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ABSTRACT L4

iwe shows that a uniformly distributed random deviate between zero and one

can be constructed by combining two independent random variables: 1) a random

exponent drawn from a geometric distribution, and, 2) a random mantissa drawn

from a uniform distribution. Algorithms for generating these random variables

are developed, and a Pascal procedure combining these into a computationally

efficient random number generator for micro computers is presented. The

resulting generator is computationally efficient as it: 1) uses no floating

point arithmetic, and, 2) uses on the average only 3.5 random bytes to

construct a four byte random deviate. Finally we show empirically that the

generator has both an unusually long period and excellent statistical

properties.
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SIGNIFICANCE AND EXPLANATION

Conventional generators of uniformly distributed deviates between zero

and one usually obtain their deviates by converting a potentially large random -

"  integer to floating point notation and scaling it down as required. This is a

* reasonable procedure for a computer with a large wordsize and with floating

point arithmetic implemented in hardware. However many micro and mini 0

computers use 16 bit integer arithmetic and have floating point arithmetic

implemented in software. For these computers, the conventional approach to

generation of uniformly distributed deviates between zero and one is quite 0

, undesirable as it is both time consuming and yields deviates with a short

period and a low resolution.

In this paper we present an alternative approach. The resulting

generator is computationally efficient and has good statistical properties.

In addition it has an unusually long period (we stopped measuring at

64,000,000) even when driven by short period (32,768) congruential generators, 0

and like numbers appear at random intervals. The generator is based on the

fact that a floating point number is represented in the computer in terms of

two variables (a mantissa and an exponent). These are developed independently

of each other without the use of floating point arithemtic.

The good performance characteristics of the proposed generator are

probably due to the following: (1) no floating point arithmetic is performed,

*(2) a variable number of random bytes (between three and six) is used to

* construct a number, (3) half the time the process is extremely simple and

requires only three bytes, and, (4) on the average about 3.5 random bytes are

required to construct a four byte random floating point number.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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AN EFFICIENT GENERATOR OF UNIFC-ILY DISTRIBUTED
RANDOM DEVIATES BETWEEN ZERO AND ONE -O

Arne Thesen*

Conventional cjeIerators Ot it V t of ,I. / Cii.t .L buted d'I-.' tF Kn.- twe f
zero and one usual lv , obt, in thir dev iates bn con. vr a i .
potentially large random . it ecer t- toatlin po int CILw, . i,, and,
scaling i t down as re(Lui red. This is r asonabl e pr ocedure tot a

computer with a large wordsi ze and with +lo :.ating poi it ari thmetic
implemented ir hardware. However mIany mLCrO and miri c.mputer s
use 16 bit integer arithmetic ancd have floating point arithmetic
implemented in software. For these computers, the c:orverntion al
approach to genieration of u.nrifurml v distributed devim. beLwe.en
zero and one is q..ite uncesirabl e as .it is both ti me consirmi.na
and yields deviates with a short period and a low ruvoluitior.

In this paper we present an alternative approach. The resulting
generator is c<:omputationally efficient and has good statistical
properties. In addition it has an unusually long period (we stop-
ped measuring at 64,00,(0( 10) even when driven by short period
(32,768) congruential generators, and like numbers appear at
random intervals. The generator is based on the fact that a

" floating point number is represented in the computer in terms of
two variables (a mantissa and an exponent These are developed
independently of each other without the use of floatinq ooint
arithmetic.

Our implementation of the algorithm is based on the c:onvertions
for representation of floating point numbers adopted by the AMD
9511 (OR INTEL 8231A) hardware floating point unit [I. This is
the convention used in iost micro computer comil0_1i er s such as Pas-
cal/MT+ and FORTRAN-80. This conivention differs slightly from
(but is conceptuall. v identical to) the prnuposed IEEE starndard
notation used in many other systems [2]. The decision to use the
de facto micro-computer standard rather than the IEEE standard
reflects the present unavailability of effic:ient float inq point -0
rardom number generator .. on micro computers. An impl,,ermntaLion of
the algorithm under the IEEE standard shoild follo..w our e>namples
qite c:loselv.

