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Preface

The requirement to address the deconvolution problem

came from a technology effort to develop very large,

adaptive, space-borne optical systems. In optical systems,

the convolution integral can be "deconvolved" quite readily

by the method of stationary phase. The remaining problem,

which much of this research addresses, is to solve a system

of bilinear equations.

In the initial phases of this research, my goal was to

develop an algorithm that could be applied to any multi-

element optical system to solve for the aberrations on the

elements. While an algorithm was developed, its capabili-

ties are much more modest than originally envisioned.

However, as the research progressed, it became apparent

that what was needed even more than a general purpose

deconvolution algorithm was a mathematical analysis to

. provide insight into the problem. I view the insight

provided by this analysis, rather than a specific algor-

ithm, to be the major contribution of this research effort.

Thanks are due to many people who provided technical

assistance or encouragement. I would especially like to

thank my advisor, Dr. Stanley Robinson, who provided both.

I wish also to thank the other members of my committee for

their insight and recommendations which have significantly

enhanced this research. The encouragement and support
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given by my parents and by my friends Diane Gourdin and

Leo Silvernagel are especially appreciated. But most of

all I thank my wife Ada, whose unwavering faith and support

kept this effort alive and brought it to a successful

conclusion.

Clair S. Davis
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NOTATION

The variables and operators listed below are the ones used

most often in this paper. Less frequently used variables

are not listed below, but are defined in the text.

*Operators

• Convolution or conjugate (depending on

context)

a Partial differential

.t Conjugate transpose

E Expected value

Designates a random variable or process

Constents, variables, and functions

a, b Aperture dimensions

aj (n,m) Elements of the A matrix

A Matrix (see Eq (2-29))

c,d,i,l,m,n,p,q Integer variables

C,D,L,M,N,P,O Integer constants

d. Represents either F or Gi

inFmGn Fourier coefficients

fx Spatial frequency in the x direction

h(x) Propagation ir'ulse response function

H(fx) Propagation transfer function

HJ(p) Discrete Fourier transform derived from

the Jth measurement of U5(x)

x

".1
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, .J As a subscript, designates the Jth

measurement of the output field. Other-

wise, it represents the Fisher information

matrix

k 2-I

N(x) Noise (spatial random process)

Pmax, Qmax Maximum spatial frequencies of aberrations

SIH(fiH) Conditional probability density function

of H given H

A' Amplitude of input plane wave

R, I Subscripts used to designate real and

imaginary parts of complex numbers

*'- *U(x) Measured field multiplied by known

constants

Un (x) Scalar field

WA(x), WB(X) Aberration functions

" mn FmGn

Z1 , Z2  Distances between optical elements

Wavelength of light

y, B,F ,n Dummy variable of integration

5- e,0 Angles with respect to the x and y axes,

respectively

, Standard deviation

A Covariance matrix (Eq (3-9))

xi

;. . ..-
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Abstract

Methods are developed for estimating aberrations on

the elements of a two-element optical system based on

knowledge of the input and output fields. The equation is

written for the propagation of a scalar, quasi-monochro-

matic field through the system, and the output field is

assumed measurable at a given plane. The resulting convo-

lution integral contains the unknown aberration functions

in the integrand. The integral equation is a Fredholm

equation of the first kind, and the integrand is a non-

linear function of the aberrations. The integral is

completed by the method of stationary phase. Methods for

estimating the aberration functions are developed, and the

effects of noisy measurements are considered. A compu-

terized,algorithm that will estimate the Fourier coeffi-

cients of the aberration functions is demonstrated for a

simple deconvolution problem.

4o.i
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DECONVOLUTION OF ABERRATIONS IN OPTICAL SYSTEMS

I. Introduction

Problem Statement

The effort to study the deconvolution problem is

motivated by a technology effort called HALO (High Altitude

Large Optics) which is managed by Rome Air Development

Center (RADC/OCS) at Griffiss Air Force Base, New York.

HALO is an attempt to develop the technology necessary to

build a large spaceborne telescope. The telescope would be

large enough that adaptive optical elements would be

required to keep the optical surfaces aligned to within a

fraction of a wavelength (Refs 12, 17, 24). Figure 1-1 is

an example of such a telescope. A Cassegrain telescope is

illustrated, but other configurations are possible. Light

enters the telescope from the left, is reflected by the

primary mirror, propagates to the secondary mirror where it

is reflected and propagates to the detector. As the angle

of the orbiting telescope changes with respect to the sun,

changes in temperature on the mirrors will cause their

position to change slightly. The difference between where

the surface of the mirror is and where it should be is

called the aberration of the mirror. Mechanical accuators

are placed on the back side of the mirrors that can posi-

%&



Primary

,4. Mirror --ft
€4 Incident Light

Secondary Detector

Mechanical.,v Actuators

Fig 1-1. Cassegrain Telescope

tion the mirror surfaces to within a fraction of a wave-

length. The deconvolution problem may be stated as fol-

lows: Given a known input field and measurements of the

amplitude and phase at the plane of the detector, can we

determine the aberrations on each mirror so that we can

correct them?

Figure 1-2 is a block diagram of an optical system

such as the telescope of Figure 1-1. The input signal

Ul(x) is multiplied by aberration functions eJkWA(x) and

ekWB(x), convolved with impulse response functions hl(x)

and h2 (x), and corrupted by additive noise N(x). A typical

problem from detection and estimation theory is to detect

.57. or estimate Ul(x) given WA(x), WB(x), h1 (x), h2 (x),

2
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e-'-,TA ( e j k W-IB ( x )  f x

U1 (x) U2 (x) U3 (x) U4 (x) U5 (x U7 (70
1(x) h2 (x) AS

Fig 1-2. Optical System Block Diagram

measurements of U5(x), and statistical information about

N(x). Detection and estimation problems have been studied

extensively (Ref 23). The problem addressed in this paper,

which has been studied very little, is the same as the

problem stated above except that WA(x) and WB(x) are the

unknowns and UI(x) is known. While the deconvolution

problem as defined above could arise in other types of

"' applications, the scope of this paper will be limited to

optical systems. Limitations and assumptions from optics

will be used to define the problem.

-< The major problem, then, is to determine the exact

location of the optical surfaces without adding a lot of

additional complex sensors to the telescope. One would

like to be able to deduce the location of the mirror

surfaces from intensity measurements at the image plane of

>2 the telescope. This implies being able to solve two

subproblems: first, the phase at some plane in the output

of the telescope, hereafter called the measurement plane,

must be deduced from intensity measurements because the

phase and amplitude of an optical frequency field cannot be

. measured directly. Second, given a known input field and

3
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the amplitude and phase at the measurement plane, some way

must be found to determine the aberrations on the optical

surfaces. This second problem is the deconvolution prob-

lem.

When a propagating field which is described in the

spatial domain encounters an optical element such as a

lens, the function representing the field is multiplied by

the lens function. When a spatial field propagates, the

function representing the field is convolved with the

propagation impulse response function as mentioned previous-

ly. It would be just as valid to describe a field in the

spatial frequency domain (the Fourier transform of the

spatial domain) in which case the function representing the

" _" field would be convolved with the Fourier transformed lens

function and multiplied by the Fourier transformed propaga-

tion impulse response function. Throughout this paper, the

optical field is described in the spatial domain. Also,

scalar field theory is assumed to adequately describe the

fields.

In this paper, the deconvolution problem is divorced

from any specific optical system such as HALO. Instead,

the simplest imaginable system is studied; namely, an

optical system consisting of two planar aberration func-

tions or "sheets of glass" followed by a measurement plane.

The input field is assumed to be a plane wave arriving at a

known angle such as would be the case if a telescope were

4



imaging a star. The optical system is described in Chap-

ter 2. Despite the fact that the system under consider-

ation is very simple, the extension of the solution to more

complex systems is straightforward.

A one-dimensional optical system is treated throughout

this paper except in Chapter 5 where the I-D results are

extended to two dimensions. This is for convenience, since

the 2-D equations are much longer and more cumbersome than

the I-D equations. As shown in Chapter 5, there is no

difficulty in doing this because the extension to two

dimensions is straightforward, and the 2-D equations

parallel the 1-D equations very closely.

Previous Research

Apparently the deconvolution problem as posed in this

paper had never been addressed in the open literature

before the HALO effort was begun. During 1976-1977, RADC

contracted with the Perkin-Elmer Corporation to develop a

deconvolution algorithm. The algorithm Perkin-Elmer

produced failed to consider the effects of propagation

between optical elements, so it was of little practical

value either to solve the deconvolution problem or as a

starting point for this research (Ref 17).

Approach

Three approaches were considered in addressing the

deconvolution problem. The first was to develop a ray

tracing algorithm to deconvolve the aberrations. Such an

5
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algorithm was begun, but it was abandoned in favor of a

more mathematically sound approach. The ray tracing

approach appears to have the advantage of not generating

large systems of equations to be solved. However, it

appears to be inaccurate. It might be useful for indicat-

ing which direction to move an optical surface to correct

an aberration, but not for accurately determining the

aberration. The ray tracing algorithm appears to have

enough merit to warrant inclusion in this paper as an

. appendix (Appendix C). The information there may serve as

a starting point for future research.

Another approach is to develop a parameter search

algorithm. In this approach, the unknown aberration

functions would be represented by a set of basis functions

with unknown coefficients. An algorithm would try a number

of combinations of coefficients and select the combination

that yields a calculated system output field which most

nearly matches the measured output (Refs 5, 8, 18). A

parameter search is a brute force approach often requiring

considerable computer time. The number of basis functions

needed to describe the aberration could be very large

(Ref 6). For these reasons, the parameter search approach

was not pursued as a solution to the deconvolution problem.

The third approach, and the one presented in this

paper, is to use scalar diffraction theory to write the

measured output field of the optical system as a function

S.'- 6
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of the known input field and the unknown aberration func-

tions, represent the aberration functions by a basis with

unknown coefficients, and then try to solve for the coeffi-

cients. Specifically, in Chapter 2 the system represented

by Figure 1-2 is presented as an optical system with

measurable output field U5 (x), known input field Ul(x), and

known system impulse response functions hW(x) and h.2 (x).

Initially, noise N(x) is assumed to be zero. The aberra-

tion functions WA(X) and WB(x) are unknown. Appropriate

limitations and assumptions from optics are used in defin-

ing the problem. The output U5(x) is then written as a

function of the input Ul(X) and the known and unknown

system parameters. The resulting equation is a Fredholm

equation of the first kind, the solution of which is often

an ill-posed problem. However, because the Fredholn

integral can be completed by the method of stationary

phase, the ill-posed nature of the Fredholm equation causes

no difficulty.

The unknown aberration functions are represented by

Fourier series with unknown coefficients and, with appro-

priate precautions, the problem to be solved is represented

by a system of bilinear equations.

Chapter 3 draws heavily on estimation theory as

presented in Ref 23. Noise with known statistics is added

to the system and bounds are established on the variance of

the Fourier coefficients used in representing the aber-

rations. This chapter accomplishes two things: first, it

'"p 7



gives some assurance that the solution to the deconvolution

problem is not overly sensitive to input noise under the

appropriate conditions; and second, it shows that the

variance in the solution is a function of the arrival

angles of the input fields (U1 (x)). An equation is devel-

oped which enables one to select suitable input plane wave

Narrival angles.

In Chapter 4, a unique approach is developed to solve

the bilinear system of equations from Chapter 2. The

approach makes use of the fact that the least-square-error

solution to the bilinear system of equations is also the

maximum likelihood estimate. This guarantees that when the

measurements U5 (x) are corrupted by Gaussian noise, the

least-square-error solution of the bilinear equations is

also most likely to be the correct solution. In other

words, estimation theory proves that there is no solution

with a higher probability of being the correct solution.

Chapter 5 presents the two-dimensional forms of the

key one-dimensional equations developed in Chapter 2. The

results are straightforward, thcre being nothing unusual or

unexpected in the extension. A simple 2-D problem is

presented in the last part of Chapter 5 and the deconvo-

lution algorithm is applied to it to yield the solution.

The purpose of this exercise is to show that the algorithm

developed in Chapter 4 does in fact work. The sample

problem is unrealistically simple because of the excessive

8
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Si"amount of computer time and memory required to solve more

typical problems, but it still demonstrates that the

*algorithm works in principle.

.9
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II. One-Dimensional Two-Surface Deconvolution Problem

Overview

In this chapter, limiting assumptions will be stated

and discussed, the problem to be solved will be defined

mathematically, and the equations representing the problem

will be developed into a system of bilinear equations that

can be programmed on a computer to get an approximate

solution. The problem will be shown to be nonlinear and

ill-posed, and the approach to handling these difficulties

will be discussed. In the development of a solution to the

problem, detours will occasionally be taken to examine such

issues as the uniqueness of the proposed solution, the

dimensionality of the system of equations that must be

solved, and the effects of edge diffraction and vignetting.

Throughout this chapter, only the noiseless, one-dimension-

*al problem will be addressed. The effects of measurement

noise will be addressed in Chapter 3. In Chapter 5, the

more realistic two-dimensional problem will be shown to be

a straightforward extension of the one-dimensional problem.

Statement of Problem and Assumptions

Figure 2-1 illustrates the optical system to be

considered in this chapter. It consists of two planar

aberration functions, WA(x) and WB(x), which are parallel

to each other and to a measurement plane located some

distance to the right of WB(x). Light propagates from left

10
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to right through the system and is measured at the measure-

ment plane.

X
MeasurementPlane

-"W (x) W (x)

-z 1

Fig 2-1. One-Dimensional Deconvolution Problem

The following definitions and assumptions pertain to

the pzoblem:

1. Scalar diffraction theory may be used to describe

the propagation of light in the system. Scalar diffraction

theory accurately describes light propagation when the

apertures in the system are large compared to the wave-

length of the light, when measurements are made at least

several wavelengths from the aperture, and when polariza-

tion effects are not important. These conditions are all

met in this problem.

2. U (x) through U5 (x) are complex quantities repre-

senting the amplitude and phase of the scalar field at a

given plane perpendicular to the Z axis. U1 (x), WA(x), and

. Ii



r w -w w " . - - ' - 1 * - - %. .- . - . - .- •

S. U2 (x) are all considered to be at plane A, and U3(x) ,

WB (x), and U4 (x) are all considered to be at plane B. This

condition will be met as long as the distance between the

- " true aberration surface and the plane (A or B) is much less

than the distance between the various elements of the

optical system. This assumption allows us to consider Z

and Z. as constants. If Z, and Z2 were functions of x, the

mathematical description of the system would be much more

complex. Note that this approximation is similar to the

"thin lens" approximation of geometrical optics.

3. U1 (x) is a known input field. The form. of the

input field is unimportant except for mathematical simplic-

ity.

4. WA(x) and WB(x) have units of length and represent

the distance that light passing through the aberration is

delayed compared to light propagating in free space. Also,

WA(x) and WB(x) are continuous with finite first deriva-

*' . tives. This assumption insures that eJkWA(x) and eJkWB(x)

can be represented by a Fourier series (Eqs (2-21) and

(2-22)). For example, if WB(x) was a step function with

step size nX, then ejkWB(x) would have the same value on

both sides of the step and would be undefined at the step.

V. A Fourier series could not represent such a function. The

aberration functions are assumed to be continuous with

fin!fte first derivatives to avoid such complications. In

practical optical systems with segmented optics, step

12
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functions do occur. As long as the step size is known to

be less than one wavelength, the step should cause no

difficulty. Otherwise, there would be an nX ambiguity in

the Fourier series representation of the aberration func-

tion.

5. The amplitude and phase of U5 (x) can be determined

at an arbitrary number of points along the x-axis. This is

by no means a trivial assumption. At optical frequencies,

detectors only measure intensity, so phase must either be

measured interferometrically or it must be deduced from

intensity measurements. Others are actively pursuing the

problem of deducing phase from intensity measurements (Refs

7, 9, 10, 20) so that problem has not been addressed, but

it has been assumed solved in order to narrow the scope of

the deconvolution problem.

