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. ABSTRACT
) \ ﬂ@ A J+;~0' 3

——We¢ study a numerical method for solving free boundary problems of
elliptic type. Usually these problems are prescribed with two boundary
conditions on the free boundary. One of them is the Dirichlet condition and
the other is the Neumann condition. ,Ou;:method is to transform the original
problem to an optimization problem. The state equation is approximated by an
equation with a penalty term in which the Dirichlet condition on the free
boundary is approximately satisfied. The outward normal derivative included
in the Neumann condition through the free boundary is calculated by using the

pey tpTe
asymptotic behavior of the solution of the penalized state equation. -ﬂere'de[

}Z——p:esent.a method to solve this penalized optimization problem. Also the error

estimate of the dlscretized state equation by the finite difference method is

given.
'

T ————
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SIGNIFICANCE AND EXPLANATION

Free boundary problems for elliptic partial differential equations arise F’:
in many applications, e.g., phase transition problems including slag flow in
the hearth, a wave or jet problem, the equilibrium of plasma, optimal shape
design and others. Hence there is interest in the development of efficient g
and accurate numerical methods for the solution of these problems.

In this report we develop a method for the numerical treatment of these
problems. In this method we replace the original problem by an optimization
problem in which the state equation contains a "penalty" term. This is
particularly useful because the boundary conditions on the free boundary are
satisfied approximately; this avoids difficult calculations. Another
objective of this report is to give the error estimate of the solution of the
discretized state equation by the finite difference method. Our proof uses
some of the techniques of the finite element method; it requires a new

estimate of the solution of the penalized state equation.
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NUMERICAL ANALYSIS OF BOUNDARY VALUE PROBLEM
OF ELLIPT1C TYPE BY MEANS PENALTY AND THE FINITE
DIFFERENCE AND ITS APPLICATION TO FREE BOUNDARY PROBLEM

* *h . * %k
T. Hanada , H. Kawarada and O. Pironneau

1. Introduction

This paper is concerned with a numerical method for solving

the problem of Dirichlet in an arbitrary domain of Rz using
the finite differences. Consider, for example, the problem

of finding wo such that

(1.1) "A\l’o + Xowo = f in Qoo wolano =0 .

Let 2 be a rectangle which includes 0 and let X be the

characteristic function of Q—QO; then (l1.1) may be approximated

by

(1.2) -A¢‘+x°w€+%x¢€= (1-x) € in 2 ,

pEloR =0 .

This penalization method was studied in Kawarada (1977), (1979)

where it was shown that

(1.3) v

%*
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When (1.2) is approximated by using, say the 5 points for-

mula for the Laplace operator, then y must be approximated in

U YRS

such a way as to yield a computable linear system for the values L@
of we at the grid points. The basic difficulty with such method i;
is that it is not easy to obtain a good approximation of 3¢0/3n if
on an° from the discrete approximation of yS. ;ﬁ
In this paper we shall show that x can be approximated ;@
(see (2.14)-(2.15)) so as to yield (Theorem 1 and 4). ;
) ——
:0f
(1.4) o £ - ve Il = o(m?/3) -
1,9 .' :
ay° 1 e 1/3
as - 2| mowth
/e 1/2,39

where h is the mesh size, s=h2/3, the norms are Sobolev

& norms, and ¢i is the linear interpolate from the values of the
approximation of pE computed at the grid points. U
The proof uses some of the techniques of the finite element ;.i

method (see Ciarlet (1978) for example); it requires the

estimates for "we-wou_z - and ||w€||_2 - which were not known X
W°’ (Qq) Wo' (Q-Qq) -]

before; thus this paper contributes also to the theory of asymp- , :!‘
totic expansion in this respect. =
h

The method of penalization used here (see (1.2)) belongs ;

3

to the family of artificial domains, capacitance matrices...for .4
e

which the scientific literature abonds (see for example Lions-
Marchuck (1979), Proskurowski and Widlund (1966), (1980) and the biblio-
graphy there in); it is quite possible that the techniques used here apply @4

also to these other methods. Pinally our practical purpose is to

(*) Y . m T
”V”m,G indicates the norm of v in H .. o

----------------
''''''''''''''''''''''''
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obtain the solution of a free boundary problem transformed by
least squares into an optimum design problem: the method goes
as follows: . _;!ﬁ
Let nY be bounded by a given boundary To and a free boundary e
y (cf. Fig.l).

We are looking for ¢ and Yy such that

(1.6) -éo-*l& = £ .lnn7

(1.7) ¢lp =0, =23 =ToUy (To A Y = &)
3¢

(1.8) l =g
an Y IY

2

vhere £ and g are given in R® and AO is a positive constant.

n is outward normal to 97.

Figure 1

We can now transform this problem into a problem of optimum

design, which is an optimal control problem of a diétributcd

parameter system where the control is a part of the boundary. ]
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For a given v, we define the state equation by

(1.9) -~y + Xow = £ in QY

(1.10) vlp =0 RS

which defines ¢y =¢(x;y). Then any solution y of the problem

(1.6)-(1.8) is also solution of X
: 3P (x,Y) 2 o
. (1.11) min {E(Y) = I 'T - gl“ das} . L
|I Y€S Y ™
where S is the set of admissible boundaries y such that anY= I'ou Y -
and the state equation has solution in nY. Problems of the

type of (1.11) was successfully studied by Murat-Simon (1977),
Chesnais (1975), Pironneau (1976) and Dervieux (1981).

