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i Preface

%5 The requirement to address the deconvolution problem
E? came from a technology effort to develop very large,

N adaptive, space-borne optical systems. In optical systems,

*E? the convolution integral can be '"deconvolved" quite readily
i; by the method of stationary phase. The remaining problem,
- which much of this research addresses, is to solve a system

é% of bilinear equations.

éi In the initial phases of this research, my goal was to

jf develop an algorithm that could be applied to any multi-

\} element optical system to solve for the aberrations on the

cﬁ elements. While an algorithm was developed, its capabili-
o ‘;D ties are much more modest than originally envisioned.

N However, as the research progressed, it became apparent

’iz that what was needed even more than a general purpose

- deconvolution algorithm was a mathematical analysis to

$§ provide insight into the problem. I view the insight

f§ provided by this analysis, rather than a specific algor-

~ ithm, to be the major contribution of this research effort.

Thanks are due to many people who provided technical
assistance or encouragement. I would especially like to
- thank my advisor, Dr. Stanley Robinson, who provided both.

I wish also to thank the other members of my committee for
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their insight and recommendations which have significantly
e enhanced this research. The encouragement and support
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- given by my parents and by my friends Diane Gourdin and
Leo Silvernagel are especially appreciated. But most of
all I thank my wife Ada, whose unwavering faith and support
kept this effort alive and brought it to a successful

conclusion.

Clair S. Davis
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The variables and operators listed below are the ones used
most often in this paper.

are not listed below, but are defined in the text.

Operators

*

o IR

Constents, variables, and functions

NOTATION

Less frequently used variables

Convolution or conjugate (depending on
context)

Partial differential

Conjugate transpose

Expected value

Designates a random variable or process

a, b
aJ(n,m)

A

¢c,d,i,l,m,n,p,q

c,D,L,M,N,P,0

.

Aperture dimensions
Elements of the A matrix
Matrix (see Eq (2-23))
Integer variables

Integer constants
Represents either Fi or Gi
Fourier coefficients

Spatial frequency in the x direction
Propagation irvnulse response function

Propagation transfer function

Discrete Fourier transform derived from
th

the J

V-1

measurement of US(X)




------------

k

N(x)

Pmax, Qmax

Al

R, I

U(x)

Un(X)

WA(X)’ WB(x)

Y

mn

Z1s 2y

A

YsByE,m

6,¢

As a subscript, designates the Jgth

measurenent of the output field. Other-
wise, it represents the Fisher information
matrix

2n/

NMoise (spatial random process)

Maximum spatial frequencies of aberrations
Conditional probability density function
of H given H

Amplitude of input plane wave

Subscripts used to designate real and
imaginary parts of complex numbers
Measured field multiplied by known
constants

Scalar field

Aberration functions

F G,

Distances between optical elements
Wavelength of light

Dummy variable of integration

Angles with respect to the x and y axes,
respectively

Standard deviation

Covariance matrix (Eq (3-9))

xi

-
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\\\x Abstract

~ Methods are developed for estimating aberrations on

the elements of a two-element optical system based on
knowledge of the input and output fields. The equation is
written for the propagation of a scalar, quasi-monochro-
matic field through the system, and the output field is
assumed measurable at a given plane. The resulting convo-
lution integral contains the unknown aberration functions
in the integrand. The integral equation is a Fredholm
equation of the first kind, and the integrand is a non-
linear function of the aberrations. The integral is
completed by the method of stationary phase. Methods for
estimating the aberration functions are developed, and the
effects of noisy measurements are considered. A compu-
terized algorithm that will estimate the Fourier coeffi-
cients of the aberration functions is demonstrated for a
simple deconvolution problem.
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DECONVOLUTION OF ABERRATIONS IN OPTICAL SYSTEMS

