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SMOOTHNESS OF BOUNDED SOLUTIONS OF NONLINEAR EVOLUTION EQUATIONS

Jack K. Hale and JUrgen Scheurle

Abstract

It is shown, that in many cases globally defined, bounded solutions
of evolution equations are as smooth (in time) as the corresponding operator,
even if a general solution of the initial-value problem is much less smooth;
i.e., initial values for bounded solutions are selected in such a way that
optimal smoothness is attained. In particular, solutions which bifurcate
from certain steady states such as periodic orbits, almost-periodic orbits
and also homo- and heteroclinic orbits have this property. As examples a
neutral functional differential equation, a slightly damped non-linear wave
equation, and a heat equation are considered. In the latter case the space

variable is included into the discussion of smoothness.

Finally, generalized Hopf bifurcation in infinite dimensions is con-
this docnment diStasseS

sidered. Here we diseuss-smoothness of the bifurcation function and generalize

known results on the order of a focus.
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1. Introduction |
Many applications involve initial value problems which can be written %
as an abstract evolution equation of the form g% = f(u) together with an
initial condition u(to) = u,, where f maps some Banach space E into
itself, and Uy € E. It is well-known that locally there is a unique solution
of this problem, if f is defined and Lipschitz continuous in an open
neighborhood of uy- Furthermore, this solution is as smooth as f. In
particular, it is analytic in t, if f is analytic (see Dieudonné [1960]).

Unfortunately, in many applications, the domain of f does not contain any

open subset; e.g., in case of a partial differential equation, the domain of
f could be a subset of smooth functions in some space. of continuous functions.
In this case, the smoothness of solutions can depend on the initial value in o

a very sensitive way.

On the other hand, many problems have some kind of invariant sets for
the flow induced by the evolution equation, which are attractors for the

nearby flow. In this case, one is interested in the solutions on the attrac-

tors rather than in the approaching solutions. Thus, the natural question

arises if, in general, at least the solutions on the attractors are as smooth
as f (cf., Hale, Magalhles and Oliva [1983]).
In this paper, we try to give a partial answer to this question. In

several applications, the attractors corresponding to an evolution equation

fill & very thin subset in the underlying space E (see e.g., Mafié [1981]),

i.e., the initial values for solutions on the attractors are residual. However,

|
21
|

if the attractors are bounded, then these solutions are distinguished by being

defined and bounded over all of R. In what follows, we thereforc consider
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bounded solutions on R rather than initial value problems. Of course,
there are lots of results available which guarantee smoothness of solutions
provided the initial data are chosen appropriately, in particular, the well-
known Cauchy-Kowalevski Theorem for partial differential equations (see
also Ebihara [1978], [1979], and [1982]). But the point is, that we do not
a-priori know whether the initial data corresponding to bounded solutions
satisfy these conditions. Also, we include smoothness with respect to
parameters into our discussion,

Our results are more or less of a local type. The main result gives
a positive answer to the question raised above in a neighborhood of certain
steady state solutions of nonlinear evolution equations. The linearized
equation is supposed to generate a kind of semi-group which is a slight
generalization of a continuous semi-group. Roughly speaking, we shall prove
that solutions which stay in some neighborhood of the steady state for all
t, are as smooth as the equation. This result is of particular interest at
bifurcation points, since the neighborhood can be chosen uniformly with
respect to small perturbations. Thus bifurcating solutions such as periodic
orbits, almost periodic orbits and also homo- and heteroclinic orbits are
included. In a sense, this is a supplement‘to center-manifold theory which
is one of the tools used to prove existence for such solutions. Since, in
general, center-manifolds are neither analytic nor C”. even if the equation
is, the use of center-manifolds does not give an adequate answer to the
smoothness question.

In Section 2 we prove some preliminaries. Here we consider equations

which have a unique bounded solution on R (in the non-linear case locally).




We show that this solution is as smooth as the equation, in time as well as
with respect to certain parameters. Section 3 contains the main results.
Finally, Section 4 is devoted to applications and examples. Our main ex-
ample is a slightly damped, non-linear wave equation near a critical steady
state, where the linearized operator has a simple zero eigenvalue. Here
the theory applies to transient wave solutions.

We also consider a non-linear heat equation near a critical steady state.
Altﬁough, in this case, most solutions are known to be smooth in time, in the !
analytic case, bounded solutions turn out to have the additional property that
they are analytic in both the time and the space variable. For a class of
neutral functional differential equations, we prove a global smoothness result -
for bounded solutions which generalizes a Theorem of Nussbaum [1973].

Finally, we discuss bifurcation of periodic solutions from a focus j
(Hopf bifurcation) in infinite dimensions. Here a particular problem is
smoothness of the bifurcation function. Especially, the unknown frequency y
which is introduced as a parameter, causes a lot of trouble. Nevertheless,
it turns out that the Ck—case (k < @) can be done under a fairly general
hypothesis. Here we generalize results of Crandall and Rabinowitz [1977]

(cf. also,; Neves [1982]). But as far as the order of the focus is con-

cerned, it is of interest to know analyticity of the bifurcation function ‘

t
i
(see Chow and Hale [1982]). To prove this we need to assume an analyticity : i
condition for the flow generated by the linearized equation. But our con- § }

ditions are much more general than, e.g., in Kielhtfer [1979].
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2. Preliminaries i

Let E be a Banach space, and A : D(A) € E + E a linear, closed )
operator (D(A) not necessarily dense in E). Assume that the 'exponential'’
e?5 is defined for s > 0, i.e., e? isa family of bounded linear

operators on E, which is strongly continuous and has the following property:

-A(s,*s,) -AS, -As
i) e 172 =@ le 2, sl.sz>o.

