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1. INTRODU(TION

There are several areas in which it is important to be able to "solve" for certain expressions. 11e

most familiar example is in applied mathematics where one is interested in "solving" a system of simultancous

equations. A related problem is that of answering data base queries of the form "what is x?". In general one

is presented with a collection of terms, some methods for showing equivalences between tenus. and the

problem of "solving for" or "simplifying" some particular term.

One motivation for algorithms which solve for expressions arises from procedural attachment.

Consider a data base consisting of a collection of first order sentences and suppose that the binary function

symbol + is intended to denote ordinary addition over the integers. Clearly it is possible to directly compute

the sum of two numerals and thus one can benefit from associating the function symbol + with such an

addition procedure (such procedural attachment in FOL is described by Weyhrauch [11). However to apply

the addition procedure to a term such as +[f4x], Iqll one must solve for its subterms. in this case qIx1 and Ilyl,

in terms of numeric constants. Thus the usefulness of procedures attached to function or predicate symbols

can depend upon the ability to solve for expressions.

Another motivation for algorithms that solve for expressions arises from Moore's notion of a rigid

designator 12]. Moore addresses the philosophical question of when an individual (or a data base) "knows"

the meaning of some term. For example when does an individual "know" John's phone number. Moore

. addresses this question by first defining a modal logic with a Kripke style semantics and then defining the

notion of a "rigid designator" as a term, such as the numeral 2, which has the same meaning in all possible

worlds. Moore then defines "knowing the meaning of a term" such that a person knows the meaning of the

term phonc#[John] just in case there is a rigid designator d such that the person can deduce that

phone#[John] equals d. The details of Moore's constructions are not important here other than to note that

he makes a distinction between terms which may denote different things in different worlds and rigid

designators which can not. Now consider a data base consisting of sentences in Moore's logic and a question

of the form "what is phone#[John]?". Intuitively one should expect the system to either answer "I don't

know", or to return a rigid designator such as the numeral 2537884. "rius the problem of answering a query

of the form "what is x?" can be reduced to the problem of "solving" for x in terms of a rigid designator.

In general suppose that some set of symbols has been identified as "independent" (or rigid in

Moore's sense) and all other symbols are considered "dependent". The problem addressed here is that of

taking a finite set of equalities I between ground terms and a particular term u and "solving" for u in terms of

the independent symbols by performing substitutions of equals for equals. As an example consider the three

equations a = qIjIalll, b = Ija] and c = I bi and suppose that the symbols r and c are taken to be

independent. It is possible to solve for b in terms of f and c, specifically b = qqcll. As another example

,Iconsider the equations a = lib cl, h = ga cl, and c = Ijgjl c] cl where g and c are taken to be independent.

It follows from these equalities that b = d[c c.
-"e only technique for showing equivalences used by the procedures described here is the
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subsitutLiI of ai ground expression Itir an equiaIenit grouiid expression. I he problcm (it' sol. inig tr an

expression using siihstitution as the onl. means of showing equivalences may scem like a %er) special case of

the problem of .olving for an expression using arhitrar) techniqles lft sho% ing eqiiidences. I lowever the

substitution of equals for equals can play an important role in cases where other techniques for showing

equivalences are also sound. For example consider a set of simultaneous linear equations which can be

- "solved" using some standard matrix inversion procedure. Steelc and Sussman 131 propose an alternative to

the standard matrix inversion techniques which they call "constraint propagation". Constraint propagation

, can be more efficient than matrix inversion when the matrix of coefficients is sparse. Constraint propagation

:" also seems to model the way people oftcn solve sets of equations. In constraint propagation a set of equations

is expanded to a larger set by solving each equation locally for each variable appearing in that equation.

There is then a "propagation" phase based purely on the substitution of equals for equals. This
,. propagation" phase of the process could be handled by the algorithms presented here. A more complete

* discussion of the relationship between constraint propagation and substitution of equals for equals is given in

[4].
The problem of solving for an expression given a set of equalities between ground terms can be

*: usefully generalized in two ways. First instead of considering a set of equations one can consider an arbitrary

ikB)lean formula built up from equalities between ground terms. For example the following Boolean formula

, implies the equality IRx)=.

(x=a V x=b) A Ial =I A Ifb]= I

A second way the problem can be generalized is to consider simplification under some simplicity

order on terms. Solving for an expression is just a special case of simplification. To see this consider the

partial order on terms defined by making a term u "simpler" than a term v just in case v contains dependent

symbols while u does not. Under such a simplicity order solving for a given term is equivalent to

"simplifying" that term to an expression containing only independent symbols.

The importance of the more general problem of simplifying terms under a predefined simplicity

order can be seen by considering a set of simultaneous equations in applied mathematics. Numerals and

terms constncted purely from numerals and "known" function symbols such as + are in some sense simpler

than other terms. Often symbolic "constants" are used in applied mathematics and terms constructed purely

from numeric and symbolic constants are in some sense simpler than terms which contain "variables".

Variables are sometimes divided into dependent and independent variables and terms which contain no

dependent variables are in some sense simpler than terms which do not. Also the size (or some other measure

of complexity) can be an important factor indetemining a terms simplicity.

"11e above problems are approached here by establishing a relationship between equivalence classes

and context free expression grammars. A context free expression grammar is just like a context free string

grammar except that it describes a set of expressions (terms) rather than a set of strings (it is important to note

that an expiesion is a tree and therefore has an inherent phrase structure %%hile a string has no suLh
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sirut'lure). A finite set I of equalities between ground expressions induces i, LooI1rucLCI IclliOn on

expressions where two expressions are congruent just in case they can he pro% en eqLal from the vqtialities in

X. Such a congruence relation will be called a finitely equational congruence relation. A finitely equational

congruence relation can be represented by a context free expression grammar. Given a finite set Y of
equalitics between expressions the congruence closure algorithm of lowney, Sethi, and "1arjan 151 can he used

to construct a context free expression grammar G such that for any expression u the cquialcnce class of u is

the language generated by an expression form r(u) under G. Furthermore G can be constnicted from X in

order nlog(n) average time where n is the size of X.

Let u be an arbitrary expression and let Q be an arbitrary consistent Boolean expression built up

from equalities and the standard IBoolean connectives -1, A, and V. Using the fact that context free
expression languages are closed under intersection it is possible to construct a context free expression

grammar G which generates the set of expressions which can proven equivalent to u given the formula Q.
This procedure can be used to compute a grammar for the class of simple expressions which are equivalent to

a conditional expression of the form if Q then u else v.

Finally a procedure is developed for simplifying expressions under an arbitrary well behaved

simplicity order. Let G be a grammar such that the equivalence class of an expression u is the language

generated by an expression form r(u) under G. For any well behaved simplicity order there is a subset G' of

the productions of G such that the language generated by r(u) under G' is precisely the set of simplifications

of u. l he subset G' can be computed from G in order nlog(n) time plus the time required to do order nlog(n)
comparisons between expressions where n is the size of G.

It is hoped that the ability to represent finitely equational congruence relations with context free

expressions grammars will provide both a deeper understanding of such congruence relations and a more

flexible computational framework in which to perform deduction.

I.,
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2. EXiRESSIONS, LQUATIONS, AND GRANIMARS

The algorithms described here work just as well on second order terms Ls on first order terms. Thus

expressions which are intended to denote functions or prcdicates are not handled any differently from

expressions denoting domain elements. In fact the algorithms described here do not depend on any "typing"

at all. 'Ibis observation motivates the following definition of the set of all expressions over an alphabet A.

Definition: An expression over an alphabet A is either a symbol in A or an n-tuple
<u1 u2 ... un> of expressions over A.

This definition of an expression is similar to the definition of an s-expression in LISP. While all of

the algorithms described here operate on expressions they work just as well when restricted to typed

expressions or first order terms.

