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CEAPTEIR 1

INTRODUCTICN
The fiaite element method is a numerical analysis technique waich
can be used to fird the location ia N-space at which some scalar
functional of N variables is staticmary. This method is one of the

most popular methods used to find solutions of both linear acd nom-

linear problems inp the theory of elasticity. Finite element teciziques
which allow for a systematic check on convergence with respectto mesh
size, discretization accuracy, are useful to the numerical amalyst.

The accumulation of round-cff errors aud the errors made when numerical
integration is used can destroy the accuricy of a finite element
algorithm. 1In the case of nonlinear elasticity the rcund-off and
iategration errocrs can be magnified because of the incremencal tech-

niques used. When the deformaticns Ia an elastic body are small and

when the material properties are not dependent on the deformaticn then

the use of the finite element method leads to anm energy functional, the
discrete energy functiomal, which is quadratic in N-space. The first

variation of this functional leads to a set of linear equations. The

solution of these equations gives the point {n N-space where the

functional i{s stationmary. If the material properties are dependent on

the deformation or if the deformations are large then the discrere
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energy functicnal is ot quadratic in N-space. The first variaticn of
the energy functio;al the;’leads to a nonlinear set of equaticus. The
solutions of these equations represent the stationary poicts ia N-space
where the discrete functional is statiorcary. Since there may be more
than one solution the stability of the discrete energy functiocnal at
these points becomes important. Soluticms of interest, stable points,
are those points in N-space for which the discrete energy functiomal is

a local minimum. Stability in N-space requira2s that the Bessian of the

discrete energy functioral be positive definite at a solution point.

1.1 The Energy Functiomal for Finite Neformatices of Mocney

Materials.

A historical account of the development cf the Zirst emergzy
expressions used in the analysis of subber materials is given iz
T:eloar's(l) book on rubber elasticity. Due to the fzect that vulcanized
rubber consists of long molecules linked together to form an irregular
three~dimensional network early res;archers developed metheds for
describing the behavior of_a large assembly of elastic links. As
described by Treloar these theories were developed during the peried
from 1936 to 1947. The problem of determining physical variables to

degscribe the energy functional was resalved when a theory was developed

to describe the pure homogeneous strain deformation of rubber by

P




characteriziang the strain in terms of three principal exteasion ratios

‘)\“ , ?\2 , and 7\3 albng three mutually perpendicular axes. A brief
sumary of Treloar's description of this theory is given here.

Definition (D.1): Pure homogenecus strain and principal stretch

al‘lzi ;\3

ratios )\ r

- Pure homogeneous strain exists when a unit cube in
the undeformed body is transformed into a rect-
angular parallelepiped having three umequal edge
lengths - )l ’ ),_, and )3. See Figure l.l. The
deformed edge lengths >\' ’ )\z, and )3 are
called the principal stretch ratics.

Definition (D.Z2): Strain iavariaats In s Iz , and Is .

I = }\1.- *‘\L.,_ “‘Ys

1
=\ U A2 T N2
L= X, 14—7‘;.7\3*)311 (1.1.1)
3 - ' L N3
Assumption (A.1): The material is assumed to be isotropic in the
unstressed state and incompressible in all states
of deformation.

The requizement that the pure homogeneous deformation be iacompressible

implies that .)\‘1:)3 = I or that

S L, U\ i




- UNDEFORMED

DEFORMED

FIGURE LI A PURE HOMOGENEOQUS
STRAIN DEFORMATION

?
j
2|




Then, for an incompressible material there are only two stretch ratios

that are a function of the deformatiom, I' and Iz' Using (1.1.2)

in (1.1.1) we have

(1.1.3)

The strain energy density functioral, }J , for a material satisfyvicg

D.l, D.2, and A.l is given by

= = : K
N - Z . i (I‘-B) (I?: 2) {1.1.4)
L - TR Y

where C = 0

C

! & are material comnstants,

The most common form of (l.l1.4) used in the analysis of finite deforma-

4
tiong of incompressible materials is the Mooney(a’a’ ) fora which is

given as follows.




L = C'Y.(I‘-?>+ «(I,- 3)‘) (1.1.5)

There are other formulations for finite deformations of income

(5)

pressible materials. Recently Cescotto and Fonder have summarized
these formulations. Their work is concerned with variational prine
ciples which allow for a more general bSehavior of the material than

the Mooney formulation aliaws for. Oden and Ke§(6)

kave considered
the effects of using different energy functions in finite elasticity.
They noticed that by using different strain energy functions, related
to the Mooney form, sclutioms are obtained which are significantly
different. We are concermed with the effect of numerical integration
and mesh refinement on the soluticns to problems with a given strain
energy fon:ula:ior.x. The formulation chosen here is one of minimex
potential energy using the Mooney form for the strain energy. <his
formulation has been shown to be meaningful by Tielking and Feng(n.
They analyzed nonlinea: .axisymmetric membrane problems by applying the
Ritz method to the ‘total potential enérgy functional, TT » 8iven as

follows

T = S ¥ AV - W (1.1.6)
R

.-whe:c \I = i’he'vci~m of the undeformed elastic body
and w = the work done by the applied fractionms.

Ve will he cmcefngd here with the discretization of this functional

. e — ~
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by the finite element method. The objective being to computationally

determine the effects of mmeerical integration and mesh refinement on

the accuracy of the finite element solutions.

1.2 The Finite Element Method.

We are concerned here with the displacement finite element
method. The theoretical development of the finite element method for
both linear and nonlinear problems of elasticity has been extensively
researched and documented. A detailed description of this techaicue

(&) (8)

can be found iz books by Oden' °, and Strang and Fix' ‘. We preseat

here a sumnary of the finite element method as it applies 2o this
study. The technique presented for mmerically evaluating the element
matrices is suitable for evaluating the effects of mumerical integrae

tion on the accuracy of the finite element solutuons.

Consider an integral functional on (0, 1) of the following {or=.
\
T(wv = S F(4,u,u)dy (1.2.1)
°

F may contain rationmal expres.sions of W ) u,' or their powers. Par=-
tition of the interval (0, 1) into N subintervals ( Ay ) A .‘+,>
where the points - A/, y (= 1,2, =+, N+/f are called the nodes.
.De.finc a set of variables {Cf, . C‘L:‘g which are the finite element
approximations to WL and its derivatives at the set of nodes ;.jl,-]' .
That is, II‘- is the approximation to U at node i located at 4, .
We now wish to approximate (L between the nodes by polynomial inter-

‘

(

polation which is completely defined by the nodal variables {:I',EII .




The power of the finite element method lies in the next step. A low

order interpolation, usually between lst and 5th, is chosen for the
interpolation. This requires the polynomials to be locally defined
over intervals associated with a2 small nucber of nodal _variables which
define the coefficients of the polynomials‘. These iatervals or groups
of intervals ( (€), e = ) Nc ) are called elements. When
this procedure is followed an approximation to the integral (l.2.1) is

available in the following form.

Ty éj Fw,a,d') by (1.2.2)

or

j:(a) = Z \S F(M, G’&'Béﬁ (1.2.3)

e=y (e)

I(&") is the approximation to I(u) « The desired functions

K(K) aze chos; which m;nke I(.Q stationary. The displacement

finite element solutucns for a given partition and interpolation order

are found by using the calculus of variations to determine, of all




possible nodal values { (2'.. , J‘-' } which set makes f{&') station-
ary. Thus, the variational boundary conditions must be enforced on
the finite element apg:oximacion. This is usually a trivial task since
the £inite element approximation functioms, as described above, are
locally defined and modifications need be made only over a few
elements. The form of the finite element approximation for elements
not on the boundary remains unchanged.

