AD-A138 019

A BOUNDARY MODULUS OF CONTINUITY FOR A CLASS OF
SINGULAR PARABOLIC EQUATIONS{U) WISCONSIN UNIV-MADISON
, MATHEMATICS RESEARCH CENTER E DIBENEDETTO JAN 84

UNCLASSIFIED MRC-TSR-2623 DAAG29-80-€-0041 F/G 12/1 NL




LR L

B | 10 B T
' == & kK& g2
Lo 2o
L = s
P 1.8 ’

=
= =
> I

IL2s Jlis wie

|
I

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS: 1963 A

e e .
S o




E i

; | MRC Technical Summary Report #2623

’: ! A BOUNDARY MODULUS OF CONTINUITY FOR

4 i A CLASS OF SINGULAR PARABOLIC EQUATIONS

E. DiBenedetto

et e e gt - — bo———— o\

Mathematics Research Center
University of Wisconsin—Madison
610 Walnut Street

Madison, Wisconsin 53705

January 1984

SS TN SR

(Received November 16, 1983)
1

DTIC

ELECTE

Approved for public release FEB1 5 1984
1 E Distribution unlimited

;‘v YFZ E J

i sponsored by
i U. S. Army Research Office National Science Foundation
] p. 0. Box 12211 Washington, D.C. 20550

i Research Triangle Park
| North Carolina 27709

L 84 0 176
Lo rue copy ‘02

sy .
) J . R ey T “
. 3

DR

e
. c




UNIVERSITY OF WISCONSIN-MADISON
MATHEMATICS RESEARCH CENTER

A BOUNDARY MODULUS OF CONTINUITY FOR A
CLASS OF SINGULAR PARABOLIC EQUATIONS

E. DiBenedetto*

Technical Summary Report $2623
January 1984

Abstract
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Parabolic equations describing diffusion phenomena with

change of phase are considered. It is demonstrated that weak

solutions are continuous up to the parabolic boundary of the
domain of definition. The continuity is gquantitatively de- !

scribed by a modulus determined a priori only in terms of the H

data.
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SIGNIFICANCE AND EXPLANATION

The equations considered in the paper represent a mathematical

model for diffusion processes involving change of phase. Typical

are the Stefon problem and the porous flow. We demonstrate

that the weak solutions are continuous up to the closure of the

domain of definition, and supply a quantitative estimate of the

modulus of continuity. Such a guantitative estimate provides

with a compactness tool to construct solutions in spaces of con-

tinuous functions.
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A BOUNDARY MODULUS OF CONTINUITY FOR A CLASS OF
SINGULAR PARABOLIC EQUATIONS !

E. DiBenedetto*

e

1. Introduction

We will be concerned with the derivation of a boundary modulus
of continuity for weak solutions of singular parabolic equations

with principal part in divergence form, of the type

3

. »>
3¢ 8(u) - div a(x,t,u,qu) + b(x,t,u,qu) > 0,

(1.1)
when non-homogeneous Dirichlet data are assigned on the parabolic
boundary of a cylindrical domain ¢ x (0,T] . Here g8 is a maxi-
mal monotone graph in IR x R with a singularity at the origin.
Questions of regularity for weak solutions u of (1.1) have
been considered in [3,4]. 1In these papers, beside statements of

interior regularity, we derived a boundary modulus of continity ’

[
é ‘ at t =0, and on 3 x (0,T] , when (1.1) is associated with
(non-linear) variational boundary data, or with homogeneous Di-
richlet data. The case of non-homogeneous data, presented unsus-
pected difficulties and was left open. It is our purpose in this
paper to fill the gap and complete the theory.

The problem has been tackled by W. Ziemer [9] who demonstrated
the continuity of u up to the closure of @9 x (¢,T] , ¥Ye > 0 ;
the methods employed however do not seem to give a modulus.

On the other hand, guartitative statements about the regu-
larity of u are important for the following reasons. First,

the known regularity techniques, require that u, € LZ(QT) . The

E - *Department of Mathematics, Indiana University, Bloomington, IN
47405.
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estimates are all independent of "utHZ,QT . but such information
is necessary to justify some of the intermediate calculations.

Now this is not natural for weak solutions of (1.1) (even
if B(u) = u , see [6]), whereas it can be verified for a sequence
of approximating problems. Second, the a priori knowledge of a
uniform modulus of continuity is useful in compactness arguments.
We refer to [1,7,8] for applications to existence theory as well
as asymptotic behaviour.

We will consider graphs B of two kinds, both arising from

physics.

I. Graphs of stefan type: 8 1is given by

Bl(s) ’ s >0
8(s) ={ [-v,0] , s =0
Lsz(s)-\». s <0,

where v > 0 is a given constant and Bi , 1 =1,2 are monotone
increasing functions in their respective domain of definition,

a.e. differentiable and

0 <ag s Bj(8) <o) 5 1=1,2
for two positive constants @g s By o Moreover ei(O) =0

II. Graphs of porous media type: B8 is continuous, monotone in-

creagsing in IR and g(0) = 0 . With g'(s) we denote the
Dini numbers
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r
lim sup B(s) - 8(s~h)
h+0 h !
8' (s) =<
lim sup B(s+h)ﬁ-8(s) '
\ h+0

and on s + B'(s) assume the following.

(i) 0 <a, < 8'(s) , ¥s ¢ R\{0}

0

(ii) lim inf B'(s) = =
|s|+0

(iii) There exists an interval [-60,60] around the origin such
that B8'(s) s B8'(r) for s ¢ ]R\[-Go,éo] and r € [-60,60],
and B'(*) 1is decreasing over (0,50] and increasing over

[-6010) -

(iv) there exists a constant vy such that

8 (s)
s

< yB'(s) Vs # 0 .

The model example for such a 8 is

=

(1.2) B(s) = |s| signs , m > 1,

which occurs in filtration of gases in porous media, where the
flow obeys a polytropic law.

Note that no symmetry requirement has been made on 8
around the origin.

Next we formulate our hypotheses and state our main result.

The notation of [3,6] is adopted.




