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ABSTRACT 2:
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_Re showvthat a uniformly distributed random deviate between zero and one "
) i
L )
can be constructed by combining two independent random variables: 1) a random 3
exponent drawn from a geometric distribution, and, 2) a random mantissa drawn
from a uniform distribution. Algorithms for generating these random variables

are developed, and a Pascal procedure combining these into a computationally
efficient random number generator for micro computers is presented. The
resulting generator is computationally efficient as it: 1) uses no floating
point arithmetic, and,’2) uses on the average only 3.5 random bytes to
construct a four byte random deviate. Finally ﬁé ;he; empirically that the

generator has both an unusually long period and excellent statistical

properties.
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: SIGNIFICANCE AND EXPLANATION

Conventional generators of uniformly distributed deviates between zero

' and one usually obtain their deviates by converting a potentially large random
integer to floating point notation and scaling it down as required. This is a

5 reasonable procedure for a computer with a large wordsize and with floating
point arithmetic implemented in hardware. However many micro and mini
computers use 16 bit integer arithmetic and have floating point arithmetic
implemented in software. For these computers, the conventional approach to
generation of uniformly distributed deviates between zero and one is quite
undesirable as it is both time consuming and yields deviates with a short
period and a low resolution.

In this paper we present an alternative approach. The resulting
generator is computationally efficient and has good statistical properties.
In addition it has an unusually long period (we stopped measuring at
64,000,000) even when driven by short period (32,768) congruential generators,
and like numbers appear at random intervals. The generator is based on the
fact that a floating point number is represented in the computer in terms of
two variables (a mantissa and an exponent). These are developed independently
of each other without the use of floating point arithemtic.
The good performance characteristics of the proposed generator are

proﬁably due to the following: (1) no floating point arithmetic is performed,
(2) a variable number of random bytes (between three and six) is used to
congtruct a number, (3) half the time the process is extremely simple and

’ requires only three bytes, and, (4) on the avefage about 3.5 random bytes are

required to construct a four byte random floating point number.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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Conventional generators of unitoarwl v distriluted deviates el weon
zera and  one ustally obtain therr deviates Ly converiting &
potentially large random integer to rioabiog pernt colatiarr and
acaling 1t down as reqguired. This 15 & reasonable procedure tor a
computer with a large wordsize and wibth floating poind arilbhmets o
implemented irn hardwara. However many muicro and muind computer s
wse 1S bit integer arithmetic znd have flaating point  arithmetic
implemented in software. For these computers, the conventional
appraach to generatian of unitormly distributed devistes  belbween
zero and one is guite uwndesivabkle x5 1t 16 both Lime consuming
and yvields deviates with a short veriod and a low recolution.

In this paper we present an alternative approach. fhe resulting
generataor is computationally efficient and has good statistical
properties. In addition it has an unusually long period (we stop-
ped measuring at &4.000,000) even when driven by short periaod
(32,768) congruential generators, and like numbiers appesr  at
random intervals. The generator is based on the fact that a
floating point number is represented in the computer in terms of
twa variables (a mantissa and an exponent ). These are developed
independently of each other without the uwse of floating point
arithmetic.

Qur implementation of the algorithm 1s based on the conventionsg
for representation of fleoating point numbers adopted by the  aMbD
F511 (OR INTEL 8231A) hardware floating point umit [13. Thise 1s
the convention used i1n most micro computer comzilers such as Fas-
cal/MT+ and FORTRAN-810., This canvention ditfers slightly from
thut  i1s conceptually identicsl to) the pruposed TEEE  standard
notation wsed in many other syetems (21, The decision to wuse the
de facto micro-computer standerd rather thanm the [EEE standard
reflects the present anavailability of efficient floating point
random number generator s on micro computers. An implementation of
the algoritbthm under bhe TEEE stands=trd should follow owr eramples
Juuite closelv.