If the partition is allowed to become successively finer then the
accuracy of the finite element approximations increases (until come
putational errors arise). The accuracy and rate of convergence of the
finite element approximations when the partition is refined is a
function of the order of interpolation chosen in elliptic boundary
value problems. The use of higher order interpolations (quadratie,

cubic, quintic) in linear elliptic problems often proves useful. 1In

the problems studied in this dissertation ICu.) does not have an
associated linear elliptic differential operator and the rates of cone
vergence are not known in terms of parameters characterizing a dif-

£ eméul operator.

Consider the discrete integral functional given by (1.2.3). <Cone

struct a uniform partition of (0, 1) such that the intervals of the

o - Bt o S0d . . sk
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possible nodal values { &:. , (}I‘. } which set makes _L(G') statione

ary. Thus, the variational boundary conditiomns must be enforced on
the finite element approxixation. This is usually a trivial task since

the finite element approximation functions, as described above, are

locally defined and modifications need be made only over a few
elements. The form of the finite element approximation for elements

not on the boundary remains unchanged.

If the partition is allowed to become successively finer then the
accuracy of the finite element approximations increases (until come
putational errors arise). The accuracy and rate of convergence of the

finite element approximations when the partition is refined is a

function of the order of interpolation chosen in elliptic boundary
value problems. The use of higher order interpolatioms (quadratic,
cubic, quintic) in linear elliptic problems often proves useful. 1In
the problems studied in this dissertation ]:ch) does not have an
associated linear elliptic differential operator and the rates of cone
vergence are not known in terms of parameters characterizing a dif-
£cren£ial operator.

Consider the discrete integral functional givea by (l.2.3). <Con=

struct a uniform partition of (0, 1) such that the intervals of the




partition can be grouped into elements with the same mumber of nodal

variabilas. Then, EZ(AI) can be expressed as follows,

&(4) = {‘-P(#)}T{ “}c (1.2.4)

where { ({’[4')}

fi

a vector of interpolation functions

~l
and {\.JJ = {U-; 9 u,-} = a vector of the element nodal
e

variables. Substituzion of (l.2.%4) into (1.2.3) leads to zhe followe

ing expression

Ne

i““ﬁ = Z Fe4,141,) ok (1.2.5)
: e

wherse

Ne
{u} = U {u}
ez ¢
The condition that (1.2.5) be stationary is given by g I =0 or

Z{Su}{g > J“} =0 1.2.69

i (e)

T O T Y, Y



where {Sug = the variation of the element nodal variables.
¢

- 2T e e

oF ]
where {3} = S &iuﬂr 4 = the element gradient vector
G
Ne
{‘ﬂ = U {3}e = the global gradient vector
LAY

Ne
and {Su} = U {gu} the global variaticn of nodal
e

€=y

-
variables. Since {,Su} is arbitrary except for the constraints

" we have the following comndition on {u} at a stationary ioccation

of i(iﬂs .

{%% = {OX (1.2.8)

When finding the solution to (1.2.8) and when checking the stability

of the stationary point the Hessizn, [-k] s Of i({u}) is
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often used. It is given as follows.

RS
[&] = 3y (1.2.9)

The Hessian is computed on an element bases as showm below

“e LI
[k]-= U [ X] = my (1.2.10)

(N

le3 The Use of Numerical Integration t> Obtain Element Matzices.

Numerical integration is used in the finite element method when
exact integration is not practical, This is the case when high order
interpolation is assumed, when mulgi-dimensional curved elemenss a:e.
used, and when the integral functional is not a polyncmizl in the
finite element nodal variables. Strang and F:Lx(s) state the funda=
mental problem as follows: ''What degree of accuracy in the integra-
tion formula is required for convergence? It i{s not required that
every polynomial which appears bde i.m:egra;:ed exactly.”" This question
was answered for elliptic problems of 2mth order by Fried(g) in 1674,

The requirement for elliptic problems is that the terms in the

————

N T e e L o i o
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integral Zfunctional should bYe integrated by a rule which is exact for

polynemials of degree 2(p-m) where m is the highest order derivarive

appearing in the integral functional and p is the order of the inter=
polation polyncmialse If we tried to extend this idea to the case

when the integral functiomal contains rational expressions of U (4)

1
and W (#) then we would reguire exact integration to some as vet

undetermined order of the rational expressions. Such a requirement

would be stricz and may lead to an expensive integration routine. Also,

such a requirement may not even make sense. For exaxple,
invclved ir assuming the solution is a polymemial (the iaterpolation
assumption) may be larger than the errors introduced by inexac:l
integrating the raticnal expressions in the integrzl Zfunctiomal
~ ;
]:( iu}\) with a low order scheme. 1In this study problems with

L]

rational expressions in the energy integral are solved by the finit

element method with low order {ntegration schemes. The effects of

increasing the order of accuracy of the integration schemes are pre-

e it i RO e i rE T

sented.

o s o

Let A = F;( ?) be a mapping of the interval U:) onto
the interval (-1, l). Then the element gradient and Hessian matrices f

can be mmerically computed as follows.

13
§
¥
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(1e3.1)

and P

) SFECHLIY .
[’k] '; Wi ;{uvse 3{@{" {‘ FQ;) (1.3.2)

where J=142, P

P = the numbex of integration points

o
i

the jth integration poiat in (-1, 1)

£

N the weight at the jth integratiom point

This integration tecimique has recently been applied by Friedclo) to
the nonlinear finite element analysis of cantilever beams and plates.
Element matrices containing rational expressions of the nodal wvariables
were evaluated with a low order integratiom scheme. The rank of the

element Hessian was reduced but when the boundary conditions were

applied a full rank global Hessian was obtained. 1In this study we will

deterz=ine numerically when the rank of the element and global Hessians




ave reduced.

1.4 Newton's Method and the Incremental loading

Formulation.

The method used to determine the sclution to the nonlizear
equations given by (l.2.8) is a sequential method and is called
Newton's method. Given am initial vector {u}o the metkod corzuctes
a series of vectors {uil N {uil’ vee which converge to a vector

{u.'(*_ for which {%({u?*\}} = {°§ o It is necessary that the

. 4
initial guess vector {u} be close enough to {u}* for a wwo
[
tera Taylor expansion of {9} to be approxizately valide TFor =his

reason a awdificaticn cf the method, called the incremental loadizg
formulation, is used when it is difficult 2o estizate a good starting
point {u..go « Newton's method can be described by considering a

Taylor expansion o {3} at the Nth vector of the series. Tais is

given as follows

TG AL YR T 7 RE

Requiring {SENH to be zerc and assuming [*]N is not

singular we have Newton's method (l.4.2) for generating the series

BT e et oty - Wi T
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whichk converges to { u'f » .

{u}w: -{u}N - [k]: {3}~ (1.4:2)

When the soluziom is dependent on a péramet:er, P , which may be large
it is often possible to determine useful initial vectors {u}o
only when P is small. 1In finite elasticity P is the loading. ]

If the loading is large Newton's method is medified by finding the

solution for a small load P‘ and using this solution as an initial

guess for loading P =P +0P where AP is a small loading
increment. This process is continued until the solutiomn at

P = PN = PN_' + AP is obtained. This modification of

Newten's method is called an iacremental loading formulation.

Other methods can be used to obtain solutioms to (l.2.8). 3oth
random searches and gradiemt techniques are popular altermatives.
Also, Newton's method as described above can be improved(n) but the
algoritims described here worked well om the problems solved in this
study. A more detailed discussion of techmiques for solving nonlinear

equations in N-dimensional spaces is available in Oden's(a) book.

