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A STOCHASTIC NETWORK FORMULATION
FOR PERFORMANCE ASSESSMENT
AND LIFE-CYCLE MODELING !
| IN COMPLEX SYSTEM DESIGN -
By: ’
sotware Tocmlons Dparien |

ABSTRACT o

A network model incorporating various stochastic features is considered. The model seeks ‘
i to represent a complex sequential process wherein ar object or Zsystem” moves through a o
: succession of states (nodes) and operating modes (classes) in the course of carrying out or i
i fulfilling its function, and with the transitions among states and operating modes occurring o
: in a possibly random manner, and requiring (consuming) some resource in randomly varying
‘ amounts. Model structure is reminiscent of the BCMP [1] setup for an open network f
1 gqueues w;rthgiiqt _servers, but the viewpoint ad _here is motivated by our project
experience and also by Harrison and Lemoine {4]. We discuss the routing behavior and
A resource requirements of typical objects moving through the network, the evolution of the
Lo network over time when external input follows a possibly nonhomogenous Poisson pattern,
the “distance™ between the time-dependent distribution of state and the limiting distribution
when the Poisson input is homogenous, and some potential applications of the formulation
. and results
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SECTION 1
INTRODUCTION

Stochastic networks, or vector random processes, provide an appealing framework for
modeling complex sequential processes evolving under uncertainty. Stochastic networks find
application in such diverse areas as queueing systems, computer and communication net-
works, logistics/repair systems, manufacturing processes, inventory systems, and population
studies, as well as planning and management of research and development projects. (Cf. Kelly
[6], Lemoine {8}, [9], and Whitehouse {12]).

This paper discusses a simple but rather flexible network model that incorporates certain
stochastic effects. We consider a network of stations or processors and associated functions,
with uncontrolied input of objects or jobs (requests or demands for execution of functions),
random movement {routes) of objects through the system, randomly varying resource require-
ments to execute the functions, and time horizons of shorter duration then necessary to
achieve steady-state for situations where it might be important to respond t¢ demands
promptly and with minimal competition for available resources. The model structure is
reminiscent of Baskett et al [1], but the approach taken in analyzing the model is prompted
by Harrison and Lemoine [4].

This paper is organized as follows. Section 2 gives the basic features of the model. Section
3 considers movement of a typical object through the network, with particular emphasis on
the resources required, global as well as nodal, to process the object until it leaves the system.
Section 4 considers the evolution of the network over time when the pattern of demand input
is a Poisson process and the processing capacity availabie at cach node in the network is
effectively unlimited (ic, there are sufficient servers at each node so that objects never wait
in queue). An explicit representation is given for the time-dependent distribution of network
state (defined here as the number of objects of each type at each node in the system). When
the Poisson input process is homogenous, this time-dependent distribution converges io a
limit, and the “distance™ between the time-dependent and limiting distributions is estimated.
Section 5 describes a few situations where the model formuiation and results may be approori-
ate.

In Sections 3 and 4 it is necessary to distinguish between moment generating functions and
Laplace transforms. In particular, let X be a nonncgative random variable, § a real parameter,
and ¢(8) = Efexp (#X)]. Then ¢(8) exists but could have value + @ for some 6> 0. If $(6)
is finite for some 8 > 0, then X (more properly, the distribution of X) is said to have a
moment generating function. The function ¢(-) restricted to & values in [-o, 0} is of course
the Laplace transform (of the distribution) of X.

Acknowledgement. A preliminary version of this paper in outline form, coauthored with Dr.
Lewis Meier, appeared in the Proceedings of the Third International Conference on Distribu-
ted Computer Systems, Miami, Florida, 1982. The conference paper was oriented to a specific
application area in distributed systems and was prepared for U.S. Army Contract No.
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DASG-60-78-L-0079 with Systems Control Technclogy, Inc., Palo Alto, California. The
present paper represents a substantial gereralization of its author’s contribution to the confer-
ence paper. We are very grateful to Dr. Lewis Meicr for illuminating discussions on distrib-
n uted computing systems.
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SECTION 2
MODEL DESCRIPTION

