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Abstract

Parabolic equations describing diffusion phenomena with

change of phase are considered. It is demonstrated that weak

solutions are continuous up to the parabolic boundary of the

domain of definition. The continuity is quantitatively de-

scribed by a modulus determined a priori only in terms of the

data.
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SIGNIFICAN4CE AND EXPLANATION

The equations considered in the paper represent a mathematical

model for diffusion processes involving change of phase. Typical

are the Stef on problem and the porous flow. We demonstrate

that the weak solutions are continuous up to the closure of the

domain of definition, and supply a quantitative estimate of the

modulus of continuity. Such a quantitative estimate provides

with a compactness tool to construct solutions in spaces of con-

tinuous functions.
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A BOUNDARY MODULUS OF CONTINUITY FOR A CLASS OF

SINGULAR PARABOLIC EQUATIO14S

E. DiBenedetto*

1. Introduction

We will be concerned with the derivation of a boundary modulus

of continuity for weak solutions of singular parabolic equations

with principal part in divergence form, of the type

a
(.1) -8(u) - div a(x,t,,V u) + b(x,t,u,Vxu) 0 ,

when non-homogeneous Dirichlet data are assigned on the parabolic

boundary of a cylindrical domain n x (0,T] . Here a is a maxi-

mal monotone graph in IR x ]R with a singularity at the origin.

Questions of regularity for weak solutions u of (1.1) have

been considered in [3,4]. In these papers, beside statements of

interior regularity, we derived a boundary modulus of continity

at t = 0 , and on aQ x (0,T] , when (1.1) is associated with

(non-linear) variational boundary data, or with homogeneous Di-

richlet data. The case of non-homogeneous data, presented unsus-

pected difficulties and was left open. It is our purpose in this

paper to fill the gap and complete the theory.

The problem has been tackled by W. Ziemer [9] who demonstrated

the continuity of u up to the closure of n x (e,T] , VE > 0

the methods employed however do not seem to give a modulus.

On the other hand, quantitative statements about the regu-

larity of u are important for the following reasons. First,

the known regularity techniques, require that ut c L2(T) . The

*Department of Mathematics, Indiana University, Bloomington, IN
47405.
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estimates are all independent of IlutjI2 , T T but such information

is necessary to justify some of the intermediate calculations.

Now this is not natural for weak solutions of (1.1) (even

if 8(u) = u , see [6]), whereas it can be verified for a sequence

of approximating problems. Second, the a priori knowledge of a

uniform modulus of continuity is useful in compactness arguments.

We refer to [1,7,8] for applications to existence theory as well

as asymptotic behaviour.

We will consider graphs B of two kinds, both arising from

physics.

I. Graphs of Stefan type: B is given by

B1 (s) , s > 0

|1S(s) , s = 0

s2 (s)-v , s < 0

where v > 0 is a given constant and $i , i = 1,2 are monotone

increasing functions in their respective domain of definition,

a.e. differentiable and

0 < L 0!(s) < sl i = 1,2

for two positive constants a ,. . Moreover 0i( 0 ) 0.

II. Graphs of porous media type: 0 is continuous, monotone in-

creasing in IR and B(0) = 0 . With 0'(s) we denote the

Dini numbers
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lim sup 8(s) - 8(s-h) s > 0
11+0 h

|lin sup 8(s+h) - 8(s) s < 0h 0su h '

and on s 0 ' (s) assume the following.

(i) 0 < a0 <- 8' (s) ,V s E R\{0

(ii) lim inf 8'(s) =
IS +0

(iii) There exists an interval [-60, 0 around the origin such

that 0'(s) 5 8'(r) for s E ]R\[-6 0 ,60) and r e [-60,60]

and 8' () is decreasing over (0,60] and increasing over

[-60 ,0 )

(iv) there exists a constant y such that

1(s) y0(s) vs + 0
s

The model example for such a a is

1

(1.2) S(s) = Islm sign s , m > 1

which occurs in filtration of gases in porous media, where the

flow obeys a polytropic law.

Note that no symmetry requirement has been made on 0

around the origin.

Next we formulate our hypotheses and state our main result.

The notation of [3,6] is adopted.

,V44
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Let a be an open set of IRN ; 0 < T < and set

S T  n x (0,T] , S = an x (0,T] The domain s is assumed to

satisfy

[All HO, E (0,1) , R0 > 0 such that Vx0 c 3SI and every ball

B(x,,R) ,centered at x0 with radius R < R,

meas [a n B(x 0 ,R)) < (-*,)meas B(x 0 ,R)

On the space part of the operator in (1.1) we assume

I N+l N N+
[A2 a: x N+ ]R b S T x ]R IR are measurable

and

(1.3) a(x,t,u,p) -p > c 0 (lul)IpI 2 
- 0 (x,t)

(1.4) I"(x,t,u,j)l 10 1 uI) II + 0 C(X,t)

where co 1-) : + , + is continuous, decreasing and strictly
l+ i+

positive; :i(') : + are continuous and increasing,

i = 0 , 1 i = 0,1,2 are non-negative and satisfy

(1.6) 1,o 211 A 2

II0~~2IA A

Here P2 is a given constant and q , are positive num-

bers, linked by

p . V : '',. <
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I+ Nq
A = 1 -

(1.7) _ r 61 (01i)