Also, we assume that there are constants ¢ > 0, b > 0, and a € [0,1) such : l
!
|

!

that

-bs i
) el <= —|Ix}l,  x €k . ;

] e

Moreover, for x € D(A), suppose e Mx e (),

(111) e x-x|| + 0 as s 0,

. —————————— - ..

and the derivative 3% e'“x exists in the norm-topology of E, where

iv) asl; e A%y o LaeASy o _oMSax.
Finally, let :
) 0€ p(A), : ;
where p denotes the resolvent set of A. Because of the decay property (ii), .
this last condition is not very restrictive. Observe, in the usual sense,
c'A’ is not a continuous semi-group on E, since coi\tinu:lty is only re-
quired for x € D(A).
O o F <
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A very simple example for A is the differential operator
A= - 3% +b, b>0, in the space E = C0[0,°°] = {u: [0,) *R|u is uni-
formly continuous and bounded} equipped with the sup-norm, with domain
of definition D(A) = {u € E|u is differentiable and g—:e E}. Here the

'bsu(x+s) for u € E. In fact, a

exponential is defined by e ASux) = e
large number of differential operators together with appropriate boundary
conditions and also some functional differential operators have these prop-
erties. For more examples, we refer to Section 4 and to the literature:

Friedman [1969), Kato [1966), KielhBfer [1974]), Hale [1977], Henry [1981].

Now, consider the equation

(2.1) %‘tl - -Au + £(t)

where f is some function with values in E. Here and in what follows, by
solution we mean a C1 function u: R + E with values in D(A) such that
the corresponding equation is satisfied for all t, i.e., a "classical solu-
tion”. Note that (2.1) has at most one solution which is uniformly bounded
for all t €R. In fact, if there were two different, bounded solutions,
then the homogeneous equation :—: - Au = 0 would have a non-trivial bounded
solution u. But with u(t) also u(s+t) is a solution of this equation
for all s € R and, as in the case of a continuous semi-group (see e.g.,
Kato [1966]), for initial data from D(A) the corresponding Cauchy problem
has a unique solution given by the action of e‘As. Therefore, we would

have u(s+t) = e'A’u(t) which, by (ii), and the boundedness of u, implies

u =0 which is a contradiction.

-
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Next we solve (2.1) for a class of analytic functions f. More pre-

cisely, we assume that f can be continued holomorphically to some complex
strip

Dg = {t €C| mm¢| <8, &> o0}
Set

Cs = {u: Dg > Efu is continuous, bounded, and holomorphic in Dg}s

and introduce the nomm

[(Hullf = sup_ [luced(].
t€Dy

Here 5; denotes the closure of DG‘ Since the limit of a sequence of con-
tinuous (holomorphic) functions which converges uniformly on compact sub-
sets of the domain of the functions, is again continuous (holomorphic), C6
equipped with this norm is a Banach space. Of course, if E is real, then
it has to be replaced by its complexification in the definition of Cs-

In this case, it is reasonable to require that u(t) is real if t s,
for u € Cs- But, for simplicity, we do not change notation. The natural
complexifications of the operators A and e"At are also denoted by the
same symbols. Note, that properties (i) - (iv) carry over to the com-
plexifications.

Now, define

(2.2) SE) = re“’f(t-s)ds. £ EC,
0 .

2.1 Lemma. The integral operator / defined by (2.2) is bounded in Cg
T for f € Cc, u(t) -’!?(t) is the unique solution of equation (2.1).
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Proof: Since

e-bs
el < o SZaslilelll,
S

the integral in (2.2) converges absolutely and uniformly for t € 3;: Thus,

we conclude that 4£T € C6 and the operator ,(: C6 > C6 is bounded.

It remains to show that u =_ff solves (2.1). We already know that
u is continuously differentiable in DG (even in the complex sense). So
we still have to show u € D(A) and (2.1) is satisfied. The proof pro-
ceeds in three steps.

First we show, for x € E and r < t € R, the integral f: e
is contained in D(A), and

t
(2.3) Af eAt-8) ) 4w x o TAE-T),
b o

holds. Indeed, by (ii) the integral exists, and by (iv) we have

: e-A(t-s)A-lx - e'A(t‘s)x for s < t. Therefore,

Aeyl  -A(ter) -1

t-€
f e‘A(F's)x ds = ¢ "TA 'x

T

for each € > 0. Letting € - 0 and using (iii) the claim follows.

Next we prove, for x € D(Az)

+

(2.4) fle™ . Ix+ -Ax as om0t

Here I denotes the identity operator. Using formula (2.3) with r =0

and t = h, and the closedness of A we conclude

e e e s i

-A(t-s)y g5

e A s
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-Ao
e

%-[e'Ah - Ilx = - %! Axdo.

0

Observe, e Max is a continuous function of o in [0,2). Hence, as
h + 0°, the right-hand side tends to the value of -e “Ax at o = 0 which,
by (iii), is just -Ax. Thus, (2.4) is proved.

Now we are ready to finish the proof. Fix any t € DG’ Since u = _ff
is continuously differentiable at t, we can use any sequence of difference
quotients to approximate %%(t). Suppose h > 0, and uh(t) = i—[u(toh) ~
u(t)]. We consider A'zuh(t) rather than u (t). By definition and some

elementary algebraic manipulations, we have

A‘zuh(t) . %(e-”‘ - DA %)

h
(2.5) . -:;-A-ZI e Meie)do
0

h
. %A-zf e Mg(teh-0) - £(t)]do.
0

Here, by (2.4), the first term on the right-hand side tends %o -M'zu(t)
as h~» 0*. Since A-z is bounded on E, the second term can be rewritten
as %Ih e'MA'zf(t)do which, by continuity of the integrand, tends to
A'zf(t)? The third term, finally, can be estimated by

h _-bo
(2.6) cf °‘ do - .su II:—f(t)H.