I. Introduction

Problen Statement

The effort to study the deconvolution problem is
notivated by a technology effort called HALO (High Altitude
Large Optics) which is managed by Rome Air Development
Center (RADC/OCS) at Griffiss Air Force Base, New York.
HALO is an attempt to develop the technology necessarv to
build a large spaceborne telescope. The telescope would be
large enough that adaptive optical elements would be
required to keep the optical surfaces aligned to within a
fraction of a wavelength (Refs 12, 17, 24). Figure 1-1 is
an example of such a telescope. A Cassegrain telescope is
illustrated, but other configurations are possible. Light
enters the telescope from the left, is reflected by the
primary mirror, propagates to the secondary mirror where it
is reflected and propagates to the detector. As the angle
of the orbiting telescope changes with respect to the sun,
changes in temperature on the mirrors will cause their
position to change slightlv. The difference between where

- the surface of the mirror is and where it should be is
called the aberration of the mirror. Mechanical accuators

are placed on the back side of the mirrors that can posi-
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)
{ dii tion the mirror surfaces to within a fraction of a wave-
o |
3 length. The deconvolution problem may be stated as fol-
Fﬁ lows: Given a known input field and measurements of the
! amplitude and phase at the plane of the detector, can we
I.
o
NON determine the aberrations on each mirror so that we can
AN
o correct them?
S
. Figure 1-2 is a block diagram of an optical svstem
fﬁ such as the telescope of Figure 1-1. The input signal |
J'_?u |
e Uy(x) is multiplied by aberration functions ULLUNS O

[t}
o
noe

ekaB(X), convolved with impulse response functions hl(x)

and hz(x), and corrupted by additive noise N(x). A typical

problem from detection and estimation theory is to detect

NN
PR -

é’i or estimate U;(x) given W,(x), Wp(x), h;(x), h,(x),

e e T T T AT e T e e A L e .‘1
PP S . . . R . P - B P - - . e _'~.'.
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ejkWA(x) ejkWB(x) H(x)
Us (x) XU, (x) Ug (x) ﬁs(x)

Fig 1-2, Optical System Block Diagram

measurenents of ﬁs(x), and statistical information about
ﬁ(x). Detection and estimation problems have been studied
extensively (Ref 23). The problem addressed in this paper,
which has been studied verv little, is the same as the
problem stated above except that WA(X) and WB(X) are the
unknowns and Ul(x) is known. While the deconvolution
problem as defined above could arise in other tvpes of
applications, the scope of this paper will be limited to
optical systems. Limitations and assumptions from optics
will be used to define the problem.

The major problem, then, is to determine the exact
location of the optical surfaces without adding a lot of

additional complex sensors to the telescope. One would

XA AR
WA

like to be able to deduce the location of the mirror

-~
.

surfaces from intensity measurements at the image plane of

a

Los ot oh

the telescope. This implies being able to solve two

v
- 1 l
; SRR TP
. .
s % A
. . Lttt '

res

subproblems: first, the phase at some plane in the output

4

~ of the telescope, hereafter called the measurement plane,

e

;Q} must be deduced from intensity measurements because the

ro:‘-: .

L= phase and amplitude of an optical frequencv field cannot be
h

Pﬁ' 5:; measured directly. Second, given a known input field and
R

?:v': 3

v,




the amplitude and phase at the measurement plane, some way
must be found to determine the aberrations on the optical
surfaces. This second problem is the deconvolution prob-
lem.

When a propagating field which is described in the
spatial domain encounters an optical element such as a
lens, the function representing the field is multiplied by
the lens function. When a spatial field propagates, the
function representing the field is convolved with the
propagation impulse response function as mentioned previous-
ly. It would be just as valid to describe a field in the
spatial frequency domain (the Fourier transform of the
spatial domain) in which case the function representing the
field would be convolved with the Fourier transformed lens
function and multiplied by the Fourier transformed propaga-
tion impulse response function. Throughout this paper, the
optical field is described in the spatial domain. Also,
scalar field theory is assumed to adequately describe the
fields.

In this paper, the deconvolution problem is divorced
from any specific optical system such as HALO. Instead,
the simplest imaginable system is studied; namely, an
optical svstem consisting of two planar aberration func-
tions or ''sheets of glass" followed by a measurement plane.
The input field is assumed to be a plane wave arriving at a

known angle such as would be the case if a telescope were
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imaging a star. The optical system is described in Chap-

ter 2. Despite the fact that the system under consider-
ation is very simple, the extension of the solution to more
complex systems is straightforward.

