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“This report deals with the current flow of Bjrﬁland
currents injected into the auroral zone by solar events
and penetrating through the ionosphere, strato- and
tropospherc to the earth surface. In the calculation of
the aurora currents, the following simplifying assunntions
have beoen made.  The earth's magnetic field (g consiant
and vertical with respect to the ecarth surface.  The
problem is two dimengsional. The potential function and
the electric field are functions of the vertical coordin-
ate z and one horizontal coordinate x of a Cartesian co-
ordinate system x, v, z. The Hall current flows only in
thr y direction. Steady state conditions are assumed,
that is, the clectric functions are indepencdent of time.
The conductivity ic scalar and exponential in the tropo-
and stratosphere. TIn the ionoszphere, the parallel conduc-
tivity continues to increasce exponentially, whercas the
Pedersen or transverse conductivity decreases.  Theso
conductivity profiles are expressed by suitable analytic
functions.

The carth is assumed to bhe a plain equipotential sur-
face.  The current is injected into the ienosphere verti-
cally in a strip of 75 km width and ejocted in a parallel
strip of the same width. The solution of the diffcerential

equation is given in harmonics or cigenfunctions.
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This solution may be considored ans a firat cxeople to
show a way how Lheso type of problems can b solved analy-
tically. The restriciions mey be relaxed by accompodatig
different conductivity profiles, extension to Lime depend-
ent problems, and mayhe to different coordinate systoems.
IT. SOLUTION OF DIFFERENTIAL FQUATION.
The following symbols and definitions arc used in this
calculation:
X, y, z = Cartesian coordinate system with the z axis
pointing upwards.
E, 5, k = Unit vectors in direction of the coordinates
( ll = XO exp(2kz) = scalar and parallel conductivity
. -14. ,. . ) . .
AO = 2 x 10 L/¢m = conductivity at the ground
2k {8~%£ = gcale factor of conductivity
kz = Al/(lia cexp{2kz) )2 = Poderasen or transvoerse
conductivity.
) . b = ¢(x,z) = Potential Ffunction
E = -W = clectric field
T =L E (T is the conductivity tensor in the ionosphere
and a scalar in the strato- and troposphoere) .
H = magnotic field vector ‘
i = permeability.
o
" 5 :
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Maxwoell'e egaation:

Y xoH 1
. P!
Vx B o= oo
[eA

Sincn the current flow is asaoumed

from (2)

o FEE LT = (ot
a'EO, \.\1---0, I, = B

and taking the divergence of (1)

e Vi il = 0 Ve Toe (T O
V VD 0; \ I \ (]‘2(m
+ k) 1 —9'}:) = 0

The divergence of the Hall current in
it requires differentiotion to y and

our problem is not a function of

(1)

()

to be in sicady state

- oy b -
+ ) A%(i&;—-x B)/BZ

R ux

(4)

(4) is zero because

the Hall current of

v. IExecuting the diver-

gence operation in (4) we obtain the differential equation

of our problem

] 2 0 RIS
et A : + = 0
axT 2 0x VAR R 7

Since )

differential operator to x and divide

L4

L2, .

W 1 y i
Sk AN g

.2 A Qv Ltz 0
JdX 2
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) is a function of z only, we may put it bhefore the

(5) by X,

(6)
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This form of the dirtercntiacl cauabtion (6) ongaoot s

'

tnanediately a solution in the fTorg of cicenfunatione ol

harmonics. We assuwe Chat @ §o agiven an oo o jproitet of o

function f = (=) and g = g((x)

¢ = g(x) f(z) (7)

By writing the factor not affected by the differentiation
before the differential operator and dividing by ¢ splits
(6) into two terms, the first depending only on x and

the sccond on z.

2 :
1 gﬂﬁ bood QNA ar _ 0 (8)
g dx” Azf dz dz
We set now the first term equal to the arbitrary constant
2
-s .
1oaty 2 (%)
E dxz

with the solution

g = N cxp(rtisx) ; i = /-1 (10)

LA is here o complex integration constant and s a scaling

factor of .

