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intersection is used io derive an algorithm for computing a grammar for the equivalence class’

i of a given expression under any finite disjunction of finite sets of equations between ground

; expressions. This algorithm can also be used to derive a grammar representing the equivalence
class of conditional expressions of the form if P then u else v. The description of an equiva-

-7 lence class by a context free expression grammar can also be used to simplify expressions under

<. "well behaved" simplicity orders. Specifically if G is a context free expression grammar which

"' generates an equivalence class of expressions then for any well behaved simplicity order there
is a subset G' of the productions of G such that the expressions generated by G' are exactly

! those expressions of the equivalence class which are simplicity bounds and whose subterms are

E‘-}E also simplicity bounds. Furthermore G' can be computed from G in order nlog(n) time plus the

. time required to do order nlog(n) comparisons between expressions where n is the size G.
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§ ‘ Abstract;
’ It is shown here that the equivalence class of an expression under the congruence closure of any ‘
-‘ finite sct of equations between ground terms is a context free expression language. An expression is cither a |
- . symbol or an n-tuple of cxpressions; the difference between expressions and strings is that expressions have
) inherent phrase structure, The Downey, Sethi, and Tarjan algorithm for computing congruence closures can
f;; be used to convert a finitd sct of equations = to a context frec expression grammar G such that for any
{; expression u the equivalenck class of u under Z is preciscly the language gencrated by an expression form
2 I'(u) under the grammar G. The fact that context free expression languages are closed under intersection is
, ' used to derive an algorithm for computing a grammar for the equivalence class of a given expression under
q any finite disjunction of finite sets of cquations between ground expressions. This algorithm can also be used
- to derive a grammar representing the cquivalence class of conditional expressions of the form
if P then u else v. The description of an cquivalence class by a context free expression grammar can also be

uscd to simplify expressions under “wel behaved” simplicity orders. Specifically if G is a context free
expression grammar which generates an equivalence class of expressions then for any well behaved simplicity
order there is a subset G’ of the productions of G such that the expressions generated by G’ are exactly those
expressions of the equivalence class which are simplicity bounds and whose subterms are also simplicity

¥ A

b bounds. Furthermore G’ can be computed from G in order nlog(n) time plus the the time required to do
order nlog(n) comparisons betwcen expressions where n is the size G]\
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1. INTRODUCTION

‘There are scveral arcas in which it is important to be able to "solve™ for certain expressions. The
most familiar cxample is in applicd mathematics where onc is interested in “solving” a system of simultancous
cquations. A rclated problem is that of answering data base quecrics of the form "what is x?". In general one
is presented with a collection of terms, some mcthods for showing equivalences between terims. and the
problem of “solving for” or “'simplifying” some particular term.

One motivation for algorithms which solve for expressions arises from procedural attachment
Consider a data base consisting of a collection of first order sentences and suppose that the binary function
symbol + is intended to denote ordinary addition over the integers. Clearly it is possible to directly compute
the sum of two numerals and thus one can benefit from associating the function symbol 4 with such an
addition procedure (such procedural attachment in FOL is described by Weyhrauch [1]). However to apply
the addition procedure to a term such as +[f[x], flyl] one must solve for its subterms, in this casc f[x] and f[y}.
in terms of numeric constants. Thus the usefulness of procedures attached to function or predicate syinbols
can depend upon the ability to solve for expressions.

Another motivation for algorithms that §olve for expressions arises from Moore’s notion of a rigid
designator [2]. Moore addresses the philosophical question of when an individual (or a data basc) "knows”
the meaning of some term. For example when docs an individual "know" John's phone number. Moore
addresses this question by first defining a modal logic with a Kripke style semantics and then defining the
notion of a "rigid dcsignator” as a term, such as the numeral 2, which has the same mcaning in all possible
worlds. Moore then defines "knowing the mcaning of a term” such that a person knows the mcaning of the
tcrm phone#[John] just in case there is a rigid designator d such that the person can deduce that
phone # [John] equals d. The details of Moore's constructions are not important here other than to note that
he makes a distinction between terms which may denote different things in different worlds and rigid
designators which can not. Now consider a data basc consisting of sentences in Moore's logic and a question
of the form "what is phone #[John]?". Intuitively one should expect the system to cither answer "I don't
know", or to return a rigid designator such as the numeral 2537884, Thus the problem of answering a query
of the form "what is x?" can be reduced to the problem of "solving” for x in terms of a rigid dcsignator.

In general suppose that some set of symbols has been identified as "independent” (or rigid in
Moore’s sense) and all other symbols are considered “dependent”. The problem addressed here is that of
taking a finite sct of cqualities Z between ground terms and a particular term v and “solving™ for u in terms of
the independent symbols by performing substitutions of equals for equals. As an example consider the three
cquations a = f{fiffa]]]. b = fa) and ¢ = f[b] and supposc that the symbols f and ¢ arc taken to be
independent. [t is possible to solve for b in terms of f and c, specifically b = f[flc]]. As another example
consider the equations a = flb ¢}, b = gla ¢, and ¢ = flg[a c] c] where g and ¢ arc taken to be independent.
It follows from these equalitics that b = gfc c].

‘The only technique for showing cquivalences used by the procedures described here is the
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1. INFRODUCTION ' -2- May 1983

substitution of a ground expression for an cquivalent ground expression.  ‘The prohlem of solving for an
expression using substitution as the only, means of showing cquivalences may scem like a very special case of
the problem of solving for an expression using arbitrary technigues for showing equivalences. However the
substitution of cquals for equals can play an important role in cases where other techniques for showing
cquivalences arc also sound. For example consider a set of simultancous lincar cquations which can be
"solved” using some standard matrix inversion procedure. Stecle and Sussman [3] propose an aliernative to
the standard matrix inversion techniques which they call "constraint propagation”. Constraint propagation
can be more cfficient than matrix inversion when the mairix of cocfficients is sparse. Constraint propagation
also secms to modet the way people often solve scts of equations. In constraint propagation a set of cquations
is cxpanded to a larger sct by solving cach equation locally for cach variable appcaring in that cquation.
There is then a “propagation” phase based purely on the substitution of equals for cquals. This
"propagation” phase of the process could be handicd by the algorithms presented here. A more complete
discussion of the relationship between constraint propagation and substitution of equals for equals is given in
[4).

The problem of solving for an expression given a set of cqualitics between ground terms can be
usefully generalized in two ways. First instead of considering a set of equations one can consider an arbitrary
Boolcan formula built up from equalities between ground terms. For example the following Boolean formula
impilics the cquality {x)=1.

(x=aV x=bh A fla]=1A fib]=1

A sccond way the problem can be generalized is to consider simplification under some simplicity
order on terms.  Solving for an expression is just a special case of simplification. To sce this consider the
partial order on terms dcfined by making a term u "simpler” than a term v just in case v contains dependent
symbols whilc u does not. Under such a simplicity order solving for a given term is equivalent to
"simplifying” that term to an expression containing only independent symbols.

‘The importance of the more general problem of simplifying terms under a predefined simplicity

order can be seen by considering a sct of simultancous cquations in applicd mathematics. Numerals and

terms constructed purely from numerals and "known" function symbols such as + are in some sense simpler
than other terms. Often symbolic "constants” are used in applied mathematics and terms constructed purely
from numecric and symbolic constants arc in some sense simpler than terms which contain "variables”.
Variables arc sometimes divided into dependent and independent variables and terms which contain no
dependent variables are ip some sense simpler than terms which do not. Also the size (or some other measure
of complexity) can be an important factor ‘in'dclmmining a terms simplicity.

