0

39.23-60 -412 -412 81 12 278 0

Table ZI: Analysis ofa2vs. sin 12*j curve shown in figure (8-b)
over the different *-ranges. The assumed stress profile is
given in figure (6).

*-range '13 (lea) _72 3 Corr. Coeff. Region

,0-26-57 96 0 .9952 a

133.21-45.00 -182 0 -.913 b

1806 0
183 a .992 c
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that any displacement from the correct position may prduce
v-splitting. Among the various methods used to check this tnc
most widely used is the ' stress-free powder " technique in wnch
a (stress-free) poder is dusted on the sample surface and then
the sample surface adjusted until no *-splitting occurs in the
*d" spacings obtained from the powder. It has also been shown
that the * -splitting shape caused by sample misalignment*'is not
similar to the shape caused by cl a In the following, we
will treat an error that can no' be etected by the stress-free
powder method and gives the same shape for *-splitting as equa-
tion (2-b):

Assume that t-he zero position for (-motion), read from the
odometer of a diffractometer is different from the geometric de-
finition of zero byA degrees, i.e:

*obsv = *true + A (12)

where ais defined in figure 9. For a well-aligned diffractometer
Awill be negligible. If, however, the *=0 point is not adjusted
with the actual (flat) specimen in question Aup to 1 is possible.
With portable residual stress devices coming into use, higher
lare possible, especially if measurements are being made near
fillets, bends etc. Substituting (12) into (5) we obt.in: (for

al~' 23 0)(C .j ) ,#mko(COS316-s in 2 6) s in s +ko/2-s in2. sin27+k #s in = A

+ (l+vIE)c '3"/E ekk (13)
whereko- (l /E) [i ¢' s2 +cl2s in2 r22s in - 33

From equation (13) it is seen that an error A from the true
*position will cause splitting proportional toksin2a for posi-
tive and negative ,. The shape of the split d" vs. sir curve
will be the same shape as predicted by equation (2) with t0 and
alfnd/ora 3 finite since in both cases the effect is caused by
the arguuent 0 sin2*= .

Men all the stress components in equation 13 are zero, as
in the case of an annealed powder,

(C3,3)' W" d-do/do - 0, thus, d t = do

*The equation for the difference in peak shift for a sample
displacement AX from the 1 genter of the diffractometer
between an angle * and = 0 is8:

a(A29)0 360/ AXcosQ(l/R -sinQ/Rl (sing-'i)1

where&X is the sample displacement, G is the Bragg angle, Rgc is
the goniometer radius and Rp is given by:

R = *" (cos(4+C90-g]))/(cos[ t-(90+0)]
P C

thus, the amount of split between +t and -. will be: &6(A29) -
5(C29B,*+ -6(aQ _. The difference is not a function of sin2.t



Table III Analysis of "d" vs. sirk curve shown in figure
(10) . (The stressa13 is due to the -i-missetting error in this
case.) For this case -.I ==f-400.mPa, - =k- 2' all other
tj=0. Thez33 gradient is the same as shown in figure (6).

I Error in

#-range Oil o22 '33 113 -23 r I

0-60 -438 -438 107 26 26 38

0-33.21 -556 -556 56 30.5 30.5 156

39.23-60 -408 -408 82 56 56 9

Error in:

8o all I/> 39.23

2a
013 0L a3 \< 33.21

0 40
w

20/

0~

-3 -2 -1 0 1 2 3

Figure .1: Variation of errors !no 1 1 ,1 3 with v-misset:ing.



for all ,kindependent of A. Thus the stress free powder method
of alignment is inadequate to detect the effects due to this
error. Verification of the true-zero for movement presents no
problem on a diffractometer if a flat sample is used. For curved
samples or when a portable unit is used for measurements, a thin
sample with known stresses, but noF13 ':,7 that can be placed
over the actual measurement surface is nee d. An alternative is
to rotate 180. and repeat the j measurements. It can be seen
from equations (13) and (5) that while for true 4;-splitting the
d + d* values will be interchanged, no such change will occur
for the missettig case as:

k(0+O18) - k( ).

Magnitude of Errors Caused By an Error In True Position

Computer simulation was used in this case also. For a given
error A , the "d" vs. sir plots were synthesized and then ana-
lyzed using equations (6-a,b). In figure 10 the "d" vs.
sirf* curve for A =3 is shown. The following parameters are used
in the data analysis:

7-40ma, (c33) 1k3 2,all other

The v3 3 gradient is the same as shown in figure 6

The analysis results for figure 10 are shown in table II
It is seen that, as in the first case (a - 0, a > 0 ), the
most accurate results for a are obtained 1-rom the high
*-range. The error in cl 3 (t& results in this case are only due
to a) are highest for this range. This is again due to the in-
teraction of the sin(2*f term with a stress gradient, in this case
a through kI in equation (13).It is also evident that for
tRis case also a2vs. sin I2.I will exhibit splitting over le (0,60f .

Ia figure 11 the errors in a are plotted as a function of
awhen the high *-range is used in the analysis. Also plotted, is
the apparent c values caused by the presence of & versus A for
both high and 11w *-ranges. It is seen that use of a low *-range
to evaluate the slope of avs. sin 12*1 line will keep the appar-
ent q11 value below 20 mPa a<2 ) which is generally within exper-
imental error.

Conclusions

1) Oscillations in experimentally obtained "d " vs. sinl data
indicate presence of an inhomogeneous strain state in the surface
layers of the sample.

• 4



2) The degree of inhomcgeneity increases with the magnitude of
oscillations and such inhomogeneity causes strain gradients in
the surface layers.
3) When large oscillations are present in any one reflection ob-
tained from a given irradiated volume, oscillations can also be
present from any other reflection, obtained from the same volume,
unless the volume fraction of inhomogeneous regions is small.
4) When strain gradients are only a function of depth in an irra-
diated volume, a "quasi-hcmogeneous" strain state may exist if
certain other conditions, examined in the text, are fullfilled.
In such a case, experimentally determined "d " vs. sinA lines
deviate slightly from the curves predicted by the equations ap-
plicable to homogeneous strain distributions.
5) Even for quasi-homogeneous strain states, application of solu-
tions developed for homogeneous strain states may cause large er-
rors in the stress results if the methods are not appropriately
modified for the true strain distribution in the surface layers.
6) Qualitative ideas about the actual strain distribution may be
obtained from the deviation of alvs. sin1r and a2vs.
sin 2tj plots from linearity. Our examinations here and previous-
ly published9 show that when the quasi-homogeneous gradients in
the irradiated volume obey a power law, the stress results obta-
ined from the analysis described by Dolle will be more accurate
if;
i) alvs. sin is analyzed over a high *-range,
ii) a2vs. sin 2.I is analyzed over a low *-range.
The linearity of a 2vs. sin !2*1 must be checked for each experi-
ment before the linear range is decided upon.
7) A missetting a from the Itrue-zero position of a diffractometer
will cause an apparent * -splitting which will have the same shape
as a --split caused by the shear stresses c13 1 2  This error
can not be detected by the stress-free powder tecnique currently
in use.
8) The missetting error can be detected by rotating the specimen
18(: in 4 and repeating the measurements for = * . if

then the error is due to misalignment inli
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