The characteristic of our method to solve (1.11) is sum-
marized as follows:
1° Let Q be a bounded domain in R? such that 03??Y and
Mq=TVr, (ron I‘1=¢) for Yy ¢S (cf. Fig.2). We penalize the

state equation as follows: For € >0,

€ 1l €
: (1.12) (=4 + Xg)y™ + S x, ¥ = (1 xY)f in @
3
v
: €
(1.13) Vlgg =0
a where XY is the characteristic function of Q—QY. If € is small
- enough, it is shown that the solution we of (1.12) and (1.13)
has the following asymptotic behavior on y:
4 .
! (1.14) wcl - =g ) & O(e) in a suitable topology
\ Y an Y ?
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E where Yy is the solution of the state equation. This property . ;
o will be proved in the next section. From (1.14) we observe
that the Dirichlet boundary condition (1.13) is approximately .
] satisfied in the error of 0(vYc) and also 'g—;?x y is approximated o
{ € ‘ o
by - 'pF in the same order, which constitutes the key of our S
€'y ~
method. LJ
o)
0
]
i
é
i Pl
‘ Q
Figure 2
2° By using (1.14), we approximate (1.11) in the following
way: ' .
€
(1.15) min (Be(y) = I lw + 2 :
— + g|© as} .
(1 - Iy /€ =
—.5..
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3. After the penalized state equation (1.12) and (1l.13)

is discretized by the method of finite difference, (1.15) will
be solved by the numerical technique for solving problems of
optimum design (Pironneau (1983)).

Finally'we would like to mention about the discretization
of the penalized state equation in 3°. In order to solve the
optimazation problem like (1.11) or (1.15), usually the gradient
m;thod is applied together with the finite element method; in
which case, the mesh is moved at each iterative approximation
of the free boundary. We have frequently experienced that these
moving mesh causes serious computational problems.

The plan is following: |
1. Introduction
2. The Penalty Method (including main theorems)

3. Proof of Theorem 2
4. Proof of Theorem 3

S. Proof of Theorem 4

6. The algorithm for solving free boundary problem

2. The Penalty Method

The aim of this section is to give the proof of (1.5).

2.1 Let us consider the following problem; given 90 with suffi-
ciently smooth boundary T, (ﬁocﬂs (0.1)%x(0.1)) £ind \bo such
that

(2.1) -2y 4+ "o“'o = f in @

(2.2) Wl =0, r =30, .
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Then the solution of this problem satisfies

(2.3) 0 € 1™y N Hyeg)
1
0 me-
(2.4) 3 e 2

for any f¢ Hm-l(ﬂo) (m>0).

2.2 We shall penalize the problem (2.1) and (2.2) as follows;

For Ve >0,

(2.5) (-8 + AV + x4 = 1-0f  inn
€

(2.6) ¥ lan =0

where x is the characteristic function of 91-9-'50. It is

checked that the solution we satisfies

(2.7) v¢ € r2(2) N 1y (R)
] 0 . l
(2.8) v+ (L=-X)V strongly in H (Q) as €-+0.

2.3 Let us approximate qpe by the solution ¢§j of the discrete

problem correspondin§ to (2.5) and (2.6):

€ 1 € - .
(1,3 € 8,
(2.10) ()44 = 0 ‘4,9 € o,
.

RIS TR R I I S I RN SR
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fl is the set of lattice points which divide 2 into N x N equidis-

tant meshes (N==%). 5§ consists of the lattice points laid
on aN. Ah is the five points formula fcr A. In order to define
the modified characteristic function xh, we need some notations

and definitions.

(2.11) H%(Q) = {wh € CO(Q); 'wthj is affine on Tj}

Tjsstriangle obtained by dividing each rectangle of the mesh by
its first diagonal (cf. Fig.3).

Figure 3

Define wij(x) by

wil ¢ nli) and

widan, mh)=8;, 6, for any (1,m).
Further define

(2.12) o;j = {x | wiIx) > 0}

..... L -
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(2.13) B, - (anloidnag v ¢ and oid n o, « ol
Then
. A
(2.14) D, = U o
R (i3edy, P

defines a narrow strip along I'. With the notations above,

Xp= xh(x) is defined so as to satisfy the following conditions:

i) xh(x) = ] in nlh = nl-nl n Dy ¢
ii) xh(x) =0 in QOh = ﬂo -90 n th
#) 02 xpix) <1 in Dy

wy lmsll = [, xyooart (see Pig. 4, |rs] implies tne
(s) distance between R and §8).

The meaning of iv) is clarified in the proof of Theorem 4 stated
later. On the other hand, it plays an important role in solving

(1.15).

.......................
___________________________
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i As two examples of X,, we give |
o R
B 2, (x) . i
£ (2.15) Xy (X) = n D B
g h £i(x)+12(x) h ’
. :ﬁ~‘
2 p+L, (x) 8
7 (2.16) Xp X} = T, 0 in Dy . R
" 3
i 3
where 2,1 (x) and 2,2 (x) are constant on I’J'(S) and equal to

';\ Irs|l anda |iTs|] respectively, and p = ||x-s]|.

The linear interpolation of °§.j ((i,35) € ?l) is rerpresented by

(2.17) ¢5(x) = Jea 03y - Wt

2.4 Now we shall state the'following approximate theorem for

'Laan 'I‘ which plays an essential role in our method:

Theorem 1 Suppose fea“‘(no) (m>s5) and ¢ =h2/3 and let h be
small enough.
Then .
aw? I =
®
In order to prove Theorem 1, we have to prepare the follow-
ing three theorems: -
' ®
Theorem 2 Suppose feHm(Qo) (m>0) and let € be small enough.
Then
0
€ 3y i, n
‘2.19) ” v o+ /E . Tn— ” 1 O(e). ,::
me ? r ) .-‘
-10-
1
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Theorem 3 Suppose f¢ Km(no) (m>5) and let € be small enough. j
Then :
. S
@)
(2.20) el <c
Lagg) = 70 , )
* 2. € iﬂ
Y <
(2.21) TP TN | < C, (1 + /%) =@,
xg9%5 ey = 4 1
2,¢ - c -
3%y 2
(2.22) | <2, _
*1%%3 le@) = <
C; (i=0, 1, 2) is a positive constant independent of €.