The good pertormancze characterisk I.c . ]Jt the pr-"Copoer-d c .?nerat or-

are prubablv d.uo to the fol3.owi nu: .) no float ing point arit- .0
hmet i I s perf ormed 1. 2 . a var i t , e IIuImber of r aniom by te

(between three and si ) i s usct toc* c:cnstru ic.t e number. k%) 1] f
the t. 1 me the pr one'.'si is ex tr em:e,.l V i.; L m,:e and r equi res oor 1 three
bvt.es, and. 4 :n tie a verage ao. .ot 3.5 random b vt e ar '*,-.' rr" r -

qu:i red to const a-li: f + our h,'te - + l I ,a d I. i , ., i,. I Umb+er.

F7I.-C3 I 020,T 1A CS F0 Ul." I I' ' II':zl-: r I I -!

A1ll f1 natI•.i r-, po:in n!. . ny- yn.- lti o+ ar : .e hosp .:.d o.n th~e .t.ot that. Any

ro.at:io narl "uiiimber X can ii ' r *.-t) . tii rl' I Ia" !h r (Lo. " A tr- : tt."
nal. par ard ari L rb.ue, parIt. 6t. I.!i-: Ci', I ..- ,, L: i t. I ut t.''

accurai el v r epr eseen t. .i I. I r atiu L nmb iuhers'-.. I hese _on vonI tu ns ar-

iml 1mqnto as . fIollows:
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m e
X = - 2 Equation I

where X = The number to be represented

a = an integer exponent

M = a constant (usually a power of two).

m = the mantissa. m >=M/2 unless X 0 in which case m = 0

The precision of X is determined by M while the range of X is
determined by the permissible range of e. Note that the
fractional part (m/M) of X is always in the range 1/2 to I
regardless of the value of X (as long as X is nonzero). In Figure
1 we present the ranges of values taken on by e and m/M for
different values of X between zero and one.

--------------------.-------------

I !2! BI/l
*-----------------------------

'1.0 >x>0.5 0 ! 0.5 - 1.0
4-----------------4---,-----------

!0.5 )x>)0.25 !-1 ! 0.5 - 1.0 !
4.-------------------4.-----------

'0.25 >x=0.125 !-2 ! 0.5 - 1.0
----------------------------

!0.125 >x>:0.0625 !-3 '0.5 - 1.0 !
4----------------- 4 ---. ----------

!0.0625)x)--0.03125!-4 0.5 - 1.0 !
4----------------- ---)- ...........

Figure 1: Values of a and m/M for numbers on E0-13

It is seen that the exponent a defines the range of a number
(i.e. 0.5 x>=0.25), and that the mantissa m defines the
specific value of the number within this range.

FRAN]DDM V R I ABLES ON E C- J 3

From the preceding discussion, we see that a random variable u on
[0-13 can be expressed as a function of a random exponent a and a
random mantissa m as follows:

m •
u 2 Equation 2

M

where u = random variable on ['-I]

a = random variable drawn from the distribution:

Pre = i 1 2 i = 1,1,29..

M = a constant

m = Uniformly distributed random variable on I M/2,M .

2



Perhaps the most useful consequence of the fact that u is

expressed as a function of two independent random variables is
the fact that it enables us to propose an algorithm with a period
so long that we have been unable to empirically measure it.

As shown in Figure 2, the algorithm starts out by assigning a
value of zero to the exponent (defining a number on (:0.5-1..1])
and a random value to the mantissa. A check is made to see if the
resulting mantissa has a valid value (there is a 50O% probability
that this is so), if it does, the algorithm stops as a valid
number has been produced.

I. INITIAL ASSI6NNENTS

I =0 (Correct value if u ) 112)

n U(0,I) (Uniform deviate on 0-4)

1I. IS ADDITIONAL iORK REQUIRED?

If a ): N/2 { this happens half the time)
then goto step IV
else a z a + N/2.

11. ADJUST EXPONENT

A. Draw random byte(s) until a nonzero byte is found:

k = RandomByte
while k 0 {this happens with a probability of 1256 }

e=e -8
k = RandomByte. 10

B. Scan the byte for the first nonzero bit:

wile k ( 128
k k 12
e e - 1.