6. The light will be treated as monochromatic.

Actually the light could be quasimonochromatic. The

definition of quasimonochromatic is that / , where

AX is the wavelength spread and X is the average wave-

length. All that is required in the deconvolution problem

is that the amplitude and relative phase of the scalar

field at the measurement plane be defined at a given

wavelength. Two input fields that differ only slightly in

wavelength (so that the quasimonochromatic condition is

met) will not result in fields at the measurement plane

which differ appreciably in relative phase and amplitude.

13



Therefore, the input field does not need to be as nearly

monochromatic as it would for such applications as coherent

detection. For ease of notation, x will be used in this

paper, but X could be used just as well.

7. The highest spatial frequencies present in either

the aberrations or fields are small compared to the inverse

of the wavelength of the light. In other words, f < I/x,x

where f is spatial frequency in cycles per unit length and

A is wavelength. This assumption is necessary to simplify

the propagation transfer function (Ref 11:54)

H(f x ) ={exp (j-(Z xf)) (2-1)

0 else

2

Since (xfx)2 << , 1-(Xfx)2 1-(x), soX)

H(fx)z ejkz e-j xzf2  (2-2)

where k - 27/x

System Transfer Function

To describe UW(x) in terms of Ul(X), WA(X), and WB(x),

the inverse Fourier transform of H(fx) is needed which can

be shown to be

h(x) e (2-3)

14
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Each field in Figure 2-1 can be written in terms of

the field to the left of it as follows:

* U(x W U3(x W h Wx (2-4)

U 4 (x) =U 3 (x )ekB(XP~ B(x) (2-5)

U() W U(x W h Wx (2-6)

U 2(X) = Wlxe jk W A (x) A (2-7)

where PA W and P Wx are the pupil functions at planes A

and B, respectively, and where "*" is the convolution

operator. Combining Eqs (2-4) through (2-7),

U5X) = [(U Wxe kVA xP (x)*h (x))]e kB xP (x)*

h h2(x) (2-8)

or
CO 0

U 5 (x) =f f U ()A-)B(~ -yh2XP

eik(WA(Y)+"lB($))dyda. (2-9)

If it is assumed that U (x) is a plane wave with

amplitude A' propagating at angle e relative to the x-axis,

PAOEq (2-3) for h1 and h2 is substituted in Eq (2-9), and the

pupil functions are combined with the limits of integra-

tion, then

15



U (x,) AJk(z+z 2  f fk(Ysine+

+., (j- 2+ exp jk(WA(Y)+WB(S)) dyde (2-10)

The first exponential term in the above integral is a known

kernel, and the second exponential contains the unknown

aberration functions. Even though the optical system of

Figure 2-1 is very simple, an approach to solving for the

aberrations in that system can be easily applied to much

*more general systems. For example, if the optical elements

at planes A and B were lenses with aberrations instead of

planar surfaces with aberrations, there would be additional

4 known phase terms inside the integral of the form e 2fl

where "fl" is the focal length of the lens. These terms

could be combined with the known kernel and would not

complicate or change the problem. The same can be said for

the known input field, and for more general optical

elements than lenses.

Completing the Integral of Equation (2-10)

Equation (2-10) is a Fredholm equation of the first

kind (Ref 15:905), the solution of which is usually an

ill-posed problem (Ref 14, 21, and 22). In the case of

Eq (2-10) however, the integrand contributes to the integ-

ral at only a few discrete points (usually only one point)

so the integral may be approximated by means of an asympto-

K 16



tic expansion, and the usual ill-posedness of Fredholm

equations of the first kind is not a problem.

The method for approximating the integral in Eq (2-10)

is called the method of stationary phase. See Ref 2:747-754

for a complete discussion of this method. Basically, the

integral such as the one in Eq (2-10) is approximated by an

asymptotic expansion. When the constant k=2ff/X is large,

*only the first term of the expansion is significant. The

integrand may be approximated by the first term and the

integral completed. When the limits of integration are ±-

contributions to the integral come only from critical

points of the first kind (stationary points) defined by

af(y,8) _ af(y,8)= 0

where

f(y,8) ysine + -Y2 + (x-) 2(2-11)2Z I- 2Z2

S- As explained near the end of this chapter in the

section "Dimensionality of the A Matrix", the aberration

functions WA(Y) and WB(8) are considered to be on the order

of a few wavelengths so that eJkWA(y) and ejkWB(8) are

slowly varying functions of y and 8 as compared to

. eJkf(y8). Therefore, the locations of the stationary

points are determined by f(y,8) as follows:

17



sine - =0(2-12)
ay

af4 ____8_1 -0 0 (2-13)

Solving for y and s in Eqs (2-12) and (2-13) yields the

coordinates of the critical points of the first kind, yo

and 80.

YO= x-(Z1 +Z2)sine (2-14)

BO= x-Z2sine (2-15)

Substituting Eos (2-14) and (2-15) into (2-11) gives

f(yo,80) xie (Zl+Z 2)-2 -- 2-6

The following second partial derivatives are also

needed to evaluate the asymptotic expansion:

1 2 8 +
aY 1 as1 ~2

a f(y8a) = -1(2-17)

ay as 8

From Born and Wolf (Ref 2:754), the results of a

two-dimiensional asymptotic expansion may be stated as

follows:

18
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fjkf(" (-y 8) 2a

-C - -k I)' e'

m ,, - . " J k f ( y o 8 O )
g(yO, 0 )e ' (2-18)

where a =+l for a's' > y, and a'> 0 as it does in

this problem. Substituting Eqs (2-10), (2-16), and (2-17)

into Eq (2-18), and noting that g(y,8) = eJk(WA(y)+WA(P)),

'--) -jA'e k(Z1 +Z2) 2 jj eikxsine,-."Us xe) e

1'sin 2 e
,-jk(gl+Z2)(- 2-- ) e+Z2)sine)eJkWg(x-g2sine)

= Aejk(Z+Z2)e- (s in 2 )(Z1+Z2)ejkxsine

e- ejkWA (x-( I .+Z22) sine ) e'i kWg (x- Z2 sine) (219;. -(2-19)

Since the first three phase terms in Eq (2-19) are all

known, it is easy to find values of U(x,e) from observa-

tions, where

2
.-.' U5(x,e) -jk(ZI+Z2 )e -jkxsine ejk(Z+Z 2)( T)[-i"U(x, e) = -KA' e 2 j

= eJkWA(x"(ZI+Z 2) sin) eJ kWB (xZ2 sin) (2-20)

An examination of Eq (2-20) reveals that if U5 (x,e)r5

can be measured as e is continuously varied, it would be

19
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possible to determine the aberration functions exactly to

within a complex constant. For example, let x-Z 2 sine =

x0 , where x0 is an arbitrary constant. As e is varied,

ejkWB(XZ 2sine) = e kWB(X0) will be an unknown constant

while ejkWA(Y) varies as y =Z1sine+x 0 . Therefore,

e kWA(Y), and consequently WA(y), can be determined exactly

over some range to within an unknown constant. Likewise,

if x-(Z +Z2 )sine=x0 , then as e is varied, ejkWA(X0) will

be an unknown constant while eJkWB( 8) varies as

O=ZlsinO+x 0 , and e j k W() can be determined over some

range to within a constant. The unknown constant is

unimportant, because it is only necessary to know the

relative magnitude of the aberrations on the mirrors. It

isn't necessary to know the absolute position of the mirror

surfaces to correct the aberrations.

The method of determining the aberrations described

above has an obvious physical interpretation illustrated by

Figure 2-2 below. This is the sane optical system shown in

Figure 2-1. Let a=b=l, Z1=2, Z2 =1, and x0 =.5 . Suppose

an incident plane wave propagates in the direction of ray 1

. in Figure 2-2, and suppose an observer observes the plane

.' wave at the point where ray 1 intersects the measurement

plane. The observer is looking through WB(.5 ) at 1A(0),

and the angle of propagation is about 140. Now suppose the

angle of propagation varies continuously from 14' to -14*

- (from ray 1 to ray 2) while the observer at the measurement

• ,20
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Measurement X
Plane

* Observer

•~ 3.

Z i2--a

;- Fig 2-2. Deconvolution With Variable e

~plane moves in the negative x direction so that he always

,T 2 looks through WB(.5 ) to observe the plane wave. Variations

"-j in the observed plane wave are due solely to WA(y), so that

". C .D WA(Y) can be determined exactly except for a constant phase

i- term which arises because WB(. 5 ) is not known. Likewise,

"". rays 3 and 4 (dashed lines) show the beginning and ending
~line of sight for an observer looking through the sane

* point on aberration WA(y) as the angle of the incident

plane wave is varied from +14° to -14°. This time, all

I observed variations in the plane wave are due to WB(B), so

"-i. it can be determined exactly except for a constant phase

, tern.

~The preceding discussion establishes that in the

'." asyvmptotic limit of large k, the deconvolution problem can

[[: .. be solved quite easily end directly. Unfortunately, the

.- assumption that measurements of Us(x,e) may be made at

1=221

".v
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arbitrary e is generally unrealistic. In most optical

systems of interest, measurements of U5 (x,e) can only be

made at discrete points in the measurement plane, and only

for a few discrete plane wave arrival angles. The deconvo-

lution problem to be addressed in the remainder of this

paper may be restated as follows: Given measurements of

U5 (x,e) for discrete points in the measurement plane and

for a few discrete plane wave arrival angles, approximate

the aberration functions.

The ray tracing deconvolution algorithm documented in

Appendix B is similar to the deconvolution mnthod described

above except that e is not continuously variable. The

aberrations can only be found at discrete points and their

value must be inferred between those points. The ray

'- tracing algorithm was abandoned in favor of the present

more mathematically sound approach.

That approach is to approximate the aberration func-

tions by a suitable set of basis functions with unknown

coefficients and solve for the coefficients. A finite

subset of the basis functions must be selected based on

some knowledge of the functions being represented because

the mathematics alone may not indicate the best subset.

The set of approximating functions should span the function

space of the unknown function, and it should closely

approximate the unknown function, in some norm, with a

minimum number of terms. For example, if the aberrations

22
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are defined over a circular aperture, the circle polynom-

ials of Zernike might closely approximate the aberration

functions with a minimum number of unknown coefficients

(Ref 2:464). Because the development of the solution to

the deconvolution problem in this paper is not geared to

any specific system, a Fourier series with a finite number

of terms will be used to represent the aberration func-

tions. Fourier series have desirable properties such as

orthogonality that make then easy to use in an analysis

such as this. A procedure for determining the number of

terms to be used in the Foutier series will be discussed

later. Let

i( 2 rmx
ekWA(x) = Fe a (2-21)

m

and

ejkWB(x) =. Gneb (2-22)
n

where F and G are the unknown coefficients and "a" and

m n

"b" are the pupil dimensions corresponding to WA(x) and

W. W, respectively. If Eqs (2-21) and (2-22) are

substituted into (2-18), where now

23
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g(y,S) Z FmGne aeb~ mn

and the constant phase terms are combined with UW(x) as was

done in Eq (2-20), then

U~x) = I Fm-n e  ( x - ( Z l + Z2 ) s i n e ) e 2 n Z s i e

U(x) T JF G e a ln(-s')
mn n

(2-23)

Note that U(x) is no longer shown as a function of e since

measurements are only made at a few discrete values of e.

it is reasonable to let the apertures PA and P in

Figure 2-1 be equal in size since a subaperture can always

be defined in one of the two apertures such that a=b

Vignetting would cause only part of apertures A and B to be

used at any plane wave arrival angle except 0 = 0 , so the

aberrations generally can be found only on subapertures.

Applying these conditions to Eq (2-23),

U(x) =EE F Gnexp [L7[x(m+n)-msine(Zl+Z2)-

mn

nZ2 sine)]] (2-24)

Bounding the Fourier Series

Note that Eq (2-24) is a bilinear equation. If the

summations are bounded such that -M i m i M and

-N 1 n g N, and we let

V(m,n) =exp [i.L[x(m+n)-msine(Z +Z )-nZsie.

24
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:- then Eq (2-24) can be written as

U(X) - F_MF_M+l,...FMIF "G (2-25)

'".Vn G -N+1

GN-1

The equation contains 2M+2N+2 unknowns, so at least that

many equations must be generated in order to solve for the

Fourier coefficients. However, the bounds M and N must

*, first be found.

In Figure 2-1, U5 (x) is nonzero only over an

aperture of width "a" (neglecting diffraction at the edge).

--- Even though U5(x) (and therefore U(x)) is bounded by the

aperture, it can be represented by a Fourier series if the

"*". assumption is made that UT(x) is one period of a periodic

function (Ref 16:99). The resulting Fourier series repre-

sentation of the function will be unique. Let

U(x) = H(p)e a (2-26)

where

25

_'---



aa

a"'" -j 2xp a
H(p) = / U(x)e a dx = f I FmGn

0 0mn

j 2ir x(m+n) -j 27rxp [ ~sni
e a e a exp -L [msine(Zl+Z + Z nsine dx

"=ZZn FmGnexp [-i[msine(Zl+Z2) + Z2nsine]

m+n=p (2-27)

If U(x) is known only at L equally spaced points rather

than on a continuum (see assumption 5, page 12), the

Fourier coefficients H(p) can be found using a discrete

Fourier transform (DFT) as follows:

",L- 1 -j 2ir

- H(p) = U U((1+l)Ax)e L (2-28)

i where Ax = Of course, there must be enough samples of
L

U5(x) to meet the Nyquist sampling criteria, which requires

that the number of samples of a function be greater than

twice the highest spatial frequency of the functior.

Failure to meet the Nyquist criteria causes aliasing in the

frequency domain description of the function, so that the

function has not been uniquely and completely described

(Ref 16:29).

Equation (2-27) by itself indicates that for a U(x)

*.i with finite spatial frequency content (p finite), the

- magnitude of m and n may grow large without bound as long

. as m+n-p The measurements taken with only one input

26
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plane wave arrival angle cannot be used to mathematically

establish bounds on mand nbecause the effect of a high

spatial frequency aberration at plane A can always be

cancelled at the measurement plane by a properly phased

aberration of the same frequency at plane B. But when

measurements are taken at more than one e, the presence of

frequency components in the aberrations which are of higher

order than the order of the frequency components in U5 (x)

will generally be revealed. However, there is still a

possibility that for a given difference in plane wave

arrival angles, higher spatial frequency components of the

aberration functions may not be observed at the measurement

plane.

9As an example, suppose that measurements of IT5 (x) are

taken at equally spaced points across an aperture "a" in

the measurement plane, and that the measurements are taken

at two different arrival angles, el = 0 and 02

arcsin(a/4Z1 ). Further suppose that all U(x) = i+jO in

both sets of measurements. Examining Eq (2-24), if

Fm=G n =1 m=n=0

m"=0 else,

then all U(x) = 1+jO. But if

F =G=l m=4 n=-4
S..n

=0 else,
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then U(x) = 1+jO also. In the first case, WA(x)=WB(X)=O
_ 4- ad"W) -- i

but in the second case, WA(x) - and WB(x) -
A a Ba "

The second set of aberrations are optical wedges that

exactly compensate for each other, and the difference

between eI and 02 is such that the optical path lengths

differ by exactly one wavelength between the measurements.

This is illustrated in Figure 2-3 below. Note that the

path length difference discussed here is not the one

17 2Z.+ 2) s n 
-n.q 

( - 9

*]' resulting from the term e-k(Zl+Z2 ) i20

since that path length difference was accounted for in

converting from U5 (x) to U(x).

WA(x) WB(x)

Point

-7Point

* Fig 2-3. Example of a Nonunique Deconvolution Problem

*B The path length difference is the one resulting from a ray

passing through point 2 versus point 1 in the wedge in

Figure 2-3. If that difference is a multiple of one

wavelength, then it is impossible to distinguish between

28
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the system of Figure 2-3 and a system with zero aberra-

tions. However, if U(x) is measured for a third arrival

angle e3 such that the path length difference is not a

multiple of one wavelength, then it is possible to distin-

guish between the system of Figure 2-3 and an aberration

free system. If the angle of the incident plane wave can

be controlled, angles can always be chosen such that the

aberrations may be uniquely determined. But if m=p-n

increases without bound, there will be an infinite number

of angles such that the aberrations cannot be uniquely

determined. Therefore, m and n must be limited by making

the very reasonable assumption that the highest spatial

frequency of either kWA(x) or eJkWB(x) is less than or

-' equal to the highest spatial frequency of U(x). As long as

this assumption holds, the spatial frequency content of

U(x) can be determined for a measurement with e =61 , m and

n can be bounded, an optimum e2 can be found, and a second

measurement of UsW)can be made for e =0 This yields

the same number of equations as unknowns. The procedure

for selecting an optimum 02 is discussed in Chapter 3.