The regularity properties in Theorem 3 are needed to prove

the following theorem.

Theorem 4 Suppose fea"‘(no) (m>S). Then
z 2 2
(2.23) Neg-vc1ll < o(r— + 2y, (= O(h3) when € =hJ) .
1,q eve e

2.5 Here we give the proof of Theorem l. From Theorems 2 and

4, we have

€ -
h _ o€ 2 n
l /e € %-,r e € =
.-'_j1
: o ]
€ 0 -
1)
(2.25) " v, " - 0(/2).
/E W %' r
Combining (2.24) and (2.25), =l#
A .
) -11- 1
]




..............

Thus if we put € =h2/ 3, then

or 3
(2.27) ||7% 3y " = o(h).

TR _) S

Sl

h 3. Proof of Theorem 2

L_:‘
- 3.1 We introduce some operators defined between traces on T.
2N

(1) Define the mapping

2 W, - %‘ 3
-(3.1) Te ¢ H (T) ® aw = e H (r) : . o

r "
wa is the solution of the problem: )
(3.2) - + A= £  in g
(3.3) Ml'f a
where feHm (Qo). o . J
(i1) Define the mapping

o1 1 - .
(3.4) R :n 2 e bwyi| e BN ]
] :

¥y is the solution of (3.2) with £:=0 and the boundary condition

-12~

.........................................
..............
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(3.5) (e +wi,=b. g
(iii) Define the mapping i
Rl

: 1 v, -3 :
(3.6) st u!.(r) 2 am 3nl_ € H (ry 1
. r S

where w: is the solution of the problem:

(3.7) -cAY + Yy = 0 in 91
(3.8) Vip = a
(3.9) “39 =0 .
We denote T';, S:‘ and R; by the restriction of Teo s¢ and R®
1
m+ =
to H 2(I‘). But, we abbreviate the suffix m hereafter.
3.2 ‘
Lemma 3.1 Let a, b be arbitrary in Hm+1/2(r) . Then
(3.10) 'l‘f(a) - Tf(b) = To(a-b)
where Ty =T, ,-
Proof Let g (s =a,b) be the solution of (3.2) and the bound-

ary condition

(3.11) xplr =5
Put ‘l’-npa-wb. Y satisfies

.........................................
.....




........................

r-v
s

I

7
-
w
L]

o
w
b
€

r = a-b
2 f
Ei (3.14) ﬁ‘r Tola=b).
;‘\-‘
3 on the other hand,
- W 3y
¥ a b
(3.15) —-I s x| = ——l = T _(a) - T.(b).
n|p on r .an r £ f
From (3.14) and (3.15) follows (3.10). l

Here it should be noted that '1‘0 is linear and Tf is non-linear.

Lemma 3.2

172

Ty (R®)"! ana s®are homeomorphic from H®1/2(r) to ¥™1/2(1)m > ),

Proof

m=-1/2

le 'rf is injective from Hm-t—l/z(” into H (I'). Indeed, let

a,be B™1/2(r) (axb). suppose T.(a) =T (b). Then, by (3.10)
0= Tf(a) -'I‘f(b) = 'ro(a-b) % 0

because of the strong maximum principle under the assumption

Ao >0. This is a contradiction.

2° "l'f is surjective from H‘Ml/z(l‘) onto Hm—1/2

In fact, choose any b eﬂm'l/ 2(I‘) . Then the following problem:

(') if )‘°>0.

(3.16) -y + "o"’ = £ in no
(3.17) | -b
3,
-1
has a unique solution wbe Hm"']' (no) if )‘0 > 0, which satisfies .]
-14-
*
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(3.18) ¥y €N (T) and b-rf(wb ).

3* It is checked that 'z‘f and '('I‘f)"1 are continuous between

Hm+1/2(l‘) and u““.l/z(r) (see Agmon, Douglis and Nirenberg (1959)).

4° Summing up 1°, 2° and 3°*, we see that 'rf is a homeomorphism

from Hm+1/2(r) onto Hm-l/z(l‘).

The repeated use of the above arguments proves that R® and

are homeomorphic between #™*+1/2(ry ana w12 (p),

3.3 Here we give the estimates of the norm of R® and s€,

which are crucial for the proof of Theorem 2.

Lemma 3.3 Let € be small enough and m> 0. Then
(3.19) Nef@ )l , =owllall , ,for Yae s V2
me- ’ r m- I3 r
2 2z
(3.20) Nef@ |l , =ot2)flali , ., for Yae w2
me+x,T /e m-x,T
(3.21) Ne€@-all , =ot@llall ,
m=%, r m+ ¥, r
’ 1

m*,
for any a¢H (r).

Proof Using Green's formula in the problem defining RE, we
have

2 2 2
(3.22) €l (|vv| +2glvl%rax + lv|“as = | ayds .

-15-
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From (3.22) it follows

(3.23) v llg,r s llally,p
(3.24) Ellvll, <Hall 4 -
'2‘0 r "70 r

Using the standard technique to raise up the regularity
property of the solution of partial differential equation, we
obtain (3.19) and (3.20). Rewriting (3.5) with an aid of Ty and
Re, we have for any a€-Hm+l/2(I‘)

(3.25) | R® @) ~ afl = /€ ||T.RS (a) ||
1l 0 }
“‘..I.' r m- :" r

=0 [|R°@ Il
m+7, r

=o(e)flall (by 3.19).
m+2-,r'

Here we have used the boundedness of 'ro from Hm"'l/ 2(I‘) to

-]l6=

....................