The ahove problems are approached here by establishing a relationship between equivalence classes
and context free expression grammars. A context free expression grammar is just like a context free string
grammar except that it describes a sct of expressions (terms) rather than a set of strings (it is important to notc
that an cxpiession is a tree and therefore has an inherent phrase structure while a string has no such
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structure). A finite set 2 of cqualitics between ground expressions induces a congruence relation on

expressions where two expressions are cangruent just in case they can be proven cqual from the equalities in

2. Such a congrucnce relation will be called a finitely cquational congruence relation. A finitely equational
congrucnce relation can be represented by a context free expression grammar. Given a finite set 2 of
cqualitics between expressions the congruence closure algorithm of Downey, Sethi, and Tarjan [$] can be used
1o construct a context free expression grammar G such that for any expression u the equivalence class of u is
the language gencrated by an expression form I'(u) under G. Furthermore G can be constructed from 2 in
order nlog(n) average time where n is the size of 2.
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Let u be an arbitrary expression and let Q be an arbitrary consistent Boolcan expression built up
from equalities and the standard Boolean connectives =, A, and V. Using the fact that context free
expression languages are closed under intersection it is possible to construct a context free expression
grammar G which generates the set of expressions which can proven equivalent to u given the formula Q.
This procedure can be used to compute a grammar for the class of simple expressions which are cquivalent to
a conditional expression of the form if Q then u else v.
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Finally a procedure is developed for simplifying cxpressions under an arbitrary well behaved
simplicity order. Let G be a grammar such that the equivalence class of an expression u is the language
gencerated by an expression form I'(u) under G. For any well behaved simplicity order there is a subsct G’ of
the productions of G such that the language generated by I'(u) under G’ is preciscly the sct of simplifications
of u. The subset G’ can be computed from G in order nlog(n) time plus the time required to do order nlog(n)

O comparisons between expressions where # is the size of G.
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It is hoped that the ability to represent finitely equational congruence relations with context free
expressions grammars will provide both a deeper understanding of such congruence relations and a more
flexible computational framework in which to perform deduction.
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2. EXPRESSIONS, EQUATIONS, AND GRAMMARS

R
"The algorithms described here work just as well on second order terms as on first order terms. Thus
cxpressions which are intended to denote functions or predicates are not handled any differently from
cxpressions denoting domain clements. In fact the algorithms described here do not depend on any “typing”
at all. This observation motivates the following definition of the set of all expressions over an alphabet A.
Definition:  An expression over an alphabet A is cither a symbol in 4 or an n-tuple
<ujuy..up of expressions over A.
This definition of an expression is similar to the definition of an s-expression in LISP. While all of
the algorithms described herc operate on expressions they work just as well when restricted to typed
cxpressions or first order terms.
Consider a st of equalitics = between expressions. If = was a set of cqualities between first order
terms then it would be clear what equalities follow from 2. However since expressions are in some sense
more general than first order terms an explicit definition of the set of equalities which are deducible from X is
given below (it is based on the standard deductive properties of equality). There is a simple semantics (which
will not be presented here) for expressions under which the following notion of "deducible” is both sound .
and complete. G
Definition: The set of equalitics deducible from a set of equalities Z, is the smallest sct which
contains = and which satisfics is the following deductive principles:
Reflexivity: For any expression u, u=u is deducible.
Symmetry. If u=v is deducible from Z then v=u is deducible from Z.
Transitivity:  1f both v=w and u=w arc deducible from Z then u=v is
deducible from 2.
Substitutivity: 1f the equalities u) = v} uy=Vv,, ... U =v, are all deducible
from Z then the equality <uj uy .. up>=<vy vy .. vy is deducible from Z.
The following defintitions and lemma 2.1 provide some basic concepts relating scts of equalitics to
cquivalence relations on expressions. While these notions may seem obvious and redundant they facilitate
precision in later sections.
Definitions: 1.et = be an cquivalence relation on expressions. The relation = will be said
to subsume an cquality u=v just in casc u is cquivalent to v under =<, i.c. just in casec u=Sv. ‘:':]

The relation = will be said to subsume a set of cqualities £ just in case it subsumes every

. o
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cquality in 2. ‘The relation =< is called a congruence relation just in case it is substitutive. i.c.

whenever the  equivalences U=V WRVae .o up =y hold, the equivalence
Py .

<0 Uy ... UKV V) L v also holds.

lemma 2.1: Congruence relations are deductively closed. i.e. if = is a congruence relation
and Z is a sct of equalities subsumed by = then any cquality deducible from 2 is also
subsumed by =,

‘The following definition provides another characterization of the set of equalitics deducible from a given set
z.

Definition: 'The congruence closure of a set of cqualities Z is the cquivalence relation =y
on expressions which subsumes exactly those cqualities which are deducible from Z, i.e.
u= v just in case the equality u=v is deducible from Z. The cquivalence class of an
expression u under the congruence closure of T is denoted |U|z- The congruence closure of
a finite set Z will be called a finitely equational congruence relation.

It is interesting to note that |uly, can be an infinite set cven when X is finite. For cxample if  is
{<fa>=a} then lalz includes all expressions of the form <f<f..<fa>..>>. The main result of this section
will be that |U|z can be described by a context free expression grammar as defined below.

Definition: Let A be an alphabet of terminal symbols and let N be a collection of
non-tcrminal symbols such that N is disjoint from A. A context free expression grammar
over A and N is a set of productions of the form X=>a where X is a non-terminal symbol
and a is an expression over A union N.

Expression grammars are véry much like string grammars. Each non-terminal symbol of an
expression grammar generates a set of expressions over the terminal alphabet in the samc way that cach
non-terminal of a context free string grammar generates a set of strings. For example the grammar consisting
of the productions A=>a and A=><f A> describes the sct of expressions of the form <f<f..<fa>..>>.

Let A be a sct of terminal symbols and N be a set of non-terminal symbols. Expressions over A

(expressions containing only terminal symbols) will be called terminal expressions (or simply cxpressions) and
will be denoted by the letters u, v, and w. Expressions over 4 union N will be called expression forms and will
be denoted by the greek ictters a, 8, and ¥. -For a given grammar G the relation =>* is defined on cxpression
forms as the smallest relation satisfying the following threc properties:
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: D Forany expression form a, a=>*a.

2) If X=>a is a production of G then X=*a.

¥
: 3) If a=*f then for any cxpression form Y] @ ..yy> containing  a,
o @y >Ny o By
Intuitively a=>*8 just in casc B can be derived from a by replacing some number of non-tcrminal
3 symbols in a by cxpressions which they generate. The language generated by an expression form a is defined
'; to be the set of terminal expressions u such that a=>*u,
) ‘The investigation of context free expression grammars is motivated by the existence of a relationship
between a certain class of such grammars and finitely equational congruence relations on expressions. The
: following definition identifics the relevant class of grammars.
-.' Definition: A context free expression grammar will be called normal if the following two
- conditions hold. First all productions are either of the form X=>a where a is a terminal
' symbol, or of the form X=>(Y1 Y2 Yn> where each Yi is a non-terminal symbol. Second
there are no two productions X=>a and Y=>8 such that X and Y are distinct non-terminals
but such that & and 8 are the same expression form.
It turns out that any normal grammar G represents a congruence relation on expressions. In general
; all expressions generated by a given expression form a will be equivalent under this relation. However not all
_: cxpression forms generate entire equivalence classes. In particular if a=>*f then the language gencrated by
y B may be only a proper subset of the language gencrated by a. It turns out that the expression forms which
. gencerate entire cquival.cnce classes are precisely the maximal expression forms where maximal is defined as
: below:
!
} Definition: An cxpression form a will be called maximal under an cxpression grammar G
just in case there is no expression form 8 other than a such that 8=>*« under G.
. Consider the cquivalence.class of the expression <g a> under the congruence closure of the cquation
<fad=a. The following normal grammar "represents” the congrucnce relation on cxpressions imposed by
" this equality (the first “production” below represents in the standard way the pair of productions A=>a and
‘ A=<F A)),
: A= a|<FA>
; F=1f
M
, The equivalence class of <g > under the equality <fa>=a is exactly the language generated by the
; cxpression form <g A> under the above grammar. Note that the expression forms A and <g A arc maximal
Y
.
T R B S T T, A U T P s gy T,
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L under this gramniar whnle the expression form <FA> s now,
) For any function T on expressions let = - denote the equivalence relation such that u= { Justin
case I'(u) equals F(v). Furtheimore for any cquivalence relation = on expressions and any expression v et
IV~ denote the equivalence class of v under =. The following theorem establishes the first half of the
: relationship between normal expression gramimnars and finitely equational congruence relations.
Lemma 2.2: 1.et G be any normal context free expression grammar. For cach cxpression u
; there exists a unique expression form I'(u) which is maximal under G and which generates u.
: Thus there exists a unique function T, called the maximal gencrator function of G. which
) maps cach expression u to the maximal expression I'(u) which generates u.  Furthermore

\ =r is a finitely equational congruence relation and for any cxpression u the language
generated by I'(u) is preciscly Iulzr

proof: The function I' is defined recursively via the following conditions:

1) For any terminal symbol a if there is a production of the form X=>a then I'(a) is X otherwise
I'(a)isa.