. . . 2 . .
Replacing the firgst term in (8) by 57 we obtawn fon

f the diffcerential cquation

d afr S2A, r o= 0 (11)

dz"1 dz




Fo= 0
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| Expanding the fFirat term in (11 ‘results ip
‘ a’r . ar 2 2
Ny e 2k GE 5
‘1 a2 k 1 d=- B R
' {1 + & wXp 2ke)
The Function Al drops out ungd ye oy
further by the substitutljon
_ adu _ o
U = cxp(-2kay; dy T ku
Ve oblain thon (he Shrple Ailorent jaq cquation
L2
acr <5>2 o 0
.2 2k T T
au <k (uta)
We sot noyw
{ = (um)m
2. -
H n~2 f
d 2 =om(im=1) (ura)™ = m (m--l.)~-~—~~-—~-?»
Ju {uta)”
and substitute Cxproession (15) in {(13). 7Thig
quadratic equation for m
2
2 s .
m - mo-- 2 =0
wvith the two sotut {onn oy T
5
[ 4

Simplify the equation

(i2)

(13)

(L4)

{10)
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two solutions

{(exp (—-2kz)

{exp (-2kz)

Y |
2
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1
)2 -
k i
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With the solution for ¢g given in (10)

(Loy, (1

A and B are complex arbitrary integration constants that

“can be u

conditio

sSection

T1T.

The

9), and (20)
A exp(risx)

B exp(!iax)

sed to adjust
ns. Thig wil

Iv.

functions @]

the two potential

Iy

Fa

the solution to given boundary

1 be d

and G

we obtlain

functions

iscussed in more detail

DISCUSSION OF Tk SOLUTION

represent. the

(17]

(JU)

(19)

(20)

froum

in

in and out role

functions of the differential equation, weaning that the

inpole function ¢l is caused by a source at the ground

(« = 0), whore ¢l has i1ts maximum value that decreascs

with increasing distance [rom the

functio:n

v 1s produced by a source at

"2

6

source.

SLOme

The outpolce

altitude

3!
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above gioand, Tor inaiavae to e doranshier e on o s,
e st Tlg waxisan valve ot bthe counr e (v o ) that
decroason with ITncrceantng Jdictanco froa the somvee, 1.
asowe cpaveach tiee ground (05 G) . Uhils distrinction

between in and out pole poteniial runciions iz reilectod
in modern terwinology as up (source below) or down {source
above) mapping.

o exclude the jonosphiore and regtrict the aolution
Lo the tropo- aund gctratosphere where kl = AZ voe set o a = 0.
The solution for g is not affccted and remains the same ou
given in (10). HNowever, fl anel F2 recduce to the simpler
form

ﬂn12kx

r, = e (

N
W

~m22kz

£, = e (24)

resulting in

fp 7 A expliinm CXP(“(V/1 Vols/K) T 4 1) ke (25)

= A exp(tiss) exp( (V/l - (s/k)2 -1} kz) (206)

(.‘)2
In this reducced form it iy ecasy to reocognize that
¢y is the inpole function with its maximuwr value at the
ground z = 0 and diminishing with increasing =#. iy is
the outpole function, that has itg minimum value at the

ground and incrcascs with increasing ¢, Purthermore, wo

cee that the inpols potential decveases much faster than




thie oulnole poteni Tl Lalvomen oo b ™ ivy Drg The s
that thoe attenuatton foroawapoag oo s Lol mman oy Shoe

tue attveonuation boomanping ur, o foob diel ds oltan et ion-

el oin the Viterature.  The aodlytical oolullon gives Lhoe

additional information thal the weask atlonuction by down

napping depends also on the ratio of s/k.  Li this ratio

is niuch lorger than 1 meaning for wide sproad sources the

attenuation by up and down mapping will be of (i same order.
We may reduce (25) and (26) further by multiplying the

bracket in th» second exp-function with I and then let

k-0. This would recduce the conductivity to a constant and

.

to

)

(j)l and ¢

Wl = Noexp{tisx) cxp (-uz) (27)

¢, = N oxp(tisy) oxp (+ow) (28)

These cquations give the solution for the eloctrostatic
problem, a solution thal we will nead for solving time
depcendent problems. ilere the decuay for up and down mapping
is the same.  This shows guite clearly that the diflerence
in the attenuation in the previous cases 1s cauced by the

changing conductivity.

V. APPLICAWION OF Tii SOLUTION 10 AN JOUOSPIERIC PROBLEM
I'or the application of cigenfunctions of a differentinl
coquation to a specific phyaical problem, woe have to specify

the boundary conditioa and the sourao of the potential
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i injected into the Lottt had! of tho ovlinde:

ejected oul of the right halt of

tho

3. No current chould pemnmetrate the  vde walls of

der. Por x = 0 and x == 150 kwm  «o!/%x = 0.

4.  The bottom platce (ecarth surfac.e)

tial surface with the potential value 0.