2. ¥
Lemma 3.4 Let € be small enough and m> 0. Then
(3.26) s€a) +2 = 0(ve) || a ||
I aln-t, el
v m+3

._pl:'-'..p',_;‘.

- . . - Ce r e T. e . .
RIS . SR .




We prove this lemma in two cases. In the first case,

we prove the special case; Q]."Ri (QO-RE) by using the fourier

Proof

transformation. We give the plan of the proof in the general

geometry in the second case.

° ”E ® 2""sz €
1 Let v (xl.E) = I_“e ¥ (x]_,xz)dx2
o 2nifx
and &(E) = [ e 2 a(x,)dx,, (a € w*3/2(ryy

Ty

Here we(xl,xz) is the solution of (3.7)-(3.5). Then we satisfies

A 2 ,.,2..%% 2
(3.27) o B R LA [ R A | in R ,
3x1
¢
(3.28) v le.o = § .
Solving (3.27) and (3.28), we have
A 1
(3.29) pE = Qcexp(- l(l4~4n2-|512~e)2 xl} .
Ve
from which
A 1l
- 4\
F (3.30) 3x = s%(a) = - }-(1+4n2-|£|2-e)7- 8.
; 1 /e
l: xl-o
b
L
l.
E We compute
g.
S
b
«l7=

!
Fo o .
P e T
e T e e L .

> ATt e |

T SR
2 e AL W, .




' 2,.,2
(3.31) s.{(\a)+-1-a=-§-- il £ r -
e e 2,.,2 .3
1+ (1+41°[g| %)
- -3 1A\ 32
(3.32) I (1 +4n” -IEI ) 2 -Is‘(e) + 2| ag
-00 €
. m+§
io(e)J lslz. (1 +4n 0[5[ ) o 4t

(1+ (L+4T -I&:Ize) 12

3
2 Mty

_<_0(e)J lal2 (1 +4an2:]g]?) ag

which implies

(3.33) s€(a) + 2 =ot/e)|lall 45 .

m-r,r m+7,r

By density argument, we have

s(a) + &

a

=o(v/E)|lall ,
m--z-.r‘ m+§r

(3.34)

BEEEES & 8§ SLURARRENS

2° Let us now deal with the general case. The domain Ql is

E a regular simply connected domain; then there exists a (fixed)
; regular conformal mapping w=£f(2) = u, + iuz (z= X, + ixz) which
LQ
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maps &, into Ri. As a matter of fact, I' is mapped into the ii
u,-2xis of w-plane. Then the transformed sulution We==¢e(f-l(w)) ;;
satisfies i
(3.35) —coa¥® + |92 2 ¥& = 0 in R iz
. aw N e
ay€ = |42 -1 :i

uleo >y

By means of the iterative method proposed in the theory

€

L of singular perturbation (see Lions (1973)), ¢ is asymptotically

developed in the following way:

-1 .
(3.37) "’e'%_—"* AR AR N0 i I
€ -

Using (3.37), we conclude (3.26). |

3.4 Let us note that another description of the problem (2.5)

: and (2.6) is following: )
! -
4 (3.38) -AYg + Aghg = £ in g4,
:
i (3.39) -ebyy + Yy = 0 in q, ,
I
: (3.40) Vo = ¥ on T,
i
! (3.41) -SH- = TE- on T ,
~-19-
e p el e R S,
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(3.42) wllan =0 .

Then this problem is transformed into the transmission equation:

Find a® € B™*1/2(r) such that
(3.43) rf(ae) = st (a%).

Of course, the solution a® of (3.43) is equal to welr.

3.5 Using Lemma 3.1, (3.43) is rewritten in the following way:

1 .

‘ m+ N
(3.44) To(a®-b) - s%(%) = - T,(b), for Vb em 2. .
4

Re i ”
calling (2.8), ;

]

1l _"»

e e K] 7 ‘:

(3.45) a =19 lr + 0 strongly in H°(T') as €+0 . a
R

Therefore we choose b=0 in (3.44). By (3.26) in Lemma 3.4, we X

have i
€ ae € € ?
(3.46) T.(a%) + &~ - s5(a¥) = - T_(0). N
orxr
/E'To(ae) + at = /Esi(ae) - /ET,(0)
where
v at
i (3.47) s3(af) = s%(af) + = .
K /e

-20=-
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By the definition of RS,

(3.48) a® = /eR®sS(a®) - /ER®T,(0).
Lemma 3.5 " Let ¢ be small enough. Then /EResi is a contrac-
tion mapping from Hm+1/ 2(!‘) onto itself.
Proof Recalling the definitions of R® and si, we see that
/Enesi maps q+l/ 2(I‘) onto K™/ 2(I‘) . We compute
1 €, €

(3.49) /e ||rR®sE (a®) || < /E0( =) |Is% (@) ||

17 Tmed,r /T Tmegr

(by 3.20)

:O(/E) " ae ” 1
m+x, I' (by 3.26)

Thus (3.49) completes this lemma. [ |

Using this lemma, we can solve (3.43):

€ -1 m+%-
(3.50) a® = (1-v/¢ n‘si) (=vE ne'rf(on in H (r).
By (3.21) in Lemma 3.3,
1
m+ z

(3.51) a® = (1-/8 R%$)"Y(-/% T (0) +0(e)) in H

which implies

-21-
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(3.52) a® = =/E-T.(0) + O(e) in H (ry.

Here we note that Tf(O) should satisfy

3

0 m+ =

= - 3V 2
Tf(O) = 30 r €H (r) .

Therefore, we have to assume f € Hm+1(90) from which follows

W0 e Hm+3(90).

