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ABSTRACT

The existence of traveling wave solutions for equations of the form

ut - uxx + F'(u) is considered. All that is assumed about F is that it is

sufficiently smooth, li F(u) - -, F has only a finite number of criticallul "
points, each of which is nondegenerate, and if A and B are distinct

critical points of F, then F(A) 0 F(B). The results describe when, for a

given function F, there must exist zero, exactly one, a finite number, or an

infinite number of waves which connect two fixed, stable rest points. The

main technique is to identify the phase planes, which arise naturally from the

problem, with an array of integers. While the phase planes may be very

cmplicated, the arrays of integers are always qut e simple to analyze. Using

the arrays of integers one is able to construct a directed graph; each path in

the directed graph indicates a possible ordering, starting with the fastest,

of which waves must exist. It is then a simple manner to read off from the

directed graphs the number of waves which connect two given stable rest

points.
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SIGNIFICANCE AND EXPLANATION

/
The equation studied here has been considered as a model for a variety of

physical phenomena including population genetics and nerve conduction. Of

primary interest is the limiting behavior of solutions of this equation. One

expects the solution eventually to look like a traveling wave solutionr that

is, one which moves with constant shape and velocity. In-,;is paper w*---

determines all of the traveling wave solutions of the equation, showing there
t.

are situations when the number of traveling wave solutions can be infinite.
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David Tzan

1 *Introduction

This paper Is concerned with proving the existmnce of traveling may solutions of the

equation

(1.1) ut - Ux + f(u).

This equation arises in various branch.s of mathematical biology Includi"g population

genetics, ecology, and nerve conduction (sea 11). Vor moot of the paper it vill be more

convenient to assume that f(u) - P'(u). AlL that we assume about 7 is

(a) P e c 2(R),

(b) 11 F(u) -

(1.2)

(c) P has only a finite number of critical points,

(d) every critical point of F is fondegeerate,

(W) if A and a ar" distinct critical points of F, then F(A) 10 F(9).

By a traveling wave solution of equation (1.1) we mean a nonconstant, bounded

solution of the form u(x,t) - U(s), s - x + Ot. These correspond to solutions which

travel with constant shape and velocity, the velocity being I. If U(s) is a traveling

wave solution of equation (1.1), then U satlsfio the first order system of ordinary

differential equations

(1.3) V' - A,)

For boundary conditions we asrm that

lm(UV) - (AO) end L (UV) - (SO),(1.4) • + ft 2 *. 40

where A and S are value dwere F ansume a local ximm. we are Interested In

Sponsored by the United States Army under ontract No. nMA2-0-C-0041 . This material is
based upon work supported by the National Saeoom poundatlen under Grant No. no-727?062,
Nod. 2.
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theme boundary conditions because the values where 3 assuamm a local maximau correspond

to the stable rest points of the partial differential equation (0.1). The traveling waves

which connect stable rest points are, therefore, the ones of more physical interest. It

row becomes convenient to make the following definition.

Definition: If (U,V) is a solution of (1.3) and (1.4), then U is an A + 3

connection.

we assne throughout this paper that the speed. 0 is positive. this simply mass

that we consider only waves which move to the loft. Note that if (zxt) is a traveling

wave solution moving to the left with speed 0. then U(-xt) is a traveling wave solution

moving to the right with speed -0.

The assumption 0 > 0 Implies that If U is an A 4 3 connection, then

F(A) < F(s). 2b se why this Is true consider the function

(1.5) (UV) - +  (U).
2

ting (1.3) one finds that
(1.6) - (dV) ' OV2

Hence, e > 0 implies that 3 is increasing on solutions of (1.3). When a

H(UV) - F(A), while when s - 4-, U(UV) - F(3). Hence, 1(A) < F(B).

he case when I(U) has exactly two local maxima has been considered by a number of

authors (am (1 for references). in this case 7' (U) has the familiar cubic shape.

Some work on the multistable case has been done by Mife and Norod (21. Fife and Noreod

also considered the stability of traveling wave solution@. They showed that the monotone

waves which connect stable rest points are stable. Hagan 13) also considered the question

of stability. He proved that the nonmnotone waves which connect stable rest points are

unstable.

The (U,V) phase plane is the natural place to study the solutions of system

(1.3). In the phase plane, the local maxima of F correspond to saddles, while traveling

wave solutions correspond to trajectories which "connect" the saddles. One can only

expect saddle-saddle connections to exist for special values of the speed 0. One of the
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41ff Icult es in proving the existence of traveling wave solutions is that one does not

know, a priori, what the speeds of the waves are.

The problem with phase plane analysis is that the phase planes become much too

complicated for a general function F. Tb illustrate the approach we take, let F be as

shown in Figure 1.

F(U)

U
31 12 4

Figure 1. Notice that the local maxima of F are ordered according
to the height determined by F.

We suppose that there are four values of U, say A, a, C, and D, where F asses a

local maximum. Assume that A < a < C < ( and F(D) > F(A) > F(C) > F(B). notice that

in Figure 1, we ordered the critical points according to the height determined by F.

That is, we assign to the critical points A, 3, C. and D, the Integers 3, 1, 2, and 4,

respectively. Unless stated otherwise we always order the local maxima of F in this

manner. Our description of how many traveling waves exist shall be in terms of this

ordering. Two functions which satisfy the conditions (1.2) are said to be in the se

equivalence class if they have the same ordering of their local maxima. Henee, given a

positive Integer n, each permutation of the set (1,2,..,n) determines a unique

equivalence class of functions.

The first step in analyzing the problem is to consider the phase plane when e is

very large, say e - e . if e is sufficiently large, then the phase plane looks,0 0

qualitatively, like what is Illustrated in Figure 2A. As 0 approaches 4- the unstable

trajectories (those trajectories which approach a saddle in backwards tme) become

-3-



increasingly vertical, while the stable trajectories (those trajectories which approah a

saddle in forwards time) become increasingly horLontal. fwee statements shall be made

more precise in a later section. in Figure 23 we show the phase plane for B - 0.

A) V 8

Figure 2. Phase planes for Systm 1.2 where F isa shown in figure 1.
In (A) the speed, 9, is very large, and in (3), 6 - 0.

The next step is to start decreasing 0 from 0. As 0 decreases, the phase plane

changes in a continuous manner, at least until the first saddle-saddle connection is

reached. Because we are starting from 0 very large, the first saddle-saddle connection

corresponds to the fastest traveling wve. There are different possibilities for what the

fastest wave may be, depending upon the specific nature of the function F. Nowever, by

comparing the phase plane for B - 9 with that for 0 - 0 one is able to determine all
0

the possibilities for the fastest wave. For a function in the equivalence clas shown in

Figure 1, these possibilities are the I * 3, 1 + 2, and 2 + 4 connections. Of course,

which one of these waves is the fastest wave depends on the specific function F.

After the fastest connection has taken place, the qualitative features of the phse

plane changes. This is shown in Figure 3. We now decrease e further and deterLin, by

comparing the new phase planes with the phase plane at 0 - 0, all the possibilities for

the second fastest wave. For example, if the fastest wave corresponds to a 1 * 3

connection then the possibilities for the second fastest wave correspond to

-4-



2 3, 1 * 2. and 2 +4 connections. A similar statement can be me" it the fastest

wave corresponds to either a I + 2 or 2 + 4 connection.

Continuing in this manner we construct a directed graph as shown in Figure 3. fti8

graph describes all the possible orderings, starting with the fastest, of which

connections can take place. tach particular function 7 determines a path in the

directed grsapht the path indicates the fastest wave, second fastest wave, etc. Our

imediate goal is to be able to construct, and understand, this directed graph.

DECREASE 9

IV V'

3 ,-/'' 3" 1 4

2-Y 1 1- 11\ P. 1\ \\ 1 4

Figure 3. The directed graph for the equivalence class of funcoes
shown in Figure 1.
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On* approach to constructing the directed graph would be to draw a lot of phase

planes. This would be very tedious, if not impossible, because the phase planes become

very complicated. Our approach is to assign to each phase plane an array of Integersi the

idea being that while the phase planes may be very complicated the arrays of integers will

be quite simple. The arrays of integers will contain all the Information needed about

each phase plane in order to construct the directed graphs. Note that In order to

construct a directed graph we must be able to do two things. rirst of il, given a

particular phase plane, we must be able to determine all of the possibilities for the next

fastest traveling wave. Hence, we need a scheme which tells us how to detemine these

possibilities by just considering the array of Integers corresponding to the phase

plane. Secondly, the qualitative featores of the phase plane changes after a particular

connection has taken place. ence, the array of Integers might also change after a

connection. Therefore, we need an algorithm which describes how to change the array of

integers after a connection has occurred.

In the next section we show how to

(a) assign an array of integers to each phase plane,

(1.7) (b) determine what the possibilities are for the next fastest wave by just

considering the array of integers,

(c) change the array of integers after a connection has taken place.

Before proceeding we introduce some notation. by a critical point we shall always

mean a value of U at which P assUms a local maximum. The letters A, 3, C, D, and

2 will always be critical points. We let A - (A,O). This denotes the saddle in the

phase plane corresponding to the critical point A. Recall that the critical points of

7 are ordered according to the height determined by P. Hence, to each critical point

there corresponds an integer. We denote the integer corresponding to a by A*.

To each saddle, A, and 0 ) 0 there corresponds two unstable trajectories. We

denote these trajectories by A,(z,O) and A.(Z,O). To emphasize the 0 and V

coodinates of these trajectories we let %.(z,0) -(AM'SU0O. A,,(s,S)) and

a -6-



1 2
A w(u,8) (AI (u,q)* AMI(z,O)). iM,O) hasn the property that i. A (gz,G) -A,

and for sufficiently negative, ANN (ZO) > A and ,(s.6) > 0. Aw-(z'e) has the

property that lir A..(xO) - A, and for z sufficiently negative, AS(z,6) ' A and

A 
2  (2, ) C 0. x 

+ .

We denote the stable trajectories of A by Atm(z,O) and A (6z,O). These have

the property that Lin A.(zO) - A Lin A,,(z,e), and for z sufficiently Large,
1 2 Z + I 1Z++" -

A1 (z,) A, At (ae) > 0, Asiz,) > A, and A (z,) < 0.

-7-
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2 Rules for Constructing the Directed Graphs

The simplest way to illustrate how to perform the operations described in (1.7) is

with a specific example. Suppose that F is in the equivalence class of functions

illustrated in Figure 1, and when 0 - 8,0 the phase plane is as shown in Figure 4. Only

the unstable trajectories are shown in Figure 4 because, in order to perform the

operations described in (1.7), that is all we need to know. As usual we have ordered the

saddles according to the height determined by r.

V

3 4

Figure 4. The array of numbers associated with this phase plane is
314

32214

we now describe how to construct the array of integers corresponding to the phase

plane shown in Figure 4. The first step is to draw a big rectangle, R, around all of the

rest points. In the next section we show that R can be chosen so that all of the

connections, for all values of e, lie inside of it. It is also shown in the next

section that R can be chosen so that the unstable trajectories can only leave R

-8-



through either its top or bottom sides. The next step in assigning an array of integers

to the phase plane is to locate those points on the top and bottom sides of R which Lie

on one of the unstable trajectories. It Is possible that one of the unstable trajectories

crosses the boundary of R more than once. we only consider those points on the boundary

of R which correspond to the first time that an unstable trajectory leaves R. To each

one of these points there corresponds an integers the integer corresponds to the saddle on

whose unstable trajectory the point lies. We now have two list of Integers. Oe is

associated with the top side of R, and the other to the bottom side. For the ex ple

shown in Figure 4 the two lists are (3,1,4) and (3,2,2,1,4). Combining theme two

lists we obtain:s

(2.1) 314
32214

This is the desired array of integersl

We claim that one can deduce from this array all of the possibilities for the next

fastest traveling wave solution. The following two propositions describe ho the e

possibilities are determined.