3
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le5 Evaluation of the Effects of Numerical Integration.

The finite element method is capable of dealing with complex
domains in the analysis of both linear and nonlinear boundary value
problems. A computational evaluation of the use of mmerical integra-
tion in the finite element analysis of incozpressible zmembranes is
important to the mumerical analyst. The results, not predictable
a-priéri, determine the advantages and disadvantages of using certaia
orders of mmerical integraticn to cowpute finite element matrices.
The results are presented in a zamner which distinguishes erTors from
discretizaticn £rom those of integrationm allowing practical orders of

tegration to be determiined for several problems.

;
j
\
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CHAPTER 2

FINTTE SISMENT ANALVYSTS

2.1 The Potential Znergy Functional for Axisyc=ectric

Incompressible Membranes.

The stretch ratios for axisymmetric incompressible membranes

take a form which allows for a general derivation of the finite
element matrices (see Ref. 7). Coefficients in the derived form of
the element matrices are specified by the particular axisymmetric
problem chosen for analysis. Using the Mooney form (l.l.5) of the
strain energy per unit volume with C‘ = | and using (l.1.6) we

bave the following form of the potential enerzy functional.

1T - S {(133%- &(11_3313\/ - W (2.1.1)
v

The geometry of axisymmetric membranes is shown in Figure 2.1l We
assume the undefcrmed membrane is of unit thickness. There is no

dependence on the variable € shown in Figure 2.1 so (2.1.1) becomes

TT = 2 ) [ @)+ (T3)RdE -

R

(2.1.2)
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The stretch ratios are given as follows.

\ L_((x')"ﬂ*‘)‘)'&
o=

' |+ (8"

|6‘
B
(2.1.3)
. _ Ac _ X
A, AcC R

-—
—— ——

where .' CJ(')
> (*) =%

The domain of integration is now partiticned as described in section
1.2 and over each element of the domain we approximate X and Y
in terxs of the element nodal variables.

polation functions we have

X = {}]ul,

(2.1.4)
and Y - {W} {u}c

Using these approximations the squares of the stretch ratios become

Using the appropriate inter-

ddgho Bon 4
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AN

(2.1.5)

. dek (eHer J{e,

R
where A= ) (S )?-

Mapping the element onto the interval (-1, 1) with the relation
R = F() y using the expression (l.1.3) for the strain
invariants I . and I s and us.ing numerical iategraticn at

2

P poiats $ as described in section l.3 we arrive ar the Iole
i

lowing form of the discrete potential emergy,

Ne .
TT =, T, 1.6

C=

where

T = 2w Z w:FF; ( (4:F 14, [fetreT Loy ]fd,
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and w = the term associated with the work done by the

applied tractioms.




2.2 The Element Gradient.

The expression for the total potential energy can be changed into
a form which is more convenient for computing the gradient. The

stretch ratios k‘ and A?_ in an element are expressed in terms

of three functioms of % « These expressions are given below.
AG) = Do (] = {o] [T, = A 140
B¢ ) = o {vep] = { o )H - B(fd) &Y
“E:B :{u}:{ﬂf’[f)} < {LP(;)}-"{U.L = C (%7{u}e)

Using (2.2.1) the stretch ratios 7\\ and A, become

2
At + BT\
)\' - ('—'_j\——) . (2.2.2)
c
N oo

The. total potential enmergy expressed in terms of A, B, and C is
obtained by substituting (2.2.1) into (2.1l.6). We obtain the follow=

ing expression for ”C .
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L4 - =2
T = 2wy wFE ((A-: EAst) « FOC

v ot “ -{ .
+ A FLF (Ai*s.?} C,-L - 3>
(2.2.3)
el oo3 -2, 2 2 3 =t Y 2 N/
} *K(A;l F"‘F;' L/Al +8'.)Cl' * A'F; (A|'+8l'>
%

A -3)> - We

i
|
The element gradient is now found by differentiating (2.2.3) with

Tespect to {u}: + We have

S - L0

36(% { }.,.) (2.2.%)
AT 074
ST {9n]

ull
ey o )

Using (2.2.4) we obtain, after simplification, the element gradient.




[ Sl

Sl ot B e 0 i 2 A s

25

e
P
{9}(: 7y Z w: F F, ( (2.2.5)
(18 s (1 £ F AR (RS )

R <X, Ii"."(ﬁ,f'rs;‘))(Ff,‘-A;Fff,,‘(Af%‘,- )IC,*D

2.3 The Element Hessian

The expression developed for the element gradient can be used to

compute the element Hessian., We again use the expressions (2.2.1) =o

obtain

A | p et
N [on]

(2.3.1)

LA low)

o fule

e ot e~ —p Ty Ao T




26

o C (8 741,) T
cnt Nj}c - {ep]

Substimution of (2.3.1) into (2.2.5), differentiation, and simplifica-

tion leads to the element Hessian.

. (2.3.2)
(K], =+ wEF [ e
(ra ) (R B n B (e Y (1 (8 85 Yl Te e
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(RS TN e K ETEN] [oHaT+ {eileY ]
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2.4 Quadratic and Cubic Elements.

The particular forms of interpolation within an element can affect
the results of an amalysis. The quadratic three-node element and the

cubic two-node elements were used in this studve. The quadratic tlree-

node element has only displacements fqr nodal variablés and is a ¢°
element. The cubic two-node element has both displacements and first
derivatives as nodal variables and is a C1 elemeat. These one-dizen-
sional elements have interpolation functions related tfo lagrange and
Hermite polymomials. The quadratic element is called a second order
lagrange element and the cubic element is called a third order Hermitze
element.

The quadratic three-node element has the following set of nodal

vaxiables, see Figure 2.2.

. T
{2 %%, X Yo, Ko, Yoo ] (2o 1)

The associated interpolation functicns on (-1, 1) are

. T , T
{‘P(i)j : {‘-P'(f)} © )LP‘(”) © ('Ps(g)) O}

(204-2)
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and ‘(q’)(f)} =§o,tﬁm) o ,“?I(S), © )PJ(UE

where (P gy = L § (1-1)

AR
Wirgy = £10+3)

The cubic &two-node element nodal wvariables are

e JX sXu y GY.w'} 4
{use Z. X Y ) R ) - l+/ 7;T—R-—"” ) \{l‘v'( ) 'J_E' (20 03)

The associated inmzerpolation functicns cn (=1, 1) are
b 2

Lol = {emam, 0,0, 50,800,000 .,

and

W(f)f ",{o y O, @), (1) 0,0, *-Ps(g))*ﬂ_(g)}

T

S




where P () =

(2-37+%")

T
G, ) = = (-3 (1eg)

;
|
Q) = F 1+ (2 1) |

G (1y = = (5-r) (1 45y i

and A= '/7.. the length of the element in the global

systex.

2.5 . 3oundary Conditions.

When stationary values of the iIntegzal funciional ziven in
(1.2.1) are to be determined is is necessary to enfcrce the essential
boundary conditions which are determined using variational calculus.

The essential boundary conditioas for (1.2.1) are

F s, -
Qu gu ©

(2.5.1)

at the boundariess If is not specified at a boundary then

i
gg‘ = 0O there. In the finite element analysis this require-

ment determines a set of equations which the nodal variables must

(s amkel s

“ AN
A.,‘bﬂ{.& o
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satisfiy. The requirement that the gradienc, {<3§ s be zero still
applies. A gradient equation with a reduced dimension =us¢ then be
found. The new eguation specifies the location of staticmarzy values
of the discrete energy functional for which the nodal variables also
satisfy the boundary conditions.