Let Q@ be an open set of ZRN ; 0 < T < » and set

8y = 0 x (0,T] , s = aQ x (0,T] . The domain @ is assumed to

satisfy

[Al] Hay € (0,1) , Ry > 0 such that Vvx, ¢ 32 and every ball

B(xo,R) , Centered at Xq with radius R < RO ’

meas [Qr\B(xo,R)] S (l-a,)meas B(x,,R) .

On the space part of the operator in (1l.1) we assume

: [a,] 3:9,« B o BY ;b o, x BY o R are measurable
. . and
i 2
> > >
f (1.3) a(x,t,u,p) b 2 collul)|pl® = op(x,t)
(1.4) ax,tu,B) [ s wgJuD) 1Bl + ¢4 (x,t)
(1.5) Ibex, 0,8 < wy(lu]) [B1% + o, x,0)

+ + . . . .
where co(-) t: R » IR is continuous, decreasing and strictly

s + + . . .
positive; wu.(*) : R -+ R are continuous and increasing,

i
i=0,1; 05 v i=290,1,2 are non-negative and satisfy

e

1.6 log+odvagll, ,
qlrlnT

. . A A I
Here u2 1s a given constant and q , ¥ are positive num-

bers, linked by
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A N A 1
(1.7) 4 q € [—2—(-1—:.(—:{7,3 ¢y ¥ € [m,a ’ Kl e (0,1)
A A 1 1
qe (1,®») , r ¢ [:__ — :], Ko e (0,%)
- ! ! L=k, "’ 1-2c, 1

By a solution of (l1.1l) we mean a function u ¢ w%'l(nT) .

-1

defined by u ¢ 8 “(w) , where w ¢ LQ(O,T,LZ(Q)) is such that

w < B(u) , the inclusion being intended in the sense of graphs,

and w and u satisfy

t t -
+ J J {—w¢t + a(x,r,u,qu)- Vx¢

(1.8) j w(x,7)¢(x,1)dx
Yy "t

Q

+ b(x,T,u,qu)¢}dx<iT =0

/1

[+
for all ¢ ¢ W; (9,) and all intervals [tl,t] c (0,T]

T
We assume u takes on boundary values on S

(1.9) u(x,t) = f(x,t) ; (x,t) € s,

in the sense of the traces, and suppose that

[A,] f is continuous on S , with modulus of continuity w_(*) .
3 £

Let u be a weak solution of (l.l1l) satisfying (1.9) and

assume that

(a,] ueL (2,) , and ||u||m'QT S M.
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We can now state our main result.
Theorem: Let 8 be of type I or II, and let u be a weak so-
lution of (1.1) satisfying (1.9), and let [Al] - [A4] hold. Then
(a) u is continuous in @ x (0,T] , and Ve > 0 there exists a
continuous non-decreasing function o : R - ]R+ , depending
9 upon € , we and the data in [Al] - [A4] ., such that
5
lu(xl,tl) = ulxyety) | s wllxy=x,| + |t -t %),
¥(x;,t;) € Q@ x [e,?] , 1i=1,2.
A
(b) 1If wf(r) = Ccr for some ¢ >0 and X € (0,1) , then the
function w(+) is given by
€2
w(r) = (enf2n e;rj) (r small) ,
where C, » €, are constants depending only upon the data
and ¢ ; c; > o, cy < 0 .
(c) Suppose in addition that u(x,0) = uo(x) in the sense of the
; traces over @ x {0} , and Uy is continuous in QR with
1 modulus of continuity wg . Then u 1is continuous in 'ﬁT ’

and there exists a continuous non-decreasing function

+

w: R » R depending upon W ¢ W and the data in

[All - [A4] . such that
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lutxy o)) =ulxy,t)) | s wllxg=x, | + lt,-t, 1%

V(xilti) € Q

T’ i=1,2.

A
(d) 1If wf(r) ’ wo(r) = ¢cr , then

c

w(r) = (&n]2n c]rl) 2
Remark 1.1. If the boundary datum f is only known to be continuous
on a subdomain S' ¢ S , then the interior continuity of u can
be extended up to S' , and for every ¢ > 0 , a modulus of con-
tinuity w for u can be deduced, in the set (S' is the comple-

ment of S'),

(S',e) : {(x,t) €Qp : € > €, dist((x,t),S') 2¢} .

) Remark 1.2 Since the modulus of continuity can be determined
i i a priori in terms of wf(-) and the various constants in
| [Al]-[A4] , the theorem could be stated, (as a variant) as
e yuicontinuity of approximating sequences, along the lines of
similar situations in [3,4]. It could also be used as a device
to construct solutions in appropriate spaces of continuous
functions (see [1]). Since the arguments are technically
Oy involved, we wish to describe euristically their meaning in

order to single out the idea of the proof which is new with

respect to previous argumenc. We introduce some symbolism

first.

Let (xo,to) € S and for R s Ro denote with B(R) the ball

B(R) = {|x-x0| < R} and with Qg N >0 , the cylinder

n _ - —nnl
QR = B(R) = (to nR® , to} .




If oy , 0, ¢ (0,1) denote by Q;(ol'oz) the cylinder

0p(6y,0,) = B(R-0;R) {1:0—n(1-<72)R2 . tyd

Let (x,t) - ¢(x,t) be a cutoff function in Q; such that

(1) c(x,8) = 1. (x,t) € Qploy,0,)

(ii) L 20 and ¢ =0 on 3B(R) and for t = t0 - nR2
o . -1 2, -1

(iii) |9,.%| s (o;R)°T , 0 s T s (0,nRY) T .

In what follows ¢ will denote always such a cutoff funct .»
We will be interested in that portion of QR contained in

QT . Therefore we set

0
]

2 n B(R)

n
0 " 8

v I ]

n n
CR(cllcz) = QR(Gl'OZ) n QT

Notice that & vanishes on the parabolic boundary of Qg

but not on the parabolic boundary of CR . If (xo,to) € S 1is

2

fixed, we will take R to be so small that t, - nRS > 0 .