Choice of a Two-Angle Measurement Scheme

Note that in the preceding paragraph, two independent

sets of measurements of U5 (x) were '-e with two separate

input plane waves arriving at different angles to provide

as many equations as unknowns. If the spatial frequency

content of U(x) is such that the number of Fourier coeffi-

"2.
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cients H(p) is bounded by -Pmax s p S Pmax then measur-

ing U(x) at one angle yields 2Pmax+l equations (Eq (2-27)),

but since -Pmax S m(or n) s Pmax, there are 4Pmax+2 un-

knowns. That is why at least two independent measurements

of U5 (x) are required. The reason for varying the plane

wave arrival angle rather than one of the other parameters

is now justified.

The parameter that is varied must result in a second

set of equations (Eq (2-27)) that are independent of the

first set. The parameters that are candidates to be varied

between measurements are e, Z1 , and Z9 . Let

!'"7 - [msine(Z +Z2)+nsineZ 2

a sub(m,n) = e - [ 1 2  s 2  (2-29)Isub

where a subscript of 1 on a(m,n) and H(p) represents the

first set of measurements, a subscript of 2 represents the

second set, etc. Then Eq (2-27) can be written in matrix

form as follows:

..
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]FpaGO H (-Pmax)

A FPG 1  H 1(-Pmax+1)

F_ p Gp H1 (Pmax)

FPma +1 x

F_ Pax~lG IH 2(-Pmax) (-0

F Pmax+l

H~ - Pmax

matix us corepndtoth P apporaemxadsb

*script of the FG and H vectors. The only nonzero elements

*of A are those where m+n-p ,so A is sparse. An example

will better illustrate the structure of-: Eq (2-30). Let

Pmax=l If two indepedent measurements of U (x) are made,

* . then Eq (2-30) would be
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a1 (-1,0) 0 al(0-1) 0 0 0 0

0 al(-1,1) 0 al(0,0) 0 a1 (1,-1) 0

0 0 0 0 al(OI) 0 al(1,0)

a2 (-1,0) 0 a2 (O,-1) 0 0 0 0

0 a2 (-1,1) 0 a2 (0,0) 0 a2 (1,-1) 0

0 0 0 0 a2 (0,1) 0 a2(1,0)

F_1 G0  H1 (-1)

F-IG I  H (0)

F0G 1  H1(1) (2-31)

FG 0  112(-1)

F0G1  H2 (0)

F IG_I H (1)
F1 1  2
FIG0

The only rows that could be linear combinations of

each other are the rows corresponding to the same "p" (rows

1 and 4, 2 and 5, etc.). The elements of A are given by

Eq (2-29). If Z1 is varied between measurements and ZI=Z1

in the first measurement and ZI=Z, in the second measure-

ment, then

'Ls in 6(Zt-I z232
a2 (m,n) alI(m,n) e a 1  (2-32)

Since m is always different for the different elements in

the same row, no two row vectors corresponding to the same

"p" will be linearly related, and again the A matrix will
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.. . ' -5 . . . •_ , - . -- 5 . --%-•..'' - '-,. -,- . .. . - • .. . . . .



be full rank. However, there probably are not many optical

systems where deconvolution is of interest and one has the

option of varying the distance between the optical elements.

If 22 is the parameter that is varied between measure-

ments and Z2=Zj in the first measurement and Z2-Z 2  in

the second measurement, then

""" 7(re+n)sine (Z"-Z')
a2 (m,n) = al(m,n) e a 2 (2-33)

Since m+n=p=constant for any row in A, each a(m,n) in a

given row would be multiplied by the same constant result-

ing in the rows in the lower half of A being linearly

related to the corresponding rows in the upper half of A.

The A matrix would only be half the required rank.

If e is varied between measurements and e =eI in the

first measurement and e =e2 in the second measurement,

then

a2 (m,n) = a (m,n) e (sine2-sine)

[m(Zl+Z 2 )+nZ2] (2-34)

The situation is the same as when Z1 was the parameter

varied between measurements, so the A matrix is full rank.

Since it is reasonable to vary e (the input plane wave

arrival angle) between measurements in a practical optical

system, e is the parameter that is considered to be

variable.

33
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The remaining problem is to solve the bilinear system

of equations (Eq (2-30)). Since that is not a trivial

problem, it will be addressed in Chapter 4. First, some of

the properties of the solution developed in this chapter

and some of the assumptions made will be examined.

Diffraction at the Edge

In solving for the integral in Eq (2-10), only criti-

cal points of the first kind were considered. This is

equivalent to letting the limits of integration go to ±- so

that diffraction at the edge is ignored. Suppose the

actual limits of integration are 0 to "a" on both integrals

F 2
in Eq (2-10). Let g(x,y,e) = expik(,Ysine + (z +

2 1

2 2  + A + WB). Then Eq(2-10) can be written
2Z + A() WB(B)J

U5x -A'o(lZ2O ~xyBdd

- 5 f gx,, 1d d-_ ff g(x,y,0dydP

-0 -CO - G a

0 a O a

-f f g(x,y,8)dydB - f J g(x,y,8)dydO (2-35)
-= 0 a 0

The first integral in Eq (2-35) gives U5 (x) ignoring

diffraction. The last four integrals represent the contri-

butions to U5(x) that come from edge diffraction. Usually,
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not more than one of the last four integrals will be

significant for a given x and e. Specifically, the only

.' significant integral will be one corresponding to the
e-

°

aperture edge which, when projected, is closest to the

point of interest in the measurement plane. For example,

if Us(x 0 ) were of interest, where the diffraction pattern

near x 0 was due primarily to diffraction from the lower

edge of aperture "A" in Figure 2-1, then

- +Zg(x,yo)dyd8

• -.- ?

..J.j-g(x,y,B)dydB (2-36)

If for a particular optical system it is known that aberra-

tions near the edge of the aperture do not significantly

affect the diffraction pattern, then the second integral in

Eq (2-31) would be known and it could be taken to the other

,  side of the equation and added to U5 (x0 ) to compensate

for diffraction. If it cannot be assumed that the diffrac-

tion pattern is unaffected by aberrations, then the aberra-

tions can only be found on a subaperature where U5 (x) is

not measured in the diffraction pattern.

Vignetting

When the exponentiated aberration functions were

represented by Fourier series in Eqs (2-21) and (2-22), the
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. *b. . * * . . . .

- q



assumption was implicitly made that the aberration func-

tions were periodic with spatial periods "a" and "b" for

WA(x) and WB(X), respectively. In Figure 2-1, when measure-

ments are made for two different plane wave arrival angles,

01 and e2 for example, different portions of each aperture

are projected to the measurement plane. The portion of

each aperture gained in going from 01 to 02 is, in fact,

not a periodic extension of the portion lost, so error is

introduced in the deconvolution algorithm. The error may

be minimized by keeping the difference between e1 and 02 as

small as possible without making the bilinear system of

equations (Eq (2-30)) ill-conditioned. The optimum value

for 01-62 is discussed in Chapter 3.

Space Bandwidth Product

When a discrete Fourier transform (DFT) is applied to

a set of equally spaced samples of U(x), the resulting

Fourier coefficients, H(p), represent the spatial frequency

content of tT(x). If U(x) is sampled at more than twice the

.- highest spatial frequency, as it must be to meet the

Nyquist sampling criteria, then some Fourier coefficients

* .will be insignificantly small. The largest p for which

H(p) is significant is the space-bandwidth product of U(x),

and was previously called Pmax, a dimensionless number.

The spatial bandwidth is just Pmax/a where "a" is the

aperture dimension in the measurement plane over which

U5 (x) is measured. Care must be taken to properly inter-
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pret the results of the DFT. An example will illustrate

the point. Suppose "I" samples of U(x) are taken and 1=8.

Let the samples be called U(O) through U(7). Applying the

DFT as in Eq (2-28), H(p) can be found for any given p.

H(p) is periodic with period "I", so H(p)=H(p+nI) where

"n" is any integer. Most available DFT programs would

print values for H(O) through H(7), and if one does not

recognize that H(7)=H(-1), one might let Pmax=7. It is a

good idea to write the Fourier coefficients centered on

zero, such as H(-4) through H(3). Now p represents the

real space-bandwidth product and not a periodic extension

of it. Note that the Nvquist criterion requires that a

periodic function be sampled at a rate greater than twice

the highest frequency component of the function. There-

fore, if a periodic function is described by eight samples

as in the example above, Pnax=3.

Dimensionality of the A Matrix

Once Pmax is determined, the dimensionality of the A

matrix in Eq (2-30) can be found. There will be a column

for each (m,n) pair subject to the conditions Iml :5 Pmax,

,i :n 5 Pmax, and lm+nJ :5 Priax. For a given m, there will be

2Pmax+l-lml columns, so summing over all n yields

Pmax

• (2Pmax+l-lrnl) = 3Pmax 2+3Pmax+l (2-37)

' * m=-Pmax

columns. The row rank is (2Pmax+l) times the number of
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K -_-independent measurements of U5(x) that are made. It can be

seen that the dimensionality of the A matrix grows rapidly

- :. with increasing Pmax, thus placing a practical limit on the

complexity of the aberrations that can be deconvolved.

Another property of the aberrations that will affect

the dimensionality of the A matrix can be seen by noting

the similarity between the Fourier series representation of

the aberration functions in Eqs (2-21) and (2-22), and the

representation of frequency modulated (FM) signals

(Ref 25:117). If a sinusoidal signal with frequency w is

modulated onto a carrier with frequency m then the signal

is represented by the Fourier series

C.. ej8sinwnt n()eJnwnmt (2-38)

Eq (2-38) is exactly the same form as Eq (2-21) if WA(x) is

a sinusoid. The Fourier coefficients in Eq (2-38) are

Bessel functions, and the number of significant coeffi-
P..

cients is a function of a, the modulation index. For

example, if B=10, over 30 coefficients are required to

adequately represent

15

ejesinwnt (--Z 
3n ( 8) ejnw m t)

n=-15
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Obviously, the magnitude of the aberration functions must

not be more than a few wavelengths, or Pmax will be

extremely large.

One final note on the dimensionality of the A matrix:

If from some other source of information it is known that

certain Fourier coefficients (Fm or Gn) are zero where

m or n < Pnax, the columns in A and rows in the FG matrix

of Eq (2-30) which contain those coefficients can be

eliminated, thus reducing the dimensionality of the system

of equations.

Summary

In this chapter, the simplest possible one-dimension-

al, two-element optical system was described. The deconvo-

lution problem was then stated mathematically in terms of

the simple optical system, and a solution was sought for

the aberration functions WA and WB. The deconvolution

problem was shown to be nonlinear. The nonlinear nature of

the problem, as seen in Eq (2-30), is a major difficulty

that is addressed in Chapter 4. Some important side issues

such as the effects of diffraction, vignetting, and the

dimensionalitv of the bilinear system of equations are also

addressed in this chapter.
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III. Noise Analysis for the One-Dimensional Problem

Approach

The reason for performing a noise analysis on the

deconvolution problem is two-fold: first, to find a

suitable procedure for estimating the Fourier coefficients

of the aberration functions, and second, to determine how

sensitive those estimates are to measurement noise. The

approach taken is the one presented by Van Trees (Ref 23)

wherein the measurements are assumed to be corrupted by

Gaussian noise, the conditional probability density is

written for the measured parameters assuming the unknown

parameters are given, and either the maximum likelihood

(L) or the maximum a posteriori (M1AP) estimate is found.

The choice of ML or MAP estimate depends on whether the

unknown parameters being sought are treated as real but

unknown variables or as random variables. Finally, bounds

on the variance of the unknown parameters are sought to

give some indication of the sensitivity of the estimetes to

noise.

Probability Density Function for

Assume that the measurements of the complex field

U5 (x) are corrupted by noise, so that

U (x) A' (x) + N(x) (3-1)
-. 5 5
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where U (x) is nonrandom but unknown (Ref 23:63), and A' is

the amplitude of the input plane wave. In an actual

optical system, (x) would probably be found by integrat-

ing the optical signal falling on a detector over a finite

tine period. The temporal variations in the signal would

be integrated out, so U5 (x) and N(x) are considered to be

spatial rather than temporal random processes. That is,

they are random processes as a function of x, not t.

Further assume that the real and imaginary parts of N(x)

are zero-mean, spatially white, and each have a variance of

1 2~7an"

; - 's i n 0 )
1 -jk(Z1+Z2 )(1 - -H(p,) = - sin2 2 [A'U 5 (x)+N(x)]

i2rxpp3
e-j k x s in 8e-2a dx = H(p,e) + N H(p,e)

The first and second moments of NH(p,e) are

E [N4H(p,e)] =0 (3-3)

E [INN(p,e)I = -ff E [N(x) N (x')] e-jk(x-x')sine
0 0

2rr(x-x')p
e a dxdx' (3-4)

" . A problem arises because

419

.' .• .



E [N(x) N*(x')]{ 0 when xjx'

a 2 when x=x'

so the integral in Eq (3-4) is zero. The problem occurs

because N(x) has been treated as a continuous function when

in reality N(x) is sampled over the interval 0 to "a". If

Eq (3-4) is written as a double summation instead of an

integral, then

N. M-1 M-l
E [ H(p  e)121

,-...i- , =: 2"] E [il(m)N (m')]

H Md.
m=0 m'=O

M-1 2
ek(mnm'')sine)p 1 2 =n

2 . ek~- ie e M a n - (3-5)

where 14 is the number of samples of N(x) and N(m) is the

thmth sample. If the number of samples goes to infinity as

it does in Eq (3-4) where N(x) is written as a continuous

function, then the variance of N(p,e) goes to zero. The

variance of NH(p e) will be called a henceforth and is

equal to an2/m.

The cross-correlation of NH(p,e) is

a a

E [ (p,= -N (qe)J - E [N(x)N (x')]
a 0 0

-jk(x-x')sine -j-(xp-x'q) dxdx' (3-6)C e a
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Again the double integral must be written as a double

summation.

M-1 M-1

*.. E [N (P,O)rl (q,0)] 0 E [(m) (i')
14 i=O m'=O

- 2 (r, -m'q) _ r j2 - - 271TI(p-q)

ejk(m-m')sinO e 2 Me n e M
m=O

0 if p#q

1:":2 if p=q (3-7)

This result is as expected since the measurement noise N(x)

was projected onto a set of orthogonal coordinates when

H(p) was found. In summary, given measurement noise fi(x)

which is a zero-mean, spatially white random process with
1 2

real and imaginary parts each having variance 1 n , then N H

is a zero-mean random vector with orthogonal elements each
2

having a variance of a2 .
^A

Assume now that N(x) is Gaussian. Since NH is aH

linear function of N(x), NH is also Gaussian, and the

conditional probability density function for H given H can

be written as

1tPHIH(PIH) -xK -r exp[-H(H-H) A 6-H)]

(2-) IAI (3-8)

where K is the dimensionality of the H vector. From

Eq (3-2), H-H=N H , and from Eq (3-7)
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A E [ H]  2 (3-9)

where "t" is the conjugate transpose and I is the identity

matrix. Therefore,

1 1°

PklIH(HIH) K 1 x [-7 (kht(- (3-10)7 2 gK L2aJ

Referring to Eq (2-30), H=AY ,where Y represents the

matrix with elements F Gn (Yrn=F Gn So Eq (3-10) can be

written

= .±(A. TT A•

r1 1 1 Y~I1I 1 K 202P (HAY (f (3-11)

meaning that the Gaussian density function of H is known if

the Fourier coefficients F and Gn are given. For aM

given measurement vector Hi, the maximum likelihood estimate

of F -and G will be those values which winimize

S(p-AY)t(H-AY) =I-AYA in Eq (3-11). From Eq (177),

page 65 of Van Trees (Ref 23), the maximum likelihood

equation is

aln P iFG(HIF,G)

a F (or G)

. GF=F(H), G=G(H)

- 1 BI-Y -0 (3-12)
aF (or G)I

0 F=F(H), G=G(H)
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F and G are the maximum likelihood estimates of F and G,

respectively, for a given measurement vector H. The

partial derivatives must be taken with respect to the real

and imaginary parts of each F and G separately, becausem n

the derivative of a complex number is not defined. Equa-

tion (3-12) is necessary but not sufficient for estimating

F and G unless the first derivative of the density function

has only one zero. Since the density function is Gaussian

in this case, the first derivative has only one zero and

Eq (3-12) is both necessary and sufficient for finding the

MTL estimate of F and G.