Consider a set of equalities X between expressions. If I was a set of equalities between first order

terms then it would be clear what equalities follow from X. However since expressions are in some sense

more general than first order terms an explicit definition of the set of equalities which are deducible from I is

given below (it is based on the standard deductive properties of equality). There is a simple semantics (which

will not be presented here) for expressions under which the following notion of "deducible" is both sound

and complete.

Definition: The set of equalities deducible from a set of equalities F., is the smallest set which

contains 7. and which satisfies is the following deductive principles:

Reflexiviy: For any expression u, u = u is deducible.

Symmetry: If u = v is deducible from . then v = u is deducible from 1.
N

Transitivity: If both v = w and u = w are deducible from X then u = v is
deducible from 1.

Substitutivity: If the equalities u1 -v1. u2 =v2, ... un=vn are all deducible
!% from T then the equality <u1 u2 ... Un>=<v1 v2 ... Vn> is deducible from X.

The following definitions and lemma 2.1 provide some basic concepts relating sets of equalities to

equivalence relations on expressions. While these notions may seem obvious and redundant they facilitate

precision in later sections.

Definitions: Let ^ be an equivalence relation on expressions. le relation ~ will be said

to subsume an equality u = v just in case u is equivalent tov under ~~ i.e. just in case u~v.

I he relation Z will be said to subsume a set of equalities X just in case it subsumes every

-a.

. ...
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equality in 1. The relation Z is called a co'gruemec rlatiun ju,,t in c sc it is ubstiuti c. i.c.

Nl whenever the equivalences ul~l, tl 2 . ... Un n  hold thc cquiii lcn-c

<uI u2 ... Un>'<v] v2 ... vn>alsoholds,

einemma 2.1: Congruence relations are deductively closed. i.e. if = is a congruence relation

and X is a set of equalities subsumed by ". then any equality deducible from X is also

subsumed by ~.

The following definition provides another characterization of the set of equalities deducible from a given set
I.

Definition: The congruence closure of a set of equalities X is the equivalence relation

on expressions which subsumes exactly those equalities which are deducible from 1, i.e.

u~~Xv just in case the equality u=v is deducible from X. The equivalence class of an

* expression u under the congruence closure of X is denoted July. The congruence closure of

a finite set X will be called a finitely equational congruence relation.

It is interesting to note that July can be an infinite set even when Y is finite. For example if X is

{fa>=a} then laIy includes all expressions of the form (ff...(f a>.... The main result of this section

will be that lull can be described by a context free expression grammar as defined below.

Definition: Let A be an alphabet of terminal symbols and let N be a collection of

non-terminal symbols such that N is disjoint from A. A context free expression grammar

over A and N is a set of productions of the form X=*a where X is a non-terminal symbol

and a is an expression over A union N.

Expression grammars are very much like string grammars. Each non-terminal symbol of an

expression grammar generates a set of expressions over the terminal alphabet in the same way that each

non-terminal of a context free string grammar generates a set of strings. For example the grammar consisting

of the productions A= a and A=*<f A> describes the set of expressions of the form <f <f...<f a>... .

Let A be a set of terminal symbols and N be a set of non-terminal symbols. Expressions over A

(expressions containing only terminal symbols) will be called terminal expressions (or simply expressions) and

will be denoted by the letters u, v, and w. Expressions over A union N will be called expressionfrmns and will

be denoted by the greek fettcrs a, Pi, and j. For a given grammar G the relation = * is defined on expression

forms as the smallest relation satisfying the following three properties:
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I I For an) cxpression forin a, *a.

2) If X=a is a production of G then X *a.

3) If a=:-*, then for any expression form <Y ... a '".Yn> containing a,
<Y1 ... a ... Yn>mzb*< f1 ... P8 ...-tn>

Intuitively a:=P-* just in case ,P can be derived from a by replacing some number of non-terminal

s) mbols in a by expressions which they generate. The language generated by an expression forin a is defined

to be the set of terminal expressions u such that a=*u.
'he investigation of context free expression grammars is motivated by the existence of a relationship

between a certain class of such grammars and finitely equational congruence relations on expressions. The
following definition identifies the relevant class of grammars.

Definition: A context free expression grammar will be called normal if the following two
conditions hold. First all productions are either of the form X="a where a is a terminal

symbol, or of the form X=,<Y1 Y2 ... Yn> where each Yi is a non-terminal symbol. Second

there are no two productions X= a and Y=,# such that X and Y are distinct non-terminals

but such that a and /3 are the same expression form.

It turns out that any normal grammar G represents a congruence relation on expressions. In general

all expressions generated by a given expression form a will be equivalent under this relation. However not all
expression forms generate entire equivalence classes. In particular if a=**# then the language generated b:

may be only a proper subset of the language generated by a. It turns out that the expression forms which

generate entire equivalence classes are precisely the maxinal expression forms where maximal is defined as

below:

Definition: An expression form a will be called maximal under an expression grammar G

just in case there is no expression form P3 other than a such that #=> *a under G.

Consider the equivalence.class of the expression <g a> tinder the congruence closure of the equation

0 a>=a. The following normal grammar "represents" the congruence relation on expressions imposed by
this equality (the first "production" below represents in the standard way the pair of productions A=oa and

A=*<F A>).

A a I <F A>

F= f

The eqiivialence class of<g a> under the equality f a> =a is exactly the language generated by the

expression form <g A> under the above grammar. Note that the expression forms A and <g A> are maximal

,r-*-a-.- 4 ..** .~-.,-. .-. 7
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under this gra iat %hilc the 10.p-c', iUn l ll <f ,> is Ilot.

F.1or any function r on expressions let 1" denote the equi alence relation such tlhAt LIZ il j t in

casC F(u) equals I'(v). F urtheimore for any equivalence relation - on expressions and any cxpression % let

IvJ denote the equivalence class of v under Z. u'lie following theorem establishes the first half of the
relationship between normal expression grammars and finitely equational congruence reldtions.

Lemma 2.2: Let G be any normal context free expression grammar. For each expression u

there exists a unique expression form F(u) which is maximal under G and which generates u.

Thus there exists a unique function F, called the maximal generator function of G. which

maps each expression u to the maximal expression [(u) which generates u. Furthermore

is a finitely equational congruence relation and for any expression u the language

generated by F(u) is precisely Jul .F

proof- The finction [ is defined recursively via the following conditions:

1) For any terminal symbol a if there is a production of the form X*a then [(a) is X otherwise

r(a) is a.

2) If u is of the form <ul u2 ... un> then if there is a production of the form

X=((u 1) r(u2) ... r(un)> then F(u) equals X otherwise [(u) equals <(u 1) r(u2) ... [(un)>.

Since the normality of a grammar ensures that no two distinct productions have the same right
hand side, the above definition is well formed. Note that r(u) can be computed in linear time in

the size of u (in general membership in a context free expression language can be determined in
linear time although this will not be proven here).

A simple induction on expressions can be used to show that for any expression u, F(u) *u

(the details are left to the reader). It will now be shown by induction that for any expression u. F(u)

is maximal. To see this first note that in a normal grammar each non-terminal symbol is a maximal

expression form (the only way a non-terminal symbol X could fail to be maximal is if there was

some other non-terminal symbol Y such that Y= X was a production of G, but this is not allowed
in normal grammars). Now if a is a terminal symbol then either r(a) is a non-terminal symbol

(which is a maximal expression form) or [(a) is a. But if [(a) is a then by the definition of F there

can be no production otG whose right hand side is a in which case a is a maximal expression form.
Now let u be of the form <uI u2 ... tin> and assume that for each ui, F(ui) is maximal. If F(u) is a

non-terminal symbol then it is maximal, on the other hand if F(u) is not a non-terminal symbol
then it is an n-tuplc of maximal expression forms which is not the right hand side of any production

and is therefore maximal.