Praoosition 2.1, Suppose that the array corresponding to a given phase plane, which

occures with speed 0, is
1 I2 m

(2.2) 1 2 *
r I 2  2 %

If, for some k, Tk ' k1 then there exists a T * + connection for .m

0 < o . 0 If, for some k, k " *+, them there exists a , connection for

0

Proposition 2.2: The connections described in toposition 1.1 are all of the

possibilities for the next fastest weve. that Is, swgoe that there exists an a + 11

connection with speed 01 such that 9 1 4 0, ama there do not exist eay cenmectlong with

speed e e (e 1,0o). Then there exists an Lnteger k such that either A* - Ik and

B* - Tk+,1 or A* - Sk* anid Be a ndk

-9-
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Lot us apply these two propositions to the phase plane shown In Figure 4.

Considering the array (2.1) we find that the possibilities for the next fastest wave

correspond to 1 + 4, 2 + 3, and 1 + 2 connections. Note that a I + 3 connection may

or may not exist for some e e (0.0 ), but it cannot correspond to the next fastest

wave. Furthermore, 1 + 4, 2 + 3, and 1 + 2 connections mst all exist for some speeds

less than 0
0

We now need an algorithm which tells us how the array changes after a connection has

taken place. This algorithm is described in the next proposition. For this proposition

we assume that the array is known for sme value of the speed, say 0 - 0 . Ws also0

assume that there exists 01 < 00 such that no connections exist with speed

e e (01 0), and an h + B connection exists with speed I" For now, we as*s that

there is only one connection with speed 01• After the proof of Proposition 2.3 in

Section 43 we discuss what happens if there exist more than one wave with the same

speed. Note that there must be two U's in the array since to each saddle there

corresponds two unstable directions. Of course, there are two A's also, but the

'other A' will play no role. In the proposition we consider two cases depending oan

whether the 'other U' is on the top or the bottom of the array.

Proposition 2.3. If the other U is on the top, then after the A + 8 connection

everything An the array remains exactly the same except the A is moved to the immediate

right of the other D. If the other U is on the bottom, then after the A U

connection everything in the array remain exactly the same except the A is moved to the

Immedlate left of the other D.

Here are two examples of what may happens

* AB* .3. * A*3 * .3. 'UA °

(a) **** -o

(b) . ... -

-10-



Applying this proposition to the phase plane shown in Figure 4 we obtain the following

portion of the graphs 314

32214

34 3214 314
322114 3214 31224

This completes our description of how to perform the three operations described in

(1.7). However, It remains to demonstrate how one begins the directed graph. That is,

the directed graph is generated by a particular array. This array corresponds to the

phase plane when the spee, e, is very large. To determine this array we use the fact,

which will be proved in the next section, that when e is very large, the unstable

trajectories are nearly vertical. Hence, if the ordering of the saddles is

l, £3. "'"A . then the generator of the graph is the array

AIA 2  ... AnR

Y2 ... An

For example, if F is in the equivalence class of functions shown in Figure 1, then the
3124

graph starts with the array 312

Propositions 2.1, 2.2, and 2.3 are proved in Section 4. We now demonstrate, with a

specific example, how the propositions are used to construct an entire directed graph, and

how the graph is used to prove the existence of traveling wave solutions.

Consider a function F which is in the equivalence class of functions show in

Figure S.

/VI\FlU)

so U
12 1 3 \

Figure S. For the equivalence class of functions shown here there exists an
infinite number of 1 + 2 connections, a finite nunber of

I 1 + 3 connections and precisely one, 2 + 3 connection.

I i_ ... . ... - TI I -. - -. . .... . .... .. . . . .............I IT. .. . ....... ..1 -



Using the directed graph we prove the folloving.

The sem 2.1s a) There exists a unique 2 + 3 connection.

b) There exists a finite number of 1 + 3 connections.

c) There exists an infinite number of I + 2 connections.

We "am* throughout that Therm 2.1a is true. The existence of a 2 + 3

connection can be proved using a simple shooting argument, camparing the phase plane for

e very large with the phase piane when 6 - 0. The existence and uniqueness of a

2 + 3 connection also follows from our later results.

To prove Theorm 2. lb and c e consider the graph corresponding to the equivalence

clas of functions shown in Figure S. Note that the graph is generated by the array

213
21 " The ret of the directed graph is constructed using Propositions 2.1, 2.2, and

2.3. it is shon on Figure 6.

213

1-2 213

1-3

2113 123

3

21123

Figure 6. The directed graph associated with the equivalence class of
functions shown in Figure 6.
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Note that the function F determines a path in the directed graph shown in Figure 6.

213What we know about the path so far is that it must start at the nods 21-- obey the

arrows, and eventually cross an edge which corresponds to a 2 * 3 connection. Note that

there is only one edge which corresponds to a 2 + 3 connection in the entire directed
3

graph. Honce, the path corresponding to F must eventually be at the array 21123

Once the path reaches this array, it's only choice is to go around loop in Figure 6

corresponding to a 1 + 2 connection. According to Proposition 2.1 the path can never

stop. It is forced to go around the 1 + 2 loop an infinite number of times. This

implies that there mst exist an infinite number of I + 2 connections. we shall a"

later that the nmber of I + 2 connections is oountably infinite. If the speeds of

the*e wves are (k ), then A ek 0 0. In fact, we shall prove the following.

Proeoition 2.4s For any F which satisfies (1.2) and any 00 , 0 there can emist at

most a finite nunber of connections with speeds greater than %o.

This Last statement is used to prow Theorem 2. 1b. The 2 * 3 connection maust occur

with some finite speed, may 0 1 .  There certainly aren't any 1 * 3 connections with

spees Loes than e I because then we are caught in the 1 * 2 loop. Sin there are

only a finite number of waves with speeds greater than O there can exist at most a

finite number of 1 + 3 connections.

-13-



3. Preliminary Results

A) phase Plane for e-0
2

Recall from (1.5) and (1.6) that the function H(U,V) - 2 + F(U) is constant on

solutions when e - 0. Therefore, if, on a particular trajectory, E(UV) - K, then the

curve In the phase plane traced out by the trajectory is explicitely given by the formula

(3A.1) V - t {2(K-F(U))) .

Suppose that the critical points A and 3 satisfy A < B and F(A) < r(s). It then

follows that A.(z,0) - Asa(zo). In fact, (3A.1) shown that the top half of the

trajectory is given by V - + {2(P(A)-F(U)))1/2 while the bottom half is given by

V - -{2(F(A)-r(U))y 2 . Since R.(z,o) approaches A in both forwards and backwards

time we say that A.a(zo) is a homoclinic orbit. A similar analysis shows that if

A > 8 and F(A) < F(B), then AS(z,) - Al(z,O).

Let us return to the case when A < 3 and F(A) < F(D). Lot S n - nf(Ut )A and

F(U) - F(A)). Clearly 0 < B. Note that A,,(Z,0) intersects the U axis at

U - 0. Furthermore, A < A3 3 (z.0) C 0 for each x e R. This result follows from

(3A.1).

now suppose that there does not exist a critical point C such that A < C I a

and F(C) > F(S). We show that the homoclinic orbit a(d0) Lies between' 3.M(ao)

and 9,,(z0). That is, given a e (ASO), there exist. four uniquely determined

constants, VlO V20 V3 , and V4 . such that V1 < V2 < 0 < V3 < V4 , (aV 1) lies on

New(S,0), (aV 2 ) lies on %i(z.0), (.eV3) lies on 2(s,0), and (aV 4 ) lies an

NW(o). This result is proved by contradiction. Suppose, for example, there existed

constant. a, V3 , and V4  such that A < a 4 0, 0 < % < ', (aV3) lies on W(so),

and (GV4) lie on 3.(z,o). Since H(U,V) is constant on solutions it follows that

2 ,2

7(A) - v 32 + 7(a) and 7(S) - !4 + r(a).2 2

This contradict. the assumption that ?(A) < F(S) and V3 ) V4. One must, of course,

show that B3.(S,o) and BUw(z,o) both cross each line U - a, A < a C 0, at a unique

-14-



point. This follows from the explicit expression for the trajectories given by (3A. 1) and

the assumption that there does not exist a critical point C such that A < C < and

FC) > F(S).

Finally, lot D be the region enclosed by the hamoclinic orbit A,,(sto). Zn 0.

H(U,V) < F(A). It therefore follow fron (1.5) that for each e > 0, AM1(8,0) lies

outside 0, while AS(z.e) lies inside D.

3) phase Plane for 0 Very Larae

Let A be any local mazxirm of F. We show that as 9 becomes very large the

unstable trajectories, A lC(eO) and A,,(,)f become increasingly vertical. Mre

precisely, given )o 0, thare exists a constant B(s) such that if e > O(M), then

AM(S,O) lies entirely inside the region 8 = ((U,V) : A < V < CV + A), and A,(,0)

lies entirely inside the region 8 (UV) s cV + h < C A).

The first step is to linearize the system (1.3) about the saddle A 1 (A,0). If

rC(A) - -a where a ) 0, then the eigenvalues at A are

A:l(o) .. S :k0 c
2

An eigenvector corresponding to -+(9) is (1,1+ ()). Therefore, JL.(,e) and

As(se) both approach A, in negative time, tangent to the line through (A,O) with

slope %+(9). 8ince him 1+(G) - 4- the claim is true near A. To complete the

proof we note that both 8 +  and 8" are positively invariant for S sufficiently

large. That is, every trajectory which lies Lnisde 8+ or a- for sums time % must

remain inside 8+  or 3", respectively, for x > a o . ?his is proved by considering (1.3)

and showing that at each point on the boundary of 3 + or 8-, the vector field detezmLsed

by the right hand side of (1.3) points into 3+ or 8".

-15-



A similar argument shows that as e becomes very large the stable trajectories,

h•.(sO) and Aia(zO), become increasingly horLontal. One shows that given e > 0,

there exists a constant e(€) such that it f > e(e), then RW(g,e) Lies entirely

inside the region 3 - ((U,V) s 0 < V < -C(U-A)), while A(zO) Lies entirely inside

the region J- - ((U,V) : -t(U-A) < V < 0). As before one proves this is true near

by IinearLxing the system (1.3) at A. One then shows that J a nd J are negatively

invariant.

C) The Rectanale R

Given F, e show how to construct the rectangle R so that the unstable

trajectories can only leave R through its top or bottom sides. Furthermore, except for

the connections, each unstable trajectory must leave R.

Let C be the critical point at which F assumes its absolute maximum. Lot D

and 3 be the critical points which satisfy D < A < 3 for all other critical ponts

A. Set D(s) - DeW(u,0) and 3(z) - K.a(z,o). in order to distinguish the U and V

coordinates of these tra3ectorLes we suppose that D(z) - (Dl(z),D2(z)) and X(s) -

(2 1 2(s)). Note that Dw(z,0 ) - (DI(z),-D2(z)) and E,,(zO) - (Sl(z),-z2(s)).

Furthermore, for all s, DI'(2) < 0, D2 0(z) < 0, Zl'(z) > 0, 32'(x) > 0,

lim D I W - im D -2 and 11. 3I(Z) - him -- . These facts are simple

consequences of our assumptions and the form of system (1.3).

Choose V5 so that V1 >0 and H(VO) > F(C) for all U e (D,R). Let R1

equal to the value of ZI(z) at the point where 22(s) - V1 , and let R2 equal to the

value of DS(s) at the point where D2(z) - -V1 . Let R be the rectangle with corners

at the points (Rif VS), (RI, -VI), (R2 , V 1 ), and (R2, -VI).

We now show that all of the unstable trajectories arising from the saddles can only

leave R through its top or bottom sides. Note that on the trajectory

3 WN (2,G), UI(s) ) 0 and VI(s) 3 0. his is true for all 0 ) 0. rurthermors,

since H(U,V) < F(2) in the region ((U,V) t ( < V ( U 3}, (1.6) implis
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that, for each 0, 3S(le) leaves R on its top side. A similar analysis shows that,

for each e, D (s,9) leaves R on its bottom side after traveling In a monotone

decreasing fashion. Now, fix e and let T() be one of the unstable trajectories with

corresponding speed 0. Note that 1(s,e) prevents T(s) from leaving the right

side of R with V ) 0. SimiLiarly, D.u BO) prevents T(z) from leaving the left

side of R with V ( 0. on the other hand, T(s) cannot exit the right side of

with V 4 0 or the left side of R with V ) 0, becaue on those portion, of the

boundary the vector field defined by the right hand mid@ of (1.3) points Into

Therefore, T(z) can only leave R through its top or bottom sides.

