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I I NT1Z()flUCT1I ON

~Thi s report deal_; with theCL11 crrent r Iow o FB i I k,1 .r?(

cur rentF- injected in to the au roral- zone, by solacr e-ve-ri t

and pemn tra ting throughi the ioniosroher e, !3t:r al. -- andi

troposphere to the e ir th sur face. In t!1e calculIat ion of

the a uror a cur rcn t s, the following s impl ifyingW as.-r ri t ions;

ha ve bee 1)c ade . T '-_, ea 1r th' E I s I ag netLi c, ti CI(I is oi;an L

a nd ver t: i ca 1 w i tli r Cs.;pec t to tI e ca r till su r f ac, T'[1hc

problem i s two dThsoal.'le potential Funct ion and

the elect ric fielId are fune t ions; of the var iLia coord i n-

a to z anrd one hor izo t-al. coord ina to x of a Cart a 0o--

ordinate s~ystem x, V, Z. The Ha]ll current flvsonly in

th- y direction. Ste(ady sAite conditions: arc sure

that is, the electriic functions Eire independernt C)C r;

Thei conductivity iS, !scalar: and exponential in the tropo-

and strato;phere-. In the ionosphcre, the, paral )-el condUC-

ti v i ty continues to i ncrezfc e xponent!_ally, weasthe

Pede rsorn or t ran svt rF.so: conduct ivi t e y ae The,;(,

conduct iv i.ty prof ilos ort, expressed by' su i tIai a ana lyt i-e

function3. I

The eairth isf a)ssumed-c to he a pl ain equ ipotoritia] sur-

faice. The cur rent is; inijecteL,- into the insii.ever t -

ca H y in a striip of 75 km~ width arid ejcor ted in A pava Ilel

strip of the Lsaimr w id(t i. The s;olution of [tie differeniall

equaition i.s g.iven in ha irion ics or a i(]enif urRt ion!.-



L icI ly . 'ihe rest"r ic! ions- ifl:: )La j~(c re

different conduct ivitv profi es, oxtenr; ion to Liiidew ed

en t probiemms , and ma-ybe to dli rer en t coor cli na te :vnftcms.

II. SOLUTION OF DiFFERENTIATL MEOUATION.

The following symbols and defin itions arre used in tiii s

calculation:

x, y, z= Carteosian Coordinate -ytem v.i Lh th- 7, axi f

pointing upwards5.

i ,, k Unit vectors in ditrection of the coora coates

X~ o xp ( 2kz) s=ala r and! pa r alllc, cond Lict>L v i ty

A0 2 x 10- . 1/ ?m =conductivity at t.he qround

2 k In. 10 -scale falctor of coliductivity
-10 kimt";

2 2

co7r11 1uc t i v it y

d q(x,X) -Potential funlc~itio

V41 - clectric field

I L r (, is the conductivity t-en nor inl t h, oaso r

and a seal ar in the st.r a to- a nd t rope sphoc e)

F1 magnetJic field vector

2A 1



xa.v o i (I ;,-i ':

Ixv, - 1,- 1

Since th1 cu r C ,  fIow i; a.-; e'! Lo he i11 e', la Le

from (2)

0 , V x - 'C ; , - - , (3)

and tak inqt t.l c Oiv(.rg q nce o f (1

x H7 p " = ¢ . ... . PI,• x i 0 ; V: " I = - \'" . ;];, + "3 (I '~x - .

2 1,+ ED S z : (4 )

The divergence of t thall current in (4) is zeroC) because

it recu ir es differ ent.iation to y and the Hal current. of

our problem i.'; not a function of y. Executing the diver-

genne opeiation in (4) we obtain the different ia] equation

of our problem

2 -1
- 2 -}: + -W '"] -¢ 0 (5)

Sin 2 .;1 a funcLion of z only, we may put it before the

I if for cnt i,. oporator to x and (]]v de (5) by A 2

.2,
IX

2 Pz' 1 : >z (6



'i 'Ili form f thle (I1 ,r nija 1 t, or Ir,) . .