The proof that for any expression v there is at most one maximal expression form which

generates v is done by induction on v. For a terminal symbol a if there is no production of the form

,b , . .• - . . . - . . . • . , .. . . --
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X=*:a in the glatilinar then a is the unique max iinal CxprCssion 1611 AhICh icncu.at Cs a. On tile

other hand if there is a production ofthe form X= a then since the grallmnar is noriral there is oni)"

one such production and the non-terminal symbol X is the unique maximal expression fhrm which

generates a. Now let v be an expression of the form <vI v2 ... vn> such that for each %i there is at

most one maximal expression form which generates vi. Sincc F(vi ) is maximal and generates vi it

the unique such maximal expression form. Now there are two cases. The first case occurs when

there is a non-terminal symbol X such that X=**v. Since the grammar is normal it must contain a

production of the form X=(<X 1 X2 ... VXn  where each Xi is a non-terminal symbol such that

Xi=,*vi. However since each non-terminal symbol is maximal, Xi must equal F(%i) and therefore

the production x=<r(i) r(v2) ... F(vn)> is in the grammar. This must hold for every

non-terminal symbol X which generates v, i.e. for each X which generates v the above production

', must be in the grammar. However since there can be at most one production whose right hand side

"4 is <F(v i) F(v 2) ... F(vn)> there can be at most one non-terminal symbol which generates v. Note

that in this case the expression form <r(vi) r(v2) ... r(vn)> is not maximal. The second case occurs

when there cxists a maximal expression form a which generates v but which is not a non-terminal

symbol, i.e. there exists an expression form a which generates v and is of the form <a 1 a2 ... an>.

Since a is maximal each ai must also be maximal and since a generates v, ai must generate vi for

each i. However since there is at most one maximal expression generating vi, a i must be F(v i) so a

must be m[v1) r(v2) ... r(vn)>. Note that in this case (['(vi) [Nv2) ... r(vn)> is maximal and
therefore the first and second case can never occur at the same time. So either there is a unique

non-terminal symbol which generates v or there is no such non-terminal and m[(vi) r(v2) ... r(vn)>
is the unique maximal expression which generates v.

'The relation is substitutive, i.e. is a congruence relation. To see this let u be an expression

of the form <u1 u2 ... un> and let v be any expression of the form <vI v2 ... n> It suffices to show

that if [(u i) equals [(v i) for each i. then F(<u 1 u2 ... un>) equals F(<v1 v2 ... vn>). However this

follows directly from the definition of F.

To establish that the language generated by F(u) is precisely lul- first note that if v is in
~r

ilulI ' i.e. if r(v) equals f(u), then since r(v)=,*v it must be the case that r(u)=:o*v. On the

other hand if F(u):=D*v then since there is at most one maximal expression form which generates v,

F(u) equals F(v) and therefore v is in lul~

Finally it must be shown that the congruence relation defined by F is finitely equational, i.e.

that there is a finite set of equalities I such that is the same as . A non-terminal symbol X

will be called coherent if the language' generated by X is not empty. A production or expression

form will be called coherent if it contains only coherent non-tenninal symnbols.' FIch coherent

non-terminal symbol X can be associated with some expression u(X) such that X= *u(X). Now for

each coherent expression form a, u(a) is defined as the result of replacing each non-tenninal

symbol X by u(X); clearly a=:*u(a). Now let I be the set of equalities of the form u(X)= ti(a)
o/

*°.°.
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%hcre X:=a is a coherent production of G. Nti if u(X)=uL(a) is an cqtha1it% i l, tllcii \

generates both u(X) and ia) under 0. Thus if u(X) =t(a) is an equality in E then I(ti(X)) equalskr(u(a)) and therefore u(X)= 1 u(a). Thus every equality in I is subsumed by 1 and since

is a congruence relation every equality deducible from I is therefore also subsumed by Z1." It

remains only to show that every equality subsumed by -r is deducible from 1. This is done by

showing via a standard induction on expressions that for any expression v the equality v = u(F(v)) is

deducible from Z (the details are left to the reader). Thus if the equality w = v is subsumed by Z !"

then since F(w) equals r(v) and the equalities v= u(i'(v)) and w = u(F(w)) are both deducible from

Y., the equality w = v is deducible from X.

The following lemma completes the relationship between normal grammars and finitely equational

congruence relations by showing that every finitely equational congruence relation can be represented by a

normal grammar.

Lemma 23: For any finite set of equalities I there is a normal context free expression
grammar G with i.'ximal generator function r such that -r is the same as -~.

Furthermore G can be computed from 2 in order nlog(n) average time where n is the total

size of 1.

proof- Let D be the finite set of expressions contained in X either directly or as a subexpression of

some expression contained in 1. Downey, Tarjan. and Sethi 151 show how to construct a function F

on D such that for any two expressions u and v in 1), F(u) equals F(v) just in case the equality u = v

follows from X. Furthermore a tabular representation of the function F can be computed in

nlog(n) average time where n is the total size of 1. Such a function F can be translated into a

normal context free expression grammar G in the following way: Each expression v in D is

associated with a non-terminal symbol X(v) such that for any two expression u and v in D, X(u)

equals X(v) just in case F(u) equals F(v). Now for each terminal symbol a in D we include the

2 production X(a)=*a and for each expression v in D of the form <v1 v2 ... vn> we include the the

production X(v)=:<X(v)X(v2 ) ... X(vn)>. The grammar G can be computed from F in time

proportional to the total size of -.

To show that G is normal it is sufficient to show that no two distinct productions have the same

right hand side. Let u and v be two expressions in I) such that the production corresponding to u

has the same right hand side as the production corresponding to v. It is sufficient to prove that X(u)

must equal X(v) since then the production corresponding u would be the same as the production

corresponding to v. Since the right hand sides of the productions corresponding to u and v are the

same either u and v are both the same terminal symbol (in which case the result is trivial) or u is the

form (u I u2 ... un>. v was of the form <vI v2 ... Vn>, and X(ui) equals X(v i) for each i. However in

* the latter case each equality ui = vi would be deducible from Y and therefore by substitutivity the

.4 . 2 ' ' . ' , - .,. . ", - , . " • ' . - . , - ' , , ' °. ., . , ,
,
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equality u = v would also be dedUCible from X and thus X(i) would equal X(%).

It remains to show that Z1 is the same as Z where I' is the maximal generator function of

G. First note that if u=v is an equality in I then u and v are in I) and X(u) must equal X).

I Furthermore it is easily shown by induction that Ibr any expression u, if u is in I ) then F(u) eqtuals

X(u). Thus if u=v is an equality in 2 then F(u) equals r(v) and thus _I" subsumes 1.

Furthermore lemma 2.2 ensures that Zr is a congruence relation and therefore subsumes any

equality deducible from 1. It remains only to show that any equality subsumed by F is

deducible from X. To show this first note that for each non-terminal symbol Y in G there is at least

one expression w in 1) such that Y equals X(w). Thus each non-terminal symbol Y can be

associated with an expression u(Y) in D such that X(u(Y)) equals Y. Now for any expression form

a let u(a) be the result of replacing each non-terminal symbol Y in a by u(Y). It can now be shown

by a standard induction that for any expression w the equality w = u(r(w)) is deducible from Z (the

details are left to the reader). Finally if an equality w=v is subsumed by Zr then since r(w)

equals r(v), and the two equalities w = u(F(w)) and v = u(r(v)) are both deducible from . the

equality w = v can also be deduced from X.

A set of expressions . will be called a context free expression language if there is a context free

* expression grammar G and a non-terminal symbol X of G such that L is the language generated X under G.