A one-dimensional optical system is treated throughout
this paper except in Chapter 5 where the 1-D results are
extended to two dimensions. This is for convenience, since
the 2-D equations are much longer and more cumbersome than
the 1-D equations. As shown in Chapter 5, there is no
difficulty in doing this because the extension to two
dimensions is straightforward, and the 2-D equations
parallel the 1-D equations very closely.

Previous Research

Apparently the deconvolutiorn problem as posed in this
paper had never been addressed in the open literature
before the HALO effort was begun. During 1976-1977, RADC
contracted with the Perkin-Elmer Corporation to develop a
deconvolution algorithm. The algorithm Perkin-Elmer
produced failed to consider the effects of propagation
between optical elements, so it was of little practical
value either to solve the deconvolution problem or as a
starting point for this research (Ref 17).

Approach

Three approaches were considered in addressing the

deconvolution problem. The first was to develop a ray

tracing algorithn to deconvolve the aberrations. Such an
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algorithm was begun, but it was abandoned in favor of a

)
i
LIS
<
-

mnore mathematically sound approach. The ray tracing

— 5
1

approach appears to have the advantage of not generating

L P

large systems of equations to be solved. However, it

DR MY

P

appears to be inaccurate. It might be useful for indicat-

ing which direction to move an optical surface to correct

P
s & _B_ s
AP AP

an aberration, but not for accurately determining the

- ';r,'..

aberration. The ray tracing algorithm appears to have
"ol enough merit to warrant inclusion in this paper as an
appendix (Appendix C). The information there may serve as
a starting point for future research.

Another approach is to develop a parameter search
algorithm. 1In this approach, the unknown aberration

functions would be represented bv a set of basis functions

o with unknown coefficients. An algorithm would trv a number
:f of combinations of coefficients and select the combination
ol

that yields a calculated system output field which most

i: nearly matches the measured output (Refs 5, 8, 18). A
<
j: parameter search is a brute force approach often requiring
)
> considerable computer time. The number of basis functions
:f needed to describe the aberration could be very large
- (Ref 6). For these reasons, the parameter search approach
x':
- was not pursued as a solution to the deconvolution problem.
\
;f? The third approach, and the one presented in this
R
;:j paper, is to use scalar diffraction theory to write the
Vs measured output field of the optical svstem as a function
o B
—.- A
", -
o 6

ol

T
NP,

. "...\'-'v.—\' % g
v
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of the known input field and the unknown aberration func-
tions, represent the aberration functions by a basis with
unknown coefficients, and then try to solve for the coeffi-
cients. Specifically, in Chapter 2 the system represented
by Figure 1-2 is presented as an optical system with
measurable output field Us(x), known input field Ul(x), and
known system impulse response functions hl(x) and hz(x).
Initially, noise N(x) is assumed to be zero. The aberra-
tion functions WA(x) and WB(x) are unknown. Appropriate
limitations and assumptions from optics are used in defin-
ing the problem. The output Us(x) is then written as a
function of the input Ul(x) and the known and unknown
system parameters. The resulting equation is a Fredholm
equation of the first kind, the solution of which is often
an ill-posed problem. However, because the Fredholn
integral can be completed by the method of stationary
phase, the ill-posed nature of the Fredholm equation causes
no difficulty.

The unknown aberration functions are represented by

Fourier series with unknown coefficients and, with appro-

priate precautions, the problem to be solved is represented

\-
]
-
-t
R

oo
.
()

by a svstem of bilinear equations.

v
i

et

Chapter 3 draws heavily on estimation theory as

FT presented in Ref 23. Noise with known statistics is added
by

t; to the system and bounds are established on the variance of
E. the Fourier coefficients used in representing the aber-

s 5f3 rations. This chapter accomplishes two things: first, it
e

e 7

u:e

Il.'