[TK' 1--2K '1

By a solution of (1.1) we mean a function U W
2 T

defined by u E 8-1 (w) , where w e L (0,T,L 2 (0)) is such that

w c 8(u) , the inclusion being intended in the sense of graphs,

and w and u satisfy

(1.8) w(xt)-(x,r)dx + J {-w t + a(x,T,U,Vxu). Vx

+ b(x,T,U,Vxu)dxdT = 0

for all E € W 2  (ST  and all intervals [tl,ct]  (0,T]2 T
We assume u takes on boundary values on S

(1.9) u(x,t) = f(x,t) ; (x,t) E S

in the sense of the traces, and suppose that

[A3 ] f is continuous on S , with modulus of continuity wf(-)

Let u be a weak solution of (1.1) satisfying (1.9) and

assume that

[A4 ] u E L (n T ) , and IIuII.,T : M
T TT

_IIIIII__lllIIIIIIT

... ... . .. ". . ... .I I l " .. ..... . .. mi -- I II . . -- .... . . I Ili ll l . .. _ __.. ._ _ _ __IlI_.. . _- - _
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We can now state our main result.

Theorem: Let S be of type I or II, and let u be a weak so-

lution of (1.1) satisfying (1.9), and let [A,] - [A4 ] hold. Then

(a) u is continuous in x x (0,T] , and Ve > 0 there exists a

continuous non-decreasing function w : + 3R+ , depending

upon C , Wf and the data in [A 1 ] - [A4 ] , such that

Iu(x11tl) -u(x 2 ,t 2 )I ! w(lxl-x 21 + tl-t2 1 )

V(xi,t i ) 6 x [e,T] , i = 1,2

(b) If wf(r) = cr for some c > 0 and X E (0,1) , then the

function w(-) is given by

c2
w(r) = (InIn c1r1) (r small)

where c1 , c2 are constants depending only upon the data

and c ; c1 > 0 , c 2 < 0 .

(c) Suppose in addition that u(x,0) = u0 (x) in the sense of the

traces over a x {0} , and u0 is continuous in -5 with

modulus of continuity w 0 Then u is continuous in ST T

and there exists a continuous non-decreasing function

w m+ * R+ depending upon w0 ' wf ' and the data in

[A 1 ]- [A4) , such that
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Iu(x11tl) -u(x 2,t2 ) : < (Ixl-x 2 l + Itl-t 2 1 ) ,

V(xi,t i ) E T i = 1,2

(d) If wf(r) , W0 (r) = cr , then

w(r) = (znILn cIrj) 2

Remark 1.1. If the boundary datum f is only known to be continuous

on a subdomain S' c S , then the interior continuity of u can

be extended up to S' , and for every e > 0 , a modulus of con-

tinuity w for u can be deduced, in the set (S' is the comple-

ment of S'),

a (S',E) - (x,t) 4E a T  : t > e , dist((x,t),S') >-c}

Remark 1.2 Since the modulus of continuity can be determined

a priori in terms of f(.) and the various constants in

[AI]-[A 4] , the theorem could be stated, (as a variant) as

e4uicontinuity of approximating sequences, along the lines of

similar situations in [3,4]. It could also be used as a device

to construct solutions in appropriate spaces of continuous

functions (see [1]). Since the arguments are technically

involved, we wish to describe euristically their meaning in

order to single out the idea of the proof which is new with

respect to previous argument. We introduce some symbolism

first.

Let (x0 ,t0 ) e S and for R 5 R0 denote with B(R) the ball

B(R) {Ix-x01 < R} and with Q 'n > 0 , the cylinder

Q B(R) -t -nR 2
R 0



If a, 2 (0,1) denote by QR() (al2 the cylinder

Q n(a1 o2  B(R-aR) x {to -n(l-a )R 2 ,

Let (xt) - c(x,t) be a cutoff function in Q1 such that

S (x,t) = 1 ,(x,t) Q(al,2)

R 11"2

(ii) 0 and =0 on 3B(R) and for t = t o - nR2

(iii) IV xI : (a 1 R) , 0 <t ( 2 nR-

In what follows C will denote always such a cutoff funct -,I

We will be interested in that portion of QR contained in

S1T "Therefore we set

R= n B(R)
R

nn nCR = R nT

C n(ala 2 ) = R(Ol,2) n QT

Notice that C vanishes on the parabolic boundary of Qn
Rn

but not on the parabolic boundary of CR  If (x0 1t0) S is
_ 2

fixed, we will take R to be so small that to  2 > 0

Consider the simple case

.(u) t  Au 3 0 in 'T

u f on S
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+ 2 01,1
If k > sup f , then (u-k) C2 (a ; analogously ifWnS2 0;aaoosyiQfl S

R -2 01,1kinf f -(u-k) - 2  (QI

QnP[S 0 ±R + 2
We multiply (1.10) formally by ±(u-k)-c and integrate over

2(t0 - fR, t) Carrying on formal calculations, the first

term gives

r a +2
t-nR2 ± ---- (u)(u-k)- dxdT

fS,~0 
nR2 0R2 3

R0

is fR i0-nR 2 a ( [ '(u k ) s ) 2 d d

(u-k) ±k2
LRX i ( (suk)ks ds 2(xt)dx

- CJ (u-k)-t dxdr

CR

For the second term we have

2u(u-k) dxd 17(u-k)-I 2C2 dx dr
t 0- nR2 J R uk x T i 0- nR 2  R

0 R

- C JJ (u-k)± 2 jVtI2 dx dt

Combining these calculations and recalling the properties

o f (x , t ) C(x ,t ) w e h a v e

(1.11) sup 2 (u-k) S'(s±k)s d dx
t 0 -r(1-o 2 )R !tt 0  R_ R xRt }

+ IV (u-k)- 2 dxdt R
2  3 Cu-k)- dxd

R~a 12) R



10

Thus the presence of the singularity of B in (1.10) has the

effect of producing, on the right hand side of (1.11), the L1

norm of (u-k) instead of the L -norm.