2) If u is of the form <uy uy .. u > then if there is a production of the form
. X=>(l‘(ul) I‘(uz) I‘(un)> then I'(u) equals X otherwise I'(u) cquals <l‘(u1) F(up) ... T(u .

Since the normality of a grammar cnsures that no two distinct productions have the same right
hand side, the above definition is well formed. Note that I'(u) can be computed in linear time in
the size of u (in general membership in a context free expression language can be determined in
linear time although this will not be proven here).

A simple induction on expressions can be used to show that for any expression u, I'(u)=>*u
(the details are left to the reader). It will now be shown by induction that for any expression u. I'(u)
is maximal. To sec this first note that in a normal grammar each non-terminal symbol is a maximal
expression form (the only way a non-terminal symbol X could fail to be maximal is if there was
some other non-terminal symbol Y such that Y=>X was a production of G, but this is not allowed
in normal grammars). Now if a is a icrminal symbol then either I'(a) is a non-terminal symbol

{which is a maximal cxpression form) or I'(a) is a. But if I'(a) is a then by the definition of T there ‘
can be no production of G whose right hand sidc is a in which casc a is a maximal cxpression form.

Now let u be of the form <ujuy .. un> and assume that for cach u;j, l‘(ui) is maximal. If'(u)is a

non-terminal symbol then it is maximal, on the other hand if T'(u) is not a non-terminal symbol }
then it is an n-tuple of maximal expression forms which is not the right hand side of any production

and is therefore maximal.

e The proof that for any expression v there is at most one maximal cxpression form which }

generates v is done by induction on v. FFor a terminal symbol a if there is no production of the form
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By \ =200 the gratmmar thea a is the unigue maximal expression form winich generates a. On the .
o other hand if there is a production of the form X=>a then since the grammar is normat there is only -

one such production and the non-terminal symbaol X is the unigue maximal expression form which

;‘: gencrates a. Now let v be an expression of the form <vy vy ... v> such that for cach v there is at
c N most one maximal cxpression form which generates v, Since T(v;) is maximal and generates v; it
the unigue such maximal expression form. Now there are two cases. ‘T'he first case occurs when

there is a non-terminal symbo} X such that X=>*v. Since the grammar is normal it must contain a
\ production of the form X=+<X; X, .. X > where cach X; is a non-terminal symbol such that
X;=>*v;. However since each non-tcrminal symbol is maximal, X; must cdual I'(vj) and therefore
the production X=><l‘(vi) I‘(vz) [‘(vn)) is in the grammar. This must hold for every

non-terminal symbol X which generates v, i.e. for each X which generates v the above production
3 :r:" must be in the grammar. However since there can be at most one production whose right hand side

"‘s is <l‘(vi) [’(vz) I‘(vn)> there can be at most one non-terminal symbol which gencrates v. Note

that in this case the expression form <F(vi) F(vz) F(vn)> is not maximal. The second case occurs
when there cxists a maximal expression form a which generates v but which is not a non-terminal
_‘ symbol, i.e. there exists an expression form a which generates v and is of the form <aj a5 ... ap>.

\ Since o is maximal each a; must also be maximal and since a generates v, a; must generate v; for
-;::: cach i. However since there is at most one maximal expression generating Vj, @; must be l"(vi) SO a

) must be <I‘(vi) l‘(vz) l‘(vn)>. Note that in this case <F(vi) [‘(vz) l‘(vn)> is maximal and a
therefore the first and second case can never occur at the same time. So cither there is a unique
non-terminal symbol which gencrates v or there is no such non-terminal and <T'(v;) I'(v,) ... l‘(vn)>
{ is the unique maximal expression which generates v.

i The relation = is substitutive, i.c. is a congruenie relation. To sce this let u be an expression
X, of the form <uj u5 ...u,> and let v be any expression of the form <vy vy ... v,> . It suffices to show
"_ that if F(ui) cquals I‘(vi) for each i, then l‘((ul uj ... un>) equals I‘((vl V9 e vn>). However this
~'f ~ follows dircctly from the definition of T,

— To cstablish that the language gencrated by I'(u) is precisely Iulzr first note that if v is in
1 lulzr. i.c. if T(v) cquals I'(u), then since T'(v)=>*v it must be the casc that F(u)=>*v. On the
other hand if F(u)=>*v then since there is at most one maximal expression form which generates v,
&;j:f; I'(u) cquals I'(v) and thercfore v is in |u|=r
Y. Finally it must be shown that the congruence relation defined by T is finitely cquational, i.c.

::.j that there is a finite set of equalities Z such that =r is the same as Ty A non-terminal symbol X
will be called coherent if the language generated by X is not empty. A production or expression
: form will be called cohcerent if it contains only coherent non-terminal symbols. Each coherent
~ non-terminal symbol X can be associated with some expression u(X) such that X=>*u(X). Now for
’::j cach coherent expression form a, u(a) is defined as the result of replacing cach non-terminal -‘;f]
symbol X by u(X); clearly a=>*u(a). Now lct Z be the sct of cquatitics of the form u(X)= u(a) .
]
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where X=>a is a coherent production of G. Now if u(X)=wa) is an cquality in X then \

gencerates both u(X) and ufa) under G. Thus if (X)) = u(a) is an cquality in ¥ then F(u(X)) equils

-3 lMu(a)) and therefore wW(X)= jula). Thus every equality in X is subsumed by = and since =
”‘ is a congruence relation every equality deducible from Z is therefore also subsumed by = It
\ remains only to show that every equality subsumed by = ris deducible from Z. ‘This is donc by
:j showing via a standard induction on expressions that for any expression v the cquality v=u(l'(v)) is
e deducible from Z (the details are left to the reader). Thus if the equality w=v is subsumed by = -
then since IN'(w) equals F'(v) and the cqualities v=u(I'(v)) and w =u(T'(w)) are both deducible from
:-Z \ Z. the cquality w=v is deducible from 2. ‘
The following lemma completes the relationship between normal grammars and finitely equational
b congruence relations by showing that every finitely equational congruence relation can be represented by a
_". normal grammar.
:‘i Lemma 2.3: For any finite set of cqualitics = there is a normal context free expression
grammar G with (-wximal generator function I' such that =p is the same as <.
Furthermore G can be computed from X in order nlog(n) average time where n is the total
3 size of Z. .
Y proof: Let D be the finite set of 'expressions contained in X either directly or as a subexpression of
. . some expression contained in Z. Downey, Tarjan, and Scthi [S} show how to construct a function F
:‘,',j on D such that for any two expressions u and v in D, F(u) equals F(v) just in case the equality u=v
:_:j follows from Z. Furthcrmore a tabular representation of the function F can be computed in
1' nlog(n) average time where n is the total size of Z. Such a function F can be translated into a
normal context frec expression grammar G in the following way: Each expression v in D is
':] associated with a non-terminal symbol X(v) such that for any two expression u and v in D, X(u)
,,: equals X{v) just in case F(u) equals F(v). Now for cach terminal symbol a in D we include the
:' production X(a)=>a and for cach expression v in D of the form <v v, ... v> we include the the
production X(v)=(X(vl) X(vz) X(vn)>. The grammar G can be computed from F in time
3 proportional to the total size of Z.
: § To show that G is normal it is sufficient to show that no two distinct productions have the same
]'. right hand side. Let u and v be two expressions in D such that the production corresponding to u
- has the same right hand side as the production corresponding to v. It is sufficicnt to prove that X(u)
=) must equal X(v) since then the production corresponding u would be the same as the production ‘
~. corresponding to v. Since the right hand sides of the productions corresponding to u and v are the 1
: same cither u and v arc both the same terminal symbol (in which case the result is trivial) or u is the |
form <u1 Uy ... Upd. v was of the form <Vl V) e vn>. and X(ui) cquals X(vi) for each i. However in :
J ._f."»'j. the latter case cach equality u;=v; would be deducible from Z and therefore by substitutivity the
3
-
‘ Y .