*a Now let G be any normal grammar and let r be the maximal generator function of G. Note that for any

expression u, if r(u) is a non-terminal symbol of G then Jul1. is a context free expression language.

F, rthermore if r(u) is not a non-terminal symbol then one can simply construct a new grammar G by adding

a new non-terminal symbol X and the production X r(u) so that Jul~r is the language generated by X

* under G'. In either case Jul. is a context free expression language. These observations and the above

lemmas now yield .;i. main result of this section:

Theorem 2.4 For any finite set of equations X and any expression u, Jul, is a context free

expression language.

At this point it is useful to introduce another simple example. Consider the following three

equations:

(f<r(fa>>> = a

<fa) = b

(fb> = c

These equations correspond to the following normal grammar:

-I
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A =a IFC>

It= h <F A>

C = c F I>I

Under this grammar r(<g <f h>>) equals <g C> and the equivalence class of<g f b>> equals the set

of expressions generated by <g C>. What expressions are there, if any. which are both equivalent to <g 0 b>>

and contain only the symbols g, f and a? "lhe answer is the set of expressions generated by the expression

form <g C> under the following subset of productions:

A =* a I (F C>

B < (F A>
C =<F B>
F=>f

In general consider a division of the terminal symbols into "dependent" and "independent"

symbols. i'he following theorem provides a technique for solving for expressions in terms of independent

symbols.

Theorem 2.5: Let G a normal grammar with maximal generator function r, and let G' be

that subset of the productions of G which do not contain any dependent symbols. For any

expression u the language generated by r(u) under G' is precisely the set of expressions

which are equivalent to u under Zr and which do not contain any dependent symbols.

Proof- Any expression generated by r(u) under G' contains no dependent symbols and is

equivalent to u under ~r, i.e. is a solution for u. On the other hand any solution v for u must be

equivalent to u and therefore must be generated by r(u) under G. But in this case since v does not

4 contain any dependent symbols the derivation of v from 1(u) must not involve any productions

which contain dependent symbols. Thus v must be generated by r(u) under G' as well.

* t

*1
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Now that a good representation has been developed for cquivalence classes under finiteI% equational

congruence relations we tunf our attention to Iklolcan congruence relations. An cquaiona Bholc, nfimnula

over an alphabet A is a formula which is built up from equalities between expressions over A1 using negations.

disjunctions. conjunctions, and implications in the standard way. The congruence closure of an equational

Ilkolean formula Q is defined to be the congruence relation ZQ on expressions such that U'-Q% just in case

u =v is deducible from Q using the standard deduction rules for Boolean connectives and the deduction rules

for equalities described earlier. For an arbitrary expression u the equivalence class of u under the congruence

closure of Q will be denoted by IuIQ. It will be shown in this section that IuIQ is either the universal relation

or a context free expression language.

Let P be an equational Boolean formula which is a conjunction u, = v, A u2 *v 2 A u3 = v3 ... of

equalities and negations of equalities and let I be the set of equalities which appear in positive form in P.

Using the techniques described in the previous section one can compute a normal expression grammar G with

maximal generator function F such that is the same as 1. Now the conjunction P is satisfiable just in

case there is no negated equality uitvi appearing in P such that the equality ui=v i is deducible from Y, or

equi% alently such that F(u i) equals r(vi). If the conjunction is unsatisfiable then anything follows from P and

thus the congruence closure of P is. the universal relation. If the conjunction P is satisfiable then the

congruence closure of P is just the congruence closure of Z and for any expression u. lulp equals July which

equals ie language generated by F(u) under G.

Any equational Boolean formula can be converted to disjunctive normal form. i.e. is equivalent to a

disjunction of conjunctions of equalities and negations of equalities. Let Q any equational Boolean formula

and let PI V P2 V...V Pn be a disjunctive normal form of Q where each Pi is a conjunction of equalities and

negations of equalities. An equality u = v follows from Q just in case it follows from each Pi. In other words

Q is the intersection of the ~P.'5. But by the above remarks the congruence closure of a given Pi is either

the universal relation or the congruence closure of the positive equalities in that conjunction. These remarks

lead to the following lemma:

L.emma 3.1: The congruence closure of any equational Boolean formula is either the

universal relation or a finite intersection of finitely equational congruence relations.

Given the above observations it is clear that one can decide whether an equality u = v follows from a

formula Q by first converting Q to disjunctive normal form and then seeing if u=v follows from each

disjunct. F lowever it is not clear that a mechanism which can solve for 11 under a set of equalities can be

extended to a mechanism for solving for u under an arbitrary equational Boolean formula. What is needed is

a good characterization of the equivalence class of u under Q. As a simple example consider the following

formula in which Ofn a> is an abbreviation for an expression of the forin <f f...(f a>... here the symbol f
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appears n imes.

<r5 a)=a V ( 7 - a>-a

The equivalence class of a under this formula is the set of expressions of the form Ofn a> where n is a

multiple of 35. One approach to the problem of solving for expressions under a Iloolean formula Q would be

to try to find a finite set of equalities I such that 'Q was the same as . The following theorem

demonstrates that this can not be done in general.

'Is

Theorem 3.2: The intersection of two finitely equational congruence relations need not be

finitely equational.

Proofsketch: Consider the following pair of sets of equations:

X71: [a = b}

1 2: {f a) = a, (f D = b, g a> = <g b)}

The intersection of ~T andZ2 is the same as -Q where Q is the Boolean formula:

a=b V((fa>=a Afb>fb A<ga>=<gb>)

, The relation =Q is the same as the relation =f where l is the infinite set of equalities of the

form:

<g 0fn a>> = <g <fn b

Now is finitely equational just in case there is a finite set of equalities I such that is

the same as .If such a set I exists then ifu=v is an equality in I then uiv and thus the
equality u = v must be deducible from H. But an equality is deducible from n just in case it is

deducible from some finite subset of 1 and thus all of the equalities in X must be deducible from a

- single finite subset of 1t. 'Tius =rl is finitely equational just in case it is the congruence closure of

some finite subset of H. However given the above definition of H no finite subset of n can imply

all of the equalities in 1 so 1 is not finitely equational.

The above theorem says that there is a Boolean formula Q such that 'Q is not finitely equational.

- , However it is still possible that for each expression u there is a finite set of equalities Z such that IuIQ equals

IuIX (remember that there are infinitely many such expressions u).

L.et Q be an arbitrary equational lkx)lean formula. By [emma 3.1 it is possible either to detennine

. i that the congruence closure of Q is the universal relation or to find a finite collection {Y1 . 2 - Ell of finite
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. .ct% of equations such that the congruence closure of Q is the intersecton of the Cthgrcluicc closures (t the

Xi'%. Thus 1br any expression u we have the following relation:

lUlQ = lull ul...Ju

Furthermore for each l i there is a normal grammar Gi with an associated maximal generator

function Fi such that Juli is the language generated by Fi(u) under Gi. This implies that IulQ is the

intersection of a finite collection of context free expression languages. While it is well known that the

intersection of two context free string languages need not be a context free language there are fundamental

differences between string languages and expression languages. Specifically expressions have a-priori phrase

structure while strings do not. This difference is responsible for the fact that membership in a context free

expression language can be determined in linear time (as was mentioned in the previous section) and it is also

responsible for the following theorem:

Theorem 3.3: The intersection of two context free expression languages is a context free

expression language.

Proof An expression grammar will be called one level if every production is either of the form

X=*a where a is a terminal symbol or of the form X = <X1 X2  Xn> where each Xi is a

non-terminal symbol. (A normal grammar is a one level grammar in which no two productions

have the same right hand side.) It is easy to show for any context free expression language [ there

is a one level grammar G such that L is the language generated by a non-terminal symbol of G.