IV. RANDO VARIABLE IS u f(e,e)

Figure 2: Algorithm for generating u

If the mantissa is not valid (i.e. its first bit is not one),
then M/2 is added to m to make it valid, and a procedure for
generating a random exponent is entered. This procedure is based
on the premise that the number of zeroes preceding the first one
in a random stream of bits follows the geometric distribution
with p =0.5. Random bytes are drawn until a nonzero byte is

found. This byte is then scanned until the first nonzero bit is
found. The resulting exponent is computed as the negative value 0
of eight times the number of zero valued bytes plus the number of
consecutive zero valued bits in the last byte.

Expected Effort

While a fixed number of random bytes are always used to generate
a random mantissa, the number of bytr ,i used to generate a
random exponent is itself a random vari It can be shown that

3



the distribution of n is:

Prfn i 3 1= 1/2 for- i =0

i

= 255 * (1/256) /2 for i = 12,3...

Some of the values of this distribution are shown in Figure 3:

---------------------- +--.. 4----------------------------+.... .

a ! 0 1 ' 2 ' 3 '
----------------------------------------------------------
Pr(n bytts required) ! .5 .4 A468 ! .0019454 ! .0000075

-- ------------ - ----- - -- -------------------

Figure 3: Number of bytes required to generate e.

The expected value of n is: E(n) = 128 / 255 = 0.5019607

Assuming that one integer multiplication is required to generate
one random byte, and that two integer multiplications are re-
quired to generate a random mantissa, then an average of 2.5
integer multiplications ( and no floating point operations) are
required per floating point random variable. A more efficient
random byte generator may bring this level of effort down even
further.

Expected period

The period of the resulting generator is a function of the
. periods of the generators used to get the random mantissa m

(P(m)) and the random exponent e (P(e)). If these generators
have identical periods, then the random variable u will also have
this period. However if P(e) and P(0) are relative prime then the
period of u is equal to the product of these periods.

P(m) is readily established as a function of the period of the
driving byte generator. However P(e) is more elusive. Its value
appears to depend on the value of the multiplier used in the
driving random byte generator. Empirical tests using the programs
presented later (Figures 7 and 8) show that P(e) is practically
unmeasurable for some values (3993, 9237 and 14789) of a (the
multiplier ,Fig. 8), while for other values (1221.2837,2501,7261
and 12125) it is approximately equal to (but relative prime to)
the period of the driving generator.

In both cases it is reasonable to expect that the resulting
period of u will be very large. Our empirical results bear out
this conclusion.

4



IN IMFPLEMENT F I (-N4

Notation

The AMD 9511 implementatio,, of fIo.itinq point notation is shown
in Figure 4:

bit 3l 30 29 28 25 24 23 16 15 8 7 0
-- ---------------------------------------

fii I I value of M Mantissa
On o On ! of exponent !most signif! !least si qnif

!expoftiut'antissa ' I icant byte 'eant byte!
- - ----- ------------------------ 4-- +

Figure 4: AMD 9511 convention for floating point notation

Three bytes are allocated to the mantissa and one byte is used
for the exponent and the two sign bits. Note that the first bit
of the mantissa ( always a one) is explicitly included as bit 24.
Since the +irst two bits of byte I are used for sign information,
only 6 bits are available for the order of magnitude o4 the
exponent. Exponents are therefore restricted to the range of £-64
to +63J.

For numbers between zero and one the sign bit of the mantissa is
zero and the sign bit of the exponent is one if the number is
less than 0.5 and zero otherwise. The effect of these sign bits
and the fact that the first bit of m is always 1 is shown in
Figure 5.

--------------------------------------------------- ------

I !e! !bl ! b2 ! b3,b4
-------------------------------------------------.---.--- +
'1.0 > >:.Q5 ! 0 !16,777,215-8,388,608 ! 0 !128-255! 0-255
--------------------.--- ,------------------------- .+---,----.--
!0.5 >x)=0.25 !-1 !16,777,215-8,388,608 !127!128-255! 0-255 !
--------------------.---.--------------------------.----.--

!0.25 >x)=0.125 !-2 !16,777,215-8,388,608 !126!128-255! 0-255 '
--------------------------------------------------------- 4--.
!0.125 >x:0.0625 !-3 !16,777,215-8,388,608 !125!128-255! 0-255
------------------------------------------
!0.0625>x>=0.03125!-4 !16,777,215-8,388,608 !124!128-255! 0-255 1
---------------------------------------------------- - - + 9
Figure 5: Values of individual bytes for numbers on E0-I]

The IEEE implementation of this notation is shown in Figure 6.

bit 3 30 29 23 22 21 20 2 1 0
-------- - ..---- - --- --- --- ---- ------------ .------ ---. _-

Siln Biased exponent ! Unsigned mantissa with most
o ! The bias is 127 significant bit missing

!antissa! ' ! ' "
+--- ------- --- --------------------------------r Figure 6: Proposed IEEE standard fur Floating Point Notation.