.imme 1 i t11 el a so u t i on in th f11 f7 i I In f t I :- (

ha-remor: ics. We 1.!,L haL , i I ; 'Jun mu 1 " l ,

[.unction f = f (:) c',: g - C -)

q(x) f(z) (7)

By writ ing the facto: not affec te c, m:e (edi f fr n Li at ion

before the differential opet ator and dividing by , sj _1 ts

(6) into two ter:ms, the first depnding only on x zinc]

the second on z.

1_ d2g 1- (1
ld 1 d ... df.. . (8)

g dx 2 f dz dz

We set now the first term e(.tna1 to the arb[t rairy constant
2

-S

1 dcj q 2
dx2

-

with the -;olution

g = A exp(I.:jsx) ; i (10)

A Is horec a comp."lex intenJ iat ion con stan and s a scaling

facto: of x.
2

Replacing the [.-ifst ter:m in (8) by --s we-, obiain FM

f the differential equation

0 

I (Iz " 2
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L1 tr ir;11i

2k

22'

Ti f ik fi t 
2~ ' l l lC :' - , q L

fill ther by' tL1c. :siulh-t- i t[Li uon

c x1 2 (-- 2k~ (Ii L ku(2)

2 f

ISI
t (h h cm 
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2 2

and thu two solutions f or f

fI ( x (- k ) + -) in 1  (1.

f (exp (--2kz) + a) 20

W ith the solution for g g iven in (10) we obta in fL ti m,

10) , (1 9) , and (20C) tho two ptn a1f uiicLions

A eXI C sx) f1  (21)

ell 2xF 2 (22)

A anid R are complex arhitrary inlcecjratior cojes.tjnts thatc

aadn beC LI sC-'d tW adus te s;a Iit ion to g iviL'I bcaindar v

cond i t joas 'PIi js %.,i I I be, (Ii sc: in rnedot a Ii 11i

,,act- ion IV.

1 ].1 . 1XI sQMssroN OF THE' SOLJI'TION

The funttions an 6) reprec;ant. the in and( out POle

f UnC t ion1s 0[ tfhe (71i f fecor : lal1 equa t ion , mean inig t ha t Ulk

jfplel fu~net ion K is causc-J by a source at the yroun1d

(z = 0 ), whf-r ha its wvax tnum val1u(a that dci ci: ases

with1 izicr -as in distance fro-mi the source. rfiej outpole

functin: ;2 if;r~ue by a so,,urcc at some, altitude 11

6I



Il a ( )

a [0 01; 11(1 LLp iin~ar Il~ I (I ric ln

o t heC t 1 upo - a I d s t ra to ;l e. vI. L I A 2c f't aI C)

i je IL no iii ioH foC)r q j iS not c I F I r C, t- (-.d nd r e r t±' t n 1 ,IMi

(JivclU ill (10) fluwOVer f I F ) f '( to tho IQ pe

--in 2kz
f ' . 1 (23)

f .20 (24)

2 A cx 1) s,~.) e x/ p/ + 1) kz) (9

In thisj reducedc form it i ; eayto re Coirl ize that

("is tHie Jn pole Fun ct ion v.'i th itsn max ionm vstbL ht th

cgronid( z - 0 and diilinishiw-i ''i:i 11101can-ing z. y 1;

thef on LL 01(t IC L iOn , that hafn itLs mini JMUM Va TU na t thle

(It CU:1 11nd Vdncrclancn 1it ra tain 11 . l"u0 th r ar , W'.