We now prove the following. Let T(3) be one of the unstable trajectories whidh

leaves R, and let T(z o ) - P be the point on the boundary of R where T(s) first

leaves R. As usual, we set T(z) - (TI(z), T2(z)). We show that T2(z) f 0 for all

z ) to. Furthermore, if P is on the top aide of R, then Ila 1 I( - lS?2 (z) -0,

while if P is on the bottom side of R, then li. TI() - 1a 72(2) - -' m uppiose

that P is on the top aide of R since the other ca is similar. Let P - (PtP2).

Suppose that T2(a 1  0 for z I  s o , and 2(z) ). 0 for a e (n so,). since

U' - V we have T(z 1 ) ) TI(3o). Let H(so ) - R(Tl(so), T2(%0)) and

(z - H(T (z l),T2(z)) it follows from (1.6) that R(so ) < H( . 1 that this

leads to a contradiction by considering a few cases. First of all note that It is

impossible for P1 
< D. If this were true, then, since F'(U) > 0 for U < D, (1.3)

implies that T (a) ad a W 4- as a . This contradicts the assumption
2()

that T(z) is one of the unstable trajectories.

Now appose that D < P ( 2. rom the way we chose V1 it follows that

- ! + F(P 1 ) o Fc). on the other hand, H(z1) - F(T (Y1 )). Since

F(C) > F(U) for all U, we have a contradiction.

Finally, suppose that P1 
> Z. Then, since r'(U) < 0 for U ), and T 2(2) >

Tl(zo), it2 follovs that F(T1 (z1 )) < F(T,(zo)). Bence,
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To COaclude our discussion of R we mist show that, for 0 > 0, each ustable

trajectory Is either a connection or else leaves R. This, however, is a consequence of

(1.6).

D) Simple But Important Results

The following results are needed a number of times In the proofs of Proposition

2.1,2.2, and 2.3. We assume throughout that p and q are two constants with p < q. For

some e > o, let P(s) and Q(z) be the trajectories through the points (p.0) and

(q,O), respectively. We assume that P(z) - (Pl(z),P2(s)) and Q(z) - (QI(s),Q2 (S)). We

assume, without loss of generality, that p(0) = (p,0) and Q(0) - (q,0). We also asuse

that (p,O) and (q,0) are not rest points. Finally, we assume, for now, that

2_ P2 (0) > 0, and the first place when P(z) exists R is on R's top side. Clearly,ds

If q - p Is sufficiently small, then it Is also true that !L Q2(0) > 0, and the first

place where Q(z) exits R is in Its top side. Suppose that the U coordinates of the

places where P(s) and Q(z) exits R for the first time are a and 0,

respectively. We claim that if q - p is sufficiently small then a < 0.

This result Is proved by simply following the trajectories P(s) and Q(z) around

In the phase plane. Choose (z ) j - 0,1, ...,n, such that so . 0, 2 j < zj+1 for

each J, and P2 (z) - 0 for z )0 If and only if a - zj fosoe J. Let

Aj a P1(2,). Of course, it is possible that n - 0. The above assumptions imply that

n Is an even Integer and

-n nn_ < .. < n < n0 <n < ni < .0•tn_ < 1n-
'n n- - -

Here we use the fact that U' = V which implies that the trajectories spiral in a

clockwise direction. If q - p Is sufficiently small, than there must exist

k - 0, 1, .. , n, such that C- .0, C j+1  for such J, and

Q2(z) = 0 for z ) 0 If and only If a - s, for some J. Let j a QI ( By

choosing q - p small we can make sup -C as small as we please. furthermore,
0(j-n
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because p < q and - (0))>0 it follows that if j is event then nI < . if
do 2 j J,

i is odd, then ) > r. Since n is even, we have n < n .  Hece, fram the ties

P(s) and Q(s) last cross. the U-axis until the times they exit R . P() lie to the

left of Q(W). In Particular, a < 0.

There are other cases to consider. If would have assumed that - P2 (0) < 0,

with all of the other assumptions the saw, then the conclusion would have been that

a > 0. knother possibility is that - P (z) > 0 and P(s) exists R on its bottom
do 2

side. If q - p is sufficiently mall, then we conclude that Q(z) most exit the bottom

side of R , to the left of P(z). If 1 p2 (z) < 0, P(s) exits the bottom side of R,

and q - p is utffciently small, then Q(z) mst exit the bottom side of R to the

right of P(z).

Finally, suppose that P(z) and QWs) are the trajectories through the points

(O,p) and (O,q), respectively. Here we asme that 0 < p < q. An analysis similar to

the one just given shows that if P(z) exits the top side of R and q - p is

ouffLciently mall, then Q() will exit the top side of R to the left of P(s). If

P(s) exits the bottom side of R and q - p is sufficiently mail, then Q(z) wili

exit the bottom side of R to the right of P(z). Similar statnts can be made if

0>p>q.

(Z) Now the Stable and Unstable ?raiectories Vary With e.

Assn, for now, that t() is equal to either C(z,O) or A (C:.), and

D(xu,8) is equal to either 3 (Z,O) or Fo(rO). F s constant 0, let 9 be

the vertical line given by U - 0. Suppose that A(z.O ) intsrsects I for a - so.

Let Ya(e 0 ) - 2(.o,0 0 ). We asum throughout that 'YO o ) 4' 0. Then

d A(zo,e) 4' 0, and, therefore, A(sS ) crosses I transversely. Bence, there

exists a constant 8 > 0 such that itf e - 0 0 1 <. then A(s,O) also crosses I for

some z, say -(e). For 1S - eel < 5, let Y1 (G) - A2((e),O). There is no problem in

choosing Y,(8) and z(8) to be continuous.
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Lea 32.11 Assume that 0 < e I - ( < 6. Then either 0 < YA(e o ) < YA1e1)

0 ) e O ( A(01).

Proof: We only consider the case A(,e6) A,(z,6e O ) since the case

A(z.0 ) - A O(z,e ) is similar. We shall also only treat the case Y. (6 ) > 0, since

the case y A( ) < 0 is also similar. We first prove the result if 1B-Al is small.

Suppose that F(A) - -a. Of course, a > 0. Let

NOM()[ 0 ] and

if we linearize (1.3) at A we obtain the system

W' - K(8) W.

The eigenvalues of N(O) are X 1(0) - 2 and 2(e) 2 An

eigenvector corresponding to A1(0) is (Ak1(0)). Hence, A(zu,) approaches

A, as z * -, tangent to a line through A with slope A1 (0). Since AM) > 0 it

follows that there exists a constant e > 0 such that the following is true. Let p be

the ray ((U,V) : U - A + C, V > 0). Clearly If E is sufficiently small, then

A(z, 0) and A(z, 1 ) will intersect 0. Choose C and so that

A(to,e) - A1 ( 1 ,e1) I A + C, but A I(Ce o ) A + e for C 0 Fo and

A (Ce 1 ) A + £ for < 1 Let P - A2 (o'e0) and P1  A 2 (1"eG 1 ) "  Then

Po < Pr" That Is, near A, A(z,e1 ) lies above A(zo).

By following the curves A(,e o ) and A(z,G1 ) around in the phase plane, and using

an analysis similar to that given in the preceeding section, we find that the 1ama is

true if the curves A(ze ) and A(z,G 1 ) never intersect. Suppose that they did, say

at q - (q1,q2 ). Choose ao and I11 so that A(n,.ea) - A(1 1 , 1) - q, and

A(n 2,eo ) t A( 3 ,eo) for any n12 
< 

" o or n13 
< 
nlI We assume that q2 > 0. The other

cases are similar. Let C= sup [z < V1 a s (ze 0 ) = 0) and

C, a sup ( < nI : A 2 ( Z'e) 0). it may be true that to " C I -a.

LetC - A1 (Coe 0 ) and C1 - AI(c 1 ,eI). Assume for now that Co 0 "-, (This implies

that 4C + ). Then, it must be true that C1  Co . Hence, the curve
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A(z,Eo), for z e (coo ) lies below the curve A(ze ) for z e (C ,l ). Note that

the same Is true if Co 41 d. At q, A(u, 0) is tangent to the vector

W° E (q 2 # eoq 2-F(ql)), while A(z,e 1 ) is tangent to the vector1 0 . 01 1 1

V =q 2 , elq 2-F(ql)). Let o - (VI I 2 ) and I- ( 1 'W2
0 1 0 1

Since W1  - W1  and W2  < V2  we have the desired contradiction, and the proof of the

leam Is complete.

Now let us consider B(z,eo). Suppose that B(z,G ) intersects

I when z - z .  Let Y B (0) - c2(zo eo). If (e 0 . 0, then n(z, 0) crosses

I transversely. Hence, there exists 5 > 0 such that if ie - e 1 < 6, then B(z,8)

also crosses I for some z, may z(e). Let Y(O) - 32(z(8)°). A proof similar to

the one given for Leams 3Z.1 proves the following.

Lome 33.2: Assume that 0 <e - e ° < 5. Then either 0 < y(8C1 ) < y ()0 or

1

0 > Y( B > Y B 0)0
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14. Proof of the Propositions.

We assume throughout this section that the array at 8 - 8 Is given byo0

? T2 . .T

(4.1) A (0) 1 12 n
0 B3 ..B1 2 m

A) Proof of Proposition 2.2.

Assume that there exists an A B connection with speed eI where 0 < eo, and

there do not exist any connections with speed 0 e (e,, 0). we wish to prove that there

exists an integer k such that either A* - Tk  and * -
Tk+1' or A* - Bk+ I and B -

Sk . we only consider the case when A I B and AE (z,O1) = B W(z,e 1 ) since the other

cases are similar. To simplify the notation we set

A(zO) = A,(z,) and B(U,-) = BMW(Ze). Furthermore, ve let

A(z,e) = (A (z,S), A2 (s,e)) and 3(z.) - (BI(z.9), 2(z.0)).

Choose P so that P < B and F does not have any critical points In the

interval (PB). Let I be the line V - P. Clearly, B(z6) must intersect I at

least once. Lot so - *UP (zitz,6 1 ) P), and Y - D2 (%,91). Note that

y > 0. For e sufficiently close to 6O, there exist continuous functions

YA (0) and Y a (e) such that yA (e) - TB(0 1 ) - Y, A(z,6) intersects I at a point

whose V coordinate is YA (0), and B(z,G) intersects I at a point whose V

coordinate is YB(e). We assume that YA () and YB(e) are defined for

o Ce1 - , 1 + E). we also assume that C < 6 where 6 appears in Lemas 33.1 and

33.2.

Choose 82 so that 0 < 62 - 6(1 < and 82 < 8. We conclude from Lemaa 3.1

and 33.2 that yA(62) > ya(82). That is, as they cross . A(z, 2 ) lies above

3(se2). Since A(z,e 2 ) cannot intersect 3(3.62) this implies that A(sO 2 ) crosses

the axis U B above ;. More precisely, there exists a constant C such that

AI(Co,e 2 ) - 3 and A2 (o,0 2 ) > 0. Furthermore, setting I - P( o,02, we can make

as small as we please by choosing 62 - s1 mall. In particular, by choosing

-22-



O2 - sufficiently mall we may conclude that A(Z,02) and 3=(s062 ) exit the sam

side of the rectangle R, at points which can be made arbitrarily close to each other.

From the discussion in Section 3D it follow* that if si=(ZO 2 ) exits the top side of R,

then A(z,O2 ) exits R immediately to the left of an (,O2), If, on the other hand,

3.(s,62) exits the bottom side of R, then A(s,62 ) exits R directly to the right of

nw(s'e2). Putting these facts together we have proven that if the array at 02 is

p1 ." P5A(02) = 1," q$

then there exists an integer k such that either A* - pk and 3' - Pk+l° or

A*- +1 and ' - .

To complete the proof we show that A( O ) - ). This follows from the asmtion

that there do not exist any connections with speed 6 e (82,o. Since there are no

connections, all of the unstable trajectories vary continuously with 8. In particular,

the array remains the same for 8 e (62, e).

(3) Proof of Proposition 2.3.

