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ABSTRACT

-W6 study a numerical method for solving free boundary problems of

elliptic type. Usually these problems are prescribed with two boundary

conditions on the free boundary. One of them is the Dirichlet condition and

the other is the Neumann condition. -Ow method is to transform the original

problem to an optimization problem. The state equation is approximated by an

equation with a penalty term in which the Dirichlet condition on the free

boundary is approximately satisfied. The outward normal derivative included

in the Neumann condition through the free boundary is calculated by using the

asymptotic behavior of the solution of the penalized state equation. 4eet-we "

>LP.en±.a method to solve this penalized optimization problem. Also the error

estimate of the discretized state equation by the finite difference method is

given.
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SIGNIFICANCE AND EXPLANATION

Free boundary problems for elliptic partial differential equations arise

in many applications, e.g., phase transition problems including slag flow in

7' .the hearth, a wave or jet problem, the equilibrium of plasma, optimal shape

design and others. Hence there is interest in the development of efficient

and accurate numerical methods for the solution of these problems.

*In this report we develop a method for the numerical treatment of these

-: problems. In this method we replace the original problem by an optimization

problem in which the state equation contains a "penalty" term. This is

particularly useful because the boundary conditions on the free boundary are

satisfied approximately; this avoids difficult calculations. Another

objective of this report is to give the error estimate of the solution of the

discretized state equation by the finite difference method. Our proof uses

some of the techniques of the finite element method; it requires a new

estimate of the solution of the penalized state equation.
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NUMERICAL ANALYSIS OF BOUNDARY VALUE PROBLEM
OF ELLIPTIC TYPE BY MEANS PENALTY AND THE FINITE

DIFFERENCE AND ITS APPLICATION TO FREE BOUNDARY PROBLEM
* ** **.

T. Hanada , H. Kawarada and 0. Pironneau

1. Introduction

This paper is concerned with a numerical method for solving

the problem of Dirichlet in an arbitrary domain of R
2 using

the finite differences. Consider, for example, the problem

0
of finding such that

(1.1) -A i0 + = f in f0 0 o = 0

Let 0 be a rectangle which includes n0 and let X be the

characteristic function of 9-9 then (1.1) may be approximated

by

(1.2) + + Xlp = (1-x)f in n

This penalization method was studied in Kawarada (1977), (1979)

where it was shown that

(1.3)/_ *CWfn + O~-~~+(E).
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When (1.2) is approximated by using, say the 5 points for-

mula for the Laplace operator, then X must be approximated in

such a way as to yield a computable linear system for the values

of i at the grid points. The basic difficulty with such method

0is that it is not easy to obtain a good approximation of J/an

on an from the discrete approximation of 4 €.

In this paper we shall show that X can be approximated

(see (2.14)-(2.15)) so as to yield (Theorem 1 and 4).

(1.4) € II, ~ -~ - O(h2/3) (*)
0(1.4) h( )

(1.5) -_o. ,/Z 1/2, a 0  :.-l

where h is the mesh size, e=h2/3, the norms are Sobolev

norms, and h is the linear interpolate from the values of the

approximation of P computed at the grid points.

The proof uses some of the techniques of the finite element

method (see Ciarlet (1978) for example); it requires the

] estimates for IE- 0 2and IIleI2  which were not known' ~~~(S0)' (- 0 -.

before; thus this paper contributes also to the theory of asymp-

, totic expansion in this respect.

* The method of penalization used here (see (1.2)) belongs

to the family of artificial domains, capacitance matrices...for

which the scientific literature abonds (see for example Lions-

Marchuck (1979), Proskurowski and Widlund (1966), (1980) and the biblio-

graphy there in); it is quite possible that the techniques used here apply

also to these other methods. Finally our practical purpose is to

(*)VII indicates the norm of v in Hm
* ivlm,G teoin (G)*

-2-
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obtain the solution of a free boundary problem transformed by

least squares into an optimum design problem; the method goes

as follows: 

Let Al be bounded by a given boundary r0 and a free boundary
Y0

Y (cf. Fig.l).

We are looking for * and y such that

(1.6) .A + 0f f in n

(1.7) Ir o, r an r u Y (r 0 Y - )

Y oY

where f and g are given in R2 and A is a positive constant.

n is outward normal to n .

Yn

Figure 1

We can now transform this problem into a problem of optimum

design, which is an optimal control problem of a distributed

parameter system where the control is a part of the boundary.

