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ABSTRACT
The existence of traveling wave solutions for equations of the form
u =u. + F'(u) is considered. All that is assumed about F is that it is

t
sufficiently smooth, lim P(u) = =o, F has only a finite number of critical

™
points, each of which 1:|;ondegenerate, and if A and B are distinct
critical points of F, then F(A) # F(B). The results describe when, for a
given function F, there must exist zero, exactly one, a finite number, or an
infinite number of waves which connect two fixed, stable rest points. The
main technique is to identify the phase planes, which arise naturally from the
problem, with an array of integers. While the phase planes may be very
complicated, the arrays of integers are always qu e simple to analyze. Using
the arrays of integers one is able to construct a directed graph; each path in
the directed graph indicates a possible ordering, starting with the fastest,
of which waves must exist. It is then a simple manner to read off from the

directed graphs the number of waves which connect two given stable rest

points.
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\ SIGNIFICANCE AND EXPLANATION

-/
The equation studied here has been considered as a model for a variety of

physical phenomena including population genetics and nerve conduction. Of
primary interest is the limiting behavior of solutions of this equation. One
expects the solution eventually to look like a traveligg wave solution; that
is, one which moves with constant shape and velocityf ;;‘;;10 paper we <~
determinesall of the traveling wave solutions of the equation, showing there

t
are situations when the number of traveling wave solutions can be infinite.
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. DIRECTED GRAPHS AND TRAVELING VAVES

David Terman

§1. Introduction
. This paper is concerned with proving tho existence of traveling wave solutions of the
equation
(1.1) "t-“xx*"“)‘
This equation arises in various dranches of mathematical biology including population
genetics, ecology, and nerve conduction (see (1]). Por most of the paper it will be more
convenient to assume that f(u) = P'(u). All that we assume about F is
) recim,
(b) 1lim PF(u) = ==,
lal+=
(1.2)
(c) P has only a finite number of critical points,
¥ (d) every critical point of F is nondegenerate,
(e) 4if A and B are distinct criticsl points of P, then P(A) ¥ F(B).
By a traveling wvave solution of equation (1.1) we mean a nonconstant, bounded
{ solution of the form u(x,t) = U(z), s = x + 6t. These correspond to eolutions which
‘ travel with constant shape and velocity, the velocity being 6. If U(s) is a traveling
wave solution of equation (1.1), then U satisfles the first order system of ordinary

differential equations

gt avy
v = Ov-p'(U).

For boundary conditions we assume that

1im(U0,V) = (A,0) and 1lim (U,V) = (B,0),
2 > - FIE AR ]

(1.3)

(1.4)

where A and B are values vhere P assunes a local maximum. We are interested in

Spongored by the United States Army under Contract No. DAAG29-80-C-0041. This material is
based upon work supported by the National Science Foundation under Grant Wo. NC8-7927062,
Ml 2.
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these boundary conditions because the values vhere P assumes a local maximum correspond
to the stable rest points of the partial differential equation (1.1). The traveling waves
which connect stable rest points are, therefors, the ones of more physical interest. It
now becomes convenient to make the following definitiom.

Definition: If (U,V) 4is & solution of (1.3) and (1.4), then U is an A+ B
connection.

We assume throughout this paper that the speed, 0, is positive. This simply msans
that we consider only waves which move to the left. WNote that if U(x,t) ls a traveling
wvave solution moving to the left with speed ©, then U(-x,t) is a traveling wave solutioa
moving to the right with speed -0,

The assumption 0 > 0 implies that if U is an A + B connection, then

P(A) < P(B). To see why this is true consider the function

2
(1.5) H(U,V) = g—- + P(U).
Using (1.3) one finds that

(1.6) L gu,v) = v .

4z
Hence, O > 0 implies that N is increasing om solutions of (1.3). When 3z = -=,

H{U,V) = P(A), while when £ = +», H(U,V) = F(B). Hence, F(A) < PF(B).

The case wvhen PF(U) has exactly two local maxima has been considered by a number of
authors (see (1] for references). In this case P'(U) has the famillar cubic shape.
Some work on the multistable case has been done by Pife and Ncleod [2). Pife and Ncleod
also considered the stability of traveling wave solutions. They showed that the monotone
waves wvhich connect stable rest points are stable. Hagan (3] also considered the guestion
of stability. He proved that the nommonotone waves which connect stable rest points are
unstable.

The (U,V) phase plane is the natural place to study the solutions of system
(1.3). In the phase plane, the local maxima of P correspond to saddles, while traveling
wave solutions correspond to trajectories which "connect®™ the saddles. One can only

expect saddle-saddle connections to exist for special values Of the speed O. One of the




difficulties in proving the existence of traveling wave solutions is that one does not
know, a prlori, what the speeds of the waves are.
The problem with phase plane analysis is that the phase planes become much too

complicated for a general function P. 70 illustrate the approach we take, let F De as

shown in Pigure 1.

fr(w

/ 2 4 \
Pigure 1. Notice that the local maxima of P are ordered according
to the height determined by F.

We suppose that there are four values of U, say A, B, C, and D, vhere F assumes a
local maximum. Assume that A < B <CC <D and F(D) > P(A) > P(C) > F(B). Wotice that
in Figure 1, we ordered the critical points according to the height determined by Fr.
That ls, we assign to the critical points A, B, C, and D, the integers 3, 1, 2, and 4,
respectively. Unless stated otherwise we always order the local maxima of P in this
manner. Our description of how many traveling waves exist shall be in terms of this
ordering. Two functions which satisfy the conditions (1.2) are said to be in the same
equivalence class if they have the same ordering of their local maxima. Hence, given a
positive integer n, each permutation of the set {1,2,..,n} determines a unique
equivalence class of functions.

The first step in analyzing the problem is to consider the phase plane when © is
very large, say © = Oo. 1f Oo is sufficiently large, then the phase plane looks,
qualitatively, like what is illustrated in Pigure 2A. As © approaches += the unstable

trajectories (those trajectories which approach a saddle in backwards time) become
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increasingly vertical, while the stable trajectories (those trajectories which approach a
saddle in forwards time) become increasingly horizontal. These statements shall be made

more precise in a later section. In Figure 2B we show the phase plane for 0 = 0,
B8) fV

]
\3 4 U

7/
7

Figure 2. Phase planes for System 1.2 wvhere F 1ls as shown in Pigure 1.
In (A) the speed, O, is very large, and in (B), O = 0.

The next step is to start decreasing 6 from eo. As © decreasss, the phase plane
changes in a continuous manner, at least until the first saddle-saddle connection is
reached. Because we are starting from © very large, the first saddle-saddle connection
corresponds to the fastest traveling wave. There are different possibilities for what the
fastest wave may be, depending upon the specific nature of the function PF. However, by
comparing the phase plane for 0 = 9° with that for © = 0 one is able to determine all
the possibilities for the fastest wave. Por a function in the equivalence class shown in
Figure 1, these possibilities are the 1+ 3, 1+ 2, and 2 + 4 connections. Of course,
which one of these waves is the fastest wave depends on the specific function P.

After the fastest connection has taken place, the qualitative features of the phase
plane changes. This is shown in Pigure 3. We now decrease © further and determine, by
comparing the new phase planes with the phase plane at 6 = 0, all the possibilities for
the second fastest wave. For example, if the fastest wave corresponds to a 1+ 3

connection then the possibilities for the second fastest wave correspond to




2+3, 1+ 2, and 2+ 4 connections. A similar statement can be made if the fastest
wave corresponds to either a 1+ 2 or 2+ 4 connection.

Continuing in this manner we construct a directed graph as shown in Pigure 3. This
graph describes all the possible orderings, starting with the fastest, of which
connections can take place. Each particular function ¥ determines a path in the
directed graph the path indicates the fagtest wave, second fastest wave, etc. Our

immgdiate goal is to be able to comstruct, and understand, this directed graph.

& LARGE vi
~— v

| SN /Z /4
DECREASE @ |
I 13 / 1-—2! \z-..4 l

\/

e e . We e .

Pigure 3. The directed graph for the equivalence class of functions
shown in Figure 1,




One approach to constructing the directed graph would be to draw a lot of phase
planes. This would be very tedious, if not impossible, because the phase planes become
very complicated. Our approach is to assign to each phase plane an array of integers; the
idea being that while the phase planes may be very complicated the arrays of integers will
be quite simple. The arrays of integers will contain all the information needed about
each phase plane in order to construct the directed graphs. UNote that in order to
construct a directed graph we must be able to do two things. Pirst of all, given a
particular phase plane, we must be able to determine all of the possibilities for the next
fastest traveling wave. Hence, we need a scheme which tells us how to detemine these
possibilities by just considering the array of integers corresponding to the phase
plane. Secondly, the qualitative features of the phase plane changes after a particular
connection has taken place. Hence, the array of integers might also change after a
connection. Therefore, we need an algorithm which describes how to change the array of
integers after a connection has occurred.

In the next gection we show how to

(a) assign an array of integers to each phase plane,

(1.7) (b) determine what the possibilities are for the next fastest wave by just
considering the array of integers,
(c) change the array of integers after a connection has taken place.

Before proceeding we introduce some notation. By a critical point we shall always
mean a value of U at which F assumes a local maximum. The letters A, B, C, D, and
T will alvays be critical points. We let A = (A,0). This denotes the saddle in the
phase plane corresponding to the critical point A. Recall that the critical points of
? are ordered according to the height determined by F. Hence, to each critical point
there corresponds in integer. We denote the integer corresponding to A by A*.

To each saddle, :, and O > 0 there corresponds two unstable trajectories. We
denote these trajectories by A'g(z,e) and Aw(z,e). To emphasize the U and V

coodinates of these trajectories we let \“(:,0) - u"uu.ox, l:.h,B)) and

-6=
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{z,0), A;'(s,e)). An(:.o) has the property that ’lil‘ A“(:,G) = a,

A1

W
1 2

and for z sufficiently negative, \"(5,0) >A and M(:.O) > 0. A"(z,e) has the

Asw(:,e) = {

property that 1lim As'(z,O) ':, and for g sufficiently negative, A;'(g,e) <A and
g v =--
2
A“(:,O) < 0.
We denote the stable trajectories of A by \"(z,e) and As'(z,e). These have
the property that 1lim M(z,ﬁ) =A== lim A (2,8), and for g sufficiently large,

oW
' (2,8) <A 2(;»;-)-”’ a'(e)>:’“a A2 (z,8) <0
lwlu 'ANN" » g (Ee s an sp (2 o
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§2. Rules for Constructing the Directed Graphs

The simplest way to illustrate how to perform the operations described in (1.7) is
with a specific example. Suppose that F is in the equivalence class of functions
illustrated in Pigure 1, and when 0 = 00, the phase plane is as shown in Pigure 4. Only
the unstable trajectories are shown in Figure 4 because, in order to perform the
operations described in (1.7), that is all we need to know. As usual we have ordered the

saddles according to the height determined by PF.

Y,

//f///ﬁ |

t 777/

Figure 4. The array of numbers associated with this phase plane is
314

32244 .

We now describe how to construct the array of integers corresponding to the phase

plane shown in Pigure 4. The first step is to draw a big rectangle, R, arcund all of the

rest points. In the next gection we show that R can be chosen so that all of the

connections, for all values of ©, 1lie inside of it. It is also shown in the next

'? section that R can be chosen so that the unstable trajectories can only leave R

8-
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through either its top or bottom sides. The next step in assigning an array of integers
to the phase plane is to locate those points on the top and bottom sides of R which lie
on one of the unstable trajectories. It is possible that one of the unstable trajectories
crosses the boundary of R more than once. We only consider those polnts on the boundary
of R which correspond to the first time that an unstable trajectory leaves R. To each
one of these points there corresponds an integer:; the integer corresponds to the saddle om
whose unstable trajectory the point lies. We now have two list of integers. Onme 1is
associated with the top side of R, and the other to the bottom side. Por the example
shown in Figure 4 the two lists are {(3,1,4} anda (3,2,2,1,4}. Combining these two

liats we obtain:

314
(2,1) 32214

This is the desired array of integers!
We claim that one can deduce from this array all of the possibilities for the next
fastest traveling wave solution. The following two propositions describe how thase

possibilities are determined.

Proposition 2.1: Suppose that the array corresponding to a given phase plane, which
occures with speed 00, is
(2.2) .
If, for some k, T ¢ Tys1s then there exists s 'l'k - 'kﬂ oconnection for same

e<e°. 1f, !umk,%)lk",ﬂnamnuuun .kﬂ’.k connection for aome

©co.
°

Proposition 2.2: The connections described in Proposition 1.1 are all of the
possibilities for the next fastest wave. That is, suppose that there exists an A + B
connection with speed 6' such that 01 < Oo, and there do not exist any connections with

speed O € (91,00). Then there exists an integer k such that either A* = Ty and

B* = Ty4qsr OF A* =B ., and B* = B,




Let us apply these two propositions to the phase plane shown in PFigure 4.
Considering the array (2.1) we £ind that the possibilities for the next fastest wave
correspond to 1 + 4, 2+ 3, and 1+ 2 connections. MNote that a § + 3 connection may
or may not exist for some © € (0.90), but it cannot correspond to the next fastest
wave. Purthermore, 1 *+ 4, 2+ 3, and 1 + 2 connections must all exist for some speeds
less than 60.