Suppose that e1 < 8 of there exists an A + 3 connection with speed el° and there

do not exist any other connections with speed e e (Oo) rro Proposition 2.2, it

follows that if the array at 6 - 0 is given by (4.1), then there exists an integer k0

such that either A* - Tk  and 3' - Tk+1. or A = and 3' - k. We assim that

A*T% and B - Tk+1 since the proof of the other cam is quite similar. We also

assume that A < 3 and Au(Z°01) - B,(z,O,), since, again, the proof of the other

cases are similar. As before we set A(sO) - A&.(s,0) and B(3.0) - 9.(zO). The

proof now proceeds in a fashion quite similar to the proof of Proposition 2.2.

Let P, i, £, Y (0), and y (e) be as in the proof of Proposition 2.2. Choon

so that 0 < e I - e2 < C. Las 33.1 and 33.2 nov imply that y A(02 y a This

implies that A(z,e2) must cross the U-axLs imediately to the left of . ove

-23-
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precisely, there exists C such that A2l(Co 82 0 and Al1€o,82) < a. furthermore,

if X - A1 (C,,8 2 ), then B - A can be made as small as we please by choosing 01 - 02

small. In particular, by choosing 81 - 82 sufficiently small we may conclude that

A(z,6 2 ) and Bsw(:,62) exit the same side of the rectangle R, at points which can be

made arbitrarily close to each other. From the discussion In Section 3D it follows that

If Bsw(ze 2 ) exits the top side of R, than A(z,6 2 ) exits R imediately to the right

of B,,(z,e2). If By (s,82) exits the bottom side of R, then A(s,6 2 ) exits R

immediately to the left of sw(zS 2 ). Since 3S (z,O) corresponds to the "other 80 in

the statement of Proposition 2.3, this completes the proof.

We now discuss what happens if two or more waves exist with the same speed. Here we

only consider the case when there exists two waves with the same speed. The case for more

than two waves is quite similar. So suppose that there exist A + B and C + D

connections with speed 00. If B + C, then there is no problem in applying

Proposition 2.3 to determine how the array changes after the connections. The A goes

next to the other 3, while C goes next to the other D. An example is

A+B

ABDC AAD

If 8 - C, then there are two cases to consider, depending on if B and C correspond to

the same entry in the array. Recall that each integer appears twice in an array. If 8

and C are the same entry, then we mast consider the A + 8 connection first and than

the C P D connection. That is, we first put the A next to the other B, and then put

the C, which is now 3, next to the other D. An example is

A+B

ADD AABD

If B and C correspond to different entries, then e first consider the S + D

connection and then the A + a connection. An example is
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A+8

DID D

The proofs of these results are quite similar to the proof of Proposition 2.3.

C) Proof of Proposltion 2.4.

We show that given A, 3, and 6 > 0, there can exist at most a finite umber of0

A - B connections with speeds greater than 8 . Since we are assuming that there are0

only a finite number of critical points this certainly implies the desired result.

In Section 21 it we shown that there exists 1 such that no K * S comnectiom

exists for O> 6 1. Certainly if no A * 3 connection exists with apeed 0 then

there exists C > 0 such that no A * 9 connections exist with speed

e e (e2 - C, O2 + C). To complete the proof we note that Propositions 2.2 and 2.3 Imply

that If there exists an A * D connection with speed S then there exists C > 0 sach0

that no other A B connection exists with speed 6 e (60 - C. so + C).

D) Proof of Proposition 2.1.

Suppose that A(0 ) is given by (4.1) and Tk < Tk+ 1 . We show that there exists a

Tk + Tk+ 1 connection for eomne 6< 06. me do not discuss the case wtte + 3 , (%

since the proof is similar. Assume that A and 3 are the critical points which

satisfy A* - Tk and Be - Tk+1. Now Tk end Tk+1 correspond to two posts m the top

side of R which lie on an unstable trajectory of A and ;, respectively. let these

points by PA and Pg. We denote the unstable trajectory on which PA lies by Ak()

and the unstable trajectory on which Pg lies by 1(m). There are now a number of cases

to consider. These are

(a) A < B , (z)A=(s. 0 )* 9(s) - 2(0 o ) ,

(b) A < a , A()- A ,(z, o ) ). I) -,

(40.1) (c) A < I , A(s) - 2(5,8 0 )0 9(s) -S(S o

(d) A < a A(z) - AM (,Oo), B(s) - W(s'o )

(e) A > , A(z) Am (so), 3(z) = m(SOo) 0

(f) A > 3 , A(z) A(s, 0 ), B(s) = DR(z,0)
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(g) A > 3 , A(S) - An(z,0o), S(a) - Bsw(s,S o )

(h) A > 8 , A(s) - ASN(s,9o), B(s) - 3 s(s.)

We first consider (4D.1a). We prove that A.M(Z,O) = 3m (,O) for some

S e (0,s0 ). This is done using a shooting argument. To set up the shooting argument we

first consider, in detail, how the trajectories A(z) and S(z) spiral around in the

phase plane as they are followed backwards from the points P. and PS.

Choose (sk}. k - 1.2,... so that for each k, z k > zk+ ' and B2(z) - 0 if and

only if a - s k  for some k. Let Ik= aI(zk). That is, yk is the U-coordinate of

the kth place where the trajectory B(z) intersects the U axis as it is followed

backwards from P"

We claim that either Y, a B or Y1 < A. To prove that it is impossible for

Y1 ) B we use the fact that 0' - V and, therefore, all trajectories spiral in the

counterclockwise direction as they are followed backwards. This fact implies that

Yk > Y1 0 for all k. Therefore, if TI > a it would be impossible for

lim S(s) - 3. We now wish to show that it is impossible for Y1 0 (A,B). If this

were true then, using (1.6) which Implies that F(Y 1 ) > F(B), it follows that there

exists a critical point C e (AB) such that F(C) > F(S). We asem that C is chosen

so that F(C) > F(U) for all U e (A,S). 1tow CIE(z,9 o ) can never cross the U axis

between A and a. This is because of (1.6). Suppose that y I (C,B). Then CWZ(, o )

must exit the top side of R between A(z) and a(s) which Is a contradiction. Now

suppose that YI e (AC). It then follows that 3(z) must cross both

C89(so) and CS (zo). Since R(U,V) - r(C) on both of these trajectories. (1.6)

gives the desired contradiction. Note that this together with Proposition 2.2 implies

that if A < 3 and there exists a critial point C such that A < C ( a and

1(C) > max {r(3), 1(A)), then there cannot exist an A 9 3 or 3 + A connection.

So it remains to consider the cases yl - B and y1 
< A. We shall assms that

Y1 < h since this is more difficult than the case y S. Note that Y B for someir

integer r. Following a(s) backwards from P3 and using the fact that the trajectories
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spiral in the counterclockwise direction as they are followed backwards, we find that r

is an odd number and

(4D.2) Y < 13 < ... < Yr-2 < A < 9 - Ir < Yr-1 < ... 
< 

Y4 
< 

Y 2

It is impossible for T
k • (A,8) for mome k because of the same reason that

Y1 Q (hb). We also find that B2(z) > 0 for z e (a k+.l• k ) if k is even, and

B (2) < 0 for z e (zk+1,zk) if k Is odd.

We now follow A(z) backwards from P,. Its behavior is determined by noting that

it mat keep spiraling without ever crossing B(s). Choose (s
k  

so that z k > z 
k +  

for

each k and A 2 () - 0 if and only if z - z k 
for m k. Let 6k , A(ak). That

is, 8
k  

is the U coordinate of the kth place where the trajectory A(s) Intersects

the U axis as it is followed backwards from P.. Using induction we find that if k is

odd, k f r, then yk-2 < Y k' and A2 (s) < 0 for x e (a z). If k is even,

k WkitIk < r, then Yk < k < Y k-2' and A2 (a) > 0 for s e (z ,). lFrthermore, If k is

k k-1
odd, then 6 (A * Bince r is odd and Yr - B we have that

a) 6 r C A < r -1
(4D. 3) b) K 2 (a) , a for • (z r z

r
-1

Recall that we are trying to use a shooting argument in order to prove that

AIrz,S) - 9.(s,O) for some S e (0.0). We are now in a position to start setting up

the shooting argument. Choose P so that P < 3 and F does not have a critical point

in [P,B). Lot A be the vertical line U E P. From (4D.3) it follows that there exists

1 e (arz'r-1 ) such that A 1 (fo ) P. Lt YA(o)A 2 (lo). For S close to

the trajectory A.(sO) must also intersect the line 2. Let YAMO be the V

coordinate of this point of intersection. Clearly, YA(S) can be chosen to be a

continuous function of 8, at least in some neighborhood of S - 8 . we assume that
0

YA(8) is defined on the maximum possible interval so that it in continuous.

For each ) 0, 9MW(s,S) must intersect t at least once. Let Y1(8) equal to

the V coordinate of the first place where i,(aG) Intersects I as it is followed
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backwards from the saddle (3,0). Note that y9(6) is a continuous function for all

e > 0. It follows from (4D.3) that

(4D.4) y A (eo) > YB(6o)

We now demonstrate that if 6 1 < 6 °  and no A * B connections exist for

e (01,60], then YA(0) in a well defined, continuous function In the interval

[e1O8]. If this were not true then there =met exist 02 e (6, ) and a critical

point C such that an A + C connection exists with speed 62. Furthermore, this

connection must involve AW11(z.e 2). That ij, either %,(z,0 2 ) = CHN (z,6 2) or

&,,(ze2) - C(2,. 2 ), It now follows that if ) - 1a Y(6), then the point (PX)
6+62

lies on either C(z,0 2 ) or Cs,(z,02) Suppose that (PX) lies on C (zO).

Let yc (6) be the V coordinate of the place where C W(z,G) intersects the line 1,

chosen so that Y (6) is a continuous function for 6 close to 9 2. From Laema 33.1 it

follows that Yc(0) < YA(6) for e close to but greater than 62 . If 0 - s2  i

sufficiently small then, from the way X was defined, it follows that () < yc(O).

We summarize what has been proven so far as follows. Say that 9 has property star

if 6 e (61,e o  and there exists a critical point C such that either

C,,(z,8) or C SW(z,O) crosses L at some point (PX) which satisfies

YB (6) < A < Y A (6). Let H - (0 6 has property star). We have shown that H is

nonempty if YA () is discontinuous at scem 6 e (e6So). We @hall now show that 8

is indeed empty.

To begin with, note that 6 a H. This is because If 6 e H, then the discussion0 0

in Section 3D implies that there exists a critical point C such that either

cM(z,6 o ) or CsW(z.6 o ) leaves R between %,(:,6o ) and 9N (z.o). This, however,

contradicts the assumptions of the proposition.

Set 63 - sup (e ' e a . Clearly sme sort of connection must occur with speed

63. Suppose, for example, that there exists an A * C connection with speed 03 .  if,

for example, h(s,6 3 ) =C PH(s, 3 ) then the proof of Proposition 2.2 and the discussion in

Section 30 imply that there exists 6 • 0 such that if 0 < S - 63 < 6, then C 92(zO)
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croeses t between Y 5(0) and Y A(0). That is, If 0(6-S03 6, than 8e 3.

This, however, contradicts the definition of 6 3- Ifs, on the other hand,

A(ZO ) C89(St 3),then there exists 8 > 0 such that 6 e (63V.63 + 6) implies that

C (z,O) crosses I between Y 3 (6) and YA(8). This again contradicts the

definition of 0S

The only other possible thing that can go wrong is that there exists a C. 3

connection with speed 0 3- That is. either CUM(M,63 ) - %WZ-3 or

C SW(Z' 33) - BV (uS3). in either case, the proof of Proposition 2.2 and the discussion

in Section 20 shows that there exists 8 > 0 such that for 05e (6 3.6 3 + 6) the

corresponding unstable trajectory from C crosses A between (5) and Y(5). This

contradicts the definition of 63. and, therefore, completes the proof that y A (6) is

continuous in 1,8 1.

The proof of Proposition 2.1, case 4D. Ia, will be complete if we can show that

Y(8) < (6) for scm S < 6 * This, however, is true because the discussion in

Section 2A and the assumption that P(A) < F(S) implies that A.(s,0) Iles below

3BW(Z.0).