9

. Te " '~'..'-.' T R TP T R M N P R T M T S R A - B ..
POV WA \" <, LN ".Q.L' [ C‘.\;';L{L":".L‘. ST T S S R e ., . BT N . - - 1




O ARSI E MK A LS SR IRt STl S ALt " A oS AN RNt pab AL g~ ) W £ AT OR IO sl v'_.-.1-_,_..17-.‘-‘7-.;—-.;'.,'--_—_.1

gives some assurance that the solution to the deconvolution
problem is not overlv sensitive to input noise under the
appropriate conditions; and second, it shows that the
variance in the solution is a function of the arrival
angles of the input fields (Ul(x)). An equation is devel-
oped which enables one to select suitable input plane wave
arrival angles.

In Chapter 4, a unique approach is developed to solve
the bilinear system of equations from Chapter 2. The
approach makes use of the fact that the least-square-error
solution to the bilinear system of equations is also the
maximum likelihood estimate. This guarantees that when the
measuremnents ﬂS(x) are corrupted by Gaussian noise, the
least-square-error solution of the bilinear equations is
also most likely to be the correct solution. In other
words, estimation theory proves that there is no solution
with a higher probability of being the correct solution.

Chapter 5 presents the two-dimensional forms of the
key one-dimensional equations developed in Chapter 2. The
results are straightforward, thcre being nothing unusual or
unexpected in the extension. A simple 2-D problem is
presented in the last part of Chapter 5 and the deconvo-
lution algorithm is applied to it to yield the solution.
The purpose of this exercise is to show that the algorithm
developed in Chapter 4 does in fact work. The sample

problem is unrealistically simple because of the excessive




VI

amount of computer time and memory required to solve more
typical problems, but it still demonstrates that the

algorithm works in principle.
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I1I. One-Dimensional Two-Sugface Deconvolution Problem

Overview

In this chapter, limiting assumptions will be stated
and discussed, the problem to be solved will be defined
mathematically, and the equations representing the problem
will be developed into a system of bilinear equations that
can be programmed on a computer to get an approximate
solution. The problem will be shown to be nonlinear and
ill-posed, and the approach to handling these difficulties
will be discussed. In the development of a solution to the
problem, detours will occasionally be taken to examine such
issues as the uniqueness of the proposed solution, the
dimensionality of the system of equations that must be
solved, and the effects of edge diffraction and vignetting.
Throughout this chapter, only the noiseless, one-dimension-
al problem will be addressed. The effects of measurement
noise will be addressed in Chapter 3. In Chapter 5, the
more realistic two-dimensional problem will be shown to be
a straightforward extension of the one-dimensional problem.

Statement of Problem and Assumptions

Figure 2-1 illustrates the optical system to be
considered in this chapter. It consists of two planar
aberration functions, WA(x) and WB(x), which are parallel
to each other and to a measurement plane located some

distance to the right of WB(x). Light propagates from left

10




ji; e to right through the system and is measured at the measure-

ment plane.

X
Measurement.\_ﬁ.
Plane
W, (x) WB(X)
“§ \ U:)-(x)""l
YA
b= Z1 e Zz"*’

Fig 2-1. One-Dimensional Deconvolution Problem

The following definitions and assumptions pertain to
the problem:

1. Scalar diffraction theory may be used to describe
the propagation of light in the system. Scalar diffraction
theory accurately describes light propagation when the
apertures in the system are large compared to the wave-
length of the light, when measurements are made at least

several wavelengths from the aperture, and when polariza-

R tion effects are not important. These conditions are all
iia met in this problen.

:éf 2. UI(X) through US(X) are complex quantities repre-

o senting the amplitude and phase of the scalar field at a

given plane perpendicular to the Z axis. Ul(x), WA(x), and

e Al A s e e s .-_'L'.:-'-i
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Uz(x) are all considered to be at plane A, and U3(x),

WB(x), and U4(x) are all considered to be at plane B. This
condition will be met as long as the distance between the
true aberration surface and the plane (A or B) is much less
than the distance between the various elements of the
optical system. This assumption allows us to consider Zl
and 22 as constants. If Z1 and Z2 were functions of x, the
mathematical description of the system would be much more
complex. MNote that this approximation is similar to the
"thin lens'" approximation of geometrical optics.