4. Proof of Theorem 3

4.1 Assume f ¢ Hk(QO) (k >5).

Then
0 1 k+2
(4.1) W0 € m3(29) n By,
1
0 k+3
(4.2) ¥_| en mncim (0<8<1)
r

(see adams (1975)). Using (2.19) in Theorem 3 and (3.2),

1
k+
Zry 0 ckLed(ry,

(4.3) vl = 0/ in H

Using (4.3) and the maximum principle, we obtain

(4.4) I € ||c(§1) < 0(/%) (x> 3).

We compute

=22~
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e -y " Ly " oo
2 o e D i 2 A M A e A M D A v S e i S o e e e o L ——yT r——

ia

€ €
SUNE A MY R R ko
‘ k-f,l‘ k=~ k-

oo P I I ) - .

(4.6) o(ve).

A

|3
et

B

From the definition of Ss, we have

Rn

1
€ k-1 .
%‘%-Ir =sufip en 4N
By (3.26) and (2.19),
(4.7) ”9}';” Lo SEIENL ,  so.
k-1,r /@ x+3,T

Combining (4.6) and (4.7),

(4.8) Nev® Il , 2o,
k r

Similarly, we have

“n 1 L 0(1)

|
k-'f' an

(4.9) Nwo® 1l , =
‘ k"z‘l 39

ay® ""%‘
Since (4.4), n €H
11]

Put We = ‘l'e. Then ‘l‘e satisfies

(3 Nc (30) and w‘lmao.

=-23=-
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:f:'t (4.10) -ca¥® + ¥& = 0 in Q.

. _J URERRIA I

From the maximum principle together with (4.8) and (4.9) it
follows
€ <
(4.11) v lla gy 200, Z
_ MY -;
» Here we have to assume k > 4 to obtain good regularity of y°. '
o
Repeating similar argument, we have f
2. € Z"j
(4.12) I gi—‘a”x—“ < 0(}_) (k25). e
I e € »

5. Proof of Theorem 4

Here we restrict our proof to the case )\0= 0 without loss

of generality.

5.1 We will introduce the following scalar product equivalent to

the one induced by H](')(Q) :

(5.1) (u,v) = J Yuvv dx + % )
Q

(x,uv) .. h® ,
(i,5)€8 13

for any u,vé€ H(l)(m

and the associated norm

(5.2) Hall = V{u, uy

-24-
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1 _ . .
Let Hoh(9)={wheHh(Q)|wh|SQ = 0}. Then, since H_, (2) is a

there exists one and only one element

closed subspace in H%(Q),
1l

".I L
PNl coa ' "

8, € Hoh(ﬂ) which minimize Hwe - ¢; - whH among w, € Hoh(ﬂ).
We denote o
(5 03) vh q’ ¢h eh . . . “

Obviously, Vh satisfies

= v 1
(5.4) (vh ' wh) o, v, € Hoh(n)

and there holds

€ _ 4112 2 2
(5.5) o™ = o 11F = I o, 117+ vy 117 .

-

Therefore we may evaluate both-lleh {| and Hvh |. It follows

from (5.4) that for some C (see Ciarlet (1978))

] |
(5.6) v Il < 1H6€ = oy Il <cllvEll5 , ooh

. R
) Lottt
P TR ST

LT
e N L

where ph 2 wl i ij(x). Thus the remaining part of this section

will be devoted to the estimate of Il ehll

. e e e e
t. » e " B
L St

e R o
P PRI N

5.2 Using (5.3), (5.4) and the relation

I

. PP
. e

: PR

PP % U

e, , )| [te, ,w )|
(5.7) lle, Il = sup h <  Sup h” h |

1 Hvll ~ | I ow, |l
vego(n) "he“oh(n) h
vik0 wh %0

,‘_AA_L"‘

|
el
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A
'1
1
aﬂ!L;Lu;;;L![;MAJ

we have
| (¥ = 0y ,w ) |
(5.8) loyll < sue ” *‘“ h
w -
wheﬂoh(ﬂ) h :
€ € 4
Therefore we may compute (¢ - ¢h ’ wh) . ’
{
Multiplying w,, on both sides of (2.5) and integrating by :
parts, we have (see (5.1)) :;_
.-
L}
(5.9) W€, w) = | fw dx+ = T (x vSw),. h -
: ’*"h h € . h h'ij ~
n( I'j .?.
gy
-l
Q
1
Similarly from (2.9) and (2.10),
€ 2
(5.10) (¢ ,w,) = } (fw,)..h* .
h’ " h . h'ij
(1,368
The subtraction of (5.10) from (5.9) gives .
€ € 2 -
(5.11) (v =-9¢ .w)={f fw_dx - ) (fw. ). . h*}
h*®"h 2, ° (i,90ed, 13

1l £ 2 1 €
+ (= 7] (X, ¥ w.). .h° = —I v w, dx}

I+J.

-26~-
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;-i
- 1l _ . .
3 Let Hoh(9)={wh€Hh(Q) lwhlaQ = 0}. Then, since H_, () is a
b closed subspace in H(l)(Q) , there exists one and only one element

.. 1
] 8, € H_ (@) which minimize & - ¢>;:1 - wh]l among wp € H_, (). :
L : We denote ::f:
T ‘_‘_3
L Obviously, Y satisfies
N ‘@
o = v 1 arg
B and there holds
P
5 € €2 2 2
: (5.5) o™ = op 17 = Moy 17+ v 117 .