We now need an algorithm which tells us how the array changes after a connection has
taken place. This algorithm is described in the next proposition. For this proposition
we assume that the array is known for some value of the speed, say O = Oo. Ve also
assume that there exists 91 < 90 such that no connections exist with speed

e (9,.00), and an A + B connection exists with speed 6'- For now, we assume that
there is only one connection with speed 91. After the proof of Proposition 2.3 in
Section 4B we discuss what happens if there exist more than one wave with the same
speed. Note that there must be two B's in the array since to each saddle there
corresponds two unstable directions. Of course, there are two A's also, but the
‘other A' will play no role. In the proposition we consider two cases depending on
whether the ‘other B' is on the top or the bottom of the array.
Proposition 2.3. If the other B is on the top, then after the A + B connection
everything in the array remains exactly the same except the A is moved to the immediate
right of the other B. If the other B is on the bottom, then after the A + B
connection everything in the array remain exactly the same except the A is moved to the
immediate left of the other B.

Here are two examples of what may happen:

e sefee e soRBe e LN ]
ABe* B Al' Be *BA

(a)

..A’ooo A" II’...
(b) seRee — eoABe ¢

«]l0=-




Applying this proposition to the phase plane shown in Figure 4 we obtain the following

portion of the graph: 314
32214
1+4 \2’3 1+2
34 3214 314
322114 3214 31224

This completes our description of how to perforam the three operations described in
(1.7). However, it remains to demonstrate how one begins the directed graph. That is,
the directed graph is generated by a particular array. This array corresponds to the
phase plane when the speed, ©, is very large. To determine this array we use the fact,
which will be proved in the next section, that wvhen © is very large, the unstable
trajectories are nearly vertical. Hence, if the ordering of the saddles is
Age Ayy ooy A, then the generator of the graph is the array

A1Az see A
A152 oo An

Por example, if F is in the equivalence class of functions shown in Pigure 1, then the
graph starts with the array % .

Propositions 2.1, 2.2, and 2.3 are proved in Section 4. We now demonstrate, with a
specific example, how the propositions are used to construct an entire directed graph, and
how the graph is used to prove the existence of traveling wave solutions.

Consider a function F which is in the equivalence class of functions shown in

Figure 5.

Flu)

] A 1
T2 1 3\
Figure S. For the equivalence class of functions shown here there exists an

infinite number of 1 + 2 connections, & finite number of
1+ 3 connections and precisely one, 2 *+ 3 connection.
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Using the directed graph we prove the following.
Theorem 2.1: a) There exists a unique 2 + 3 connection.
b) There exists a finite number of 1 + 3 oconnections.
c) There exists an infinite number of 1 + 2 oconnections.
We assume throughout that Theorem 2.1a is true. The existence of a 2 + 3
connection can be proved using a simple gshooting argument, comparing the phase plane for
O very large with the phase plane vhen © = 0. The existence and uniqueness of a
2 + 3 connection also follows from our later results.
To prove Theorem 2.1D and ¢ we consider the graph corresponding to the equivalence
class of functions shown in Pigure 5. Note that the graph is generated by the array
% o The rest of the directed graph is constructed using Propositions 2.1, 2.2, and

2.3. It is shown on Pigure 6.

%'_3.

3

-2 |~3

-3
2113 1=2° o3
23 21713
23

L
20123

Pigure 6. The directed graph associated with the equivalence class of
functions shown in Pigure 6.
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Note that the function P determines a path in the directed graph shown in Pigure 6.
What we know about the path so far is that it must start at the node 52:—;' » obey the
arrows, and eventually cross an edge which corresponds to & 2 + 3 oonnection. HNote that
there is only one edge which corresponds to a 2 + 3 connection in the entire directed
graph. Hence, the path corresponding to P must eventually be at the array -2—‘%5 .

Once the path reaches this array, it's only choice is to go around loop in Pigure 6
corresponding to a 1 + 2 comnection. According to Proposition 2.1 the path can never
stop. It is forced to go around the 1+ 2 loop an infinite number of times. This
implies that there must exist an infinite number of 1 + 2 connections. We shall see
later that the number of 1 + 2 connections is countably infinite. If the speeds of
these waves are (Gk). then lig ©, = 0. In fact, we shall prove the following.
Proposition 2.4: For any F which satisfies (1.2) and any eo > 0, there can exist at
most a finite number of connections with speeds greater than 9°.

This last statement is used to prove Theorem 2.1b. The 2 + 3 connection must occur
with some finite speed, say e'. There certainly aren't any 1 + 3 connections with
speeds less than 61 because then we are caught in the 1 + 2 1loop. Since there ars
only a finite number of waves with speeds greater than 9‘, there can exist at most a

finite number of 1 + 3 connections.

-13-
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§3. Preliminary Results
A) Phase Plane for 9 =0 2

Recall from (1.5) and (1.6) that the function H(U,¥) = S~ + F(U) is constant on
solutions when 6 = 0. Therefore, if, on a particular trajectory, E(U,V) = K, then the
curve in the phase plane traced out by the trajectory is explicitely given by the formula

(3n.1) Vet {z(x-r(u))}1'5 .

Suppose that the critical points A and B satisfy A < B and F(A) < P(B). It then
follows that Au!(z,O) = As'(z.o). In fact, (3A.1) shows that the top half of the
trajectory is given by V = + {2(!(A)-r(tl))}1'/2 . while the bottom half is given by
V= -{Z(r(n)-r(u))}‘/z . 8ince Ag(z,0) approaches A in both forwards and backwerds
time we say that A"(z.o) is a homoclinic ordbit. A sgimilar analysis shows that if
A>B and F(k) < P(B), then Ag,(z,) = Mg (2,0).
Let us return to the case when A < B and F(A) < P(B). Let B = inf (U:DA and
P(U) = F(A)}. Clearly B < B. WNote that A,(x,0) intersects the U axis at
U =@, pPurthermore, A < Ng(z.O) ¢ B for each 2z € R. This result follows from
(3n.1).

Now suppose that there does not exist a critical point C such that A < C < B
and F(C) > F(B). We show that the homoclinic orbit AL, (x,0) "lies between® Byy(z.0)
and Bg,(z,0). That is, given a € (A,8), there exists four uniquely determined
constants, Vy, V5, V5, and V,, such that V, <V, <0 <V, <V, (0,71) lies on
Bgy(z,0), (a,vz) lies on Ag(2,0), -‘°'v3) lies on Ay (z,0), and (c.v‘) lies on
Bew(Z,0). This result is proved by contradiction. Suppose, for example, there existed

4 3
and (a,v‘) lies on I.'(:,o). 8ince H(U,V) lis constant on solutions it follows that

constants G, 73, and V‘ such that A <a <8, 0 <V, <V, (c.Va) lies on Agg(s,o0),

v, 2 v?
F(A) = -.i— + P(a) and PF(B) = -g— + rla).

This contradicts the assumption that F(A) < PF(B) and Vy > V.. One must, of course,

show that By, (s,0) and Bg,(z,0) both cross each line U =a, A < a < f, at a unique

-14-




point. This follows from the explicit expression for the trajectories given by (IA.1) and
the assumption that there does not exist a critical point C such that A <C <3 and
P(C) > F(B).

Pinally, let D be the region enclosed by the homoclinic orbit An(l.o). In D,
R(U,V) < P(A). It therefore follows from (1.5) that for each © > 0, M(-.e) lies

outside D, while As'(s,e) lies inside D.

B) Phage Plane for 2] Very large
lLet A be any local maximum of PF. We ghow that as & Dbecomes very large the

unstable trajectories, An(:,e) and A”(:,O), become increasingly vertical. More
precisely, given ¢ > 0, thare exists a constant 6(c) such that if © > 6(c), then
M(:,O) lies entirely inside the region s+ = {(U,V) s ACU < eV + A}, and Au(s.e)
lies entirely inside the region 8§ = {(U,V) : €V + A < U < A}.

The first step is to linearize the system (1.3) about the saddle Az (A0). 1f

F°(A) = -a, where a > 0, then the eigenvalues at A are

t et /6 + 4a

AT(@Q) = _

An eigenvector corresponding to X*(O) is (1,&’(9)). Therefore, \n(-,e) and
A“(:,G) both approach :, in negative time, tangent to the line through (A,0) with

slope A+(9). Since 1lim X+(9) = 4o the claim is true near A. To complete the
(2o g
proof we note that both S' and 8 are positively invarlant for © sufficiently

large. That is, every trajectory which lies inside s" or 8 for some time z, must

remain inside s* ox 8, respectively, for =z > 85 This is proved by considering (1.3)
and showing that at each point on the boundary of s" or 8 , the vector field determined

by the right hand side of (1.3) points into 8' or s~
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A similar argument shows that as © becomes very large the stable trajectories,
k"(:.e) and Au(z.e), become increasingly horiszontal. One shows that givem € > 0,
there exists a constant ©(€) such that if © > O(e), then M(:,e) lies entirely
inside the region J' = {(U,¥) 1 0 ¢V < -c(U-A)}, wvhile A_(£,0) lies entirely inside
the region 3" = {(U,V) : -€(U=A) <V < 0}, As before one proves this ls true near A
by llnearizing the system (1.3) at A. One then shows that J' and J° are negatively

invariant.

C) The Rectangle R

Given F, we show how to construct the rectangle R so that the unstable
trajectories can only leave R through its top or bottom sides. Furthermore, except for
the connections, each unstable trajectory must leave R.

Let C be the critical point at which F assumes its absolute maximum. Let D
and B be the critical points which satisfy D < A < E for all other critical ponts
A. Set D(g) = Dg,(2,0) and E(x) = Eqg(z/0). In order to distinguish the U and V
coordinates of these trajectories we suppose that D(z) = (D,(2),D,(z)) and E(z) =
(B4(2), By(2)). Note that Dy,ls,0) = (Dy(2),=Dy(2)) and Egy(x,0) = (B (x),~Ey(2)).
Purthermore, for all g, D,'(z) <0, D,"(z) <O, l"(z) >0, !2'(’;) >0,
1im D,(:) = 1im Dz(') = «w, and 1lim l,(z) = lim !2(8) = @ ., These facts are simple
gy g  2aud | 2o
consequences of our assumptions and the form of system (1.3).

Choose V, so that V, > 0 and B(V,.U) > P(C) for all U e (D,E). Let R,

1
equal to the value of l,(:) at the point where lz(z) = V4, and let R, equal to the
value of D,(s) at the point where D,(z) = -V,. Let R be the rectangle with corners
at the points (Ry, Vq), (Ry, =V,), (Ry, V), and (R,, <V,).

We now show that all of the unstable trajectories arising from the saddles can only
leave R through its top or bottom sides. Note that on the trajectory
:"(.,e). U'(g) >0 and V'(z) > 0. This is true for all © > 0. Furthermore,

since H(U,V) < P(E) in the region {(U,V) "2(') <V < lz(z), U>E}, (1.6) implies
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that, for each 6, :u(:',e) leaves R on its top side. A similar analysis shows that,
for each ©, D”(:,e) leaves R on its bottom side after traveling in a monotone
decreasing fashion. MNow, fix © and let T(z) be one of the unstable trajectories with
corresponding speed 6. Note that l‘u(:,e) prevents T(z) from leaving the right
side of R with V » 0. Similiarly, D“(z,e) prevents 7T(z) from leaving the left
side of R with V < 0. On the other hand, T(z) cannot exit the right side of
with V<0 or the left side of R with V > 0, because on those portions of the
boundary the vector field defined by the right hand side of (1.3) points into .
Therefore, T(z) can only leave R through its top or bottom sides.

We now prove the following. Let T(z) be one of the unstable trajectories which
leaves R, and let T(z ) = P be the point on the boundary of R where T(s) first
leaves R. As usual, we set T(z) = (T,(x), T,(z)). We show that T,(x) ¢ 0 for all

z > z.. Purthermore, if P is on the top side of R, then 1lim T

o (x) = lim T (z) = =,

1

z+n gre
while if P is on the bottom side of R, then lim 'l"(s) = lim 'rz(:) = -», We suppose
e g re

that P is on the top side of R sgince the other case is similar. let P = (Py,P,).

Suppose that 12(51) =0 for = > 2 and T,{z) >0 for sz € (:o.:'). 8ince

1
U' =V we have T,(z,) > T (z ). Let H(z,) = B(T (2], Ty(%,)) and
H(z,) = ll('l“(li),‘l'z(z‘))- It follows from (1.6) that H(s,) < H(z,). We show that this
leads to a contradiction by considering a few cases. Pirst of all note that it is
impossible for P, < D. If this were trve, then, since P'(U) >0 for U < D, (1.3)
implies that 1'1(:) + == and ‘!2(1) + 4o a5 g+ ==, This contradicts the assumption
that T(z) is one of the unstable trajectories.