3. Ul(x) is a known input field. The form of the
input field is unimportant except for mathematical simplic-
ity.

4, WA(x) and WB(x) have units of length and represent
the distance that light passing through the aberration is
delayed compared to light propagating in free space. Also,
W, (x) and Wp(x) are continuous with finite first deriva-
tives. This assumption insures that ejkwA(X) and ejkWB(X)
can be represented by a Fourier series (Eqs (2-21) and
(2-22)). For example, if WB(X) was a step function with
step size ni, then ejka(X) would have the same value on
both sides of the step and would be undefined at the step.
A Fourier series could not represent such a function. The
aberration functions are assumed to be continuous with

finfte first derivatives to avoid such complications. 1In

practical optical systems with segmented optics, step

12
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oo functions do occur. As long as the step size is known to
be less than one wavelength, the step should cause no
difficulty. Otherwise, there would be an ni ambiguity in
the Fourier series representation of the aberration func-
tion.

5. The amplitude and phase of US(X) can be determined
at an arbitrary number of points along the x-axis. This is
by no means a trivial assumption. At optical frequencies,
detectors only measure intensity, so phase must either be
measured interferometrically or it must be deduced from
intensity measurements. Others are actively pursuing the
problem of deducing phase from intensity measurements (Refs
7, 9, 10, 20) so that problem has not been addressed, but

¢[) it has been assumed solved in order to narrow the scope of
the deconvolution problem.

6. The light will be treated as monochromatic.
Actually the light could be quasimonochromatic. The

;: definition of quasimonochromatic is that AA/X<< 1 , where

! Ax is the wavelength spread and i is the average wave-

i; length. All that is required in the deconvolution problem

: is that the amplitude and relative phase of the scalar

f% field at the measurement plane be defined at a given

E; wavelength. Two input fields that differ only slightly in

g; wavelength (so that the quasimonochromatic condition is

met) will not result in fields at the measurement plane

- which differ appreciably in relative phase and amplitude.
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Therefore, the input field does not need to be as nearly
monochromatic as it would for such applications as coherent
detection. For ease of notation, A will be used in this
paper, but X could be used just as well.

7. The highest spatial frequencies present in either
the aberrations or fields are small compared to the inverse
of the wavelength of the light. In other words, fx < 1/x,
where fX is spatial frequency in cycles per unit length and
A is wavelength. This assumption is necessary to simplify

the propagation transfer function (Ref 11:54)

1-0f£)%) , £< 1 (2-1)

H(f ) = << 3

0 else

2
Since (Afx)2 << 1, \/1-(>\fx)2 = 1-(Afx) , SO

2

. . 2
H(fx); eJkZ e"JTl')\fo (2_2)

where Lk = 21/

System Transfer Function

To describe Us(x) in terms of Ul(x), WA(x), and WB(x),
the inverse Fourier transform of H(fx) is needed which can

be shown to be

.2
e'j% elkz el%§_
W’AZ

h(x) = (2-3)

14
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Each field in Figure 2-1 can be written in terms of

the field to the left of it as follows:
oE
;E Ug(x) = U, (x) * h, (x) (2-4)
- U, (x) = Uy(x)ed M8 (X)p () (2-5)
ffﬁ U3(x) = Uz(x) * hl(x) (2-6)
& KW, (%)
- = JR¥p (X -
; Uz(x) Ul(x)e A PA(x) (2-7)
;% where P,(x) and Pp(x) are the pupil functions at planes A
‘Ei and B, respectively, and where "*" is the convolution
EE operator. Combining Egs (2-4) through (2-7),
e
LAY . .
3 Us(x) = [[(Ul(x)ekaA(X)PA(x)*hl(x))]ekaB(X)PB(x)]*
-_ ﬁ h, (x) (2-8)
if or
.; Ug (%) =;£ _i-Ul(Y)PA(Y)PB(B)hl(B-Y)hz(X-B)
Tiﬁ If it is assumed that Ul(x) is a plane wave with
<o
:f‘ amplitude A' propagating at angle 6 relative to the x-axis,
L Eq (2-3) for h; and h, is substituted in Eq (2-9), and the
f pupil functions are combined with the limits of integra-
E tion, then
1/
v