Consider a network (Figure 1) in which objects (jobs, items, messages, etc) in different
classes (types, operating modes, etc) are moving through the system and also changing class,
in a possibly random manner, and requiring a randomly varying amount of resource (service /
processing/repair/replacement, eg, capacity-nachine instructions per second, words of mem-
ory, buffer space, time, dollars, equipmem, material, manpower and skill levels, ctc) at each
node visited. There are N nodes (stations, service/processing /repair /supply centers, tasks,
milestones, etc) indexed by i, and there are M object classes indexed by m. Inputs (customers,
demands, requests) at any node may originate directly from outside the system or by internal
transfer within the network. On any visit to node i by an object in class m the object is dropped
from the network (routed to sink) after processing at i with probability qm, independently of
previous visits, classes, and other objects present in the system. In this event, the amount of
resource required at node i t0 process the object is distributed as a random variable S,,;. On
any visit to node i by an object in class m the object remains in the system after processing
at node i and transfers to node j as an object in class r with probability pf, independently of
prior visits, classes. and other objects (if i = } thern the object is seat back to node i), where

qmi"'i i P

I

for each m and i; and, in this event, the amount of resource required at node i to process the
object is distributed as a random variable K. All objects eventually exit the system.

The preceding formulation easily accomodates multiple resource types by specifying, for
each type of resource, appropriate probability distributions for Ry and Sp;. Subsequent
sections of this paper do not distinguish between multiple resource types, but the results of
Section 3 are valid for each resource type.
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SECTION 3
ROUTING AND RESCURCE REQUIREMENTS

Consider now the route of a generic object through the network. Let by,; be the probability
that an object enters the system through node i in class m. For i j=1,... N let P; = [py] where
m,r=1,..,.M so that P, is an M by M matrix, and then put P = [Py} sothat Pisan N by N
block matrix. The routing-and-class history of a typical object maving through the system
corresponds to the evolution of a finite absorbing Markov chain with a single absorbing state
(the network sink) and with transitions among nonabsorbing states governed by P. Let  be

the NM by NM identify matrix. Since all objects eventually exit the system the matrix I.P
is «nvertible, and

(1-pyt=3 p=
x~0

If we put (I - P)"' = [A;] and Ay = [} then oY is the expected number of requests for
prm:mg at node j by an object in class r that originally enters the network through node
i in class m. Let g5 be the probability an object cntcnng via node i in class m reaches node

j in class r at some later step. Then gi"= 1 - (43" and g’ = a}/aj otherwise. Moreover, if g§'

is the probability that an object entering the network via node i in class m exits the system
from node j in class r, then qjj = qqa} and q§ = 6§ qj otherwise. Finally, if qn is the
unconditional probability that an object exits the system from node i in class m then

N M
Qi ™ Ui Z Z bcj‘?
ot I |

The above expressions for the probabilities g5, g and qfy; follow immediately from well
kncwn results for finite absorbing Markov chains; cf. Kemeny and Snell {7].

Observe that the cructal factor in determining these various routing and class parameters
is computation of the matrix (I - P)"'. In many applications of interest this matrix 1 - P will
be relzatively sparse, indeed ever upper triangular.

Turning to global network resource requirements, let Ly be the total level of resources
necessary tc process an object until it reaches the network sink, given that the object enters
the system at node i in class m. For 8 < O let f(8), gmi(8). and hy{f) be the Laplace
transforms for ths distributions of Sy, Rj; and L, respectively. By virtue of the inde yendence
assumptions regarding routing and class and resource requirements on visits to nodes, the
transforms {Lu(f) m = 1,..M,and i = 1,..,N} satisfy the 1etwork flow equations

N M
b0} = Qg fp 101+ 3 3 pF[a5" (0)mi6)] b
1 ™
@ Ford Asraypace &
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These network flow equations have a unique solution: Lzt f{8) and h(8) be MN column
vectors consisting of M blocks of length M where entry m of block i in f{8) is guufm:(9) and
entry r of buxck j in (€} is hy(8). Let D(F) be an N by N block matrix where the {ij)th block,
say Dy(9), ir the M by M matrix {p; #5(f)]. Then equation {1) is equivalent to

hig) = 16} + D{GIh(8) {2}

[t - D{8)] hiB) = £8)

Since 0 < D(8) € P componentwise, it follows that the matrix {1 - D{8)]} is invertibie for all
6 £ 0: indeed

(-o@'= 3, [oen*
x=0

nie)=[1 - D(6}} - #{g) {3}

Computation of the transforms fhy(0)} from (3) is not entirely straightforvard, but we
will provide an explicit representation for those'transforms using a slightly different approach.