-3-
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For a given y, we define the state equation by

(1.9) -A*+ A 0 Vif in n0 Y

( (1.10) Or 0

*! which defines * = (x;y). Then any solution y of the problem

* (1.6)-(1.8) is also solution of

(1.11) min {E(Y) J , xn -gj 2 ds)

" where S is the set of admissible boundaries y such that afl = u Y
Y 0

.-' and the state equation has solution in n). Problems of the
Y

type of (1.11) was successfully studied by Murat-Simon (1977),

Chesnais (1975), Pironneau (.1976) and Dervieux (1981).

The characteristic of our method to solve (1.11) is sum-

marized as follows:
2

Let A be a bounded domain in R such that o)Dy and

anaFoUrI (0 1 rl=0) for VyES (cf. Fig.2). We penalize the

state equation as follows: For e >0,
£" 1 £+- XyE

(1.12) (-A + A0 1 + E X = 11-X )f in n
'L&

U

(11.13) Vln 0 0

where X is the characteristic function of n- . If c is small

enough, it is shown that the solution of (1.12) and (1.13)

has the following asymptotic behavior on y:

(11 + 01c) in a suitable topology

-4-



where 4 is the solution of the state equation. This property

will be proved in the next section. From (1.14) we observe

that the Dirichlet boundary condition (1.13) is approximately 0

satisfied in the error of 01/-) and also y' is approximated

by - in the same order, which constitutes the key of our

method.

Figure 2

BY Using (1.14), we approximate (1.11) in the following

ways

min (E. g12 ds)

-5--
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"30 After the penalized state equation (1.12) and (1.13)

is discretized by the method of finite difference, (1.15) will

be solved by the numerical technique for solving problems of

optimum design (Pironneau (1983)).

Finally we would like to mention about the discretization

of the penalized state equation in 3*. In order to solve the

optimazation problem like (1.11) or (1.15), usually the gradient

method is applied together with the finite element method; in

which case, the mesh is moved at each iterative approximation

of the free boundary. We have frequently experienced that these

moving mesh causes serious computational problems.

The plan is following:

1. Introduction

2. The Penalty Method (including main theorems)

3. Proof of Theorem 2

4. Proof of Theorem 3

5. Proof of Theorem 4

6. The algorithm for solving free boundary problem

2. The Penalty Method

The aim of this section is to give the proof of (1.5).

2.1 Let us consider the following problem; given n with suffi-

ciently smooth boundary r, CM0c Zn- (0.l)x(O.1)) find such

that

(2.1) -a* + AO f in n

(2.2) r- an

--6
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Then the solution of this problem satisfies

00 0~ 10

30 1
*(2.4) H H 7 (r)

for any f( H ( 0) (m±>O).

2.2 We shall penalize the problem (2.1) and (2.2) as follows;

For VF > 0,

(2.5) (-A + X0)*C + X (l-x)f in n02

(2.6) 0

where X is the characteristic function of l "n-100 It is

checked that the solution 1£ satisfies

(2.7) C " H (n) (1 H0(M)

(2.8) * 1 C-x)D0  strongly in H1 (n) as c 0.

2.3 Let us approximate by the solution 0 of the discrete

problem corresponding to (2.5) and (2.6):

(2.9) {- + 0) ij + lxch)ij (1 - Xh)f)ij

(2.10) (0) " 0 i,j) E ? .

-7-A
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is the set of lattice points which divide n into N x N equidis-

tant meshes (NiE). 39 consists of the lattice points laid

on an. Ah is the five points formula for A. In order to define

the modified characteristic function Xh, we need some notations

and definitions.

(2.11) h - {wh cOZ); Wh0TM is affine on T }

T - triangle obtained by dividing each rectangle of the mesh by

its first diagonal (cf. Fig.3).

Figure 3

Define wCj x) by

wiJ  H1 01) andh

wi (lh mh)=6 6 for any U, m).

Further define

(2.12) h {x I wijlx) > 01
-8



(2.13) 0 (jj~ l~ * n lf 1 ~)

Then

(2.14) - U (I

(ij )(- h]

defines a narrow strip along r. With the notations above, '

X Xh(X) is defined so as to satisfy the following conditions:

1) Xh(X) in 0 1h i- i l Dh;

ii) Xh(X)=0 in Oh 0 %- 0 Dh;

10 < Xh(X) l in Dh

iV) R ES II L Xh(ld14 (see Fig. 4, 1IRS 1 implies the

distance between R and S).

The meaning of iv) is clarified in the proof of Theorem 4 stated

later. On the other hand, it plays an important role in solving

* (1.15).

DAQi

R
r.

Tx \ x
S X

(S) <

p..