15




Jk(Z+Z,)

US(X,O) - -jA’e

f f exp[jk(ysine+
SASCE I o s
2

(B-y)" (x-B)z) ik (W, (v)+W_ (8)) | dyde (2-10)
Tfl 222 expl ] A Y B Y

The first exponential term in the above integral is a known
kernel, and the second exponential contains the unknown
aberration functions. Even though the optical system of
Figure 2-1 is very simple, an approach to solving for the
aberrations in that system can be easily applied to much
more general systems. For example, if the optical elements
at planes A and B were lenses with aberrations instead of

planar surfaces with aberrations, there would be additional

+ kx2
known phase terms inside the integral of the form e 21

where "fl" is the focal length of the lens. These terms
could be combined with the known kernel and would not
complicate or change the problem. The same can be said for
the known input field, and for more general optical
elements than lenses.

Completing the Integral of Equation (2-10)

Equation (2-10) is a Fredholm equation of the first
kind (Ref 15:905), the solution of which is usually an
ill-posed problem (Ref 14, 21, and 22). 1In the case of
Eq (2-10) however, the integrand contributes to the integ-

ral at only a few discrete points (usually only one point)

so the integral may be approximated by means of an asympto-
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i -~ tic expansion, and the usual ill-posedness of Fredholm
- equations of the first kind is not a problem.
;:j The method for approximating the integral in Eq (2-10)
C;f is called the method of stationary phase. See Ref 2:747-754
- for a complete discussion of this method. Basically, the
fj integral such as the one in Eq (2-10) is approximated by an
5: asymptotic expansion. When the constant k=2n/)% 1is large,
L only the first term of the expansion is significant. The
{
Sj integrand may be approximated by the first term and the
:5 integral completed. When the limits of integration are #=,
s contributions to the integral come only from ecritical
o points of the first kind (stationary points) defined by
-:::
RN
4.1.4‘
. 3f(y,B) _ 3f(y,B) _
f/ ﬁ 3y 3R 0
o
's"--
e where
o
' 2 2
s - . (e-y) (x-8) _
o f(vy,B) ysine + 221 + 222 (2-11)
2
e As explained near the end of this chapter in the
f; section '"Dimensionality of the A Matrix", the aberration
{I functions WA(y) and WB(B) are considered to be on the order
?ﬂ of a few wavelengths so that eJKW, (Y) and ejka(B) are
{f slowly varying functions of y and 8 as compared to

ejkf(Y’B). Therefore, the locations of the stationary

points are determined by f(y,8) as follows:

-
.
o
4
Ce
-~
T
.
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iﬁé%;ﬁl = sing - %:l =0 (2-12)
1

3f(x,8) - %:l _ X-B _ 0 (2-13)

38 1 Iy

Solving for y and 8 in Eqs (2-12) and (2-13) yields the

coordinates of the critical points of the first kind, Yo

and 80'
Yo = x-(Zl+Zz)sine (2-14)
BO = x-Zzsine (2-15)

Substituting Eas (2-14) and (2-15) into (2-11) gives

sinze

f(yo,ao) = xsing - (Zl+22)—7_—_ (2-16)

The following second partial derivatives are also

needed to evaluate the asymptotic expansion:

2 2
3 f(y,8) - .+ -1 3°f(y,8Y _ v 1 +1
T .o - g S ERREEAL:

98B 1 2
22£(y,8) _ . _ 1
3y 38 =y = -71 (2-17)

From Born and Wolf (Ref 2:754), the results of a

two-dimensional asymptotic expansion may be stated as

follows:

18
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-—CC = k\/’al B' _Y.]Z
g(vg.8) eI (10 Bp) (2-18)