The good pertormance charactericiice ar the proposed  agenerator

are probably due Lo the followinogs (L) no floating point arit-
himetic 18 pertormed . 2y a wvarisbde number af random tbivles
tbhetween three and si1:x) e wsed Lo construct o nuwnber . UV el f
the time the procewss e @xtremely einole and requires only three
hvtes, ond, v o Uine aover age about DL random bvtess are e

quired Lo construcht a fowr bivie candann eloaaling oot pnamber

FLOD T IS FOYLRT OYT €0 3 O3k

all floabing  point cornvenCioos e based (o0 the fait theat aby
ratioral rpambeer X oo D P es3onidend wes Ll e oduet @ s tracty o
ral  pearb arcd an intoges part. b bhe coelowt el Lo abile e
accuwralely represent all ratiual nwabhers, these Convent 1uns are
dmps ] et e e fol b ows
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X = —— x 2 Equation 1
™
where X = The number to be represented
@ = an integer exponent
M = a constant (usually a power of two).
m = the mantissa. m *=M/2 unless X = QO in which case m = ¢
The precision of X is determined by M while the range of X is
determined by the permissible range of e. Note that the

fractional part m/M) of X is always in the range 1/2 to 1
regardless of the value of X (as long as X is nonzero). In Figure
1 we present the ranges of values taken on by @€ and m/M  for
different values of X between zero and one.

vy te! am
MO =05 10! 0.5- 1.0
0.5 =025 t-1 ! 0.5 - 1.0

10,25 m0=0,125 121 0.5 - 1.0
10,125 Y0)=0,0825 1-3 ! 0.5 - 1.0
0,0625%¢)=0, 031254 ¢ 0.5 - 1.0

L S
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Figure 1: Values of e and m/M for numbers on [0-11]
It is seen that the exponent e defines the range of a number
(i.e. 0.5 > n>=0.28), and that the mantissa m defines the
specific value of the number within this range.
RAaNDOM VARIAEBLES ON CO—1 3
From the preceding discussion, we see that a random variable u on

[0-1] can be expressed as a function of a random exponent e and a
random mantissa m as follows:

u = -—— x 2 Equation 2

where u = random variable on [0O-1]
@ = random variable drawn from the distribution:
-(i+1)

Pri@ =i } = 2 i = 041,200,

M = a constant

m = Uniformly distributed random variable on [ M/72,M ).

. R |
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Perhaps the most useful consequence of the {fact that u 1is
expressed as a function of two independent random variables 1is
the fact that it enables us to propose an algorithm with a period
s0o long that we have been unable to empirically measure it.

As shown in Figure 2, the algorithm starts out by assigning a
value of zero to the exponent (defining a number on [0.5-1.01)
and & random value to the mantissa. A check is made to see if the
resulting mantissa has a valid value (there is a S04 probability
that this is so), if it does, the algorithm stops as a valid
number has been produced.

I. INITIAL ASSIGNMENTS

e =0 {Correct value if v > 1/2}

a = Uio,m {Unifora deviate on 0-#)
I1. IS ADDITIONAL WORK REQUIRED?

If & >= N/2 { this happens halé the tise}

s
I11. ADJUST EXPONENT
A. Draw randos bytels) until a nonzero byte is found:
k = RandoaByte
uh:l: : = % { this happens with a probability of 1/256 )}
k = Randoabyte.

B. Scan the byte for the first nonzero bit:

while k ¢ 128
k=k t2
ez e- |,

IV. RANDOM VARIABLE IS u = f{e,n)

Figure 2: Algorithm for generating u

I+ the mantissa is not valid (i.e. 1its first bit is not one),
then M/2 is added to m to make it valid, and a procedure for
generating a random exponent is entered. This procedure i1s based
on the premise that the number of zeroces preceding the first one
in a random stream of bits follows the geometric distribution
with p =0.53. Random bytes are drawn until a nonzero byte 1is
tound. This byte is then scanned until the first nonzero bit 1is
found. The resulting exponent is computed as the negative value
ot eight times the number of zero valued bytes plus the number of
consecutive zero valued bits in the last byte. '

Expected Effort
While & fixxed number of random bytes are always used to generate

a random mantissa, the number of byts A used to generate a
random expornent is itself a random var: ~ It can be shown that




the distribution of n is:
Frin =1 > = 1/2 for i = 0

i
= 255 % (1/256) /2 for i = 1,2,3,...