Repeated differentiation of the network flow equations with respect to 0 provides a recur-
sive procedur= for computing the moments of the cumulative resource variables { Ly }. Let
tiin = E {(Lmi)™, g = E{(RG)’} and fria = E {(Saa)"}. We first observe that if the variables
{Smi. K§ } bave finite moments of order n then the variables {L;} also have this property.
Differentiating both sides of (2) n times with respect to 8 and using Leibnitz’s Rule leads 1o

n
i (g) = v gy + 3 (21D (e In-2 (g)
x=

or

n
K (9) = (1- Do o) + T DX a)n+x a))] *

x=1

where the superscripts correspond to componentwise differcatiation in (2). Suppose that
L)™' has a finite mean (this certainly holds for n = 1). Then each component of h*"* (§)
has a finite limit as 8 — G for x=1,...,n. Since {1 - D(8)]' — [1- P} "' as 8 — 0, it follows from
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(4) that each component of b (#) has a finite limit as § — 0, and so (Ln;)" has finite mean.
Thus by mathematical induction L, has a finite moment of order n. Moreover, (4) yicids a
compact recursive formula for computing these moments. Let §,, by, and b, be NM coiumn
vectors where the entries corresponding to (m.i} are Qumfma. hma, and 1, respectively. Also,
let D, be an NM by NM matrix where the entry corresponding to (m.i). {r) is figix. Then

”n
he=0~P1" Yo, + 3 (MID,0, ] (5
x=l

Recursion relation (S5) requires only the given network parameters (ie, the matrix P, the
moments of the variables {RY;, Sl and computation of the matrix (I - P).

Consider now local resource requirements. Let L be the resources requived at node j to
process an object in class r that enters the network at node tin class m. l:;; is the total loading
induced at node j by an object in class r entering at node i in class m. Observe that

N M
Loy ™ Z 2 Lim
. =t ot
Let ¢5(8) be the Laplace transform of 15. For an arbitrary node k and object class s let Qe
+uy=1- P‘;k and
qu fa (6) #u*g:‘(d) ©)
1- p&d(ﬂ)

The quantity ug is the probability that an object at node k in class s departs the network cither
without returning to node k or from node k but in a different class. We then have

é*(e} =

¢ Blifi=jondm=r and
o7 (0) -{ ™ ”
1 -pg" +p'i'”¢,i(8) otharwise
Moreover, in refersnce to the comment following (3) above,
N M
hy(8)= T 11 ¢™(0) {8)

1 m=1

Next, we observe that, if the resource variables { Sn, Kz} have moment geacrating
functions, then so do the cumulative resource variables {Lnj. In particular, suppose the
transforms {fmi{6), 25(#)} converge for all §-values in the interval (-o,8,) where §; > 0. Select
z node k and object class s Since i3 < | there is a 8 in (0.8,) for which p gl (80) < 1.

@ Ford Asrospace &
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if t > 0 then

Efexplmin(o, L .t} = g, Efexpimin(e, L 0] + u, E{explmin{g, RE, 1)}

+ ol Efexplmin (6, R + Go‘i.:k.t}} }
where L}, is independent of Rl and distributed as Ljy. Noting that min (a+b.c) < min (a.c)
+ min (bc) when 2, b, and ¢ are nonnegative, it then follows that
< Gt 0]+ Uy 510,
1~ ol S 16,)
Letting t — @, we see that ¢y {8;) is finite and that (6) is valid for 8 < 8,. Thus (1), {(6). (7).
and (8) are also valid for all 8-values in some interval { -, 65} where 8; > 0.