To complete the proof of Proposition 2.1 we briefly consider the other cases in

(4D.1). If MAWlb is satisfied, then the proof is very similar to the one just given.

one proves that for soe 6 e (0,6 0), AO(ZS) (a) Vs claim that it is

impossible for cases MOOlc and MAOld to occur. we only show that MOO1c is

Impossible since the corresponding proof for (40.1Id) is similar. What we shall prove is

the following. Suppose that A < 3, 1(A) ( P(3), and both the trajectories %z (a.S0 )

and 2 S (x.6 ) leave the rectangle R on the top side. Suppose that the points where

these trajectories cross the top side of R are, respectively, "A - (p1 1V1 ) and

Q9 - (q1, V,). Then, either q, <Pit or sz,0 crosses the top side of R at a

point which lie between PA and Q.That is, if q, p1  then AM(a,60 ) and

3 s (,G )cannot be Oneighbors" and (40.1c) is, therefore, impossible.
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The idea of the proof is similar to the one just given. We start at P. and Qa

and work our way backwards along the trajectories AZ(-Z0,80 ) and BSW (2,0). As before,

In order to simplify the notation, we set A(z) - A%(ze o0) and B(z) - BON(Zsa).

Also, let A(z) - (Al(Z).A2 (z)) and B(z) - (BI(W)OB2(z)). Let {zk ) be chosen so

that k k for each k and B2(z) - 0 if and only if z zk for some k. Let

¥k= Il(zk). As before we find that either TY = 3 or TI 
< 
A. We only consider the

more difficult case TI < A. Choose r so that Yr - B. Then, as before, r is even,

and
and( T3 < ... ( ir-1 < A < = Tr < Tr-2 < ... < ¥4 < ¥2"

Furthermore, B2(z) > 0 for z e (zk1#zk ) if k is even, and B2 (z) < 0 for

z a (zk+lzk) if k Is odd.

We now follow A(z) backwards from PA. Choose {z k ) so that zk > z k + l 
for each

k, and A2 (z) = 0 If and only If z z 
k  

for some k. Let 8k . Al(zk). Using

Induction we find that If k Is odd, k ( r, then y k-2 
< 6 k 

< Tk, and A2 (z) < 0 for

k+1 k k
z e (z ,z ). If k is oven, k ( r, then Yk < 6 

< k-2 ' and A2 (z) > 0 for

k+1 k r
z e (z ,s). Since r is even and Tr - 3, we find that a(8, and for

r+1 r
z e (u ,z ), A2 (z) > 0.

We now wish to investigate what happens to B(z,So). 10 simplify the notation we

set O(z) - %3(2,00), with B(E) - (B 1 W),B2 (s)). We claim that there exists a nuber

Co such that B2 (CE) = 0, B2 (z) > 0 for 2 e (-e ,), and B < 1 (E o ) <r This

because B(z) leaves the saddle (B,0) Into the quarter plane U > B, V • 0. As long

as V > 0, we have that U' > 0 and B(s) continues to move to the right. This cannot

happen forever because B(z) would have to eventually intersect the trajectory A(s).

Rence, B(z) mst cross the U axis at some value of z, say z - to. Clearly

a ( B(C O ) 0 5r Using the results of the discussion in Section 3D we now conclude

that B(z) leaves R between A(z) and 3(z). This is what av wished to show.
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To cmplete the proof of Proposition 2.1 we mst consider cases 4D.letfg,h. Since

these cases are treated In a manner very sJiilar to the above proofs we only point out

that cases (4Dbe and f) are impossible. In case (4D.19) there exist* a 0 e (0,0o ) at

which speed kl(Z,B) - u6T(.eO). In cae (4D.lh) there existe a S 6 (0,0 ) at which

speed A W(z,e) - lS(ze).
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Section 5. Labelled Directed Graph NMmomrphLss

K) Introduction

Figure 7 illustrates the directed graph for the function F shown in Figure 1. w e

see that even when F has only four local maxima, the directed graph can be quite

complicated. If F were to have many more critical points, then the corresponding

directed graph would be so complicated that it vould be impossible to analyze directly.

We shall show that if A and 8 are distinct critical points of F, and we are only

interested in determining the number of A + B connections, than it is not usually

necessary to consider the entire directed graph corresponding to F. The reason is that

many of the critical points of F play very little role as far as the A + B connections

are concerned. For example, suppose that F is as shown in Figure 8.

Then, as we shall see later, the only critical points which play a crucial role, as far as

the A + B connections are concerned, are A, 3, C, and D. Let GF be the directed graph

corresponding to F. Since the A + a connections really only depend on four critical

points, there should exist a much simpler graph, which we denote by r(A,s), which

contains all the essential information of GF as far as the A + 8 connections are

concerned. We prove that there does indeed exist such a graph r(A,9). In fact, what we

prove is that there exists a mapping 9 from GF onto rtA.3) which preserves enough of

the structure of r,# so that if we are interested in determining the number of A * 3

connections, then it is only necessary to oonsider the graph r(A,B).

The next few sections are devoted to making these statements precise. We begin by

defining what is meant by a labelled graph homomorphism. We then describe how to choose

the graphs r(A,3). After stating and proving the main theorem, we prove sm general

results about how many connections exist between two given stable critical points. In

particular, we prove that if F, A, and a are as shown Figure 8, than there exists an

infinite number of A * 3 connections.
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eagle

1-3

1-3

2--4

2-4 1-4 2-4
2-3 1-3 1-08

1 3 1-4 -4
1-4 1-02

2-4 1-3 1.2 3-4
1-4

1-2 2-3 1-9 1-2 -3

1-4 1 4 1-3 1-02
2-3 3 03

2-3 1-4 3-4 1-2 2-w4

2-04 1-4 -0 -3 2 --03

1-2 Z-31-02 3-4

go 1-4 2-3 4

2-4

2-4
1-3

Figure 7. The complete directed graph associated with the equivalence
class of functions shown in Figure 1.
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B) Labelled Directed Graphs, Paths, and Mappings Between Graphs

We begin by giving a precise definition of what we mean by a labelled directed graph,

or LDG for short. An- MG consists of four objects. In fact, if G is an LDG we

write G - (X,E,Y,O). Here, X is a finite set, say X - (X,, -. , XX). X denotes the

set of nodes. Of course, each node in the graph corresponds to an array of integets. The

act of edges is denoted by K. It is simply a subset of X x X. Thus (Xj, Xk ) denotes

the edge which begins at X and ends at Xk i n this case, it is convenient to write

Xk - e*X Let E( k ) equal to the set of edges whose first component is Xk . We then

set E(Xk) = X(Xk) U {'(Xk)) where '(Xk) is some distinguished element. We shall see

later that it is necessary to have I(Xk) when we define the notion of graph

homoorphism. We then let S - U Z(Xk) , where the union is over all nodes Xk . By

definition, we write I(Xk) * Kk - Xk . Y is a set of nonnegative integers. It

corresponds to the set of labels. Usually Y is of the form (0,1,2, **.,N}. We denote

this latter set by YW" Finally, 8 is a function from 3 into Y x T. For example, if

the edge e corresponds to an A + B connection, then e(e) - (A,B). We always

assume that 8(1(X)) - (0,0) for each node Zk, and if e e B and O(e) - (A*,B)0
k

then A* + 0 and Be 
+ 0.

We say that P - [e0 , 1 *, en) is a path in G if for each k, sk e Z, and

ek e (xk ) implies that ek+ 1 e (e * X ). Note that a path may be either a finite or

infinite sequence of edges. If P is a finite sequence, say P - (e. .. an end

Se 3(xl), e n e (z n), and Xn+ 1 - en' Xn then we say that P is a path from X

to 
1
n+1' In this case we write Xn+ 1 - PoX n . The path P - (e k  is called admLsible

if the following is satisfied. For any k, suppose that e C 3 ('k), and e is any

element of Z(IN). We do not necessarily assm that e - e. Suppose that

O(.) - (ABe). Then, there exists an integer j such that j ) k and

e(e ) - (flC,3e).
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Note that F(U) determines a path in G1 . We denote the path by P., Proposition

2.1 implies that Pr is an admissible path in GF. Finally, we say that a node X is a

generator of the graph G if for every node V there exists a path from X to V'.

Before defining what is meant by a an WDG homomorphism we must introduce some more

notation. Suppose that YAand YB are two subsets of the nonnegative integers. We

assume that (0) is a subset of both sets. Let g: *A Y * Assame that 9(0) - 0.

Then thenow sap g :YA XYA +YB X Y is defined by

r(0,0) if g~j) - 0 or g(k) - 0

lQ9(i),gCk)) otherwise.

Definition 53.1: Suppose that GA - { XA , £ YA A) and G. - (I ,3 ,T ,e are

labelled directed graphs. Then 9 - (0X' 3' is an LDG homomorphism from GA into

G B if #9 :1 X 4+XB, 9 :3Z + zB and 0 A * B' Furthermore, for each

x ex A and ael~x),

(A) 09 (E(x)) C R(O x )),

(B) 9 (ex) 9 (e) * x)W,

(C) 09 M1x)) I (# xW),

(D) 0 0 0,

In what follows we always use the ese letter 9 to denote Ox , and0.

Definition 53.2 9 ts an LDG homomorphism from GA onto G. if in addition to the

conditions of proceeding definition the following are satisfied:

(A) for each node y e 13 there exists a node x e xA such that #(x) -y,

(B) if #(x) - y and f e 3(y), then there exists a path (a V..., ek) e GA such

that

Mi a1 e 3(x),

(ii) if x0  x and xj - eje* x,_,1 for -I1, ~* k, then

#(x j y and #(e 1(Iy) for j - 1, -*, k-1,
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UAL)#(ak f

The following basic facts about LDG homomorphisms follow imediately from the

definitions.

Lema 53.1 If P is a path in G,,, and * is a LDG homomorphiem from GA into g

then #(P) is a path in G3 .

Lesma 53.2: suppose that # is an LDG homomorphism from G.into %* and0

satisfies (a) of definition 53.2. Furthermore, assume that 9 maps a generator of G A

onto a generator of GB. Then # satisfies (A) of Definition 53.2.

(C) The Graph r(A.8)

Unless stated otherwise we assume that A and 3 arc fixed critical points of F

vith A < B and F(A) < F(B). We also assume that there does not exist a critical

point C which satisfies A < C < 3 and F(C) > F(3). In the Proposition 2.3 it was

shown that if there did exist such a C then there could not exist any A* +3

connections.

We now introduce some notation which will be used throughout the rest of the paper.

Let K equal to the set of critical points of F. Recall that by a critical point we

mean a value of U where P assumes a local maximum. Furthermore, to each C 6 K there

corresponds an integer, denoted by C', which is determined by the ordering of the values

of F at the critical points. Let KCA) equal to the set of critical points C which

satisfy F(C) )o F(A), and there does not exist a critical point D which lies between

A and C such that F(D) > FCC). Note that (A,B) C RCA). Let

C(A) - (c': c e K(A)J. let X(A,3) - C c C e CA) and FCC) 4 F(S)), and

cCA.B) - (ce :c e R(A,3)). Note that (A,a} C KCA,3). Let X - RCA) \ K(A,3),

Y - K \ R(A), C(X) - (CO s C e ), and C~y) - (C* : C e y). The proof of Proposition

2.*3 shows that if D e V, then there cannot exist any A + D connections.

Let F(AB)CU) be any function which satisfies (1.2) and whose set of critical

points is equal to K(A,3). We also assume that if C 6 KCA,S), then
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u(AB) (C) - F(C). Finally, for each positive integer n, let Gn be the graph generated

by the array which has the sequence of integers (n, n-1, .... 2, 1, 1, 2, ..., n-I, )

on top. We assme that the generator of Gn has no entry on its bottom. This implies

that each array in Gn will have no entry on its bottom. Figure 9 illustrates G2  and

G3 •

G 2  
G 3  312213

2121 13 x12-2
1 - 2 322113 311223

2- \3 2-3

321123

(~ 1 -~ 2
Figure 9

There are now two cases to consider. First assume that there exists a critical

point C such that C < A and Tic) > F(S). Throughout the rest of the paper this shall

be referred to as Ocase 10. In this case we net r(A,B) - G where n - It(A,2)I.