T N

Figure 4

-9-
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As two examples of Xh , we give

(1 Cx)
(2.15) XhlX) - L(x)+i 2 (x) in D

(2.16) Xh) W in D
1 (x) +L2 Cx)"

where L (x) and I2(x) are constant on r (S) and equal to

IRSII and IITSI1 respectively, and p = jjx-SII.

The linear interpolation of 0j €(ij)E?1 is represented by

(2.17) = "w( x )

2.4 Now we shall state the following approximate theorem for

-n which plays an essential role in our method:

Theorem 1 Suppose fC-Hm( 0 ) (m >5) and e h2 /3 and let h be

" small enough.

Then

(2.18) -ll- 2.h r Olh)
,r

In order to prove Theorem 1, we have to prepare the follow-

ing three theorems:

Theorem 2 Suppose f ( ) >m>0) and let c be small enough.

Then

(2.19) + 0(c , OC).

-10-
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Theorem 3 Suppose f E P(n0) (m>5) and let c be small enough.

Then

(2.20) II C'IL
-(0)

(2.21) jj *~ 1C(o) < C(1+ VE1

C. (i = 0, 1, 2) is a positive constant independent of e.

The regularity properties in Theorem 3 are needed to prove

the following theorem.

Term4 Suppose fEGHm(% 0) (m±> 5). Then

2 2
(2.23) IIa* h <

4, we have

(22)II~ '- I -0!y+

.JL)

(2.25)II l r-

Combining (2.24) and (2.25),

-11- a4
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Thus if we put C -h2 3 , then

AC f o1 1

(2.27) € + 0 ()

3. Proof of Theorem 2

3.1 We introduce some operators defined between traces on r.

1i) Define the mapping

T : H1 r a. a H (r)• Tf r2(eHi,.:-:• 13 11 , r) le * - -Jr::

a is the solution of the problem:

(3.2) -A X0 4 f in 0

(13.3) a

where f e Hhl(n 0).

(1i) Define the mapping

°2 1 1

* (3.4) :H -(r) H b I H2 Hr) :
• " r

'" is the solution of (3.2) with f 0 and the boundary condition

-12-
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(3.5) + b)Ir b

. (i) Define the mapping

1 aa 1-.

(3.6) se (r) ) a -!r e 7

where *a is the solution of the problem:

(3.7) -eA* + Oi"0 in f0l

(3.8) " a

1~ (3.9) 0 0

. fWe denote Sc and R; by the restriction of Tf S £ and Rc
f m

to H (r). But, we abbreviate the suffix m hereafter.

3.2

Lemma 3.1 Let a, b be arbitrary in Hm+ 1/2cr). Then

(3.10) Tf (a) - Tf(b) = T0 (a-b)

where TO 
= Tf- 0 .

Proof Let s (s =a,b) be the solution of (3.2) and the bound-

ary condition

(3.11)r

Put T 4Pa -*b" I satisfies

(3.12) -AY + A 0 in n o-3



- . l.0.. - W.- - *~

(3.13) Yir .ab

a

On the other hand,

(3.15) __a ! J *bl T T(a) T T(b).13.1)finr ="-r r

From (3.14) and (3.15) follows (3.10).

Here it should be noted that T is linear and Tf is non-linear.

Lemma 3.2

Tf, (Re) - and Scare homeomorphic from H-11/ 2 (r) to Hm+i/ 2 (r)(m > Q)u

Proof

10 Tf is injective from Hm+1/ 2(r) into HmlI/2(r). Indeed, let

a~b6Hm+I/ 2 lr) (abb). Suppose Tf(a) =Tf(b). Then, by (3.10)

0 - Tf(a) -Tf(b) = T0 (a-b) iq 0

because of the strong maximum principle under the assumption

A O)-0. This is a contradiction.A0

20 Tf is surjective from Hmp + 1/ 2 (r) onto Hm -112(r) if x0 > 0.

In fact, choose any b-H"m' 1/ 2 (r). Then the following problem:

(3.16) -&* + A,0 f n0

*(3.17) Ir b
r

has a unique solution Cb Hm+I(% if X > 0. which satisfies

i" -14-

"ft

* . ...... .b 0' 0.
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(.18) EH() and b -TfCb)

30 It is checked that Tf and (Tf) are continuous between
H+2(r) and Hm (2r) (see Agmon, Douglis and Nirenberg (1959)).

4* Summing up 10, 20 and 30, we see that Tf is a homeomorphism
Hm+1/21/

from u I Cr) onto Hm- /2 1r).

The repeated use of the above arguments proves that RC and S

are homeomorphic between Hl+I/'(r) and (r). 1r)

3.3 Here we give the estimates of the norm of Re and Sr,

which are crucial for the proof of Theorem 2.