Finally, let L3y be the total resources required at node i in class m by a typical job entering
the network. Then 13, has Laplace transform (or moment generating function).

E{explminto L3 1}

m
2. X byerie

1 =t

LR R S




SECTION 4
POISSON INPUT

Consider now the evolution of ihe network over time when objects enter the system
according to a Poisson process A = {A(1), t = 0} with intensity function {x(t), t 2 0} and the
processing capacity available to each node in the network is unlimited. The variables R;'and
Smiare then interpreted as service or processing times at node i. The discussion we give follows
Section 3 in Harrison and Lemoine {4].

The assumpiion of Poisson input as stated above means that the numbers of objects
arriving in nonoverlapping time intervals are independent random variabkes .nd that

P{A(t) = n} = AW —-—-——Mﬁ‘!’]" 130

where

t
Al = [ Avidy
[+

In particular, if Am(t) is the number of objects entering the network through node i in class
m up to time t and Ay = {AR{t), t 2 0}, then Ay are independent Poisson processes and Ay,
has intensity function {by; A(t), t 2 0}.

The histories of objects moving through the system are independent and distributed as a
process ¥ = {Y(t), 0 < t € L} where L is the total length of time a generic ohject is in the
network. In particular, with probability by,;, Y(0) = (m,i) and L has the same distribution
as the variable L. Now define

N M
15 =P{L> e ¥ = (ill= 3 3° b Ly, >t Yith = (i) 1 Y(0) = (m,i)]
i=1 ma1

1
& W= | Aly)y,ftc - yidy,
[+

and

N M t
g= 30 Y kit = [ AyIP{L> - yldy
=1 =t o

Assumiig the network is empty at time 0, the quantity £(t} is the expected number of objects
in class r occupying node j at time t, £(t) is the expected number of objects in the system, and
A(t) - &(t) is the expecied number of obiects that have arrived and departed from the system
by time t.

@D Ford Asrospace &
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Now let C;(t) be the number of objects in class r occupying node j at time t, and let
Cc={c =1, ... Mandj=1. ... N}

be the state of the network at time t where C = {c,;} is a generic state. Then the following
remarkable result hoids (cf {4]):

N M
P{c=c}=otl 0 Il (k0] Viteyh (@)

1 ™=

That is, the number of obiects in class r accupying node j at time t has a Poisson distribution
with mean £4(t), and the numbers occupying the various nodes and classes are independent
random variables. Moreover, the total number of departures from the system by time t has
a Poisson distribution with mean A(t) - £(t).

Implementation of (9) requires computation of the mean values {&;(1)}, which is difficult
for nonhomogenous input. Suppose, however, that A is a homogenous Poisson process with

AMt) = Afort > 0. Let

"1 m=l

oo N M
=2 [ gty = A0 ¥ by ElL)
[+

and
L)

N
£= z 2 S.i
=1 r=t
I the homogenous case we have £4(t) 4 & as tfeo. It then follows from (9) that
lim P {€{t) = C} 33 g0
im t)=C} =g~ ) B/ 10
n | o ’}_'_:, § (k) Mie,yl) (10)

This limiting or asymptotic distribution depends only on the arrival rate X and the expected

amount of time £,; that an object spends at node j in class r while in the network, and not upon

the forms of <he distributions for service times at the various nodes. Moreover the numbers
of objects occupying the various nodes and classes are independent, Poisson distributed,
random variables. For the case of homogenous input, the process of departures from the
system is Poisson with intensity function fAH(t), t 2 0)} where H(t) = P{L < t}. Thus, as
tia, the process of departures is asymptotically Poisson with rate . Indeed, the process of
departures from node j by objects in class r is asymptotically Poisson with rate Aqy, and these
node/class departure processes are asymptotically independent across the various nodes and

classes; cf Kelly [6].
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In the case of homagenous input, the time-dependent distribution of state given by (9) can
be approximated by the asymptotic distribution given in (10) when t is large enough. The
closeness of this approximation can be gauged as follows: Let x,(C) denote the right side of
(9) and »(C) the right side of (10) and

diz,w) =3 7 {C) - w(C))
c

We can think of d(=.7) as the distance beiween the distribution of state at time t, namely
#y, and the asymptotic distribution of state x. (In measure theory, d(x, ¥) is the total variation
of the signed measure = - x,.) For the multidimensional Poisson distributions =, and = (cf