Nero, IK(AB)I denotes the cardinality of the set K(A,B). For case 2', when there

does not exist a C such that C < A and P(C) > P(9), we met r(A,B) - G (C .). That

is r(A,B) Is equal to the graph corresponding to the function F(A,3).

Of course, the asumtion A < 8 is merely for convenience. If we had A ) a,

with F(A) < 1(B), we would still assume that there does not exist a critical point C

such that 5 < C < A and F(C) > r(B). There would still be the two cases to consider

depending if there exists a C such that C ) A and r(c) > r(3).

We now state the main result of the paper.

Theorem SC.I: There exists an LDG homomorphism, 0, from G1 onto r(A.B).

Furthermore, *(P 1 ) is an admissible path In F(A,B).
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(D) Some Ueful Propositions

Throughout this section we assume that F has N critical points and A is the

array
T T.. T

(5D.1) 
A- BB

B1 B2" B%

Note that a + n =2N. Sometimes it will be useful to rewrite A as

(SD.2) A-T 2 TT2N*" Tu+2T .

That s, Bi - Tj where J-2N - i + 1 for 1 ( i 4 n.

Lot Y- - {0, 1, 2,..., V), and suppose that 8 and S2 are two, nonempty

disjoint subsets of YN\(0). We say that S 1 interlaces 82 in A if there exists

integers *1, 82, 93, i,j,k, and I with a I Sit a2 e S2 83 e 82 and

1 ( i < j < k < 1 4 2N such that either

(a) m1 - Ti , 2 " Ti t Th , and s3 - T1 ,

(5D.3) or

(b) 82 = Tip a, . Tit a3 - Tk , and s 1 = TA.

If there does not exist such integers we nay that S1 does not interlace 8, in A. note

that it is possible that S1 interlaces S2  in A while 82 does not interlace S

in A. For example, let

221
A =1 3

S1 . (1), and 8 - (2,3). The following result will be used often in the proof of
1 2

Theorem SC.1.

Proposition 5D.1t C(X) does not interlace C(AB) in A.

Proofs Suppose that the Proposition is not true. Then there must exist critical points

C, D 6 •(A,B) and 3 6 X much that {V) interlaces (C*, D
•
) in A . We assme that

there exist integers iJ,k, and A such that C - Tit 3* - Ti, D* - Tk, and
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* - Ti. The other case, (SD.3a), is similar. We denote the trajectories which Tt TV,

T , and T correspond to as C(, 0), (z,eo ), D(z,e ), and j(z,e ), respectively.

Let a(z) equal to the union of the curves E(t,O ) and (z,e 0), together with the

point i. Let B(z) be the union of the curves c(ze ) , D(z.0 ) , and the closed line

interval connecting the points C and 5. The assuption that {9*) interlaces

(C*, D'} implies that *(z) and B(z) must intersect. Since F(U) < F(R) for

U e (CmO, (1.6) implies that a(z) cannot intersect the line segment connecting

E and D. However, a(z) clearly cannot intersect C(z,eo0 ) or D(Z,e0 ), so the

proof is complete.

The proof of the following proposition is quite similar to the one just given.

Proposition SD.2: Let S = C(A,B)\{B). Then (B) does not interlace S in A.

Finally, the following result is of interest.

Proposition 50.3t Assume that C e K(A) and D e V. Then there cannot exist any

C + D or D + C connections.

Proof: If C e K(A) and D e y, then there exists a critical point 2 which lies

between C and D and satisfies F(E) > max ({(C), F(D)). in the proof of Proposition

2.3 we showed that this implies that there cannot exist any C + D or D + C

connections.

(3) The May *

In order to define 0 it is necessary to first introduce some more notation. We

assume throughout that F has N critical points and A is the array given by (5D.1) or

(5D.2). Recall that an array consists of a top and a bottom list of integers. Whenever

we just write one list of integers it will always denote the top of the array, with the

understanding that the bottom list is empty. Using the representation SD.2 for A we set

(A-T .. fT .'

(5.1 A)12 . . . m % +ITm+2" . . 12N"

-40-



Recall that To {0,12,...,). If N is any subset of TV, we define N A to be the

array obtained by deleting from A those elements not in N.

Suppose that 8 Is any set of n, distinct, positive integers. lay

8 - {oleo2,...,s)}. We denote by p the unique function which maps 8 onto

(1,...,n) such that P(/) < P(s 1 ) if and only if s i < mi. If A is the array given

in (5D.1) we set

P(S I)*..p(nn)

We first consider the case when there exists a critical point C such that C < A

and (C) ) P(B). This was referred to as acase 18 in the previous section. Recall that

in this case, (A,B) - n where n is the cardinality of the set K(A,3). The map

0e YN + Yn is defined by

f P(k) if k e C(AS)

( ) otherwise.

We define *(A) in two steps. VirSt let

(52.3) 1 (A) p0 * C(A,D) * O(A).

Suppose that

(5Z.4) 0 (A) -
1 1'2 * 2n*

It follows from Proposition SD.2 that either z, - z2n n, or there exists an integer k

such that $ " zk+l 0 n. If s 1 - 22n a n, then let A be the identity map and define

0 by

(52.5a) #(A) - A1 * *1 (A) 3 4 (A).

Otherwise, define A and 0 by

(53.5b) #(A) A1 * * 1 (A) = 1ki+zk+2*** 3 2n'1l2*'*k*

In either case, it will metimes be convenient to reindex and write #(A) as

(53.6) #(A) - n... 1n
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Note that #(A) e Gn

It remains to define 0 on the edges. suppose that a e 3(A). If a - H(A) we set

#(a) - VOW(A). So suppose that e corresponds to a C + D connection. That is

e~e) - (C',D*). If C * 0CCA,B) or 0' * C(A,S), we set #(e) - I(OWA). if

{C*,D*} C CCA.3) we claim that there exists an edge f e V(OWA) which corresponds to a

#(Cc) + #(D*) connection. To see why this in true, we use the representation (5D.2)

for A. There most exist an integer j such that C* - Tjand D' - T,+,. Certainly the

same is true in (53.1). Since (C',D*) C C(A,B), CC&,B) eliminates these integers of

O(A) not in C(A,3), and ; simply renumbers the integers of the array, we find that

there must exist an integer A such that, in (53.4), z. P(C) - 0(C) and

Z+1- PCD*) - O(D'). Finally, recalling how (53.6) was obtained from (53.4) we find

that there exists an integer r such that n - #(C') and n + I 0(D'). This implies

what we claimed, that is, there exists an edge f e 3(0(A) which corresponds to a

(Cc') + O(D*) connection. we now set *Ce) - f.

We now consider case 2, assuming that there does not exist a critical point C such

that C < A and FCC) > F(S). Recall that in this case r(A,B) - GFr(A.B)* As before,

we assume that the cardinality of the set C(AB) is n. The map 0 0 : T is again

defined by (53.2). lest 0 1(A) be the array given by (53.3) and (53.4). We now show that

there exists an integer k such that kc < 2n and -k , -kj n. From Proposition 5D.2,

the only other possibility is that z 2 2n " n. We show that it is impossible for

z2 n -n' Choose C so that C < and F(c) )0F(D) for all D <3. By assumption

FCC) < F(3). note that c e KCA,u). no0w (1.6) implies that C CW z,6) never intersects

the U-axis for all 0. Since C < B this implies that on the bottom of the array,

there cannot be a 3' to the left of the Ct which corresponds to C CY (s.0), for any

e. This means that in 0 1(A), the 0 1 C) which corresponds to C SW(z,O) lies to the

right of both of the 0 1(9*). Since 0 (3') - n, we obtain the desired conclusion

that z. ' k,1 'n for some k <2n. We now define A 2and 0 by

(537)0() 2 * 1CA 2n %I

-42-



It remains to define 9 on the edges. Suppose that e C *(A). if

ae (A) we let #(e) - I(0(A)). So suppose that * corresponds to a C* D

connection. If C* 9 C(AB) or D* # (OB3), we lot #(e) - 1(#(A)). if

(C*,D*) C C(A,B), a proof very similar to the one given for case I shows that there

exists an edge f e N(O(A)) which corresponds to a 4(Ca) * #(D e
) Connection. We now

set #(e) - f.

(F) proof that 0 is an LG -ftomorohiem from G i into r(A.3)

The only condition of Definition 53.1 which 0 does not trivially satisfy is (3).

Bo suppose that a e 6(A) corresponds to a C * D connection. We distinguish the two

C*'s and two D*'s in A by C 1 C2 F D 1 . and D2, respectively. Asume that e

corresponds to a C1 + DI connection.

We first consider the map 0. Using the representation (SD.2) for A it follows

that there exists an integer k such that C1 - k end D1 - Vk+ 1 . We suppose that

D2 - Tj. Clearly the same is true for B(A). Bence, it makes sense to say that there is

an edge a1  3(O(A)) which corresponds to a C, D 1 connection. We claim that

(S1.1) B(eeA) - el * O(A)

To prove this note that the only possible difference between (eeA) and el*5(A) is the

position of the C1. This is because the only entry which changes when applying e or

*I is the C1. Bowever, in both cases C1  is moved to the Immediate right of the D2.

We next consider the map C(A,B). We shall consider the three cases:

(a) C1  C(A,M)

(S.2) (b) C1 e C(A,B), DI 6 C(A, )

(C) C1 6 C(A.O), D, * C(A,B).

if (SP.2a) is satisfied we claim that

(St.3a) C(A.)*6(A) - C(A,)*(e*A)
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As before, we need only consider the position of C1, because it is the only entry whose

position changes. However, since C1 * C(AB), it does not appear in either

C(A,B) * 6(A) or C(A,S) * O(e*A).

Now suppose that (5F.2b) is satisfied. Recall that in $(A), C I is on the immediate

left of T)l. The same is true in the array C(A,S) - O(A) since (C 1 ,D 1 C C(AB).

Hence, it makes sense to say that there is an edge e2 e x(C(A,B)*0(A)) which corresponds

to a C1 + 1 connection. Note that

(5.3b) C(A,) 0(oWA) - e2 * C(A,D) * (A).

This is because in both cases C 1 Is on the immediate right of 0 2 •

Finally suppose that (5F.2C) is satisfied. Recall that D- Tk+ 1 and D2 - TV

If j k + 1, then O(A) has the form

(5F.4) O(A) - aD2 CID 1S

Here a, Y, and 6 are lists of integers. Note that

O(.5) B(e*A) - e'(O(A)) - OD 2C I YD I

Let a' - C(A,S)*u, Y' = C(A,S)*v, and 6' - C(A,B) F 6. From Proposition SD.1 it

follows that a' and 5' are empty. Since CI e CtA,B) and n C(A3) it follows

that

(s.6) C(A,D)*(A) - Y"cI ,

while

(51.7) C(A,W)0(eA) - CIY'

If k + 1 < J, then O(A) has the form

(5F.8) O(A) - aCIDIYD 1S

where, as before, a, Y, and Y are lists of integers. hen

(5F.9) 0(seA) - e((A)) - aDIYD C1 •

Letting a', Y', and b' he as before, we conclude from Proposition 5D.1 that y' to

empty. Hence,

(51.10) C(A,B)*O(A) " ec 1 '
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while

(5F.11) C(&,S)(e'eA) - 'C15'

Note that if k + I < j then C(A,B) '6(A) - C(A,)'(eA). This is not true if

j C k + 1.

We now consider the map p It is again necessary to consider the three cases shown

in (5r.2). Recall that e1(A) P * C(A.B) 6 O(A). If (5F.2a) is satisfied then (SV.3a)

holds. Since P is order preserving it is clear that in this case

(5F.12) 01 (A) - YOM.

Next suppose that (5F.2b) holds. Then C 1 is to the imediate left of D i n the array

C(A,)*6(A). Therefore, 9(C 1 ) Is to the immediate left of P(D 1 ) in *1 (A). nsnce

there exists an edge e 3 a S(OI(A)) which corresponds to a P(C 1 ) . P(D 1 ) connection.