Given these remarks Theorem 3.3 follows directly from the following Lemma.

enima .4: For any two one level expression grammars G, and G2 there exists a grammar
00 %.

denoted as GlflG 2 such that for each non-terminal X of G, and non-terminal Y of G2

there exists a non-tenninal ofGflrG 2 denoted by Xf"Y such that the language generated by

XnY under GflIG 2 is the intersection of the languages generated by X and Y under G1

and G2 respectively.

Proof. Given G1 and G2 define GjnG2 to be the one level grammar meeting the following

conditions:

1) The set of non-terminal symbols of Gn1 G2 is the cross product of the non-terminal symbols of

G1 and the non-terminal symbols of G2. In other words for each non-terminal symbol X of G,
and non-terminal Y of G2 there exists a non-terminal symbol of GIrfG 2 which will be denoted

here by XnY.

2) For each terminal symbol a a production XnY = a is in GIfG 2 just in case the production

,.. . j .. u.- i. c. -........ o..d... .. .



3. RlX)I.EN(ON(RUI'FN('i' RH.' 'IONS -IS- Ma. 1983

X = a is in G! and the production V = a is in G-,.

3) A production ofthe form XflY = <xIrfY 1 X2flY 2 ... Xnnlyn> is in GfIG 2 just in case the

production X =D <X1 X2 ... Xn is in G1 and the production Y = <YI N'2 .'. Yn> is in G2.

Let u be any expression over terminal symbols. It will first be shown by induction on u that if

xflY=*u then X=:*u and Y=o*u. Ifu is a terminal symbol then this result follows directly from

the definition of GflG2. If u is of the form <u1 u2 ... Un> then if X n Y=*u then there must be a

production ofGfl G2 of the form XnY =: <xlrlY1 X2flY 2 ... XnlYn> such that XinfYi=*ui

for each i. By the definition of G1nG2 this implies that the production X =* <X1 X2 ... Xn> is in

G1 and the production Y =D <Y1 Y2 ... Yn> is in G2. Furthermore by the induction hypothesis it

must be the case that Xi =*ui and Yi=**ui for each i. Therefore it must be the case that X=**u

and Y=o *u and the induction is complete.

Now it will be shown by induction on expressions that if X=:*u and Y=*u then XnfY=*u.

Again if u is a terminal symbol then the result follows directly from the definition of GflG 2. If u

is of the form <U1 u2 ... un> then if X=D*u and Y= *u there must be a production in G1 of the

form X =D <X1 X2 ... Xn and a production in G2 of the form Y =: <Y1 Y2 ... Yn> such that

Xi =*ui and Yi= *ui for each i. But by the definition of G1nG 2 this implies that the production

XnY = <X1lnY 1 rX2 lY2 ... Xn n > is in GIfG 2. Furthermore by the induction hypothesis

XinlY,= *ui for each i. Therefore XflY=*u and the induction argument is complete.

Finally since XfY=:*u just in case Xz=*u and Y=**u the language generated by XflY

under GifG 2 is exactly the intersection of the language generated by X under G1 with the

language generated by Y under G2.

Theorem 2.4, Lemma 3.1. and Theorem 3.3 now immediately imply the following corollary:

Corollary 3.5: For any consistent equational Boolean formula Q and any expression u, IUIQ is

a context free expression language.

For any two grammars G 1 and 02 the size of the grammar GIrfG 2 is proportional to the product of

the sizes of the grammars G1 and G2. However it seems reasonable to expect that for most pairs X, Y of

non-terminal symbols ofG 1 and G2 respectively the language generated by X and the language generated by

Y will be disjoint and therefore the language generated by XflY will be empty. A non-terminal symbol of a

grammar will be called coherent if the.language generated by that symbol is not empty. 11e coherent

fragment of a grammar G is defined to be the grammar resulting from removing all productions which contain

non-coherent non-tcnrinal symbols. 'lhe coherent fragment of a grammar can be computed in time

proportional to the size of that coherent fragment.

'Ihe fragment of GInG2 which is relevant to describing the language generated by xrlY can be

S"'" restricted even further. A non-terminal symbol Z will be said to be accessible from the non-terminal W if

iU
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there is a production whose left hand side is W and whose right hand side cofntains Z. or if there is a

no-tennninal V such that V is accessible from W and Z is accessible from V. For a given grammar ( the:

fragment of G accessible from W is the subset of productions of G which conuain only symbols accessible

from W. 'lhe fragment of G accessible from W can be computed in time proportional to the size of that

fragment. If one is interested in the language generated by XnY under GInG2 then one need only consider

the fragment ofGflnG2 which is accessible from XflY.
Of course the intersection of a large set of context free expression languages can be done by

iteratively applying the intersection algorithm implicit in the proof of Lemma 3.4. In the worst case the size of
the grammar can grow exponentially in the number of languages which are intersected. However it is
expected that such exponential growth will not usually arise since at each step one can restrict the grammar to

the coherent subset which is accessible from the non-terminal of interest.

The mechanisms that have been described so far can be extended to deal with conditional

expressions. For a given alphabet A of terminal symbols one can define a conditional expression to be either a

simple expression (a non-conditional expression) or an n-tuple (if P u1 u2> where P is an equational Boolean

formula and u1 and u2 are conditional expressions. As was mentioned earlier it is straightforward to give a

semantics for expressions and Boolean formulas. Such a semantics can be extended to a semantics of

conditional exprssions by defining the denotation of <if P Ul u2> to be the denotation of uI if P is true and to

be the denotation of u2 if P is false. Now for a conditional expression w and a Boolean formula Q, IwIQ is

defined to be the set of non-conditional expressions which equal w in all interpretations which make Q true.

This definition yields the following relation:

I<ifPuj u2> Q u1PAQ n lu2l(..P)AQ

Given the results of this section the above relation provides a way of computing a grammar

representing IwIQ for any conditional expression w and consistent Boolean formula Q. Note that since

elements of IWIQ must be non-conditional expressions IwIQ may be empty.
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4. SI M PI FICATION

A simplicity order on expressions is a partial order such that u is simpler than v just in case u is less

than v under that order. For the purposes of this section let - be an arbitrary congruence relation on

expressions and for any expression u let Jul~ denote the equivalence class of u under Z. Note that since the

simplicity order need not be total or well founded there need not be a unique simplest expression in Jul,.

The following definitions are important in discussing simplification under congruence relations.

Definitions: A simplicit, bound under ~ is an expression w such that there is no expression

in IwIl which is simpler than w. An expression w will be called simplified under ' just in

case it and all of its subexpressions are simplicity bounds under ~. A simplification of an

expression u under ~ is an expression in lul which is simplified under .

The main result of this section is that for any "well behaved" simplicity order and any consistent

-equational Boolean formula Q the set of simplifications of an expression u under =Q is a context free

expression language. However it is important to note that there are "pathological" simplicity orders for which

,, this result does not hold. In particular let Z denote the single equation (fa>=a. Clearly jail is the set of all

expressions of the form (In a>. Now suppose that the simplicity order was such that larger expressions were

always simpler than smaller expressions. Since the set Jail contains arbitrarily large expressions it would not

contain a simplicity bound. To eliminate this problem one might required that the simplicity order be well

founded, i.e. that there does not exist any sequence of ever simpler expressions. However even under this
restriction there are pathological orderings. Suppose for example that all expressions other than a are equally

simple and but simpler than a. In this case any expression of the form M"n a) (for n greater than 0) is a

simplicity bound for IaIM. However all expressions in Jail contain a which is not a simplicity bound and

therefore no expression in lalI is a simplification of a. The following definition establishes a class of

non-pathological or well behaved simplicity .orders. Note that well behaved orders need not be well founded.