If u were known to satisfy the inequality

(1.12) sup 2 (u-k)±2 (t)dx + 1V(u-k)±1 2 dxdT
0o n~-2)R2tSt0 R-a 1R  CR(aI1 2 )

C(n'ol' 12) rr 2
- R2 -- (u-k) - dx dr

Cn
R

for all R > 0 and ai e (0,1) , i = 1,2 , then by classical

theory (see for example [6]), u would be Holder continuous at

(x0 ,t0 ) . Let us compare (1.11) and (1.12).

The first term on the left hand side of (1.11) can be esti-

-' - mated below by

(1.13) Cinf 8' (s) sup 2 (u-k)+2 dx3R t 0 - n(i- a2 ) R2:5 t:5 t o f Ra1 R

and therefore the left hand side of (1.11) has the same aspect as

the companion in (1.13). In fact an estimate below like (1.13)

was the starting point in the proof of interior continuity in

(2,3,4,8,9].

As for the right hand side of (1.11), if k is near zero, on

the set [u near zero], the term (u-k) is much larger than2
(u-k) ; therefore near the set of singularity for B , the right

hand side of (1.11) gives an estimate poorer than (1.12).

-i
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In the proof of interior regularity this difficulty was dealt

with by choosing appropriate leveis k for u . Near the bound-

ary our choice of levels k is limited to those k for which
+ 011

(u-k) W 2 NT consequently the difficulty is more severe.

On the other hand if k and u are both near zero, 8' (sk)

in (1.11) is large. Therefore the new tool will consist in deriv-

ing an estimate below for the left hand side of ,l.ll) which takes

in account the largeness of 0' near the singularity, and then

balance off the largeness of 8' on the left hand side of (1.11)

with the relative largeness of (u-k)- on the right hand side.

These remarks are only formal since 8 is not differentiable. The

difficulty consists in finding a technical way of translating the

above observations (which hold only on the portion of QR where

u is near zero), in terms of integrals over Q This will be

accomplished by introducing a sequence of time dilations (this

will be the role of the parameter n ) and by using a more refined

version of the Sobolev embedding of V' 0 (Q) into Lqr(Q )

(see section 2 for the precise statement).

If s is a graph of porous medium type, then 8'(s) is

large for s in a neighborhood of zero, whereajS if 0 is of

Stefan type then "B'(s)" is finite except "at zero". Therefore

it is not surprising that the latter presents more difficulties.

We will concentrate on graphs of type I and will indicate

later how to modify the arguments to include 0 of type II.

Section 2 contains some preliminary lemmas.

The proof c- the theorem will be given in section 3 and will

be extended to 0 of porous medium type in section 4.

-NowI
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With y we will denote a generic non-negative constant de-

pending upon the data in [A,] - [A4] only.

2. Basic estimates

If v is a function defined in B(R) and k e IR we set

k,R {x - B(R) v(x) > k) ; R {x e B(R)Iv(x) < k)

The proof of the following lemma can be found in (6].

Lemma 2.1 Let v c Wl1(B(R)) and let k , 9 be real numbers such

that > k. Then

y RN+I j

(€£-k)meas k,R < meas{BR)\AR1 _ Ivdx
R A A.,R\Ak,R

where y is a constant depending only upon the dimension N

The following embedding lemma is essentially proved in [6].

We reproduce the proof in a particular case, in order to derive a

special constant dependence, needed in what follows.

o1,2

Lemma 2.2 Let v e V . Then there exists a constant y ,R

independent of v , R and n ,such that for every X > 0

2 2
AN+2 11v112X2 j y[meas [v=0] n

supn2 ,IVt0 2 2 R

sup vl2,B(R) + IVxvII 2,Qn

0
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Proof By the Gagliardo-Nirenberg inequality,

(2.1) }IVIgq,B(R) YIIVxVII2,B(R) IIVI2,B(R)

for a.e. t c [t 0 -nR 2 , to] , where

N(I- ) ; q > 2 , u (0,1)
2 q

Choosing

q 2 (N+2) Nq N N

we have

:5 Y1 V11 4v11/N11IIlq,B(R) xI 2l ,B(R) I "2,B(R)

Integrating over [t0-niR
2 , to) and taking the q-th rooth we

obtain

2 N
N+2 N+2

(2.2) llvllq,Qn 5 (sup 1 vHH2,B(R)) 119xV2,

Let now X be any positive number. Then

2 2 2

(2.3) A N+ J v2 5 AN+2 jivij2, [meas [v+0J n Qn]N+2

and by (2.2)



a

2 2 N 14

A IIVIIql 2 A sup IvI2, B'(R)N2 VVII RNT 14)2

S , Yj 11v1 2  2
Pt IIvI2,B(R) + IIVxVII2 ,Q'

Substituting this last estimate in (2.3), the lemma follows.