2

where o =+1 for a'g' > y' and a'> 0 as it does in

this problem. Substituting Eqs (2-10), (2-16), and (2-17)

into Eq (2-18), and noting that g(y,B) = ejk(WA(y)+WA(B)),

P + 2 .WIZ Z . .
Us(x,e) = ~-jA eJk(Zl Zz) Ul A 142 eJkXSJ.ne

A WIZIZZ

2
. sin®e . . . .
e‘Jk(21+22)("7“) ekaA(x-(Zl+22)s1ne)eJkWB(x-Zzs1ne)

—j%(sinze)(zl+22)

oKW, (x=(21+Z,) 81n6) (TkWp (x-Z,51n6) (2-19)

Since the first three phase terms in Eq (2-19) are all
known, it is easy to find values of U(x,8) from observa-

tions, where
Ug(X,8) _sp(7.42,) -jkxsine _jk(Z,+Z )<Sin2°)
U(x,8) = —gr——e JRULyTao) e no GIRlLyTio) =

= oJKW, (x-(2;+Z,)sine) jkWp(x-Z,5ine) (2-20)

An examination of Eq (2-20) reveals that if U5(x,e)

can be measured as 8 is continuously varied, it would be

19
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'Eﬁj ce possible to determine the aberration functions exactly to
within a complex constant. For example, let x-Zzsine =

Xy » where Xq is an arbitrary constant. As 6 is varied,

oJkWp(x-2,81ine) _ jkWp (%)

will be an unknown constant

while eJK¥A(Y) Garies as y =Z;sine+x; . Therefore,

ejkwA(Y), and consequently WA(y), can be determined exactly

b,
\ -
- over some range to within an unknown constant. Likewise,
-

!-i if x-(Zy+Z,)siné=x, , then as @ is varied, eI VA (X0) i1l

o be an unknown constant while ejka(B)
ﬁff B=Z,sine+x, , and o JkWR (8)

varies as

can be determined over some

range to within a constant. The unknown constant is
unimportant, because it is only necessary to know the
relative magnitude of the aberrations on the mirrors. It
c;. isn't necessary to know the absolute position of the mirror
surfaces to correct the aberrations.
The method of determining the aberrations described

above has an obvious physical interpretation illustrated by

%g Figure 2-2 below. This is the same optical system shown in
?}5 Figure 2-1. Let a=b=1, Zl=2’ Zz=1, and x0=.5 . Suppose

an incident plane wave propagates in the direction of rav 1
in Figure 2-2, and suppose an observer observes the plane
wave at the point where ray 1 intersects the measurement
plane. The observer is looking through WB(.S) at WA(O),
and the angle of propagation is about 14°. Now suppose the
e angle of propagation varies continuously from 14° to -14°

(from ray 1 to ray 2) while the observer at the measurement

a s a2 o oat A" T e .'_i
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Fig 2-2. Deconvolution With Variable ©

plane moves in the negative x direction so that he always
looks through WB(.S) to observe the plane wave. Variations
in the observed plane wave are due solely to Wy(y), so that
WA(y) can be determined exactly except for a constant phase
term which arises because WB(.S) is not known. Likewise,
rays 3 and 4 (dashed lines) show the beginning and ending
line of sight for an observer looking through the same
point on aberration WA(y) as the angle of the incident
plane wave is varied from +14° to -14°., This time, all
observed variations in the plane wave are due to WB(B), s0
it can be determined exactly except for a constant phase
tern.
The preceding discussion establishes that in the

asynptotic limit of large k, the deconvolution problem can
be solved quite easily and directly. Unfortunately, the

assumption that measurements of Us(x,e) may be made at

21




arbitrary 6 is generally unrealistic. In most optical

systems of interest, measurements of Us(x,e) can only be
made at discrete points in the measurement plane, and only
for a few discrete plane wave arrival angles. The deconvo-
lution problem to be addressed in the remainder of this
paper may be restated as follows: Given measurements of
U5(x,e) for discrete points in the measurement plane and
for a few discrete plane wave arrival angles, approximate
the aberration functions. '

The ray tracing deconvolution algorithm documented in
Appendix B is similar to the deconvolution method described
above except that 6 is not continuously variable. The
aberrations can only be found at discrete points and their
value must be inferred between those points. The ray
tracing algorithm was abandoned in favor of the present
more mathematically sound approach.