Now syppose that D < P, < . From the way we chose V, it follows that
H(z ) = 2—1+ P(P,) > F(C). On the other hand, H(z,) = F(T,(2,)). Since
P(C) > F(U) for all U, we have a contradiction.

Pinally, suppose that P, > E. Then, since F'(U) <0 for U >E and T,(z,) >
T‘I(‘o)' :tzfoum that P('!"(:1)) < P('l"(lo)). Hence,

H(z,) = -%- + F(T (2)) > r('r,h,)) = H(z,) . This, again, is a contradiction.
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To conclude our discussion of R we must show that, for © > 0, each unstable

trajectory is elther a connection or else leaves R. This, however, is a consequence of

(1.6).

D) gimple But Important Results
The following results are needed a number of times in the proofs of Proposition
2.1,2.2, and 2.3. We assume throughout that p and q are two constants with p < q. Por

some © > 0, let P(z) and Q(z) be the trajectories through the points (p,0) and
(q,0), respectively. We assume that P(z) = (P,(2),P,(2)) and Q(z) = (Q,(2),Q,(z)). We
assume, without loss of generality, that P(0) = (p,0) and Q(0) = (q,0). We also assume
that (p,0) and (q,0) are not rest points. Finally, we assume, for now, that
% P,(0) > 0, and the first place when P(z) exists R is on R's top side. Clearly,
i q - p is sufficiently small, then it is also true that % 92(0) > 0, and the first
place where Q{z) exits R 1is in its top side. Suppose that the U coordinates of the
places where P(z) and Q(z) exits R tor the first time are a and B8,
respectively. We claim that if q - p is sufficiently small then a < B.

This result is proved by simply following the trajectories P(z) and Q(z) around
in the phase plane. Choose (z,}, § = 0,1, ...,n, such that s, =0, =

3 3 hadl
each 3, and P,(z) =0 for z > 0 if and only if T =z for some j. Let

<z for

“j - P‘(:,). Of course, it is possible that n = 0. The above assumptions imply that

n is an even integer and
n, < N2 € es €M, €Ny <Ny < n, € oa ¢ -3 < LI
Here we use the fact that U' = V which implies that the trajectories spiral in a

clockwise direction. If q = p is sufficiently small, then there must exist

(Kk), k=0, 1 .., n, such that £ =0, Ej < Ejﬂ for such j, and
Qz(z) =0 for z 20 if and only if g = %4 for some Jj. let :j - 91(53). By
choosing q - p small we can make sup |n 3 - j' as small as we please. Furthermore,

0<j<n
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as 2
> L, Since n is even, we have nn<(n. Hence, from the times

3 3
P(z) and Q(z) last crosse the U-axis until the times they exit R, P(gz) 1lies to the

because p < q and 4 P,(0) > 0, it follows that if j is even, then "j < (’- I

3 1is odd, then n

left of Q(z). In Particular, a < B8,

d
3 P20 <0,

with all of the other assumptions the same, then the conclusion would have been that

There are other cases to consider. If we would have assumed that

@ > B. Another possibility is that % Pz(z) >0 and P(z) exists R on its bottom
side. If q - p is sufficiently small, then we conclude that Q(z) must exit the bottom
side of R, to the left of P(z). If =P (2) <0, P(z) exits the bottom side of R,
and q - p is sufficiently small, then Q(z) must exit the bottom side of R to the
right of P(z).

Pinally, suppose that P(z) and Q(z) are the trajectories through the points
(0,p) and (0,q), respectively. Here we assume that 0 < p < gq. An analysis similar to
the one just given shows that if P(z) exits the topsideof R and q-p is
sufficiently small, then Q(z) will exit the top side of R to the left of P(sz). 1If
P{z) exits the bottom side of R and q - p is sufficiently small, then Q(s) will
exit the bottom side of R to the right of P(z). Similar statuments can be made if

0>p>aq.

(E) How the Stable and Unstable Trajectories Vary With 6.

Assume, for now, that A(z,0) is equal to either M(:,O) or A“(:,O), and
B(2,8) is equal to either BSI-“'O) or D”(:.O)- Por some constant B, let L be
the vertical line given by U = 8. Suppose that A(l,eo) intersects L for =z = L
Let Y,(8 ) = A,(z ,6 ). We assume throughout that Y,(6.) ¢ 0. Thea
%A,(zo,eo) $ 0, and, therefore, A(:.Oo) crosses £ transversely. Hence, there
exists a constant 8 > 0 such that if |6 - Ool < 8§, then A(z2,0) also crosses t for

some z, say =(6). PFor |0 - 0°| <§, let Yl(e) = Az(l(O).O)- There is no prodlem in

choosing YA(G) and £(8) to be continuous.




Lemma 3E.1: Assume that 0 < 8, -6 < §. Then either 0 < Y, (8,0 < Y,(8y) oor

0> Yl(eo) > YA(O‘l)'

Broof: We only consider the case A(z,0 ) = A, (2,8 ) since the case

A(z.Oo) =- As'(z,eo) is similar. Wwe shall also only treat the case YA(OO) >0, since
the case YA(oo) <0 is also similar. We first prove the result if [8-A]l is small.
Suppose that P"(A) = -a., Of course, & > 0. Let

e =)

If we linearize (1.3) at A we obtain the system

w' = M(0) W
/a2 / 2
The eigenvalues of M(6) are 1 (6) = u—g—m and 1,(0) = -e—g;—& « An

eigenvector corresponding to X'(O) is (l.X1(0))- Hence, A(z,9) approaches
;, as z + —», tangent to a line through A with slope 1,(6). Since X;(O) >0 it
follows that there exists a constant € > 0 such that the following is true. Let ¢ be
the ray {(U,V) : U= A +¢€, V> 0}. Clearly if € is sufficiently small, then
A(z,eo) and A(:,01) will intersect ¢. Choose Eo and 51 so that
AE .0 ) = A(E.,0,) =A +€, but AL ) <A+e for < co and
A (5,0) <A+c€ for E<E,. Let P = A(E ,8)) and P o=A,(E,0,). Then
P, < P,. That is, near :, A(z,°1) lies above A(z.eo)-

By following the curves A(:,eo) and A(z,ei) around in the phase plane, and using
an analysis similar to that given in the preceeding section, we find that the lemma is
true if the curves A(z,eo) and A(:,Q’) never intersect. Suppose that they Aaid, say

at q = (qq,q;): Choose " and n_ so that A(no,eo) -A(n1,9‘) = g, and

1
A(nz,eo) ¢ ’“"3'90’ for any n, < no or n, < Nye We assume that g, > 0. The other
cases are simlilar. Let :o = gup {2z ¢ no t Az(z,eo) = 0} and

¢y = sup {z <Ny s AM2,0,) = 0}. It may be true that £ =§ = -=.

LetC_= A (¢,6,) and C, = A,(Z,,0,). Assume for now that { ¢ -=, (This implies

1
that ;1 $ --). Then, it must be true that Cy ¢ co. Hence, the curve

~20-




{ R sl B2 Rt P o T P P GBda i i

T Y

A(z,eo), for z € (Co,no), lies below the curve A(:,e') for z & (c,,n,). Note that

the same is true if co = ;1 = -», At q, A(z,eo) is tangent to the vector

W = (qz, eoqz-r(q1)), while A(z.61) is tangent to the vector
1 _ o o 0 1 1 1
w = (qz, 91q2-l'(q‘)). Let W (w1 ,nz ) and W (ll‘ ,ll2 )e
Since Hg = W: and wg < w; we have the desired contradiction, and the proof of the

lemma is complete.

Now let us consider B(z,eo). Suppose that l(z.eo) intersects
L when z = z . Let Yn(eo) = Bz(zo.eo). ¢ 4 Y‘(eo) $ 0, then B(z,eo) crosses
£ transversely. Hence, there exists & > 0 such that if (€ - e°| < §, then B(z,0)
also crosses L for some z, say z(0). 1Let Y(O) = 32(2(0),0). A proof similar to
the one given for Lemma 3E.1 proves the following.
lLemma 3E.2: Assume that 0 < 91 - 90 < §. Then either 0 < y'(ei) < Y'(Go), or

0> v, (8) > Y (8 ).

-2]=

.-




il. Proof of the Propositions.

wWe assume throughout this section that the array at o = eo is given by

T 12 .QT

(4.1) A(0 ) =
[+] B'Bz ..B-

A) Proof of Proposition 2.2.

Assume that there exists an A + B connection with speed 91 where 9‘ < eo, and
there do not exist any connections with speed 6 e (91,90). We wish to prove that there
exists an integer k such that either A* = T, and B* = Tye4qs OF At = B,y and B* =
By. We only consider the case vhen A < B and Auz(z,ﬂ,) = Bu“(z,ﬁ‘) since the other
cases are similar. To simplify the notation we set

A(z,0) = Au'(z,e) and B(z,0) = B“w(:,e). Purthermore, we let
A(z,0) = (a,(z,0), Az(:,ﬂ)) and B(z,0) = (B,(2,0), B,(z,0)).

Choose P 90 that P < B and Fr does not have any critical points in the
interval (P,B). Let & be the line U = P. Clearly, 8(:,01) must intersect 1L at
least once. lLet = = sup {zip (2,8 ) » P}, ama v = B)(z ,0,). Tote that

Y > 0. Por 6 sufficiently close to 9‘, there exist continuous functions

YA(G) and 18(6) such that YA(91) - YB(91) =y, A(2,0) intersects £ at a point
whose V coordinate is YA(O), and B(z,9) intersects L at a point whose V
coordinate is YB(O). We assume that Y,(6) and Yn(e) are defined for

e (9' - €, 61 + €). We also assume that € < § where § appears in Lesmas 3E.1 and
3e.2.

Choose 02 so that 0 < 62 - 01 < € and 02 < Bo. We conclude from Lemmas 3E.1
and 3E.2 that VA(Oz) > YB(GZ). That is, as they cross £, A(l.ez) lies above

n(.,ez). Since A(z,ez) cannot intersect B(z.ez) this implies that A(:,Oz) crosses
the axis U = B above ;. More precisely, there exists a constant to such that
A,(co,ez) =8 and Az(co.oz) > 0. Prurthermore, setting A = l,(co.iz). we can make

A as small as we please by choosing 92 - 0‘ small. In particular, by choosing
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02 - 0‘ sufficiently small we may conclude that A(z,ez) and !n(:,oz) exit the same

side of the rectangle R, at points which can be made arbitrarily close to each other.
From the discussion in Section 3D it follows that if ln(z,ez) exits the top side of R,

then A(:.Oz) exits R immediately to the left of (1,02)- If, on the other hand,

'lﬂ
nn(s.oz) exits the bottom side of R, then A(2,8,) exits R Airectly to the right of

l"(z.Oz). Putting these facts together we have proven that if the array at 02 ie

p‘ bl PG

9y - 9

A(Oz) -

then there exists an integer k such that either A* = B and B* = Pyat or
[}

‘ A'-qk” andn‘-qk.

To complete the proof we show that A(Oo) - A(Oz). This follows from the assumption

4

that there 4o not exist any connections with speed 6 € (02,00). Since there are no
connections, all of the unstable trajectories vary continuocusly with 6. In particular,

; the array remains the same for 0 e (02,90).

(B) Proof of Propositiom 2.3.
Suppose that 91 < Oo, there exists an A + B connection with speed 0‘. and there
| do not exist any other connections with speed 6 € (0,8 ). From Proposition 2.2, it
. follows that if the array at 0 = eo is given by (4.1), then there exists an integer k
such that either A* = T, and B* =T, ,, or A* =B ,, and B* = B . We assume that
A* =T, and B* = T),, since the proof of the other case is quite similer. We also
assume that A < B and Nu(z.%) - 'n("ei)' since, again, the proof of the other
cases are similar. As before we set A(g,0) = '\c("” and B(s,0) = l“(z.o). The
proof now proceeds in a fashion quite similar to the proof of Proposition 2.2.
Let P, %, €, V,(08), and Y,(8) be as in the proof of Proposition 2.2. Choose L
s that 0 <@ -0, <c. TLemmas 3E.1 and 3B.2 nov imply that Y,(0,) <Y, (8,). This

implies that A(z,ez) must cross the U-axis immediately to the left of R. More
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precisely, there exists ¢ such that Az(to,ez) =0 and Ai(co'az) < B. Purthermore,
it A = A1(t;°,32), then B - X can be made as small as we please by choosing 01 - 02
small. In particular, by choosing 91 - 92 sufficiently small we may conclude that
Alz,8,) and Bsw("ez) exit the same side of the rectangle R, at points which can be
wade arbitrarily close to each other. From the discussion in Section 3D it follows that
it 'sw"'°z) exits the top side of R, then A(z.Oz) exits R immedilately to the right
of Bsw(z,ez). It a“(z,ez) exits the bottom side of R, then A(:,Oz) exits R
ismediately to the left of Bsw(:,ez). 8ince Bs'(z,ﬂ) corresponds to the "other B" in
the statement of Proposition 2.3, this completes the proof.