;c tlilt~ tie(- injpoli po)tc-nt a! do:- ranen mfuch faster U1111

7



ad t: t~ ifr:: i iwl hc i -I f ~Ld

mappi ncj dlepoends a-l:;o oll tle ra ti or, 7 f L i'. a, t o

is" nuch JLirqor thAanl I 1sean ifno For'ti p' 'r te

a ('I nU a L io 0 no ID IE dAT dow n niapp iicj '~ K k e Cide

1"' mlay rad uco (5) and c ( 20) f U r! I ( 1: bh' sIt U ipTAI 7 LI I th

hr ak-,e t in Lb i -h s ccond( exp- f u nc L ion w i 1:h! lnol t 1-hC. n 1 e c

k-> 0 This would r educe thie Conduct ivi ty to a (eonstan t and

61 and t to

Aep ( is x C'.p -s)(27)

el2 Ax 2+s

'Pu" eua t:ion.,s gq( LIC yrth-olution for tile el --c tros tatic

proi cm, ci !;sluti on thui %t we will ne:ad for solv iny, time

dependlent p:roblems. Hare the deca.y for up and dol:mi mapp jK

is the ait.This; show.s quijte2 CiCar) y' that thme di ffer ence

in the it tenna t ion in the prcv ious, cases is; caus ed Iy thme

changin(ci conductivity.

IV. AJPPb KAY ION OF7 ill' SO1LULY' ON 'jO AIN 1CCSIE JJU

Plor the app1 ica t ion of c-i JcnfLuac Lions: of a di fferen t :L; I

clul ion to a spcif ic piiys i s:Al rbV: w-, h'-ix' to Z~~

th''ioua coli :ion .I-ni !I(. 2J o((f ( polrn-!ti ci



on 1

ejE t t wAU of thf h r. i LI', h H 2 1 t(-)) .JWL f1cc..

3. No curreont £a~Mu hi LhCir e' Ewh of' thecv]in

der. For x r- 0 and x I.- 15 kn- r 0 .

4. The hCottori pa (CC~i II t ; , (--- ) shal hie anl C'. n i>

ti l s l-a cc COiLI Lh 1t-1ur

5. Lhe ji ral1 cotdut ivi 'L-y n~ t h Poeir aenl c Lv-

ity A9 are givcen by

I ()xp (2 15Z)(41

A2  A 1 (- ~ ) 2

The sIoiLion of the HiI 2rci 2.cquat ion fcc 8 t cacl

st ato cond it ion- 1a ha been g iv en ii Lhe for it oF e(2 1 Cr1 1r1 c--

tiofm. in sectionf 11-, cql-i&L iv2 (2.1) imJ (22)ic [n Its IOat

S~uitZabL(c tl(IjULtC( coiistant'; A ai solut-ion that. fit.- the

boundary colv] itton ; .

First we accoulmola te the boe rconlit lon 3. for the(

inpno r 7unc Lion . 0 ix ( f')I x :- 0 and x - 1")() it

Pr !Il (21)

'x A i.-; exp;(A mx.) f A f i;F i (cor; (sx) 1 s ill. X ) (.

9



4 (1

f w v (4.5)

e~i 1,u. o'ridry (;OLC. i Linni oql ics. alm) Ln thv ca" o'oLc.

f jI ' ion I t illrj L

r., co r (r;yx (4.6)

2(4 7)

TPo or, :)) vc( LfV I ~ fllKEr y con7 ition z! 0~ (for z ,

wo I h e (1 F i .o r r, r, h od, -In S;: an 2 'i(it(

22

20



f2,0

A 2. B (4. 10)f

and

Bf 20(f2 /f20 - fI/f 1 0 )co (s>) B Z) COR (F.:) (4. 11)

w i th

f . .. . . f . (4 . 1 2 )
2 f10

The last bounda ry cond i. t ion to be fulfil.l J is cond it ion 2.

To do this we have to calculate the average current density

at the source for z H.

We set

d~j F' (H)
z=II

I( I) T F)2 'xin ";x x k 1 1. B F' (H) co; sx (4.13)

Since at the altitude of z = II 1 ]50 km the Pedect;en conduc-

tivity X2 is very much smaller- than the par].-Ile], conductivity

we may neglect the horizontal against tie ve-rtical current

flow component and1 wC e

I (1) = ]. B F' (II) ,1 sL;x) (4.1-4)

This aipprox.imation i:; an ex':r esion Cf the magnet ic f ield

a I igned current. il'vnT miigngtic f ield i:s vertical. and there-

fore only the ver. Jcci current- component iF significant.

i11



'I o n I uc nh i v i 

2k IC) (

t Am ' 7 t -

2 ' (1 L i V f 1 J .I/K I~m J!ta I e a -,r I pI v r 11 or

Al thi~ rc i , %C n i a i (I:]t I ' o 1d(t wv t Kin o ) r-C
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I I .p:. . ' flI.+' h :.J tr j ,.