0
Consider the simple case

B(u)t - au? 0 in Q
{1.10)

u=f on S




+ o .
If k > sup £ , then (u-k) cz € w;_'l(s'zt )i analogously if
QQnS 0
. * - 2 °1,1
k <inf £, -{u-k) &~ ¢ W, (Qt)'
QRﬂS 0
We multiply (1.10) formally by *s(u-—k)ft gz and integrate over

2

Q. x {t, -nR“, t} . Carrying on formal calculations, the first

R 0

term gives

¢ 3 s 2
I J 2 + 3T g (u) (u=k) ¢ dxdr
Q. ‘t.-nR

t o [k’ )
=I I 2 3%F [ B' (stk)s ds | ¢~ dxdr
QR to-nR -0
+
(U"k) 2
ZJ ] B' (stk)s ds |7 (x,t)dx
QRx{t} 0

- C ” (u—k)t;;tdxdr
CRr

For the second term we have

. t
sau(u-k) - t2axdr 2 J 17 (u-k) ¥ [ %¢2 ax dr

2 |
tg~RT

- C ” (u—k)izlvclzdxdr .
CH
Combining these calculations and recalling the properties
of (x,t) » z(x,t) we have

+
(u-k) -

(1.11) sup J f'(stk)s ds| dx
Q

2 |
to-n(l-oz)R Ststo R—olR‘{t} 0

+ C(HIU lo)
N ” |9 (u-i)* ) 2 axar s 22 ” (u-k)* dxdt .

n
CR(clloz)
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Thus the presence of the singularity of 8 in (1.10) has the
effect of producing, on the right hand side of (1.11), the Ll
norm of (u-k)t instead of the Lz-norm.

If u were known to satisfy the inequality

42 )2
(1.12) sup 2 (u=k)* (t)dx + |9 (u-k) " | € ax ar
- - R7s
tg=n(l-o,y)Rstst, nR-olR Crloy0a5)

C(TI,O [+] ) 2
< 1’2 ” (u-k)* dxdr ,

ch
R

R

for all R > 0 and o; € (0,1) , i =1,2 , then by classical
theory (see for example [6]), u would be Halder continuous at
(xo,to) . Let us compare (l1.11l) and (1.12).

The first term on the left hand side of (1l.11) can be esti-

mated below by

2
t
(1.13) [inf 8'(s)] sup_ I (u-k)~ dx ,
R ty=N(1-0,) RS tst, “R-cln
and therefore the left hand side of (1.11) has the same aspect as
the companion in (1.13). In fact an estimate below like (1.13) ;

was the starting point in the proof of interior continuity in

(2,3,4,8,9].
As for the right hand side of (1.11), if k is near zero, on i

the set [u near zero], the term (u-k):t is much larger than

(u-k)tz ; therefore near the set of singularity for B , the right

hand side of (1.11) gives an estimate poorer than (1.12).
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In the proof of interior regularity this difficulty was dealt
with by choosing appropriate leveis k for u . Near the bound-
ary our choice of levels k is limited to those k for which
(u-k)t € %;'l(nT) consequently the difficulty is more severe.

On the other hand if k and u are both near zero, B8'(stk)
in (1.11) is large. Therefore the new tool will consist in deriv-
ing an estimate below for the left hand side of {1.11) which takes
in account the largeness of g' near the singularity, and then
balance off the largeness of 8#' on the left hand side of (1.11)
with the relative largeness of (u-k)t on the right hand side.
These remarks are only formal since g8 is not differentiable. The
difficulty consists in finding a technical way of translating the
above observations (which hold only on the portion of 0 where
u 1is near zero), in terms of integrals over Q; . This will be
accomplished by introducing a seguence of time dilations (this

will be the role of the parameter n ) and by using a more refined

version of the Sobolev embedding of Vl'o(Q;) into Lq’r(Q;)
(see section 2 for the precise statement). ] !
If 8 is a graph of porous medium type, then B8'(s) is
large for s in a neighborhood of zero, wherea$s if B8 is of
Stefan type then "B'(s)" is finite except "at zero". Therefore
it is not surprising that the latter presents more difficulties.
We will concentrate on graphs of type I and will indicate
later how to modify the arguments to include 8 of type II.
Section 2 contains some preliminary lemmas.

The proof ¢’ the theorem will be given in section 3 and will

P

be extended to B of porous medium type in section 4.




12
With y we will denote a generic non-negative constant de-

pending upon the data in [Al] - [A4] only.

2. Basic estimates

If v 1is a function defined in B(R) and k € IR we set
+ _ - -
Ag R S {x € B(R) |v(x) > k} ; AR {x ¢ B(R)Jv(x) < k} .
The proof of the following lemma can be found in [6].
Lemma 2.1 Let v ¢ wi(B(R)) and let k , ¥ be real numbers such

that g2 > k . Then

N+1
- = YR
(2-k)meas A, o < meas{sm)\Af_RT J_ ) |vv|dx ,
’
Ao rV,R

i where vy 1is a constant depending only upon the dimension N .

{ The following embedding lemma is essentially proved in [6].

We reproduce the proof in a particular case, in order to derive a

special constant dependence, needed in what follows.

[+]
Lemma 2.2 Let Vv ¢ Vl'z(QR) . Then there exists a constant vy ,

independent of v , R and n , such that for every A > 0

2 2 i

J AN+§ ”vlﬁ < Y[meas [v=0] n QR]N+§ . i
{ 2,08 |
2 2 :

A sup ”V“2,B(R) + ”va“ ny* . '

£y-nRstst, 2,0 :
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Proof By the Gagliardo-Nirenberg inequality,

a l-a
(2.1) Wvllg,sry = YN%9I3 5ry VI3 B Ry »

2

for a.e. t ¢ [to-nR , to] , where

a=N(%’—-é-) s g>2,ac€ (0,1) .

Choosing
- 2N+2) . N
N ' N+2

we have

2
ol sy 5 Y1905 5ery UV3 B Ry -

2

Integrating over [to-nR R to] and taking the g-th rooth we

obtain

N
(2.2) Ivilg gn s (sup [|v]| ) 9, vl .

Let now )\ be any positive number. Then

2 2
{ =5 —
(2.3) ) N+2 ” v2 < ) N*2 N+2

2
A ll"llq'Qrf2 [meas [v#0] n Qp]"" ° ,

and by (2.2)




2
Vo lvlig,n ¢ ,{m sup llvil,, B(R,F"uv n‘"’}

2 2
< vir sup vilz,em) * “vallz,og’ y

Substituting this last estimate in (2.3), the lemma follows.