Equation (3-12) is not very useful for finding F and

G, because the system of equations generated by taking the

partial derivatives of the real and imaginary parts of each

Fm and Gn is still a nonlinear system in terms of F and G.

Note, however, that finding the maximum likelihood estimate

of F and G by minimizing IH-AYI is exactly the same as

finding the least-square-error solution of Eq (2-30). The

values of F and G that minimize H-HI2 form the least-

square-error solution to Eq (2-30) where H is computed from

the measured values of U5 (x) (Eq (2-27)) and H is computed

from the estimated values of F and G (Eq (2-30)). This

point will be exploited in Chapter 4, but for now, bounds

will be found for the estimates F and G rather than the

actual solution for F and G.
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Fisher Information Matri.x

Let FmR and GnR be the real parts of F and G and

Fm and Gni be the imaginary parts. From Van Trees

(Ref 23:79),

i _ Var [di(H)-di ( (3-13)- [ii(H)-d.]

where di represents FmR, Fmi, GnR, or Gni, and where

-J)ii is the iith element of the square matrix J-. The

matrix J is called the Fisher information matrix (FIM) and

* -" has elements

Sij -E a InP iF, (; FIG)] (3-14)

if F and G are nonrandom. If they are random,

Ji = -E a 'nPHIFG(HIFG) -E[a 2 a(FG)

- Iad. ad: ]d ad

(3-15)

Often the decision whether to treat unknown variables such

as F and G as nonrandom but unknown or as random is dictat-

ed by the mathematics. Both assumptions must be tried to

see which one yields useful results. This is done in the

following paragraphs.

Nonrandom Fourier Coefficients

Assuming first that F and G are nonrandom, Eqs (3-14)

and (3-11) give
.7
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J2

" ij 2,E Ld i ad (3-15)

where the term

1
In K

(2 -ff)7aK

is neglected because it disappears when the partial deriva-

tives are taken. The elements of vector H-AY are given by

Eq (2-30) as

Hj(p)-AY = Hj(P) - FmGnaj(m,n) (3-17)

m n
m+n=p

where aj(mn) is given by Eq (2-29).

H-AYI2 = H lj(p) - ZFmGnaj(m,n)l2  (3-18)

Jp m n
• . n+n=p

where the summation over J means that the summation is

repeated for each set of equations generated with a differ-

ent plane wave arrival angle.

After the summations and squaring operation are

carried out in Eq (3-18), all terms will contain elements

of F and G. Even after a2/adiadj is taken, most terms will

contain elements of F or G. If F and G are nonrandom but

unknown, the expected value operator in Eq (3-16) will not

eliminate them and Jij would be defined in terms of the
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unknown coefficients. This would not be very useful, so

the elements of F and G will be assumed random.

Random Fourier Coefficients

Assume the elements of F and G are random variables

with known Gaussian densities. Let the variance and

.- expected values of the real and imaginary parts of the Fs

and Gs be given as

2* VAR[d. -1 .- di

E [d.] = 0 for d. FO or G
1 ROR O

E [d.I 1 for d FR or G (3-19)
1 1 OR O0R

The reason for letting E [FOR] = E (GOR] =1 is as

follows. From Eq (2-21),

a 2 1a j 2,rmx 2
1 f leJkWA(X) I dx = 1 = IJE Fre a dx=
0 0 m

I IF1 2  (3-20)
m

Likewise, from Eq (2-22),
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a "2 -a2rnx 2
, I ()I dx - 1 f e

0 0On

IG (3-21)
ni

Equations (3-19) are made consistent with Eqs (3-20) and

* .. (3-21) by letting E [FOR] = E [GORI = 1.

Assuming independent elements of F and G,

1 di2
L'- " ^  1 i[ exp 2 w

KP,(F,G) = di L 2 o
(27) i  dieFOR or GOR

,'.Uexp 2 -2 -( 3 -22 )[(F OR-') 2  (G R-1)2]12FOR 2GOR

Combining Eqs (3-15), (3-16), and (3-22), and dropping the

constants at the first of the probability density functions

which get eliminated when the partials are taken, the

elements of J can be written as

i = E rdi 2 ] + E L
ij 2 2 daI~

Sdi 2 + (FOR +)2  (R-1) 2  (3-23)
-.-.. 2aF0 2aG R /

di#FoR or G Odi FOR GOR
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*'., The process of finding the elements of and inverting J

to get (J- is straightforward but tedious. The calcul-

ations are documented in Appendix A, and only the result is

given in this chapter. In Appendix A it is shown that the

lower bounds on VAR [di] can be found in the general case

by computing the values for the entries in J, then using

the computer to invert the matrix. If the simplifying

assumption is made that H(p,e) << H(0,e) where peO, and
2 2

adiR . 2diI , J reduces to several 4X4 matrices that can

be inverted in general. The inverted 4X4 matrices yield an

explicit equation for the lower bounds on VAR [di]. This

is given by Eq (A-12), which is repeated below.

VAR[FiR] = VAR[FiI]

4
a2 2: (2 E 02 +a

( Fk+l) +--
J k 0Gi

22 2 2
+2-7]+ [1(+Z k+1) +2-.. a

J k aFi J k CGi

2- 2 2- z 2".cos( -Zlisinej)] - [ sin(--Z isinej)]

J

(A-12)

where

-P +i k P for i 0
41max max

and
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P x k - P +i for i 02. •max max

The simplifying assumptions used to derive Eq (A-12)

correspond to the case where the aberrations are almost

zero. While the assumptions are restrictive, a study of

the near-zero aberration optical system yields useful

insights into the deconvolution problem. If the exact

lower bounds are needed or if the aberrations are not near

zero, the lower bounds can always be found with a computer.

- The near-zero aberration case will be studied exclusively

K °for the remainder of this chapter.

Analysis of Lower Bounds ien Aberrations Are Near Zero

A test problem will now be formulated to gain some

insight into the behavior of Eq (A-12). Assume that

measurements are taken at the output of the optical system

described in Chapter 2 for two different plane wave arrival

angles, e1 and 02. Then Eq (A-]2) can be written

VAR[FiRl = VAR[FiT] a

v 2 2
2 (4 GFk + 2 +-7 )

k Gi
-2 2-''':...(4 a °G2 + 2 + a__ (4 a. O2 + 2 + - )-

m-%',.-"k °Fi k °Gi

i. 2 - 2cos (L Zlisinel)cos(L Zlisine2)

• 2sin(2_ Zlisinel)sin(- Zlicine 2

(3-24)
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Equation (3-24) can be simplified by use of the angle

difference relationship coscacose + sinasin = cos(c1- )

- -- and the power relationship cos a 11 + cos2ci).

VAR[FiR VAR[F11

~ Fk+2 2

* k 0Gi

(4ZO 2 + 2 + a-)(4 2+ 2 + 2

k a Fi k YG

4 cos2 [-1 Zii(sine, sine) (3-25)

The bounds on VAR [GiR VAR [G~1  are the sane as in

*inequality (3-24) except that the numerator is

2 2 2
a (4ZG+ 2 +-

k CY Fi

Let the right side of inequality (3-25) be called E.

22

follows. If a' +~ 0, c + 0. This says that if the

measurements of U (x) are noiseless, the VAR [ail mp-y

* 2
2 approach zero as expected. If a + O

a/cYGi 2
E = =

o/Fi 0i
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which is as expected, since if we have no measurement

information, the VAR [Fi] is bounded by the variance from

the prior statistics. If Fi 2 0, 2 = F, as

expected. A limit for GFi + would be meaningless

since we know that Idil ;5 1 (Eq (3-20)).

Uniqueness Versus Input Plane Wave Arriv Angle

2 2
Note that for any given di, a and adi , E is a

maximum when cos2 [ a Zi(sinel-sine2 )
] = 1. In this case,

the quantity !Zli(sinel-sin e
2 ) equals 0 or ±n7 result-

ing in sine -sine2=0 or ±na/Z1 i. This has a useful physi-

cal interpretation which can be illustrated with an

example. Suppose el=0, Zl=2, a=!, n=l, and i=2. This

is shown in Figure 3-1.

For this case, sine 2=0 or ±1/4 to maximize E. The

aberration corresponding to i=2 is an optical wedge as can

be seen from Eq (2-21):

"jkWA(x) - Fe jk2Xx
e' A F.e a =

so

WA(x) = 2Xx.

Now suppose that measurements of the field incident at

some point on WB(x) are taken first for the plane wave

arriving at 1=0, then for the plane wave arriving at

e2=arcsin(.25) z arctan(.25). In Figure 3-1, the normals

of these plane waves are labeled as ray 1 and ray 2,
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x

1.0 W'A(X) 
WB(x)

.50

.25['[ .25Ray 2

We --'- Z2 --

Fig 3-1. Example Nonunique Deconvolution Problem

respectively. The phase difference between plane waves 1

and 2 at WB(x) is the same whether the aberration WA(x)=2Ax

is present or not. This is because ray 1 is delayed

exactly one wavelength when the aberration is present Ps

compared to the case when no aberration is present. This

is true no matter where the plane wave phase is measured

along1 .(X). Therefore, a deconvolution scheme such as the

one described in this paper which relies on the relative

phase between plane waves arriving at different angles,

would not be able to detect some components of the aberra-

tion functions for some specific arrival angles. Equation

(3-25) may be used to select the optimum difference between

arrival angles for a given Fourier component of the aberra-

tion funtions.

When the aberration functions consist of many Fourier

N components instead of just one as in the previous example,

some method must be used to determine a "good" difference

angle (e2-e1). The difference angle must be "good" in the
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sense that ci, the lower bound on VAR [di] (right side of

inequality (3-24)), is relatively small for every Fourier

component di . A simple way to select a difference angle is

to sum the E corresponding to each d. and select the

difference angle that minimizes that sum. Note that the

sum TEi is the trace of the inverted FIM, where the trace

of a matrix is defined as the sum of the diagonal elements

of a matrix. Let the trace be denoted by T. Then

T EI

2
Of 2 a 22a2 (4 + 4 + - + 4 +

k. k aGi Gk aFi
2 2(4 i ] 4 Ck + 2 + -L-) (4 a. 2~ + 2 +- )

k a Fi k a Gi

-4 cos 2 [.1 Zli(sine1 -sine 2 )]

(3-26)

For given prior statistics, measurement statistics,

and number of Fourier coefficients (-Pmax is Pmax), the

optimum difference sinesine2 may be found graphically.

This is done for three examples in Figure 3-2. In all

2 2
three examples, all prior variances adi .001; SIGMAHa,

P4 DIFF=sinel-sine2, Z1 are as defined in Figure 3-1; and Pmax

is the highest Fourier component (bounds "i" in the summa-

tion of Eq (3-25)). For all graphs, Zl=2 and a=l.
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In Figure 3-2, a comparison of the top and bottom

graphs shows that for a given Pmax, the trace is greater

when the measurement noise (a 2) is greater, as expected.

The minimum value of the trace occurs at sine 1 -sine 2=.065

*2 2for Pmax=5 and 0=.001, and at .07 for Pmax=5 and a =.0001,

and at .034 for Pmax=10 and aoo.0 If 01=0, then the

optimum 02 for the three cases above is 3.7° , 4.0*, and

1.90, respectively. There does not appear to be any way to

determine the optimum sine- sine2 except numerically.

However, this can be done a priori for given Pmax and

'" 2 The measurement noise o2 does not seem to have much

effect on the optimum plane wave arrival angles.

Linking TRACE to W(x)-W(x)

Equation (3-26) establishes T as a lower bound on

ZVAR [di]. The final step in the noise analysis is to

relate T to the error functions WA(x)-WA(X) and

S.- WB(x)-WB(X). First T must be split into two smaller

summations, one corresponding to Fm and the other corres-

ponding to Gn so that (see Eq (3-26))

6n
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Pmax

TF F.

i=-Pmax
2

202 (4EZ k + 2 + 2)

k 0Gi-2 2 + 2

(4 acGk + 2 + -- 2) (4 Z aFk 22_7
k 0Fi k cGi

2- cos[1 Zli(sinel - sine 2  (3-27)

and

Pmax

- i=-Pmax

2 2
2 (4 a Gk + 2 +

2--" k 2 FiF-2 2 2 2

(4" Z OGk + 2 +-- 7 ) (4 E ZOFk + 2 + )

,.k aFi k "Gi

- - 4 cos 2 [1 Zli(sine1 - sine2  (3-28)

Noting that

eJkWA(X) )  j2nx
e,-.e =Z (F-F)e a,;f,- n

n

T can be related to the error in the aberration functions

as follows:
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a

E .f le W~A (x) -e JkWA (x)I2 dxl
0

a j27rnx 29
E[ f Z( e a ndx- E ZIF11-F ]

o n n

EZ [IFnR-FnRI + lFniII 2 (3-29)

n

If F and F are unbiased estimates, then
nR n I

EZ [[FR-FR 12 +I12]-

n

~'(VAR[F II + VTAR[Fj (-0

n

Equations (3-29) and (3-30) are the same for WB(x)

with G and TG replacing F and TF respectively. The final

result of the noise analysis then is that a lower bound can

be found for the mean squared error of the exponential of

the aberration functions. This result is summarized in the

following equations:

a

E [.I IejkV'A(x)-e jkWA(x)1 2 dx]l TF (3-31)
a F

0

E[f eJkWB(x)-e jkWB(x) 12dxl a TG (3-2

0
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Summary

The noise analysis of this chapter is based on the

assumption that the variable elements of Eq (2-30) (F, C,

and H) are random variables with Gaussian probability

densities. This assumption is routinely used when no

information on the actual densities is available. While

the densities may deviate somewhat from Gaussian in a real

optical system, the Gaussian assumption generally yields

results that match reality quite well.

Two significant results have been derived in this

chapter. First, Eq (3-26) enables one to select optimum

plane wave arrival angles 01 and 60. for a given number of

Fourier coefficients. This result has a satisfying intui-

tive interpretation that was illustrated by the example of

Figure 3-1. Second, lower bounds on the difference between

the calculated and the actual aberration functions were

given by Eqs (3-31) and (3-32). While one would really

like to have upper bounds, lower bounds are often very

close to the actual error and give some assurance that the

problem is not overly sensitive to noise if the proper

input plane wave arrival angles e1 and 02 are chosen.

1 2"
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IV. Solution to a System of Bilinear Equations

Introductio

This chapter will explore a method of solving the

nonlinear system of equations (Eq (2-30)). With the aid of

a computer, a number of methods could be applied such as

the Newton-Raphson method (Ref 4:249). Instead of using

one of the standard methods, a novel method is presented

that takes advantage of the fact that the nonlinear system

of Eq (2-30) is bilinear. This method possesses the

advantages of always iterating "downhill" and of being

.' relatively easy to program on the computer. However, like

other schemes for solving nonlinear systems of equations,

it uses a lot of computer time when the dimensionality of

the equations is large, and it will iterate to local minima

under certain conditions. No attempt is made to compare

the solution method of this chapter with standard methods.

However, the computer solutions to some example problems

are presented to demonstrate some of the characteristics of

the solution method.