:i t I i n ' k 1- ' 1 ,1

a = c.xp (-2kz (5.)..

If we would like th: mximum of A\ to hc: at 100 km"2

altitude t1,en

-10a 0 TO

Fig. 2 shows the conductivities of A and ",2

given on the horizontal axis with a logarithmic scal.e

as a function of a] Litudc z on the vortical axi.f-,. The

maximum of )'2 is at 75 km altittide wLt!L a = /10 x 10

2. Potential Funct iron

-- B '( ) CO (B;x)

B -- I / 2 X1 () fI (I) - 11.4 ,;V

Fig. 3 shows a p.ot of the ecuipotent ia] 1ino: ith the

zero potential as a straight vertical line in teli midile

connected to the ground. The lines to the left: increase in

steps of about I MV and the linos to the rigjqt dinrea:;e in

steps of about --l MV. It is remarkable that the equipt en-

tial line.-; in the iouosphecre from 1.50 km to aut 75 km

altitude are practically vertica-l. Then they slant slightly

to the left in the left half and to the right in the right

half of Fig. 3 unti L they bend sharly in a horizontail

direction ais they arpp-oach t0he ground. This loads to a

crowdling o( the e]uipotmteital ]inef in the surface l.ayr of

10 t:o 20 IM thickzri:2f -nd of ferS the opport.unity to measvure

.3

t g
I4



1 , 1' : ,', -t 'r ,12 1 1e . 2 ?V I I'L ,: ir : n i .4.

'i'i,- hor a ' x i 'Ii i r L C, i 1 ' ti (-i

axis the altiu e Y r fro:i 0 to 1 5 kr1. in .10 t I iud,.

we have already r,-c12 i i, 0c Of 1r, f i na1l. v,-luc of V. The

shar)e of the curvte i.S t he _ ;. f-Or a n.' For man, f r orn the

midpoint x - 75 kn, only the fi,.a 1 val.ue c,,l geo- with cos(s:

from the maximuji valu,, of about + 10 IMV.

. Electric Field Component.s F and H

E ; X B F(z) sin sxx

E = -B F'(z) cos sx

The magnitude of the electric field compozion',ts

E and E. verFt13 altitude are -.hown in Fig. 5. The hori-

zontal axi ; displi]av; the fitel ds E , E and the vertical
x Z

axis the alti.tude z. The vertical fie]d E Z has its maxi-

mum at the ground of about i2.3 ky/m and d]ecrearses rapidly

with increasing at i tuce. At 10 km alt i tucIe the VLl0 is

I' - '40 V/mn.z

The horizontal field E is zero at the ground reaches

200 V/rn at 1.0 km and about 220 V/m at 20 km altitude. From

here on it ke eps' its value all. the way up to 150 kin altitude.

This is indeed a very remarkable result.. Since the

14



co ", U w l I 1 1 : C '- 1

~~l'i-i~~~~ i f* r Il !1,)' c~ . U Li L f v rc.e IrO

curren .C atc ony I/1i 0 ov. !.0, .; stx: rio a,; aSr~umd iii

this r e)or t . lior n , I c Lt c Fi eici; of 22 or 2. 2 V/ i

can still be ,n al:urcd with saFf ici owt acrcula,.y.