Lemma 3.3 Let c be small enough and m> 0. Then

(3.19) I RC (a) (1) - O(1) a I , for ¥a e Hm - M2 (r)m-.,#r m- r

0( Hm-11r

* (3.20) ( R1 (a) Fira+) Ila I -  , for Va e M

(3.21) Ij RI(a) -a 1 - o(1 )II a 1
-I r m+ yr

m-7F

for any aC-H (r).

Proof Using Green's formula in the problem defining R£, we

have

(3.22) ,- ,2 )dx + ds - a ,

a 0  r r-

'.d .
-15-
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From (3.22) it follows

(3.23) , o,r *.. 'Ja I or

(3.24) V/*lr l..rPI al

Using the standard technique to raise up the regularity

property of the solution of partial differential equation, we

obtain (3.19) and (3.20). Rewriting (3.5) with an aid of T and

we have for any aeHm+1/2 l(r)

(3.25) II R (a) - all - llT0 Rc (a) 1
:-im--,r m- -,r

WEo(E) 1R(a) ,1 1

O(V)II a Il (by 3.19).
r

Here we have used the boundedness of Tn from Hm+i/2 (r) to

Lemma 3.4 Let C be small enough and m >0. Then

(3.26) iSe (a) + a11 O(1)l a I rvvM -,r m+-, , r

aH

li~i:-16-
. .. . . . . .. . . . . " .



9....-7 .99. 7 .. - 9

Proof We prove this lemma in two cases. In the first case,

2 2we prove the special case; n= R (fl0 -R_) by using the fourier

transformation. We give the plan of the proof in the general

geometry in the second case.

as 2vi~x2

le Let C =i Jef 2 -(xx )dx

and &l )-Je 2 a(x2)dx2, (a e Hm+3/2 M)

Here Vi(x11x2) is the solution of (3.7)-(3.9). Then Op satisfies

(3.27) 1+ +, 2 2 n R2
ax1

'A
(3.28) -0 -

Solving (3.27) and (3.28), we have

(3.29) Ax13.91 * .- a.exp{-11+ 2. 21x } "-

from which

(3.30) Se.. (a -+72.&2cl

X =0

We compute

-17-



(3.31) (a) + . .

1+ (1+47r 2  2C 2 )

(3.32) J Uc + 4 i m 2) M  S +() df

+32, (1+ 47r2 ". 12 1m + "

-. m,0e j [E+ (+4v 2 l.Ecl *

• . 3

0(C) JaJ2(l+47r2.It, 2)m+ d&
-a*

which implies

(3.33) IS~ (a) + - I ' - 0(v'F-)l al 11 3
/F rm- r m r

By density argument, we have

(3.34) S (a) + - (Vc) IIal
Sm- r m+- ,r

+1

for VaEH ().

20 Let us now deal with the general case. The domain Q is

a regular simply connected domain; then there exists a (fixed)

regular conformal mapping w= f(z) -u 1 + i U2 (z x1 +ix 2) which

-18-



i. 2
maps n into R;. As a matter of fact, r is mapped into the

u2-axis of w-plane. Then the transformed sulution PC- m Cf (w)

satisfies

(3.35)+ A-T = 0 in R+

(3.36) auy A (u) = a(f-(w)).

By means of the iterative method proposed in the theory

of singular perturbation (see Lions (1973)), is asymptotically

developed in the following way;

(3.37) y - + T0 + + +... + n n
y"%" 1

Using (3.37), we conclude (3.26).

3.4 Let us note that another description of the problem (2.5)
and (2.6) is following:

-.-

(3.38) -Ao 0 + A.0 f in no

(3.39) -CA*, + I 0 in al

(3.40) I0" 1 on r .

o a*1
(3.41) an - N- on r *

-19- >



(3.42) "21 = 0 •

Then this problem is transformed into the transmission equation:

Find acoE C+ / 2 l r) such that

(3.43) Tf(a') - S (aC)

Cp
' Of course, the solution aL of (3.43) is equal to cIr.

3.5 Using Lemma 3.1, (3.43) is rewritten in the following way:

M+1

(3.44) T0 (ac-b) - S la 1 = - Tf(b), for Vb E H (r).