The axisymmetTic problems analyzed in this study are one dimen=-
sioral boundary value problems. The boundary conditions for such
problems specify relations among tle nodal variables in only the first
and last elements. Then, the computation of the gradiea: and Yessian
is 20dified only for these beundary elemeats. Each boundary esquaticn
is arranged to express the nodal variable az the boundary in ter=s of
the remaining, recuced, element nodal variables. When this has been
done we can determine the full set of nodal variables in terms of the

reduced nodal variables. We have

{“}c = [CL{“}QR (2.5.2)

where {Ll} = the reduced set of nodal variables
eR
and [ c_] s the matrix of coefficients determined by the
e
constraint , .

With expression (2.3.2) computation of the reduced global gradiemt and




Hessian is easily accomplished. If we substitute (2.5.2) iato (2.2.1)

we arrive at

A(g){u};)={u};{c]:{f?m} ={‘E’(§)}T[C]e{“} = Al ful,)

eR

(2.5.3)

B (51u) =1 [¢] {9 {wm}{c]{ = B(5,ful)

dCREARE: [C};{q?m} = {wn}r[c]c{ufe; CL§ 1uke)

The element gradient and Hessian will then have the same scalar coefe
ficients as those given im (2.2.5) and (2.3.2). Only the vectors and

matrices need £o be modified and we arrive at

(2.5."‘)




33
CHAPTZR 3
AXTISTMMETRIC TETCRMATICN OF A DISK
WITH A HOLZ
3.1 Introduction.
(12) . . .
In 1951 Rivlin and Thomas studied the in-plane behavior of a

thin disk of Mooney material. The disk contained & central circular
hole and was radially loaded on its outer edge. Rivlin and Thomas'
analysis compared well with experimental test data. They deterained
that a value of 0.1 for X in equation (l.1.5) leads to cemputa-
tional results that are in good agreement with experimental test data.
Using the cylindrical cocrdinate systems shown in Figure 3.1 Rivlin
and Thomas assumed that the sheet was thin enough so that the deforma-
tions are not dependent ecn Z. Further, they considered only axisym-
metric deformations, which eliminates dependence on & . The result
is that the axisymmetric deformation of a thin disk is a pure strain
deformation with the stretch ratios dependent on only R. They
obtained an approximate analytical solution to this finite deformation
problem as follows. Expressions for all the radial and tangential
stretch ratios ?\l and ?\?. were determined in temms of the inde=-

pendent coordinate j? s the dependent coordinate R, and the fomm of

the internal energy W. These expressions were used with the

en — oy
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equilibrium equation and boundary conditions to determine the £irst
three coefficients of a Taylor expansion of the solution. The Taylor

expansion being

Y N
d
F(R) = :Z__— -%J-, (R-A)N Ir’zﬁ“ (3.1.1)
(=] R:A

where A the internal radius of the disk.

A mumerical solution to this problem was found by assuming knowledge of

7\‘ and ‘/\z at a particular radius R = Rl. The equilibrium
equation and a differential equation obtained by eliminatiag the inde-
pendent variable )D from the expressions for .)\\ and 11
were used with the incompressibility condition 7\‘ 11)3 = |
to obtain approximate expressions for ?\‘ and -Rz at nearby

values of R and thus for all values of R.
(13) .
Recently Verma and Rana considered the axisymmetric in-plane

deformation of a disk with a hole. They used a strain emergy function

which is different than the Mooney form. The energy function used is

M
W= =1+ 3T, (3.1.2)

AR

Y
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. N N N

NNl -3

i where T ! !

{ € N !

i and G) B = material constants. |

i)

%_ When N = | and M= | (3.1.2) reduces to (l.1.5) with l

i |
d = 0.0 « Undexr these conditions on N and ™M Verma |

and Rana recuce their general equation to a special equation called the
Varga equation. They compare the solution of this equaticn to both
Rivlin and Thozmas' three-term Taylor expansion of the solution Zor
Mooney material and experimental data. The three-tema expansion conme .
pared better with experimental data. This may be because usin i
N =l and M= | in (3.1.2) implies a slightly cdifferent }*

form of the strain energy than the Mooney form. In the Mooney forz j

the value of & was chosen %o make the computed and measurzd data

agree well.

Finite element solutions to the axisymmetric deformation of an
incompressible disk with a hole have been obtained by a different I
finite element technique ihan presented in this study. 1In 1967
Odcn(la) presented a method for obtaining numerical solutions to prob-

lems in the theory of nonlinear elasticity. He used the finite element
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method to formulate the nonlinear problem and sclve it. Most of the
finite element formulations used previous to that of Oden were based
on finding successive corrections tc the linear problem. Oden discret-
ized the domain of the elastic body into subdomains called finite
elexents. The §isc£etization was assumed fine enough so that the dis-
placements vary linearly within an element. The expressioms describing
the linear interpolation of the displacements inside an element in
terms of the nodal displacements were used to obtain expressions for
the strains in an element. These strain expressions are used with the

nonlinear theory of elasticity to obtain the strain erergy in an

element in tems of the nodal displacements. Ixpressions for the
generalized forces acting cn an element are derived and the total
potential energy for the finite element is cocmputed. The condition of
minimum potential energy is used to determine a set of nonlinear equi-
librium equations for the element. A global coordinate system is used
and the appropriate transformations are applied so that the element
equilibrium equations are expressed in the global system. The
assembled global nonlinear egquations are then determined and solved.

A solution of the disk problem analyzed in this chapter by Oden's

method is given in reference 4, chapter IV.
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3¢2 Analysis of a Disk with a Hole.

In this section we analycze the disk problem stated in section 3.1.
The disk has an inner radius ¢f 1.0 and an Su:er ralius of 3.0. The
boundary conaicions are an enforced displacement of the outer edge and
a stress~-free inner edge. The finite element method outlinedé in chape
te; 2 is useds The thickness of the disk and the material constaat Cl
in (1.1.5) will both be unity. Thé outer edge of the disk will be
given a prescribed displacement and an initial guess of the solution
will be used to start the Newton algorithme The quadratic three-node
element will be used with two and four point Gauss~legendre integra-
tion.

Referring to Figure 3.1 the radial stretch ratio, 7\‘ , and
the tangential stretch ratio, 'Az s» can be coxputed. They are

. b
A o=

(3.2.1)

X
and A, = =

Using the incompressibility condition (l.1.2) the third stretch ratio

is




>/
il

a-

Pol

(3.2.2)

w
>

l

A

The radius, R, is the only independent variable and X 1is the omnly
dependent variable. Partition the domain of R into a uniforma mesh for
quadratic three-node elements each of length 2(5‘2) « Each
element is mapped to g coordinates belonging to the interval

(-1, 1) by the mapping function

R= R + A§ (3.2.3)

where Rc = the radial displacement to the center node of
the undeformed element.

These relations were used in the finite element analysis described in

chapter 2 to compute the mmerical data described in this chapter. To

start the Newton algoritim all nodes were moved radi ally cutward by

the amount the ocuter edge was being displaced. With no nodal force

associated with the innermost node the traction-free boundary con-

dition at the inner radius is satisfieds The outermost element's nodal




disglacements must be reduced in mumber because of the enforced dise

placement at the outer edge. If the enforced displacement of the
outermcst node is defined in the initial guess then the outermost
element's gradient and Hessian can be modified as follows and the

enforced displacement boundary condition will be satisfied.