Remark: In a similar way one can show the inequality

2 2
”V”q r,Qp s vix s\tlp llV"z,B(R) + ”va”QR}

valid for all satisfying

A>0 and q, r >

N
2q

2

+

R~

If (xo,to) € S is fixed, we choose R to be so small that

R < Ro and

(2.4) K = 2K1/N '

and «, is defined in [Az] .

Let such R be fixed and consider the cylinder

- 2(1-
Q 1wk 2 Cx-xgl < BRIV} x (g -p2A7NQ) g




i -
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Set
(2.5) W =supu ; u =infu ; o (RN ) > osc u .
QRl—NK QRl-NK QRI-NK
Also set
f = sup f : £ = inf £
1-Nk 1-Nk
Qr S QR [
(2.6)
wg(RIN) = £ - £ = osc £ .
1-Nk S
QR n

We will consider cylinders Q: coaxial with QRl-NK and with

same "vertex" (x,,t,) ; i.e. we will impose
0’0

(2.7) o <“-!i R(l-NK)

If k is a number satisfying k 2 £t , and ¢ is a cutoff

. . n n
function in Qp and Qp(“1’°2) ., then

2

Wk Z e wytax (gg-ne?, )

and therefore it can be used as a test function in (1.8) for
2
[tl,t]c [to-np ,to] .
- - [ ]
Analogously, if ks £ , then =(u-k) Cz € w;'l

(tg - nozr tg)).

(o x




The functions :iz(u-k)t zz introduced above are defined only

in C: . We will consider them to be defined in all Q: , by
extending them to be equal to zero on Q:\Cg .
Next by a suitable change of variable, it is no loss of gen-

erality to assume B8 is given by

A\
o

u , u

(2'7) B(u) [-\)'0] y U = 0

u-=-\v ’u<00

This is demonstrated in [3] to which we refer for details.

2

By taking :t(u-k)i 4 in (1.8) we proved in [3], that the

following inequality holds.

+2 + 2
(2.8) sup 2 J (u-k) dx + ¢ (k,t:0 - ne ,t,c}
to-n(l-cz)p stst, B(o-olo)x{t}

s

! 2 -2 2. -1 +2
t + IIVx(u-k) ”2'02(01'02) s ylloge) © + (oyne") i (u-x) ”2,02
t r 2
0 = =(1+x)
+Y{I : [meas Ai (1) 19 d«}r '
2 P
ty-ne
where
+ 2 £ 2 t
(2.9) ¢"(k,ty -np",t,0) = -J v(x,t)x[us0][# (u-k) " Jc(x,7)dx 2 ;
B(p) t.-np 1
0
e f-

2 I ( )v(x,t)x[uso];t-:-[:t(u-k)icz]dx ar ; T
B(e

.




- . CUIE, - MR i C e T
. 5y . J LS. ¥ N oL e . B

17
(2.10) v(x,t) is a selection out of [-v,0]s for wu(x,1) =0
and 0 s v(x,t) s v ;
1, N _N C .
(2.11) z + 29°7 ¢ and the admissible range of r , g 1is
2N
qe (2, go5 ], re[2,) for N >3
q e (2,=) r e (2,») for N = 2
qe (2,°) , r e [4,=) for N=1. ‘

Remark 2.1
Suppose (2.8) are written for k > f+ 2 0 and (u—k)+ , then

a simple computetion shows that
+ 2
(2.12) ¢ (k,t0 -np, t,z) =0.
Analogously if k < £ < 0 and (2.8) are written for (u-k) ,
we see that (2.12) holds with ' replaced by ¢ . .Therefore

from (2.8) we deduce the following lemma.

Lemma 2.3 The functions (u-k)? satisfy the inequality:

(2.13) [lu=k)*|| 2 < wr[(c:rlp)—2 + (oznoz)—llll (u—k)tllzz Q"
vi%Q" (0, ,0,)) e
p' 1772
t r 2
0 = =(1l+x)
+y J 5 [meas Ai ()] Ya-f* ,
to_np '@
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n-” Rl-Nx

for all op <

and O) ¢+ 0y € (0,1) , provided that
(1) If (2.13) is written for (u-k)¥ , k satisfies k 2 £¥ 2 o
(ii) If (2.13) is written for (u-k) , k satisfies k < f <0 .

Let us assume now that (2.8) are written for (u-k)- and k

satisfies
0<ks £ .
In such a case ¢ #% 0 and we will estimate it as follows.

o'(k,tc-npz,t,cz) = L v(x,t) (u=k) " ¢2(x,t)dx
(p)n [uso]

t
-I 2 [ v%u Czdxdr
ty= 1P B{p)

t
- 2] 2 I v(x,1) (u-k) ¢ £ dxdr
to=nP B(p)n[us0o]

2k
°2ﬂ0

2 vk meas{B(p-alp)n[u(-,t)SO]} - II x[uso0]ax dar .

n
QD

Substituting this estimate below in (2.8) proves the follow-

ing lemma.

Lemma 2.4 Let 0 <k < £ . Then (u-k) satisfies the in-

equality

URAIVEIN TP SO NPT YN S




ittt b O i K it

19

(2.14) sup {:|(u-k)|| _ (t)
-n(l o )p <t<t 2,Blp=-0c p)

+ vk meas B(p-olp)n[u(-,t)50€}

2

+ ”Vx(u-k) ||2,Q:(01,02)

< Y[(clp)”2 + (Gznpz)-l] H(u-k)°I|§,Qn
p

+ 2k(02m>2)"1 meas(Q;l n [us0]))

t
0 - —(1+K)
+y{[ [meas A (r)]r/qd} ’
2 Kep
to-np
for all o < n-!5 Rl—NK and all Oy ¢+ Oy € (0,1) .

We demonstrated in [3] that the previous inequalities hold

if the levels k are subject to the further restriction
(2.15) H(u-k)‘ll Q" S8
p

where 6 is a given number depending only upon the constants in
assumptions [Al] - [A4]
If in the definition of QZ the parameter n = 1 we simply

write Qp .

1-Nx

We have Q2R c QRl-NK if R < 2R which holds if R is

sufficiently small.