Solution Method

The individual equations in Eq (2-30) are given by

Eq (2-27). For convenience, both equations are repeated

" below.
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H (p)-= FmGnexP [-i [msinej(Zl+Z2) + Z2nsinej]l

mn
m+n=p (2-27)

FPmaxG0  H1 (-Pmax)

A FHPmaxG1  H1 (-Pmax+l)

F PraG H(m_Pmax Pmax H1(Pmax)
FPa+G_ I H2 (-Pmax) (2-30)

FPax+i G"-'6 F Pmax+lG 0

H2 (Pmax)
Fp.G..

F_Pmax+imx

Fp G0

Since m+n=p in Eq (2-27), it can be rewritten as a single

summation.

S(p) G e [(Z +Z )msin+Z 2 (P-m)sinOj]
HZp a 1+Z2)msi 2

m
(4-1)

In Eq (4-1), !ml < Pmax and lp-ml . Pmax. The

elements of the A matrix ore given by the exponential

factor in Eq (4-1). For a given element in the A matrix,

m+n must equal p in Hj(p) for the row of the element, and m

*-.[ and p-m must be equal to the m and n, respectively, in the
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F mGn corresponding to the column of the element. Other-

wise, the element is zero.

There is no mathematical guarantee that a consistent

solution to Eq (2-30) even exists, so we must rely on the

fact that if the equations accurately represent a real-

world optical system, they will be consistent. Also, it

can be seen by inspection that the solution to Eq (2-30)

is not unique unless the magnitude and phase of either the

F or G vector is given. This can be seen by noting that if

vectors F and G are solutions, so are CF and G/C, where C

is any complex number. From Eqs (3-20) and (3-21), the

magnitude of F and G are each unity. The phase is entirely

arbitrary, so it will be set to F0 1 =0.

One obvious approach to solving Eq (2-30) would be to

solve it as a linear system for the FmGn pairs, then devise

a scheme for dividing different pairs into each other to

form ratios such as F2G 0 /F0 G0 = F2 /F0 . The fact that

IFI 2 = 1 and IGI 2 = 1 and the assumption that the phase

of F0 is 0 could then be used to solve for the Fourier

coefficients. There are two major drawbacks to this

approach. First, if only two measurements of the field at

the measurement plane are taken, Eq (2-30) will always be

an underdetermined linear system with the Fm n pairs as the

unknowns. Of course additional measurements of the optical

field could be taken, but the number of required measure-

ments becomes large as the dimensionality of Eq (2-30)
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S,increases. For example, the row dimension of A per meas-

urement is 2Pmax+l and the column dimension is

23(Pmax +Pmax)+l If Pmax=l , it would require three

measurements to make Eq (2-30) overdetermined; but if

Pmax=5 , it would require nine measurements.

An even more severe drawback to the solution scheme

described in the paragraph above is that if the measure-

ments are corrupted by noise, there is no guarantee that

the errors produced by the noise will not be propagated by

the scheme in such a way that very small amounts of meas-

urement noise produce very large errors in the solution for

the Fourier coefficients. For these reasons, a more robust

approach to solving Eq (2-30) is pursued.

A clue to a robust method for solving Eq (2-30) was

given in Chapter 3 where it was noted that the maximum

likelihood estimate of the unknown coefficients was the

least-squared-error solution of Eq (2-30). Therefore, a

solution will be sought which minimizes the least squared

error ER, where

Pmax

ER = . Z IJ(p) - FmGp~m

J p=-Pmax m

" -j 2l [msinej (Z +Z2) +(p-m) sinejZ2 ]2
e a 2 (4-2)

In Eq (2-30), there are the same number of equations

as unknowns. If one set of coefficients (F or G) were
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known, Eq (2-30) would be an overdetermined linear system

in the remaining unknown coefficients. One approach to

finding the coefficients is to assume a solution for one

set of coefficien, (say F), find the least-squared-error

solution for G, substitute the solution for G back into

Eq (2-30), find the least-squared-error solution for F, and

continue iterating in this fashion until an overall solu-

tion is reached. The only known way to study the conver-

gence properties of this algorithm is through simulation.

An exhaustive simulation study will not be attempted, but a

few example problems will be presented to demonstrate some

of the properties of the algorithm.

Real Bilinear Equation Solution

The first example problem is a real bilinear system

with six unknown coefficients, three Fs and three Gs. For

simplicity, no attempt is made at this point to model a

real optical system. The example problem is arbitrary

except that the A matrix must be full rank and the system

of equations must be consistent. The example problem is

given by Eq (4-3) below.
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> -F FG 1  -. 12

F 1G 2  .85
A F G3  .45

F 2G 1  .13
F G2  -. 0

F 2G3  - . 25J

F G1
F G2

LF3G2 (4-3)

A is a 6x9 matrix with elements a(i,j) =cos(1.3*I*J).

Consistency was assured by assuming values for F and G

vectors and solving for H. The actual values for F and G

are F=[.447, -.837, .316] and G=[.837, -.316, .447].

-. . However, in solving Eq (4-3), it is assumed that F and G

are unknown except that they each have a length of one.

42 The first step in the solution is to assume a value

for G. Assume G=[.447, -.447, .775]. Then G can be

combined with A as follows:

* (a11 1+a12G2+a 3G3) a14G1+a15G2 a16G 3) a17G1+a18 2+ 9G3)

*(a 2 Gl+a 22 G 2+a23 G3)

(6G,+a 62 G +a63 G) (a67G +a68G +a69

62~ ~ ~ 2F 63 3)6 H] 269
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Equation (4-4) is now an overdetermined linear system. The

least-squared-error solution for F is found by use of the

commercially available International Mathematics and

Statistical Library (IMSL) subroutine called LLSQF. This

subroutine uses a Q-R decompostion of matrix A as described

in Ref 4:216 and Ref 13. The least-squared-error solution

of F is then substituted into Eq (4-3), yielding an over-

determined linear system with unknown G. The least-squared-

error solution for G is then found the same as for F. This

procedure is repeated until the sum of the squared errors

stops decreasing. Figure 4-6 is the flow diagram of

B!LIN2, a computer program which implements the algorithm

described above. Note that the above scheme always iter-

0ates "downhill" (least-square error always decreases)

because if the algorithm yields an F or G vector at some

iteration that causes the squared errors to increase, then

by definition it is not the least-squared-error solution.

Figures 4-1 and 4-2 show the computer output for

BILIN2, each figure corresponding to a different initial

guess for G. In the computer output, GSQ is simply

2 2 2
[. The correct value for G is

-.[.837, -.316, .447]. The algorithm uses G rather than GSQ,

but GSQ is computed for use in graphing the iterative

solution, as will be shown later. R (=E is the squared

error at each iteration defined by
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R= I[AI[FG] - [HIj2 .

Note that in Figure 4-1, with an initial guess of

G=(.7746, 0., .6325), the algorithm converges quickly to

- '. the correct solution. But in Figure 4-2 with an initial

• .guess of G=(.4472, -.4472, .7746), the algorithm converges

to a local minimun which is not the correct solution.

Since GI2 -G2 2-G 2 R is a function of only twoa3,

independent variables in this problem. This makes it easy

to show R as a function of the two variables, which is done

in Figure 4-3. The independent variables are G2 and

G 3. GRID is the computer program used to generate

Figure 4-4. G is assumed positive for all values of

G 2 and G3 . The other half of the solution space where

G is negative is just the mirror image of the solution

space shown in Figure 4-3. For convenience, a vector GS is

2 2
defined as GS=[±G1  4..G , where the sign is chosen

as the sign of the corresponding element of G. The values

2 2
of ±G2  and ±G3  are indicated along the horizontal

and vertical axes, respectively, instead of the values of

G 2 and G The solid lines on the figure are contour

lines lying along a constant value of R. The small Xs are

initial guesses for G which were input to BILIN2, and the

' dashed lines from point to point show the successive values

of G computed by BILIN2. The ovals show the position of

local minima.
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START

LOAD ACTUAL A PRIORI
VALUES OF F AND G

CALCULATE H

DEFINE INITIAL VALUE
FOR G-

!! ICOMBINE G WITH A
" IMATRIX TO PRODUCE
' '- IOVERDETERMINED SYSTEM
i .i IN F

FIND LEAST SQUARE 
JNRMN

ERROR VALUE FOR F

CALCULATE AND PRINT R

AVE AL DEIRED NO

( END

Fig 4-4. Flowchart for GRID1
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An examination of Figure 4-3 reveals a number of

characteristics of the algorithm under study as well as

some basic characteristics of the solution space. First,

there are four local minima, only one of which is the

correct solution. Second, the algorithm will iterate to

the minimum in the same "valley" that contains the initial

,. guess because the algorithm always iterates downhill.

Therefore, the initial guess must be reasonably close to

the solution. If the algorithm iterates to a local mini-

mum, it is usually obvious. The squared error will be

2 2greater than expected, and often JF 2 and IGI will not

both equal 1. Third, opposite edges of the solution space

are adjacent to each other. Note that opposite edges of

Figure 4-3 have the same values of R. Because opposite

edges are adjacent, the downhill iterations may cross over

an edge and reappear on the adjacent edge.

Figure 4-5 is a cross section of the solution space

shown in Figure 4-3 with varying amounts of noise added to

the 11 vector. The noise vector was generated by a Gaussian

random number generator. The cross section shows the

values of R between and on either side of the correct

minimum and the local minimum located near G(2) = -.5 and

4G(3) = +.4 . The four graphs in Figure 4-5 correspond to

no noise, 52 dB, 31 dB, and 16 dB signal-to-noise ratio.

The location of the minima change very little as a function

of noise, but it can be seen from Figure 4-5 that the depth
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of the true minimum changes considerably as the bilinear

equations become less consistent. Noise, then, may make it

more difficult to identify the true minimum, but if the

algorithm iterates to the true minimum, the error in the

resulting coefficients does not appear to be unusually

large. This point is amplified by Figure 4-8 and the

associated discussion.

Complex Bilinear Equation Solution

The next step in solving the deconvolution problem is

the creation of a program that will solve a complex bi-

linear system of equations of arbitrary size. Program

DECONI accomplishes this for the one-dimensional problem by

using the following relationships: If A=B+jC, F=X+jY, and

H=D+jE, and if AF=H, then

B -C X D
[C B [ ] =

The flowchart for DECONI is basically the same as for

BILIN2 in Figure 4-6 except that before processing, DECONI

converts all complex matrices and vectors to real matrices

and vectors by use of Eq (4-5). This is done as a matter

of convenience because the IMSL subroutine LLSQF which

finds the least squares solution only operates on real

matrices.

Figures 4-7 through 4-10 show the output of DECONI for

four different test problems. These test problems still do
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not represent an optical system, but are used to further

study the properties of the bilinear equation solver.

The problem associated with Figure 4-7 assumes a

maximum spatial frequency component of ±1 for either of the

aberrations (Pmax=l). When the complex matrices are

converted to real matrices by Eq (4-5), matrix A will be

-.. 12X6 after it is combined with an initial value of G, F Pnd

G will each be 6XI, and H will be 12X1. This compares with

6X3, 3X1, and 6Xl for A, F, and H, respectively, when all

matrices were real. Because all matrices are larger,

convergence to the correct solution is much slower as can

be seen by comparing Figure 4-7 with BILIN2 in Figure 4-1.

Note that in DECONI, the output is only printed at every

fourth pair of iterations. LL is the iteration number.

The correct values for G and F associated with

Figure 4-7 are G=[(.316, 0.), (.8944, -.316), (0., 0.)]

and F=[(0., 0.), (.7746, 0.), (-.4470, .4470)]. The

initial guess for G is G=[(.2, 0.), (.9, -.4), (0., 0.)].

Note that after 71 iterations, the sum of the squared

errors has dropped to .946X10 -6 and the algorithm has

converged to an answer very close to the correct answer.

Effect of Noisy Measurements

In Figure 4-8, the problem is the same as in Figure

4-6 except that a noise vector has been added to H to see

what effect noisy measurements would have on the algorithm.

/- .The noise vector N was generated by a zero mean, Gaussian
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random number generator with a standard deviation of o=.01,

which is about 3% of the average magnitude of the elements

of the H vector. The value of N is N = [(-.0158, -.0058),

(.0039, -.0033), (.0092, -.0088), (-.0012, -.0075),

(-.0008, -.0170), (.0052, .0010)]. INI 2 = .847X10-3 and

Z IF'-FI 2 +ZIG' - I 2 = 1.264X10 - 3 , where F' and G' are the

values computed by DECONI and F and G are the actual

values. The squared error in H is INI2. This value is

close to the squared error of F' and G', giving some

assurance that the algorithm is not overly sensitive to

' measurement noise. Note that R appears to stop decreasing

at a value of .124X10-3 in the case of noisy H as compared

to .946X10- 6 in the noiseless case. This is because the

r equations with noisy H are no longer entirely consistent.

Effect of Increased Dimensionalit

Figures 4-9 and 4-10 show the computer output of

DECON1 when Pmax=2 and Pmax=4, respectively. H is noise-

less in both cases. These figures are included to show

that as the dimensionality of the problem increases, the

number of iterations required to achieve a squared error of

R"10 -6 increases somewhat. More importantly, the computer

execution time went from one second to four seconds to

sixteen seconds for Pmax=l, 2, and 4, respectively, indicat-

ing that execution time increases as the square of Pmax.

Of course, there are other factors that affect the number

of iterations and the execution time required to achieve a
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given R such as how close the initial guess is for G, so an

accurate comparison of these factors in Figures 4-7, 4-9,

and 4-10 is not possible. Still, the three computer runs

give considerable insight into the behavior of the algor-

ithm as the dimensionality of the problem increases.

In Figure 4-9, the correct values are

G=[(0,0),(.316,0),(.8944,-.316),(0,0),(0,0)]

F=II0,0),(0,0),(.7746,0),(-.447,.447), (0,0)I

In Figure 4-10, the correct values are

G=[(0,0),(0,0),(0,0),(.3162,0),(-.7071,.3162),

(0,-.31,2),(0,.3162),(0,0),(.3162,0)I

F=[(0,0),(0,-.3162),(0,0),(-.4472,.3162),(.7746,0),

(0,0),(0,0), (0,0) ,(0,0)1

and the initial guess was

G=[(0,0),(0,0),(0,0),(.4,0)(-.6,.3),(0,-.1),(0,.4),

[J'[ (0,0O) , (. 2,0) ].

Summarv

The purpose of this chapter has been to present a

novel method for solving Eq (2-30) and to exercise the

solution to examine its properties. It was shown that the

solution scheme is a downhill iterative method that con-

* verges to the least-squared-error solution. However, it

- "may converge to a local minimum instead of the global.

minimum. The scheme converges to a minimum determined by

the initial guess for one of the Fourier coefficient

vectors F or G. The closer the initial guess is to the
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actual value, the more probable it is that the iterative

" algorithm will converge to the global minimum.

It was shown that noisy measurements cause the least

* squared error to be larger than in the noiseless case

because the noise causes the equations to become less

consistant. The iterative scheme does not appear to be

especially sensitive to noise.