{3}~a N { C :[: {3}~ | (3.2.4)

T
- [
and [k} = [C ] L k C
NR N N N
where N = the ocutermost elexent's identification mumber
) (o] (o=

and [C} =

« Lo 1 o

The finite element program used to obtain the data fer this prob-

lem was written in double precision. The Newton algorithm was

terminated when the ,Qz norm of the gradient was less than 10.8

The ,qz norm of the displacement increments was less than 10~

10
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when the algoritlm was terminated indicating that the displaccuent i

vector had converged in the Newton algoritim %o more than eight sig-
nificant digitse.
The data presented by Rivlin and Themas in reference 12 was used

- to define four problems. The stretch ratios, A , at R = 3.0

z

- Sa

were read from the four curves on the graph of -}\2 vs R in refera

-t il

- . .
ence 12, These values of /\2. were used to determine four values

for the outer edge displacement, D, of the disx shewn in Figure 3.1,

The curves of ;\2_ vs R which result from the finicze elexent
analyses are shown in FTigure 3.2. The ckanges of 7\2 vs R with

4
mesh size and integration order are not detectable grashically and f

these differences are discussed in the next section. The agreezent
between Rivlin and Theomas' computations and the finite element cox~
putations for ’/\z is good. The distribution of the strain

invariants Il and IL as predicted by the finite element

analyses is shown in Figures 3.3 and 3.4. These curves also agree

well with the data presented in reference 1l2.

3.3 Convergence of the Finite Element Solutions. X
To study the convergence rate of the displacement approximaticns

|
the rate of convergence of the inmer radius of the disk with respect to |
l
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a uniform nmesh refinement was cetermined. We assiume that we have tre

following power form of convergence.

p

A -

Ky - w =chy (3.3.1)
where Uy = the finite element inner radius for N elements

W = the converged finite element inner radius
HN = the elexment size for N elements
P = the convergence rate

('_ = a constant which is not dependent on the mesh

size.

Vhen (3.3.1) is used with the cata in Table 3.1 the convergence rate,
P » and the converged dispiacament, . 5 can be determined for
each integration order. The ;onverged inner radius for two-point
integration was equal to the converged inner radius for four-point
integration to seven digits'(see Table 3.1). The rank of the element

Hessians was determined in the first and last iterations. They were

full rank in both cases. Also, the converged solution had a positive

definite Hessian. Figure 3.5 shows the convergence rates and accuracy
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TABLE 3.1 Convergence Data for Disk with Hole

Inner Radius (D =

5.10)

No. of Integraticnm

Points 6 Elements 9 Elements 12 Elements Converged
2 5.9543663  5.9543443 5.9543404 5.9543385
4 509543421  5.9543393 5.9543388 5.9543386
Strain Frergv (D = 5,.10)
No. of Integration
Points 6 Elements ¢ Elements 12 Elemenzs Converged
2 302.08010  302.08307 302.08359 302.08384
4 302.08415  302.08390 302.08385 302.08382
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of the finite element solutions associated with using both two-point

and four-point integration for computirng the element matrices. The

convergence rates are nearly identical but fcur-point integration gzve

better accuracy by a full order of magnitude.

The convergence rate of the energy approximations was determined
by the same method that was used to compute the convergeace rate for

the displacement approximations. Figure 3.6 shows that the convergence

rate using two-point integratioa was only slightly greater than the

convergence rate associlated with four-point integration. However, the

accuracy of the energy approxizations associated with four-point
PP

A3 QRSN PR TORR . TR

integration was an order cof magnitude better than the accuracy

assocjated with two-point integration.
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CHAPTER 4

INFLATICN COF A CIRCULAR DISK

4.1 Introduction.
The inflation of an initially £lat circular cdisk, see Figure &,

1
wmade of incompressible material was analyzed by Adkins and Rivlin(*s)

-

and Green and Adkins(lé). It is assumed that the deformed disk has

principal radii of curvature that are everywhere large ccmpared with
the thickness of the diske This allows the stress variation over the
thickness of the disk to be neglected in the analysis. Acdkias and
Rivlin used the six differential equations derived by Love(17) £
represent :he'equilibrium of a thin sheet. Tour of these equations are
identizlly satisfied when the svmmetry conditioms are introduced
leaving only two equations to be solved. The two principal tractions
are the dependent variazbles, and the deformed radius is the independent
variable. Expressions for these :tractions are derived in terms of the
stretch ratios and the strain energy function. The stretch ratios are
then determined in terms of the undeformed and deformed coordinates.

An approximate solution is then found by a technique similar to the

technique used to find the approximate soiutions for the disk with a

hole mentioned in Chapter 3.
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A different analvsis of the axisymmectric deforzations of nonlinear

18)

o . - .
membranes was made by Yang and Feng in 1670, In their paper the

stretch ratios 7\‘ and ’Az. in the meridian and circuzferential ;

directions respectively are parametrically expressed in terms of

1 coordinates )D(R\, and  h(/R) , aﬁd a function 3 (R) which
;becifies the undefo::ed’configu:a:ion. The parametric variable R I
is the radial coordinate from the axis of symmetry. The equilibrium E
equations of an axisymmetric membrane lcaded with an inzernal pressure
and a constituzive equation expressing the relationship between the

principal tracticns and stretch ratics are used. Three new funcricnal '

variables 4 4, A~ , and w~ are defined in terms of /J + 7 R
sg% » and iﬁ. so that the equations of equilibrium reduce to
o R

2 set of first order ordinary differmntial equations.s In the analysis
of the inflacion of a circular disk they are able to recduce the problem
to a nondimensional form which allows the soluticns to be obtaized if a
stretch ratio at the pole is assumad. That is, if a stretch ratio at
the pole is assumed then a configuration and pressure is determined
which produces the assumed stretch ratio at the pole. Their results -

compared well with the earlier work of Adkins and Rivlin(n). Tielking

(7)

and Feng used the potential energy principle and the Ritz method in

1974 to determine the deformation profiles cf an inflated disk and theicx

P
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results compare well with Yang and Feng's work.

The finite inflation of a circular disk has been analyzed by the
finite elexent method. In reference 4 Oden gives a summary of the work
done from 1966 to 1971. 1In QOden's analysis the displacement interpola-
tion was linear and tke strain energy functiecn involved the strain
-
invariants in an exponential form. The exponential form of the strain
energy used approximates the Mooney fom for the zmaterial constants
used in the e2nalysis. The results of the finite elexment analysis were
compared with experimental data and the agreement was good. Oden noted
the highly nonlinear character of this problem by presenting a graph of
the inflation pressure vs the polar extension ratio. Certain values of
pressure have more than one associated polar extension ratic indicating
thar the deformation is not uniguely defined in terms of the polar

(19 considered the use of

extension ratié. Recently Argyris et al
higher order elements for the analysis of the finite inflation of a

circular disk made of Mooney material. The data obtained using higher
order elements, quadratic interpolation, was compared to data obtained

using linear interpclation. The results indicated that the use of quade

ratic interpclaticn elements leads to better accuracy with fewer

elements.
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4.2 Analysis of the Inflation of a Circular Dicske

The inflatica of aua initially f{lat circular disk of unit racius
is analyzed here. The Mooney form of the energy is assumed with

={.0 and * 0. in eguation (l.1.5). Due to the
C =l :
symmetry involved only the radial domain (o, 1) has to be discretized.
.

The boundary conditions are zero displacenent at the outer edge and zero
slope at the pole. The incremental pressure-form:lation is used. The
solution algoritim was started with an Initial out-of-plane defsrmation.

The quadratic threee-node element Is used with two~ and four-point Gausse

Legencre integration.