-------------
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cquality u=v would also be deducible from 2 and thus Xu) would cquial X(v).

It remains to show that = - is the same as =y where I' is the maximal generator function of
G. First note that if u=v is an cquality in 2 then u and v are in 1) and X(u) must equal X(v).
l-urthermore it is casily shown by induction that for any expression u, if u is in 1) then T'(u) equals
X(u). ‘thus if u=v is an cquality in 2 then T'(u) equals I'(v) and thus = subsumes 2.
Furthermore iemma 2.2 cnsures that = is a congruence relation and therefore subsumes any
cquality deducible from Z. It remains only to show that any cquality subsumed by :r is
deducible from Z. To show this first note that for each non-terminal symbol Y in G there is at lcast
one expression w in 1D such that Y cquals X(w). Thus each non-terminal symbol Y can be
associated with an expression u(Y) in D such that X(u(Y)) equals Y. Now for any expression form
a let u(a) be the result of replacing cach non-terminal symbol Y in a by u(Y). It can now be shown

by a standard induction that for any expression w the equality w=u(I'(w)) is deducible from Z (the
details arc Ieft to the rcader). Finally if an equality w=v is subsumed by = r then since I(w) ‘
cquals I'(v), and the two equalitics w=u(I'(w)) and v=u(I'(v)) are both dcducible from Z the o

cquality w =v can also be deduced from Z.

A sct of expressions 1. will be called a context free expression language if there is a context free
expression grammar G and a non-terminal symbol X of G such that L is the language generated X under G.

Now let G be any normal grammar and let I’ be the maximal generator function of G. Note that for any i
expression u, if T(u) is a non-terminal symbol of G then |u|=_.r is a context free expression language.

Furthcrmore if T'(u) is not a non-terminal symbol then one can simply construct a new grammar G° by adding
a new non-tcrminal symbol X and the production X==>T(u) so that |u|zr is the language generated by X

under G'. In cither case Iulzr is a context free expression language. These observations and the above

lemmas now yicld ..i. main result of this section:

Theorem 2.4 For any finite set of equations T and any expression u, Iul}: is a context free
expression language.

At this point it is useful to introduce another simple example. Consider the following three
cquations:

UL = a
dad> =b
K = ¢

These cquations correspond to the following normal grammar:
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A=>a|<EC

B=>bh|<FA>

C=c|<F®
F=f

Under this grammar F'(<g <f b>>) cquals <g C> and the cquivalence class of <g <f b>> cquals the sct
of expressions generated by <g C>. What expressions are therg, if any. which arc both equivalent to <g <fb>>
and contain only the symbols g, f and a? ‘The answer is the set of expressions generated by the expression
form <g C> under the following subsct of productions:

A=a|<FO
B=<FA>
C=><FBD

F=f

In general consider a division of the terminal symbols into "dependent” and “independent”
symbols. The following theorem provides a technique for solving for expressions in terms of independent

symbols.

’:: Theorem 2.5:  Let G a normal grammar with maximal generator function I', and let G’ be
- ’ that subset of the productions of G which do not contair any dependent symbols. For any
:: expression u the language generated by I'(u) under G’ is precisely the set of expressions

which are equivalent to u under = - and which do not contain any dependent symbols.

Proof:  Any expression generated by I'(u) under G’ contains no dependent symbols and is
equivalent to u under =, i.e. is a solution for u. On the other hand any solution v for u must be
equivalent to u and therefore must be generated by I'(u) under G. But in this case since v does not
contain any dependent symbols the derivation of v from I'(u) must not involve any productions
which contain dependent symbols. Thus v must be generated by I'(u) under G’ as well.
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|
3. BOOLEAN CONGRUENCE RELATIONS |

Now that a good representation has been developed for equivalence classes under finitely equational
congrucnce relations we turn our attention to Boolean congruence relations.  An equational Boolean formula
over an alphabet 4 is a formula which is built up from cqualitics between expressions over A using negations,
disjunctions. conjunctions, and implications in the standard way. The congruence closure of an equational
Boolcan formula Q is defined to be the congruence relation :Q on expressions such that u:Qv just in case
u=v is deducible from Q using the standard deduction rules for Boolcan connectives and the deduction rules
for cqualitics described carlier. For an arbitrary expression u the equivalence class of u under the congruence
closure of Q will be denoted by IuIQ. It will be shown in this section that |u|Q is cither the universal relation
or a context free expression language.

Let P be an cquational Boolean formula which is a conjunction up =vi A uy#v, A u3=vy.. of
cqualitics and ncgations of equalitics and let Z be the sct of equalitics which appcar in positive form in P.

Using the techniques described in the previous section one can compute a normal expression grammar G with

maximal gencrator function I' such that = is the same as =y. Now the conjunction P is satisfiable just in

case there is no negated equality u;#v; appearing in P such that the cquality w=v; is deducible frem Z, or

cquivalently such that I'(u;) equals T'(v;). If the conjunction is unsatisfiable then anything follows from P and

thus the congrucnce closure of P is the universal relation, If the conjunction P is satisfiable then the -
congruence closure of P is just the congruence closure of Z and for any expression u, fulp equals Jul 3 Wwhich
cquals the language gencrated by ['(u) under G.

Any cquational Boolcan formula can be converted to disjunctive normal form, i.c. is equivalent to a
disjunction of conjunctions of cqualitics and negations of cqualitics. I.ct Q any equational Boolean formula
and let P} V Py V..V P be a disjunctive normal form of Q where each P, is a conjunction of cqualitics and
negations of cqualities. An equality u=v follows from Q just in case it follows from cach P;. In other words
zo is the intersection of the zpi‘s. But by the above remarks the congruence closure of a given P is cither

the universal relation or the congruence closure of the positive equalitics in that conjunction. These remarks
lead to the following lemma:

Lemma 3.1:  The congrucnce closure of any cquational Boolean formula is cither the
universal relation or a finite intersection of finitely cquational congruence relations.

Given the above observations it is clear that one can decide whether an equality u=v follows from a
formula Q by first converting Q to disjunctive normal form and then sccing if u=v follows from cach

disjunct. However it is not clear that a mechanism which can solve for u under a set of cqualitics can be
extended to a mechanism for solving for u under an arbitrary equational Boolcan formula. What is needed is i
a goad characterization of the cquivalence class of u under Q. As a simple example consider the following
formula in which <f"a> is an abbreviation for an expression of the form <f <f..<fa>..>> where the symbol
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. appears n limgs.

o Par=a Vv < ad=a

The cquivalence class of a under this formula is the sct of expressions of the form <M 4> where niis a
multiple of 35. One approach to the problem of solving for expressions under a Boolean formula Q would be
to try to find a finitc sct of cqualities Z such that zQ was the same as =y. The following thcorem

- . - .
AN R R

demonstrates that this can not be done in general.

Theorem 3.2: ‘The interscction of two finitely equational congrucnce relations necd not be
finitely equational.

Pats s ae s

Proof'sketch: Consider the following pair of scts of equations:

Mol o S

21: {a = b}
- ) Zy: {Kfa> = a,<Ib> = b,<ga> = <gb>}
*" H 3 o~ L H Py M .
: The intersection of =z, and = 3, is the same as =Q where Q is the Boolcan formula:
X ® a=bV (fa>=a A<fb>=b A <ga>=<ghd)
The relation zQ is the same as the relation =y where I1 is the infinite sct of cqualitics of the
: form:
3
3
3 g <M ad) = <g<M b
¥ Now =y is finitely equational just in case there is a finite set of equalitics £ such that =qis
; the same as =y. If such a set Z cxists then if u=v is an equality in Z then = pv and thus the
¢
N cquality u=v must be deducible from I1. But an cquality is deducible from IT just in case it is
y deducible from some finite subset of IT and thus all of the equalities in Z must be deducible from a
; single finite subset of 1. Thus =nis finitcly equational just in case it is the congrucnce closure of
-: some finite subset of I1. However given the above definition of T1 no finite subsct of IT can imply
> all of the cqualitics in Il so =y is not finitely equational.

- 4

The above theorem says that there is a Boolean formula Q such that :'::Q is not finitcly cquational.