Remark: In a similar way one can show the inequality

_ 2

I IrQ 9 YDX Sup I1VII2,B(R) + IIv Q11 )
R tR

valid for all A > 0 and q , r > 1 satisfying

N N
r 2q 4

If (x0 ,t0) e S is fixed, we choose R to be so small that

R < R0  and

t R2 (I -NK) > ,

where

(2.4) K - 2KIN

and K is defined in [A2]

Let such R be fixed and consider the cylinder

QRI'N" --{ IX-0 < R 1-NK} X (t0-2I-NK) ito"

... ..... .. ...1 -N 0.. .-R 0- ' -1



15

Set

(2.5) P + sup u ;P inf u ;W (R N osc u
QRI-NK QR1 -N K QR1 -N K

Also set

f = sup f ; f- = inf fl-N~c 1-Nc

QI-NK S QR nuR  R

(2.6)

w f(R - N K  -f = osc f•

Q1-NKnsR

We will consider cylinders Q coaxial with QRl-NK and with

same "vertex" (x 0 ,t 0 1 ; i.e. we will impose

(2.7) p <1 )- R(l - Ni)

If k is a number satisfying k k f and is a cutoff

function in QT and n(, then

+ 2 01,I 2(u-k)W 2  (W X (to0 - ,P2 , to0))

and therefore it can be used as a test function in (1.8) for
2[til t]C [t o - np t o ]

Analogously, if k f , then -(u-k) 2 eW 2

* 2
(t o  -nO 2 t o )).-

V57
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The functions t(u-k) 2 introduced above are defined only

in C1. We will consider them to be defined in all Q'n , by
P p

extending them to be equal to zero on Qnl\C 0

Next by a suitable change of variable, it is no loss of gen-

erality to assume a is given by

ru ,u>O0

(2.7) B(u) I [-V'03 ,U = 0

u- ,u< 0

This is demonstrated in [3) to which we refer for details.

By taking ±(u-k)± 2 in (1.8) we proved in [3), that the

following inequality holds.

(2.8) sup (u-k) ±dx +- V±(kit .. nP it' ;

2 [0a ~f~~

0 0

(2.9)V *((ut-k) 2 ,Q al !S JB. (T)-u + [(u2k)±)11(uk) x2,

(29)0±k~o+ n 2 Jo; vv~t xuT).X[u±(]u-k k)dxdT ;XTd
B B() t )n
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(2.10) v(x,t) is a selection out of [-v,O], for u(x,T) = 0

and 0 5 v(x,i) s v

1+N N
(2.11) r 2 = , and the admissible range of r , q is

q E (2, -IN r E [2,a,) for N 3

q E (2,-) , r c (2,-) for N = 2

q c (2,~) , r c [4,-) for N = 1

Remark 2.1

Suppose (2.8) are written for k > f+ + 0 and (u-k) + then

a simple computetion shows that

(2.12) D+(k,t 0 - np , t , ) = 0

Analogously if k ! f 5 0 and (2.8) are written for (u-k),

we see that (2.12) holds with 0+ replaced by 0- . Therefore

from (2.8) we deduce the following lemma.

+I

Lemma 2.3 The functions (u-k)- satisfy the inequality:

(2.13) II(u-k)jjI2  S Y[(Ol,) -2 + (app 2)-1 i (u-k) + .Q2
V 1 , 0 (Q n(010i

+ (f n 2 [meas A ()] r d (

0 --- p
- - - . - -P
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for all P < n R -N K and a1 , 02 c (0,1) , provided that

Mi) If (2.13) is written for (u-k) + , k satisfies k k f+ 2 0

(ii) If (2.13) is written for (u-k)- , k satisfies k 5 f- ! 0

Let us assume now that (2.8) are written for (u-k) and k

satisfies

0< ks f

In such a case o . 0 and we will estimate it as follows.

0-(k,t 0-np 2 ,t, 2) = ] v(xt) (u-k) C2(x,t)dx

v a vu- 2 dxd

-2 2 v(x,r) (u-k) r. t dxdT-i~P JB(p)n[u0n]

> vk meas(B(p-a 1 p)n[u(.,t)!0 ] } - 2k ff X[usO]dxdT
02 0

Substituting this estimate below in (2.8) proves the follow-

ing lemma.
i

Lemma 2.4 Let 0 < k 5 f- Then (u-k)" satisfies the in-

equality

V . -
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(2.14) sup I (u-k 711 2 M

t0_n (1-a 2) p 2<t_<t 0  2,B(P-0lp 1 )

+ -vk meas B(p-alp)n[u(.,t)<0]

2
+ 1V x (u-k)-Il 12,Qnca )

-2

-< y[(aP) -2 + (2)] II (u-k) 112n,

2 -1n+ 2k(a2nP2) - meas(Q' n [u<O])
2

+Y 0[-  2 [meas A '°(T)]r/q d (r

to-nP

for all P < n-  RI - N K and all al 1  2 e (0,1)

We demonstrated in [3] that the previous inequalities hold

if the levels k are subject to the further restriction

(2.15) II(u-k)-II Q n : 6 1:. ,Qp

where 6 is a given number depending only upon the constants in

assumptions [A1 ] - [A4 ] .

If in the definition of Qn the parameter n = 1 we simply
P

write Qo .

We have Q2R c QRl-NK if R < 2RI -N K which holds if R is

sufficiently small.

We let so be the smallest positive integer for which

(2.16) . _ 2M < 6
0 S0

2 2
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where 6 is introduced in (2.15).

Lemma 2.5 Assume that f is such that ji + s-- here

exists a number s* > so  such that if 2

(2.17) meas[u<0) n Q2RQ I r 2s . meas{[u < P- + 2s+I)n Q IR/2}

and

(2.18) II < - ,
2 s

then either

(i 
< R< , or

2

(ii) V(x,t) 6 QR/2 ' U(x,t) > +

2

The number s* can be determined a priori only in dependence

of the data and it is independent of w and R .