Some of the values of this distribution are shown in Figure 3:

+
¢
t

0 ! 2 3
5000 ! ,4980468 ! 0019454 ! 0000075

> -
P -

- - -
L X
P S
> - -

Prin bytes required)

Figure 3: Number of bytes required to generate e.
The expected value of n is: E(n) = 128 / 235 = 0,5019607

Assuming that one integer multiplication is required to generate
one random byte, and that two integer multiplications are re-
quired to generate a random mantissa, then an average of 2.5
integer multiplications ( and no floating point operations) are
required per floating point random variable. A more efficient
random byte generator may bring this level of effort down even
further.

Expected period

The period of the resulting generator is a function of the
periods of the generators used to get the random mantissa m
(P(m)) and the random exponent e (P(e)). If these generators
have identical periods, then the random variable u will also have
this period. However if P(e) and P(m) are relative prime then the
period of u is equal to the product of these periods.

P{m) is readily established as a function of the period of the
driving byte generator. However P(e) is more elusive. Its value
appears to depend on the value of the multiplier used in the
driving random byte generator. Empirical tests using the programs
presented later (Figures 7 and 8) show that P(e) is practically
unmeasurable for some values (3993, 9237 and 14789) of a (the
multiplier ,Fig. 8), while for other values (1221,2837,2501,7261
and 12125) it is approximately equal to (but relative prime to)
the period of the driving generator.

In both cases it is reasonable to expect that the resulting
period of u will be very large. 0Our empirical results bear out
this conclusion.,
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[




AN IMFLEMERNTATION

Notation

The AMD 9511 implementation of floating point notatian i1s  shown
in Figure 4:

bit 3t 30 228 24 4 23 16 15 a7 ¢
; l?n ; si n ? 'vaiue of ! Hantxssa ¢
! ! ' oof exponent inost signif! 'least signii!
‘e xponent'lantxss v ' Yicant byte ! ‘icant byte !

——
4 tomt=-t + +

Figure 4: AMD 9511 convention for floating point notation

Three bytes are allocated to the mantissa and one byte is used
for the exponent and the two sign bits. Note that the first bit
of the mantissa ( always a one) is explicitly included as bit 24.
Since the first two bits of byte 1| are used for sign information,
only & bits are available for the order of magnitude o+ the

exponent. Exponents are therefore restricted to the range of [-&4
to +631].

For numbers between zero and one the sign bit of the mantissa is
zero and the sign bit of the exponent is one if the number is
less than 0.5 and zero otherwise. The effect of these sign bits
and the fact that the first bit of m is always 1| is shown in
Figure 3.

-

Y *
+

e! s -bl ! b2 b, b4 !
! 0 '16 777,215-8,388,608 ! ) ‘128 255' 0-255 !
0.5 x=0.25 -l '16 777,215-8, 388,608 '127'128 255' 0-255 !
;0 5 x=0.125 }-2 ‘!6 777,215-8,388, 608 ‘126'128 255' 0-233 !
‘0 125 x)=0,0625 '-3 '16 177,2t5-8, 388,608 ‘125'128 255‘ 4= 255 :
'0 06253 5=0. 03125"4 '16 177,215-8, 388,408 '124'128 255' 0-255 !

+ +

-
-

1
1.0 »mi=0.3

- -

-+

+ .-+

_— e -

-*.
+ .

Figure S: Values of individual bytes for numbers on [O-—-11]

The 1EEE implementation of this notation is shown in Figure 6.

bit 31 30 29 32N 2 2 1 0
+ ¢ it L et 4
! Si?n ! B\ised exponent ! Unsaned mantissa with sost !
! ! The bnas 15 127 i sanx(xcant bit |:ssan '
Mantissa! ! .
$omecocan PO S PSR RO SR S $om oot

Figure &: Froposed IEEE standard for Floaating Foint Notation.
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. It is seen that the main differences between this notation and ]
Sy the AMD9511 notation are the facts that (1) the most significant
a0 bit of the mantissa (always & one) is not included in the IEEE
standard while it is in the AMD9511 notation, {(2) the IEEE stan- . 4
dard allocates one more bit to the exponent, thus expanding the )
range of values that can be represented, and (3) the exponent- .
mantissa boundary is no longer at a byte boundary. None of these K
. difterences introduce serious implementation problems. Note howe-
- ver, that the logical and physical order of bytes in a variable
are not always the same. For example in many systems the least
significant byte of an integer is stored below the more signifi- L
cant one. This may cause the exponent to appear as the second :
rather than the first byte of the variable.