We use X as che radial displacement and Y as the vertical
displacement ¢f the points along the radius of the uncelorzmed disk, see
Figure $.l. Then, the meridional stretch ratio, ]’ s and the circume

ferential stretch ratio, ‘AZ. s ¢an be computed. They are

‘[\‘.= (%T*’ (%BL - (4:2.1)

and ;\ = .E%ET

!-
%




The inccmpressibility condition .),T}LTX3 = } yields the thixd

stretch ratio

The radius, =~ s is the only independent variable. )< and \{
are the functioms of ™ to be approximated, The domain of R is
parfitioned for a unifers mesh of quadratic three-node elements as in
chapter 3. The mapping Sunction (3.2.3) is used and the finite elexexnt
solutions are decternined hy the method described in chapter 2. The con-
straing ecuations which represent the boundary concition at the pole,
R= o s ¢an be ccmouted with the aid of Figure 4.2. In elexment

coordinates we have

Xy = {otp] T4

then Y(5) = iﬁ({-n)'\{\ +(\- {2)\f2+—\i§(%+l> (6e2.4)
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.<

!
o

we require §

- K=o

Using (442.4) and (4¢2.5) we obtain

X, %h o o C
Y, ’ 0 l“/} O
X, ! i | O o
wp=he e
1X3 { o o i
LWl o oo o
°)

o

o el = Led )

The constraint relation for the element at the outer ecdge of the disk is

(4.2.5)
@] -\ Xa T
- %3 | My .
C i Xs
O f Y5
o ; (4e2.6)
IJ
(4e2.7)

|
Lz;
@
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\ i)
! |
Yoy o : o o % ) ;(N-z
x A O { C Nt
N .__:’ Y
Yo O o o R
A ° © °© (4.2.8)
Yy L @) o o Q

. .
or -{’v{j = ( C ] 1(1&} (4.2.9)
K L Nel “NeR

 The first and last eicment gradients and Hessians are modified with the
constrains matrices of (%.2.9) and (&4.2.7) by using (2.5.%)
! : o - -
The weork, -\,\e , done by tle pressure, - , actizg o¢n an

element, <€> , curing the deformation Is

n

W

e

S PaxtdY

(&)

or We =-T F S Y OSR (402.10)
&




The discrete £orm of (4.2.10) in element coordinates with

U

inte=

gration points is given as follows.

p
2
We=-m2 2 w (B o1

r=]

where ( and R are given in (2.2.1).

The element gradient and Hessian work expressions calculated £xcm

(4.2.11) are

Q/

~--_q

P
\We :_‘/R.E>ZE: w: (Tzig{C.
I‘:,

ST T '

and

1w' P T 77'1 r -
oW ___= -zvfzw; c[leR1e-1eaie j*‘égb@ﬁm /)
1’z

NIRRT

The stretch ratios 7\‘ and jk 2 evaluated at the pole are.

equal since the circumferential stretch ratio becomes a meridional

~
stretch ratio at that point. The stretch ratio A at the pole can

not be computed direztly from (4.2.1) and the nodal displacement data




since the radius R_ is zero there. In element coordinates we have

= ! :
= | - At 3 ;fl"wx
pte 500 \Rerdf ey

for the element at the pole. The stretch ratio, -A . » 3t the pole

-

then becomes

: = Z \
Rz?é\t 5 Xy = = X5 (402.13)

Equations (4.2.1) to (4.2.13) were used in the finife element
analysis described in chapter 2 to compute deformations of the i;flated
disk. The computer progrzm was written in double precision. Cross-
secticnal profiles of the disk at three pressures are shown in Figure
4.3. These profiles were drawn u;;ng displacement data associated with
9 elements. The resulting stretch ratios for the same pressures are
shown in Figures 4.4 and 4.5. The stretch ratios were drawn frcm data

computed using 3 elements. Nodal data was graphed and a smooth curve

fit to the nodal data over each element. The stretch ratios associated

with 9 elements at }? = 5,50 are also shown to graphically present

-

T LT
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the changes cocputed in the stretch ratios as a result of mesh refine-
ment. Tke figures indicate that a mesh near 9 elements yields an

accuracy sufficieut for most applications. Also, ,it appears that for a
coarse mesh the accuracy 1s best near the first and last nodes of these

three-node one-dimensional elements. The distributions of the strain

invariants for L= S.5O aze shown in Figur_e be 6o
4e3 Convergence of the Finite Element Solutions.

_ The rate of convergence of the displacement and energy approxima-
tions with respect to a uniform mesh refinement '-:as deteruined by the
same method used in section 3.3 The computed pole displacement and
total strain energy values at a pressure E = $.,50 and at
several mesh values are shown in ‘Iabli 4.1, The computer progran
written to obtain the data in Table 4.1 was written ia double precisien.
The computed converged data for two- and four-poin;*. integration in Table
4.1 compares well to six signifiqant digits for the pele displacement
and to five significant digits for the strain energy. The pole dis-
placement is fxo: a finite element approximaticm variable but is a

linear combination of two approximation variables through equation

(4¢2.5). The results of the convergence calculations are displayed in

Figures 4.7 and 4.& The higher order iategration was not helpful ia

-

e —— =
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TABLE 4.1 Convergence Lata for Inflation of Disk

[l
!
!
.
\

Pole Displacement: (P = 5.50)

No. of Integration

Points 3 Elevents 6 Elements 9 Elements Converged
2 1.7012760 1.7331020 1.7350315 17355636
* 4 1.6862435 1.7321128 1.7348283 1.7355563
f
Strain Enevey (P = 5,30)
No. of Iﬁtegration
Points 3 Elements 6 Elexents 9 Elexents Ccnverged
2 26.278508 26.402439 264408680 26.41011%
4 244786216 26.301468 26.388629 26.411067
.
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improving the accuracy of the computed displacement field and in facr
gave slightly less accurate results. The same results apply to the

accuracy of the scrain energy. However, the twi-point integratio

o

scheme was an order of magnitude more accurate thanm the four-poink

integration scheme for coryutation of the total strain encrgy.

- via

. - £ - - - -~ T & ] P ~ . - ‘
L.L CQut-of-Plane Deformerion ¢f a Unit Disk with a Ccncenmirie

circuler rigid inclusico has tesn investligazteld bty Yaog in 1oe7

ticns due to & verticel axial force on the vigid irclusicso and a

- -

+% . y— 3« N e M VY e 2
pressure cn the mewbrene were determined in PACEE e 1 = j2hakte

<Y LnTLALTE ST
Feng( ). In tkis secticn the cut-cf-plzne Zefcrmeticns resul:t

> 4 = < - & b - < A 4 ne ~ .
from & prescrited pele displacezment ©f <he rigid inclusion zre Jetier-

mined, see Tigure 4.8, 3oth & large and z smell iznclusicon vere
considered.