Definition: A well behaved simplicity order on expressions is defined here as a partial order

on expressions satisfying the following conditions:

1) The order is pseudo-total, which means that there is a function L from expressions to a

totally ordered set such that u is simpler than v just in case lu)<(lv). Such a function L will

be called a totalizer for the simplicity order and L(u) will be called the simplification level of

u. Note that not all partial orders are pseudo-total, in particular consider an order and three
objects x, y, and z such that x is less than y but z is unordered with respect to both x and y. If

such an order were pseudo-total then since z and x arc unordered I.z) would have to equal

lAx). Similarly 1(z) would equal .(y). But then l.(x) would have to equal L.(y) which

: ": ' conflicts with the ordering between x and y.

.9.': . , - ..- . -, .. -.. .. - . - . - .. - . .. . . .. . . . . , - . . . -
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2) 7 he otr-r .wi:sfice' the fi'llsg monottounlcit, con:dition: A conic il is dclincd to he an

expresion with an "open skit" in it. For any expression w and any context C let (I-j he die

result of replacing the open slot of C with w. For example if C is the contcxl ( (rg a>- It)

then Cl(g )J is the expression (f(g a) (g b) ). 'Ihe monotonicity condition is thai for any

two expression u and v and any context C, if I tu)<l.(v) then I Clul)_5I CIvI) where I. is

any tolalizer for the simplicity order.

3) No expression is simpler t/ian one of its lbexpressions.

Conditions on simplicity orders, such as the monotonicity condition above, can often be most readily

expressed in terms of a totalizing function 1. Such conditions can always be thought of as direct conditions

on the simplicity order and therefore the truth of such conditions is independent of the choice of the totalizing

function. In the remainder of this section 1 will always denote a totalizer for the simplicity order.

The monotonicity condition on well behaved simplicity orders warrants some investigation. Fire it

is easily shown that the monotonicity condition implies that if 1(u) equals Ijv) then for any context C,

I-jquj) equals I.CqvD (if L(u)equals 1.v) then iL(cul)<L(qvl) and ICjvJ):ljqu)). Thus the level of an
expression is determined by the levels of its subexpressions. This implies that any well behaved simplicity

order can be characterized by a triple (D, LI, L2> where D is a totally ordered set of "simplicity levels". !.l is

a function from symbols to D, and L2 is a mapping from n-tuples of elements of D into D such that the

following relations hold:

s(a) = Ll(a) for symbols a

(<uI u2 ... Un>) = L2((LK uj) i(u 2) ... L(un)>)

Note that the above relations could be taken as a klefinition of 1. witerms of L1 and L2. The

condition that no expression is simpler than one of its subexpressions is equivalent to the following condition

on L2.

S1 2 ((l,(ul) 1(u2) ... L(un)>) 2 max(l(u 1) 1(u 2 ) ... I.(un))

Unfortunately the above conditions on well behaved simplicity orders arc not quite strong enough to

ensure that every expresion has a simplification. There are now two ways of ensuring this. Tie firs is to

require that the simplicity order be well founded. The second is to require that the congruence relation be

for some consistent Boolean formula Q. The next theorem establishes that the well foundedness

condition is sufrocient for arbitrary congruence relations.

Theom 4.1: For any well founded well behaved simplicity order and any congruence

relation every expression has a simplification.

.:: ~ .._-:.'-:.:.. ... ... .. . -. -* . --. . . ...- - .-- .- -... ;'



4. SItPLIFICATION -19- May 1983

Proof4 An expression w will be called "cleaner" than an expession u just in case the pair <lw) w>

is less than the pair <1 u) u> tinder a lexicographical ordering where the second componenis of the

pairs are compared under the subcxpression order. In other words w is cleaner than u just in case

(w) is less than IL(u) or L(w) equals L(u) but w is proper a subexpression of u. Since well bchaved

" simplicity orders are well founded the cleanliness ordering is also well founded, i.e. there are no

infinite chains of ever cleaner expressions.
The proof that a simplification always exists will be done by induction on cleanliness. For an

arbitrary expression u it is assumed that all expressions cleaner than u have simplifications. It is

sufficient to show that this implies that u has a simplification.

If there is an expression w in lulI which is simpler than u then w is cleaner than u and

therefore has a simplification which must also be a simplification of u. On the other hand suppose

that there is no expression in Jul. which is simpler than u (i.e. u is a simplicity bound). Because no

expression can be simpler than one of its subexpressions if v is a proper subexpression of u then
'L(v) l,(u) and therefore v must be cleaner than u. Thus by the induction hypothesis all

subexpressions of u have simplifications. Let w be the result of replacing all of the top level

subexpressions of u with simplifications of those expressions. By substitutivity w is in lulI and all

proper subexprssions of w are simplicity bounds. To show that w is a simplification of u it remains

''I only to show that w is a simplicity bound for IuI,. However since u is a simplicity bound and since

the monotonicity condition implies that L(w) l(u), w must also be a simplicity bound.

For a congruence closure ~Q of a consistent Boolean formulae Q the well foundedness condition

can be removed from the above theorem. The first step in establishing this result is to show that for any

consistent Boolean formula Q and expression u there is a grammar G which captures all of the information in

Q relevant to simplifying u. The precise conditions placed on the grammar G is defined below in terms of u

and =Q.

Definition: Let G be any normal grammar with maximal generator function I. The

grammar 0 will be said to cover an expression v just in case r(v) is a non-terminal symbol.

The grammar G will be said to approximate a congruence relation ~~ just in case IvlI equals

the language generated by F(v) for all expressions v which are covered by G.

lemma 4.2: For any consistent equational Boolean formula Q and any expression u there is a

normal grammar G which approximates ~Q and which covers u.

Proof- It was demonstrated in the previous section that if Q is consistent then there exists a finite

set {I 1 2 --- n} of finite sets of equations such that the relation ~Q equals the intersection of

the relations "~ " For each 1i there exists a normal grammar G i with maximal generator function

ri such that i equals '~y It can be assumed without loss of generality that each G i covers u.

MWI*.j ~ ~ ~ ? ..
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Now using the tchnique developed in thc proof of lemma 3.4 one can con,,ruct the grmnnar

GIfG 2 ...fn G such that the language generated b) each non-termitial XfX.I2...flX of
GIflG 2...fnGn is precisely the intersection of the languages generated by each Xi. From the

definition of this grammar given in the proof of lemma 3.4 it is casy to show that this grammiar is

normal. To show that this grammar approximates =Q let v he any expression Coered by

GflIG 2...rlG n. The non-terminal of GInG2...fnGn which generates % must be

rI(v)nr 2(v)...nrn(v) and the language generated by this is precisely the intersection of the sets

IvIi which is precisely IvlQ. Finally since u is covered by each G i the nonterminal

rF(U)nr 2(u)... nrn(u) generates u and thus u is covered by GlnG 2...rlGn.

It is interesting to note that a normal grammar G can approximate a congruence relation Z even if

is not finitely equational. In particular the relation Zr, where r is the maximal generator function of G.

need notbe the sameas -Q; if w is notcovered by G then iwl. r may be a proper subset of Iwl..
g.I

The following lemma tightens the relationship between a congruence relation ~ and a grammar G

which approximates it.

lemma 4.3: If a normal grammar G approximates a congruence relation Z and u is an

expression covered by G then the set of simplifications of u under = equals the set of

simplifications of u under ~r where r is the maximal generator function of G.

Proof First note that an expression covered by G is a simplicity bound under Z just in case it is a

simplicity bound under r.~" This is because if v is an expression covered by G then I, equals

Jvl . .Second note that if v is an expression covered by G then since G is normal (and therefore

one level) each subexpression of v must be generated by some non-terminal symbol of G.