A Fascal Frocedure 1

| The main difficulty in implementing the proposed algorithm in :;i
- FPascal is to get access to the individual bits of a real variab-
: le. As shown in the program listing in Figqure 7, we aobtain this
- access through the use of a variant record that defines a given
.3 memory location to ¢ ntain both a four byte real number and four
individual bytes. (The same effect is obtained in FORTRAN through
the use of an EQUIVALENCE statement).

The procedure is driven bty the two independent random byte gene-—
rators REytel and RByteZ. As shown in Figure 8, they obtain their
random bytes rather crudely by returning the first byte of a two
byte integer produced by the mixed congruential generator:

i(k+1) = a x i(k) + ¢ mod (32,768)
where : idk)

[~
a

i-th integer produced by the generator
1
4 x j + 1 ( O« § <« 32,768 )

It can be shown (4] that each period of this generator will
contain exactly one representation of all integers in its range.
Furthermore, if a is carefully selected, then the resulting
integers will pass most reasonable tests for randomness of dis-
tribution and sequence. Since these tests are based on the nume-—
ric value of the integer, it follows that its most significant
byte of the integer will also pass these tests. It would be nice
if the second byte alsoc exhibited such properties. Unfortunately
we were not able to identify & multiplier a (we tried them all)
for which this was true. This is the reason why the second byte
is discarded in the generator shown in Figure 8.

-

Since exactly 3 bytes are required to construct a mantissa while
an average of ©0.5019607 bytes are required to construct an
exponent, the generators will never be synchronized. It therefore
seems quite safe to use the same multiplier for both generators.
* This was done in the following implementation and evaluation
¢ sections.




function unifora :real;

ype
realtype =

record {variant record for byte access)

' case integer of
l . f: {unit : real); {The variable we want}

- 2: {exponent : byte; {exponent and sign bits)

= . lé H gyte; {sost significant byte of santissa}
2. 82 : byte;

i ] al: hytef; (least significant byte of mantissa)
Tt an ;

% ¥

ar
k : byte;
Ut rlaliype;
egin
with u do
begin
8l := RBytel; {a separate byte generator is assused}
82 := RBytel;
. a3 := Rbytel;
1 exponent := 0 { proper value for 0.5Cu (1.0 1}
if a1 ¢ 128 then (by convention the sost significant }
: begin (bit § in al msust be ! }
af := 8! + 128;
exponent := 12’;
3= RByte2;
While k = 0 do
begin
exponent := exponent - 8;

- k 1= RByte2;
. . end;
- i6 k < 128 then begin
- if k )= b4 then exponent := exponent -1
5 else if k )= 32 then exponent := exponent -2
- else if k )= 16 then exponent := exponent - 3

. else it k >= B then exponent := exponent -4
; else if k >= 4 then exponent := exponent - 5
2 else it k »= 2 then exponent := exponent -6
) else exponent := exponent - 7

- end;

- uni fara := unif;

' end;

- end;

Figure 7: Pascal/MT+ Implementation of uniform random number
generator using AMD 9511 floating point notation.

- function RBytel:Byte;
" ( 3:§e= he +following declarations sust appear in the wmain progras

seed : record
case integer of
: {int & integer);
+ (lsbyte:byte
ssbyte:bytel;
end; H

NST
: MILT = 1221; { other good values ares 2837, 3993, 4189, 4293,}
g begin { 9237, 14789, 15125, 17245}
a seed.int 1= MULT § seed.int + I .