[S4]

The parallel conductivity and

.‘\1 by the Pedersen

lfy AL

, are given by

o= A

exp(?2kz)

2

>
il

0 A]/(]-Fa exp(2kz) )

The solution of the differcentinl ceqguation foc

state conditions has been given

tions in scction [T, (21) and (22). it

cyguations

to construct by superposition of these eigenfunctions

suitable adjusted constants A a solution that fits

boundary conditions.
First we accommodate the boundarvy condition 3.
inpole funciion. 8¢/ax = 0 for x = 0

and x = 150

(21)

From

o,/ o= A
1

9

shall be an ov

Lom ol
: g

top surface.

the cylin-

proten-

Ie

[

(4.1)

steady

in the foruw of eicoenflunc-

remains
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Thereloro
= o-hos L alnlox) (4.1
and
“‘Jl = A f] costan) (4.5)

The sawme bourndary condibion applics also o the oulnole

function, resulting in

St st L) (4.7)

To eriorce the houndary condition 4, ¢ = 0 Jfor z = 0,

waoapply the mirror image meihod and suprorinposo o and i5-

Bo= A+ -‘,ﬂ, = (A _f‘i CROL) ena(s ) (4.8)

foor v = 0 follows from (L9) and (20)

1o Tl (4.9;

10
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1
f.
A\
A o= 'r/'"' B (4.10)
10
and
L = RNF - sty Y I A vy ferme s | 1
¢ szo(fz/f2” fl/flo)cn,(uL) B F(z) cos(ex)(4.11)
with
fZO . -
F(z) - f7 T T - f"L (4.12)
i 10
The last boundary condition to be fulfilled is condition 2.
To do this woe have to calculate the averaq= current density
at the source for z = H. ’
We sct '
dFr ot
(d—z——> = ' (H)
z=I
I(H) = ilzns F'xin sx + k Yy B T'(H) cos sx (4.13) ,
Since at the altitude of 2z = 1 - 150 km the Pedersen conduc-
‘ tivity Az is very much smaller than the parallel conductivity
|
3 l] we may neglect the horizontal against the vertical current
flow component and writc |
! I (m) = Ay B E'() coslny) (4.14)
| _
I This approximation in an cxpression of the magnetic field
aligned current. 'The nagnetic field is vertical and there- !
fore only the vertical current component is signilicant. '
11
]
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V. NURERTCAL BEVALUZ T TON

1. Conductivities Al and

=) < 2
A] Lo CXD (2l

i
o
>
—
fe]

2%

At the groeund the coreoicticily han the vnltoe of

-14

2 x 10 Cl/vm o oand increaces by oa factor 10 every L0 ko,

At the sorree in 150 km altitude the conduchivity ll a6

20 1/0m.

the value of y

SN
o= ) Cexp{ikz) o

(Lt enp (?kz)L (5.1)

'
The factor "a" in the denopinator is now adjusted in such
a way that in Lhe trono- and stratosphere the Pederseon

conductivity A, is practically the same aw the rarallel

conduect jvity )]. Approachiing the tower tonosplicre )2

[ ot

12
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senovaten rrom k] pescines g mexinom and Tinally decays
with Increasing o)t iiseics The naxinmg is reachadd whon
a = exp (—2kzm) (5.72)

If we would like the maximum of AZ to he at 100 kn

altitude tlen

a = 10“10.

Fig. 2 shows the¢ conductivities of A] and AZ
given on the horizontal axia with a logavithmic scale
as a function of altitude 2 on the vertical axis. The

maximum of l2 is at 75 km altitude with a = u/lO X 10"8.

2. Potential Function
¢ = B ['(x) cos(sx)
Y .
B=-v1/ 2 )\J{H) )y = 11.4 MV

Fig. 3 shows a plot of the cquinotential linen with the
zero potential as a straight vertical line in thic middle
connected to the ground. The lines to the left increase in
steps of ahout 1 MV and the lines to the right drcrecase in
steps of about -1 MV. It is remarkable that the cguipnten-~
tial linecs in the ionosphcere from 150 km to aboult 75 km
altitude are practically vertical. Then they slant slightly
to the left in the leoft half and to the right in the right
half of Fig. 3 until they bend zsharply in a horizontal
direction as they approach the ground. This leads to a
crowding ol the cquipotential lines in the surface layer of
10 to 20 km thicknerss and of{cers the opportunity to measure

13
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,
Lhe potoential Jdial it don dn the domonshero ee bttt g
alvplane sounding ol the atmocp'ea lo otocloie pocont jain
in the lowest laver of the ateonnlier e,

Pyysy et 3 RN . e AT Gl - N 1 4 . H 1oy
Function W/, vorans altthad s 2 o ploetted e Uigld,
1 '
f . : . ERERN . . . .
Phe hor tzontal axin shows Gopy frem 0 to 1 oand the vertical

axis the altitude v [rom 0 to 150 km. in 10 km altitude
we have already rcached €03 of the [Ninal valuc of V. ‘ihe
shape of the curve is the saire for any distance {rom the
midpoint x = 7% km,only the final value changes with cous(sx)

from the maximunm value of about +10 MV.