0o |t-t]<h
where ¢ 1is some positive constant. Here we use the mean-value theorem to
estimate ||f(t+h-0) - £(t)||. Evaluating the integral and observing the

continuity of the derivative %—:— in DG’ we see that the expression in (2.6)

W et L

e
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tends to 0 as h -+ 0°. But A‘zuh(t) + A2 %“t-(t). Hence, from (2.5),

we conclude

<2 du

) = -M'zu(t) + A'zf(t).

A
This implies, u € D(A) and (2.1) is satisfied. Thus the lemma is proved.

2.2 Remarks. (a) Obviously, / is also bounded considered as an operator
in the space Co( RR,E) or even in L™ R,E) equipped with the sup-norm.
Its norm is the same as in CG‘ For a general f € L“( R,E), u =}f can
be considered as a 'mild' solution of (2.1).

-At

If e is a continuous semi-group, then the function u(t) is said

to be a mild solution of (2.1) if

t
u(t) = e'“uo . f e At gy,
0

1£f u, € D(A) and f is continuously differentiable, it is known that
u(t) 1is a classical solution. Furthermore, if f is sufficiently smooth
and 'uo belongs to the domain of some power of A, then u is Ck (see,
e.g., Segal [1963]). The argument in the proof of Lemma 2.1 shows that /f
is Ck and is the unique solution of (2.1) bounded for all t, if f and
its derivatives up to order k .:re bounded for all t (k > 1). Thus, the
initial value up * f; e’”f(s)ds for the unique bounded solution is sel-
ected in such a way that the solution is as smooth as f,

(b) Lemma 2.1 remains true if, instead of A, the operator -A satis-
fies (1) - (v), and the integral in the definition of ‘I is replaced by

the integral from 0 to -w,

- ke o e e e
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As an immediate consequence of the linear theory, we get some results

on non-linear problems, Let us now consider the equation

(2.7) & o s FOLU)

where A is as above, and F 1is defined and holomorphic in a (complex)
neighborhood U of (0,0) € A x E and takes values in CG' Here A is
another Banach space, and X € A is considered to be a parameter. For
example, F may be given by F(A,u) = f(t,\,u), where f: Bz'x AXE-E {
is holomorphic. A map between complex Banach spaces is called holomorphic,
if it is locally bounded and Gateaux-differentiable (see Hille-Phillips
; [1959]).
Let us assume that F is uniformly bounded on U. Then, by Remark

f 2.2(a), as far as solutions in U are concerned, (2.7) is equivalent to

the integral equation

(2.8) u = _fF(A,u).

Furthermore, in analogy to the linear case, a solution u of (2.8) which

is contained in Lw( R,E), will be called a 'mild' solution of (2.7).

|
|

2.3 Llemma. Llet F: Uc A xXE~» C6 be holomorphic and uniformly bounded by _
o

some constant M, such that M-||[f||| < r/2, where r is the radious of

L some ball B_= BA(0) x BE(0) with B cu. Then, for each 1 € F(0), !
| C
, =6
4 equation (2.7) possesses a solution in Br/z(O). The solution is unique, {
% even in the class of mild solutions, and depends holomorphically on A. |
) Proof: According to the discussion above, it suffices to consider equation F
T (2.8). Let us introduce the map T: A x C6 -+ CG' given by f
i




[y

BNEF & o -m’whﬁ.g\_‘jn;,g %

{ mmﬁ%‘ﬁ"*"fﬁ'-“:.‘“' =

2.4 Remarks. (a) It is clear from the proof, that Lemma 2.3 is still true

-11-

(Au(t)) » /[F(A.u(t))(t)], whosg fixed points we seek. By assumption,
for fixed 1, it maps the ball ir‘/sz(m into itself. Moreover, it is
contracting in this ball. This follows with the aid of Cauchy's integral
formula, which shows that DuP().,u) is bounded by 2M/r for u € if /2(0).
Thus, the existence part in the lemma follows by the contraction mapping
principle. Furthermore, the map T is holomorphic in Br(0,0) clAx CG.
In fact, again by Cauchy's integral formula, the derivative DF(X,u) is
uniformly continuous (the second derivative is bounded) on each ball
Er—e cA xE, ¢ >0. This guarantees that T is differentiable in the
norm of A x CG’ But now it is a general statement that the fixed points
of a holomorphic family of contraction mappings with uniform contraction con- \
stant, are holomorphic functions of the parameter (see Chow and Hale [1982,
p. 25]).
So it remains to prove uniqueness in the class of mild solutions. To
this end we notice that T(A,*) also defines a contraction mapping in the
ball B ,,(0) of L"(R,E). Hence, there is at most one fixed point in ;

this ball. Thus the lemma is proved. 0o

for mild solutions, when the space C6 is replaced by c°( R,E) or
L"( R,E).

(b) If the exponential o As

is holomorphic in some sector
I={s €¢€| |arg s|< 8, 8 > 0}, then the assumptions on F in Lesma 2.3

can be weakened somewhat. Because of the smoothing effect of such exponen-

tials, then it makes sense to replace assumption (ii) by

- e ——
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-bs]
(vi) llAye-Asxll S'fET?:;- ||x]] for all x €E,
s

where A is any fractional power of A such that a + y <1 (cf. Kielhofer
(1974]). This implies that the operator £ defined in (2.2) is bounded

from C6 to the Banach space
cy = {u€cdut) €D, Au(r) €C, vt €T

equipped with the norm |||u|1|Y-|||u||| + {11AYu||{. Here we use the

closedness of AY. As a consequence, F can have domain in A x C} and

range in CG.

(c) Also, if e A i holomorphic in T, then for real s, e S 4

a holomorphic function of a in some complex neighborhood of o = 1 and

hypotheses (i) - (v) are valid uniformly in a. So, '}a: C6 -+ C6 defined by
(2.9) LE) = f e S ¢(e-5)ds
0

is a holomorphic function of o and has a uniform bound. Consequently,

there is a result similar to Lemma 2.3 for the equation

(2.10) $ « -aku + Fa,\u),
where, in particular, the solution is also holomorphic in a. This fact is
very important in the theory of Hopf bifurcations, and we will come back to

it in Section 4.
Unfortunately, it is not true under our original more general hypotheses.