However it is still possible that for cach expression u there is a finite set of equalitics Z such that IuIQ cquals
|U|z (remember that there are infinitely many such cxpressions u).
1.et Q be an arbitrary cquational Boolcan formula. By L.emma 3.1 it is possible cither to determine -
o that the congruence closure of Q is the universal relation or to find a finite collection {Z) 2, ... 2} of finite

b '-'
¥
",
' 4
&
'I
”
‘%
y
.




-

» 3. BOOLFEAN CONGRUENCE, RELATIONS -14- May 1983

sets of equations such that the congruence closure of Q is the intersection of the congrucnce closures of the

D )l-l’s. ‘Thus for any cxpression u we have the following relation: 'f':ii
E |u|Q = |ulzlﬂ|u|22r1...|ulzn |
3 ~.: |
'?6 Furthermore for cach 2.- therc is a normal grammar Gi with an associated maximal generator

22 function T such that lulzi is the language generated by Ij(u) under G;. This implics that IuIQ is the i
intersection of a finite collection of context free expression languages. While it is well known that the |
5 intersection of two context free string languages need not be a context free language there are fundamental

differences between string languages and expression languages. Specifically expressions have a-priori phrase :
e structurc while strings do not. This difference is responsible for the fact that membership in a context free |
:-,_. expression language can be determined in lincar time (as was mentioned in the previous section) and it is also
3 “: responsible for the following theorem: |
X . |
b Theorem 3.3: ‘'The intersection of two context free expression languages is a context free

expression language.

f Proof:  An cxpression grammar will be called one level if every production is cither of the form

; X=>a where a is a tcrminal symbol or of the form X = <X1X2 Xn> where each Xi is a |

non-terminal symbol. (A normal grammar is a onc level grammar in which no two productions ::-]

oy have the same right hand side.) It is easy to show for any context frec expression language . there

:_:: is a onc level grammar G such that L is the language generated by a non-terminal symbol of G.

4.‘: Given these remarks Theorem 3.3 follows directly from the following Lemma.

37-; Lemma 3.4: For any two onc level expression grammars Gy and G, there cxists a grammar

:":: denoted as G;NG, such that for cach non-terminal X of G; and non-terminal Y of G,

{.:'L there exists a non-terminal of G; NG, denoted by XMY such that the language gencrated by

) XNY under GyNG, is the intersection of the languages generated by X and Y under G,

e and G, respectively.

L A

ljl-i:; Proof: Given Gy and G, define G;NG, to be the one level grammar mecting the following

i conditions:
‘E:a 1) The set of non-terminal symbols qf G NG, is the cross product of the non-terminal symbols of ;
N G and the non-terminal symbols of G,. In other words for cach non-terminal symbol X of G, |
:}2 A and non-terminal Y of G, there exists a non-terminal symbol of G;NG, which will be denoted j
L O here by XNY. ‘
N 1
"‘ 2) For cach terminal symbol a a production XNY = a is in G NG, just in case the production

:
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X = ais in Gy and the production Y => ais in G,.

3) A production of the form XNY = <X{NY, XzﬂYz w XpNY > is in GiNGy just in case the
production X = <X} X, ... X> is in G| and the production Y => <Y Y, ... Y > is in G,.

Let u be any expression over terminal symbols. It will first be shown by induction on u that if
XNY=>*u then X=>*u and Y=>"u. Ifuis a terminal symbol then this result follows directly from
the definition of GjNG,. If uis of the form <uj uy ... up> then if XNY=>*u then there must be a
production ofGlﬂGz of the form XNY = (X]f"IYl X20Y2 XnﬂYn> such that XiﬂYi=>‘ui
for cach i. By the definition of G;NG, this implies that the production X => <X} X, ... X > is in
G, and the production Y=<Y,Y;..Yisin G,. Furthermore by the induction hypothesis it
must be the case that X;=*u; and Y;=>*y, for cach i. Therefore it must be the case that X=>*u
and Y=>"u and the induction is complete.

Now it will be shown by induction on expressions that if X=>*u and Y=>*u then XNY=*u.
Again if u is a terminal symbol then the result follows directly from the definition of G 1”02- Ifu
is of the form <u, uj ... u,> then if X=>*u and Y=>"u there must be a production in Gy of the
form X => <X X5..X> and a production in G of the form Y =><Y, Y,.. YD such that
X;=>*u; and Y;=>"u; for each i. But by the definition of G 1MGj this implics that the production
XNY = <XNY; XyNY5 L X NY D ds in GlﬂGz. Furthermore by the induction hypothesis
X;NY;=>"*u, for each i. Thercfore XNY=> *u and the induction argument is complete.

Finally since XNY=>*u just in case X=>*u and Y=>*u the language gencrated by XNY
under G}NG, is exactly the intersection of the language gencrated by X under G; with the
language generated by Y under G,.

Theorem 2.4, Lemma 3.1, and Theorem 3.3 now immediately imply the following corollary:

Corollary 3.5: For any consistent equational Boolean formula Q and any expression u, IulQ is
a context free expression language.

For any two grammars G and G, the size of the grammar GNG,is proportional to the product of
the sizes of the grammars G and G,. However it scems reasonable to cxpect that for most pairs X, Y of
non-terminal symbols of G 1 and G, respectively the language generated by X and the language gencrated by
Y will be disjoint and therefore the language gencrated by XNY will be empty. A non-terminal symbol of a
grammar will be called coherent if the language generated by that symbol is not cmpty. The coherent
fragment of agrammar G is defined to be the grammar resulting from removing all productions which contain
non-coherent non-terminal symbols. ‘The coherent fragment of a grammar can be computed in time
proportional to the size of that coherent fragment.

'The fragment of G)NG, which is relevant to describing the language gencrated by XNY can be
restricted even further. A non-terminal symbol Z will be said to be accessible from the non-terminal W if

. e
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there is a production whose left hand side is W and whose right hand side contams Z. or if there is a

non-tenminal V such that V is accessible from W and 7 is accessible from V. For a given grammar G the

AN 1‘

tragment of G accessible from W is the subsct of productions of G which contin only symbols accessible

from W, ‘The fragment of G accessible from W can be computed in time 'proponiunal 1o the size of that

~

3 fragment. If one is interested in the language gencrated by XNY under G;NG, then one need only consider
; the fragment of GlﬂGz which is accessible from XNY.

' Of course the intersection of a large set of context free expression languages can be done by
; iteratively appfying the intersection algorithm implicit in the proof of Lemma 3.4. In the worst case the size of

the grammar can grow .exponcntially in the number of languages which are intersected. However it is

AT
b NV .

expected that such exponential growth will not usually arise since at cach step onc can restrict the grammar to
the coherent subset which is accessible from the non-terminal of interest.
The mechanisms that have been described so far can be extended to deal with conditional

X
3 expressions. For a given alphabet 4 of terminal symbols one can define a conditional expression to be either a
; simple expression (a non-conditional expression) or an n-tuple <if P uj uy> where P is an cquational Boolean
K. formula and u; and u, are conditional expressions. As was mentioned carlier it is straightforward to give a
g semantics for expressions and Boolean formulas. Such a semantics can be extended to a semantics of
< conditional exprussions by defining the denotation of <if P uy u,> to be the denotation of uy if P is true and to
.
L be the denotation of u, if P is false. Now for a conditional expression w and a Boolean formula Q, leQ is
g defined to be the set of non-conditional expressions which equal w in all interpretations which make Q true. =
3 his definition viclds the following relation:
“d
) Given the results of this section the above relation provides a way of computing a grammar
:_': representing |W|Q for any conditional expression w and consistent Boolean formula Q. Note that since
5 clements of IWIQ must be non-conditional expressions |w|Q may be empty.
o/
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4. SIMPLIFICATION

A simplicity order on expressions is a partial order such that u is simpler than v just in case u is less
than v under that order. For the purposes of this section let = be an arbitrary congruence relation on
expressions and for any expression u let Jul~ denote the equivalence class of u under =. Note that since the
simplicity order nced not be total or well founded there need not be a unique simplest expression in ful~.
‘The following definitions are important in discussing simplification under congruence relations.

Definitions: A simplicity bound under = is an expression w such that there is no expression
in |w|~ which is simpler than w. An expression w will be called simplified under = just in
casc it and all of its subexpressions are simplicity bounds under ==. A simplification of an
expression u under = is an expression in jul~ which is simplified under =.