We now discuss what happens if two or more waves exist with the same speed. Here we
only consider the case when there exists two waves with the same speed. The case for more
than two waves is quite similar. So suppose that there exist A+ B and C+ D
connections with speed Oo. If B $ C, then there is no problem in applying
Proposition 2.3 to determine how the array changes after the connections. The A goes

next to the other B, while C goes next to the other D. An example is

A*B
ABDC C*D, BDCC
ABDC ABD °

If B = C, then there are two cases to consider, depending on if B and C correspond to
the same entry in the array. Recall that each integer appears twice in an array. If B
and C are the same entry, then we must consider the A +*+ B connection first and then

the C + D connection. That is, we first put the A next to the other B, and then put

the C, which is now B, next to the other D. An example is

A+B

ABD P*D, _D_
ABD AABBD

If B and C correspond to different entries, then we first consider the B + D

connection and then the A + B connection. An example is
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B ST D T SPUTg A

A*B
DAAR B*D, DEAAD
DB )

The proofs of these results are quite similar to the proof of Proposition 2.3.
C) Proof of Proposition 2.4.

We show that given A, B, and Oo > 0, there can exist at most a finite number of
A+ B connections with speeds greater than Oo. 8ince we are assuming that there are
only a finite number of critical points this certainly implies the desired result.

In Section 2B it was shown that there exists 01 such that no A * B3 oonnection
exists for 6 > 01. Certainly if no A * B connection exists with speed 02. then
there exists € > 0 such that no A + B connections exist with speed

0e (ez - €, 02 + €). To complets the proof we note that Propositions 2.2 and 2.3 imply
that if there exists an A * B connection with gpeed Oo then there exists € > 0 guch

that no other A *+ B connection exists with speed 0 @ (Oo - €, .o +c).

D) Proof of Proposition 2.1.
Suppose that A(Bo) is given by (4.1) and T, < Ty, We shov that there exists a

*>
T)( Tk’ﬂ

since the proof is similar. Assume that A and B are the critical points which

connection for some 0 < 00- Me do not discuss the case vhen By,q < B,
satisfy A* = T, and Bt = Tyeqe Now T snd T, ., correspond to two ponts on the top
side of R which lie on an unstable trajectory of A and ;, respectively. let these
points by P, and Py. We denote the unstable trajectory on which Py, 1lies Dy Alx)
and the unstable trajectory on which Py lies by B(z). There are now a number of cases
to consider. These are

(a) A<B, Alz) = h'.(s,eo). Blz) = h(:,oo) ’
(b) A<B, Alg) = As'(z,eo). Blg) = ln(:,eo) v

(ap.1) (c¢) A<B, Azg)= M(:,Oo), B(z) = l”(s,eo) P

(d) A<B, Alg) = A“(:,Oo).

(e)

(f£)

Alz) = Nl“'oo)'

Alz) = A“(:,oo).

B(z) = )“(:,Oo) .

B(z) = B“(:,Oc)
B(z) = 5‘(:,00)
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(¢ A>B, Alz) = ln(z,oo), B(z) = 'ﬂ("oo) ’

h) a>8B, Alz) = As'(:,ﬁo), B(z) = D“(z,eo) .
We first consider (4D.%a). We prove that An(s,e) - 'ﬂ‘"“ for some
8 e (0,00). This is done using a shooting argument. To set up the shooting argqument we
first consider, in detail, how the trajectories A(z) and B(z) spiral around in the
phase plane as they are followed backwards from the points PA and P'.

Choose {x }, k = 1,2,... 8o that for each k, z; > 2,4, and By(z) = 0 if and
only if 3z =z, for some k. Lat Ww" I‘(:k). That is, Yy is the U-coordinate of
the ku' place where the trajectory B(z) intersects the U axis as it is followed
backwards from Py.

We claia that either Y, = B or Y, <A. To prove that it is impossible for
1‘ > B we use the fact that U' = V and, therefore, all trajectories spiral in the
counterclockwise direction as they are followed backwards. This fact implies that
Yk > 71. for all k. Therefore, if 11 > B it would be impossible for
1im B(s) = B. We now wish to show that it is impossible for Y, € (A,B). If this

-

v::o truoe then, using (1.6) which implies that !'(Y‘) > P{B), it follows that there
exists a critical point C € (A,B) such that F(C) > F(B). Ve assume that C is chosen
so that PF(C) > P(U) for all U € (A,8). Wow cn(z,eo) can never cross the U axis
between A and B. This is because of (1.6). Suppose that v, € (C,B). Then cn(z,oo)
must exit the top side of R between A(z) and B(z) which is a contradiction. WNow
suppose that 11 e (A,C). It then follows that B(z) must cross both
c“(s.o) and c“(z,o). S8ince H(U,V) = P(C) on both of these trajectories, (1.6)
gives the desired contradiction. Note that this together with Proposition 2.2 implies
that if A < B and there sxists a critial point C such that A < C ¢ B gand
F(C) > max {P(B), P(A)}, then there cannot exist an A + B or B + A connection.

80 it remains to consider the cases Yy " B and AL < A. We shall assume that

11 < A since this is more difficult than the case Y‘ = B. Note that Yr = B for some

integer r. Pollowing B(z) backwards from !' and using the fact that the trajectories
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spiral in the counterclockwise direction as they are followed backwards, we find that r

is an odd number and
(4D.2) 71<73<...<1r_2<n<u-vr<yr_1<...<y‘<vz.
It is impossible for Yk € (A,B) for some k because of the same reason that
Y, ¢ (A,B). We also find that B,(z) >0 for ze ('kﬂ"k) if X is even, and
nz(:) <0 for z €& (z“‘,zk) if k is odd.
We now follow A(z) backwards from P,. Its behavior is determined by noting that

it must keep spiraling without ever crossing B(gz). Choose {sk} so that z* > £&*' for

k

each k and Az(z) =0 4if and only if z = 2~ for some k. lLet 6" - A,(:k). That

3 th

is, § 1is the U coordinate of the k place where the trajectory A(z) intersects

the U axis as it is followed backwards from PA. Using induction we find that if k is
+1
odd, k < r, then Y2 < 6" € Vo and A,(z) <0 for z € (:k ,:k). If k is even,

k ¢<r, them Y, < & < Yy-2+ and A (2) > 0 for z € “kﬂ':x). Purthermore, if k is

x
oaa, then 8 <A ¢ 6.  Gince r is oad ana Y, =B we have that

a) &5 cacsr?!

(4D.3)
b) lztz) >0 for s & (:r,:P') o

Recall that we are trying to use a shooting .rguo;lt in order to prove that
N'(:,Q) = B"'(s,b) for some 0 € (o,eo). We are nov in a position to start setting up
the shooting argument. Choose P so that P < B and F dJdoes not have a critical point
in [P,B). Let £ be the vertical line U = P. From (4D.3) it follows that there exists
n, e ('r‘zri) such that A.(n ) = P. Let Y“(Oo) =An). ror 6 close to Oo
the trajectory An(z,e) must also intersect the line L. Let 7;“” be the V
coordinate of this point of intersection. Clearly, VA(O) can be chosen to be a
continuous function of ©, at least in some neighborhood of 0 = Oo. We assume that
Y‘(e) is defined on the maximum possible interval so that it is continuous.

For each 0 > 0, By(®/8) must intersect 1 at least once. Let Y'(D) equal to

the V coordinate of the first place where l“(:.e) intarsects L as it is followed
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backwards from the saddle (B,0). Note that YB(O) is a continuous function for all
8> 0. It follows from (4D.3) that
(4D.4) YA(OO) > YB(GO)
We now demonstrate that if 9' < 0° and no A * B connections exist for
6e [61,901. then YA(O) is a well defined, continuous function in the intervsl
[91,001. If this were not true then there must exist 02 e (01,00) and a critlical
point C such that an A * C connection exists with speed 02. Furthermore, this
connection must involve N!(z.ezb. That is, either An(z,ez) - cm(z.sz) or
A'!(z,ez) - Cs‘(z,ez). It now follows that if )\ = :i: ¥(8), then the point (P,}))
lies on either C“(z.oz) or Ca(z,ez)‘ Suppose that 2(’.“ lies on Cm(z.ez)-
Let Yc(e) be the V coordinate of the place where C“!(z,e) intersects the line %,
chosen so that YC(O) is a continucus function for 6 close to 02. From Lesma 3E.1 it
follows that Yc(ﬂ) < Yn(e) for & close to but greater than 02- If 0 - 02 is
sufficiently small then, from the way ) was defined, it follows that YB(S) < Yc(O).
We summarize what has been proven so far as follows. Say that 6 has property star
it 0 e (01,001 and there exists a critical point € such that elther
c“(z.e) or cs'(z,e) crosses L at some point (P,A) which satisfies
Yg(®) <2< YA(O). Let H = {8 : 0 has property star}. We have shown that H is
nonespty if YA(O) is discontinuous at some 02 e (9, .Oo)- We shall now show that H
is indeed empty.
" To begin with, note that Qo ¢ B. This is because if 90 e H, then the aiscussion
in Section 3D implies that there exists a critical point C such that either
cn(z.eo) or cw(z.eo) leaves R between An(:.ﬁo) and B“(:.Oo)‘ This, howaver,
contradicts the assumptions of the proposition.
Set 9, = sup {6 : 8 @ H}. Clearly some sort of connection sust occur with speed

6 Suppose, for example, that there exists an A + C connection with speed 03. if,

3

for example, A(:.es) = (1,03) then the proof of Proposition 2.2 and the discussion in

clﬂl
Section 30 imply that there exists § > 0 such that it 0 < 6 -~ 03 <8, then c“(:,e)

-28-




crosses L between Y.(O) and yl(e). That is, If 0 < 6 - 03 <8, thenb e B .

This, however, contradicts the definition of 03. If, on the other hand,

Mz,0,) = C“(:.Oa), then there exists § > 0 such that 6 e (0,,0, ¢ ¢) implies that
Cou (2,9) crosses £ between Y‘(O) and YA(O)- This again contradicts the
definition of 03 .

The only other possible thing that can go wrong is that there exists a C + B
connection with speed 03. That is, either cn(:,oa) - lﬂtz,os) or
Cs'(z,aa) = B“(z,ea). In either case, the proof of Proposition 2.2 and the discussion
in Section 2D shows that there exists § > 0 such that for 6 e (0:‘,03 +8) the
corresponding unstable trajectory from C crosses L between 7'(0) and Yl(ﬂ). This
contradicts the definition of 03, and, therefors, completes the proof that YA(O) is
continuous in (01.001.

The proof of Proposition 2.1, case 4D.1la, will be complete if we can show that
YA(O) < 1'(9) for some 0 < Oo. This, however, is true because the discussion in
Section 2A and the assumption that P(A) < F(B) implies that M(:,O) lies below
Buew(z,0).

To complete the proof of Proposition 2.1 we briefly consider the other cases in
(4D.1). If (4D.1d) is satisfied, then the proof is very similar to the one just given.
One proves that for some 0 € (0,00), Aa(z,e) - l"(:,e). We claim that it is
impossible for cases (4D.1c) and (4D.1d) to occur. We only show that (4D.1%c) is
impossible since the corresponding proof for (4D.1d) is similar. What we shall prove is
the following. Suppose that A < B, P(A) < F(B), and both the trajectories M(:,Oo)
and ns"(z,eo) leave the rectangle R on the top side. Suppose that the points where
these trajectories cross the top side of R are, respectively, P " (pg/Vy) and
9, = (qq, Vy). Then, either qq < p,, or !n(l.oo) crosses the top side of R at a
point which lies between P, and Q.. That is, if qq > py then \n(:,oo) and

A
n“(z,eo) cannot be "neighbors® and (4D.1c) is, therefore, impossible.
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The idea of the proof is similar to the one Just given. We start at P, and Q‘

. and work our way backwards along the trajectories M(:,Oo) and Bs'(z,eo)‘ As before,
in order to simplify the notation, we set A(z) = A"!(z,eo) and B(z) = l“(z,ﬁo).

Also, let A(z) = (A (z),Ay(z)) and B(z) = (B,(2),B(z)). Let {zk} be chosen so

that 2z, > 241 for each k and Bz(z) = 0 if and only if z = 2 for some k. Let

Y, = 31(:k). As before we find that either Y, =B or Y, <A. ¥We only consider the

k
more difficult case Y, < A. Choose r so that Yr = B. Then, as before, r lis even,
and

Y1<Y3<---<Yt__1 <A<B-7r<yr_2<...<1‘<vz.
Purthermore, B,(z) > 0 for z € (zkﬂ"k) if k is even, and 82(:) <0 for

z € (z if k is odd.