Therefore each subexpression of an expression covered by G is covered by G. The above two

observations imply that an expression covered by G is simplified under = just in case it is

simplified under Zr.F" Finally note that every expression in lul. is covered by G since lul, is
precisely the set generated by the non-terminal symbol r(u). Thus the set of simplifications of u

under ~ consists of those expressions in luli- which are simplified under ZF i.e. the set of

simplifications of u under =r.

The following theorem finally establishes the desired result concerning the existence of

simplifications under consistent Boolean formulae.

Theorem 4.4: For any consistent loolean fonnula Q, any well behaved simplicity order, and

any expression u. u has a simplification under =Q1

Given lemmas 4.2 and 4.3 the above theorem follows from the following lemma:

q :,. . : - - . - . -, - . % + , . - . - . . .... . . + +. ..
I + . , ' , .,:,£,. , + - . - .. . . . .- .. . . . . . o + . . . .. . . . - ..
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I.emma 4.5: Iet hc any normal griimUr witih maximal generitor Iunctitn I'. I or an)

:, ..-,:, well hehaved simplicity order every cxpression cotcrcd b%. G Ims a simplification undcr r 1"

The above letrma will be shown by constructing an algorithm which takes a normal grammar and

assigns each non-terminal symbol X an expression s(X) which is simplified under F and which is generated

by X. llhen for any expression u covered by G, s(r(u)) is a simplification of u.

The procedure for constructing the assignment s is presented below. At each point in the

computation s is defined on a subset of non-terminal symbols. Such a partial assignment s can be extended

to expression forms of the form <a1 a 2 ... an> by setting s(<a 1 a 2 ... an>) equal to <s(al)s(a 2 ) ... an)>
Swhenever s(ai) is defined for each ai.

At each point in the computation there is also a queue of pairs <X, u) where X is a non-terminal

symbol and u is an expression over terminal symbols. Each pair <X, u> on this queue should be thought of as

a constraint on the value of s(X) which states that L(s(X)) must be less than or equal to l(u). This queue is

always sorted with respect to the terminal expressions such that for any two pairs X, u and Y, v on the
queue if u is simpler than v then the pair <X, u appears earlier on the queue than the pair (Y, v>. Thus if

(X, u is the pair at the head of the queue then u must be at least as simple as any other terminal expression

appearing in any other pair on the queue. The procedure maintains the following three invariants:

1) For each non-terminal X such that s(X) is defined, X generates s(X) under G.

2) For each pair <X, u> on the queue X generates u under G.

3) Let <X, u be die frst pair on the queue. For any non-terminal symbol Y if s(Y) is

defined then l.(s(Y))<L(u).

The procedure is given below, initially s is totally undefined.

1) For each production of the form X= a where a is a terminal symbol place the pair (X, a>

on the queue.

2) Take the first pair <X, u> off the queue. If s(X) is undefined do the following:

i) Set s(X) to u.

ii) For each production of The form Y= a such that X appears in a and s(a) is

defined, place the pair <Y, s(a)> on the queue.

3) If the queue is not empty go to 2)

"* ,'he algorithm terminates because there are only finitely many non-terminal symbols which can be
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.a%signed si lllilica(ions. The first two invariants arc that if' sX) is defincd then X generates siX) ;and it (.\. u>

* si a pair on the queue then X generates U. 'ese two in% alianti are easil, shown to he true in the iiitial sale

Sinke (he thnction s in initially totally undefined and every pair on die queue is (It the lirm <X. a where a is a

terminal symbol and X=*a is a production of G. Given that these invariants hold it can easily be shown that

no step of the procedure causes either invariant to be violated.

The final invariant is that for any non-terminal Y, if s(Y) is defined and <X, u> is the first pair on the

* queue then L(.sY))<i 4u). Because the queue is sorted if(X, u> is the first pair on the queue then I Uu) is the

" least simplicity level assigned any terminal expression on the queue. Thus the final invariant is equivalent to

the statement that whenever s(Y) is defined. s(Y) is at least as simple as any terminal expression on the queue.

'Ibis invariant holds trivially in the initial condition since the function s is totally undefined. Furthermore

simply removing a pair from the queue can never cause this invariant to be violated. The only times the

.* invariant might be violated is when siX) is defined for some X or when a pair <Z, w> is added to the queue.

Consider an execution of step 2) of the procedure in which a pair X, u> is removed from the queue

* and s(X) gets set to u. Let <Y. v> be the pair which is next on the queue when the pair <X, u> is removed.

Given that the invariant is already in force L(sZ)) must be less than or equal to l(u) for any non-terminal

symbol Z such that s(Z) was defined. Furthermore l(u) is less than or equal to L(v) and thus L(s(Z)) is less

than or equal to 14v) for any non-terminal symbol Z such that s(Z) was defined. Further since L(u) is less

* 0than or equal to I.(v), I.(s(X)) will be less than or equal to L(v) when s(X) is set to u. Ihus the removal of

(X, u> from the queue and the setting of s(X) to u does not violate the invariant.

Now consider the queueing of any pair of the form <Z, s(a)>. Let <Y, v> be the first pair on the

*:: queue before the pair (Z, s(a)) is added. For every non-terminal symbol W such that sI ' ;i +s defiw',4

. I.(.(W))<_l (v). Given this fact the monotonicity condition on the simplicity order can be uiv1 z show (via 3

simple induction on expression forms) that for any expression form a such that %(a) is defined IHs(a))<L(v).

Thus hen the pair <Z. s(a)' is queued L(s(a)) is less than or equal to l(v) so the simplicity level of the first

pair on the queue remains the same and the invariant is not violated.

It will now be shown that if X is any coherent non-terminal (i.e. the language generated by X is not

empty) then %(X) gets defined by the above procedure and that sX) is a simplicity bound under =l'" It is

sufficient to show by induction on expressions that if v is any expression covered by G then s(F(v)) gets

defined and il4sF(rv))):l.v). If v is a terminal symbol covered by G then the pair <(v), v> will be placed on

the queue in step 1) of the procedure. 'Ibis ensures that s(F(v)) will become defined and that

i.(sr(v)))<l.(v). Now supposc v is an expression covered by G which is of the form (vI v2 ... vn>. Since v is

covered by G each vi must also he covered by G and the production r(v)<l(vl) r(v2) ... r(vn)> must be a
production of G. Since each vi is covered by G the induction hypothesis implies that s(r(vi)) gets defined and

that I.( r(v,))) i (vi). Thus the monotonicity condition on the simplicity order implies that:

I i<s(Fvl1)) smrv2).. -((v))>)_51 .(<v I v2 ... vn>).

Now since the production r(v)--<r(v1 ) r(v2) ... ['(vn)) is in G and since gr(vi)) gets defined for

: . , , " ,," " ,," _? .' .? %.° '. . .. ,' -,Y .% ". % . -,, " ' "- 'i '* .. .. .-" -. ," .
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each vi the pair <l'(v)<sl'(v))s(l'(.2)) ... s(i'(%n))>)> gets placed on the queue. Thercfore sl(v)) gets

defined such that:

l(sr(v))) _ i.(<s(r(v I )) s(r(v2)) ... sr(vn))>)

Combining the above two relations we get:

l(sr(v)) < 1(v)

It has been shown that for each coherent non-terminal symbol X that s(X) gets defined and that s(X)
is a simplicity bound under Zr" Note that givcn the way pairs are placed on the queue and the way s(X) gets

assigned, if s(X) is not a terminal symbol then it can be written as <S(Y 1) s(Y2) ... S(Yn)> where each Yi is a

non-terminal symbol. Thus every subexpression of s(X) is also a simplicity bound and therefore s(X) is

simplified under Zr. This implies that for any expression v covered by G, s(F(v)) is a simplification of v.