Therefore we may evaluate both | N l and || v H It follows

from (5.4) that for some C (see Ciarlet (‘1978)) Ny

€ ' o

(5.6) “ vh " " "’ - ph " by C" “‘ l'z'z'g'h :.‘;

where ph= X w ij (x). Thus the remaining part of this section J

will be devoted to the estimate of || eh Il. -

»

5.2 Using (5.3), (5.4) and the relation

_ 1o, , v 1(8, »w )]

- (5.7) i 0, | = sup "h i < Sup ”h ! 'T Ll
. ' 1l v 1l w
- VEH, (Q) wpEH () h

>:; va0 Y 50
5 1
-26-
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we have

L v€ = op o w)

(5.8) e, Il Sup
h w eHY () Il vy, I
h™ "oh

Therefore we may compute we - ¢§ ’ wh) .
Multiplying Wy, on both sides of (2.5) and integrating by
parts, we have (see (5.1))

(5.9) W, wy) I xS wpigh

0 1e3

1}
Sy
<
rh
£
=2

[N
x

+
|

1
Similarly from (2.9) and (2.10),
2
(5.10) (y ,w, ) = J (fw, )., h% .
h’ " h L C . h'ij
(1.J)€?f°h
The subtraction of (5.10) from (5.9) gives
2
(5.11) (we-¢€,w)={[ fw_dx - ) (£w. ). . h°}
h'’ " h 2, h (i,j)éao h'i,j
1 € 2 1 €
+ {= ]} (x\pw)..h-—fwwdx}
e(i,j)é?f h hi,] 3 “1 h
=1 +J.

=26~
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Divide J into two parts in the following way:

1 ¢ € 2 1 €
(5.12) s 3 (vEw ),  h2 - -I o€ w,_dx)

nt -1

T o W) s I
i,j¢d B b il ¢Joag,

{

e wy, 9x}

(3]

= Jl + Jz .

5.3 1In order to estimate I and Jy,r We will prepare the follow-

ing lemmas.

Lemma 5.1 (Quadrature formula on Q)

’ 2
(5.13) I fw,dx - (fw,) h
| Q B (i).:j)é-?t w30
2 ()
< ch | £] -, x fw, |n2
(1§3)e?z 2, hij

where % 4 is the support of w:i':j (see (2.12).

Proof: See Ciarlet (1978) (Error estimates for the quadrature

formula on a regular mesh)

Lemma 5.2 (Quadrature formula on D)

(*) |£|2..'°ij stands for the norm in wz"'(oij).

2T~

»!
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(5.14) lIDf w, dx - (i%j)e'ﬁ(f iy h?|
< 3/2h (i;j)éﬁlffl°'°ij.lwhijlhz
Proof Since wh(x)==§jwijwij(x), :
(5.15) IJwahdx - (ig')eﬁ‘fwh)ij.hz' _;]
- (igj)eﬁwij f‘f"ij - £n%)ax| 1

i 2
< |w..||] (£wid - £n?)ax|.
(i%j)eﬁ PR P

- . ij-

: There holds on oij:
5
(5.16) | £(x) - fijl < |Vf|°'°ij « h/2

by means of the mean value theorem. We have

(5.17) I widax = n?
O34
and .9
(5.18) area of o.. = 3h2.
13

Summing up (5.15)-(5.18),

. T S T
s e . .
P g gt 4 o ® e te ..

-28~
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b
(5.19) I (£w'd - gn?yax ¢ |vg|,  -hv2e3n. =
Substituting (5.19) into (5.15), we conclude (5.14). | | .
Lemma 5.3 (Approximation of an integral on a ship by a boundary
integral). With the notation of the Figure 4, 7.‘
y
(5.20) |J £ax - j £ dx|
Dﬂﬂl D 1 72
'<"I lvel (!.1+2.2)2(s)ds
r G.I' (8)
Proof By the mean values theorem for integrals, we have '
(5.21) I fax = I (I £(x)dr )dr o
DQ, r ‘rt(s)
1
- 3
= (£(s) +yv(s))e,(s)ar o
; 1 ¥
(5.22) ly(8)]| < |9£| (%, + 2.)(s). e
Q,P‘L(S) 1 2 ‘qj
By the same argument,
2
. -
(5.23) |I gar - I —J__ ax| _<.I lval (2, +2,) (s)ds R J
r p *1*42 r w,rt(s) 1} 2 ]
where (%, +2,)(x) is constant on r* (s) and equalsto (2, + 2,5) (s). ]
a.{
-29-
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Hence we have (5.20).

Lemma 5.4 (Discrete Poincaré inequality)

(5.24) ) wg.h2 < CI Ithlzdx ¢ th =0
(i,5)eq 13 Q an
where C is the universal constant.
Proof
(5.25) w2 =(§w -w )2<1%(E£¥ii)2h2
° ij 2=1 23 =13 = T2

From (5.25),

N
(5.26) )

w;‘.’_. 2
i,j=0 *J

N ¢,.=0, ;. 2
h ;i[.hz{NZ (212220 ) h?)
3

=1

byi=by 1. 2
= (] (801352322
L

Therefore, we have

Opr=0p 10 2 bpi-bp oy 2
(5.27) ZW§-h2,§,C z{(nkhz 1k, ek h!.k 12,
iz 13 Lk
Lemma 5.5 (Discrete trace theorem)
(5.28) I wihg cI lgw, 12 ax , V| =0
(1,3)€B8 I Q an
(*) Recall that (£ a)¥<nza®