X1 %)
We now follow A(z) backwards from P,. Choose {zk) so that 2* > £**! for each
k, and A,(z) = 0 if and only if z = £X for some k. Let Gk = A‘(zk). Using
induction we find that if k is odd, k < r, them Y, _, < 85 <y, and A (2) <O for
z e (zk”,:k). It x 1is even, k < r, then Y < Gk < Yyaat and Az(z) >0 for

+
:e(zk1

,xk). Since r is even and Yr = B, we find that B < 6:, and for
z € “rﬂ"r)' Az(z) > 0.

W¥e now wish to investigate what happens to (z,Oo). To simplify the notation we

Byx
set B(z) = !n(:.eo), with B(z) = (81(:).82(3)). We claim that there exists a number
r

Eo such that Bz(Eo) =0, Bz(z) >0 for z € (-,Eo), and B < B,(Eo) <8§°. ‘Tis is
because B(z) leaves the saddle (B,0) into the quarter plane U > B, V > 0. As long
as V > 0, we have that U' > 0 and B(z) continues to move to the right. This cannot
happen forever because B(z) would have to eventually intersect the trajectory Alz).
Hence, B(z) must cross the U axis at some value of £, say =z = Eo. Clearly

B < n’(Eo) < 8, Using the results of the discussion in Section 3D we now conclude

that B(xz) leaves R between Alz) and B(z). This is what we wished to show.




To complete the proof of Proposition 2.1 we must consider cases 4D.%e,.f,g.h. Since
these cases are treated in a manner very similar to the above proofs we only point out
that cases (4Dle and f) are lnpouibh; In case (4D.1g) there exists a 6 € (0.00) at
which speed N‘(:.O) = B“(:,O)- In case (4D.1h) there exists a 0 € (0.00) at which

speed l”(:.o) - ls'(z.e)-
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Section 5. belled Directed Gra Homomorphisms

A) Introduction

Figqure 7 illustrates the directed graph for the function P sghown in Figure 1. We

see that even wvhen P has only four local maxima, the directed graph can be quite
complicated. If P were to have many more critical points, then the corresponding
directed graph would be so complicated that it would be impossible to analyze directly.

We shall ghow that if A and B are distinct critical points of P, and we are only
interested in determining the number of A * B connections, then it is not usually
necessary to consider the entire directed graph corresponding to F. The reason is that
many of the critical points of F play very little role as far as the A + B connections
are concerned. For example, suppose that F is as shown in Figure 8.

Then, as we shall see later, the only critical points which play a crucial role, as far as
the A + B connections are concerned, are A, B, C, and D. Let G, be the directed graph
corresponding to PF. Eince the A + B connections really only depend on four critical
points, there should exist a much simpler graph, which we denote by T(A,B), which
contains all the essential information of G, as far as the A + B connections are
concerned. We prove that there does indeed exist such a graph TI'(A,B). In fact, what we
prove is that there exists a mapping & from G, onto T(A,B) which preserves enough of
the structure of G,. 80 that if we are interested in determining the number of A + B
connections, then it is only necessary to consider the graph TI'(A,B).

The next few sections are devoted to making these statements precise. We begin by
defining what is meant by a labelled graph homomorphism. We then describe how to choose
the graphs TI'(A,B). After stating and proving the main theorem, we prove some general
results about how many connections exist between two given stable critical points. In

particular, we prove that if P, A, and B are as shown Pigure 8, then there exists an

infinite number of A + B connections.




Pigure 7. The complets directed graph associsted with the equivalence
class of functions shown in Figure 1.




Figure 8
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B) Labelled Directed Graphs, Paths, and Mappings Between Graphs

We begin by giving a precise definition of what we mean by a labelled directed graph,
or LDG for short. An- LDG consists of four objects. In fact, if G 4is an LDG we
write G = (X,E,Y,0). Here, X is a finite set, say X = {Xi, cee, x‘}. X denotes the
set of nodes. Of course, each node in the graph corresponds to an array of intege-s. The
set of edges is denoted by ;. It is simply a subset of X x X. Thus (xj' lk) denotes
the edge which begins at X 3 and ends at xk. In this case, it is convenient to write
X - e'xj. Let ;(xk) equal to the set of edges whose first component is X, . We then
set E(X, ) = ;(xk) U{I(x )} where I(X,) is some distinguished element. We shall see
later that it is necessary to have I(Xk) when we define the notion of graph
homomorphism. We then let E = U z(xk), where the union is over all nodes xk. By
definition, we write I(X,) * X = X.. Y is a set of nonnegative integers. It
corresponds to the set of labels. Usually Y is of the form {0,1,2, ***,N}. We denote
this latter get by Y,. Finally, © is a function from E into Y x Y. VFor example, if
the edge e corresponds to an A + B connection, then ©(e) = (A*,B*). We alwvays
assume that ©( I(Xk)) = (0,0) for each node X,, and if e e; and ©(e) = (A*,B*),
then A* # 0 and B* % O,

We say that P = {01, soe, en} is a path in G if for each k, e €&, and

e e:(xk) implies that e

N e x(ek' xk). Note that a path may be either a finite or

k+1
infinite sequence of edges. If P is a finite sequence, say P = {01. see, on}. and
., e 8(!1), ‘n e z(xn), and xnﬂ - .n'xn’ then we say that P is a path from x,
to X ,q+ In this case we write X  , = P*X . The psth P = (%) is called admissible
if the following is satisfied. Por any k, suppose that e, e l(xk), and e is any
element of l(xk). We do not necessarily assume that e = e.. Suppose that

O6(e) = (A*,B*). Then, there exists an integer j such that j > k and

O(e,) = (A*,B*).

3
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Note that F(U) determines a path in Gpe We denote the path by Pg. Proposition
2.1 implies that Py is an admissible path in Gp. Finally, we say that a node X 1is a
generator of the graph G if for every node X' there exists a path from X to X'.

Before defining what is meant by a an LDG homomorphisam we must introduce some more
notation. Suppose that YA and YB are two subsets of the nonnegative integers. We
assume that {0} is a subset of both sets. Let g: Y, * Y. Assume that g(0) = 0.

-

Then the newmap ¢ : Y x Y =+ Y x YB is defined by

A A B
- (0,0) if g(3j) = 0 or g(k) =0
g(j'k) -
(g(3).g(k)) otherwise.

W12 = e = e
Definition 5B.1: Suppose that G, { X BT, A} and G, {xB,nB,!B, n} are

labelled directed graphs. Then & = (OX,OB,OO) is an LDG homomorphism from GA into

G if Ox : xA *> xB' 0! : BA - EB' and 00 : !k + YB. Furthermore, for each
x e xA and e €@ E(x),
) Og(x(x)) c !(Ox(x)),
(8) &, (e*x) = Ol(e) hd Qx(x).
(c) Og(l(x)) = I(Ox(x)):
(D) ®4(0) = 0O,
(E) 04(8,(e)) = © (8 (e)).
In what follows we always use the same letter & to denote Ox, 03, and .6'
Definition 58.2 ¢ {8 an LDG homomorphism from GA onto GB if in addition to the
conditions of preceeding definition the following are satisfied:
(A) for each node y € xB there exists a node x € XA such that &(x) = y,
(B) if #(x) =y and f e E(y), then there exists a path (01,"', ck} €G, such
that
(1) e, € E(x),
(11) 1f LIS and xj - cj * xj_1 for j = 1, ees , k, then

.(xj) =y and Q(Oj) = Ily) for j = 1, ee¢, k-1,
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Lemma 5.1 If P is a path in G,, and ¢ is a LDG homomorphism from G, into Gy

Lemma 5B.2: Suppose that ¢ is an LDG homomorphism from Gy into Gy and ¢

(i11) .(Ok) -f,
The following basic facts about LDG homomorphisms follow immediately from the

definitions.

then 4&(P) is a path in Gg.

satisfies (B) of definition 5B.2. Furthermore, assume that ¢ maps a generator of Ga

onto a generator of Ggz. Then & satisfies (A) of Definition 5B.2,

(C) The Graph T(A,B)

Unless stated otherwise we assume that A and B are fixed critical points of P
with A < B and F(A) < F(B). We also assume that there does not exist a critical
point C which satisfies A < C < B and PF(C) > F(B). In the Proposition 2.3 it was
shown that if there did exist such a C then there could not exist any A + B
connections.

We now introduce some notation which will be used throughout the rest of the paper.
Let K equal to the set of critical points of F. Recall that by a critical point we
mean a value of U where T assumes a local maximum. Purthermore, to each C € K there
corresponds an integer, denoted by C*, which is determined by the ordering of the values

of F at the critical points. Let K(A) equal to the set of critical points C which

satisfy P(C) > F(A), and there does not exist a critical point D which lies between
A and C such that PF(D) > F(C). WNote that {A,B} C K(A). Let
C(A) = {c*: c e K(A)}. Let X(A,B) = {C :C eXK(A) and F(C) < F(B)}, and
C(A,B) = {c* : Cc @ X(A,B)}. Note that {A,B} C K(A,B). Let X = R(A)\ K(A,B),
Yy =X\ K(A), C(X) = {c* s ceX)}, ana C(y) = {c* : c €y}, The proof of Proposition
2.3 shows that if D @ Y, then there cannot exist any A + D connections.
let PF(A,B)(U) be any function which satisfies (1.2) and whoase set of critical

points is equal to K(A,B). We also assume that if C @ K(A,B), then
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Theorem 5C.1: There exists an LDG homomorphism, ¢, from G onto r'a,»).

P(A,B)(C) = P(C). Pinally, for each positive integer n, let G, be the graph generated
by the array which has the sequence of integers {n, n-1, .... 2, 1, 1, 2, .s., n=1, }

on top. We assume that the generator of G, has no entry on its bottom. This implies
that each array in S, will have no entry on its bottom. Figure 9 illustrates Gz and

Gy.

GZ‘ G t 312213% :

3
2112 1*%/ “*3
122 4,2

1~2 322113 311223
321123
12
Yigure 9

There are now two cases to consider. First assume that there exists a critical
point € such that C < A and P(C) > P(B). Throughout the rest of the paper this shall
be referred to as "case 1". In this case we set ['(A,B) = Gn where n = [K(A,B)].

Here, |K(A,B)| denotes the cardinality of the set K(A,B). Por "case 2", when there

does not exist a C such that C <A and P(C) > P(B), we set [(A,B) = G That

P(A,8)°
is T(A,B) 1is equal to the graph corresponding to the function F(A,B).

Of course, the assumption A < B iag merely for convenience. If we had A > B,
with P(A) < P(B), we would still assume that there does not exist a critical point C
such that B < C <A and P(C) > F(B). There would still be the two cases to consider
depending if there exists a C such that C > A and PF(C) > P(B).

We now state the main result of the paper.

PFurthermore, O(P') is an admissidble path in T(A,B).
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(D) Some Useful Propositions
Throughout this section we assume that F has N critical points and A 1is the

array
T, T, ee T
1 2 )

(5D.1) A s —c— r ,
B, Bye* B

Nota that m + n = 2N. Sometimes it will be useful to rewrite A as

Ty T T
T

20" T2 Tmet

(5D.2) A=

That is, 'L-Tj where j = 2N -4 + 1 for 1< 4 < n.
et Y = {0, 1, 2,..., N}, and suppose that S, and S, are two, nonempty

N
disjoint subsets of YN\{DJ. We say that 8, interlaces 8, in A if there exists

integers s, s,, 83, i,3,k, and 2 with s, e s‘, s, e sz, s, e 82 and
1<€4<¢< 3§ <k <L <28 such that elther

(a) 8, =T, 8, " Tj' 8, =T and 8, = Ty
(5D.3) or

(b) s, =T, 8 = 'rj, 83 = T, and s, = T,.

If there does not exist such integers we say that 8, does not interlace S, in_A. WNote

that it is possible that S, interlaces S, in A while S, does not interlace S,

in A. Por example, let
221

A™ 733 ’

133
8, = {1}, ana s, = {2,3}. The following result will be used often in the proof of

Theorea 5C.1.

Proposition 5D.1: C(X) does not interlace C(aA,B) in A.
Proof: Suppose that the Proposition is not true. Then there must exist critical points
C, DEe@ K(A,B) and E @ X such that {E*} interlaces {(C*, D*} in A. We assume that

there exist integers 4,j,k, and ¢ such that C* = T,, E* = ‘l',' D* = T,, and
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E* = Tl.' The other case, (5D.3a), is similar. We denote the trajectories which Ty, 'rj,
Ty, and Tl corregspond to as C(:,eo), B(z,eo), D(z,eo), and ;(:,90), respectively.
Let alz) equal to the union of the curves !(z,eo) and ;(z,eo), together with the
point E. Let B(z) be the union of the curves c(z,eo), D(z.eo). and the closed line
interval connecting the points C ana D. The assumption that {E*} interlaces

{c*, D*} implies that a(z) and B(z) must intersect. Since F(U) < P(E) for

ue (D), (1.6) implies that a(z) cannot intersect the line segment connecting

€ and D. However, a(z) clearly cannot intersect c(z.eo) or D(z,eo). 80 the

proof is complete.