Indeed, for A = - Zg" b in the above example, ‘g:f(t) is defined by

——
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AL (x) = !” e'ab’f(t-s)(x¢as)ds, x € [0,»).
0

Now, suppose that f € C6 has the form f(t)(x) = g(t+x), where g is a

2r-periodic function of one complex variable such that

I ¥ - =
k-

holds for its derivatives. We then claim, that 'g;f(O)(O) is not analytic

in a at a = 1. A simple example for g is
T _-26j
g(2) = ¥ e “%cos jz.
j=0

To prove the claim, write

LE0)© = Ln&h,

vwhere

h(A) = re"’“g(xo)do.
0

The formal Tsylor series of h at A = 0 is easily computed to be

« (k)

By assumption, its radius of convergence is zero. Thus the claim follows,
since by elementary rules, analyticity of ,{;f(O)(O) at o =1 would
imply analyticity of h at A = 0,

On the other hand),}zf(t) is certainly a C -function of a in this

example. In fact, this is true in the general context - even in the non-

-

st ioih oo

- ———
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linear case -, when f(t) is of class ¢”. This is a consequence of the

following lemma.

Let Cg( R,E) be the subspace of uniformly continuous functions in
Co( R,E). It is easily seen that the operator /a: Cg( R,E) » Cg(R,E)
given by (2.9) is point-wise continuous in o and uniformly bounded for a

in some neighborhood of 1.

2.5 Lemma. Let F(a,\,u)(t): Bn;(l) x Bﬁ(O) x 85(0) xR+ E be of class
Ck (k > 0), where A is finite-dimensional now, and r < 1. Suppose that

all derivatives are bounded and that the kth derivative is continuous,

uniformly with respect to u and t. Furthermore, suppose that the bound

M of F satisfies M < r/2|||£]||, and that F is Lipschitz continuous

with respect to u with uniform constant smaller than 2M/r. Then, for all

(a,A) g B’;(l) x BQ(OI. equation (2.10) has a unique {mild) solution

u € 35/2(0), and the function u(a,A)(t) is of class Ck; the kth deriva- '

tive of u 1is continuous unifornly with respect to t.

Proof: As in case of Lemma 2.3, the existence and uniqueness part follows :
by the contraction mapping principle. Indeed, using the above properties '
of f agd the assumptions on F, we find that the map 19, ﬂk(l) x BA(O) x
p7a C r r :
=u =u
Br/2 +> Br/Z(o) defined by (a,A,u) »/('l[l-‘(a,x.u)] is continuous and a i
uniform contraction with respéct to u(t). Thus, for each a and 12,
the unique fixed point u(a,A) of 1‘0 is a mild solution of (2.10). It ‘
is a uniformly continuous function of t and depends continuously on a )

and A. When k = 0, this proves the lemma.

Now, suppose k = 1. Then the derivatives Dxu(a.l), Dtu(c,J\), and

Dau(a,x) can be determined as fixed points of operators
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: B« sho) xan.me) 2, m B,

o

% B) x 8h0) xF(R.O(RE) ~ BRI (RE,

[-

o

3 5':(1) x nﬁ(m x 4 m,cg(R.E)) +@(R,C (R,E)),

[

where @(V,W) denotes the space of linear bounded operators between Banach

spaces V and W equipped with the uniform norm topology. Taking deriva-

tives of the identity u(a,A)(t) -1Jka,l,u(a,l))(t), we find the Tk

(k = 1,2,3) to be given by
T (@,0,m1 = £ [0,F(@,1,u(a,A))% + D F(a,A,ul,)N], X €A,

(@, 0% = £,[D,F@.3,u(@,00) () + DF@Au(@,1))M), TER,
and
T @,,K08 = £ [- é F(a,A,u(0,0))d + DF(3,),u(a,1))d

+ Dul-‘(a.x,u(a.l))x&] + a €ER,
/&[Dul"(a.A.U(a.x))Dtu(a.A) (t)a + DtF(a.x.u(a.A))(t)El.
where f!: (R,E) » O(RE) 15 given by
1 -aAs
&f(t) - ;E a® £f(t-s)ds.
For T3, we have used the representation

1 -As 1
}af(t) = a—ro e f(t - ?)ds.

since e A s not supposed to be differentiable in s. Note, that ‘!;
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| has similar properties as a;a. Thus, we conclude that the mappings Tk are
continuous. Here we use the assumptions on F and, since ’{! and ’ta
are only point-wise continuous in a, the fact that 1i,t, and & belong to
finite-dimensional spaces. In case of Ts. it is assumed that Dtu(a,x)(t) €
K7 R,Cg( R,E)) depends continuously on a and X which has to be shown
first. Furthermore, the uniform Lipschitz continuity of F implies
IIDuFam,A,u)II < 2M/r. Therefore, each TX is a uniform contraction with
respect to its third argument,
Thus, as in case of To, we conclude the existence of unique fixed
points N, M and K, respectively, which depend continuously on a and
' A. It is not very hard to show that these fixed points are actually the
derivatives Dxu(a,k), Dtu(a.k)(t). and Dau(a.A) (cf. Chow and Hale [1982,
pr- 25]). But this proves the lemma for k = 1.
Now it should be clear how to proceed for any k < « by induction.

Since this induction is straight-forward, it is left to the reader. o

_.f 2.6 Remark. In A and t, the function u in Lemma 2.5 is that smooth

i even when the dimension of A is infinite. In ) alone, it is Ck even
when the smoothness assumption on the kth derivative of F is weakened to
continuity plus uniform continuity with respect to u and t in )X and u
only. As far as smoothness of u in a, A, and t is concerned, the lemma
is still true for infinite dimensional A, provided one considers direc-

"4 tional derivatives with respect to ) rather than Frechét derivatives.