=30~

e a4 e e tala e e &

(*)
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:
\ Proof Let us note that the number of points in D is of order
3o 1
. N Wy =W, .. 2
2 2 R g-i
(5.29) y wish< ] hN ] h (—lT—l)
(i,99¢8 13 = (1,5€p =2
. 2
: < cI low, [2ax .
: e "
Hence we conclude (5.28). B
5.4
N (i) Estimation of I: By Lemma 5.1,
N 1
N (5.30) 1) < cn¢ T, el . h) x (Z.wi.hz)f
ijedt 120045 J
(ii) Estimation of Jy 3 By Lemma 5.1, A
: : bt
- (5.31) Iyl cc B ] X S (wajhz) . =
- (i,9r€d **1945
1h
4
- (iii) Estimation of J,: By Lemmas 5.2 and 5.3, ¥
<‘ =
; € € 'y N?
. (5.32) |le < II ¥ thx - I P wh T dx| )
4 : Dnﬂl D 1 72 ..*
]
5 1
. . J
¢ € 1 € 2 )
+|I|pw dx - ) (x, ¥-w.)..h"| 4
LT (1,53 b B 1
=
1
=]

). S

o



£ 2
< IPIV(¢ wh)lm " (2, +2,)°ar

: ]
N
+chd 7 |w I|v(w€ rﬁr) *h 4
K] [ v e
(1,5 172 a0y ]
Here we see that the definition of Xp plays an essential role in 2 R
this estimate. ff
-
——
(iv) Estimation of J: Therefore 24
2 1 3
(5.33) B (O SN | ESS O LN IR
i,3€8, +®i045 i,jed

[

1
z .
1 2 2 2 2
+ ( |9 (E —) | h)% (
i?jéﬁ Li¥%, )

- w..h)
i3 i,jen I

1 1
1 2, 2 2
I v v I°° - - (22 ar) Jrlwh| 40

uo'l"
1 1
2142, = .
2 1 2 2 -3
+ (I Iwel o (=== ) dP) I |ww, | ar)“). o
r P r b o o

By lemma 5.4 and 5.5, the sums of wij in (5.33) are replaced

s

by (fglvwhlzdx)l/z. J
Now lwhl w Ty =W, (Kh,2h) eo.j and |th|“'r ;2|wh|m'r¢/h. @,

Therefore, for some curve 'I" near T

-32=
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b
c c
2 1 2 2 2
(5.34) I {ow, | dar < I [w, | ar < ) wi. h .
r Pae,rt ne lp Ba,pt nZ (i;5)el i3 )
.
C3 2 =
A ] [ Ithl dx (by Lemma 5.5).
h 'q
Thus, summing up the above results, we have "-'_D-
1l .;'t:-:"
(5.35) ey Il = (] + IJI)/(I Ithlzdx)I S
? -9
cen®c 1o e, ond -
(i,5)1€% 120044 o
=
2 2 2 ;
L SO SR (1 TS
(1,308, %43
1
2

¢ J V(e —1—21 TRE
+
(i,j)é?’l SR =045

1
2 ("1"“2 4 am 2
i E

w.r

+ (Irlvw‘] ar)

1

2 L,+L
1772 4 2
,'I.J.(—'h_—) ar) <)

R

5.5 We are now in the final step:
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5
[
1
g
“d
{
i ‘
I |

*
€ € JI
(5.36) v = opll = 1Vl + lley i f}-_‘i
]
1 N
€ 2 2 2,2 o
< Iy *h + ch( } NENS o h*) -
” ”2'2'9 (i,j)&?f 2' 'oij
2
+ 9-2— D(yE).
: 1
| (5.37) DOWE) = ( [ [ FR L
§ (i,30ed, SRAS
(- 1
- 2 2
U N LTV N YL
(1,3)€d 172 o0,
1
L.+
1t 4 7
+ (I v u€| ( )* dr)
. r °°,I'J' h e
. e[ e ity g 3
r'veleo,r *!*
By using the regularity results in Theorem 3, 2?
) :{g
h, h ¥
(5.38) “ vE - oS sC(Z+ 2. i ]
h 1,0 /e e/e X

6. The Algorithm for Solving Pree Boundary Problems

6.1 For the sake of simplicity, we have tried our method on a

| NP RS
. ctua
. PN
R AT R T
APV ST S VP

.simple geometry where the upper boundary of an open rectangle

- - - ot e e .
WIRPEPEN e e e




is free (see Fig. 5). Consider the following problem; find ¢ and

Y such that

(6.1) -4 = £ in Q

Y
= a =
(6.2) ¢=0, £L=g ony
(6.3) ¢(0,x;) = ¢(1,x,) (x, > 0)
- (6.4) ¢(x) ,0) = 0 (0<x, <1).
3
iﬁ We assume that the free boundary y is represented by the equation
= n=nlx,) (0<x <1) and satisfy Q < n(x;) <1 (0 s x; < 11,
, -
o
*2 :5
1A S
/\/
Q
.
L. —_
0 1 ’:\t:L
EE Figure S
i

X
7 -35=




Then the discrete problem corresponding to the penalized

state equation is given by:

1 = e ’
(6.5) (8,050 5 * T8y 5 = (A=xp) B yy in ¢
€ - (€ 0 N
(6.6) (079,35 (0 4,5 (0<izN
% (6.7) (051 0= )y (1gigN-1).
' As the boundary vy (y =n(x)) defining x,, we may choose the

i
linear interpolation y=n,(x) (0<x< 1) of n-=n(ih) (0gig<N).

We take Xn to be the same as (2.16).

6.2 Define

(6.8) g, (x) = -1 0:(:: ¢ nh(x))
h /<

(6.9) gt = g(in, n).