The computer program used o obtain the data fer the inflszticn of
a unlt disk was modified <o allow the dcmain of R to te ( R; ,l)
as shown in Figure 4.9. The initiel guess of the soluticn specifi
the (X, ¥) loceticn of the cuter edge of the inclusion. The first
element had its gradient end Eessien contributions reduced with the

following relaticns to enforce the boundary ccnditicn at the outer

edze of the rigid ipnclusion.
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INFLATICN OF A TCRUS

5.1 Intrcduction.

It is difficult to obtzairn amalytical solutions va1i§ for the
finite inflation of &8 torus (see Figure 5.1) because a torus has two
principal curvatures. The earliest analyses of the inflated torus
involved solving stress equilibrium equations derived in the linear
theory of elasticity. These scluticns resul: in a discentinucus dis-

(203

placement field when the stress field is integrated. Iz 1963 Jordan

derivatives of the deformaztions. In;tead of approaching only the
stress equations Jordan added the requirement that the displacezent
field be conti:uousf The material comstitutive law was Hooke's law fer
an isotropic material ia two dimensions. The formulation included
defining a speciall"primary shape function" which allowed himto write
the equilibrium equation and continuity equation in a form which could
be solved by an iterative procedure. This shape function was used in
later years by other investig;tors to aid them in their ccmputations of
approximate solutions for the nonlinear inflation (large strains) of a

torus. Jordan's solution was the first solution to have a coatinuocus

displacement field. He found that his solutions for the hoop stress
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agree well with the earlier solutions but that the overall torus ciz-

cunferential stress predicted by earlier solutions was in error by up

to 18%.
(1) ;

In 1943 Sauders and Liepins used a zonlinear membrane theory
(small strains but large rotatiomns) to formulate the nonlinear equi-
librium equations for a torcidal membrane under intermal pressure. The
material constitutive law used i{s Booke's law for zn isotropic material
in two dimeasions. Sanders and Liepins were able to convert the nen-
linear equilibrium equations inzc a form which could be solved by

. K . (20)
asymptotic methods. Their solutions agree well with Jordaa's
solutiors and their technique was easier to apply than Jordau's.

. (22) . . .

In 1965 Liepins deterained the natural vibration modes of
prestressed toroidal membranes. The stresses resulting Zrom the
linear analysis of toroidal membranes were used to define the prestress
state. The equations for the amalysis of vibrations of prestressed
membranes were reduced to a set of second order differential equations
by separation of variables. The separated equations represent different
forms of vibration of the torus; that is, flexural modes due to the
torus bending, extensional modes of the meridional curve, etc.

(23)

Also in 1965 Kydoniefs and Spencer analyzed the finite infla-

tion of an incompressible elastic torus. They stated the theory for the




uni form inflation of a thick wall torus. Solutions were obtaized feor
the case when the cross sectional radius of the torus is very small
when compared with the overall torus radius. They presented scme
numerical results for the case of neo-Bookean material. Xydoniefs and
Spencer suggest that since the number of exact solutioms to protlecs I

in finite elasticity is saall "and seems likely to remain so" that

approximate solution techniques for these problems are of interest.

Their interest was with the use of perturtation procedures. In par-
ticular they studied series expansions of the solution in terms of a
cumerically small gecmetric parameter (the ratio of the torus cross

section radius to the overall radius of the torus). Their solutions
were valid only for the case when the cross section remains circular
and is small compared to the overall radius of the torus.

24
In 1967 Kydomniefs and Spencer( ) computed asymptotic solutionms

for the finite inflation of a toroidal membrane of an initially
circular cross section and made of a Mooney material; see equation
(1.1.5). The parameter in the asymptotic expansion was the ratio of

the radius of the circular cross section to the overall radius of the

—

torus. As a result, their solutiomns apply only to the case when the
torus has a small cross sectional radius. They used the "shape

20
function” introduced by Jordan( ) to help simplify the algebra.




B T PP POV RNV v P S S o T

The zero, first, and second order equaticns resulting from the

asymptotic expansions are solved in their paper. Ia describing tke

solutions for a torus made of Mooney material XycdonmieZs and Spezcer

indicate that there exists a pressure at which the volume of the torus
will increase without bound with no further increase in pressure. In
this chapter the finite element solutions indicate the same type of ¥

response for a torus with a large cross sectiomal radius compared to

its overall radius. 1

5.2 Apalysis of the Inflation of a Torus of Circular Cross

Section. . i

The deformations resulting from the inflatiom of a torus which
has a circular cross section in its undeformed state (see Figure 5.1)
are analyzed in this section. The Mooney form of the strain emnergy
as given in equation (1.1.5) is used with C' = |.C and X =0.| . :
The cross section radius a = 0.5 and the overall radius of the torus
R = 1l.0. The rectangular csordinates of the undeformed torus are
(x, y) and of the deformed torus are (X, Y) as shown in Figure 5.1.
Using the angular coordinate w as the independent variable and con-

sidering the symmetry we determine that the domain O W s T

must be discretized. The boundary conditions are




and

75

Y (w=0,m)

|
0

aX = o . (5.2.1)

W=04TC

0-

Using the parametric coordinates 4| and % to measure the atc

length of the undeformed and deformed meridiomal curve respectively,

the meridiomal stretch ratioc, A , and the circumferential stretch

ratio, >\Z

expressions

If ve let

terms of X,

!

, can be computed. They are given by the follewing

3 A = X

— - — L ] .2

dn 2 X G-2.2)
-d—(‘.—;-l = CT)I the expressions for }\?; and X:_ in

Y and w beccme

N = (XY + (Y'Y
1 az
2
)\: = X (5.2.3)

(R + a ch,t.u)z'

At

e




and )\3 )} -\}

When we use the gquadratic elements the bourdary conditions expressed
by equations (5.2.1) yield the following relatioms among the rodal

variables for the first and last elements on the dom2in QO ¢ W &Y

- '1 ' “ -
X, Yh o© -U o X,
Y, °o o o o Y,
X, [ o o © X
(5.2.4)
o

(502. 5)
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' cubic escments are used the boundary conditioms yield

At RIS

(5.2.6)

(5.2.7)
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The first and last element comtributicns 9 the o "

are appropriately modified with relations (5.2.4) to (5.2.7)
in Chapter 2.

13 = . -
The work, W , dome by the pressure, ! , duriag the defcrza-

tion is

(o W
>

l

do - TV (5.2.8)

[~

a.
£

W= | Pdv= +vf§xx/
W=

where \/° = the initial volume oI the torus.
term since it does not contribute to the gradient or @

changing the integrztion linits we have

—4

w = -47rF X‘ffc‘w (5.2.9)

(=]

E¢

d(Lx? "
Using (7_)( ) = XX dw , integrating by parts, and remembering

that Y(w:zom) = 0 we obtain

(5.2.10)

W = ?_vEEWX,ZY'Aw

Cm
Progely

Dropricg the comstaxt

P cre— g
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and W = 21? ¥ dw T (5.2.11)
13
O]

vhere We = the contribution to the work from element (e).
Expression (5.2.11) is identical iz form to (4.2.10) and ;fter some

algebra we obtain the following element contributioms to the gradient

and the Hessian

P

g:i;v = z-nfz,-.:. wi(zxf\?«‘{‘f’;} * x?{‘-P,-}) (5.2.12)
SW T e el

AL, fE X;( Y LRI
”3“ =47 {?H\Y} { Hﬁ (5.2.13)

« Y{ehled

The expressions for the stretch ratios 7\‘ ’ ‘)‘z s and 13
in equations (5.2.3) were used with the boundary conditions shown in
(5;'2.4) 'to (5.2.7), and the comntributions from the work shown irn

(5.2.12) and (5.2.13) in the finite element algorithm outlined in

EETRREn gy SRR AR




Chapter 2 to compute the deformation of the torus as a function of

pressure. The computer program was written ir double precision. The
cross sectionmal profiles of the inflated torus are shown in Figure S5.2.
It was found that the inner circumferential radius of the torus
decreases slowly with increasing pressure while the outer circumferen-
tial radius increases rapidly with increasing pressure, see Figure 5.3.
The distribution of the stretch ratios and strain invariants for three
values of the pressure are shown in Figures 5.4 aad 5.5. Ia the paper

(24)

by Kydoniefs and Spencer the following expressions for the mecbrane

stresses are presented (here the initial membrane thickness, ho ’

is assumed to be 1.0).