Proof Consider (2.14) written for E 5 p 5 2R , n = 1 and

k -- P- + ' for s k s > s 0
2 0R

Using (2.17) - (2.18) we have for every . < p < 2R

u5 meas0{[u<0 nQ } 1 2 w )2 meas{[u< p- +- n
c2 P 2s 2p }

Now

k 
7.7
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JI[(U- + 4) 2 dx dt T Z! meas{[u < +j +1 nQ

QP 2

and therefore

k-7 meas {[us0)niQ 1 !5 - J [(u - 1+-)) dx dt
a 2 Pp 

;27 J 2S

Using this estimate, from (2.14) we deduce that for all

S* ? S all s P ! 2R and all al 2 E(,) we have

(2.19) alu-~ 22 E1 ( ((0101)

(219 yEu_ p P- ~ +2 l ±~u ( _))112 112

+ (t [ meas A- (T] r ~

0 -- F

From (2.19) it follows by classical theory (see [6] page 110-

128) that there exist s* which can be determined only in depen-

dence of the various constants in (2.19) and the number a in

[A,] , such that either Wi holds or

u(x,t) : P- + 25+2 V(x't) C QR/

Lemma 2.6 There exists a number c0  depending only upon the

data such that if

meas{(x,t) E Q R/2 u(x,t) < + - ~-IT :5 1 (R/
2 meas CR2
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then either

M RNK/2 o
(i) r ,NC or

2

(ii) u(x,t) ? P + V(xt) R/4

Proof. This is exactly lemma 3.1 -f [3) page 144.

3. Proof of the theorem: 0 of type I

The proof is based on the following proposition.

Proposition 3 .1: There exists positive numbers s c ,

Yi i =1,2 , a, A > 1 depending only upon the data such that

(i- 1 1 R-NK)
OSC u :5 max 1 A a(RW_ R
Q R/42 }

S2 s W(R)
- NK[F~n 2 R 1]f.

Proof Without loss of generality we may assume that

+

(3.1) +,- ,

If the reverse inequality occurs, the arguments are similar.

To simplify the symbolism we write W for ,., Since

obviously

+ (I,. >

2 0-
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where s0 is introduced in (2.16), from (3.1) we deduce

(3.2) + > +  -

2 s0 2s0

Also we may assume that

(3.3) f + - f W f1(RI-NK ) < w12s 0 +2

otherwise the proposition becomes trivial.

We claim that at least one of the following two inequalities

is satisfied,

+ + f+
s 2

(3.4)

+ ) -

20

In fact if both are violated

+; (RI-NK)

(3.5) - - s <Wf(Rl
20

contradicting (3.3).

If the first of (3.4) is verified, then the function

+ -sW +(X't) - (u(xt) - ( s)) , in view of Remark 2.1, satisfies

(2.13) for all s a s0 + 2 , all 0 < p < RI - N K and all

al , 02 £ (0,1) . Now (2.13) is precisely inequality (8.1) of

[6] page 123, and hence the proposition is a consequence of the

results of [6].
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If the second of (3.4) holds and

(3.6) - + i+ < 0 ,
2 00

then (xt) (u(xt) ) verifies (2.13) for all

s z s0 + 2 , and again the proposition follows by classical theory.

The case to consider is therefore when the following occurs,

(3.7) + s0+ < +

(3.9)lu-I 5 290 +2

20

In such a case by (3.3) and (3.2)

(3.10) f > f + s +2 + - W

2 0+2 s0 +l 2s0+l

Let s* be the number claimed by lemma 2.5. We may assume

that

(3.11) 
W >

2

otherwise the proposition is trivial for the choice s* =

Also we may assume that a(x,t) E QR/4 such that

(3.12) u(x,:E) < 4- + w/2s
* + 4
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In fact if v(x,t) r QR/4 , u(xt) + W/2s 4  we have

-inf u 5 /2 s *+ 4

QR/4

+

and adding sup u on the left hand side and u on tha right
QR/4

hand side we obtain

05c U 5 W(Rl - ( 1
1 +

Q R / 4 2 .

and again the proposition becomes trivial, for the choice

s = s* + 4 and any A > 1

Consequently in view of (3.12) the assumptions of lemma 2.6

must be violated and therefore we must have

(3.13) meas((xt) E Q u(xt) < U +
2

N+2 1i

C0 (,) 1 meas [QR/2 ]

Analogously also the hypotheses of lemma 2.5 must be violated,

i.e. either

(3.14) meas{[u50] nQ2RI > (u-) meas{[u < u +2s--w] nQR/ 2 }

or

(3.15) 2 - ,
2 s
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or both.

Suppose that (3.15) holds. Then for all s > s* we have

that

k ff + + --- < 0
2 
s

- IA)

and therefore (x,t) (u(x,t) - (j-2s- , satisfies (2.13) for

all s > s* , 0 < P < , n = 1 , and all a1 , 1 2 E (0,1)

By the results of [6], there exists sI 1 c , s1 > s* such that

u(x,t) - + S V(xt) e Q/2
21

and this implies the proposition, for the choice s = sl , and

every A > 1

Consequently we may assume that (3.13) and (3.14) both hold.

Combining these two inequalities, in what follows, we may

assume that for all

2R < P 5 8R

(3.16) meas{[u:0] n Q} > y 0 Wb meas[Q ,

where

N+4K 1 1+2K
(3.17) b = = 12 .