Then we introduce the discrete optimization problem

N-1 .
(6.10) min (£, () = B J |gy (in) -g41% .
1=
ach
6.3 Owing to the practical importance of e we shall discuss
h

its computation. For the sake of simplicity, we take into

account only the variation of y-direction with respect to differ-

entiation of Eh' Define

-36~
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-------- < -_‘\_-~-_0__\‘_.‘-~.‘_.'“-'_.‘_'-4_'._"‘.-_-h-x_';"-.»~__-_‘-V_v-'_-‘_(.>."’,v‘?‘-':'-1,"-' oy "T.'T.‘fvvr’
>
i i . -
(6.11) n={n"} (n™ = n, (ih)) ,
i K :
6.12 ' = 8 .
( ) n {n” € én i,k} N
Let Snk be the small deviation of the k th component of 2 Then '
we have =
L)
}
oE N-1 . 9q, (ih) K
(6.13) —R = 2n | (g (ih) -g') —Rp— . g
an i=0 an J
)
Now
. l e,. . 1l € i € i
(6.14) g, (ih) = = ¢ (ih ,n (ih) = =[¢ 07 + ¢ (1=087)])
h /€ ' Th VAR o i,a%
wvhere ei is defined by
(6.15) n = ntet(at -1) + 1 -ehyat)
Therefore
(6.16) % (1n) = 1124t vot + 2o ya-el)
ank /e ok q,ate1 an® 4,74
i

but from (6.15)

(6.17) §, , = =h2%_

To evaluate °i'.j = a¢§j/an" we differentiate (6.5) with respect to

ﬂk3

-37=-
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1
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- 1 * o/ - a - }- __D. € . . S
1 (6.18) (Ah¢ ij E’(Xh¢ )ij ;;E(th)ij ’:(ank ¢ )13 i.-j
(plus some boundary conditions as in (6.6)-(6.7)) o
‘ Let {le} be the solution of
o B
9 ~(8,P%) ;4 + Zxp®) 3
(6.19) nP i3 * TXnP Y15 g
, ;fji
. i, ,.4 i o
= (g, (ih) ~g7) (6768 - +(1-067)8 .) -
9n j,Ji-l j,J" 3
ol
= 1<j<N-1 .
Po,j = PN.j ig $
;'j
c =
Pi,0 =Py "0 01N

and multiply (6.19) by "ij and sum over all i,j; this brings

: (6.20) ] (g (i) - g Hele | +a-ehe ) ;
: i,J3%-1 i,J »
. ax .
l h .e .

= =T ps s () ys +(—p ¢5),0)
. ij i3 an® P Te ank + o

Therefore .;

4 oE N=1 -]
2 (6.21) —P = -2h ] (g, (ih) -gi)ig_ ]
o an i=0 an -
-
o

ax 3

1 h .¢ T

; ]
8 k Y
- 2(qg, (kh) - g¥) (¢ -¢% ) = M =

e B k,a%-1 Tk, g% B .
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(6.11) n = (n') (n® = n, (ih))
N

i k
6. ' = .
(6.12) 1 {n" € én Gi,k}

Let Gnk be the small deviation of the k th component of 2 Then

we have

oE N-1 . 39g, (ih)
h . i h
(6.13) = 2h ] (g, (ih) = g")
ank j=o N an
Now
l ,¢e,. . 1 € i € i
(6.14) g (ih) = X ¢S(ih, n (ih) = 2 [¢% .ot + ¢ .(1-0e%)]
h /e b h e i,gt i, gt
where 6i is defined by
(6.15) nl = nret(at -1) + 1 -odyat
Therefore
(6.16) 2 (4n) = L2 (et ol + (65 ya-of)
ank Ve an® 4,3t ank i,3t
i
90 € €
+ (¢ - )],
ank 4,3t 'y, 9t

but from (6.15)

(6.17) 6§, . = -p99_ |

To evaluate ¢ij-a¢§j/ank we differentiate (6.5) with respect to

nk:

-37-
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Lix, o' NP i SO
(6.18) ~(Bpbiy + Tlxpt') gy = "ok Xn®li3 T €Tk * 43

(plus some boundary conditions as in (6.6)-(6.7))

Let {pij} be the solution of
6.19 =8, p5)  + E(xP%)
(6.19) nP ij e'*h* ‘i) .

-(gh(ih)-gi)(eis . +-ohs

j.J -1 le
po'jgpNJ 1<j$N'1
€ € =
P o= Pf,y = O 0<l<N

and multiply (6.19) by ¢ij and sum over all i,j; this brings

(6.20) X(gh(ih) -gh) (e ¢i it (l-eiw'i'Ji)
- -lljpn TR0 5 1(2% 0%) 4 5)
Therefore
(6.21) ;:—E = -thz: (gy, (ih) -gi)_a_g_
/e_[ ZpiJ ‘—:‘th’ (:—:;’- 6515401

- Ziay h) - gM 08 -0 ) s

.\
L Y

1
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(6.22) Take énk = -xu,': (0<A<<l).
Then we have
(6.23) B (n') -E (n) =-aM92 <o

. h'd n'h M, .

6.4 Therefore let us consider the following algorithm for

solving (6.10):

step 1 Choose A >0 small, choose the initial guess of the

free boundary n, = (ni}.
n
step 2 Determine Xp by n'\!‘l
: €
step 3 Compute ¢, by solving (6.5)-(6.7).

step 4 Compute p; by solving (6.14)-(6.16).

step 5 set
6n* = < amk (0<k<N-1).
and
ny, = {nl+snk. S1es}

replace U by n"‘ and go back to step 2.

6.5 As an example, we shall deal with the problem (6.1)-(6.4).
Which has a solution {y=n(x) =a+bsin2mx, ¢(x,y) =cy(n(x) -y)}.
Naturally, the data is defined

4
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2
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2
(6.24) f=cCo(2-y :-;g) = C(2 + 412 y sin?nx)

1 1
(6.25) g==-Cn-(1l+ (%;‘—‘)2)7 = ~Csin 2mx (1 + 47° sin2 21:)7 ' :;Iij

6.5 By using the algorithm mentioned above, we have obtained
E several numerical results, which will be reported in following

papers.
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