Recalling (2.8),

1

(3.45) ac = r 0 strongly in H (r) as c-*0

Therefore we choose b= 0 in (3.44). By (3.26) in Lemma 3.4, we

have

(3.46) T0(aC) +-a - S l (aC) = -Tf(0)

or

/E.T 0 (aC) + aC = /ESc(ac) - /fTf(0)

where

S(a 1 = s(a ' ) + a

-20-
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By the definition of Rc,

(3.48) a - /'ER'S'(aC) - r/RCTf(0).
f9

Lemma 3.5 Let c be small enough. Then /'R SC is a contrac-

* tion mapping from Hm+1/2(r) onto itself.

Proof Recalling the definitions of RC and S11 we see that

- RcSI maps (r) onto Hm1/21F). We compute

(3.49) vi IRCSaC) < 1 (< ViO SF I (a ) ir,,+ j, r / s- -M ,r

(by 3.20)

<~~ o 1v1i! a€ II
0./e- " +,r (by 3.26)

Thus (3.49) completes this lemma.

Using this lemma, we can solve (3.43):

*..

"- 1= -- 5 1.
( 3.50 a ( 1-vi RS I (-i- RCTf(0)) in H (+

By (3.21) in Lemma 3.3,

(3.51) a - RE- RCS) l-l-/ Tf(0) +0(c() in Hm+ (F)

which implies

-21-
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2

1

(3.52) ar- -,/-Tf(0) + 0(e) in H .

Here we note that Tf(0) should satisfy

3

Tf(O) EH-

" Therefore, we have to assume f e 1() from which follows
0

0 H+3oe (e0m ).

4. Proof of Theorem 3

4.1 Assume fE Hkl) (k>5).

Then

0 1 Hk+2

(4.1) E H0(9 0  H ( 0

(4.2) E (r) c (r) (0 < 6 < 1)

(see ,dams (1975)). Using (2.19) in Theorem 3 and (3.2),

(4.3) =-Ir 0(O1?) in H T(r) ck-1 6 (r1 .

Using (4.3) and the maximum principle, we obtain

(4.4)1 II Cii(g <oWF1 (k>3)1.

We compute

-22-
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iE
p -2

" 1~4.5) 11 .

S°By (4.3)

(4.6) IT 0lk.. r~(/) .9
|l 2'

From the definition of S , we have
gB

S( 1 r) ( H 2 1r) n ck2 'd(r)

By (3.26) and (2.19),

(4.7) -1 o(1).

Combining (4.6) and (4.7),

(4.8) IIv*E 11 1 o01).
k-y rI

Similarly, we have

(4.9) k-1,n -7 2 o(1)"k g2, ank Y, a.1"0(:
Ilk- - a

I k -

-23-,8
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(4.10) cAT€ + T= 0 in f1"

From the maximum principle together with (4.8) and (4.9) it

follows

(4.11) fly, €E [IC(flf < O(l).

Here we have to assume k>4 to obtain good regularity of

Repeating similar argument, we have J

(4.12) <j - 0 ( )(k>5).

2.~ C(ff1 )J

5. Proof of Theorem 4

Here we restrict our proof to the case X = 0 without loss

of generality.

5.1 We will introduce the following scalar product equivalent to

the one induced by (l1 :

(5.1) (u,v) = JVuVv dx + i 2h h
fn (i, huv ij

for any u,vEH1(1)

and the associated norm

(5.2) hU = I '(u, u)

-24-



". . .... " • ... .... . . . . I .. . . . . ..q- ,

Let Hoh ()={wheHl(a) WhI = 0}. Then, since Hoh( 2 ) is a

closed subspace in H 1(), there exists one and only one element
0

Qe Ho() which minimize - - Wl among w e H1 ()
he oh b h h aog h Hoh

We denote

(5.3) V , eh.=h ~h h h

Obviously, vh satisfies

(5.4) (vh Wh) =0 , w-H h (a)

and there holds

(5.5) IIC lie 2 + 1 1-h II " I h  11 I v I

Therefore we may evaluate both Ii eh 1 and 11 vh f. It follows

from (5.4) that for some C (see Ciarlet (.1978))

(5.6) II vh II . I - Ph I _ cli 2,2 2,,a.h

where P * % w (x). Thus the remaining part of this sectioni~j

will be devoted to the estimate of e 0h -

5.2 Using (5.3), (5.4) and the relation

li(h ,v)i l(eh, wh)lI:e

(5.7) I eh I - Sup_ Sup
v4Hl(n) II v II whEHoh(f) II w

v'#O wh i 0

-25-
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we have

Ilehi Sup (,C - h 'Wh) Ij
(5.8) IIe h IIn sup h h

VWH o (n)  IIwh I
hoh

Therefore we may compute ( -C h "

Multiplying wh on both sides of (2.5) and integrating by

parts, we have (see (5.1))

(5.9) (,-w) - + (x + h ij h

I J WhdX

Similarly from (2.9) and (2.10),

C h2

(5.10) (Oh, Wh) = (fwh) i j h(ijeoh

The subtraction of (5.10) from (5.9) gives

(5.11) (C,-.hW) C { fwhdx (fw h  h2 I
n0  (i j)C- 0  ij

+ {lh Wh ih 2 - El whdx}

I J.