From (5F.3b) it follows that

(5F.13) 1 (e*A) - e3  I(A)

Finally, suppose that (S.F2c) holds. Let a - p(g'). g - p(Y'), and d W pC'). If

j< k + I, then (5F.6) implies that

(5F.14) 0 (A) - P(C ,

while (5F.7) Implies that

(5F.1S) * 1 (e'A) - p(c1 ) g

If J > k + 1, then (5F.10) and (S.11) imply that

(5F.16) l(A) - #I(eA) - a p(C 1 ) a

In order to complete the proof that 0 is a LOG homomorphism from G0 into

r(A,q) we must consider the maps A and A 2 . We shall consider the three cases shown

in (5F.2) separately. First suppose that (5F.2a) holds. Applying A1 or A2  to both

sides of (5F.12) it follows that #(A) - *(eA). Since, in this case, #(e) - 1(#(A) we

obtain the desired result, *(e)*0(A) - O(e*A).

Next suppose that (5.2b) holds. Then (5.13) Is true. To show that

#(eA) - #(e)*(A) we need only verify that p(C 1 ) is in the sme position In both

arrays. For case P(C 1 ) will be on the imediate right of p(D2 ) in both arrays.
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This is also true In case 2 if 9(02) is on the top side of *(eA) or *(e)*#(A). If

p(D 2 ) Is on the bottom side of #(eA) or #(e)*#(A), then P(C 1 ) will be on the

imnediate left of P(D 2 ) in both arrays.

Now, suppose that (5F.2c) holds. We first asaume that j> k + 1. Then (51.16)

holds. That is, #1 (A) - * 1 (e*A). Applying A1 or A2  to both sides of this identity

we find that *(A) - *(e*A). Since #(e) - (O(A)) we conclude that

(e*A) - 4(e)*#(A).

Finally, suppose that (5F.2c) holds and J < k + 1. We first consider case 1.

suppose that g - g1 g2 ... gr . The sentence between (S.4) and (SR.Sa) implies that either

l l 
(C 1 ) - n, or there exists an Integer I such that gi - qi+i = n. First assume

the latter. Then (5F.14) and the definition of A1 imply that

(A) - g1+1 gi+2 gr9(Ca) 91 *" g*

Since #(e) - (4(A)) we conclude that

#(e) *4(A) - g ** c9r p(C 1 ) 91 g

Using (5r.15) we conclude that O(e*A) 4(e) (A). if 9 - p(C 1 ) - n, then (5F.14)

and (S7.1S) Imply that

*(e*A) - O(e) O #(A) - n g 2 g3 "-- gr n

To complete the proof that 4 is a LDG homomorphism from GF  into r(AB) we show

that It Is impossible to have case 2 together with (5F.2C), < ( k + 1. To prove this,

choose 3 < 3 so that F(R) > F(U) for all U < B. By definition, Z e K(A,B). Note

that 3w (ze) can never cross the U axis. This follows from (1.6) and the fact that

F(U) < 1(3) for all U < 3. Since we are in case 2 and D 4 K(A,3), it follows that

D > 3 > Z. Therefore, if for some e, Du (,O) or D8 (z,O) leaves through the bottom

side of R, it must necessarily cross to the right of I SW(1'). Lot 3 1 be the entry

in A which corresponds to 2 (z,O). We conclude that e e 6 where 6 is as in

(5F.4). If this were true, however, then (5F.4) would imply that (D) interlaces

(C , u*1 in A. That is, (0*} interlaces (C(A,B)} in A. Proposition SD.1 gives

the desired contradiction.
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(G) Proof that 0 is an WG Homomorhism from G0 onto r(A.3)

We begin by verifying condition (B) of Definition 53.2. Let y be a node in

F(A,B) and f e a(y). Assume that #(A) - y. Furthermore, assume that f

corresponds to a C . D connection. Let C* - 9 (C) and D- - ). We consider a

nmber of cases depending on the relationship between Ce and D in the array A. We

asmai throughout that A is written as in 5D.2, with C* - Tj and D* - Tk ,  The

following six cases describe all the possible ways for (A) - y.

a) j < k m, and T, C(A.B) for J < i < k,

b) a + 1 4 J < k, and Ti # C(AS) for j < i < k,

(SG.1)

c) j < a < k, and Ti C(A,B) for j < I < k,

d) k m < J, and Ti C(A,B) if 1 4 i < k or j < 1 i 2N.

e) k < J • a, and Ti C(A,B) if j < 1 i 2i or 1 i4 < k.

f) a + 1 4 k < J, and Ti #C(A,B) if j < 1 4 2i or 1 iI < k.

Since two entries in A equal to C' and two equal Dr, we assume that Tj - C1 and

Tk - Di. This will allow us to distinguish the C and D of interest.

Suppose that (5G.1a) holds. We wish to prove that there exists a finite sequence of

connections, all of which are mapped by 9 to 1(y), followed by a C1  + DI

connection. Of course, if k = j I then there is nothing to prove, so we assme that k

> j + 1. Choose I so that j < it( k, CI < T I and C 1 > TIl for j I < i . We

assume that A + k. The other case will be treated shortly. Consider the sequence of

connections

(SG.2) TI 
TA' T _2 TA, ... , Tj+1 4

Note that all of the edges corresponding to these connections are mapped to I(y). NoW

T- T for some P # A. From the definition of It it is clear that P 4 (J,1).

Hence, after the sequence of connections shown In (5G.2) we find that C 1 Is on the

Immediate left of TV* Since Tt #C(A,B), Proposition 50.3 implies that T, e C(X).

Proposition 5D.1 then implies that p e (R.,k). We then take the C1  TAI connection.
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After this connection C1  is still to the left of Ov• There is still no elment of

C(A,B) between C1 and D1 . However, the number of integers which lie between C1 and

D1 has decreased by at least two. Continuing this process we eventually arrive at an

array of the form
C 1 ala 2  a D, ..

The dots denote integers In the array. Each a I satisfies a, < C i .  We then take the

sequence of connectionst

(5G.2) d8 + D 1 0 as_, + D 1 ,.. , + 0 1 •

We can then take the desired C 1 + D connection.

The proof for case (5G.lb) is quite similar to the one just given. Now assume that

(5G.lc) is satisfied. Let 3 be the critical point which satisfies 3 ' a and

F(R) > F(U) for all U > B. Then 3(,8) never crosses the U axis for any value of

e. This, together with Proposition SD.1 Implies that there exist Integers r and a

such that * - Tr - To, j < r ( m and a + 1 4 a < k. The proof now proceeds as In the

proceeding cases. The existence of 8 guarantees that eventually we can push C1  to the

bottom aide of the array, after which we are in the situation of case (5G.lb).

Next ssme that (5G.ld) holds. For case one, when there exists a critical point C

with C < A and F(C) > F(A), the proof Is quite similar to the one just given. One

proves that there exists a critical point I and Integers r and a such that 3 < A.

F() > F(B), 3* - Tr - To, j < r < 2N and 1 4 a < k. We are then able to push C 1 to

the top of the array so we are in the situation of (5G.la).

Now assume that (SG. Id) holds and we are in case two. Choose r and a so that

r < a and T, - To - 9'. From Proposition SD.2 it follows that k 9 r < s < J. If this

is true, however, it is impossible for *(C ) and O(D ) to be adjacent integers in y.

Rence, (5G. Id) In Impossible for case two.

A similar proof shows that (SG.1e) and (SG.lf) are impossible for case two. The

proof for case one In similar the proceeding proofs. If (50.1e) holds for case one, then

one shows there exists critical points 21 and 32, and integers r,# S,, r2 . and *2
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such that -T -T, -T -"T , )' ,  < A, S a

I 1 r 9 r 2  a2 2
< r I I a, m +1 a < ga 2 ( 2, and 1 r 2 < k. This implies that we can push C 1

in a clockwise fashion around the array until we are in the situation described by

(SG.la). A similar analysis works if (SG.1f) holds.

To complete the proof that * is an LDG homomorphism from G. onto r(As) we

show that a generator of G is mapped to a generator of r(AB). We may then apply

Lma 4B.2. There is no problem for case two, when r(A,s) - GF(A,3). For case one,

r(A,B) - G * We prove that every node In G is a generator for Gn. This is done by
n

induction on n. The result is clearly true for n - 2, since there is only one node in

G2 . Now assume the result is true for Gn_, and let A and 8 be two arrays in Gn.

We must prove that there exists a paun from A to 8. Suppose that

and A n A, A 2n-2 n

B - nf 1  ** 3~. n•
I , 2n-2n

A proof similar to the proof of Proposition SD.1 shows that (n-1) does not interlace

0 , n-2) In either A or 5 . Hence, either AI - A2 n. 2 - n-I, or there exists an

integer j such that Aji - A 1+j - n-1. Similarly, either 91 - 3
2n-2 - n-, or there

exists an integer k such that Bk - B+ 1  n-I. Suppose that there exists an integer

J such that Aj - Aj+l = n-1. Consider the path, P,, consisting of the series of

connections

A2 n-2  n , A2n-3 *n," A J+2 + n , A&+l + n.

Then Pie A has the form

Pit A n n-1 *... n-1 n

If A, I A2 n-2 - n-1 we set Plt A A. if B 1 I a2n-2 - n-1 we use induction to

conclude that there exists a path P2  such that P 2 (P*A) - 8. If not, we use induction

to conclude that there exists a path P 2  such that

P2 e(P,*A) - n n-' !+2 000 92n-2 3 1 92 0k- 1 n-1 n.

Now let P3 be the path consisting of the connections
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n-I + n , k-1 + 
n , Bk_ 2 + n B ** , B I  n.

We then have P3 e(P 2 e(P 1 A)) .

H) Proof that i (PP) is an Admissible Path in r(AH)

we use the same notation as in the previous section. That is, y is a node in

r(A,.), f e (y), and *(A) - y. Furthermore, f corresponds to a C - D

connection. Let C = *-1 (C) and D' = CD). As before A is given by 5D.2. We

assume that C* - Tj and D* - Tk- Of course, two entries in A equal to C* and two

equal to D. Here T, and Tk  equal to the entries which are mapped to the
S A A A

C and D of the C + D connection. Assume that A is the array associated with the

phase plane determined by (1.3) with speed (40. We must show that there exists a C + D

connection for some speed e < e 0 The proof is broken up into the six cases shown in

(5G. 1).

First assume that (5G. Ia) holds. The proof is quite similar to the proof of

Proposition 2.1 given in Chapter 1, Section D. Let Pc and Pd be the points on the

boundary of R corresponding to Tj and Tk" We denote the trajectories on which PC

and Pd lie by C(z) and D(z), respectively. As in the proof of Proposition 2.1 we

consider the eight cases:

(a) C < D, C(z) - c,(z,e0 ) , 0(z) - CM(z,eo) ,

(b) C < D, C(z) - C (z,e ) , D(z) - 0 (z,e )
SW 0 NE

(c) C < 0, C(z) - CNz 1eo ) , 0(z) - Dlz,G o ) ,

(d) C < 0, C(z) - C (z,e), 0D(z) - D (z,e o ) ,

(5H.1)(e) C > D, C(z) - CM(z,e), 0D(z) - DU(z,E ) )

(f) C > D, C(z) - COW(z,e), 0(z) - DN(z,e0 )

(g) C > D, C(z) - C(z,eo), 0D(z) - DszBo)

(h) C > 0, C(z) - CH (z,eo), O(z) - oSW(zOo)

For the time being we assume that (al.Ia) holds. As in the proof of Proposition 2.1, we

follow C(z) and D(z) backwards from Pc and Pd and find that there exists a

verticle line 1, given by U - P, for some P, and numbers, Y€ and yd* such that
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(a) y¢ > yd > 0

(S.2)(b) C(z) crosses A at (P,yc), and DW(ZO0) crosses Z at (P'y d )

(c) C(s) and D (se o ) do not cross I at any other value between yc

and y d

For 0 > 0, let C(z,e) - CW(z,e), D(9,0) - D 99(ze), and ;(s,0) - D M(z,•). Por S

sufficiently close to e° we define functions y (0) and y4 (O) to be the V

coordinate of the places where C(z,O) and ;(z,) cross A. Proposition 2.1 was proved

by showing that if 01 in chosen so that 1 < 00 and no C + D connections exist for

e e (1,lo0 then y€(0) and Yd (0) can be chosen to be continuous functions for

o e MIA 0 Unfortunately, this may not be true now. We claim, however, that if no

C + D connection exists for e6 (el0a0 then for 9 e (el0 0), Yc(S) and yd(0) can

be chosen so that (SH.2) holds with y replaced by Yc(e) and yd replaced by

Sd (9).