The proof of the following proposition is quite similar to the one just given.
Proposition 5D.2: Let 8 = C(A,B\\{B}. Then {B} does not interlace § in A.
Finally, the following result is of interest.
Proposition 5D.3: Assume that C € K{A) and D € Y. Then there cannot exist any
C+D or D+ C connections.
Proof: If Ce@K(A) and D € ¥, then there exists a critical point E which lies
between C and D and satisfies F(E) > max {F(C), F(D)}. 1In the proof of Proposition
2.3 we showed that this implies that there cannot exist any C + D or D+ C

connections.

(E) The Map ¢

In order to define & it is necessary to first introduce some more notation. We
assume throughout that P has N critical points and A is the array given by (5D.1) or
(5D.2). Recall that an array consists of a top and a bottom list of integers. Whenever
we just write one list of integers it will always denote the top of the array, with the
understanding that the bottom list is empty. Using the representation 5D.2 for A we set

(Se.1) ‘(A’ "1'1‘! « « + T.7T [

2 m 1 w2 n°
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Recall that Y = {0,1,2,...,8}. If M is any subset of Yy, we define ;l *A to be the
array obtained by deleting from A those elements not in M.
Suppose that 8 is any set of n, distinct, positive integers. Say
8= {-‘,-2,....ln}. We denote by o the unigue function which maps S8 onto
{1,...,n} such that pls,) < 9(-,) if and only if sy < 85, If A 1is the array given

in (5D.1) we get

Senm T )eeop(T ) ]
p(B )ecen(B )

.

We first consider the case when there exists a critical point C such that C < a
and F(C) > P(B). This was referred to as “"case 1° in the previous section. Recall that
in this case, T(A,B) = Gn where n 1is the cardinality of the set K(A,B). The map
09 t Yn * Yn is defined by

p{k) if k € C(A,B)

(5E.2) Oe(k) -
0 othervise.

We define #(A) in two steps. Pirst let

(5£.3) $,(A) = % C(AB) * B(A).
Suppose that
(5‘." .‘(A) - “‘2 see ’2“0

It follows from Proposition 5D.2 that either zy =2, = n, OF there exists an integer Xk
such that z, = 5., = n. If s, =z, = n, then let A1 be the identity map and define
¢ by

(5E.5a) 0(A) = A *0,(A) 2 ¢1(A).

Otherwise, define A‘ and ¢ Dbdy
({5E.5b) .(A) H A1 * .1(A) H &*1&’2... Ihl‘lzoco'kc
In either case, it will sometimes be convenient to reindex and write ®&(A) as

(5B.6) o (A) = “‘ﬂzoo-nzn-
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Note that &(A) e Gn.

It remains to define ¢ on the edges. Suppose that e € E(A). If e= J(A) we set
d(e) = I(3(A)). So suppose that e corresponds to a C + D connection. That is
Ole) = (C*,D*)., If C* ¢ C(A,B) or D* ¢ C(A,B), we sat &(e) = J(0(A)). If
{c*,D*} C C(A,B) we claim that there exists an edge f € E(#(A)) which corresponds to a
®(c*) + #(D*) connection. To see why this is true, we use the representation (5D.2)
for A. There must exist an integer j such that C* = Ty and D* = '1'j +1° Certainly the
same is true in (SE.1). Since {c*,Dp*} C C(A,B), é(a,n) eliminates these integers of
B(A) not in ((A,B), and ; simply renumbers the integers of the array, we find that

there must exist an integer £ such that, in (5E.4), =z = p(C*) = ¢(C*) and

(2

s = o(D*) = &(D*). Finally, recalling how (5E.6) was obtained from (SE.4) we find

241

that there exists an integer r such that n- #(C*) and n - &(D*). This implies

2 d
what we claimed; that is, there exists an edge f € E(#(A)) which corresponds to a
#(C*) + #(D*) connection. We now set ¢(e) = £ .

We now consider case 2, assuming that there does not exist a critical point C such

that C <A and P(C) > P(B). Recall that in this case T(A,B) =G As before,

F(A,B)"
we assume that the cardinality of the set C(A,B) is n. The map .6 s Yll - Yn is again
defined by (5E.2). Let 01(A) be the array given by (SE.3) and (5E.4). We now show that
there exists an integer k such that k < 2n and =z = 2,4 = n. From Proposition 5D.2,
the only other possibility is that Zy = 23, = N. We show that it is impossible for

25, = n. Choose C so that C < B and P(C) > F(D) for all D < B. By assumption

P(C) < P(B). Note that C € K(A,B). Now (1.6) implies that Cs'(z,e) never intersects
the U-axis for all 6. Since C < B this implies that on the bottom of the array,
there cannot be a B* to the left of the C* which corresponds to C“(:,O). for any

6. This means that in 01(A), the 0‘(6') which corresponds to C“(s,e) lies to the
right of both of the 01(3')- Since 01(!') = n, we obtain the desired conclusion

that z, = z,,., = n for some k < 2n. We nov define Ik2 and ¢ by

. PETRY
(5E.7) $A) = A0 8 1A) = ’:k .
2n +1
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It remains to define ¢ on the edges. Suppose that e € E*(A). If
e € I(A we let ¢(e) = I(#(A)). So suppose that e corresponds to a C + D
connection. If C* ¢ C(A,B) or D* ¢ C(A,B), we let ¢&(e) = I(8(A)). If
{c*,p*} C (C(a,B), a proof very similar to the one given for case ! shows that there
exists an edge f @ EB(#(A)) which corresponds to a &(C*) » #(D*) connection. We now

set ¢(e) = £,

(P) Proof that ¢ is an LDG Homomorphism from Gp into T(A,B)

The only condition of Definition 5B.1 which ¢ does not trivially satisfy is (B).
So suppose that e € E(A) corresponds to a C + D connection. We dlstinguish the two
C*'s and two D*'s in A by Cqr Co» Dyr and D,, respectively. Assume that e
corresponds to a (:1 * 01 connection.
We first consider the map 8. Using the representation (5D.2) for A it follows
that there exists an integer k such that cy = Ty and D, = rkﬂ‘ We suppose that
Dy = 'l'j. Clearly the same is true for B(A). Hence, it makes sense to say that there is
an edge ., € B(B(A)) which corresponds to a C' > D‘ connection. We claim that
(Sr.1) B(a®A) = . * 8(A) .
To prove this note that the only possible difference between B(e*A) and ."B(A) is the
position of the Cq¢ This is because the only entry which changes when applying e or
ey is the C,. BHowever, in both cases Cy is moved to the lmmediate right of the Dye
We next consider the map E(A,!). We shall consider the three cases:
(a) ¢, ¢ Ca,B)
(Sr.2) (b) c, e C(a,m), D, € C(A,B)
(c) ¢, e C(a,»), D, ¢ Cia,B).

If (5P.2a) is satisfied we claim that

(5r.32) C(A,B)*"8(A) = C(A,B)*B(e*A) .




As before, we need only consider the position of C,, because it is the only entry whose

position changes. However, since C' ¢ C(A,B), 1t does not appear in either
E(A,B) * 8(A) or a(A,B) * B(e*A).
Now suppose that (S5F.2b) is satisfied. Recall that in B(A), C, 1is on the immediate
left of D,. The same is true in the array E(A,l) * B(A) since {ci'pi} C C(a,B).

Hence, it makes sense to say that there is an edge e, € E(C(A,B)*8(A)) which corresponds

2
toa ¢, * D, connection. Note that
(5F.3b) é(n,a) * B(e*p) = e, . E(A,n) * B(A).
This is because in both cases C, is on the immediate right of Dy

Finally suppose that (5F.2C) is satisfied. Recall that D, =T, ., and D, = Tj.
If 3 ¢k + 1, then B(A) has the form
(5P.4) B(A) = a027c1n16 .
Here a, Y, and § are lists of integers. Note that
(5r.5) Be*A) = e*(B(A)) = Gch1YD15 .
Let a' = E(A,B)'c, Y' = E(A,B)'v, and §' = E(A,B) * §. From Proposition 5D.1 it

follows that o' and &' are empty. Since C, & C{A,B) and D, ] C(A1B) it follows

that

(Sr.6) E(A.B)'G(A) - Y'01:
while

(5r.7) E(A.l)'ﬂ(C'A) - C'Y' .

If k + 1< j, then B(A) has the form 1

(5P.8) B(A) = ac,D,YD &

where, as before, a, Y, and Y are lists of integers. Then

(5F.9) B(e*A) = e*(B(A)) = aD‘vD‘c16 .

Letting a', Y', and §' bhe as before, we conclude from Proposition 5D.! that Y' {is
empty. Hence,

(5r.10) C(A,B)*B(A) = C'C'G' .
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while

(5r.11) E(D,B)'B(C'A) - u'c16' .

Note that If k + 1< 3 then C(A,B) *B(A) = C(A,B)*6(e*A). This Ls not true if
j<x+1,

We now consider the map ;. It is again necessary to consider the three cases showm
in (5r.2). Recall that 0'(A) s ; - E(A.I) * 8(A). If (5F.2a) is satisfied then (5F.3a)
holds. Since ¢ is order preserving it is clear that in this case
(5F.12) 4, (A) = ¢, (e%A).
Next suppose that (5F.2b) holds. Then C; is to the immediate left of Dy in the array

E'(A,B)'B(A). Therefore, ¢(C,) is to the lsmedlate left of D(D1) in O'M). Hence

there exists an edge e, € I(O'(A)) which corresponds to a D(C1) hd 9(01) connection.
From (5F.3b) it follows that
(5r.13) ¢, (e®h) = o, * &.(4) .
FPinally, suppose that (5.F2c) holds. let a = ;(a'), g= ;(Y'). and 4 = ;(6'). If
jJ <x + 1, then (5r.6) implies that
(5¢.14) 4, (A) = gplc,),
while (S5F.7) implies that
(5P.15) 8,(e*A) = p(Cy) g .
If jJ >k + 1, then (5r.10) and (5rF.11) imply that
(5r.16) 0, (A) = 0, (e%A) = aplc,) a.

In order to complete the proof that ¢ is a LDG homomorphisa from Gy into

F(A,B) we must consider the maps l\1 and Az. We shall consider the three cases shown

in (5r.2) separately. First suppose that (5r.2a) holds. Applying A1 or It2 to both
sides of (5P.12) it follows that ¢(A) = #(e®A). Since, in this case, &(e) = I(#(A) we

obtain the desired result, ¢(e)*#(A) = #(e*A).

Next suppose that (5P.2b) holds. Then (5P.13) is true. To show that
d(e*A) = (e)*¥(A) we need only verify that p(ci) is in the same position in both

arrays. For case 1, p(C‘) will be on the immediate right of p(Dz) in both arrays.
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This is also true in case 2 if 0(D,) is on the top side of W(e*A) or ¢(e)*(A). 1f
p(D,) is on the bottom side of d(e*A) or @(e)*®(A), then P(C,) will be on the
immediate left of D(Dz) in both arrays.

Now, suppose that (5F.2c) holds. We first assume that 3} > k + 1. Then (5F.16)
holds. That is, 01(A) = 01(0'A). Applying A1 or Az to both sides of this identity
we find that ¢#(A) = #(e*A). Since ¢(e) = J(#(A)) we conclude that
dle*A) = #(e)*¥(A).

Pinally, suppose that (5F.2c) holds and j < k + 1. We first consider case 1.
Suppose that g = 9993+« The sentence between (5E.4) and (5E.5a) implies that either
9 = 9(C1) = n, or there exists an integer i such that g; = Sieq = " First assume
the latter. Then (5P.14) and the definition of lt1 imply that

$A) = 944y Tpag 770 P09y 00t gy
Since &(e) = I(€¢(A)) we conclude that
d(e) * ¥(A) = 941 " 9% plCy) gy oo 9 -
Using (5F.15) we conclude that &(e*A) = é(e) * #(A). It 9y = p(c') = n, then (S5Pr.14)
and (S5F.15) imply that
¢(e®A) = d(e) * #(A) = n 9y 93 *°* 9 N .

To complete the proof that ¢ is a LDG homomorphism from G, into T[(A,B) we show
that it is impossible to have case 2 together with (5F.2C), j < kx + 1. To prove this,
choose B < B so that PF(E) > F(U) for all U < B. By definition, E @ K(A,B). Note
that l“(z,e) can never cross the U axis. This follows from (1.6) and the fact that
F(U) < F(E) for all U < B. Since we are in case 2 and D ¢ K(A,B), it follows that

D > B > E. Therefore, if for some 6, (z,0) or Ds'(z,O) leaves through the bottom

D“!
side of R, it must necessarily cross to the right of !s'(z.o). let E, be the entry

in A which corresponds to ts'(z,e). We conclude that E, € ¢ where § is as in

(5r.4). If this were true, however, then (5F.4) would imply that {D*} interlaces

{c*, 2*} in A. That is, (D*] interlaces (C(A,B)} in A. Proposition 5D.1 gives

the desired contradiction.