- c0  inf meas(QR/2 1

0 2s 2R<P<8R meas[Q0J

• -' -
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Since s* is determined only in terms of the data, we have

that in (3.16) y0  and b are defined only upon the data and

are independent of w and R

Notice that if R is small enough 8R < RI-N K  and hence

Qp c Q R-NK, 2R : p 8R .

Lemma 3.2 Let n - 1 , 2R : p : 8R and let (3.16) hold. Then

Vs > S*

(3.18) sup 2 meas{[u(.,t) 0) nB }
t 0- n !5t! t 0

(22 b+l su pP- + 2 -2-> ( ) sup nP2 [u-(t +-- )-2d 2 "
to-P tt 0  pXt2 s -

Proof From (3.16), 3t* E [t 0 -p 2 , to] such that

meas{[u(.,t*)i0] nB I z o  meas [Bp

Now for all t c [t0-no
2  to] , (no2 <R

2 (1 -N K )

meas [B] meas{[u(-,t) <p- + B nBp

2
-~~ S 2 ( - U ) -32d ,

z - Bpx~t} 2 s

and the lemma follows.

All the subsequent arguments will be carried over cylinders

Qn ,n > 1 and will make use of inequality (2.14) written for
P

2R t p s BR,

iW
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a1 a 2 4 (0,1) such that 2R < p - o p 8R , and for the levels

k= + , s > s*
2

provided that 1P < w12

Taking in account lemma 2.4, from (2.14) we have

(3.18) 2 b(u-1(U-+/2 s ) )-]2 dx+ b+l 0 (l-2(p-p) xtl

II (U-_ (P -}2,pI ar2

x2 S 1P(01,0 2)

1 2 2+ 2s

+ 2 meas{[u-50 nQpn
0 2nP2

+ y [meas A- (T) ]q d
nP2  W- + -- P

for all s > s* and n > 1 such that

(3.19) nP2 < R2( - N) , and

(3.20) IP-I <
2s+1

In the inequality (3.18), s need not be integer, as long as

s > S*
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Lemma 3.3 Let 6 E (0,1) be arbitrary but fixed. There exist

two constants Y. 1y 2 depending upon the data but independent

of w , R , e, an integer s* > s* s* s*(w,0 0 ) and

ni = rn(w) such that if

V I~w/s*+l

then either

M wl~b80 5 n Y2 /R) o

(ii) meas{(x,t) e Q" ~xt < p-+w/ 2 s*) < e meas(Q~R)

Proof Let s* and n~ to be chosen and for simplicity set,

P0  4R

We apply Lemma 2.1 to the function u(*,t) for

t E [t 0-iP 2 
, t3, for the levels

t i-+ W/2s , k = P_ + w/2s 1 S* Z S Z S

We observe that in view of assumption (All

meas B (p 0 )\A- C t)} a a. meas [B (p 0 )

P~ + 0
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for all a a a* and all t e [to-2IP to]

For notational simplicity also set

Ast) -A" (t) , andU-+__ PO
2 s

to

As = J 2 [meas A (T) ] d r
t0-np

Then from Lemma 2.1 we have

(3.21) +r As+l(t) s yo fvuI dx
A S (t)\A s+ (t)

for a new constant y depending upon the data, and for all
t £ [t0-n0, to]. We integrate over [t 2, t] , square both

sides and use H lder inequality on the right hand side to obtain

4)2~ ~ 2 2 2 rr 1  +w-)-2
~(3.22) (- )2(ea Asl d(-+ )

fPO

x measrAAs\As+ 1 ]

The integral on the right hand side is majorized by using

(3.18) written over Qn , 1 . In this case a1 = o2 = yPo 2°01 2
p0  0

and if n > 1 is chosen to satisfy

(3.23) 4pn 2 R2 (lN K)

then cn R O * Therefore taking in account the assumptions
2o Rt-NK

of the lemma and (2.11) we have
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~V(U_ (1,--) 2 1d 2 3

+ J) dx d:5Y- 2 I (-tr) meas[Q']
Q 2 PO2

+ Y- 7 (-i) n1 meas[Q + rrip
P2 s O0

We substitute this estimate in (3.22) and divide by (w/ 2 )

to obtain

2m as A1 2(l)K)- 2s 2 N K)

(3.24) s  [meas As+1  s Y7l +- 1 4 rn (-) R

x measLQ' ] meas [As\AS+. ] .

Inequality (3.24) s holds Vq > I , Vs > s* as long as

I < w/2s +l. Let s* > s* to be selected and assume that

I I /2s*

Then adding (3.24)5 for s = s* , s* + l,...,s*-1 , we ob-

tain

2 _(i___ + 2s* n-l + 2 ( )R K

( 3 .2 5 ) [ m e a s A j 2 <Y 2,- s * - )- R

s * (5* -s*: 1) (lW~

x (meas [Qn 1 )2

p

where we have used the fact that since > > 1 and r > 2
2(i+K) -1
nr  K
nSn

Next we choose



32

(3.26) n= 2s* w b

This choice is admissible if Q c QR , i.e.P0 R

(3.27) 2s*wb < 2-6 R-2N

Moreover recalling the definition (3.17) of b ,

nK 2 * 2N--2 *(+ )N
w R < 2*+ R

b+l

if in addition to (3.271 we require that

* (3.28) 25*(2+K) RNK 1.