Assue throughout that no C + D connection exists for 0 6 (01 0 There is no

problem in showing that yd(e) is continuous in (0G,0). Before discussing what may

happen to yc (0) we introduce some more notation. Suppose, for the moment, that yc ()

is continuous for 0 e (0100). For 0 a (ole0o) choose z1(o), 2(o z3(e), and

z 4(0) so that C( (e)M2) c) PC* ;(,3(0),G) - (P adn( )), and

D(z4(0),e) - Pd. Here Pc and Pd denote the points on the boundary of P where

C(z,G) and D(s,e) first leave R. Let i(0) be the portion of I with

y (0) 6 V 4 yd(0). Let K(G) be the union of the curves C(W(O),O) for

zl(6) 4 z 4 z2 (), D(z(O),O) for a 3(0) C a < -, D((),O) for - z 4 a C z4(0), and

A(S). Then K(S) divides R into two parts which we denote by R 1 (0) and R2(0).

Let l (6) and 2(0) be the portions of the boundary of R which lie in the closure of

R1(6) and 2(0), respectively. We assum that Ri(S) is the region which satisfies

the property that a trajectory which crosses i(6) must thereafter remain in 1 (0)

until it crossed 81(0). note that converse is also true. That is, if a trajectory

leaves R through B1(9), then it most have crossed A(S).
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Now assua that Ye() is continuou for 6 (6, ao), but discontinuous at

S- e 1 .  Then there exists a C * Z connection with speed • 1 for some critical

point Z. Of course, this connection involves C (3,61), as opposed to CM(z,01).

Let Y (e) - limit y (6). From Lasi 33.1 it follows that this limit exists. Since0 -1001 G
Yc(0) is discontinuous at i - 1 (0 1 lieUs on either ZOR(., 1) or

M(Z'( I ) , as opposed to 2 WA (ze 1 ) or ZS (z, 1 ). Assim that the unstable

trajectory on which ( y1)) lies is am B (•,I). The other case is similar. From

the proof of Proposition 2.2, we conclude that there exists a 6 > 0 such that for

1 e < e 1 + 6, aSW(e) crosses 1(e). Hence, 3,(z,e) leaves R through

D (0). Prom the proof of Proposition 2.3 we conclude that for G less than, but close

to elf C(ze) lies as close as we wish to % (zO). we claim that for 0 greater

than, but close to O1, l(z,O) crosses i(e).

The first step in proving this is to show that 3* > D*
. 

Note that ' > C *. This

is because there exists a C 3 connection. Suppose that R* < Dte Choose 02 equal

to the suprma- of all values of 0 for which 0 < o , and there exists a critical

point H which satisfies

a) C
0 ( N' < D, and

b) either %Il(zO) or N (z,S) leaves R through a 1(0).

By assumptions, 6 < 0 < Bo .  Since G + 0 o , there must exist an N + Q connection1 2 o 2 o

with speed 02 for some other critical point Q. Now there exists a 5> 0 such that

for 0 2 < e < e 2 + 81 one of the unstable trajectories from N, may N(s.). leaves R

through a2, while for 02 - 61 < 0 < 02, N(z,6) leaves R through a,. Propositions

2.2 and 2.3 imply that for e - 02, one of the unstable trajectories from Q leaves R

through B1, while the other leaves R through B2 . Hence (Q*) interlaces (Ce,D*)

for the array with speed 02 . From Proposition SD. 1 we conclude that C* < Q' < D*.

This, however, contradicts the way e2 and N were chosen.

Having shown that 3' > D* and Z 5W(z,O) leaves R through a1  for

0 e (0,06I+ 8), we can apply Proposition SD.1 to conclude that Z= (x,O) leaves R
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through B1 for 0 e (e,e + 6). Therefore, 3.W(ze) crosses

i(e) for e e (9,e 14). By choosing 8 sufficiently small we may asm that

C(Sxe) is as close as we please to %(el ) for 01 - < ( 0 < 9 o Therefore,

C(z,G) must cross t( 1 ) for 01 - < e < 0e. That is, Y0 () can be chosen so that

Yc(e) > y(e) for 0 < 0 < 0. This completes the proof that if no C + D

connection exists for o e (0i,o), then (e) and VO) can be chosen so that (5N.2)

is satisfied with y and Yd replaced by Y€(e) and d (0 ), respectively.

What ve have shown is that, in some sense, as long as no C + D connection exists,

CW(s,0) lies above D (Ze). However, Using the fact that CO < D', we find that
M3 i

CN (z,0) lies below Dkz(x,0). This shooting argument cmpletes the proof of the

Theorem for the case when (5G.Ia) and (SO. la) hold.

Still assuming that (5G. 1a) holds, we only say a few words about the proofs for the

other cases shown In (S.1). the proof for cases (S.lb), (5H.lg), and (59.1h) are quite

similar to the one just given. Just as in the proof of Proposition 2.1, one shows that

cases (S.lcd,e, and f) are impossible.

we must still consider the other cases shown in (S. 1). However, the proofs for

these cases are really no different then the one just given. The reason is that the main

assmtion Used about the array A in the proceeding proof is that if ve start at Tj

and move in the clockwise direction around the array until we reach 
Tk, then every

integer we pass is not in C(AB). This is true for every case shown in (50.1).

16. Concluvions

We now demonstrate how the directed graphs are ued to determine how many connections

exist between two fixed critical points. Given A and 3, with F(A) ( F(B), the

results discuss whether there must exist sero, exactly one, a finite nuober, or an

infinite number of A* 3 connections. One trivial result, which was proved earlier, is

that if thee exists a critical point, C, which lies between A and S, and P(C) F I(S)#
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then there cannot exist any A + 3 connections. So we assume throughout this section

that such a critical point C does not exist. For convenience we assume that A < B.

We first assue that there does exist a critical point D such that D < A and

F(D) > F(S). This was referred to as case one earlier. Recall that in this case

r(A,B) - G where n - IK(A,8)I. We prove that if n - 2 or n - 3, then there mustn

exist an infinite nutber of A + B connections.

if n - 2, then r(A,3) - G2 which is shown in Figure 9a. According to Theorem 5C.1

there exists a LDG homomorphim from Gr onto G2. Note that #(A*) - I and

#(B) - 2. 7o prove that there exists an infinite number of A + 3 connections, it

suffices to prove that #(P F ), the image of the path corresponding to F, contains an

infinite number of 1 + 2 connections. This is clear, however, because G2 consists of

only one node and one edge which begins and ends at that node. Because #(PF) is

admissible, it is forced to keep going around the loop an infinite nmber of times.

Now suppose that n - 3. Suppose that K(AB) - (A,C,D). Then there exists a graph

homomorphiem, 0, from GF onto G3 such that #(A*) = 1, O(C) - 2, and 0(3') - 3.

It follows that there exists an infinite number of A D 3 connections, if we can show

that the path (PF ) contains an infinite number of 1 + 3 connections. Since

IK(CB)j-2, 0(P ) must contain an infinite number of 2 + 3 connections. Considering

Figure 9b this implies that #(P ) must be at the node 321123 or the node 322113 anr

infinite nIber of times. if #(P F ) is at the node 321123, then, because (PF ) is

adeissible and a 2 + 3 edge branches from 321123, 0(P F ) must be at 322113 an infinite

nuber of

times° Since a 1 + 3 connection branches from 322113 we conclude the desired result

that (PF ) contains an infinite ntmber of 1 + 3 connections.

It is natural to ask how many A + B connections exist when r(A.) - 0 forn

n > 3. We do not know the answer to this question for the following reason. Suppose

that n - 4. In (6.1) we give an example of a subpth in G4 which does not contain any

1 * 4 connections.
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1 2

42331124 1 2 42113324 - >

2 4 1 3 2+3

(6.1) -3 > 43221134 !_!-4 43112234 --- 43221134

1 +3

+3 43112234 1- 43311224 - -_4> 42331124 -- * * *

Note that the first and last arrays shown are the same. it w keep repeating the

subpath shown, then the resulting path contains an infinite number of 3 + 4. 2 + 4.

2 + 3, 1 + 3, and I + 2 connections. by writing out the entire graph, 040 we find that

(6.1) given an admissible path In G4 . This seem. to imply that there may not exist any

A + 9 connections if r(A.u) - G4. Nowever, we do not know if there actually is a

function F such that the path corresponding to P Is the one shown in (6.1). Note that

it is also possible, in fact easier, to construct admissible paths in G4 for which there

exists an Infinite number of I + 4 connections.

We now assums that If C < A, then 7(C) < F(B). We first show that If there does

not exist C such that A C < 2 and F(C) > F(A), then there must exist at least one

A + S connection. luppose that in is the generator of a., and

0(11) a

The assmption that there does not exist a C such that A < C < 3 and P(C) ) 3(A)

implies that there exista an integer k such that #(A*) Tk and *(2*) - T"I. Since

#(P ) is admissible it mut oontain a Tk + Tk+ 1 connecton. Nece, PF must contain

an A + 5 connection. Zf f(D) < r(A) for all 0 < A then the A connection is

unique. This is because r(A,3) is the graph

12

1 2

2
112
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If there does exist C such that A < C < B and F(C) > FIA), then there may or

may not exist an A + S connection. For example, suppose that F as shown in

Figure l0a.

F(U) 123

23 13

1123 1223

2"3j 1 1 3

3 3

U 11223 122131"2

Figure 10

The graph corresponding to F is shown In Figure lOb. From the result just proved we

conclude that there must exist unique I + 2 and 2 + 3 connections. The graph

corresponding to F demonstrates that there exists a I + 3 connection if and only If

the speed of the 1 + 2 connection is les than the speed of the 2 * 3 connection.

If there does not exist a critical point D such that D < A and F(D) > F(A),

then, as we nov prove there can exist at most one A * 3 connection. The assumption

that F(u) < F(S) for all U < 3, and (1.6), Implies that Sa(SO) never crosses the

U axis. It always leaves R through its bottom side. Similarly, A.(a,e) always

leaves R through Its bottom side, never crossing the 9 axis. Ouppose that the array

for some value of e is given byv A(M). We also assm that an A * 3 connection

exists with apeed 0. For a a bit smaler than 00 A() has the form

A(01
j A *1 *-*Al* A2 IS"'

-SO

h .. ..._ _. . . ... . ... ..__ _ _. .... .. ._ _... .



Here Al corresponds to A M(s.O1I A2 corresponds to ),(sS ) and 91 corresponds

to Bon(.,eO). If we let 0 be the map defined In the previous chapter and a2

correspond to DHU.e0, then 0*A(S1) has the form

BOA(e 1  .... 2 ' 2 " A1

Note that for all e, A1 always lies to the right of 82, 9,, and A2  in oeA(e6.

We wish to show that there cannot exist another A + a connection. This is only

possible If A1  is on the lmediate left of a a in P*A(O) for sm 0 < 1 • The

only way A1 can get to the Loft of one of the B's if there exists a D such that for

ame e, AS) bo the form

a) * ** D * , * A2D* A

or

b) . . . . B2 • * •• D • A 2 D.- A,..

Zn either case, (D*) interlaces {A). The proof of Propoetion 50.1 shows that this

is impossible.

Now suppose that F(C) < F(B) for all C < B, but there does exist a critical

point D < A such that r(D) ) F(A). Then there may exist a finite number of A * 3

connections. This is illustrated in igure 6 where one sees that there may exist a finite

number of I + 3 connections. To prove that there cannot exist an infinite number of

A + 8 connections we note that there mst exist a D + 3 connection for s@me positive

speed, say e - 0 .  It follows from Proposition 2.4 that there can exist at most a

finite number of A + 3 connections with speed greater than 0. A proof very similar

to the one given In the preceeding paragraph Implies that there cannot exist any A + 3

connections with speed less that 0 lBence, there can exist at most a finite number of

A M connections.
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