V4 5



It is seen that the main differences between this notation and
the AMD9511 notation are the facts that (1) the most significant
bit of the mantissa (always a one) is not included in the IEEE
standard while it is in the AMD9511 notation, (2) the IEEE stan-
dard allocates one more bit to the exponent, thus expanding the
range of values that can be represented, and (3) the exponent-
mantissa boundary is no longer at a byte boundary. None of these
differences introduce serious implementation problems. Note howe-

* ver, that the logical and physical order of bytes in a variable
are not always the same. For example in many systems the least
significant byte of an integer is stored below the more signifi-

* cant one. This may cause the exponent to appear as the second
* rather than the first byte of the variable.

* A Pascal Procedure

The main difficulty in implementing the proposed algorithm inS
Pascal is to get access to the individual bits of a real variab-
l e. As shown in the program listing in Figure 79 we obtain this
access through the use of a variant record that defines a given
memory location to .-ntain both a four byte real number and four

- individual bytes. (The same effect is obtained in FORTRAN through
the use of an EQUIVALENCE statement).

The procedure is driven by the two independent random byte gene-
rators RBytel and RByte2. As shown in Figure 8, they obtain their
random bytes rather crudely by returning the first byte of a two.-
byte integer produced by the mixed congruential generator:

i (k+l) =a * 1(k) + c mod (32, 768)

where i (k) =i-th integer produced by the generator

a 4 * 4i (0< j <32,768)

It can be shown C43 that each period of this generator will
contain exactly one representation of all integers in its range.
Furthermore, if a is carefully selected, then the resulting
integers will pass most reasonable tests for randomness of dis-

* tribution and sequence. Since these tests are based on the nume-
ric value of the integer, it follows that its most significant
byte of the integer will also pass these tests. It would be nice
if the second byte also exhibited such properties. Unfortunately

* we were not able to identify a multiplier a (we tried them all)
* for which this was true. This is the reason why the second byte

is discarded in the generator shown in Figure 8.

Since exactly 3 bytes are required to construct a mantissa while
* an average of 0.50I19607 bytes are required to construct an

exponent, the generators will never be synchronized. It therefore
seems quite safe to use the same multiplier for both generators.
This was done in the following implementation and evaluation
sections.

6



function uniform :real;
type
realtype -

record (variant record for byte access)
case inteer of

1: (uni : real); (The variable we Pant) ,O
2: (exponent : byte; (exponent and sign bits)

ol : byte; (most significant byte of mantissa)
@2 : byte;
2 : byte); (least significant byte of mantissa)

v-r end;

k byte-
u : reallype;begin
with u do

begin
Wl:: RBytel; (a separate byte generator is assumed)
o2 :: ROytel;
o3:: Rlytel;
exponent: ( proper value for 0.5 u (1.0 
if l ( 128 then (by convention the most significant I
begin (bit I in 31 must be )

ml @l + 128;
exponent :: 127;
k := RDyte2;
While k = 0 do

begin
exponent :: exponent - 8;
k := RByte2;

end
if k 128 then begin

if k >: 64 then exponent :: exponent -1
else if k >= 32 then exponent :: exponent -2

else if k >= 16 then exponent :: exponent - 3
else if k >= 8 then exponent :z exponent -4

else if k >:4 then exponent :: exponent - 5
else if k >" 2 then exponent :z exponent -6

else exponent := exponent - 7end;
uitform := unif;

end;
end;

Figure 7: Pascal/MT+ Implementation of uniform random number
generator using AMD 9511 floating point notation.

function RIytel:Dyte;
note: the following declarations must appear in the main program
VAR

seed: record
case integer of
1: int :integer);
2: (Isbyte:byte;

sbyte:byte);

CONST end;
MILT : 1221; ( other good values are: 2837, 3193, 4189, 4293,)

begin ( 9237,14789,15125,172451
seed.int :N LT $ seed.int +
RandomByte :: seed.msbyte;
if seed.int < 0 then seed.inw -.4.inf s nt+l;

end;

Figure 8. Random byte generator for Z8O based system. Note
that the order of bytes in the integer is non standard.