R ,
| N
\ |
]
: s
- et o — e —————a
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3. Main Results

In this section, we consider a system of autonomous equations

dx
rra Bx + u(A,x,y)

(3.1)

dy . .
at Ay + V(A:X»Y)-

Here the variables x and y run in (complex) Banach spaces F and E,
respectively, and, as before, A € A is considered as a parameter. We as-
sume that A has the same properties as in Section 2, and that B is a
bounded, linear operator in the space F. The functions u and v are
supposed to be bounded and holomorphic from some neighborhood V of
(0,0,0) E AxFxE to F and E, respectively. (If u and v are
given as real analytic maps, then we consider holomorphic extensions (cf.
Hille and Phillips [1969]). Moreover, the bound of v is supposed to
be less than /2||| ||| in some ball B_ = Br(0) x Br(0) x BE(0) = V.
We shall show that each solution of (3.1) which is defined for real
t and contained in the ball Br/Z has a holomorphic continuation into

some complex domain Dd‘ Firét we note some simple lemmas.

3.1 Lenma. The map ¥: A x CO(R,F) x E+ CO(R,E) given by (A, x,y)(t) =

v(A,x(t),y) _is holomorphic in the ba1l B_ = BA(0) x B (0) x BE(0). More-

over, it is strictly bounded by r/2|||f]|].

Proof: By Cauchy's integral formula, Dv is bounded and uniformly continu-
ous (Dzv is bounded) on each ball i;-e’ € > 0. This implies differenti-
ability of V¥ in the norm-topology of Co( R,E). The bound on V follows

from the bound on v. -]
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From this lemma and Remark 2.4(a), we conclude that for each 2 € B:(O)
0
and x € BS (0), the equation y = fV(A,x,y) has a unique solution y(t) =
y.(x,x)(t) in 35/2(0). That is, we consider ) and x as parameters.
0

The map y": BA(0) x B (0) » C*(R,E) is holomorphic.

5.2 Lewma. The map &: A x CO(R,F) » C’(R,F) given by T -
w(A,x(t),y (A,x)(t)) is holomorphic in the ball ﬁr . B:(O) x BS (0).

Proof: The proof is analogous to the one of the preceeding lemma. o

Now we come to the crucial point for the later argument. Namely, we

want to consider the initial value problem

dx ~
= Bx + u(i,x)

(3.2)

x(0) = X

in the space Co( R,F). This kind of trick has already been used by
Nussbaum [1973] in a similar context. Since, by assumption, (Bx)(t) =
Bx(t) defines a bounded, linear operator on this space, and by Lemma 3.2,
the right-hand side in the differential equation is holomorphic in ﬁr.
Therefore, we know (cf. Dieudonné [1960, Theorem 10.4.5]}), there exists a

§ > 0 and a holomorphic mapping
0 0

* A C ¢ c
b 3N Br(O) x Br/Z(O) x 36(0) + Br (0)
such that x(s) = x*(A,xo,s) is the unique solution of (3.2) for |s| < &.
Note, s runs in a complex neighborhood of s = 0, but for each s, x(s)
is a function of a real variable which we call t.

Now we are ready to prove

P et b g~ A4 S e -
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3.3 Theorem. Let A be as in Section 2, and let B: F+ F be a bounded

linear operator. The mappings u: V+F and v: V-+ E are assumed to be

holomorphic and bounded. The bound of v is required to be less than

r/2) || £11]. Now, let (A,x,(t),y(t)) be a (classical) solution of (3.1)

F
r/

Then the functions ko and Yo have holomorphic extensions defined on

: A E
with A € Br(O), xo(t) €B 2(0), and yo(t) € Br/Z(o) for all t €R.

some complex strip Dy; § depends on the solution.

0
Proof: By assumption, X, € BS/Z(O). Therefore, we can solve problem (3.2)

with X, as initial value. According to the discussion above, there is
0
a unique solution x*(l,xo.s) € BS (0) for s in some complex ball Bg(O).

Ne claim
X" (h,xy»8) (2) = xg(s4t),

when s is real. To prove this claim, we show that £ given by E(s)(t) =

xb(s+t), is a solution of (3.2), and we use uniqueness. We clearly have

Es) € CC(R,F) and £(0) = x,. :
From the first equation in (3.1), we see that, with Xg» also its deri-

vative is bounded on R. Hence, x. 1is certainly uniformly continuous.

0

Furthermore, as a classical solution of the corresponding differential

0
equation, Yo € 85/2(0) is the unique solution of the integral equation

y -,IV(A.xo,y). where V has been defined in Lemma 3.1; i.e., we have
Yo " y'(A,xo). Note, if X is uniformly continuous, so is V(l,xo.y)
for all A and y. Thus, Yo is also uniformly continuous (cf. Lemma
2.58).

Now, with Xy and Yo+ also the function on(t) + u(k,xo(t),yo(t))

is uniformly continuous. So we can again use the first equation in (3.1)
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dxo
to conclude: T is not only bounded but also uniformly continuous on R.
This, in turn, implies that the function £: R -+ Co( R,F) is continuously

differentiable in the Co-norm. I1ts derivative at s is given by
dx

d

L) (1) = 2s+t).

So, in order to prove that the differential equation in (3.2) is

satisfied, we still have to show u(A,E(s))(t) = u(A,xo(s+t).yo(s+t)).

This amounts to proving
Y (LES)) (1) = yo(set).

But this can be easily verified for each s, as we already did for s = 0

before. Thus, the claim follows.