(G) Proof that & is an LDG Homomorphism from G, onto T[(A.B)

We begin by verifying condition (B) of Definition 5B.2. Let y be a node in
F'{A,B) and f € E(y). Assume that #(A) = y. Purthermore, assume that f
corresponds to a é »> I; connection. Let C* = 0-1(6) and D* = 0-‘ (l;). We consider a
number of cases depending on the relationship betwsen C* and D* in the array A. Ve
assume throughout that A is written as in 5D.2, with C* = '.I.'j and D* = T - The
following six cases describe all the possible ways for &(A) = y.

a) 3 <k <m, and 'ri¢Cu\,n) for j < i <Kk,

b) m+ 1< 3 <k, and '!'1¢C(A,B) for § <1<k,
(5G.1)

¢) 3 <m<k, and ‘ritC(A,B) for j < i<k,

4) x <m < j, and TICC(A,B) if 1<i <k or 3 <1< 2N,

e) k< j<m and r‘tcu,a) if 3 <1 <20 or 1< i <k,

f) m+ 1<k and T, € C(AB) if J<i<M or 1<L <K

Since two entries in A equal to C* and two equal D*, we assume that 'rj =C, and
Ty * Dy This will allow us to distinguish the C* and D* of interest.

Suppose that (5G.1a) holds. We wish to prove that there exists a finite sequence of
connections, all of which are mapped by ¢ to I(y), followed by a c1 + D‘
connection. Of course, if k = j + 1 then there is nothing to prove, so0 we assume that k
>3+ 1. Choose L o that J <L <k, C <T and Cy>7T; for J<ic<ct, WwWe

1 L
assume that £ $ k. The other case will be treated shortly. Consider the sequence of
connections X
(5G6.2) Toq * Tgr Tyg * Tyo ooe s 'rj” *T, . i
Note that all of the edges corresponding to these connections are mapped to I(y). How
T, " 'rp for some p # k. From the definition of £ it is clear that o ¢ (j.2).
Hence, after the sequence of connections shown in (5G.2) we find that C, is on the

immediate left of T,. Since T, ¢ C(A,B), Proposition 5D.3 implies that '1" e C(X).

Proposition 5D.1 then implies that p € (£,k). We then take the c.| » Tl. connection.
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After this connection C, is still to the left of D,. There is still no element of
C(A,B) between C, and D,. However, the number of integers which lie between Cy and
Dy has decreased by at least two. Continuing this process we eventually arrive at an

array of the form

(X} c1 °1az see g. D1 (XX}

M— — .
esos

The dots denote integers in the array. Each cl. satisfies cl < c‘. We then take the

sequence of connections:

. (5G.2) a'*D a *D‘,..., a, + D,

1’ -1 1 1
We can then take the desired C, » D connection. l
The proof for case (5G.1b) is quite similar to the one just given. Now assume that

(5G.1c) is satisfied. lLet E be the critical point which satisfies E > B and

r(E) > P(U) for all U > B. Then x“(z,e) never crosses the U axis for any value of

0. This, together with Proposition SD.1 jimplies that there exist integers r and s

such that :'-'rr-'r., Jj<r<m and m+ 1< <k, The proof now proceeds as in the
" preceeding cases. The existence of E guarantees that eventually we can push Cy to the |
bottom side of the array, after which we are in the situation of case (5G.1b).

Next assume that (5G.1d) holds. For case one, vhen there exists a critical point E
with é <A and P(é) > P(A), the proof is quite similar to the one just given. One
proves that there exists a critical point B and integers r and s such that E <A,
r(B) > P(B), l'-'rr-'l'., J<r<28 and 1 <8 <k. Weare then able to push C; to
the top of the array s0 we are in the situation of (5G.1a).

Now assume that (5G.1d) holds and we are in case two. Choose r and s so that
r<s and T = T, = B*. From Proposition 5D.2 it follows that X < r < s < J. If this

1s true, however, it is impossible for O(Ci) and 0(01) to be adjacent integers in y.

Hence, (5G.14) is impossible for case two.
A similar proof shows that (SG.le) and (5G.1f) are impossible for case two. The
: proof for case one is similar the preceeding proofs. If (5G.%e) holds for case one, then

one shows there exists critical points £, and B,, and integers r,, 8., r,, and s,
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P — A o o

U
such that l: = Tr = T.1 . l; - th = T.z ’ !1 >B, E_L <A, E_ > B*, E? > B,

3 2 1 2

1(-, -#1<a‘<-2<2u,and 1<r2<k. This implies that we can push C,

in a clockwise fashion around the array until we are in the situation described by

j<r

(5G.1a). A similar analysis works if (5G.1f) holds.

To complete the proof that & is an LDG homomorphism from G, onto [(A,B) we
show that a generator of G, is mapped to a generator of F(A,B). We may then apply
Lemma 4B.2. There is no problem for case two, when T['(A,B) = G,(A,l). For case one,

I'(ar,B) = Gn. We prove that every node in Gn is a generator for Gn' This is done by
induction on n. The result is clearly true for n = 2, since there is only one node in

G Now assume the result is true for Gn-1' and let A and B be two arrays in G,.

2°
We must prove that there exists a paun from A to B. Suppose that
A= mayjeccedy 0

B = nB, B, 0 .

and

A proof similar to the proof of Proposition 5D.1 shows that {n-1} 4ces not interlace
{1, ..., n=2} in either A or B. Hence, either A, = A, o = n-}, or there exists an
integer 3j such that Aj - Aj” = n~1. Similarly, either B, = Ban-2 = n-1 or there

exists an integer k such that 'k = 'k#‘l = n-1. Suppose that there exists an integer

j such that Aj - Aj” = n-1, Consider the path, P.l, congisting of the series of

connections

Aan2 "M ¢ Ayp3 TP R WS IR FORE

Then P," A has the form
p1t A= n pn=t eeee n=1 n
If Ay = Ay _o =01 we set P,¢ A=A. 1f By =B, _, = n-1 we use induction to
conclude that there exists a path P, such that P,*(P,*A) = B. 1f not, we use induction
to conclude that there exists a path P, such that
PP A = n om=t B B, B, B, 0B, nln.

Now let P, Dbe the path consisting of the connections
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YA, Lt

L e

e

n-1+n, ak_1¢n, Bk_z*n,'ﬂ, B, * n.

We then have Pa'(l’z'(l"'k)) = B,

H) Proof that # (P,) is an Mmissible Path in T(A,B)

We use the same notation as in the previous section. That is, y 4is a node in

F(A,B), f @ Bly), and @&(A) = y. Purthermore, f corresponds to a E - B
connection. Let C* = 0-1(6) and D* = 0-‘ (6). As before A 1is given by 5D.2. We
assume that C* = '!.‘j and D* = Ty Of course, two entries in A equal to C* and two
equal to D*. Here 'rj and T, equal to the entries which are mapped to the
E: and 8 of the E * I; connection. Assume that A 1is the array associated with the

phase plane determined by (1.3) with speed Go. We must show that there exists a C + D
connection for some speed € < eo. The proof is broken up into the six cases shown in
(5G.1).

First assume that (5G.1a) holds. The proof is quite similar to the proof of
Proposition 2.1 given in Chapter 1, Section D. Let P, and Py be the points on the
boundary of R corresponding to 'rj and Ty+ We denote the trajectories on which Pc
and Py lie by C(z) and D(z), respectively. As in the proof of Proposition 2.1 we
consider the eight cases:

(a) Cc <D, C(z) = c“!(z,eo) , D(z) = D“(z,eo) '

(2,90) .

(b) C <D, Clz) = cs'(z.eo) ., D(z) = Dux

{e¢) C<D, Clg) = C“(z,eo) , D(z) = (z,eo) ’

DSH
(d) ¢ <D, C(z) = Cs'(z,eo), D(z) = ns'(z,eo) .
(SH.1)(e}) C > D, C(2) = cn(z,eo), D(z) = D“(:,eo) '
(£) ¢>p, C(z) = Cs"(z,eo), D(z) = Dn(z,eo) ¢
(g) €¢>Dp, Clz) = C.(2,0)), D(z) = Dy (2:6,)
(h) ¢>bp, C(z) = Cs"(z,eo), D(z) = Ds'(z,eo) .
ror the time being we assume that (SH.ta) holds. As in the proof of Proposition 2.1, we

follow C(z) and D(z) backwards from Pc and Pd and find that there exists a

verticle line £, given by U = P, for some P, and numbers, Yc and Yd' such that

«80=




(a) Yc>1d>o

(SH.2)(b) C(z) crosses L at (P,Yc), and (z,eo) crosses L at (l,vd)

DW

(c) cC(z) and Dw(z,eo) do not cross { at any other valus between Yo

and Yd'

For 6 > 0, let C(z2,0) = C“(z,e), D(z,0) = Dn(:.e). and l;(z,e) - D“(z,e). ror ©
sufficiently close to eo we define functions vc(e) and Y d(O) to be the V
coordinate of the places where C(z,0) and 8(:,0) cross L. Proposition 2.1 was proved
by showing that if 9' is chosen so that 9' < eo and no C + D connections exist for
0e (e‘,eo), then Yc(e) and vd(e) can be chosen to be continuous functions for
6e (91,60). Unfortunately, this may not be true now. We claim, however, that if no
C + D connection exists for © € (91,6°). then for 6 € (9‘,90). Yc(e) and Yd(e) can
be chosen so that (SH.2) holds with Yo replaced by Yc(e) and Y a replaced by
Yd(e).

Assume throughout that no C + D connection exists for © € (01 ,eo). There is no
problem in showing that Y d(9) is continuous in (91 ,Oo). Before discussing vhat may
happen to Y c(9) we introduce some more notation. Suppose, for the moment, that ye(e)
is continuous for © € (61.00). Por O @ (01.60) choose :1(9). 82(9). :3(9). and

z‘(e) so that c(z1(6).9) - (P.Yc(e)), C(zz(e),e) =P, 3(:,(9),9) - (r,yd(e)), and

D(:‘(e) 08) =p Here P, and Py denote the points on the boundary of P where

e
Cc(z,0) and D{z,0) first leave R. Ilat ;.(9) be the portion of ¢ with

yc(e) €V« yd(e). Let K(6) be the union of the curves C(x(8),0) for

z‘(a) <z« 22(0), B(:(O),O) for 23(0) < g<», D(=(6),8) for -= < g« s‘(O), and
£(0). Then K(8) divides R into two parts which ve denote by R (8) and R (0).
Let B1(0) and nz(e) be the portions of the boundary of R which lie in the closure of
n‘(O) and nz(e): respectively. We assume that R‘(O) is the region which satisfies
the property that a trajectory which crosses ;.(0) must thereafter remain in l,(O)

until it crossed 31(0). ¥ote that converse is also true. That is, if a trajectory

leaves R through l'(ﬁ), then it must have crossed 1(9).




Now assume that Y e(O) is continuous for O @ (9‘ ,Bo), but discontinuous at

0= 91. Then there exists a C * E connection with speed 9‘ for some critical 1
point E. Of course, this connection involves cn(:,O‘), as opposed to c'u,o‘).
Let Yc(91) - ;1:1; Yc(e). From lesma 3E.1 it follows that this limit exists. Since
Yo(®) 1s dlscontifuous at © = 6, (P,y_(8,)) 1lies on either X _(5,0.) or
ls“(z,61), as opposed to lm(:.91) or 3(3.91). Assume that the unstable
trajectory on which (P,yc(e‘)) lies is lu(z,ei). The other case is similar. FPFrom
the proof of Proposition 2.2, we conclude that there exists a § > 0 such that for

9' <0 < 9' + 4, lw(z,e) crosses ;(9). Hence, ls'(z.e) leaves R through
81(0). From the proof of Proposition 2.3 we conclude that for © less than, but close
to 91. C(z,9) 1lies as close as we wish to :“(:,e). We claim that for © greater
than, but close to 01, :nu,e) crosses ;(9).

The first step in proving this is to show that E* > D*. WNote that E* > C*. This
is because there exists a C + B connection. Suppose that E* < D*. Choose 92 equal
to the supremum of all values of € for which 6 < Oo, and there exists a critical
point M which satisfies

a) C* < N* < D*, and

b) either lln(z,o) or uw(s,o) leaves R through 31(9).