Cinlar [3], pp. 564-565)

N M
dx, <2 3, Y lg-¢yt0)
[ o I ad |

But the summation on the right side of this inequality is
E-gu=x] P{L>v}dy
t

Assume henceforth that the resource variables {Spy, lf;,'} have moment generating func-
tions. This is not a severe restriction as the distributions customarily used in the modeling of

service systems and queueing neiworks have this property. Take 8 > 0 for which {hmi(8)} are

finite. Put ¢(8) = E {exp(0L)}, where, of course,
N M
$@) =3 3 byh0)
1 ™1

Now P{L > y} = P{exp (4L) > exp (8y)} and by Chebyshev’s Inequality (¢f Chung [2], n. 48),
P{ exp(L) > exp(By)} < ¢(6) exp(-9y).

Hence
[P{L> oy < 800
Thus, if
ult)= %—Nﬂh‘a'
then
S P e

“ b ad -i'girﬁ;
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f~uld<HO<E {1

and
d{r,7) < 2uit)

Similar results hold for the marginal distributions of =, and . Indeed, if B is a subset of
{{rJ) }, and =g, and xp are the corresponding marginal distributions of x, and «,

{12)
; by -kglti< )5: El0< ;Sﬁ
and
d{mg, mp) < 2;13(1:}
where
uglt =303 b n.(0)
B .

Moreover, if X has a Poisson distribution with mean 8 {cf Hoel et al [5],p. 107)

p{x <piz} < (vZ)®
and
P{X > 28} < (e/a)’
Let
a,(t)-§z,i—u8(x)
Then

£ (1) (0
P{C,; (1) < &y (2 for it (rj) in B}=11P{C, (0 <t 072} <IV/ETR) © < /3) © (3)
B B

and
P{C,;(t)> 2¢,(1) for all (rj) in B} < (er4)2BY (4)
D Ford Aerospace &
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Finally, if €* = {C;} is a random vector having distribution x, then letting t — @ in (13)
| and (12), .

' ' p{cy<ty/2forall (ri)} < o/Z6) (15) o

~and ,
’ p{cs > 2, forall i)} < (/) (16)
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SECTION 5 !
MODEL DISCUSSION o

]

This section discusses briefly a few situations where the model considered in this paper may
be relevant.

The informative book of Whitehouse [12] provides an extensive discussion in Chapters 8

through 11 of a methodology called GERT (Graphical Evaluation and Review Technique).

GERT combines flowgraph theory, transform theory, and PERT (Program Evaluation and

Review Technique) to obtain solutions to stochastic problems from a network oriented point

of view. A large, varied, and impressive array of applications, theoretical and applied, of the

GERT approach to problem solving is presented in Chapters 8, 10, and 11 of [12]. Topics o ;

include derivation of first-passage distributions, queueing systems, repairman problems and ;

reliability systems, manufacturing processes, inveatory systems, quality control sampling

: plans, planning and management of rescarch and development progroms, gaming, traffic
- problems, and more.

Typical output of the GERT solution procedure includes probability of traversal of a

network path or loop, mean time of traversal of a path or loop, and second moment of the

i traversal time. Implementation of the GERT procedure as presented in [12] requires an
' appropriate network formulation followed by application of Mason’s Rule, a resnlt from !
flowgraph theory. '

The model considered in this paper is sufficiently general to accommodate the plethora of }
stochastic network applications and scenarios presented in [12]; indeed, the model structure !
offers enhanced flexibility in problem formulation and solution. The results given in Section
3 should be simpler to compute with than the “pictorial flowgraph technique” based on
Mason's Rule. In fact, a broader and richer range of results should be computationaily
l tractable using the methodology presented in this paper. ;

- The formulation of Section 2 is a plausible model for a complex sequential process wherein

i an object or “system™ moves through a succession of states (nodes) and operating modes
{classes) in the course of carrying out or fulfilling its function, with the transitions among
i states and operating modes occurring in 2 possibly random manner, and requiring (consum-
ing} some resource in randormly varying amounts.