-26-•.
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* Let Hoh ()={wheH ()IWhla = 0}. Then, since Hoh(S) is a

closed () there exists one and only one element

:h e Hoh () which minimize 1I0 - - Whl among wh e oh (Q) "

We denote
i'.

(5.3) Vh Oh e h V

* Obviously, vh satisfies

(5.4) (vw) , w e
h h" oh

and there holds

-(5.5) IiI -,c 12 IIeh I2  + IIvh I2

Therefore we may evaluate both 11 eh fl and 11 v. jJ- It follows

from (5.4) that for some C (see Ciarlet (.1978))

II (5.6) II vh  I . II *' - oh II ! cll i112p 2 , h

where ph= W . (x). Thus the remaining part of this section

will be devoted to the estimate of e 8h .

5.2 Using (5.3), (5.4) and the relation

(5.7) II Sh II- sup (<h Sv) l l(up Ihwh)I

v*RO wh  M 0h.0 Vhoh

-25-
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we have

S Wh) 
(5.) II eh S (supVh H II) wh I

oh~n

Therefore we may compute ( , wh).

Multiplying wh on both sides of (2.5) and integrating by

parts, we have (see (5.1))

2p
(5.9) (@pw) = fwhdx + w (Xh h) ij hh)) f o  ityj -

0

-- VdX.
40 E..

Similarly from (2.9) and (2.10),

C2(5.10) l , (f ih)" " h
uilj)E?10iJloh '

The subtraction of (5.10) from (5.9) gives

I +J

-26-
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Divide J into two parts in the following way:

(5.12) {h i,j h - whdx)
, lh Rlh

+ 2 C[
+ ( ~(xwh).. jh2  w 4 vdx)ifj*6 ilf- DnOl

J + 2"

5.3 In order to estimate Jl and J2. we will prepare the follow-

ing lemmas.

Lemma 5.1 (Quadrature formula on )

(5.13) Ijf wh dx - w h21n (i)6 (f h i'j

, < ch 2  I x JWhijjh 2 )

where oij is the support of wi J (see (2.12).

Proof: See Ciarlet (1978) (Error estimates for the quadrature
formula on a regular mesh)

Lemma 5.2 (Quadrature formula on D)

(*) Ift2, stands for the norm in W2 '(a ).

I 2 ,eewfj ii

-27-
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(5.14) 1 J wh dx - wh) ij h2 1i D( i j

h2:: <Ivfl= o.' 1Whi j  ,
i j)E hij 

.

Proof Since wh (x) = w..w ij (x)

(5.15) fwdx (f Wh)ij h 2

" I (i~j)Ewij (f w'j - fh2 )dxl

(i j)eb 
w i j  i ..

There holds on a..:

(5.16) If(x) - fij I  .IfI • h/7 WE

by means of the mean value theorem. We have

"22
(5.17) J w1 J dx h2

and

(5.18) area of aiJ = 3h2

Summing up (5.15)-(5.18),

-28-



':'2 I h 2 h
(5.19) (fwij  fh2)dx < 17f1.i .h2-3h

Substituting (5.19) into (5.15), we conclude (5.14).

Lemma 5.3 (Approximation of an integral on a ship by a boundary

. integral). With the notation of the Figure 4,

(5.20) f dx: f dx

1+2<.i
-3"1 I [(z L + L211sds< r , ( (s)

Proof By the mean values theorem for integrals, we have

(5.21) f fdx (s f(x)dr )dr

f (f (s) +Y(s) )L(a)drr

-: . (5.22) I1(a) l Iff . "l + 12 )(s).
r(s)

" By the same argument,

:11+k2

where ( 1 
+ z 2) x) is constant on rL (s) and equals to (j1 + z2) (s).

-29-
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J0
Hence we have (5.20).

* Lemma 5.4 (Discrete Poincar6 inequality)

(5.24) w?.h2 < C IVWhI dx , = 0.

where C is the universal constant.

Proof
wi i w ,w -W-l 2,

(5.25) Wi = 2-W l 2 i I" h2

From (5.25),

j >..