Finally, it was shown that increasing the dimension-

ality of the bilinear system of Eq (2-30) drastically slows

the convergence of the iterative algorithm. This places

- .. limitations on the complexity of the aberrations that can

be found.
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READ IN INITIAL GUESS
FOR G

COMBINE G WITH A COMBINE F WITH A
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CALCULATE R AND NORMALIZE G
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LL- 47 R-,367E-04 TOL-o911E-01
Gal efbi?, -00071 m- 0005e -0014 1 -0013, -0014)

0 .086,-.0078) (-.7086, .32031 (-e00969-.3064)
g fpi~ V1) 100 1 00921 1 .32705*= 0007

______lam 48 R- 3659-04 101m-71066-01
F-(-*00239 .0040)1 e0034,-03118) ( *0074, *0003)

1p8=%-Aso -'flg7 I .76jAQ*p-pflfl) (-006 *00361

(-%001Q, .0025) (-.00059 .0011) ( *0003,-**00031

LL- 55 R-*222E-04 TOL-9944E-01
Gal o00099~ .00021 I-0005a- 00111 1 40'19 -0011

9 3102*-*0062) (-.7083, .3193) (-.0074-.3088)
1 ,flt'ys -32011 1 *006le *00711 1 -3195*- 0005)

560-099-04 TOL-..6Q94M-
F-(-o0018, *0031)1 ( 0026,-*31271 ( *00589 .0002)

(-@6A527o @W261~ I -ZZG0le0 0000) 1-80067o -00261
(-e0015, .00191 (-.0004, .000931 ( 0003,-*0002)

LL- 63 R..l35E-04 TOL-o930E-01
Cut flA7, _n- lfl (--000r&, _aOlOO I moflge _OoO~)

( .31159-.0049) (-e7081, e.3116) (-,00589-93105)
( -0005~- s213 4 -0037- 1O~ -3188w- 00041

F:-(-e0014e .0024) ( .0021,-03134) ( .0046. .0001)
-'~~~~~~~~ I= 5j.. 0A 71~ 0 -.00570 -00701

(-o0012. e0015) (-.0003, .0007) ( @00029-oOOOZ)

LL- 71 R-a821E-05 TOL-e926E-01
ast _jmnf&,, onnith (_,nloag2 -fl"073I ( -00020 -00071

( .3125,-e0038) (-s7079, s3181) (-*0045,-o3118)
I = .3fff& 18RAI ( 4fi74sm -00431 ( *382 0002)

1-1- :1 D-7716-05 TOL- 781E-O1
F-(-*0011, .0019)1 ( 00169-03140) ( .00369 *0001)

(-*6502* s31fl91 II s -71 0000) 1--00409 -O016)
(-e0009. .0012) (-.0002, e0006) ( o0002,-90001)

F-(-*0032, e0063) @ 0057,-*3095) f .01179 .0011)
1- 457?- 079821 I z6540-00001 1-Ol15t -0065)
(-.0028. .0046) (-.0007, 90014) ( o00039-900081

-~ LL- 39 R-s614E-04 TOL-*867E-01
-Gl -l15* -00071 (-,flpfl* oO161 ( 0016o sOO191
C 930689-*00971 (-e70899 o32171 (-*01229-e3029)
1 -00160 -2?? 4 -000 019 4 -32189-1-00101
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LL- 79 R-o499E-05 TOL-e922E-01 -
Got S0006- e00011 1-O00029 -00051 9 -005o -0005)

( e31339-.0030) (-@70779 .3177) (-90035,-.3128)

i , - arE v & 69P 0 5 T t - &7_3Z=X4

F-(-*0009, .0015) f *00139-a31A5) ( 0028, e0001)
(-&694* *3121) (77 0Y?(--003111 000121
t-900079 .0009) (-.0002, 90004) ( 0001,-o.O01)

LL- 87 R-*303E-05 TOL-e919E-01
Gn-' -001, -'00011 (-0002 -30041 ( -00049 -00041

e 3140*..0O?3) (-,7076, .3173) (-*00Z7,-e3136)
£ fAA~ .176) ~~o07~-0026) 1 31249--00021

F-(-*0007, *0012) e 00109-031491 ( .00229 a0000)
f- 4AQfl* 31312 1 -77290 40nn') I- A24 -00101

* (-.0006, .0007) (-,030019 60304) ( *00019-.0001)

~ ~ ~LL- 95 R-0134E-05 T01;*916E-01

( @3145,-.0018) (-e7075o 93171) t-90021,-93142)
r -nnn27. -ii711 ( flflll -00?0' 1 -3172o-~01021

U-- 26 9-,'23r-05 TO!- 621-E01
F-(-*0005, eO009) ( .0008,-93152) ( 900179 90000)

1-468&4-& e31171 -2232o e00001 I-*0019o eC0081
(-a0004, e0006) (-.0001, .0003) ( *0001,-.O01)

L1-103 R-.112E-05 TOL-.9L5E-01
G-f a002- -0000 (-0' -00031 9 -000?, @00011

I 3199,-*0014) (-970749 93169) (-.00179-@3146)
I flnfis -11711 1 -0010. -0016I1 1 3120m-000n1 1

Fig 4-10. DECONi Output, P MX'4 , Noiseless
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V. Two-Dimensional, Two-Surface Problem

Introduction

Chapters II through IV have considered only the 1-D

deconvolution problem. In this chapter it will be shown

that when a second dimension is added, the problem does notS.

change in any substantial way. The 1-D development in

Chapters II through IV was for convenience, since the 2-D

equations are longer and more cumbersome.
J.%

In the first part of this chapter, the 2-D equations

are developed, with the approach paralleling the I-D

approach. In the last part of the chapter, a 2-D optical

system with simple wedges for aberrations is described, and
the 2-D deconvolution algorithm is exercised to solve for

the aberrations. The example problem is included to show

that the deconvolution algorithm works in principle, but

because of the computer time and memory required to solve

for realistic aberrations, no attempt is made to exercise

A the algorithm on more general problems.

The 2-D problem is illustrated in Figure 5-1 below.

A plane wave enters the optical system from the left with

an angle of propagation e in the x direction and * in the y

direction with respect to the Z axis. The plane wave

passes through aberrations WA(x,y) and WB(x,y), and the

- amplitude and phase of the resulting field, U5 (x,y), are

measured at the measurement plane. All of the assumptions

%1
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Measurement

Y Plane

WA(X,y) WB(xY)

Ul(xy) U2 (xy) U3 (xy)

.4 / I I

U 5 (x,y)X- U 4( ,y)

Fig 5-1. Two-Dimensional Deconvolution Problem

listed on the first page of Chapter 2 apply if they are

extended to two dimensions.

Some of the key 2-D extensions of 1-D equations listed

in Chapter 2 follow. The parallel I-D equation from

Chapters 2 and 3 are listed below each equation number for

reference.

H(fxfy) = exp[jkZ i l(fx)2 (f) 2 ], f2+f2 <

0 else (5-1)
(2-1)

.k JW (x2+y2

eJkZh(x,y) - z (5-2)
(2-3)
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U5(x~~~y) f f I ~ ~ 2 f U (Y,E)ejkWJA(YE)

u 5(~ y)A Z1Z2  EZ AZ B

ejkW B(On) eX

7r2 2
J.---Ix-o) +(y-n) I

* 2 dy dEdo dn (5-3)
(2-10)

1kWA(x,y) -'a aE. in. L . (5-4)
=-w =-W (2-21)

ejkWB(x~Y) = 27 Z e + F-) (55

(2-22)

U5(xy 2 Z ZFim G01n

xz z 2  i mi1n

a 2rj 1) j ,(8_)2

0 0

___ y y j2(mE +nnf)eXZ2 () dy do f f e~kil e y y

0 0

-4.. j. (-n 2 ij..(-)2

e 1 ex2 dE dni (5-6)

93



* °

-* Since the quadruple integral in Eq (5-3) separates

into two double integrals in Eq (5-6), each of the double

integrals can be solved using stationary phase. Assuming

a=bx and av=bv,

U5 (xy) = A'ejk(Z +Z2 ) ejk(xsine+ysin )

k(Z+Z (sin2 O+sin 2 )
e j Z(ZlZ Z Fir Gin

imnn

exp [j27r"x i)+Ym+n] exp[_j21[(Zl+Z2)

(-sine + E_- sin,) + Z2(-- sine +- sin) (5-7)
a X a v 2 a a 1fv jx y x ayJ

Combining the three known exponential terms with

%- 'U5 (x ,y) ,

U(x'y) Z ZFir C exp[j 2 Trx ±I+ y MM
ml m

exp -j2r[(Zl+Z2)(-sine + --sin) +[1 2a ay

"1 n
Z"(-sine + -- sin,) (5-8)

x a (2-24)
y

If U(x,y) is known only at a finite number of points

on an equidistant C by D grid rather than on a continuum,

the DFT of U(x,y) can be taken. C, D, c, and d are all
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integers. Let x=cx and y=dgy where Ax and Ay are the

udistances between grid points. Then the measurements are

taken over an area at the measurement plane with dimensions

a by a . Note that Ax/ax - I/C and y/ay I/D. The 2-D
x Vy

DFT of U(x,y) is

C-I D-1

H(pq) C - Z U(c~x,dAy) exp[-j21(! + D]

c=0 d=0

C-I D-1
= - Z ZZZE Fim Gin exp 27r[ (i+l) +

c=O d=O imn L

.: d(m+n, - d- Aj(i,m,l,n) (5-9)
D CD d 1(9

where

Aj(imln) = e 2,(Z +Z2 sinej + sinj) +- 2 x ayV

S(5-10)
2 a

The order " -4on ir FEc5-9) can be changed so

that

1
H (p, q) Fi, Gl Aj(i,n,l~n) L

C-I D-1

ZZI I exp j2[S(i+l-p) + (m+n-q)] (5-11)

c=0 d=O
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The double summation over c and d in Eq (5-11) is zero

unless i+l=p and m+n=q, in which case the double summation

equals CD. Therefore,

H (p,q) Fi G' S~F ln Ai(i,m~l~n) (5-12)
i m 1 n (2-26)

i+l=p m+n=q

Other bounds on the summation indices are Iil 6 Pmax,

Ill z Pmax, Iml : Qmax, and Inl : Qmax.

Equation (5-12) specifies the equations in the 2-D

bilinear system. There is no basic difference between the

2-D and the 1-D bilinear systems except that the 2-D system

is larger. For -Pmax g p Pmax and -Qmax q Qmax

there are (2Pmax+l)(2Qmax+l) equations for a given plane

wave arrival angle. There will be twice that many unknown

coefficients, so measurements must be taken for at least

two different plane wave arrival angles to yield as many

equations as unknowns.

Two-Dimensional Noise Analysis

The 2-D noise analysis is a straight forward extension

of the I-D analysis, so only key equations will be shown.

The comparable 1-D equation number will be listed beneath

each 2-D equation number as was done previously.

U5 (x,y) = A'U5 (x,y) + N(xy) (5-13)
(3-1)

where the real and imaginary parts of N(x,y) are zero-mean,
'" 2
spatially white, and each has a variance of a 2

n
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.jk Z M sin ej+sin2 J
Hj(p,q) = e-Jk(Z+2) e ji(Zl+g2

)  j)

ax av
.Z'

aN f f [A'U 5 (x,y) + N(x,y))] e-Jk(xsineJ+ysinoj )

Jxa 0 0

Ji ° :  e-.j 2, (Px +  RX)N j

e ax ay dy dx = Hj(p,q) + N J(p,q) (5-14)
(3-22)

E [i J(p,q)] = 0 (5-15)
(3-3)

E [h = if p=p" and q=q"

0 else (5-16)
(3-7)

"T)

.fil IY) - K exp[---6(H-AY)( f (-AY)] (5-17)
("--" 2a (3-11)

Equations (5-17) and (3-11) are identical, meaning that the

conditional probability density function is the same for

the 2-D problem and the I-D problem. Equations (3-11)

through (3-16) and the associated discussion apply equally

to the 2-D and 1-D noise analysis. The form of Eq (3-17)

is slightly different for the 2-D analysis as shown below.

HJ(p,q) - AY = Hj(p,q) - Z Z Fim Gp-i,q-m

i m
i 1a a(i,m,p-i,q-m) (5-18)

(3 -17)

where "a" is given by equation (5-10).
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Equations (3-19) through (3-22) apply to the 2-D

problem if F OR and G OR are replaced by F OOR and G OOR,

respectively.

The development of the 2-D FIM follows the same

procedure as for the 1-D FIM developed in Appendix A.

Therefore, only the result will be given.

VAR[F imI = VAR[FimI] 2

S.2 
2E (22 E 2+ a4

1 1 ln aGim

(2 2~ +1) a~n~7 L (22 2 l
3 En cYFim J ln F

0Gi n ypm 1

+ 1) 2 sin22rZZ((-sinin+--sinin)]
xGi y

(A- 12)

.5'.where -Pmax+i s 1 S Pmax for i a 0,

-Pmax s 1 z Pznax+i for i < 0,

-Pmax+m s n s Pmax for m a 0,

-Pmax s n s Pmax+m for m < 0.

Equation (5-19) has the same form as Eq (A-12), so the

bounds for each F and G as given by Eq (5-19) can be summed

* . to yield a 2-D trace as was done for the N-D problem. For

any given optical system the trace may be plotted as a
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function of e and * to yield the optimum difference between

measurement angles.

Example Two-Dimensional Deconvolution Problem

The computer program in Appendix C called DECON2 will

solve for the coefficients of the Fourier series represent-

ation of e AkWA(xy) and e kWB (xy). The input information

required by DECON2 consists of the amplitude and phase

measurements of U(x,y) over a uniform grid of points. The

number of measurement points must exceed the product of

twice the highest space-bandwidth product in each coordi-

nate direction in order to satisfy the Nyquist criterion.

Other input information includes the distance between

planes A and B (ZI) and between plane B and the measurement

plane (Z2 ), plane wave arrival angles for each set of

measurements (6 and 0), the dimensions of the aberration

surfaces (ax and a y) which are assumed to be equal for both

planes A and B, and the wavelength (M). Some required

initializing parameters are MA, 11D, and LMAX. NU=2MA  is

the square root of the number of samples to be taken of

U(x,y), ND' is the number of complex Fourier coefficients

used to describe each aberration, and LMAX is the number of

different plane wave arrival angles for which U(x,y) is

measured (normally 2).

Figure 5-2 is the flowchart for DECON2. It is nearly

the same as the flowchart for BILIN2 shown in Figure 4-5

except that the values for U(x,y) are loaded and Fourier
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- fr r

-" C START

LOAD ACTUAL A PRI
VALUES OF F AND G

FLOAD U(XY)

DFT U(X,Y) TO GET

I(P, Q)F I -I
READ IN INITIAL GUESS

IFOR G

COMBINE G WITH A COMBINE F WITH A
MATRIX TO PRODUCE MATRIX TO PRODUCE
OVERDETERMINED SYSTEM OVERDETERMINED SYSTEM
IN F LIN G

FFIND LEAST SQUARE FIND LEAST SQUARE
SERROR VALUE FOR F [ERROR VALUE FOR G

iROTATE F SO F001 = 0 NORMALIZE G

! CLCULATE R AND PRINT [CACULATE R AND PRINT 1

F, R, TOL, KBASIS, G, R, TOL, KBASIS,

%-

: NO I <0

'
Y E S

,C END

Fig 5-2. Flowchart for DECON2
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' ' .7 W. a . . ..

... transformed to get H instead of calculating H from known

Fourier coefficients as was done in BILIN2. An added

convenience feature is that at every other iteration, the F

vector is rotated so that the imaginary part of F0 0 is

zero.

In general, an infinite series is required to com-

pletely describe an aberration function (see Eq (5-4)). A

* decision is required as to how many coefficients are

sufficient to adequately describe the aberration function.

To keep the example 2-D deconvolution problem simple,

aberrations were chosen which can be exactly described with

S. a single coefficient for each aberration.

Let WA(x,y)=Xx, WB(x,v)=Xv, ax=av=l, X=10 - 6 , Z1=2,

Z2 =l, el=ll=0, 62=2=.05. An illustration of the problem

is shown in Figure 5-3. If refraction at the aberration

surfaces is ignored, which is reasonable in this problem,

it can be shown that

U(x,y) = exp j2w[x-(Z+Z 2 )sine + y-Z2sinf] (5-20)

This can be seen by picking a point (x,y) at the measure-

" ment plane and backward ray tracing through the aberrations

for a ray arriving at angle (e, ). The ray will encounter

a phase delay of 2w(y-Z2sin ) at plane B and

2[x-(Z1+Z 2 )sine] at plane A. Note that propagation

phase terms do not appear in Eq (5-20) because they are

101
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WA(X,Y) WB(x,Y)

_ _ _ _ _ /A B.

x

Fig 5-3. Example 2-D Deconvolution Problem

known phase terms which are combined with U5 (x,y) to yield

U(xy).