7
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A summary of the tests per-formed to assess the quality of the
proposed generator is presented in Figure 9. For each test the p
initial seed for RBytel was 12345 and the initial seed for RByte2
was 2345. To save space details of the test procedures are not
presented here. The reader is referred to [6] or to the reference

cited in Figure 9 for more information.

Property ' Empirical Measure 'Criteria Procedure Reference
+ + + I 4

Uniform 100 bin frequency count ! Chi-square 1000 observations [4] p.35
Distribution ! '99 df 1000 replications

--------------------------------------------------------------------------

'Random 'Count of runs up of length ' Chi-square ' 1000 observations 1 [4] p. 68
Sequence ' 1,2,3,4 and 5 or more 5 df 1000 replications '

.------- .---------------------------------.------------------------------------------------------

Lack of auto 'Counts of normalized acf's ! No clear pattern! 2000 observations [6]
correlation outside /-2 s for all lags! Most counts (4 ! 20 replications a

4.---------.-------------------------4--------------------4---- -----------------------

Computational Tie to generate 10,000 ! Other wrist watch timing!!Effort !variables !generators !on 4Nz ZOO micro ! 'i

- . - - - - - - -
' Period S Sap between two identical ! Other Published results '

* sequences of 100 numbers ! Generators ' used if available ! a
---- ---- ----

Figure 9. Summary of Evaluation tests.

The outcome of these when tests applied to the generator in
Figure 7 using the byte generator in Figure 8 are shown in Figure I0.

DISTRIBUTION RUN-TEST AUTOCORRELATION

NULT ' Range of Chi-square ! Test outcomes ' Range of Chi-square! Test outcomes !Index of lags V/ too many!
! values, iO00 tests) ! at 51 level ! values 11000 obs) ! at 51 level !acf's outside +1- 2 sigma!
-------------------- 4- -------------- ---------------------------------------.
mn ! avg I max ! accept reject! m i avg ! max ' accept reject! 4 bad acf's! 5 bad acf's!

1221 ! 61.0 ! 99.9 ! 155.4 ! 932 ! 68 ' 0.1! 4.1 ! 20.9 ! 979 ' 21 ' 109 ! none
--------- ------------------------------4. ------ 4-4-------------------------------------
!2837 ! 59.2 ! 96.4 ! 138.0 ! 974 ! 26 ! . ! 4.1 ! 25.7 ! 952 ! 42! 51 ! none
*--------- ---------------------------------- 4. -4- ----------------------------------

! 3993 ! 62.6 ! 99.0 ! 163.2 ! 957 ! 43 ! 0.1 ! 3.8 ! 19.1 ! 979 ! 21 ! 3 ! none
4- 4.---- - 4.------------------4. 4. 4- - 4.---------- -4.-- ----------------------------

4189 ! 63.0 ! 96.0 ! 141.0 ! 976 ! 24 ! 0.0 ! 4.1 ! 18.1 ! 983 ! 17 ! none ! 17
--------------------------4.----------------------------I- 4.-----------------------------
!4293 ! 57.2 ! 95.0 ! 138.0 ! 976 ! 24 !0.0 ! 3.8 ! 20.5 ! 985 ! 15! 41 ' 77
--------------------------------- 4.--.-4 ----- 4.--------------------------------------------

9237 ! 66.4 ! 99.6 ! 151.2 ! 936 ! 64 ! 0.1 ! 4.0 ! 23.1 ! 971 ! 29 ! 61 ! none
--- ------------------------------------------------4. 4 - . 4------------------------------------------

! 14789 ! 61.2 ! 98.6 ! 150.4 ! 958 ! 42 ! 0.1 ! 4.2 ! 17.9 ! 971 ! 29 ! 20, 65 ! none
----------------------------------4.------4- ---------- 4-4 -- 4-------------------------------