N 2 22

Therefore, we have

(5.27) iw2 j h2  <C X {(.k-lk)2 ,, .k-12 2 h

* Lemma 5.5 (Discrete trace theorem)

i2j*) ij 1 JWhi 8

hN }Nh

The Recall that e a) N a

-30-
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.1.

Proof Let us note that the number of points in is of order

By (5.25)

2 142
(5.29) W wh~ < NI

! c Ivwhl dx

Hence we conclude (5.28).

5.4

(i) Estimation of I: By Lemma 5.1,

- (5.30) l 1 Ch 2  [ I I12 h2 ) (2-w -h2

ije? 2121'sij -"

(ii) Estimation of Jl: By Lemma 5.1,

2  2 2

(5.31) ill _C h TI i 2  Ii I h
ij)lh2''i

(iii) Estimation of J2: By Lemmas 5.2 and 5.3,

(5.32) IJ21 < I iDll -dx J hWh I+Ldx

+ Jh dx (xhOP W h ij 2

D wh TfI 2ijhh-



22
< +  dr

1E 2

+ Ch2  i €j : )., "h(i j)(-b w i  ri ..

Here we see that the definition of Xh plays an essential role in

this estimate.

(iv) Estimation of J: Therefore

1 1

2 2  ( £22 2,7(5.33) Ih 11 t i j  i j

1 1

+£V4) 2 h) Y 2 h)

+ (XIV( i2  11 - I 12  Y .h)

r ,r/  (r ,r

1 1+(J I*,1 2 .~.i-)r)12Iwh I .dr) 7

+ Jr •1£I ( 1 L h @ VWI

r O, r h drr(dr 00,

By lemma 5.4 and 5.5, the sums of w. in (5.33) are replaced
1)

by (U f WhI 2 dx) 1 / 2 .

Now lWhl,,rij =wkt, (kh,th) Eoij and IVWhI0 ,r <2 IwhI ,r/h.

Therefore, for some curve near r

-2A

-32-
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(5.34) 2rdr < C1 f*IWh cI2 w2 hIr r, h Co

c3 j Ivwh 2 dx (by Lemna 5.5).

: Thus, summing up the above results, we have

2
(5.35) ! e h 1 < (1II + IJI)/Cf IVw hl dx)

2 2 2-
~Ch h li

S ci"J) 2,-,oy ::

2 2"1

h I+112  2 '+ 1[ co~e i2jh1+'2

-r,r (-
1 2

.:i j1 e

•_ _ dr) ]

* 5.5 We are now in the final step:

-33-
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V .

1*
(536 h + ehnt ''

1h h'< II "s 12,2 ,gh + Ch 2  
(jf II2  h

+ Ch.-2  D( Cl

Chh

12h

(5.37) DC*£) = €(i )x l II I2,,i 1

U:D b 1i 2le OIC

+ (lrIV'l - ( dr)

r r~ ~J I~Io h )F
+ rE 1 2  1r

By using the regularity results in Theorem 3,

(5.38) II * : < C(1 h + ) .-h 1,a Ve- -

6. The Algorithm for Solving Free Boundary Problems

6.1 For the sake of simplicity, we have tried our method on a

.simple geometry where the upper boundary of an open rectangle

-34-
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is free (see Fig. 5). Consider the following problem; find A and

y such that

(6.1) _A* f in n J

(6.2) -- g on-n

(6.3) (Ox 2 ) - *(oX 2 ) (x2 >0)

(6.4) *(x 1 0) = 0 (O'x 1 < 1).

We assume that the free boundary y is represented by the equation

rM-n(xC) (0<x < 1 ) and satisfy 0 < n(x 1) < 1 (0 x < 1),

x212

1

0 1 x1

Figure 5

-35-
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Then the discrete problem corresponding to the penalized

state equation is given by:

(6.5)h (hEij + i(Xho hj~ = (lx jf

(6.6) (.) " (()Nj 10J--N)

(6.7) ((1) io 1 iNN-1).

An the boundary y (y=n(x)) defining Xh, we may choose the

linear interpolation y=nh(X) (0<x<l) of i n(ih) (0<i<N).

We take Xh to be the same as (2,16).

6.2 Define "-I

(6.8) gh (x) Oh -1 ( h (x ) )  :

(6.9) g = g(ih ni J

Then we introduce the discrete optimization problem 1.