We let 8, be the smallest positive integer for which
2M
(2.16) _— £ <
S0 % '
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where 6 is introduced in (2.15).

Lemma 2.5 Assume that f is such that u + —g—:‘f- . There
0
exists a number s* > So such that if 2

(2.17) meas{[uso]rwozR} < ;g; meas{[u < u“+—;§%¢ijn Qg /2)
and
(2.18) W71 < 5%
2

then either

(i) _§T < s O
2
(ii) wx,t) e QR/Z »u(x,t) 2w + —5%5 .

2

The number s* can be determined a priori only in dependence

of the data and it is independent of w and R .

Proof Consider (2.14) written for g— < p 2R, n=1 and

k=u + J% , for s* 2g > 8p
2
Using (2.17) - (2.18) we have for every 5 s o s 2R ,

k l w 2 - w
‘;2_92 meas {[us0] nQ } S—o';;z (—z—s—) meas {[u<u” +—5ln0Q 1},

Now
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rJ [(u-(u” +-2))7J%axdr 2 (5T )2 meas{[u <u” +—=71 0 Q)
J 28 25t 2
QO
and therefore
k Y ! - W= q2 a
———i-meas{[uso] nQp} < —2-J [(u=-(u +=3)) ]%axar .
O ,p G,p Q 2
2 2 P
Using this estimate, from (2.14) we deduce that for all
s* >2 s > 8, o all %SQSZR and all 0y ¢ Oy € (0,1) we have
- -2
(2.19)  lltu-(w + =N 7Y,
2 v (Qp(ol'oz))
-2 2 -1, - w2
< yltogp) ©+ (0,0%) “Jlu=-( +=7 ]
o _ L V214
+ v J , [meas a (1) ]9 a-{*
; t, - T ,
; 0 s’
! 2
' ‘ From (2.19) it follows by classical theory (see [6] page 110-
1 128) that there exist s* which can be determined only in depen-
dence of the various constants in (2.19) and the number o in
[Al] + such that either (i) holds or
- w
u(x,t) 2 + 25*+2 ’ V(xlt) € QR/2 .
i Lemma 2.6 There exists a number Sy depending only upon the
data such that if
N+2«
meas{ (x,t) ¢ Q [ u(x,t) < 3 w w \25]
R/2 ' W+t —3) s ¢ (_
/ 2S* %2 o\ 57 x meas [QR/Z] .
u




then either

¢y O
ZS

. . - w °
(ii) u(x,t) 2 u + ;—s—;ﬁ r Y(x,t) € QR/4 .

Proof. This is exactly lemma 3.1 ~f [3] page 144.

3. Proof of the theorem: B8 of type 1

The proof is based on the following proposition.

Proposition 3.l: There exists positive numbers s ¢ N , &§* ,

;i +1=1,2 , a, A >1 depending only upon the data such that

osc u s max{(l— ey, tRl_NK))m(Rl-NK) ;

Y &
—d— 1 25, (RITNK
| 2n YZRI £ *
Proof Without loss of generality we may assume that
- +
(3.1) fluw | s uw .

If the reverse inequality occurs, the arguments are similar.
Rl-N(

To simplify the symbolism we write w for ) . Since |

obviously
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where Sy is introduced in (2.16), from (3.1) we deduce

(3.2) Whe 2 + w20 .
0 0
2 2
Also we may assume that
s,.+2
(3.3) £ - = Y w2

otherwise the proposition becomes trivial.
We claim that at least one of the following two inequalities

is satisfied,

(3.4) .

(3.5) B - u -

contradicting (3.3).

If the first of (3.4) is verified, then the function

(x,t) -+ (u(x,t) - (u+--—w§))+ . in view of Remark 2.1, satisfies

1-N¢  and all

(2.13) for all s 2 S + 2 , all 0 < p <R
0y ¢ Oy € (0,1) . Now (2.13) is precisely inequality (8.1) of

(6] page 123, and hence the proposition is a consequence of the

results of [6].
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If the second of (3.4) holds and
w
(3.8) bt 552 <0

then (x,t) + (u(x,t) - (u'+—“’§))' verifies (2.13) for all
2

s 2 s, + 2 , and again the proposition follows by classical theory.

0
The case to consider is therefore when the following occurs,

+ w +
(3.7) Wz < f
2
- w -
(3.8) ot o S b3 -
2 0
- w
(3.9) [u' ]| s 30+2 .
2
In such a case by (3.3) and (3.2)
- + w + W w
(3.10) £ > £ - —s—o—ﬁ 2 U - SO+1 > 50+l .
2 2 2

Let s* be the number claimed by lemma 2.5. We may assume

that

(3.11) L, gN*/2

[\§)

otherwise the proposition is trivial for the choice s = s* .,

Also we may assume that 1(x,t) ¢ QR/4 such that

(3.12) W(E,E) < w4 w28t
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. - s*+4
In fact if y(x,t) « QR/4 cu(x,t) 2 4 + w/2 , we have

. - *+4
-inf us - u - w/zs .

Qr/4

and adding sup u on the left hand side and 4" on the right
Qz/4
hand side we obtain

osc u s w(RIM) (1 -—3p
2

Qr/4

and again the proposition becomes trivial, for the choice
S =s*+ 4 and any A > 1 .
Consequently in view of (3.12) the assumptions of lemma 2.6

must be violated and therefore we must have

(3.13) meas{(x,t) € QR/Z | uix,e) <+ ;g%;i}
N+2%) !
zKl :
w
> CO(EET) meas[QR/2] .

Analogously also the hypotheses of lemma 2.5 must be violated,

i.e. either

(3.14) meas{[u<0] ”QZR} >(—§;) meas { [u <“-'+-§%TT]r‘QR/2}
2 2

or

(3.15) (v | > 25,

N5 3 0 o o 5 A FUTRAE 565 50 2D s PR AR
.
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or both.
Suppose that (3.15) holds. Then for all 8 > s* we have

that

- L9 )
28
and therefore (x,t) » (u(x,t) - (u’-+i%))‘ , satisfies (2.13) for
2

all s > s* , 0 < p < R]'—N‘< s N 1 , and all 0y ¢ 0y € (0,1) .