Now we are almost done. In fact, since x'(l,xo,-): Bg(O) -+ Bgo(O)
is holomorphic and xo(s+t) = x*(x,xo,s)(t) for real s, x*(x,xo,s)(t)
defines a holomorphic extension of X, in each ball Bg(t), t €R. In
every intersection of two of these balls, which contains a whole interval
of the real line, the corresponding extensions agree by standard results
on holomorphic continuation. Thus, we have actually defined a holomorphic
extension of X, on the whole strip Ds. In particular, it is bounded
and therefore contained in some space CG‘

This, in turn, implies that V(A,xo,y) is a holomorphic function of

A and y with values in CG' Thus, it follows from Lemma 2.3 that also
Yo has an extension contained in CG' But this proves the theorem. o
3.4 Remark. According to Remark 2.2(b), Theorem 3.3 remains true, if in

the second equation in (3.1) the operator A is replaced by -A. Also,

we can add a third equation of this type.
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| Finally, we state an analogous result for the C' -case.

3.5 Theorem. Let A and B be as in Theorem 3.3. Suppose that the map-
k

pings u and v are of class C (k > 1) and bounded in_their domain

logether with all derivatives up through order k. The kth derivatives

are assumed to be uniformly continuous in x and y. Furthermore, suppose

that the bound M of v satisfies M < r/2||| /||| and that v is

Lipschitz continuous with respect to y with uniform constant smaller than

2M/r, where r is the radius of some ball strictly contained in the domain

of u and v. Then the x- _and the y-component of a (classical) solution

of (3.1) with properties as stated in Theorem 3.3, are actually Ck func-

) tions of t. (The kth derivatives are uniformly continuous.)

Proof: The proof is completely analogous to the one of Theorem 3.3. Hence,
we only give an outline. First one solves the integral equation |

y = f¥(A,xq,y) for y as a function of x,. By Remark 2.6, this func- l

0
tion is Ck from Co( R,F) into Co( R,E). Then one considers the asso- ;

-7 ciated initial value problem (3.2) in Co( R,F), and shows that §£(s) given :
by E(s)(t) = xo(s¢t) is a solution. Since the right-hand side of the
differential equation is of class Ck (k > 1), one knows that the solution

' is unique and contained in Co( R,Co( R,F)). But this implies that Xy
L&

-' is Ck and its kth derivative is uniformly continuous. Now one can again '
) use the integral equation vy -ﬁ()\,xo.y) to conclude by Lemma 2.5, that

x . Yo is just as smooth. -]

Roughly speaking, the Theorems 3.3 and 3.5 can be rephrased as follows:

-
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"Small" bounded solutions of (3.1) are as smooth as the mappings u and
v, which is again a manifestation of some kind of relationship between

boundedness on R and smoothness of solutions of evolution equations.

4. Applications and examples

A typical situation where a system of equations of type (3.1) occurs,
are bifurcation problems. One considers a (non-linear) evolution equation
which has a known steady-state solution for all values of some scalar para-
meter ). This steady-state solution is supposed to be stable in the
linearized sense for all values of A less than some critical one, say
A=0. At ) = 0, some modes of the linearized equation are going to be
unstable, i.e., there are some purely imaginary eigenvalues of the corres-
ponding operator. If the remaining spectral part is strictly bounded away
from the imaginary axis, then there is a corresponding decomposition of
this operator and the underlying space, given by so-called Dunford projec-
tions (for details see Kato [1969]). In many cases, this leads to an
equivalent system of equations which, locally, fits into our theory. The
space F corresponds to the pure imaginary spectral part and can often
be identified with a finite-dimensional space.

In this latter case, of course, one has a finite-dimensional center-
manifold which depends continuously on the parameter (cf. Marsden and
McCracken [1976], Chow and Hale [1982]). It is known that the bounded
solutions in a neighbo;hood of the critical steady-state solution lie on
any center-manifold. Thus, restricting the original equations to a center-

manifold, the problem is reduced to a finite-dimensional evolution equa-
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tion, where smoothness is clear. However, smoothness of center-manifolds

is quite a problem. For example, for analytic equations, there need not

be any analytic center-manifold in general (see Carr [1981])). Neverthe-

less, Theorem 3.3 applies and guarantees analyticity of the bounded solu-

tions. These include all relevant bifurcating solutions such as periodic

orbits, almost periodic solutions and also homoclinic and heteroclinic

trajectories. Furthermore, for Cm-equations, Theorem 3.5 implies that

in a neighborhood of the critical steady state, these solutions are c” ,

functions of time. This is also not obvious from center-manifold theory.
To illustrate these observations, we consider a slightly damped non-

linear wave equation together with zero boundary conditions:

9 u 4+ Gatu -u-=-3u+ f(u =0, EE(0,m)

e g

u(0,t) = u(m,t) = 0.

(4.1)

Here § 1is some small, positive constant, A a real parameter varying in :
a neighborhood of 0, and f£f: R +R is supposed to be analytic and of
order o(|ul) as u-+ 0. Let X = ﬁl[o,w] ® Lz[o,w] be the product of the
usual Sobolev spaces. Elements of X are denoted by w = (u,v). Intro-

duce operators

0 1
As 2 , D) = (H2[0.1r] n ﬁI[O.vr]) 0 ﬁlto.w]
+ 1 -8
e
and
0

G(Ao“) = [ ]
Au - £(u)
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in X. Obviously, A isa densely defined, closed, linear operator and G
is analytic. Here we use Sobolev's embedding theorem Hl[o,w] C'Co[o,w].

Thus, (4.1) can be rewritten as the evolution equation

(4.2) LweRsonm, wex
[
Representing w as a Fourier series w(x) = Z L sin kx, we find
. k=1
that the spectrum of -A consists of the eigenvalues
k =-§-=,/15—+1-k2 k=1,2,3
u1/2 2 4 ] popdpo e o

Thus, there is one eigenvalue zero, and all the others have negative real
part. All eigenvalues are simple; in particular, the eigenspace of the

zero eigenvalue is spanned by (si: E)' Call this eigenspace F and the
complementary one E. Let P and Q be the corresponding eigenprojections.
Set Pw=x and Qw = y. Then (4.2) can be rewritten in the form (3.1),
where B =0, A = KIE' u=PG and v = QG. By assumption, u and v are
of order o(|A] + ||x|] + |ly]|) as A+0, x+0, and y + 0. Furthermore,

again by Fourier series, it can be shown that the interval (-8/2,#) be-

longs to the resolvent set of -A, and

||(A+u)-1” 5_71375’ u> -8/2.