Suppose for the moment that (3.27) - (3.28) are satisfied;

then substituting these estimates in (3.25) we deduce for a new

constant Y

2
(3.29) ]meas A ]2 ! Y (meas Q"

(* wb+l (s*-s*) PO

Therefore to prove the lemma we have only to choose s* so

large that

(3.30) s* a s* + Y
b+1^2"u0
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Having now chosen s* as in (3.30), if (3.28) is violated

we have

S*(Y/W b+l 2)
25* 2 0 > R-NK/(2+K)

and therefore by taking logarithms we see that there exist two

constants y1 , y2 which are independent of w , 60 , R such that

1+b e2 :5 iY

0 £n Y2/R

A similar argument holds if (3.27) is violated, and therefore

the lemma is proved.

Remark Lemma 3.3 says that if w is not comparable to

l/In RI , then the set where u is close to its minimum, can be

made arbitarily small relatively to a cylinder whose dimensions

are comparable to R

Lemma 3.4 There exists 60 = 60 (w) , s, = s,(w) , n = r(w) 2

S"> 0 such that if - < w/2s , then either

(ii) u(X,t) z P- + 2s + V(x,t) C Q2 "(W
2I* 22
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Proof As before we set P0 = 4R . Define

p -0+- 0 - "0 +30PO 0 1,2..

n 2 2n+4

and consider the cylinders Qn and
n

Qn 0 '~

which satisfy the inclusion

n -n nQ Qn CQ
Pn+l Pn

Construct smooth cutoff functions x W nlX) as follows.

(i) n(x) = 1 , Ix-x 0 1 <n+

(ii) n(x) = 0 , Ix-x 0 1 > n +pn+l] = Fn

(iVCn I1 < 2n+4/P 0

Define

(3.k31) = P- + W2s. 1 F n1 0,1,2,...
(3.31) n 21 n 2 =*+

and let Sn 1s,, s,+l] be defined by

k =u+ W
n S

2 n

Let also

( 3.32) Yn = f [(-n 2x dT -

On

-'A,



r 2

(3.33) Z [meas A (t] dTn3.33) z n  
ffi  t0 -k n+l' Pn T

0 n

The lemma will beproved if we can choose a priori 80 (w) , s, = s*(w) ,

n = n(w) for which

fQ [(u-(P-+ / 2s* " +l))-]2dxdT = 0

Define

2 1 r [(U-kn)- 2dd

n = - -) meas[Q ]0  ,

PO Q r)
Pn

2
Z n r n
n meas[B (P0)

The quantities Yn , Zn satisfy the following recursion

inequalities

12 2
(3.34) - b- 24n {YnI+ Y N-2 ZIK

n+l bU+l 2 n n

(3.35) Zn 1 5 24 n{Yn + Z +K

To prove (3.34) we apply the embedding lemma 2.1 to the function

(u-kn ) over the cylinder n -, for the choice of A
n+ln n

(3.36) A = 2 s*(W) b

We have
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2 2

N+2 N+2 [(u-k )]2 2 dxdT
(3.37) n+I( kn+l n

Qn 2

: Y(meas (u<kn ] n Qp)
n+1 

(-
SAto0- is~p <t (Pn) x{t) (- nl 2d

Pn+l <t<t0

-2+ IV x(u-k n+l) 2

n

+ Jf [(-kn+ll-] 2 IVCn2 dxd T)

Qn

We observe that

(3.38) yn = J (U-kn-] 2 dxdT (kn -kn)2 meas(u<k nQ)

nn = fr )n+ n
QPn 2 2 meas([u<k+

] n Qme"

We majorize the first two terms in brackets on the right hand

side of (3.37) by making use of (3.18) written for s =Sn+

IhI< w/2 s * ( w) + 2 , over the pair of cylinders - and Qn ,Qn

for which

(al) -2 = p-2 2 2(n+4) ; (O2Pn)2 : p-2 2n+3

Using these remarks in (3.37) we deduce, since sn E [s,, s+l]
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(3.39) xN+ ( 2:* N+2 Y N 22nYn+l W Y  n V7 n~

PO

+ 22n( 1-) meas([u<k n Q ) + z .
2 -  Pn

We divide by (--) meas [Q ] and use (3.38) and the de-
2s* P0

finition of Y , Z to obtainn n

2 2 2
(3.40) XN+ 2 - - -  4n K-{+ 2*-il) +N+---2( .X !< 2 n 1 + ---q ) Y

22(i+ K) -I 2s. 2 N +-2i

n Zn1 "

Next we choose

(3.41) n - = b

Such a choice is possible if np 0 <R , i.e. if

Sw)b - 6 2NK
(3.42) 2 w < 2 R-

Moreover

2r l+ r -i RNK y/Wb+l( W2S n < ,/

if in addition to (3.42) we require that

(3.43) 2 s*(w)[2+K]RNK 1.

(3.43)
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Assuming (3.42), (3.43) for the moment, inequality (3.34)

follows.

Next to prove (3.35) we observe that VA >0 , for the em-

bedding lemma 2.1 and the remark following it

1- 2 r 
r zn+ l (k n + l -k n +2) < A r(U-kn+ )  2i

q,

sup (n [(U-k)Y on2+l :t.t 0 B(n{tId

+V (uk ) -112 f 2n+4lv(-n+1)Ii -n TII (u-kn+ll-l .

'Qn PO 2 )Qn
Estimating the right hand side as above and choosing A as

in (3.41), inequality (3.35) follows at once.