By assumptions, O, < 6, < 8 . Since o, L ] Oo, there must exist an M + Q connection
with speed 92 for some other critical point Q. Now there exists a 6‘ >0 such that
for e2 <O < 92 + 6‘ one of the unstable trajectories from M, say M(x,0), leaves R
through B,, while for 02 - 6‘ <0 < 92 + M(2,0) leaves R through B;. Propositions
2.2 and 2.3 imply that for O = 92, one of the unstable trajectories from Q leaves R
through B,, while the other lesves R through B,. Hence {o*} interlaces {c*,p*}
for the array with gpeed 92. Prom Proposition SD.1 we conclude that C* < Q* < D*.
This, however, contradicts the wvay 02 and M were chosen.
Having shown that E* > D* and l“(l /©) leaves R through B, for

oe (e’,e‘o 8), we can apply Proposition 5D.1 to conclude that ln(s,e) leaves R
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through B, for O e (9‘,61 + §). ‘Therefore, l“(z,e) crosses

;(6) for 0 e (91,91«3). By choosing § gufficiently small we may assumes that

C(2,6) ia as close as we please to :n(z.e‘) for e‘ -8§¢H <« 01. Therefore,

C(2,0) must cross ;(0‘) for 6, -8 <0 < 0, That is, Y,(®) can be chosen so that
vc(e) > yd(e) for 61 -8§ <O < 0‘- This completes the proof that i{f no C+ D
connection exists for © e (9',90), then 1c(e) and Ydte) can be chosen so that (5H.2)

is satisfied with Y. and Y a replaced by yc(e) and Yd(e). respectively.

!

i

|

!

|

{

|

i

|

What we have shown is that, in some sense, as long as no C + D connection exists, !
i

1

Cm(s.e) liea above D"(he)- However, using the fact that C* < D*, we find that :
{

c“(:,(!) lies below %(:,0). This shooting argument completes the proof of the i
Theorem for the case when (5G.fa) and (5H.1a) hold. !
i

Still asswuming that (5G.1a) holds, we only say a few words about the proofs for the
other cases shown in (5H.1). The proof for cases (5H.1b), (SH.1g), and (5E.th) are quite

similar to the one just given. Just as in the proof of Propusition 2.1, one shows that

{
cases (SH.1c,d,e, and f) are impossible. %
We must still consider the other cases shown in (5G.1). However, the proofs for 'j
these cases are really no different than the one just given. The reason is that the main
assumption used about the array A 1in the preceeding proof is that if we start at !',
and move in the clockwise direction around the array until we reach Ty, then every

integer we pass is not in C(A,B). This is true for every case shown in (5G.1).

!6. Conclusions

We now demonstrate how the directed graphs are used to determine how many connections
exist between two fixed critical points. Given A and B, with PF(A) < F(B), the |
results discuss wvhether there must exist sero, exactly one, a finite number, or an

infinite number of A + B connections. One trivial result, which was proved earlier, is

that if there exists a critical point, C, which ljes Detween A and B3, and P(C) > W(B),
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then there cannot exist any A + B connections. So we assume throughout this section
that such a critical point C does not exist. Por convenience we assume that A < B.

We first assume that there does exist a critical point D such that D < A and
P(D) > P(B). This was referred to as case one earlier. Recall that in this case
I'(A,B) = G, where n = |K(A,B)|. We prove that if n =2 or n = 3, then there must
exist an infinite number of A + B connections.

If n =2, then T'(A,B) = G, which is shown in Figure 9a. According to Theorem 5C.1

2
there exists a LDG homomorphism from G, onto G,. Note that ¢&(A*) = 1 and
#(B*) = 2. To prove that there exists an infinite number of A + B connections, it
suffices to prove that O(P'), the image of the path corresponding to P, contains an
infinite number of 1 *+ 2 connections. This 1s clear, however, because G, consists of
only one node and one edge which begins and ends at that node. Because O(P') is
admissible, it is forced to keep going around the loop an infinite number of times.

Wov suppose that n = 3. Suppose that K(A,B) = {A,C,B}. Then there exists a graph

homomorphism, ¢, from G’ onto G, such that &(A*) = 1, #(C*) = 2, and ¢&(B*) = 3,

3
It follows that there exists an infinite number of A + B connections, if we can show
that the path O(Pr) contains an infinite number of 1 + 3 connections. Since
Ix(c,B) =2, O(P') must contain an infinite number of 2 + 3 connections. Considering
Pigure 9b this implies that O(Pr) must be at the node 321123 or the node 322113 an
infinite number of times. 1If O(Pr) is at the node 321123, then, because Q(P’) is
admissible and a 2 + 3 edge branches from 321123, O(Pr) nust be at 322113 an infinite
number of
times. Since a 1 + 3 connection branches from 322113 we conclude the desired result
that O(Pr) contains an infinite number of 1 + 3 connections.

It is natural to ask how many A + B connections exist when [I'(A,B) = Gn for
n > 3. We 4o not know the answer to this question for the following reason. Suppose

that n = 4. In (6.1) we give an example of a subpath in G, wvhich does not contain any

1l + 4 connections.
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a233112¢  —222 5 2113324 >
2+ 4 143 2+3
(6.1) 328, 3221134 1235 3112236 223, (3221134
1+3
1+3 3+ 4 2+ 4

—r—y 43112234 =—=> 43311224 > 42331124 —> ¢+ ¢

Note that the first and last arrays shown are the same. If we keep repeating the
subpath shown, then the resulting path contains an infinite number of 3 + 4, 2 + 4,
2+3 1+3 and 1+ 2 connections. By writing out the entire graph, G‘, we find that
(6.1) gives an admissible path in G,. This seems to imply that there may not exist any
A + B connections if T(A,B) = 6‘. However, we 4o not know if there actually is a
function ¥ such that the path corresponding to P is the one shown in (6.1). Note that
it is also possible, in fact easier, to construct admissible paths in Gy for which there
exists an infinite number of 1 + 4 connections.

We now assume that if C < A, then PF(C) < F(B). We first show that if there does

not exist C such that A <C < B and P(C) > P(A), then there must exist at least one

A + B connection. Suppose that N is the generator of Gy, and

PP eee P

1
.(“) - XX ]
ByByccc B,

The assumption that there does not exist a C such that A <CC < B and P(C) > F(A)
implies that there exists an integer k guch that &(A?) = 'rk and 6(p*) = ‘rk“. Since
O(P') is admissible it must contain a ‘l'k * Tt connection. Hence, P, must contain

an A + B connection. If P(D) < FP(A) for all D <A then the A + B connection is

unique. This is because TI'(A,B) is the graph

12
12

t 1+ 2
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If there does exist C such that A < C < B and P(C) > F(A),

then there may or

may not exist an A + B connection. For example, suppose that F as shown in

Pigure 10a.

AT Fu B

Pigure 10

123
123
1~ 3/ \2 +3
23 13
1123 1223
23 l 1 1+3
3 3
F
U nz2s T 1@
f \

The graph corresponding to P is shown in Figure 10b. Prom the result just proved we

conclude that there must exist unique 1+ 2 and 2 + 3 connections. The graph

corresponding to P demonstratss that there exists a 1 + 3 connection if and only if

the speed of the 1 + 2 connection is less than the speed of the 2 + 3 connection.

If there does not exist a critical point D such that D < A and PF(D) > F(A),

then, as we now prove there can exist at most one A + B connection.

that P(U) < P(B) for all U < B, and (1.6), implies that (2,9)

Bew
U axis. It alwvays leaves R through its bottom side. Similarly,

The assumption

never crosses the

A”(:,O) alwvays

leaves R through its bottom side, never crossing the U axis. Buppose that the array

for some value of © is given by A(9). We also assume that an A + B connection

exists with speed eo. Por © a bit smaller than 9°. A(8) has the form

1

A(e ) - L XN J :.. - LA X ] ¢
1 AcA, B,




Here A, corresponds to Au(:,01), Az corresponds to A“(:.O‘) and B, corresponds
to ns‘(-,e‘). If we let £ be the map defined in the previocus chapter and B,

correspond to (2,0,), then B*A(8.) has the form

S.A(e‘)-ooc '2000 ‘1‘2.. “.o -
Note that for all ©, A, always lies to the right of By, By, and A, in B8*A(0).

We wish to show that there cannot exist another A + B connection. This is only
possible if A, is on the immediate left of a B in B®A(0) for some e < 91. The
only vay A, can get to the left of one of the B's if there exists a D such that for
some O ¢ eo, B*A({8) has the fora

.)ooopﬁ'zooo"ooolzpﬁoool‘co .
or

b) e o o o B

2
In elither case, (D*} interlaces {A*}. The proof of Proposition 5D.1 shows that this

LI I ) D."“lzb"‘ A100 .

is impossible.

Now suppose that P(C) < P(B) for all C < B, but there does exist a critical
point D < A such that P(D) > P(A). Then there may exist a finite number of A + B
connections. This is illustrated in Figure 6 where one sees that there may exist a finite
number of 1 + 3 connections. To prove that there cannot exist an infinite number of
A + B connections we note that there must exist a D + B connection for some positive
speed, say O = 9°. It follows from Proposition 2.4 that there can exist at most a
finite number of A + B connections with speed greater than eo. A proof very similar
to the one given in the preceeding paragraph implles that there cannot exist any A + B
connections with speed less that eo. Hence, there can exist at most a finite number of

A+ D connections.

87w




Acknowledgement: I wish to thank Charles Conley and Glen Richard Rall for their i

encouragement and stimulating discussions.

«Sg=




1. D.G. Aronson and H.PF. Weinberger, Nonlinear diffusion in population genetics,
combustion and nerve propagation, in "Proceedings of the Tulane Program in Partial
Differential Equations and Related Topics®, Lecture Notes in Mathematics Wo. 446, pp.

5-49, Springer-Verlag, Berlin, 1975.

2. P.C. Fife and J.B. Mcleod, The approach of solutions of nonlinear diffusion equations
to traveling front solutions, Arch. Rational Mech. Anal. 65(1975), 335-361: Bull.

Amer. Math. Soc. 81(1975), 1075-1078,

3. P.S. Hagan, Traveling wave and multiple traveling wave solutions of parabolic

equations, SIAM Journal on Mathematical Analysis. 13(1982), 717-738.

4. D. Terman, Traveling wave solutions of a multistable reaction-daiffusion system, in
“Contemporary Mathematics Volume 17, Nonlinear Partial Differential Equations®,
(J.9moller, ed.) American Mathematical Society, Providence, Rhode Island 1982, 361-

378,

; oT/3gb

=59=




SECURITY CLASSIFICATION OF TRIS PAGE (When Deta Entered)

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
1. REPORT NUMBER 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
2545
&. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOO COVERED
* JSummary Report - no specific
Directed Graphs and Traveling Waves reporting period
. 6. PERFORMING ORG. REPORT NUMBER
I7. AGTwoRce) ' €. CONTRACY OR GRANT NUMBER(S)
David Terman DAAG29-80-C-0041 &
MCS-7927062, Mod 2

. PERFORMING ORGANIZATION NAME AND ADDRESS . ::22".”{?.{"“‘:‘1-" PROJECT, TASK
Mathematics Research Center, University of Work Unit Nmber o 1

610 Walnut Street Wisconsin

adison, Wisconsin 53706 Applied Analysis
11. CONTROLLING OF FICE NAME AND ADDRESS 12. REPORT DATE
July 1983
. Sece Item 18 13. NUMBER OF PAGES
59
T MONITORING SGENCY NAME & ADDRESS(I{ different from C_.itrelling Office) | 18, SECURITY CLASS. (of thie reporf)
UNCLASSIFIED
llﬁ gg&.&sg{ucnwu’?oowcumu_c 1

J16 OISTRIBUTION STATEMENT (of this Repor)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abetract entered in Block 20, il different from Report)

I19. xEY womros (Continue on reveree eide If necessary and identily by block mamber)

18. SUPPLEMENTARY NOTES

U. S. Army Research Office : National Science Foundation
P. 0. Box 12211 Washington, D.C. 20550
Research Triangle Park

North. Carolina 27709

Reaction-Diffusion Equation, Traveling Wave Solution, Directed Graphs

20. ABSTRACT (Continus en reverse side if necossmy and identily by block number)

The existence of traveling wave solutiona for equations of the form

u, =u + P'(u) 1is conaidered. All that is assumed about F is that it is

sufficiently smooth, 1lim f(u) = ==, F has only a finite number of critical
la|+=
points, each of which is nondegenerate, and if A and B are distinct

DD 5k 1473  eoimion o 1 nov es 1s oesoLETE UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)




ABSTRACT (Continued)

critical points of F, then F(A) ¥ F(B). The results describe when, for a
given function PF, there must exist zero, exactly one, a finite number, or an
infinite number of waves which connect two fixed, stable rest points. The
main technique is to identify the phase planes, which arise naturally from the
problem, with an array of integers. While the phase planes may be very
complicated, the arrays of integers are always quite simple to analyze. Using
the arrays of integers one is able to construct a directed graph; each path in
the directed graph indicates a possible ordering, starting with the fastest,
of which waves must exist. It is then a simple manner to read off from the
directed graphs the number of waves which connect two given stable rest

points.