Therefore, by & well-known theorem on semigroups (see e.g., Xato [1966]),
-A generates a continuous semj-group in E, and (ii) is satisfied with
a=0,b=8/2, and c = 1. Thus, all hypotheses of Theorem 3.3 are ful-

filled for sufficiently small r.

R
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Using center-manifold theory, it can be shown that there is a saddle-

! » node bifurcation of steady states of (4.1) at A = 0. If, for example,

the second-order term in the Taylor expansion of f is non-degenerate,

r then, for each )\ near zero, there is exactly one non-trivial steady-state
solution which is connected with the trivial one by a heteroclinic orbit,
i.e., s transient wave. Here one uses the fact that center-manifolds are
one-dimensional in this example, invariant under the corresponding flow

and contain all steady states. By Theorem 3.5, the transient wave solutions
are analytic in time.

Qualitatively, the same result holds true for the parabolic problem

Otu - azeu ~u-=-Au+ fu)=0, &€ (0,7
(4.3)
u(0,t) = u(m,t) = 0,

where )\ and f are as before. This problem can be written as an evolu-

tion equation in X = Co[o,w]. The linear operator

~ g 2
“A === D(A) = {u € C°[0,x])/u(0) = u(w) = 0}
dg?

has simple eigenvalues uk =] - kz, k=1,2,3,... . Corresponding eigen- i

functions are sin kx. Using Green's function, we see that the restriction

of -A to the eigenspace E corresponding to the nonzero eigenvalues, which

we denote by -A, satisfies the Hille-Yoshiia condition for a generator of /

8 holomorphic semi-group, except that D(-A) 1is not dense in E (for the

Hille-Yoshida condition see, e.g., Hille and Phillips [1959]). But nevertheless,
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the exponential e can be defined by Dunford's integral, and hypothe-

-As

ses (i) - (v) are satisfied. In addition, e is holomorphic in the

sense of Remark 2.4(b).

Furthermore, the same result is true in a space of holomorphic functions

Y = {u: X+ €lu is continuous and holomorphic in K}

where
K=1{E€c| larg £|,|]arg(n-E)| <€, E # 0,7}

for some € € (0,m/4) (see Scheurle [1982]). This has an interesting con-
sequence. Since the eigenspace F to the zero eigenvalue of -; is spanned
by the holomorphic function sin g, it follows that any classical solution
of (4.3) which remains in some neighborhood of A = 0, u = 0 for all ¢,
is not only analytic in time, but also in the space-variable. In fact, if (4.3)
is rewritten as a system (3.1), then, for given x with values in Y the
unique solution of the second equation takes values in Y too. This im-
plies, in particular, that bifurcating steady states are analytic functions
of &.

Also, note that in case of the parabolic equation, there are only a
finite number of eigenvalues of -A to the right of each line parallel
to the imaginary axis in the complex plane. Thus, we get an arbitrarily
large decay rate b for e'A’. if -A 1is the spectral part of -A be-
longing to the eigenvalues outside a sufficiently large ball. This, in

turn,leads to an arbitrarily small norm for the corresponding operator L

&
‘{“
Ry
[
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On the other hand, the complementary spectral part of -R is still a
bounded operator on a finite dimensional space. Rewriting (4.3) in form
(3.1) according to such spectral decompositions, it should be possible to
get some kind of global smoothness result for bounded solutions out of
the present theory, since the smallness condition required for the mapping
v in (3.1) is proportional to 1/||]|£]||. But we will not work out the
details here.

Rather, we want to consider a class of functional differential equa-
tions globally. In fact, Nussbaum [1973]) used the present ideas first to

prove analyticity of bounded solutions of the equation

(4.4) o) = £y

in lf', where Ye is defined by yt(s) = y(t+s) for all s.

Let us briefly indicate a proof of analyticity for the neutral case
(4.5) 5 Dy, = £(y,)
’ dt 't t’

where D: C = Co([-r,OJ, R") +R" is linear, bounded, atomic at zero, and

the solutions of Dyt = 0 satisfy

-bt l

lyel <ce"lol, 20,

where Yo " ¢ and b,c >0 (i.e., D is stable). See Hale (1977) for
the basic existence theory. Let X be the complex Banach space of func-
tions x: (-w,4m) » t“, which are uniformly continuous, equipped with the
sup-norm, and let U = {x € XIs:p |Im x(t)| < h} be a neighborhood of the

real subspace of X. Suppose that f has a holomorphic extension to U
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which takes closed bounded subsets of U into bounded subsets of €.
Also, extend D to X.

Now, define D: X+ X and F: U =X by (D(x))(t) = D(x,) and
(F(x))(t) = f(xt). respectively, for all t € R. The linear operator D

is actually an isomorphism in X. Its inverse has a representation

! °
X)(t) = | dn(e)x(t+6),

where N has bounded variation (see Hale [1977]). F is holomorphic.
Thus, Feb™! is holomorphic in some neighborhood U.

Now, consider the ordinary differential equation

(4.6) £ x=F 0

in v. If yo is a (classical) solution of (4.5) bounded on R, then
define E:R~+ X by E(s) = 5yg, f.e., E(s)(t) = DOy, ). Using (4.5),

we find by boots trapping, that Dyg and its derivative are contained

in X as functions of t. Therefore, £ is well-defined and continuously

differentiable, £(0) = Dy®. By definition, we have
$0 = 200, = 1%, = FoDH® - FEEEN ®

for all s,t €ER. Hence, £ is a solution of (4.6) with initial value
Byo. Now we can argue as in the proof of Theorem 3.3 to conclude that

Xy ® Eyo has a holomorphic extension contsined in some space 06' It

T then follows that y° is analytic.

l
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If £ is of class Cﬁ on each bounded subset of the real subspace
of X, then it follows in the same way, that globally defined, bounded solu-

tions of (4.5) are Ct functions.