The main result of this section is that for any "well behaved” simplicity order and any consistent
equational Boolean formula Q the set of simplifications of an expression u under zQ is a context free
expression language. However it is important to note that there are “pathological” simplicity orders for which
this result does not hold. In particular let Z denote the single equation <f a>=a. Clearly |a|y; is the set of all
expressions of the form <™ a>. Now suppose that the simplicity order was such that larger expressions were

_ always simpler than smaller expressions. Since the sct |a 3 contains arbitrarily large expressions it would not

‘ contain a simplicity bound. To eliminate this problem one might required that the simplicity order be well

founded, i.e. that there does not exist any sequence of ever simpler expressions. However even undcr this

restriction there are pathological orderings. Suppose for example that all expressions other than a are equally

sitnple and but simpler than a. In this case any expression of the form <f™a> (for n greater than 0) is a

simplicity bound for laly. However all expressions in |aly contain a which is not a simplicity bound and

therefore no expression in Ialz is a simplification of a. The following definition cstablishes a class of
non-pathological or well behaved simplicity orders. Note that well behaved orders need not be well founded,

Definition: A well behaved simplicity order on expressions is defined here as a partial order
on expressions satisfying the following conditions: ‘

1) The order is pseudo-total, which means that there is a function L from expressions to a
totally ordercd set such that u is simpler than v just in case [{u)X1{v). Such a function L will
be called a rotalizer for the simplicity order and L(u) will be called the simplification level of
u. Note that not all partial orders are pseudo-total, in particular consider an order and three
objects x, y, and z such that x is less than y but z is unordered with respect to both x and y. If
such an order were pscudo-total then since z and x are unordered 1.(z) would have to cqual
14x). Similarly 1.(z) would cqual 1{y). But then I1.(x) would have to cqual 1.(y) which

T conflicts with the ordering between x and y.
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4. SIMPLIFICATION -18- May 1983

2) The order satisfies the fullowing monotonicity condition; A conteat is defined to be an
cxpression with an “open slot™ in it. For any cxpression w and any context C let Clw] be the
result of replacing the open slt of C with w.  For example if C is the context <f<ga>-w
then CJ<g b)) is the expression <f <g 2> <g b b>. The monotonicity condition is that for any
two cxpression u and v and any context C, if 1 (u)<I{v) then L(Clu) <IACIv]) where L. is
any totalizer for the simplicity order. '

3) No expression is simpler than one of its subexpressions.

Conditions on simplicity orders, such as the monotonicity condition above, can often be most readily
cxpressed in terms of a totalizing function L. Such conditions can always be thought of as direct conditions
on the simplicity order and therefore the truth of such conditions is independcent of the choice of the totalizing
function. In the remainder of this section L. will always denote a totalizer for the simplicity order.

The monotonicity condition on well behaved simplicity orders warrants some investigation. First it
is casily shown that the monotonicity condition implics that if 1.(u) equals 1(v) then for any context C,
1.(Cu)) cquals 1.(CIv)) (if L(u) equals L(v) then L(Clu))<S1(CIv]) and L(CIv))SIAClu])). Thus the level of an
expression is determined by the levels of its subexpressions. This implies that any well behaved simplicity
order can be characterized by a triple <D, L;. Ly> where D is a totally ordered sct of "simplicity levels™. L. is
a function from symbols to D, and L, is a mapping from n-tuples of elements of D into D such that the
following relations hold:

L(a) = Ly(a) forsymbolsa
L‘(Ul U2 o un>) = lzz(<ulll) [,(Uz) ee L(Un)>)

Note that the above relations could be taken as a dcfinition of 1. in terms of Ly and L. The
condition that no expression is simpler than one of its subexpressions is equivalent to the following condition

on ‘Q
lq((l,(u]) L(uz) L(un))) 2 max( L(ul) L(uz) L(un))

Unfortunatcly the above conditions on well behaved simplicity orders arc not quite strong cnough to
ensurc that cvery expression has a simplification. There arc now two ways of cnsuring this. The first is to
requirc that the simplicity order be well founded. The second is to require that the congruence relation be
zo for some consistent Boolcan formula Q. The next thcorem cstablishes that the well foundedness
condition is sufficient for arbitrary congruence relations.

Theorem 4.1: For any well founded well behaved simplicity order and any congruence
rclation cvery expression has a simplification.
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, Proof: An expression w will be called "cleaner” than an cxpiussion u just in casc the pair <l q(w) w>
. ‘-‘ e is less than the pair <1 .(u) u> under a lexicographical ordering where the sccond components of the
o R pairs are compared under the subexpression order. In other words w is cleaner than u just in case
o 1(w) is less than 1 (u) or L(w) equals L(u) but w is proper a subexpression of u. Since well behaved
‘}4 simplicity orders are well founded the cleanliness ordering is also well founded. i.c. there are no
A infinite chains of ever cleancr expressions.
H ‘The proof that a simplification always cxists will be done by induction on cleanliness. For an
o arbitrary cxpression u it is assumed that all expressions cleaner than u have simplifications. It is
"é sufficient to show that this implies that u has a simplification.
If there is an cxpression w in |u|l~ which is simpler than u then w is cleancr than u and
'.fi therefore has a simplification which must also be a simplification of u. On the other hand suppose
‘, that there is no cxpression in Iulz which is simpler than u (i.c. u is a simplicity bound). Because no
3 expression can be simpler than one of its subexpressions if v is a proper subexpression of u then
‘; L(v)<I.(u) and thereforc v must be cleaner than u. Thus by the induction hypothesis all
o subexpressions of u have simplifications. Let w be the result of rcplacing all of the top level
- subexpressions of u with simplifications of those expressions. By substitutivity w is in |u|~ and all
" proper subexpressions of w are simplicity bounds. To show that w is a simplification of u it remains
'1 only to show that w is a simplicity bound for |u|~. However since u is a simplicity bound and since
:' ) the monotonicity condition implies that L{w)<<1.(u), w must also be a simplicity bound.
" ’ For a congruence closure zQ of a consistent Boolean formulac Q the well foundedness condition
Z_.:ﬁ can be removed from the above thcorem. The first step in cstablishing this result is to show that for any
4;3 consistent Boolean formula Q and expression u there is a grammar G which captures all of the information in
b Q relevant to simplifying u. The precise conditions placed on the grammar G is defined below in terms of u
3 and =qQ
) Definition: 1et G be any normal grammar with maximal generator function I'. The
2 grammar G will be said to cover an expression v just in case I'(v) is a non-terminal symbol.
- The grammar G will be said to approximate a congruence relation = just in case [v|~ equals
5'} the language gencrated by I'(v) for all expressions v which are covered by G.
% !
-’. ' lemma 4.2: For any consistent equational Boolcan formula Q and any expression u there is a
f_” normal grammar G which approximates zQ and which covers u.
,X," .
:i Proof: It was demonstrated in the previous section that if Q is consistent then there exists a finite
1‘2 set { 21 2y.. 2.} of finite scts of equations such that the relation :Q cquals the intersection of
)
. the relations zzi. For cach Z, there cxists a normal grammar G; with maximal generator function
\{ 5:.:'/ I; such that = r; cquals = z; It can be assumed without loss of generality that cach G, covers u.
A i
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2]
E': Now using the technique developed in the proof of Iemma 3.4 onc can construct the gramnmar
3 GNG,..NG, such that the language generated by cach non-terminal X;NX5..OX of
GNG,..NG,, is precisely the intersection of the languages gencrated by cach X;. From the
§ definition of this grammar given in the proof of lemma 3.4 it is casy to show that this grammur is
‘ normal. To show that this grammar approximatcs zQ let v be any expression covered by
; GNG,..NG,,. The non-terminal of GyNG,..NG, which generates v must be
[‘l(v)ﬂl‘z(v)...ﬂl"n(v.) and the language gencrated by this is preciscly the intersection of the sets
: lvlzi which is preciscly |VlQ. Finally since u is covered by cach G; the nonterminal
['J(WNT5(u)..NT(u) generates u and thus u is covered by GjNG,..NG,,
' It is intcresting to note that a normal grammar G can approximate a congruence relation =T even if
= is not finitcly equational. In particular the relation =y, where I is the maximal gencrator function of G,
. neced not be the same as zQ; if w is not covered by G then |w|zr may be a proper subset of jw|~.
I ¢ .
. The following lemma tightens the relationship between a congruence relation = and a grammar G
g which approximates it.
b
3 lemma 4.3: If a normal grammar G approximates a congruence relation = and u is an
2 expression covered by G then the sct of simplifications of u under == cquals the set of -
simplifications of u under = - where I is the maximal gencrator function of G. 5
' i Proof. First note that an expression covered by G is a simplicity bound under = just in case it is a
" simplicity bound under ==. This is because if v is an expression covered by G then |v] equals
Mz r Sccond note that if v is an e'xprcssion covered by G then since G is normal (and thercfore i
one level) each subexpression of v must be generated by some non-terminal symbot of G.
A Therefore cach subexpression of-an expression covered by G is covered by G. The above two
2 obscrvations imply ‘that an cxpression covered by G is simplified under = just in case it is
. simplificd under = . Finally note that every expression in jul~ is covered by G since |u|~ is
P preciscly the set gencrated by the non-terminal symbol I'(u). Thus the set of simplifications of u
4 ur}dcr == consists of those expressions in Iulzr which are simplified under =, ie. the set of
simplifications of u under =p.
\ The following theorem finally establishes the desired result concerning the existence of
:' simplifications under consistent Boolcan formulae. .
3
Theorem 4.4 For any consistent Boolean formula Q. any well behaved simplicity order, and
: any cxpression u, u has a simplification under ::Q.
? Given lemmas 4.2 and 4.3 the above theorem follows from the following lemma:
1
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4. SIMPLIFICATTION -2- May 1983