By the results of [6], there exists s, ¢« N , s; >s* such that

u(x,t) 2z u + %1 , W(x,t) € Qp o
2
and this implies the proposition, for the choice s = Sy » and
every A > 1.
Consequently we may assume that (3.13) and (3.14) both hold.
Combining these two inequalities, in what follows, we may

assume that for all

2R < p s B8R

(3.16) meas{[usolr\op} > Yowb meas[Qp] '
where
N+4x
1l 1+2x
(3.17) b= ==
l
c meas[Q / ]
Yo = 525 inf meas g 2 °
28"P 2Rs<p<BR Q]
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Since s* is determined only in terms of the data, we have
that in (3.16) v, and b are defined only upon the data and
are independent of w and R .
Notice that if R is small enough B8R < R'™  and hence
QchRl-N" , 2R £ p < 8R .

Lemma 3.2 Let n 21, 2R € p < 8R and let (3.16) hold. Then

¥s > s¥*
(3.18) sup , meas{[u(+,t)s0] nB_}
t,-np“stst P
0 0
28 2 b+l - - w12
2 (‘F) Yo sup , L Lu=-(u +—-s'))] dx .
to-ne ststo ox{t} 2

Proof From (3.16), dt* ¢ [to-pz, to] such that

meas{[u(-,t*)=<0] nBo} 2 yowb meas[Bp] .

2 2(1-N|<))

Now for all ¢t € [to-no ,to] ’ (noz<R

- w
meas [Bp] 2 meas{[u(-,t) <u + 25_1] an}
2
s
2 - W2
2 (=) J [(u=(n + =)) J7ax
® Box{t} 28 ’
A
| and the lemma follows.

All the subsequent arguments will be carried over cylinders

Q: , n>1 and will make use of inequality (2.14) written for

2R 5 p < BR ,

-
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gy 1 0, € (0,1) such that 2R s p - 9,0 < 8R , and for the levels

k = u- + jL s S > s* ’
2S

provided that |u | < w/2s+1 .

Taking in account lemma 2.4, from (2.14) we have

supz

- s 2 f
(3.18) (u -+J%)(%:) wb*l YOto-n(l-oz)p St<t
2

[tu-(u™ +0/,5)) 1% ax
0 (p=o,p) x{t}

2

+ |9, (u=(u” +24) 7l n
X 25 2'Qp(°ll02)
-2 2, -1 oy e W2
s v[o ) "+ (0,0%) I (u-(u +2s)) ”2'03
Y(u -+J§)
2 n
+ ————7——-meas{[uso] nQ"}
02"0
t _ T )
+ v L [meas A _ o (1) ]9 ax ’
-ne N t+t—=,p
0 2s
for all s > s* and n > 1 such that
(3.19) np? < g2-N9) - ona
(3.20) fu=] <« =2 .
28+1

In the inequality (3.18), s need not be integer, as long as

s > g*
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Lemma 3.3 Let 00 € (0,1) be arbitrary but fixed. There exist
two constants Yy ¢ Yy depending upon the data but independent
of w, R, 80 , an integer si > s* , s, = s*(w,eo) and

n = n{(w) such that if
|U-l < m/ZS*"'l ,

then either

(i) RN Yy or
0 ° (v, /R

. - *

(ii) meas{ (x,t) € 02R | u(x,t) < u +6/25%) < 8 meas[QzR] .
Proof Let ss and n to be chosen and for simplicity set

= 4R .

°o

We apply Lemma 2.1 to the function u(-,t) for

t e [to—npg ,to] , for the levels
L=y 4+ w/2s , k=u + w/2s+l , Sx 2 8 2 s¥*

We observe that in view of assumption [Al]

meas{B(po)\A'_ L (&)} 2 a.meas[B(po)]
—,p
28°°0

1]
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for all s 2 s* and all t e [ty-no2 ,t,] .

For notational simplicity also set

A(t) =A"_ . (t) , and

'} + 2_80 po
%
A, = 2 [meas As(t)]dt .
to-np
Then from Lemma 2.1 we have
w
(3.21) ;;;I As+1(t) s YPo J |Vu| dx ,

AS(E)\A_,, (£)

for a new constant y depending upon the data, and for all
t e [to-npg ,tOJ . We integrate over [to-“pg ,to] , Square both

sides and use HOlder inequality on the right hand side to obtain

(3.22) (-2?“_’"-1-)2(meas A s voh ”Qn IV(u-(u-+;%))-|2dxdr
Po
x meas[hs\hs+1] .

The integral on the right hand side is majorized by using

(3.18) written over Q" , Q" . 1In this case o, = =X
20 1

g
and if n > 1 is chosen to satisfy

(3.23) 4pgn < Rz(l-NK) .

then Qgp cQ 1-n¢ + Therefore taking in account the assumptions 1
0 R

of the lemma and (2.l11) we have
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- w -|2 1l W 2 n
[V (u-(u +)) dxdr < v=5 (=3) meas[g]]
n 2 pr 2 o
Q 0
°0
1w, -1 2
+y=5 (g)n  meas [Q: ]+ yn oo .
°0 2 0
. . . .. s+l 2
We substitute this estimate in (3.22) and divide by (w/2 )
to obtain
2 23 %(1+K)-1 2S 2 NK
(3.24)s [meas AS+1] < Y(l'*ﬁf n  +n (1;) R )

Inequality (3.24)s holds

x measLQSo] meas [As\As+1] .

¥n >1 , ¥s > s* as long as

fu | < w25t | Let su > s* to be selected and assume that
lu-l < w/25*+l ]
Then adding (3.24)s for s =s* , g* +1,...,5x-1 , we ob-
tain
(3.25) [meas As*]2 < (s*-sz—l) (1-+2:* n-l-rn‘(zi*)z M) .

where we have used the fact that since

x (meas [0201)2 ’

n>1 and r > 2

K

2
=(1l+x)~-1
r < 0",

n

Next we choose

e~
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(3.26) n= 2% ,b

This choice is admissible if Qg ©Q 3.y ¢ Lee.
0 R

(3.27) 25%,b « =6 -2N¢

Moreover recalling the definition (3.17) of b ,

s« 2
n"( ) R < é&i 28% (2+x) pNX
w
+
< Y/wb 1 ’

if in addition to (3.27) we require that

(3.28) 28* (2+K) PNk

( Suppose for the moment that (3.27) - (3.28) are satisfied;
then substituting these estimates in (3.25) we deduce for a new

constant vy

2
(3.29) [meas As*lz s Y (meas Q" ) .

wb+l(S*-S*) po

Therefore to prove the lemma we have only to choose S8, so

large that

(3.30) Sx 2 s* + _FFY]TT .

w 90
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Having now chosen sy as in (3.30), if (3.28) is violated

we have

b+1,2

g% 90) N R-Nﬁ/(2+m)

(v/w
2 2
and therefore by taking logarithms we see that there exist two
constants Yy o0 Yy which are independent of o , 90 , R such that

1+b .2 Y1
w 6

OS-——————.