From inequalities (3.34) - (3.35) it follows, by virtue of

Lemma 5.7 of [6] page 96, that Yn' Zn - 0 as n - if

(3.44) Y0 s d ;Z 0 J+ d,

where

N+2

(3.45) d = y* W(l+b)1

for a (small) constant y* independent of R and w

The first of (3.44) holds if
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(3.46) Y0 w J- J (u-(i- +w/2s*(w)))-]2dxdseas [Q20] QT1

P0

meas[u<u-+ u ]nQ N+22* PO sd *w (1+b)( ).

meas Q(P0

To satisfy the second of (3.44), we observe that if r s q

tO  r 2

zoSP -N(I to 2 Imeas A - + jd )

e a s ( [ u < tA + - - ] n Q 21 )2s p 0 )q

meas [Qn]
0

and if r > q

Z0  n - -
meas(QP 0

Therefore both inequalities in (3.44) are satisfied if s*(w)

is chosen in such a way that

meas[u<' + ] n Q (l+b) (N+2)
(3.47) 2 00 4 max{r;q

meas [Q0 I

Next select



(3.48) e = (1+b) 4(N+2) maxfr,ql 40

(3.48) 0 = e0 ( ) = ,

and then 60 (w) being fixed choose s*(w) according to (3.30) and

n= n(") according to (3.26).

By virtue of Lemma 3.3 if such choices are admissible then

(3.47) is verified and part (ii) of the lemma is proved. If such

choices are not admissible then

l+b Y1

.tn " 2/R

and in view of (3.48)

|Y
W [5 En Y2/R] =lYl

where

6"= 1+b) + (l+b)(N+2) max{r,q

The lemma is proved.

Since Qis Qvn(W) , lemma 3.4 implies the following Corollary.Sine R/4 P Q0

Corollary 3.5 If the assumptions of lemma 3.4 are satisfied, then

either

OSC U :5 W (R1 - N K) (i

QR/4 2 s * +  6

OSC u O < 1 (/ -
QR/4 in

or F______
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Let now s*(w) be the number determined in Lemmas 3.3, 4. This

number can be determined a priori and is independent of R ; it

only depends upon w .

Lemma 3.6 Assume that IlI z • Then there exists m c IN
25*+l

independent of w and R such that either

u(x,t) k p- + w/2 s*+m y(x,t) - QR/4

or

w n j2/R

Fi' :proof: The levels k = p -

P : Te les.+ n  are negative Vn > 1 and

therefore the functions (x,t) - (u(x,t) - (i- +w/ 2 s*+n))- satisfy

(2.13) for all n -> 1 , 0 < p < RlNK and all a. I a2 E (0,1)

The lemma follows now from the classical results of [6].

The proposition is proved as soon as we choose

s = s*+m ; a = , A = .

Proof of the theorem. Since QRl+NK QR/4 c Rl-NK if we set

° R* = R1 - N i ,

Proposition 3.1 can be stated as
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oscu U maxV (R*) (1 2A/ );.W(R*)
01 +a() 2s+A a(R*) Lf2/RR

where

a - 2NK/(1-NK)

Let R, 5 R be fixed and define two sequences of numbers as fol-

lows

R= R, ; Rn+i - Rl,+  n = 1,2,... wl = 2M and

*Since R , wn 0 as n.- the first part of the theorem is
n

proved. The quantitative nature of the constants s , A , ,

Y i ,i - 1,2, proves the second part by making use of an argument

of [5] page 31-38.

4. Proof of the theorem: 8 of type II

We indicate here how the previous arguments can be modified

to include the case of B of porous medium type. The notations

in (2.5) - (2.6) are mantained. We assume for simplicity that

B is differentiable; the general case can be recovered by the

approximation procedure described in [4].

If k z f+ or if k ! f- , the function (u-k)} satisfies

the following inequalities, which are analogous to (2.8) (see [4]

for details).
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(4.1) sup (6'(k-+)d dxt 0- TI2_<t~t 0 JP-Il)x~t) (JO

+ IIVx(U-k)ii2  : Y[ (otP)-2 + (a2p2)-] I2 (U-k)±'I2,Qx n 122,2,

pp
+ ¥j 2 J Qa A ,())

t0n-- an tha (x0,t0)(t0 r 2 +

2 E meas Aj, (T)] dr

We recall that Qn Q and that (x 1t S

We wish to show that in the cylinder 2/4 the oscillation

of u has decreased in a way quantitatively described by proposi-

tion 3.1.

* ;The first part of the analysis in the proof of proposition

3.1 can be carried over to the present situation with minor changes.

* i The case to consider is when lu-I is small when compared

to w i.e. say IP-I < w1/2s+l for large s

In such a case we write (4.1) for

k = "+ -I. > 0,

2s

and (u-k)- , provided that u- + -! 5 f .

We estimate the first term on the left hand side of (4.1) as

follows



44

1 (L Bu-k ) CS ' (k-[(-d)]ddx

w -2

2. (p- +lp [(-0

2 s  L(P-alp)

'(21-) JB(p-alP)[(u-k)- 2 dx "

The analogous term on the right hand side is estimated above

by using (iv) in the definition II of a We have

8 (-f)J (u-k) -dx d -
0- f 2

a 2 2__1 Qn

--- (()n - ) 12 measl([uk] n Q)
a 12P P

We remark that in order to control the growth of 0'12s

with s , n has to be chosen to be of the same order. We may

now complete the argument by proving, for the present case,

lemmas analogous to lemmas 3.2 - 3.5, which lead to proposition

2.1. We leave to the reader the few technical modifications

needed.

- -
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