Equation (5-20) is used by DECON2 to generate U(x,y)

over an 8X8 grid for each of the two plane wave arrival

angles. These values are shown in Figure 5-4. The values

of U(x,y) are then Fourier transformed to yield the values

of the H matrix as shown at the beginning of Figure 5-5.

' An initial guess for G is loaded as follows:
G0,0 (.3162, 0), G0,1(.9487, 0)

and all other values of C- are zero.

The program now begins iterating. It will iterate a

maximum of 140 times or until the sum of the squared

errors, R, drops below I0-6. At every fifth pair of
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Fig S-4. Derived Values for U(x,y) in 2-D Example Problem
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iterations, F, G, R, TOL, KBASIS, and the iteration number

LL are printed as shown in Figure 5-5. TOL is the inverse
of the condition number, which is defined a. I1Al[ IIA -111

(Ref 4:176). The closer TOL is to 1.0, the better condi-

tioned the A matrix is. KBASIS shows how many columns of

the A matrix are used to find the least-square-error value

for F or G at each iteration. When fewer than

2(2Pmax+l)(2Qmax+l) columns are used, it is because some of

the columns are linear combinations of each other. This

occurs in the example problem because so many of the

Fourier coefficients are near zero. The IMSL subroutine

LLSQF throws out columns that cause TOL to drop below some

predefined value, 10-4 in this case. As noted in Chapter

4, the smaller the system of equations, the more rapidly

7'. the deconvolution algorithm will converge. The fact that

KBASIS=3 on every other iteration in the example problem

undoubtedly speeds the convergence considerably.

After 99 iterations, R has dropped below 10-6 and the

kl,.., %algorithm has converged to F1 ,O(1 .0, 0.0) and G0 ,I =( 1.0 ,

0.0), with all other coefficients being near zero. From

Eqs (5-4) and (5-5),

i eWA(x, y) = e21rx
- e (5-21)

and

e JkWB(X,y) = eJ2 y (5-22)

106

4 . . . . . . . . - .* -- .-



, .,-_ , -- -"-., , L i , . r -. w C'. _. .. .. , . , ... . , -.-.- . . *-. . -. . ... . -. .. .

Comparing the left and right sides of Eqs (5-21) and

(5-22), WA(x,y) =x and WB(x,y) = Xy, which are the

correct solutions.

Summary

In this chapter it was shown that the extension of the

1-D deconvolution problem to two dimensions is straight-

forward, with all 2-D equations having the same form as the

1-D equations. A very simple 2-D problem was presented and

.the aberrations were found using the 2-D deconvolution

algorithm, thus showing that the algorithm works at least

on simple problems. The dimensionality of the matrices in

more general 2-D problems tends to be large enough that

considerable computer time and memory is required for their

solution. The 2-D deconvolution algorithm is not exercised

on these general problems since the scope of this paper is

limited to presenting an approach to solving the deconvolu-

tion problem, but does not include an extensive exercise of

the algorithn.
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VI. Conclusions and Recommendations

Conclusions

The fundamental difficulty with the deconvolution

problem is that it is nonlinear. As with most nonlinear

problems, it does not lend itself well to solution or

analysis. Despite these drawbacks, estimation theory was

applied in Chapter 3 to characterize the noise performance.

"A It was shown that the bilinear system of equations repre-

senting the deconvolution problem is not unduly sensitive

to measurement noise except at certain input plane wave

arrival angles.

In Chapter 2 it was shown that as the aberrations

become more severe, the dimensionality of the system of

nonlinear equations increases dramatically. This is

perhaps the most significant limitation in applying the

deconvolution algorithm to a practical problem. Computer

memory and time requirements become prohibitive even for

moderately severe aberrations. It was also shown in

Chapter 2 that vignetting and edge diffraction contribute

C to error in the solution, but these errors can be minimized

and do not impose significant limitations on the problem.

In Chapter 4 it was shown that the solution space of

the deconvolution problem contains local minima that the

algorithm may iterate to. To get the algorithm to iterate

to the global minimum, the algorithm must start at a point
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in solution space that is fairly close to the global

minimum. The implication is that the solution must be

approximately known or a time consuming grid search must be

conducted over the solution space to find the global

minimum. A local minimum can usually be recognized as such

because the minimum will not be sufficiently small, and the

Fourier coefficient vectors F and G will not both have unit

length.

Finally, in Chapter 5 it was shown that the extension

of the 1-D problem to two dimensions is straightforward.

The application of the deconvolution algorithm to a very

simple 2-D problem in Chapter 5 shows that it does work in

principle, even though there are a number of practical

jJ limitations on its use.

Recommendations

There are undoubtedly a number of alternate approaches

to the deconvolution problem that could be explored. The

approach presented herein is rather straightforward and is

based on the equations of propagation through the system.

The intent in this approach has been not only to develop a

deconvolution algorithm, but also to explore the basic

nature of the problem.

*I The deconvolution algorithm presented in this paper

attempts to define completely the aberration functions with

two sets of measurements. In a practical application, it

would probably not be necessary to know exactly what the
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. •aberrations are as long as it is known which direction to

move the optical surfaces to correct for the aberrations.

The optical surfaces could be moved, another measurement

taken, the optical surfaces moved again, etc. In this way

*the optical system itself would become part of an iterative

algorithm which would converge to a properly aligned

optical system. Algorithms based on geometrical ray

tracing such as the one briefly introduced in Chapter I

might be employed in such a scheme.

Whether or not there is ever any practical application

for a deconvolution algorithm depends heavily upon the

" - success of those who are developing methods for deducing

S.. amplitude and phase of optical frequency fields from

intensity measurements. It may be that since both of these

problems are nonlinear, they could profitably be combined

into one problem: namely, determining aberrations on

optical surfaces directly from intensity measurements at

*/ the output of the optical system. This should certainly be

explored since it may not be any more difficult to deter-

mine aberrations from intensity measurements than it is to

. ,-determine either amplitude and phase from intensity mea-

surements or to determine aberrations from amplitude and

phase measurements.
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Appendix A

Development of the I-D Fisher Information Hatrix

This appendix documents the mathematical calculations

required by Eq (3-23) to find the elements of the Fisher

Information Matrix (FIM) (Ref 23:80). The FIM is then

separated and inverted so that the lower bounds on

VAR[di(H)-di] can be found, where di is used to represent

the real or imaginary parts of any element of F or G. F

and G are the Fourier coefficient vectors which describe

the aberrations.

The equations in Chapter 3 which are required are

repeated here for convenience.

1 E 22 H-AYI12  +F.F a2

ij 2a di d3 I E di dj

di 2  (F OR-1)2  (G OR-1)2 N
d2 + - - (3-23)

'"i 2adi 2a FOR 2aGOR[,.2dieF OR or G0OR

I-AYI2 = J IHfJ(P) - .Fm-naj(m,n)12  (3-18)

Jp m n
m+n=p

E [d1 ] - 0 for di FOR or G0R

E Fa =E [GOR ] - 1

-VAR [ (3-19)

i d
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,°

Y a Var [di(H)-di] (J'l)jj (3-13)

where (J-1) is the iith element of matrix J-I the

inverse of the FIM. For convenience, Eq (3-23) will be

divided into two parts corresponding to the two expected

values, so the FIM is now JT' and

JT-JD+JP (A-1)

. By inspection, Jp will be a diagonal matrix because

• all terms within the summation are of the form

di'

a di

C.

and

a 2 di2

2 2

3di 3dj 1

S2 , di 2  (A-2)

adi 2 d cOdi• adi

so

.1

' -" 1 1 5

:: - - - -- - : -. ..-.- .-.-. .. ? . .. -. : ..-....-- ..-.-.. , . ..-.-. .. : -::4



-.- 1 0.... .00 1 . . . 0

ad2

.4 ada

0 . . . . .

af dk

Finding JD is not so simple. The squaring and summing

operations in Eq (3-18) may yield hundreds of terms for

even an average size matrix. Of course, after the partials

and expected values are taken, most terms go to zero.

Carrying out the squaring operation in Eq (3-18) yields

'" I - Y {2  = Z Ij(p) IHj(p)-2Re[Hj(P)

Jp

ZZ Fm n aj(m,n)] +Z Z Fm Gn aj(m,n)
" m n m n

m+n=p m+n=p

" Z Fm, Gn aj(m' ,n') (A-4)

m' n'
"M' +n 'p

Note that because m+n=p in Eq (A-4), the double

summation and quadruple summations can be reduced to single

* and double summations, respectively. Now the first part of
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C,

Eq (3-23) can be written as

-J-D 
-- E -

.

JDij - 2di [ z (a Ja" a-" LJ P

2Re [Hj(p) - * * *

2RHI F G a (,P

p) I'm Gp- m a ap-rn)] +

M m
pm p-rm Ieax

Fm Gp-i * * Gp 'mp) ajrmnp-

p-min Pmax -5)

p (A-5

The term IH (P)12 in Eq (A-5) goes to zero when the

partials are taken. Noting that E[Hj(p)]=Hj(p), the

contributions to JDij from

2
E adiad (2Re(j(p) FGp-m aJ(rP-r)

Ip-mi -Pmax

are summarized below for four combinations of di and dj:

TABLE A-i

Terms from the Second Term in Eq (B-5)

di dj Term

FiR G -2Re[H(p) a(i,j)]

-FiR GjR -21m[Hj(p) aj(f~j)]

FiR GjR -21m[Hj(p) aj(i,j)]

Fil GjR +2Re[Hj(p) ai,j)]
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For any other combinations of di and dj, the second

term in Eq (A-5) does not contribute to JDij"

In the third part of Eq (A-5), the second partial

differential operates on two of the coefficients and the

expected value operator operates on the remaining coeffi-

cients. The remaining coefficients must be the zero order

coefficients (F0, GO) or they must be of the form Idil 2 or

the expected value will be zero. There are eight different

cases where terms from

.4, -M -m

m
p-ml gPmax
p-m' IPmax

may yield nonzero values when operated on by the partial

v) and expected value operators. The eight cases arise from

taking two of the coefficients at a time, setting them

equal to di and dj, respectively, and letting the remaining

two coefficients be the zero order coefficients. These

-4 eight cases are summarized in the table below. Use is made

of the fact the a(0,0)=l and a(m,0)a (0,m)=a(m,-m) (see

Eq (2-29)).

Table A-2 can best be explained with an example. In

case 1, the term specified in the table is from the last

S'part of Eq (A-5),

E[-a.raZiaddj (Fi Gi F0 GO al(ij) ei(G0)).
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The constraints arise from simple algebra performed on the

values assigned to m, p-m, m', and p-m'. The entries in

columns RR through II are the multipliers that the result

TABLE A-2

Terms From the Third Term in Eq (A-5)

Case m p-m m' p-m' Constraint RR RI IR II Result

I i j 0 0 p=0, i=-j I j j -1 a(i,-i)

2 0 0 i j p=O, i=-j 1 - -j -1 a (i,-i)

3 i 0 j 0 i=j=p 1 0 0 1 4a2Ooo

4 i k j k i=j, k=0 1 0 0 4 2
4OGk

5 0 i 0 j i=j=p 1 0 0 1 4 20+ 2

i=j, k=0 1 0 0 1 4a 2

7 i 0 0 j i=j=p I-j j I a(i,-i)

8 0 i j 0 i=j=p 1i-j j 1 a*(i,-i)

2
of the E [a /adiadj] operator must be multiplied by depend-

ing on whether di and dj correspond to real or imaginary

components of Fm or Gn. For example, if the third part of

Eq (A-5) is operated on by E (a2/aFiR Gil] only two

*. nonzero terms result. The first term corresponds to case 1

in Table A-2, and that term, a(i,-i), must be multiplied by

j because it corresponds to the real part of F. and dj

corresponds the the imaginary part of G_. Therefore, the

multiplier in the RI column is used. Likewise, the second

term, which corresponds to case 2, must be multiplied by

-J.
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'" a2/
The results of the E [a /adiadj] operator listed in

Table A-2 are for a single measurement "e". When I-AY

includes terms corresponding to more than one e, then those

terms are simply added, and for each case, the "Result"

column in Table A-2 will contain one term for each e.

Now we are in a position to summarize the results of

this appendix by writing a generalized expression for J

the entries in the FIN. This is done most easily by

listing all possible cases of Jij, where J.. is given by

Eq (3-23).

TABLE A-3

Fisher Information Matrix Entries

O di dj Jij (=Jdi,di) Constraints

FiR G-iR -[Re[a(i,-i)]-Rc[a(i,-i)Hj(O)] i#0O
o

Fi G iI  I [-Imfa(i,-i)]+Im[a(i,-i)Hj(0)] i960

FiR G R  7 [-Im[a(i,-i)]+Im[a(i,-i)Hj(0)] i#0o

Fil G_i I  -[-Re [a(i,-i) ]+Refa(i,-i)Hj(0) ] i#0

Pmax
1 F(2 T 2 +1 iOFiR FiR IGk+l)+>
• k=-Pmax+i 0FiR

Pmax
F11  FiI J-7( 2  Gk 22

Sk=-Pmax+n a FiR
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Pmax
1 F( 2 +1FiR FiR -72Z ak+~~

0k=-Pmax 0FiR

Pmax+i
F1  F1  1 21 1 1<0

a k=-Pmax "FiI

GR GR

or Same as FiFi with Fs and Gs

C1 G1  exchanged

FO G0 -7(2 -Re[H (OM]

FO G0  -7-Im[H. (0)]

F0  GoR -7Re1[H (O)]

F01 G0

FR GR 4[Refa(i,-i)]-Rea(i,iH (2i)] i:0O

FIR CR 1

F [m~~,-)]Ifa(ii) 2i] *

FR GR - 4e[Hj (p)a* i) ~
a Ili+i F~max

F iR G1 ii -7In[HJ(P)s i~)
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F il GiR - m[H(Pa Ui)I

F. G -Re[Hj(p)a i,j)]

The E [a2 /adiadj] operator yields zero for all

combinations of di and dj not listed in Table A-3.
2

In Table A-3, Hj(p) is not known exactly, but if oH

is small, then Hj(p), the measured value of Hj(p), can be

used instead of Hj(p). Then for a given measurement of

U5 (x,e), all the entries in Table A-2 can be calculated to

yield the total FIM. The FIM will be square with dimen-

sions of 4(2P max+1) on each side. According to Eq (3-13),

the FIM may be inverted to yield lower bounds on the

variance of the real and imaginary parts of the unknown

coefficients, Fm and Gn . A very large variance for any di

would indicate that the problem of finding the coefficients

is ill-conditioned.

A simple example will be used to further explore the

properties of the FIM. Suppose P 1ax=l. The Xs in Fig-

ure A-I show the locations of the nonzero entries in the

FIM for this case, and the Ys show the location of entries

that may approach zero. (The values for these entries can

be found in Table A-3, but are not written out in

Figure A-I for brevity.)
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• .-...- Fi FOR FiR GiR GOR GiR Fi F0 1 Fi G -iG 0 1 Gi

F_ iR X - - X Y Y - - - X Y Y

FOR - X - Y X Y - - - Y X Y-- <.. OR

F-"- - X Y Y X - - - Y Y X• -_., iR

G_ iR X Y Y X - - X Y Y - - -

GO Y X Y - X - Y X Y - -.-. . OR

GR Y Y X - - X Y Y X - -.- .. iR

F_i I  - - - X Y Y X - - X Y Y

F 1 -.-F 1Y X Y - X - Y X Y

- - - Y Y X - - X Y Y X

G_ GI X Y Y - - - X Y Y X - -

G-" Y X Y - - - Y X Y - X -

G Y Y X - - - Y Y X - - X

IL Fig A-I. Location of the Nonzero Entries in the FIM.