¢n Y2/R

A similar argument holds if (3.27) is violated, and therefore

the lemma is proved.

Remark Lemma 3.3 says that if w is not comparable to
1/|snR| , then the set where u is close to its minimum, can be

L made arbitarily small relatively to a cylinder whose dimensions

1 are comparable to RI™<M .

Lemma 3.4 There exists 60 = eo(w) e Sk« = Sx(w) , n = nl(w) , ;1 ' Yoo

/25*+1

6> 0 such that if |u | < w , then either

¥ s
1 (i) w % [—m Yl ] y OF

w n{w)

(ii) ulx,t) 2 u +

;3::7— r Y(x,t) € QZR .

-y




.
:
:

Proof As before we set Po = 4R . Define

po po _ Oo 3p 0
Pn =3 ¢ ;3:7 PPt on+d ! n=20,1,2...,

and consider the cylinders Qg and
n

-0 _ _ - o2
Qp = Ux=xgl < 5.} x Leg-nef ), ¢}

n ’

which satisfy the inclusion

Construct smooth cutoff functions x -+ ;n(x) as follows.

(1) ga(x) =1, Ix=xg| < oy
(ii) ga(x) = 04 Ix=xo| > ¥[o +0 1] =7,
(iii) lve )| <« 2", .
Define
- w 1 w _
(3031) kn = u + — et = 0,1,2,.0.

28+l + ;K 28w+l » B

and let S e [s,, s,+1] be defined by

n 2Sn
Let also
!
(3.32) Y, = JI [(u-kn)']%dxdr :
n
Qo

n
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f 0 - <

= - q r

(3.33) z, = {Jt no? [meas Akn+1'°n(r)] d{} .
0 n

" . .

The lemma will beproved if we can choose a priori 6,(w) , Sa = sa(w) ,

: n = n{w) for which

Qn(“’)
2R
Define
25*2 1 JJ -2
Y = ( (u-k dxdr
S L A U
Ch Qp
n
-2
Z = n r Zn
n meas[ﬁ?oo)] *

The quantities Y_  , Zn satisfy the following recursion

: n
3 i inequalities
192 2
Y 4n N+2 N+2 ,1l+4x
(3.34) Y41 € BT 27 (Y +Y, 27"}
Y én 14k
(3.35) Zpel S ;5¢T 2 {Yn + Zn } .

To prove (3.34) we apply the embgdding lemma 2.1 to the function

; (u--km_l)-;n over the cylinder 6§ , for the choice of A
(3.36) A = 25% )b
We have
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2 2
h + --2 2
(3.37) W My L SN ” [u-k_, ) 1% ¢ axar
=n
Q
g 2
n ,N+2
<  yv(meas [u<kn+l] nQpn)
x {A syp L _ [(u-kn+1)_]2dx
to-npn+1St5t0 (pn) x{t}
-2
+ [IVx(u—kn+l) “2 —n
¥n
’ + [ [(u-k_. 71?2 [ve lzdxd
3 j n+l n T -
4 an
We observe that
-2 2
(3.38) y, = JJ n[(u-kn) ]°axdr > (kn+l-kn) meas([u<kn+l] nQEJ
Q
pn
-2n-4 w 2 n
i 2 2 (;g:) meas([u<kn+l]¢wopn) .

We majorize the first two terms in brackets on the right hand

side of (3.37) by making use of (3.18) written for s = s
IU-|< w/ZS* (w)+2

n+l '

, over the pair of cylinders 6: and Q2 '

n
for which

(alnn)"2 = 952 22(n+4) 2 < 72 pnt3

; ﬁozon) 0 .

Using these remarks in (3.37) we deduce, since s, € [s,, s,+1] ,
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2 4 4 2
-~ n 2n
N+2 2S* N¥2 _N+2 N¥2 [2
(3.39) AU Ypy S Y 2 ¥n _;7 Yot
0

2 -1 1+
+ 2 n(zg*)n meas ([u<k ;] nQSh) + oz :}

we divide by (2% meas [" ] and use (3.38) and the de-
2 0
finition of Yn R Zn to obtain

(3.40) \N+2 Y s »4n nN+2{1 +2w a1, Y N+2
2 2
={1+x -1 Sx 2 S5
r 2 Nk N+2 1+«
+ N (=—) R Yy "z }

Next we choose

(3.41)

2 < RZ(l‘NK)

Such a choice is possible if " g , i.e. if

28+ (w) b 576 gm2Nc

(3.42)

Moreover

2 2 -
25*) F(1+x) =1 +1

K
( n RV < y/wb '

w

if in addition to (3.42) we require that

(3.43) 2s*(m)[2+'<]RN.< <1

37
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Assuming (3.42), (3.43) for the moment, inequality (3.34)
follows.
Next to prove (3.35) we observe that V¥X >0 , for the em-
bedding lemma 2.1 and the remark following it
2 2
1-= 1-=
r 2 r -2
- S A -k
N Tzp Gk mk ) fl (u n+1 “q.r.5:
s Y{E sup I [(u-k_..)"712
) - n+l
tg-nepStsty ‘B(e ) x{t} dx
n+4
2 2 _ -n2
+ 1V (umkp 4 4) ”2 A Il ¢u Kn+1 “2 5":}.
lQn po (4 n
A as

Estimating the right hand side as above and choosing
in (3.41), inequality (3.35) follows at once.