- RandosByte := seed.ssbyte;

dnf seed.int ( 0 then seed.inv ‘ceod,jn? ,.ntel;
end;

"

Y Figure 8. Random byte generator for Z80 based system. Note
that the order of bytes in the integer is non standard.
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A summary of the tests pertormed to assess the quality of the
proposed generator is presented in Figure 9. For each test the
initial seed +or RBytel was 12345 and the initial seed for RByteZ

was

2345. To save space details of the test procedures are not

presented here. The reader is referred to [46] or to the reference

cited in Figure 9 for more information.
+ + ===+ ¢+ + +
! Property ! Eapirical Measure ! Criteria ! Procedure ! Re(erence !
+ + + + +
! Unifore ! 100 bin frequency count ! Chi-square ' 1000 observations ! ' {41 p.35 !
! Distribution ! ! 99 df ' 1000 repllcatxons [ E
; Randoa ; Count of runs up of lenqth ! Chi-square : 1000 observations ' (4] p.68 !
! Sequence ''1,2,3,4 and 5 or sore Y5 df 1 1000 replncatxons | ;
; lack of auto ; Counts of normalized act’s ‘ No clear pattorn' 2000 observations * ‘ [8] !
! correlation ! outside ¢/-2 s for all lags' Nost counts (4 L ] repl:catxons i E
' Computational ; Tine to generate 10,000 ! Other ‘ wrist watch tlnlnq‘ !
* Effort ! variables ! generators i ' on 4¥z 180 aicro ! !
; Period ' 6ap between two identical { QOther ‘ Published results ! ' !
! [ !_sequences of 100 nusbers ! Generators ' used if available ! !
$====zz3=z3=2222¢2225355I22503 + ss2¢ ¢ +

Figure 9. Summary of Evaluation tests.

The outcome of these when tests applied to the generator in
Figure 7 using the byte generator in Figure 8 are shown in Figure 10.

+ + 3 ¢ 4
; ! DISTRIBUTION ; RUA-TEST ' AUTOCORRELATION !
. + + + ¢z3zzassessasszessssssézzssscs ' ¢====2zz= +
! MLT ! Ranqe of Chi-square ! ' Test outcomes ' Range of Chx-square' Test outcones 'Index of lags w/ too sany!
z ! valnes, {1000 tests) ! at Si level ' values {1000 obs) ! at 51 level ‘acG’s outsi e +/- 2 siqoa'
' ; sin ' avg ; aax ! accept ! reject ; ain ; avg ‘ ! aax ' accept ! reject' 4 bad act’ s' 3 bad acf’s'
¢zzzz23=4 + + + + + + 2z3zz¢ ¢ ¢ +
U 1221 £ 610 ¢ 99.9 ' IS5 1 932 ¢ 6B ' Ol ! Al 12090 979 & 2t 109 0 mone !
2837 ' 5920 9640 1380 ¢ 974 ' 26 ! 00! 4.01257' 92 ! 42 ' 51 ' pnone !
U393 ' 62.6 ' 99.0 ' 163.2' 957 ' 43 ' 0.0 3B 1%.1' 979 ¢ 2 ! 3 ' none !
4189 ' 63.0 ' 96.0 ' 14,0 ! 976 ' 24 ' 0.0' 41'18.1' 983 ' 17 ' none ' 47 ¢
'OA293 U520 95.0 ' 138.0' 9% ¢ 24 ! 0.0 ' 3.8'20.5' 985 ' 15 ' 4 7 ¢
+-- + + + + + + ¢ + + + + ¢ +
V9237 U bbA ! 99.6 V15120 936 ' &4 ! G0 ) A0'2340 9 ' 29 ¢ 61 ' onone !
CLA789 ' 61,2 ' 9.6 ' 1504 Y 9% ¢ A2 ! 0.0 ) A2117.9! 971 ' 29 '2, &5 ' none !
VI5125 ¢ 9.0 ! 98.5 ' 1468 ' 979 ' 20 ! 01 ' 4.0 7 et 97 ' B ' L U5 ' none !
VA5 ' 67,20 99.5 ' 137.2¢ 90 ! A0 ' 0.1 ! 4.0 '19.4¢ 4 ¢ 26 ' 25 ' a2 ¢
+ + + + + ¢ + 4==z32=2= ¢ + + + +
UIDEAL ' 66.5 ¢ 983 ' 139.0 ' 50 ¢ 50 % O ! 43! 166t 950 ' 56 ' 2 bat lagsino bad lags
$#ss=z=== $2zz222 + + + ¢ + +Szz=2= + + ¢ {2 ¢ ]