—
'

S (1) (B -3

(5.2.14)

)
T, =N D‘::)‘:) %ng\ 5&3

The stress distributions for three values of the pressure were com-
puted using (5.2.14) and are shown in Figure 5.6.
The maximm values of 'T‘ and 1'1 vere couputed for a

series of values of pressure and the results are shown in Figure 5.7.
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Wher the pressure increased beyond P =3.50 it became difficsult

to use the incremental pressure formulation to find coafiguratioms at

rE————— e

successively higher pressures. As a result, the computations were
stopped at P= 3,523 o This behavior was suggested by

(26) '
Kydoniefs and Spencer when they determined asymptotic solutions

for the i{nflation of a torus with a small cross section and made of

Mooney material.

vy

5.3 Convergence of the Finite Element Solutioms.

The convergenace of the displacements, strain energy, and the

T e A A Y Yo T

lowest eigenvalue of the Hessian of the potential energy aTe exzziaed
i1a this section. As in section 3.3 convergence was assumed to follcw a v
pover law with respect to mesh size as shown in equation (3.3.1). The

outer overall circtmferential radius of the torus and the total strain

energy were determined for a series of mesh sizes. The quadratic
element was used.dith 2- and 4-point iategration and the cubic element
vas used with 3-, 4-, and 6-point integration (2-point integration
with the cubic elements resulted in a reduced rank Hessian). The
finite element programs written 0 obtain the data used in this section

vare Written in double precision;' Table 5.1 shows the convergence of

the outer radius and the strain ecergv whea quadratic elements are used.

The results indicated that both 2- and 4-point Gauss-Legendre

A

T e g—— e - D B
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TABLE 5.1 Convergence Data for Inflation of Torus, Quadratic

Elements

Quter Radius (P = 3.25)

No. of Integration

6 Elements

Points .3 Elements 9 Elexments Converged
2 1,7538039 1.7591435 1.7593895 1.7594454
A 1.7541697  1,7591665  1.7593966 1.7554489
Straia Ezergvy (2 = 3.25)
No. of Integration
Points 3 Elements 6 Elements 9 Elements Couverged
2 12.589861 12.689202 12.692323 12.652851
4 12,687924 12.695023 12.693598 -
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{integration gave comparable accuracy whern the quadratic element was
used. Table S.2 indicates similar results when cubic elements were
used;: In fact, to eight significant digits there were no differences
in the computed displacements for the cases of 4- and 6-point
integration when the cubic elements were used. The counverged values
of the outer radius and strain energy were ideztical to eight signisi-
cant digits for 3-, 4-, and 6-point integration with cubic elements.
Thus, the data in Tables 5.1 and 5.2 indicates that using an integra-
tion scheme of higher order than required for a full rank Hessian is
wasteful on these problems.

Figures 5.8 and 5.9 summarize the accuracy of the integration
schemes used. These figures are not intended for comparing the
efficiency of the cubic element vs the quadratic elemeats since the
total degrees of freedom are not accounted for in these figures.
However, comparable convergence rates were obtained for both the
quadratic and cubic elements.' This is surprising since in linear
elliptic problems this convergence rate is dependent on the order of
the interpolation polynomials (see reference 8).

The eigenvalues of the Hessian were investigated and the data is
presented in Table S.3. The Bessian was positive definite at the

solution ( u:" < \65 ) for all mesh sizes and for all

~ v




TARLE 5.2

Quter Radius (P =

3.25)

Convergence Data for Iaflation of Torus, Cubic Elements

No. of Integration

Points 4 Elements 8 Elements 12 Elements Converged
3 1.7596120 1.7594601 1.7594520 1.7594500
4 1.7596131 1.7594¢02 1.7594520 1.7594500
6 1.7596131 1.7594¢602 1.7594520 1.759458
Strain Enersy (® = 3.25)
!
YNo. of Integration
Poiats 4 Elements 8 Elements 12 Elezeats Coaverged
3 12.692719 12.693058 12.693070 12.693C7¢Z
4 12.691811 12.693046 12,693069 12.693072
6 12.691827  12.693046  12.693069 12.693072
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TABLE 5.3

va‘ue of Hessian

Quadratic Zlements (P = 3;25)

—

Convergence Data for Iaflation of Torus, Lowest Eigen-

Noo 0f Integration

Points

3 Elements 6 Elements 9 Elements Converged
2 15.969049  7.3660452  4.8047576 0.0507
4 16.060752 7.3717412 4.8055225 0.6935
Cubic Elements (P = 3;b5)
No.' of Integration
“Puiila 4 Elements 8 Elemects 12 Elements Converged
3 3.3165205 1.6808296 1.1262479 -0.0249
4 3;3219768 1.6825444 1.1269123 -0.0267
6 3.3209281  1.6824904  1.1269044 -0.0262
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integration orders. However, if the eigenvalues are assumed to be

converging according to a power law with respect to mesh size, only

the quadratic element is associated with a positive definite comverged
solution.

5.4 Analysis of the Inflaticn of a Torus of Elliptical Cross

Section.

Thié section descrides a tiniie element analysis of the inflation
of a torus with an elliptical cross secticn in it; undefcrmed state.
The torus is assumed to bave its cepter et X = R, semimajcr axis in the
x direction of value "a", and & semimiror axis in the y directicn =
value "b" (see Figures 5.1 and 5.10). Following the ezelysis o2

section 5.2 and taking the geometry of the ellipse into ecccun: i3 <he

calculaticns the following form cf the stretch ratios are ot+eined.

. Y e (7Y
| { f:. . _f‘(““bz)"&bnw Caotw] (5.4.1)
. aq. b*
.XZ. - x?. h
2 (5.4.2)
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The third stretch ratio is given ty the cond.iticn that 1,1213 =)
The expréession used for computing the_ work é.one. Yy the pressure when
a torus with a circula;' cToss sec'r;ion is inflated spplies here 2lso.
T™is is true because <the only' di®ference in the work expressicns is a
constant term which does not coriribute to the gredient or the Hessie..::.

The finite element rrogrem written t0 analyze the torus with a
circular cross section using cubic elements was modified using expres-
sions (5.4.1) end (5.4.2). Another minecr mocdification of the program
was required to represent integreticn on a torus with an elliptical
cross section izmstead of a circulaer cross sectior. The case o2 &
semimajcr axis equal to 0.5 and a semiminer exis equel to 0.3 was
analyzed. The cross section profiles are shown in Figure 5.10. The
eliiptical cross section very quickly corverted to a near circulsr
cross section when the pressure was increased from 0.0 to about 1.35.
In fect, at low pressures ( P< |-35) the soluticns obtained
could not be comsidered to aprly to a thin rubber membrene since a
compressive membrane stress wvas computed in the circumferential divec-
tion on the outermost portions of the torus.

After & pressure of 1.35 was reached many of the characteristics
of the deformation vere similar to the case of a torus with a circular

cross section. FMigure 5.11 indicates that the imnermost and outermost
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circumferential redii tend ¢o fnitially charge magnitude in ¢tk

opposite sense frcm the case fcr a circular cross secticn. Evertually,

howvever, these radiil follow the same type of patterm as showvn 4n
Flgure 5.3. When the pressure was large encugh (f > 2.09% ) <
cause A 7 1.1O everyvhere the cross section profile was zearly
circular and Figures 5.12 to 5.15 indicate that the stretch ratica,
strain invariapts and stresses have profiles that are similar ¢o the

corresponding profiles for the torus with a circular crcoss secticn

showvn in Figures 5.4 to 5.7.
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