Lemma 4.5: Lot G be any normal grammar with maximal geacrator function . For any

well behaved simplicity order every expression covered by G has a simplification under =

The above lemma will be shown by constructing an algorithm which takes a normal grammar and
assigns cach non-terminal symbol X an expression s(X) which is simplificd under =r and which is generated
by X. Then for any expression u covered by G, s(T(u)) is a simplification of u.

The procedure for constructing the assignment s is presented below. At cach point in the
computation s is defined on a subsct of non-tcrminal symbols.  Such a partial assignment s can be extended
10 cxpression forms of the form {aj ay..ap > by sctting s(Kay ay ... an>) cqual to (s(al)s(az)... sla, P>
whenever s(ai) is defined for cach a;.

At cach point in the computation there is also a queuc of pairs <X, u> where X is a non-terminal
symbol and u is an expression over terminal symbols. Each pair <X, u> on this quecue should be thought of as
a constraint on the value of s(X) which states that [.(s(X)) must be less than or equal to [.(u). This quecue is
always sorted with respect to the terminal cxpressions such that for any two pairs <X, u> and <Y, v> on the
qucue if u is simpler than v then the pair <X, u> appcars carlier on the qucue than the pair <Y, v>. Thus if
<X, w> is the pair at the head of the qucue then u must be at least as simple as any other terminal expression
appearing in any other pair on the queue. The procedure maintains the following three invariants:

1) For each non-terminal X such that s(X) is defined, X generates s(X) under G.
2) For each pair <X, u> on the queuc X gencrates u under G.

3) Let <X, u> be the frst pair on the queue. For any non-terminal symbol Y if s(Y) is
defined then 1(s(Y))<L.(u).

The procedure is given below, initially s is totally undefined.

1) For each production of the form X=s2a where a is a terminal symbol place the pair <X, a>
on the queue. ‘

2) Take the first pair <X, u> off the queue. If s(X) is undcfined do the following:
i) Set s(X) to u.

ii) For each production of the form Y=>a such that X appcars in a and s(a) is
defined, place the pair <Y, s(a)> on the queue.

3) If the queuce is not empty go to 2)

'The algorithm terminates because there arc only ﬁnitcly many non-terminal symbals which can be

-------

v - . .t -
- -y Wa ¥ a Vo A . St e T AT T AN N T e e . - I R A T T




582,

LAIRLA

'R

P I L %s
a8 s .8 a8 n -

- St

4. SIMPLIFICATION . -22- May 1983

assigned siplifications. “The first two invariants are that if s(X) is defined then X generates S(X) and if <\, ud
is a paur on the queue then X generates U, These two invariants are casily shown to be true in the initial state
since the function s ininitially totally undefined and cvery pair on the queuc is of the form <X, a> where ais a
terminal symbol and X=>a is a production of G. Given that these invariants hold it can casily be shown that
no step of the procedure causces cither invariant to be violated.

‘The final invariant is that for any non-terminal Y, if s(Y) is defined and <X, u) is the first pair on the
queuc then 1(s(Y))<I{u). Because the queue is sorted if <X, u> is the first pair on the queuc then 1 (u) is the
Icast simplicity level assigned any terminal expression on the qucue. Thus the final invariant is equivalent to
the statement that whenever s(Y) is defined. s(Y) is at lcast as simple as any terminal expression on the queuc.
This invariant holds trivially in the initial condition since the function s is totally undcfined. Furthermore
simply removing a pair from the queue can never cause this invariant to be violated. The only times the
invariant might be violated is when s(X) is defined for some X or when a pair <Z, w> is added to the queue.

Consider an execution of step 2) of the procedure in which a pair <X, u> is removed from the qucue
and s(X) gets set to u. Let <Y, v> be the pair which is next on the qucue when the pair <X, u> is removed.
Given that the invariant is alrcady in force L(S(Z)) must be less than or equal to 1.(u) for any non-terminal
symbol 7 such that s(Z) was dcfined. Furthermore 1.(u) is less than or equal to [.(v) and thus 1.(s(7Z)) is less
than or cqual to 1(v) for any non-terminal symbol Z such that s(7) was defined. Further since 1.(u) is less
than or cqual to 1(v), 1(s(X)) will be less than or equal to 1.(v) when s(X) is set to u. Thus the removal of
<X, w> from the queuce and the setting of s(X) to u does not violate the invariant.

Now consider the queucing of any pair of the form <Z, s{a)>. l.et <Y, v> be the first pair on the
queuc before the pair <Z, s(a)> is added. For cvery non-terminal symbol W such that s(sv¥ is defiped
[ ((W)LI (v). Given this fact the monotonicity condition on the simplicity order can be used o show (viz 3
simple induction on expression forms) that for any expression form a such that s(ar) is defined 1 4s(a))<I(v).
Thus when the pair <Z, s( a»' is queued I.(s(a)) is less than or cqual to 1.{v) so the simplicity level of the first
pair on the gueue remains the same and the invariant is not violated.

It will now be shown that if X is any coherent non-terminal (i.c. the language gencrated by X is not
cmpty) then s(X) gets defined by the above procedure and that s(X) is a simplicity bound under = Itis
sufficient to show by induction on cxpressions that if v is any cxpression covered by G then s(I'(v)) gets
defined and LA(T(v)))<1Lv). If v is a terminal symbol covered by G then the pair <I(v), v> will be placed on
the quecuc in step 1) of the procedure. ‘This cnsures that s(I'(v)) will become defined and that
LT (v <I(v). Now suppose v is an expression covered by G which is of the form V) V9o V2. Since v is
covered by G cach v; must also be covered by G and the production '(v)=><T( V1) l‘(vz) l‘(vn)> must be a
production of G. Since cach v;is covered by G the induction hypothesis implics that s(F'( vj) gets defined and
that § (o I'(vi)))SI Av). ‘T'hus the monotonicity condition on the simplicity order implies that:

l,(<s(l'(v1)) S(l'(vz)) s(l‘(»n))>)5l.((vl V) V)

Now since the production T'(v)=><I(v P (v 3) l‘(vn)) is in G and since s(I'( vi)) gets defined for
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4. SINPLIFICATION - -23- May 1983

cach v; the pair <P(v) <ST(v)) s(1'(v5)) ... (F(v ))> gets placed on the queuc. Therefore s(F(v)) gets
defined such that:

L(T(v))) £ LESTv ) S(T(v)) ... (T (v )P)

Combining the above two relations we get:
L(S(T'(v)) L 1Av)

It has been shown that for each coherent non-terminal symbol X that s(X) gets defined and that s(X)
is a simplicity bound under zr. Note that given the way pairs are placed on the queue and the way s(X) gets
assigned, if s(X) is not a terminal symbol then it can be written as <s(Y1) s(Yz) s(Yn)> where cach Yi is a
non-tcrminal symbol. Thus cvery subexpression of s(X) is also a simplicity bound and therefore s(X) is
simplificd under = . This implics that for any cxpression v covered by G, s(T'(v)) is a simplification of v.