15125 ! 69.0 ! 98.5 ! 146.8 ! 979 21 ! 0.1 ! 4.0 ! 14.9 ! 977 ! 23 ! 1, 115 ! none
*----------------------------- -- ---- --------------.----------------

17245 ! 67.2 ! 99.5 ! 137.2 ! 960 ! 40 ! 0.1 ! 4.0 ! 19.4 ! 974 ! 26 ! 25 ! 42

IDEAL ! 66.5 ! 98.3! 139.0! 50 ! 50 ! 0.4 ! 4.3! 16.6 ! 950 ! 50 2bad lags!nobad lags

Figure I0: Results of Empirical tests for recummended seeds.
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It should be noted thAt Quu sub t vC ( r I te Ia of c entss to
Chi-square distribution" is a more ciscrimTinating test Lhan the
conventional chi-square test di scust ed in [43 . While Lhe con yeri
tional test rejects the hypothesis it a single value of the test
statistic is out of bound, we generite wnany values ot the statis-
tic and reject if the resulting empirical distributior, does not
appear to follow the Chi-square dis tribution. (We are able to, do
this since the long period of the generator allow .s dcLess to
an extremely large samplesize)

In order to determine the effort required to gerierate a f -,ridom
number, we measured the time r-equired t. ge nerate I C. 600
different numbers using the present and other aIgorithmrs. Al I
programs were run on a 4M, ZS0 based micro computer without
special floating point hardware. The r-esults of these tests are
summarized in Figure 11:

------------------------------------------------------------------------------------- -

gap between
G Generator type ' period ' resolution like numbers' Time

---------------------------------------------------------------------------------------- 4-
Figure 7 at least -10' random 1 18 +

'64,000,000! 4.7 * 10 !I I

*----------------------------4---------------------------------- *-------
Figure 7 using a Tauswortne type ! at least -10' random 14

* random byte generator (3,5,61 !64,000,000! 4.7 t10 t
+-- - - -- -- - - - - - - -------------------------------------- -
Multiplicative congruential generator ' ' I I 4

returning a 16 bit integer '32,768 1 32,768 1 5 1
I WD14) : Iin) I a I1 lod 2768 I

4- ---- --------------- ---------------------------------------------------------

Multiplicative congruential generator '-5'

returning a value on 0-1 '32,3278 ' 3.1 $ 10 ' 3&,786 18
! 5 i

* U =1(n)10.00003051757 i
---------------------------------------------------------------------------
Multiplicative congruential generator ' I I

emulating 32 bit arithmetic in 16 bits! 32,3278 1 I ' 32,786 1 133
i n+D : l(n) I a + I Nod 2131 I I I !

---- ------------------------------------------------------------------------ -

Figure 11. Comparison between different generators.

Two implementations of the prosed generator were timed. [he
first IFigure 7] used the random byte generator presented in
Figure 8, while the second used Figure 7 in conjunction with an
experimental implementation of a Tausworthe type random byte
generator [3,5, 6]. The first of these was about as fast as a
conventional LCG based floating point generator generator, while
the second was substantially aster. Both generators yielded
random number streams with statisti(:al properties vastly superior
to LCG based generators.

9



*" SLJItIfA R Y

A procedure for the construction of uniformly distributed O
- deviates on [0-1] from two independently distributed streams of

random numbers has been presented. Based on the conventions used

for floating point notation, the procedure is shown to have good
statistical properties. This includes the fact that the interval
between two like numbers is itself a random variable (the absence
of this property is frequently a reason for concern when conven- "
tional congruential generators are used). The procedure is shown
to be computationally efficient, and further improvements in com-
putational speeds should be possible through the use of a more
efficient generator of random bytes. One disadvantage of the

* procedure is a lack of portability of the resulting computer
programs. This is because (1) different machines used different A
conventions for representing floating point numbers, and (2) the
driving byte generators are likely to be machine dependent
congruential generators. However these restrictions are about the

* same as those experienced for conventional congruential
generators.
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ABSTRACT (cont.)

efficient random number generator for micro computers is presented. The

resulting generator is computationally efficient as it: 1) uses no floating

point arithmetic, and, 2) uses on the average only 3.5 random bytes to

construct a four byte random deviate. Finally we show empirically that the

generator has both an unusually long period and excellent statistical

properties.
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