From inequalities (3.34) - (3.35) it follows, by virtue of

Lemma 5.7 of [6] page 96, that Y,2,+0 as n -+« if

(3.44) Y, sd ;zé""s a,

where

(N2
d = y» o(1%0) T2

’

(3.45)

for a (small) constant y* independent of R and w .

: The first of (3.44) holds if
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e @y’ 1 f - 12 axa
(3.46) ¥, < ( }J (u=(u -+w/28*(w))) xdr
® meas[Q" ] //n
Po on
meas[uex” + =271 0] we2
< 2°% 0 (4= Y*w(l+b)(-7—)
meas Q"
Po

To satisfy the second of (3.44), we observe that if r < q

ty L 2
Zg S pBN {Ln L 2 [meas A™ _ N (1)]qc11}r
o’npo ¥ +zs*100
meas ([u<y” +—=-JnQ") 2
25* po q
<
meas [Q"]
o
and if r > g
- w n 2
measfu<y +—=]1n0Q r
p
p < 2 0 .
0~ meas[Qg ]
0

Therefore both inequalities in (3.44) are satisfied if sx(w)

is chosen in such a way that

meas[u<n + :*]n Q"
2 eQ
S Yx

(3.47) <
meas [Q" ]
Po

max{r;q}

(1+b) (N+2)
v

Next select
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iligliﬂizl.max{r,q}
(3.48) eo = eo(m) = YW 4 '

and then eo(w) being fixed choose s«(w) according to (3.30) and
n = nf{w) according to (3.26).

By virtue of Lemma 3.3 if such choices are admissible then
{(3.47) is verified and part (ii) of the lemma is proved. If such

choices are not admissible then

Y

wl+b 90 < 1

in Y2/R

and in view of (3.48)
~ i
1 ~
w S Y Y,/Y
tn Y2/R "l 170!

where

-1
5*=El+b) + i—l-.w_)_ max{r’qa R

The lemma is proved.
Since Qp/4 © QS;”) , lemma 3.4 implies the following Corollary.

Corollary 3.5 1If the assumptions of lemma 3.4 are satisfied, then

either
OsC u s w (RI_NK) (1 - —_iy—g*:T
*
Qr/a 28"t Vu
or ~Yl 6*
Q8sC u « ———-T-——
QR/4 Ln 2/R
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Let now si(w) be the number determined in Lemmas 3.3, 4. This
number can be determined a priori and is independent of R ; it

only depends upon w .

Lemma 3.6 Assume that Iu_l 2 _E%?T . Then there exists m ¢ IN ,
2

independent of w and R such that either

S +m

u(x,t) z y + w/2 V(x,t) € Qp 4

or

W
Proof: The levels k = u + ;g;;ﬁ are negative ¥n > 1 and

therefore the functions (x,t) + (u(x,t) - (u +w/25*+n))- satisfy
(2.13) for all nz1,0 <p <R andall o, , 0y ¢ (0,1)
The lemma follows now from the classical results of [6].

The proposition is proved as soon as we choose

Proof of the theorem. Since Q < Q cQ if we set
R1+NK R/4 Rl Nk

Ra = R]'-.N‘< ’

Proposition 3.1 can be stated as
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1 71 s
osc u S max{w(Ry) (1 - — 3 ) —3 ] ; mf(R*a ’
Q 140 2%+2/4" (Re) n Y2/Re

Ry

where
o = 2Nx/(l1=-Nx) .

Let R, < R, be fixed and define two sequences of numbers as fol-

lovs
l+¢

R1 = R, : Rn+1 = Rn ., Nn=1,2,... wy = 2M and

*
w = max l- ; we(R.)Y .
n+l { s+A/u [zn Y2/R £ ,“}

Since Rn' wy, +0 as n » = the first part of the theorem is
proved. The quantitative nature of the constants S , A, o,
| ;1 ,i = 1,2, proves the second part by making use of an argument

of [5] page 31-38.

4. Proof of the theorem: 8 of type I1I

We indicate here how the previous arguments can be modified
to include the case of 8 of porous medium type. The notations
in (2.5) - (2.6) are mantained. We assume for simplicity that
8 is differentiable; the general case can be recovered by the
approximation procedure described in [4].

If k2 £' or if k s £, the function (u-k)® satisfies

the following inequalities, which are analogous to (2.8) (see [4]

for details).




-
.4n&nJ£;awa1$&31¢é“u~w”7’3.
. 43
(u-k)
(4.1) sup J (J €8’ (k.tt;)de)dx
to-npzstSto B(p-olp)x{t} 0

2 -2 2, -1 2
AN o v[(0,0)7% + (0,0%) 77 || (u-k) “z,og

p

14

(u-k)*
+ —1 ” (I gs'(kzs)ds>dxdr
0

o,np
2 n
Qp

t r 2
0 = ={1l+x)
+ Y{I 2 [(meas Ai p(-r)]q d}r .
t 14

o-np

We recall that Q: c QRl-NK and that (x,,ty) ¢ S .
We wish to show that in the cylinder 23/4 the oscillation
of u has decreased in a way quantitatively described by proposi-
tion 3.1.
The first part of the analysis in the proof of proposition
3.1 can be carried over to the present situation with minor changes.
The case to consider is when |u | is small when compared

to w i.e. say |u | < w/2s+1 for large s .

In such a case we write (4.1) for

and (u-k) , provided that u + < s £ .
2
We estimate the first term on the left hand side of (4.1) as

follows
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(u-k)~
J ([ £8' (k-g)dg)dx
B(o-alp) 0
2 HB8'(n +ls) [B [(u-k) ]%ax
2 (p-clp)
> %8 () [(u-k)"1%ax .

2 JB(o-olp)

The analogous term on the right hand side is estimated above

by using (iv) in the definition II of B8 . We have

—71—-2- e(ls) ” (u-k) "~ ax dr
o np 2 Qn
o)

s L (8'(2)n7h) (22 meas([u<k] Q") .
a,0 2% 28 e

We remark that in order to control the growth of Bwig)

with s , n has to be chosen to be of the same order. We may

now complete the argument by proving, for the present case,

lemmas analogous to lemmas 3.2 ~ 3.5, which lead to proposition

2.1. We leave to the reader the few technical modifications

needed.
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