Another distingii }hin charactc.isiic 1s thc phliar c

shift between the herizion l:l and vetLical componrlm E and

E z . For x = 0 and x = 150 %ro the ver ical co!npl)nent Ez

has it.; maximum or L in imuM valu , of-IO 1?50 V/m at 10 km

altitude. At x 75) km it passes through zero and chanqes

polar ity. The hor iz on tn coE x on i0Vt ; Z :o at x 0 0

and x = 150 km and has its maxilmun value o[ 200 V/m at

x 75 ko where 1: pa;er;s hroutgh z;,io. An airplane flying

at 1k tnm . ikure from Y, = 0 to 150 km would record a

field ;,tt:orn a:. shown in F i 6. 'Plm hor izontal. axis givos

here th fl.ight path x at 10 km al tuittde and the vertical

axis the fi<,I( components F-" and L . E is displayed by a

dashed an,] E by a sol]. line. It is most unlikely that suchz

a field pattern could be caused by an atmospheric electric

fair weather field. The constant fair weather field would

appear as a zero shift of the Ez component which could easily

be eliminated from tbe record.

4. Current density componts I and I

f\

Tx 2 1:x

4



ih . It , I I v t . r ,f t I rr

(Ut" r I '11 L2 ' : v ,,,

,, ( i Li , '*- " l.t , i I , I .'; O : ; (,. [ ii ( .Sf,> 1
S.

5 U l-' ro, U k:i to 75 kio I tj e ;.ie.e i t-I tLid:" iteI v
/',, 11111"-ix i~w v.,. u,' of . ! 1::): 4:L( -  T. " '; i. L-, .; Iy a acto,

41 hij!'c ti i: l!t.(o ,l(rc~ g,: c rnuit d C I I ty an i b ab . f LCt ()r

2 . 9 Lar t h i n h Imx :!t I m C r- r cIIt i i! t. y a Lt L he source. roI:,

T7 to 100 1,m a t itude the IIor n1 ta I cur renL deinsi ty

decre-,asc,!; aja in and becomes, ne;, ].,be in altitudes of 100

to 150 kim. The vertical comnioont I starts to increase

from about 55 kin reaches approximately its maximum value

-5 2
of 1.37.1.0 A/,n at 100 ikm and stays at this value up

to 150 km altitude (fie~l al igrwd current).

Fig. B gives the cnrent profiles of I and I in the

lower layer of the atmosphcrce fr:om 0 to 30 km altitude. I
I is 4.7xi -( 1 1 A/n 2 at the ground. Th is is already higher

by about d factor 20 than the fair weather current. It has

doubled its value at about 20 km altitude and increases

more rapJidty with further increase o[ altitude. The horizon-

tal componcnt I starts with zero at the ground reaches the

value of I z at albout ii km altitude and increases much more

rapidly than I z for higher altitudes. Note, however, that

that phase shift between EX and IE z discussed above applies

also to I and I

X 16



It ,:;hou . rot I. difficult tI .l() i n ]o;l. t' Ih e c ,.:r I'-t -I.-

istic diffefrencea; in the I i:., .1' ctu.rieat Lpattori oL 0 1 ,.

-L7 ir j .catIci andI Zld rol jCI.r r0 1 1 tn e'(V 1 I at i " .

for the daLa obtai nedl from a nIOt Io[ On the gro...nd ou FL

an airplane to separate the fair ,w. , ,l] , £ rom the au]ro ca

fields or currents. It is ohvi)u:;, however, from Fig. 7 and

Fig. 8 that the current density Iz of the aL-ora current. L,

not constant with atitud(:. Sinc(c a constant current density

with a]titude is a Iiecessary as Lliiti.,1 to extrapolate the

fair weather potential at flight alititude to the ionosphere

to obtain the ionosphere potential of the atmospheric electric

current the same extrapolation method would not be valid to

determine potential differences in the ionosphere potential

caused by solar or ionospheric events.

17L



F- I

7........



I-j.

n L)
:2:

0-

Iu-

a_'
0 r



C3-

Ct4

ci



J

Z2)

0')

1r

C.7)

_, N



Elii

LL.

LL'i

_i~j_



LI 
-



Ze (t

I- C

.-



C)C

w 
8-4

LOx
Vi -I

LaJ



ILMEI