In analyzing the running ime of this algorithm let IGI be the total size of the grammar G. For each

pair placed on the queue there is a particular production X=oa of G such that u is s(a). A given production

*i can be responsible for at most the queueing of one pair so that the number of pairs placed on the queue is

* order 1GI. The time required to queue and remove order IGI elements from a sorted queue (a priority queue)

is order IGIlog(IG) plus the time it takes to compute order IGjlog(ICj) comparisons. A given production

X==<X 1 X2 ... Xn> can be examined by part ii) of step 2) of the algorithm at most n times. Thus the total

time spent in part ii) of step 2 (ignoring queueing time) is order 1G. Thus the total time taken by the above

procedure is order [Gllog(flG) plus the time it takes to perform order IGIlog(IGI) comparisons between

expressions.

The next theorem provides a representation for the set of simplifications of an expression under the

congruence relation imposed by a normal grammar G. It turns out that the set of simplifications can be

described by a grammar which is a subset of the productions of G.

Lemma 4.6: For any well behaved simplicity order and normal grammar G with maximal

generator function r there is a subset G' of the productions of G such that for any expression

w the set of simplifications of w under ~r is the language generated by r(w) under G'.

Proof Without loss of generality it may be assumed that every non-terminal of G is coherent.

Thus for each non-terminal symbol X of G, I(X) can be defined to be the simplification level of

any simplicity bound generated by X, i.e. I(X) is the minimum simplicity level assigned any

expression generated by X. 'lie totalizer 1. can be represented as a triple <I) 1.1 12> as described

above. Given such a representation Ia) can be defined for an arbitrary expression form a via the
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tollowing relation:

14<0 1 02..- an>) = l.(l.(aI)l~a2 ) ... 1Aan>

The monotonicity condition on the simplicity order ensures that in gencral [(a) is the
minimum level assigned any expression generated by an expression form a.

Let U be that subset of the productions X=*a of G such that 1_4a) equals L(X). Now it will be
shown by induction on expressions that for any expression v covered by G, if r(v) generates v
undcr G' then 14Xv) equals lxr(v)). For any expression v covered by 0, r(v) equals some
non-terminal symbol X of G. If v is a constant symbol covered by 0 then if X generates v then the
production X=*v is in G' and by the definition of G' this implies L(v) equals L(X). If v is of the
form (vI v2 ..vn> and X generates v under 0' then there must be a production X= (Xl X2 ... Xn
of G' such that Xi__P*ifor each i and thus by the definition of 0' the following relations must

hold:

L(X) = L((X1 X2 *-. X)

= (<L(XI) L(X2) ... L(Xn)>)

and by the induction hypothesis:

= L2(<I~vl) 1-2 LAvn)>)

= L(v)

It will now be shown that for any expression form a, if a=* *v under 0' then 1(v) equals L(a).
This is done by induction on expression forms. If a is a terminal symbol then if a--D*v under G'

then a must equal v and the result is trivial. If a is a non-term inal symbol and a:= v under G'

then r(v) must equal a and the result follows from the above induction. If a is of the form

(a1 a2 ... an> then v must of the form <v1 v2 ..vn> where ai=::*vi for each ai. In this case the
result follows from the following relations:

L(a) = (a 2..a>

= 2 ((Laj,) [4a2 ) ... [(an)>)

and by the induction hypothesis:

= 1L2((lvv... "v)

S = 140)
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It follows from the above induction that if r(v)=D*v under G' then I(v) is the least Icel

S-assigned any expression generated by '(v) under G and therefore v is a simplicity bound tinder

It will now be show that if r(v)=**v under G then v is simplified under Zr l orm the

above observations it is sufficient to show that if r(v)=**v under G' and if v is of the form

<v1 v2 ... vn> then for each vi , r(vi)=**v i under G' The expression form r(v) is either a

non-terminal symbol or the n-tuple <r(vl) r(v 2) ... r(vn)> In the latter case r(vi)=:*v i for each

vi. In the former case since G is a one level grammar each vi must be generated under G' by some

non-terminal symbol of G, but the only non-terminal which could possibly generates vi under G' is

r(vi) and therefore r(vi)=* vi for each vi.

For any maximal expression form a the language generated by a under G is an equivalence

class of Furthermore it has been shown that if a=**v under G' then v is simplified under

Thus for any expression u the language generated by r(u) under G' is a subset of the

simplifications of u. It now remains only to show that every simplification of u is generated by r(u)

under G'.
It will be shown by induction on expressions that if v is an expression which is simplified under

then r(v)=D*v under G'. If v is a constant symbol which is simplified under ~~ then either

r(v) is v in which case the result is trivial or r(v) is a non-terminal symbol such that the production

-" F(v)=*v is in G. But since v is simplified under L(v) must equal L(r(v)) and thus the

production r(v)=*v is in G'. Now let v be a simplified expression of the form <vl v2 ... vn>. since

v is simplified so is each vi and therefore by the induction hypothesis for each vi, r(vi)=:*vi under

G'. Furthermore r(v) is either <r(vl) r(v2) ... r(vn)> or a non-terminal symbol X such that the

production X=.<r(v1 ) r(v 2) ... r(vn)> is in G. Thus it is sufficient to prove that in the case where

r(v) is a non-terminal symbol X the production X=D<r(vl) r(v2)... r(vn)> is in G', or equivalently

to prove that L(<r(v1) r(v 2) ... r(vn)>) equals L(X). However since v is simplified 1(X) equals
L(v) and furthermore since each vi is simplified L(r(vi)) equals L(vi). This implies the following

relations which establish the desired result:

l.(<r(v1 ) r(v2) ... r(vn)>)

= L2(<L(r(vl)) L(r(v2)) ... L(r(vn))>)

,4 = L2(<L(v ) L(v 2) ... L(vn)>)

= L(v)

t is = l(X)

', .:! ;It is important to note that the subset 0' of the productions of G can be computed in a

*.*..% ' .***i"** ... '- ~ II * -.. . . . . . - - - -9 - . *' -
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straighllrward way given an assignment s of simplified expressions to non-ernimal symbols such as tie one

produced in thc procedure described earlier. Specifically a production X=a is in G" just in case s(X) is not

simpler than s(a).

The following theorem has now been established:

Theorem 4.7: For any consistent equational Boolean formula Q, any expression u, and any

well behaved simplification order the set of simplifications of u under -~Q is a context free

expression language.

.I

.4.
Ik ' j ; " . . ' . . ' .. " . - , , • " . . " , ' . ' .-.- ' ' . ., .. ' - . - -" ... . . . . . , .
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5. CONCLUSIONS AND OPEN PROBLEMS

The notion of an expression is more general than the notion of first order term. Many different

logical formalisms consist at least in part of expressions in which the substitution of equals for cquals is valid.

Thus the concepts and algorithms discussed here can be used for valid inference in a wide variety of deductive

systems.

The relationship which has been established between finite sets of equations and context free

expression grammars may have applications beyond the deduction techniques and simplification algorithms

discussed here. For example consider unification under a finitely equational congruence relation. More

precisely let u and v be two expressions containing variables and let I be a finite set of equations between

ground expressions. For any substitution u and expression u let a(u) be the result of simultaneously

replacing each variable of u with its image under a. The unification problem for the finite set of equations 2

is to characterize the set of ground substitutions a such that o(u)=yo(v). An obvious first step in

approaching this problem is to consider a grammar 1 which represents I and consider substitutions over the

maximal expression forms of G (remember that each maximal expression form of G represents an

equivalence class under X). The details of a unification algorithm have not been worked out and it is not clear

what the complexity of this problem is. Another extension would be to develop a unification algorithm for
equational Boolean formulas (remember that for a Boolean formula Q, ~Q need not be finitely equational).

It is hoped that the material presented here will be applicable to various domains including program

verification, compiler optimization techniques, and deductive data bases.

-7
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