N-1 1 ~i 2} ,

(6.10) min {Eh(nh) = h ghlih) -g I
i=0

aEa

6.3 Owing to the practical importance of h  we shall discuss

its computation. For the sake of simplicity, we take into

account only the variation of y-direction with respect to differ-

entiation cf Eh. Define

-36-
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i'-°4

(6.11) - (n nh ih ))

(6.12) = { l nk-
ik

Let 6n  be the small deviation of the k th component of n. Then

we have

aE N-l • a(ih)

- (6.13) = 2h (gh(ih) -g ) k:" 3 i=0 a n

Now

(6.14) gh(ih) - h ilnh ih) -(0 [e + O. 1 ) I

where 6 is defined by

i  i(6.15) - he ( -1) + (l-e )J I

Therefore

(6.16) .h(ih) = 1 e + 0 (1£
an VF an ei -1 an i) J

,.. + E iJ- i~ j

but from (6.15)

(6.17) 6i  -h-

TO evaluate *jj[jI /ank we differentiate (6.5) with respect to

k

-37-



( ),j +Vh ij -1 f 3iXh $€

(plus some boundary conditions as in (6.6)-(6.7))

Let {pif} be the solution of

1 )

(6.19) - 1 +  p

(ghlih) gi (eej6  i

P, = 1< JN-1POJ = Nj

C w P 0 0 <1 <.N
Pi.O PL,N

and multiply (6.19) by 0. and sum over all i,j; this brings
1)

(6.20) i(gh(ih) -g') (i , + (1 e)4'i J )

ij £ l( Xh 0,
k(_L(Xhf)ij + - ij=-.Pi an ank

Therefore

aEh N-i1ai
(6.21) -2h U(gh(ih) g

an i=0 an

h- m j P( _ Xf laXhwEhPicj ank(Xhf) ij + -c a k  )ij)]

re ii an an 1

2 (gh(kh) -g k) k ' Mk
rk_ 1  k,jk  h

-38-
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1h "h)
i k(6.12) Tim - 1 67 n1 a

ilk

Let 6n be the small deviation of the k th component of n. Then

we have

BE N-1 U g(h)
(6.13) h 2hN  (gh(ih) -g h

an i an

Now

(6.14) ghih) = 1 ¢(ih, nhih) f C[,i e1 + i - e11-i11

gh /E h 'n

where e is defined by

(6.15) ni = h(eilJ t -1) + (1- i 1)J ]

Therefore

, (6.16)1 ~ 1 =1r~ 0  + .)(-O

37)a ,a 3n" i. -I. 3nk  •e

h _

... but from (6.15)

16.17 ilk -Ii .. ,.

To evaluate €0 -n 1 we differentiate (6.5- with respect to37-

.. .. . .

•".-. .. .. -.- . .. ......- . -.... .. . .. ... i i i -



.. o

"' 1 _ I Xh(6.18) -( + 1(Xh')ij (- X ij - (-E i

+ 7x -IXf'i -(- i-*£n .n

(plus some boundary conditions as in (6.6)-(6.7))

Let {p .} be the solution of
* ~3

(6.19) -(Ah P C ) ij + i(Xhpc)ij -i

g Cgh(ih) gi) (8i6,Ji. 1 + (1ei )aj

Pj p PN,j

P L LN 0

and multiply (6.19) by 0! and sum over all i,j; this brings

(6.20) (gh(ih) _gi) (Oie. + ( 1 -ei). iii,ji-1 i,J'

"- -PXhj ink  + '!
1£ a nlaxh i

Therefore

(6.21) a h i-2 g i

- -h ~(gh(ih) - k)~...
nirn0 an'

2h a 1 ,Xh

13E anil an

2g k k hck Jk 1  k,jk Mh
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nk  k "
(6.22) Take 6 n - k (0< << 1) .

Then we have

(6.23) Ehln') E hl() Ak < 0.

6.4 Therefore let us consider the following algorithm for

solving (6.10):

step 1 Choose A> 0 small, choose the initial guess of the

free boundary n h -(, n

step 2 Determine Xh by nh

step 3 Compute *h by solving (6.5)-(6.7).

step 4 Compute p by solving 16.14)-16.16). '-

step 5 Set .','

6n k -(0.1 k<I<N-1) ...

and

n - n + nk . 6 }  
?-

replace nh by nA and go back to step 2.

6.5 As an example, we shall deal with the problem (6.1)-(6.4).

Which has a solution {y-n(x) a+bsin2 x, (x,y) -cy(nlx) -y)}.

Naturally, the data is defined

-39-
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(6.4)f -Cd2~ 2 2
(6.24) f C-(2-Y )= C (2 +47r ysin 'Tx)

dx

(6.25) g n -Cr- 1+ d = -C sin2x 11 2 2 T
9 d) Ci 2r (1+4wr sin 2w1)

6.5 By using the algorithm mentioned above, we have obtained

several numerical results, which will be reported in following

., papers.

-40-
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