Figure 10: Results of Empirical tests for recummended seeds.
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It should be noted that cuwr subjective (riteria of "closeness  to
Chi-square distribution" i1s & more discriminating test than the

conventional chi-square test discusswed in [41 . While the caonvern

tional test rejects the hypothesis 1+ & single value of the test

statistic is out of bound, we generate many values ot the statis-

tic and reject if the resulting empirical distribution does not

appear to follow the Chi-squeare dis tribution. (We «re able to do

this since the long period of the generator allows ws access to

an extremely large samplesice)

In order to determine the effort required to genercte & 1+ -ndom
number , we measured the time required to generate 10,000
different numbers using the present and other algorithms. All
programs were run on & 4Mz 80 based microc computer wlthout
special floating point hardware. The results of these tests are
summarized in Figure 11:

+ + + fommemeenniae tommmee v
! ! ! !?af between ' !
! Generator type ! period ! resolution !fike nusbers! Tise !
+ + B L o +
! Figure 7 ‘ at least ! -{0!  random ! 18 !
v '64,000,000! 4.7 ¢ 10 ! ' !
+ + + + L +
! Figure 7 using a Tauswortne type ! at least ! -10! randoa 14
! randoa byte gererator {3,3,41 164,000,000' 4.7 £ 10 ! t !
+ it S L e S P D +
! Multiplicative congruential generator ! ! ! ! !
! returning a 16 bit integer b 32,768 ! { Yo 32,768 ' 5

Y Hatl) =1 dn) ¥ a 1 1 Mod 32768 ! ! ! ! !
+ + + - + +
! Multiplicative congruential generator ! ! -5 ! ¢
! returning a value on 0-1 ' 32,3278 '3l ! 3,786 1 48
! U = [n)30.00003051757 ! ! ! ! '
+ + [EEEE - R Sttt +
! Hultiglicative congruential generator ! ! ! ! !
! esulating 32 bit arithaetic in 16 bits! 32,3278 ! ! 32,786 ¢ 133 !
!olinel) = Hin) § a ¢ | Nod 24331 ! ! ! ! !
+ + + - L boommnn +

Figure 11. Comparison between ditferent generators.

Two implementations of the prosed gererator were timed. The

first [Figure 7] used the random byte qgenerator presented in
Figure 8, while the second used Figure 7 in conjunction with &an
enperimental implementation of & Tauwsworthe type random byte
generator [3,5,61. The first of these was about as fast as  a
conventional LCG based floating point generator generator, while
the second was substantially faster. Both generators vyielded
random number streams with statistical properties vastly superior
to LCG based generators.
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SuUuUrMAaRY 41
A procedure for the construction of uniformly distributed L}
deviates on [0-1] from two independently distributed streams of
random numbers has heen presented. Rased on tihe conventions used

for floating point notation, the procedure is shown to have good
statistical properties. This includes the fact that the interval
between two like numbers is itself a random variable (the absence -_J
of this property is frequently a reason for concern when conven- “.4
tional congruential generators are used). The procedure is shown °
to be computationally efficient, and further improvements in com-
putational speeds should be possible through the use of & more
efficient generator of random bytes. 0One disadvantage of the
procedure 1s & lack of portability of the resulting computer
programs. This 1s because (1) different machines used different
conventions for representing floating point numbers, and (2) the
driving byte generators are 1likely to be machine dependent
congruential generators. However these restrictions are about the

same as those experienced for conventional congruential
generators.
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ABSTRACT (cont.)

efficient random number generator for micro computers is presented. The
resulting generator is computationally efficient as it: 1) uses no floating
point arithmetic, and, 2) uses on the average only 3.5 random bytes toc
construct a four byte random deviate. Finally we show empirically that the
generator has both an unusually long period and excellent statistical

properties.
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