3. FElcctric Field Components Fiy and I,

i T8 B F(z) sin sx

<]
I

-B ' (z) cos sx

The magnitude of the cleciric field components

Hx and Ey versus altitude are shown in Fig. 5.  The hori-

zontal axis displaye the finldg B B and the vertical
axis the altitude z. The vertical field E, hasg ibs maxi-
mum at the ground of about 2.3 kv/m and decreases rapidly
with Increasing alttitude. At 10 km altitude the value is
Ez = 140 V/m.
The horizontal ficld EX is zero at the ground veaches
200 V/m at 10 km and about 220 V/m at 20 km altitude. From
here on it keeps its value all the way up to 150 km altitude.

This is indeced a very remarkable result. Since the

14
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3.

N —
atmosnphoric taie went e Ficdd hao ne horizeatal faeld
compan- b, e horiconici 2 congs aoent wauld e Ul bt
parancter to digUlngaicts vy ot o Dodr weabieer e Td,

'

This would boconos csrocictly Imporiont 1 avevrage avrora
currents are only /10 or 17100 as strong an ascumad in
this report. Horizontal clectric fields of 22 or 2.2 V/i
can still be measurcd with sufficient accuracy.

Another distinguishing charactevistic is tho phase
shift between the horizontal and vertical componaenl k. and
EZ. For = = 0 and x = 150 km thc vertical component Ez
has its maximom or wminimum value of *250 V/m at 10 km
altitude. At x = 7% km it pagses through zero and changes
polatity. 7The horizontal componont By ig zero at x = 0
and x = 150 km and has its maxinum value of 200 V/m at
x = 75 km where I, passes through zoro. An airplane flying
at 10 btm altitude from » = 0 to x = 150 kw would record a
ficld pattern au shown in Fig. 6. The horizontal axis gives
here the flight path x at 10 km altitude and the vertical
axis the {icld components B and k. By is displayed by a
dashed and E, by a solid line. It is most unlikely that such
a field pattern could be caused by an atrmospheric electric
fair weather field. The constant fair weather field would

appear as a zecro shift of the £, component which could easily

be eliminated from the record.

A

4. Current density componints LN and I,

15




e Lo I are ewven more scomarlLdote

ig. 7 shows e

currenl ool ben wath the v tioal amic giving the alticede

B

A dmd the hortzontad oastio 0 and 17. Dhoth conpoonenty o
woak i the tropo- and lTower st cctoophore. [ fncrcases
. -

rapddly frowe SU ko to 75 km altitude whoere 1t veaches its
paxiaan vatue of clwost 4710 7 A/, 9 o factor

-
-
-
—-
ot
=2
<.

4 higher toon bhe average current density and by a feclor
2.9 than the maximum current density at the source. Fron
7% to 100 km altitude the hovizontal current density
decrceases again and becomes negligable in altitudes of 100
to 150 ki, The vertical component IZ starts to increasc
from about 55 km reaches approximately its maximum value
-5 2 .

of 1.37.10 A/w” alt 100 kwm and stays at this value up
to 150 km altitude (field aligned current).

Fig. 8 gives the current profiles PE,IX and L in the
lower layer of the atmosphere from 0 to 30 km altitude.

I is 4.7x107 11 A/m

&

at the ground. This is already higher
by about a factor 20 than the fair wecather current. It has
doubled itg value at about 20 km altitude and increases

more rapidly with further increasce of altitude. The horizon-
tal component Ix starts with zero at the ground reaches the
value of I at about 11 km altitude and increases much more
rapidly than I, For higher altitudes. Note, however, that

that phase shift belween E_and Ey discussed above applies

also to Ix and Iz.

16




R sv«-M'M b

1t sbhould not Lo difficult to Jdesign frow the chiaractenr-
istic differences in the [iceld ond curreat jpattern op e
fair weather and aurora current flow an evaluation method
for the data obtained from a netwonk on the ground o from
an airplanc to separate the falir weather from the aurora
fields or currents. 1Tt is ohvious, however, from Fig. 7 and
Fig. 8 that the current density L, of the aurora currents is
not constant with altitude. Since a constant current dengity
with altitude is a necessary assumption to extrapolate the
fair weather potential at flight altitude to the ionosphere
to obtain the ionosphere potential of the atmospheric clectric
current the same extrapolation method would not be valid to
determine potential differences in the ionosphere potential

caused by solar or ionospheric events.
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