Finally, we talk about bifurcation of periodic solutions from a focus

(Hopf bifurcation), which was actually the starting point for the whole

paper. A focus is a steady-state solution for which the linearized operator

has a pair of simple, purely imaginary eigenvalues, say tiwo, and all the

other spectral points are off the imaginary axis. One looks for periodic

solutions in a small neighborhood of the focus. For a finite~dimensional vec-

tor field which is analytic, it can be shown that there is either a ‘'verti-
cal' bifurcation of periodic orbits at the critical parameter value or
there are at most a finite number of branches of periodic orbits emanating
at the critical parameter value. The maximal number of possible branches
is said to be the order of the focus (see Chow and Hale [1982]). The
crucial point is to prove analyticity of the bifurcation function which is
a function of A, a and a, where ) is the parameter, a measures the
amplitude of the bifurcating orbits, and a is the reciprocal of the un-
known frequency w.

In what follows, we describe a generalization to infinite dimensions.
Suppose that the equation i{s written in form (3.1), where the focus is at
A=0,x=0,y=20; F is the eigenspace corresponding to the eigenvalues
tiw, and can therefore be identified with R%; E 1is the cowplementary
eigenspace, and B and -A are the corresponding spectral parts of the
linearized operator. The operator - A is supposed to satisfy hypotheses

(1) - (v). In x-space, we can introduce coordinates (x‘,xz) such that

B is given by the matrix

e el -
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Furthermore, it is convenient to introduce polar coordinates

xlapcose, xzt-psine, y = pw.

This transformation can be juétified using center-manifold theory (see Chow

and Hale [1982]). It leads to the following set of equations

d
%- wg - (u1 sin 6 + u, cos 8)/p

4.7) g%- u, cos 0 - u, sin €

d
% = -Aw + v/p - (u1 cos 6 - u, sin 6)w/p,

where all functions are evaluated at (A, p cos &, -p sin 6, pw), and

us= (ul,uz). Now we rescale time by wt+» t, set o = w'l, and look for

2n-periodic solutions of the form

0=t 6'(A,a,a,t), P= u-a-p'(l,a,a,t),

*
wa=w ()a,a,t),

L
where we require I:ﬂ p (A,s,a,t)dt = 0. The resulting equations for

L] - *
@ ,p,and w are written as

%et_ b 90.'.0.‘.9.-?'."') - Gl(x:‘nu) R

(4.8) £ = R0La,0,8,0,0 W) - 6,080,

dw -0l "
It " oAV + W(),a,0,t,0 ,p ,w) :
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where
1 2n 1 2%
(4.9) Gl = -z?fo © dt, GZ = 2—"fo R dt.

Thus, if u and v are of class Ct (analytic) and if u(1,0,0) = 0,
v(2,0,0) = 0, then ©, R and W are 2w-periodic in t, of class C:'l

(analytic), and of order O({|A]| + |a] + I%- al + |p' 1%~ w112
as A+0,a~0,a-+ wal. p+0,and w0, uniformly in t and 0.
The function G = (Gl’Gz) is the bifurcation function.

Now we associate a fixed point problem to (4.8). To this end, we
introduce the operator } , which maps a continuous, 2n-periodic function
£(t) with mean-value zero to the unique solution of the equation %— = f(t)
with mean-value zero. Also, let @ denote the projection, which maps

f(t) to its mean-value, P = I - Q. Thus, (4.8) can be rewritten as

» ~ * * *

@ = _fPO(),a,a,t,0 ,p ,W)

* ~ » * *
(4.10) P = fPR(A 2,0,t,0 ,p W),

L] L J L] "
W = a"(l,l,a,t,ﬁ .p oW )

with ‘/u as in (2.9).

Note that P is continuous in the space ng( R,R) and j is
bounded on the range of P. Also, both P and j commute with dif-
ferentiation on subsets of continuously differentiable functions. There-
fore, in the Ck-case, we can apply the technique of the proof of Lemma

2.5 to (4.10) to conclude that for ()\,a,a) near (0.0.@61) there is a
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k-1 function of A, a, a, and

t. This then implies that the bifurcation function G is Ck'l. Note,

] * *
unique solution 6 , p , w whichisa C

that this has to be understood in the sense of directional derivatives
with respect to A if A has infinite dimension.

As s holomorphic, then we can

Furthermore, if we assume that e
use Remark 2.4(c) and the method of Lemma 2.3 to prove analyticity of the
bifurcation function in the analytic case. Thus we have the same alter-
native of possible bifurcations from the focus as in the finite-dimensional
case. But, as already pointed out in Remark 2.4, for more general equa-

tions the problem is still open.

To summarize, we have outlined the proof of the following theorem:

4.1 Theorem. Consider the equation

(4.11) :—‘t‘ = Cu + £(\,u),

where u € X, a Banach space,and A € A, another Banach space. Suppose

that £: A x X+ X is of class Cﬁ (k > 1) (analytic) satisfying £(A,0) = O

for all A and Duf(0,0) = 0 and that C is a closed linear operator

in X with a pair of simple eigenvalues tiwo and the other spectrum con-
tained in the left complex half plane. Let the negative part of C, say

-A, satisfy the hypotheses (i) -~ (v) of Section 2. Then, the problem of

finding periodic orbits of (4.11) near A = 0, u=0 is equivalent to solv-

ing the bifurcation equation G = 0. The function G with components G1
As

and G, given in (4.9) is of class ck-1 (analytic, if e
phic).

is holomor-
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