In analyzing the running time of this algorithm let |G| be the total size of the grammar G. For each
pair placed on the queue there is a particular production X=>a of G such that u is s(a). A given production
can be responsible for at most the queueing of one pair so that the number of pairs placed on the queue is
order |G|. The time required to queue and remove order |G| clements from a sorted queue (a priority queue)
is order |G|log(JG|) plus the time it takes to compute order |Gllog(lG|) comparisons. A given production
X=><X X5 ... X;;> can be examined by part ii) of step 2) of the algorithm at most n times. Thus the total
time spent in part ii) of step 2 (ignoring queucing time) is order |G]. Thus the total time taken by the above
procedure is order [Gllog(lGl) plus the time it takes to perform order |Gllog(|G|) comparisons between
expressions.

The next theorem provides a representation for the sct of simplifications of an expression under the
congruence relation imposed by a normal grammar G. It turns out that the set of simplifications can be
described by a grammar which is a subset of the productions of G.

Lemma 4.6: For any well bchaved simplicity order and normal grammar G with maximal
generator function I there is a subsct G of the productions of G such that for any expression
w the set of simplifications of w under =ris the language generated by I'(w) under G'.

Proof:  Without loss of gencrality it may be assumed that cevery non-terminal of G is cohcrent.
Thus for cach non-terminal symbol X of G, [(X) can be defined to be the simpiiﬁcalion level of
any simplicity bound generated by X, i.e. [(X) is the minimum simplicity level assigned any
expression generated by X. ‘The totalizer 1. can be represented as a triple <) l‘l l’2> as described
above. Given such a representation | (a) can be defined for an arbitrary cxpression form a via the

........................................
....................
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4. SIMPLIFICATION -U- May 1983

following relation:
li(ﬂl az an>) = Iz(\l (al) l(az) l(an)))

‘The monotonicity condition on the simplicity order ensurcs that in general 1(a) is the
minimum level assigned any expression generated by an expression form a.

et G’ be that subsct of the productions X=>a of G such that L(a) cquals L(X). Now it will be
shown by induction on expressions that for any expression v covered by G, if I'(v) generates v
under G’ then L(v) equals 1(I'(v)). For any expression v covered by G, I'(v) equals some
non-terminal symbol X of G. If v is a constant symbol covered by G then if X generates v then the
production X=>v is in G’ and by the definition of G’ this implics L(v) equals [.(X). If v is of the
form <vy v ... v,> and X generates v under G' then there must be a production X=><X; X, ... X)>
of G’ such that X;=>*v; for cach i and thus by the definition of G’ the following relations must
hold:

LX) = LX) Xy .. X2)
= Ly«LX ) L(Xy) ... LX)
and by the induction hypothesis:
= Ly(<IAvy) LUvy) .. LV ))
= 1)

It will now be shown that for any expression form a. if a=>"*v under G’ then L(v) equals L(a).
This is done by induction on expression forms. If a is a terminal symbol then if a=>*v under G’
then a must equal v and the result is trivial. If « is a non-terminal symbo! and a=%*v under G’
then T(v) must equal a and the result follows from the above induction. If a is of the form
{aj ajy..ap> then v must of the form <vj v ..v;> where a="*v; for each a;. In this casc the
result follows from the following relations:

L(a)

L((al ay .. an>)

Ly(Kl{ay) I “2) L(an)>)

and by the induction hypothesis:

l.z‘(ll(\l) I‘Vz) e l.(Vn)))

14v)
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;j?f It follows from the above induction that if T(v)=>*v under G’ then 1(v) is the least level
: N ) assigned any expression generated by T'(v) under G and therefore v is a simplicity bound under
) ' =r It will now be show that if [(v)=>*v under G’ then v is simplified under =r FForm the
above observations it is sufficicnt to show that if F'(v)=>*v under G’ and if v is of the form
<vy V..V then for cach vi, T(v;)=>*v, under G. The expression form T(v) is cither a
¢ non-terminal symbol or the n-tuple <I'(vy) ['(v,) ... F(vy)>. In the later case I'(v;)=>*v, for cach
Ny vi- In the former case since G is a onc level grammar each v must be generated under G’ by some
" non-tcrminal symbol of G, but the only non-terminal which could possibly generates v; under G'is

l‘(vi) and therefore [(v))=>"*v; for cach v;.

For any maximal expression form a the language gencrated by a under G is an cquivalence
class of =p. Furthermore it has been shown that if a=>*v under G’ then v is simplified under !
. =r- Thus for any expression u the language gencrated by I'(u) under G’ is a subset of the |
::J simplifications of u. It now remains only to show that every simplification of u is generated by I'(u) |
: under G'.

- It will be shown by induction on expressions that if v is an expression which is simplified under

= then I'(v)=>*v under G". If v is a constant symbol which is simplified under = then either

o

['(v) is v in which case the result is trivial or ['(v) is a non-terminal symbol such that the production

LD B
s-daf-dad

I(v)=>v is in G. But since v is simplified under =r L(v) must equal L(I'(v)) and thus the

- ba

e

production I'(v)=>v is in G". Now let v be a simplified expression of the form <V} vy ... V>, since
v is simplified so is each v; and therefore by the induction hypothesis for each v, l‘(vi)=> "‘vi under

4

E production X=><T'(v{) I'(v9) ... ['(v))> is in G. Thus it is sufficient to prove that in the case where
L_f_: I'(v) is a non-terminal symbol X the production X=><I'(v L I‘(v2) - F(vp)>isin G’, or cquivalently
i to prove that L((l’(vl) l‘(vz) F(vn)>) equals L(X). However since v is simplified 1.(X) cquals
X L{v) and furthermore since cach v; is simplified IJ(I‘(vi)) equals L(v;). This implics the following
':i relations which establish the desired result:

-~

. LT(v) T(vy) ... [(v,)?)

2 = Ly(<L(T(vp)) LUT(v9) .. LT(v)P)

<4

;..‘

o = l/z((L(Vl) L(Vz) e L(Vn)>)

-

) = L)

ey

] = LX)

L

-
. e
-
.
-
4
i
o
-

G’. Furthermore I'(v) is either (I‘(vl) I‘(vz) I‘(vn)> or a non-terminal symbol X such that the

It is important to notc that the subset G’ of the productions of G can be computed in a
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straightforward way given an assignment s of simplificd expressions to non-terminal symbols such as the one
praduced in the procedure described carlicr. Specifically a production X=>a is in G just in case s(X) 1s not
simpler than (a).

‘The following thcorem has now been cstablished:

Theorem 4.7: For any consistent equational Boolcan formula Q, any expression u, and any
well behaved simplification order the set of simplifications of u under zQ is a context free
expression language.
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5. CONCLUSIONS AND OPEN PROBLEMS

The notion of an expression is more general than the notion of first order term. Many different
logical formalisms consist at least in part of expressions in which the substitution of equals for cquals is valid.
‘Thus the concepts and algorithms discussed here can be used for valid inference in a wide varicty of deductive
systems.

The relationship which has been established between finite sets of cquations and context free
expression grammars may have applications beyond the deduction techniques and simplification algorithms
discussed here. For example consider unification under a finitely equational congruence relation. More
preciscly let u and v be two expressions containing variables and let £ be a finite set of equations between
ground expressions. For any substitution ¢ and expression u let o(u) be the result of simultancously
replacing each variable of u with its image under o. The unification problem for the finite set of cquations Z
is to characterize the set of ground substitutions ¢ such that o(u)~ }:0(")- An obvious first step in
approaching this problem is to consider a grammar G which represents Z and consider substitutions over the
maximal expression forms of G (remember that each maximal expression form of G represents an
equivalence class under Z). The details of a unification algorithm have not been worked out and it is not clear
what the complexity of this problem is. Another extension would be to develop a unification algorithm for
cquational Boolean formulas (rcmember that for a Boolean formuta Q, :::Q need not be finitely cquational).

It is hoped that the material presented here will be applicable to various domains including program
verification, compiler optimization techniques, and deductive data bases.
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