Consider a job (message) moving through a computer (communication) system. Perform-
ing the job entails execution of sofiware modules embedded in a network of processors. The
job, depending on its type, may require execution of a particular set of software modules with
attendant variation in the machine instructions per second (or words of memory) required at
processing centers. Sending a message or data packet entails routing through a network of
transmitting stations. The message, depending on its type (priority), may require routing
along 2 particular path with attendani variation in buffer space and frames required for
. transmission through each station along the path. A system in the course of its life cycle moves
. through stages of availability (mission readiness) and unavailability (failure, repair, mainte-
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nance). The system may be fully operational or degraded, component failures may have
varying impact, repair or maintenance may restore the system te some previous level of
readiness or be faulty and inadequate and possibly damaging to the system. Maintenance and
repair may require varying skill levels, support equipment, and replacement of defective
componenis (spares provisioning). Built-in test equipment or alarm mechanisms may trigger
system shutdown based on erroneuus signals, or fail to monitor a deteriorating situation and
issue appropriate warnings or shutdown commands.

The model formulation is sufficiently general to capture, albeit imperfectly, the important
factors and interactions in these examples. Performing the job, moving the message, or
supporting the systemn through its iife cycle induce loads or resource requirements at each step
or stage along the way, and the results of Section 3 assess the extent of these resource
requirements at the nodal and global levels.

The transforms of some important distributions in models for networks of queues satisfy
the network {low equations (1). For open BCMP {1] networks, the transform (of the distribu-
tion) for the total service time of a job entering the system through node i in class m satisfies
(1). In that case, the distributions of S, and Kj are identical and depend only on i. Moreover,
if the routing structure is acyclic and every two nodes are connected by at most onc directed
path, the transform of the steady-state total sojourn time (response time) distribution for a
job entering through node i in class m satisfies (1); ¢f Walrand and Varaiya {11} and Lemoine
[10]. The recursive formula {5) then provides a compact scheme for computing moments of
these disi- utions.

Section 4 provides a fairly complete picture of the behavior of a system of infinite-server
queues with Poisson input where the history of a typical individual or object moving through
the network is as Jescribed in Section 2. In this setting, time is the resource required. The
overall simplicity of the results in Section 4 can be traced to the order-statistic property of
the Poisson process and the fact that objects do not compete with one another when sufficient
service capacity is always available.

Viewed from a performance standpoint, infinite-server systems represent an upper hound
on performance potential since measures such as response (sojourn) time or system through-
put depend only upon routing, service times, and input rates. However, results for such
systems are of intercst for design and performance prediction.

The upper and lower confidence levels given in (15) and (16) indicate the extent to which
the network population will remain within certain bounds, and hence provide a means of
assessing the adequacy of aliernate system designs, which, of course, will have finite capacity.
Indeed, in systems which must gather and process a huge amount of data in real time and
at phenomenally high rates, it is importaat to assess at the design stage the adequacy of the
proposed processing resources to handle the anticipated workloads. Moreover, the formula-
tion presented here provides additional flexibility in modeling diverse phenomena, and the
relative simplicity of the results facilitates computation in studying alternative possibilities
and configurations.
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_ Finaily, consider a logistics-repair system comprising many units of diverse types and a ;
i variety of support functions (maintenance, repair, replenishment, etc). Suppose the process i
' that records the initiai [ailures or epochs of unavailability of units {(measured from when they _
are put into operation for the first time) is Poisson. In view of the comments above regarding !
, life cycle modeling of an individual unit, the results of Section 4 provide a relatively simple
; means of approximating the status of the overall system as it evolves through time, while '
| accounting for any number of important factors and considerations, and of assessing the
: adequacy of various support resources in relation to mission requirements and operational .
; availability. ,
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