With the use of a computer, the inverse of the matrix

in Figure A-i could be taken for a number of values of any

• .,- of the variables in the matrix elements, and the effect of

the variations on the lower bound of the variance of F orm

G could be studied. This would be tedious. An easier way

to gain some insight into the behavior of the lower bounds

is to assume that the aberrations are small so that Hj(O)--l

and Hj(p)=O where p*O. Then all the "Y" entries in Fig-

ure A-I go to zero and the 12 X 12 matrix can be separated

*,.I  into three 4X4 matrices as shown below.
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FiR GiR F_ G-il FOR GOR F0I C01

F X X 0 X F X X 0 XFJiR 0 R

GiR X X X 0 G0R X X X 0

F 0 X X X F01 0 X X X

G-i X 0 X X G0I X 0 X X

FiR GiR FiI GiI

FiR X X 0 X

GiR X X X 0

F 0 X X X

G X 0 X X

Fig A-2. Reduced FIM.

The overall FIM of Figure A-i will always collapse

into a group of 4 X 4 matrices when the aberrations ap-

proach zero, regardless of the dimensionality of thp FIM.

Each 4 X 4 matrix corresponds to one component of the

Fourier series used to represent the aberrations. Assuming

the variance of the real and imaginary parts of any F or

SGn are equal, the 4 X 4 matrices of Figure A-2 can be

represented as shown in Figure A-3. Note that many of the

elements of the matrix are equal. This matrix can easily

be inverted in general.
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FiR GiR Fil Gil

FiR c a 0 b

G a d -b 0
iR

Fil 0 -b c a

G b 0 a d

Fig A-3. Reduced FIM Structure.

In this case, only the diagonal values of the inverse are

of interest, and they can be shown to be

(FIM).1  (FIM-) 3 3  d (A-6)
(FM 1) 33 =cd-a 2_b2

and

.c

(FIM)22 =(FIM 44  c (A-7)''22 cd-a2-b 2

Substituting in the values of a, b, c, and d from

Table A-2, the lower bounds on the variance of the Fourier

$ coefficients may now be written. The values are given with

the summation over different values of e (summation over J)

included.

S.,

1 ~ 2 1C (2 Gk +1) + 2 (A-8)a 3  k aFi

1 2

'"Zd (2 +) 1 (A-9)
- k OGi
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1a 1

* =~~Zea~,ib Lc s~in(l s nO (A-11)
a~ 1J

Substituting Eqs (A-8) through (A-li) into (A-6) and (A-7)

yields

VAR[F~ VAR[F~T

aZ( a23 ~ ~ l +1 +2I
J 0i k k 0G

G 2

and

~max max~fo i<

VThe bounds on VAR[GiR ]=VAR[GiiI are the same as Eq (A-12)

except that the numerator is
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a2 La~LGk± 2
J k OFi
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Appendix B: Ray Trace Deconvolution Algorithm

The ray trace deconvolution algorithm presented in

this appendix was "invented" rather than derived. Not much

is known about its accuracy, stability, or uniqueness, but

because it shows promise as a suitable alternative to the

algorithm developed in the text, at least in some types of

optical systems, it is documented here.

A simple version of the ray tracing algorithm is

illustrated in Figure B-i. W4A (x) and WB W) are one-dimen-

sional aberration functions separated by a distance d.

Phase maps are obtained immediately behind WB(x) for plane

waves arriving at two different angles, say 0 and e. From

these phase maps the optical distance traveled by a given

ray can be found. The rays in Figure B-i with an a sub-

script correspond to the plane wave arriving at angle e and

the a rays correspond to the plane wave arriving at angle

'-*' 0. The assumption is made that WA(0)=W(O)=W()=W(O)=O.

-- In other words, an optical axis is selected where, based on

physical consideration, it can be assumed that there are no

aberrations. The rest of the aberration function will be

calculated relative to this reference axis. Now the

following steps are taken:

-[ i 1. Measure la (read from phase map c).
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p,--Phase
EsAiated WA(x) between Map

[ : 0 and X0  2o X
2X0

Axxt

Ray 0

*--Plane wave B

-Plane wave a

Fig B-1. Ray Trace Deconvo'ution Algorithm

2. Calculate what la would be with no aberrations

• .":i'.(= (x2+d2  )

0

4 3. Measured la - calculated la =WB(xo) because

WA(0)=WA(O)=O. The optical delay at WB(xo) is

known perfectly.

4. Measure 18 (read from phase map 8).

5. Calculate 1 = d + WB(x).

6. Measured 18 - calculated 18 = error due to WA near

x.
0

With only a finite number of phase maps, two in this

case, one can't tell exactly what the form of WA(X) is in

the region near xo, and since the form of WA(x) is not

known, one can't tell where ray 18 really came from.

Suppose the actual ray passing through WB(xo) is 18' and

came through WA(x) at x0 + Ax (where Ax is negative as
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drawn in Figure B-1). Ax can be determined only if a form

for WA(x) is assumed. Suppose it is assumed that WA(x) is

piecewise linear between all points nxo and (n+l)x° where n

is an integer. Then there is enough information to unique-

ly determine Ax, WA(x+Ax), and WA(xo). Now using rays 2a

and 28, steps 1 through 6 can be repeated to find WA(2xo )

and WB(2xo). This procedure is repeated until the edge of

the aperture is reached.

A problem with the algorithm is that the errors that

occur as a result of assuming a slightly incorrect form for

WA(X) accumulate so that the error between the calculated

aberrations and the actual aberrations near the edge of the

aperture may be quite large. If, from design considera-

tions, the aberrations could be assumed to be zero along

some other optical paths besides the reference axis, the

. aperture could be divided into subapertures, one for each

aberration-free path. This would help to solve the problem

of cumulative errors, but there are probably not many

-' adaptive imaging systems where more than one reference path

can be assumed.

Table B-i shows how the algorithm worked for a test

problem where WA(x) and WB(X) were rather severe misfocus

aberrations represented by thin lenses. The parameters

were as follows: xo=.1, d=5, focal length of lens A was

100, and focal length of lens B was -150 (the negative sign

indicates the lens is concave). The numbers under the
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"algorithm" column are the values of the aberration func-

* -tions predicted by the algorithm, and the numbers under the

"actual" column are the actual values of the aberrations.

TABLE B-i

Algorithm Performance for Focusing Aberrations

WA(x) X 10-6 WB(x) X 10-6

x Algorithm Actual Algorithm Actual

.1 -51.9 -50 33.3 33.3

.2 -154.6 -200 80 133

.3 -306.7 -450 138 300

.4 -507 -800 208 533

.5 -755 -1250 288 833

.6 -1049 -1800 376 1200

The errors in Table B-i are quite large, but this test

problem is a severe case in some respects. All the errors

that accumulate have the same sign resulting in large

errors near the edge of the aperture. In a real-world

aberration, many errors would have opposite signs and would

cancel each other. Also, a linear form for WA(x) was

assumed when it was actually quadratic. The better the

assumed aberration function approximates the real function,

the smaller the errors will be.

In spite of the errors shown in Table B-i, this algor-

ithm would be sufficient for some adaptive systems if for
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each pass of the algorithm the system was corrected in the

right direction. The overall system would then converge to

the correct configuration. However, several things could

be done to improve the accuracy of the algorithm. Cubic

spline functions would better approximate elastic surfaces

than piecewise linear functions and would yield better

results (Refs 1, 3). Also, additional wavefront measure-

ments could be incorporated into an algorithm to improve

its accuracy. For example, if a third phase map were

available which corresponded to an arrival angle halfway

between the arrival angles for the first two phase maps,

then the values of the aberration functions could be

estimated at nx /2. This information could be incorporated

into the interpolation scheme to increase its accuracy. As

discussed in Chapter 2, if the phase maps were known for a

continuum of arrival angles, enough information would be

available to solve the problem exactly. Finally, if an

imaging system was designed so that the entire region

within + xo of the reference axis (see Figure B-i) could be

considered aberration free, then a number of reference rays

could be used as starting points all at the same time,

resulting in an algorithm which would provide much more

detailed coverage of the aberrations and yield greatly

improved results.
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Appendix C: Program DECON2 Listing

PROG(RAM D EC 0N 7 1NPMIT*pliTP_ IIT)I
C THIS PROGRAM SOLVES FOR THE FOURIER COEFFICIENTS OF TWO

_c RTO ~WtN N--20QTCA-YSE* -THE --INP-UT- --

C TO THE PROGRAM, U, IS A NORMALIZED SAMPLING OF THE
-C---AM LJ-TU0.-A.--HASE--AT-T-J4E lU-T-PUT- OF. THE SYSTEM .FOR--T-WO..

C OR MORE INPUT PLANE WAVE ARRIVAL ANGLES.
C 111 N12~4I I ol-1 S THE COMPLEX SE-T OF; SAPEP-TNq Wf-~
C POINTS ARE TAKEN ON AN EQUIDISTANT NU X NU GRID.

C 0*62 IS 'THE N1UMR.ESR-OF COM4P-EX- FOURIER COEFFICIENTS WHICH-------
C WILL BE USED TO DESCRIBE EACH ABERRATION.

-C --- * UST"LESS HA- /2------~ --

C DIMENSIONS ARE AS FOLLOWS: U(NUNU), A(KKNE),
---G4,NrEFN) (KH~E. ~~) ANDg-L-P-NrEL

COMPLEX U(8,8),ZZZW
-- REAL-4644G1)F~),(6H(8,(6)L.A.~

INTEGER IP(18),PvQ

C LOAD PARAMETERS
C 71 IS T1 9 DISTANCE BETWEEN AB8ERATIONS AND 72 IS T-Hr---------
C DISTANCE FROM THE SECOND ABERRATION TO THE OUTPUT

_C---EASUltEN_?T -PLANE-. - -- - . -_
C LMDA IS WAVELENGTH IN METERS. THETAI AND THETA2 ARE PLANE

__WA.VE ARR IVAL.ANGLES&IN- RA I ANS W ITH RE SP ECT TO THE X-AXI S-
C AND PHIl AND PH12 ARE WITH RESPECT TO THE Y-AX IS.

kip PHII-C.SPH12-.05$AX-l.0SAY-1.O1PI-3. 141592654
S I N-T 1-wSN (TtET Al 1SI NT2-SI N(THET A2 I .-
SINPI-SIN(PHI 1bSSINP2-SIN(PH121$NUZ2**MAtNC-( NO.1)/2

PRINT 906
On 2C~ I -al 1 MAX _ _ _ _ __ _ _ _ _ _

DO IC I-1PNU

X-( I-li*AX/NU

IF (LeEO.1)SINT-SINTI

IF (L*E~o2)SINT-SINT2

Ut I J)uCONJG( CEXP(CMPLX(0. ,2.*Pl*( X-3.*SINTY-SINP) )) )

PRINT 90lXqfREAL(U(IJ)),J-1,8)

C
C --- TAKE THE- 2-D fFVOF U-TO GET H -..- -

CALL OF~TMAR

MMMAO(L-1)
- 00 20 £1ND- -- -KO

00 20 Ji1Nld4
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NN-fMKK
ITT1 Ii

IF(IeGToNC) II-NU-ND.I
- IF-IJ*GT--XC--J4-U-No.4--__

H(MM1)-REAL(U( IIJJ))

20 CONTINUE
OINT 9AP(~Il9
PRINT 905,p(N(IhqIul9,27)

PRINT 905,(H(Il,[uZ8,361

C LOAD A ASSUMING G IS GIVEN
nnl 6f Tml*Ng

FGI T I)-O0.

60 CONTINUE

G(51-93162 S G(6)u.9487
nn 14t0 1, 140 p&

LLFLAG-(-1) **LL

IF(L.EQ.1 )SINT-SINTL

IF(LeEQ*2)SINT-SINT2
Ifr( II F6217T~NpwSIjp?7

MM-qNA*(L-11

DO 80 K-1,ND

N NmMMK K
C CETFDWIME Q A.NO 0FOR gnQh -______

C ROW NUMBER-(J-1)*NOK+(L-1)*KK

IF(K .GTeNC)Q-K-NO-l

IFIJoGT@NC)P-J-ND-1
NI-nf

C DETERMI1NE IMLANON FOR COLUMN 1BMB
C CQLUi IH NUMBE-R-It B-i) *ND± -MB- FOL aEAL-PAiT --

DO 90 IB-1,ND

NL -NI .1
Ni?=N *NA
I1-1I -NC

LB-P-I

IF((LB.GE.NC).OR.(LB.LE.(-NC) flGO To 100

IF (ILFIAG) 30990-940

1.ZZ*(Lg*SINT/AX*NB*S!NP/AYII
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GO TO 50l
40 AEX(P-(-2. )*P *( (Zl.ZZ)*(LB*SINT/AXNB*SINP/AY)

1l4Z2*I I* IWT.4AX4?1*SlMPlAY)
50 ZZ-CMPLX(0.,AEXP)

NG-No*(LIINC-1)*NB*NC

-4-~-iL-t.LCG.1 "O4GO--TO -1-50-- --

A(MMNL)-A(NNNR)-REAL(ZW*CIIPLX(G(NG),G(NGNA)))
M'IN'l)-ATMAGZ7.g*CMPL-XtNG~I.G(NG6NpA) )
A(mMNRI--A( NNNL)

150 A(4PqNL)-A(NNNR)-REAL(ZW*CMPLX(F(NG),F(NG.NA) II
.---A-4WNN4--I-*A4(-ZW*CPLXF(1G)F4NG~bkA)).

AC MMNR )--A(CNNNL)
GO TO 90

100 A( M1INLP-A(NN,NR )-A(M'4,NR)-A(4NNNL)-0.

80 CONTINUE
-70-- -ZCONTM---- --- -- --:

c- SOLVJE FOR F UJSING I iATSntI~-S
DO 110 1-191A

110 CONTINUE

KBASIS-0
lFll) Fl &G-~G! 0)GO TO 160
CALL LLSOF(AIA, IA.NE,'3,TOLK!ASISFHW.IPIER)

--C--R.O TA-Th-F -V$C T-OR -SO, I MA G(f 0, 0 10- -

KA-K(A.1
__-1.Ft-A...E-5)--GO -TO0- 14 0
FZR-F(5)
F7- r=( 116
ZW-CPMPLY(FZR ,FZ I)

_----dccuM4Z./AS(wl< I -

PRINT q0O,(F(I),I-1,NE)
Ga.--470- -.-

160 CALL LLSOF(A, IAIANE,8,TOLKBASISGHWIP.IERI
.1 IKAME-51 GO Tn- 140

K A-K A 1

DO 250 1-19ME
__---XA-XtG*45O**Z-

250 CONTINUE
- 00 260 T-l',N9

XNORM-G( 13/S QRT(XMAG)
-~---4-llnaX~OR"



260 CONTINUE
pR -MT-9-O2- -I(G4I Im4.NkE) -- ---- -_ ---

KA-0
170 R-0..

DO 120 1-1l,1A

120 CONTINUE

IF(R.LT.1.OE-6)GO TO 5
160 COml TNII
5 CONTINUE

15X, "IL-", 13)
_W FaAIX-"LF-",9-9F7.41Y4"IMAG Fin",97.4)--
901 FIJRPAT( 1X,"X-"qF5o3,2X,"REAL U",8F6*3)

903 FORMAT(lOX,"IMAG Um"98F6.3)
---904- FRMAI,0X*" REAL H-"9F6*-31 _

905 FORMAT(lOX,"I1MAG Hm",9F6o3/)

STOP

SUBROUTINE DFT(M')
-C---THIS SURPOUTIKNE U-SE-S-THE 1-0 FFT-SIJRROUTINE FFT2C FROM
C THE IMSL LIBRARY TO PERFORM A 2-0 FFT.

COMMON AA
TIT:r-EQ TWK( Al _ __-__

N=2**M
_C_ .LAD ROM& -fAA-INT-A- AND FFT.- RETURN RESULTS TO A A

00 30 1-19H

A( J )-AA (I J)
LV) CnNT ir mlE _ _ _ _ _ -_ _ _ _ _ _ _ _ _

CALL FFT2C(AMIWK)

AA( IJ)-A(J)/N
5-- WNT-INU --

30 CONTINUE
-. C I IJAf COlI 'INS OE AA&_LTO A AND FFT RETURN DjJUTSToAA,

00 60 1-19N
- -Of .Oc-Igl4 -

A(J)-AA(JI)

CALL FFTZC(Agp~,IWK)
00 80 1 -O
AA ( J.Il-A U) IN

60 CONTINUE

* . END
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