That approach is to approximate the aberration func-
tions by a suitable set of basis functions with unknown
coefficients and solve for the coefficients. A finite
subset of the basis functions must be selected based on
some knowledge of the functions being represented because
the mathematics alone may not indicate the best subset.

The set of approximating functions should span the function
space of the unknown function, and it should closely
approximate the unknown function, in some norm, with a

minimum number of terms. For example, if the aberrations

22
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E? s are defined over a circular aperture, the circle polynom-
ﬁi ials of Zernike might closely approximate the aberration
- functions with a minimum number of unknown coefficients

. (Ref 2:464). Because the development of the solution to
the deconvolution problem in this paper is not geared to
any specific system, a Fourier series with a2 finite number
of terms will be used to represent the aberration func-
tions. Fourier series have desirable properties such as
orthogonality that make them easy to use in an analysis
such as this. A procedure for determining the number of
terms to be used in the Fourier series will be discussed

later. Let

o
—
p
>€
¥
;
E ]
5

= F e a (2-21)

and

st j 2mnx
SR _y ¢ B (2-22)
n

N where Fm and Gn are the unknown coefficients and '"a'" and
"b" are the pupil dimensions corresponding to W, (%) and

WB(X), respectively. If Eqs (2-21) and (2-22) are

ﬁ substituted into (2-18), where now
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j2wmy j2mng
g(y,8) =ZZFmGne a e
mn

and the constant phase terms are combined with Us(x) as wvas

done in Eq (2-20), then

j 21 . j2mm L
Ux) =Y chneJT(x"21+Zz)51“°)eLF‘x'zzsln°)
mn
(2-23)

Note that U(x) is no longer shown as a function of & since
measurements are only made at a few discrete values of s.
it is reasonable to let the apertures P, and Pp in
Figure 2-1 be equal in size since a subaperture can always
be defined in one of the two apertures such that a=b .
Vignetting would cause only part of apertures A and B to be
used at any plane wave arrival angle except 8 = 0 , so the
aberrations generally can be found only on subapertures.

Applying these conditions to Eq (2-23),

U(x) = ZZ FmGnexp [j?[x(m+n)-msine(zl+zz)-
mn

nZzsine)ﬂ (2-24)

Bounding the Fourier Series

Note that Eq (2-24) is a bilinear equation. If the
summations are bounded such that -M s m < M and

-N s n ¢ N, and we let

V(m,n) = exp [jgg[x(m+n)-msine(Zl+Zz)-n22sine]],

24




fﬁl - then Eq (2-24) can be written as

U(x) = [F_M,F_M+1,...FM_1,FM] G_y 1 (2-25)
Vm,n G-N+1
CyN-1
| Cn

The equation contains 2M+2N+2 unknowns, so at least that

many equations rust be generated in order to solve for the

Fourier coefficients. However, the Bounds M and N nmust

first be found.

In Figure 2-1, Ug(x) is nonzero only over an

aperture of width "a'" (neglecting diffraction at the edge).

Even though US(X) (and therefore U(x)) is bounded by the
Cif aperture, it can be represented by a Fourier series if the

assumption is made that U(x) is one period of a periodic

function (Ref 16:99). The resulting Fourier series repre-

sentation of the function will be unique. Let

o

j2wxp
U(x) = ). H(ple a (2-26)
p=-=
#\ where
pe
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a s n
‘!LTTXE
Hp) = 3 [ Ue " a  dx =
0

0|
o‘*wm

ZZ FmGn
mn

j27x(m+n) -j27xp 2
e a e a exp [-j—%[msine(21+zz) + Zznsineﬁ dx

= ;; F Ghexp [-jz—g[msine(21+22) + Zanine]]
m+n=p (2-27)

If U(x) is known only at L equally spaced points rather
than on a continuum (see assumption 5, page 12), the
Fourier coefficients H(p) can be found using a discrete

Fourier transform (DFT) as follows:

L-1 .
=j2nap
Hp) = £ U((+D)ax)e L (2-28)
1=0
where Ax = % . Of course, there must be enough samples of

US(X) to meet the Nyquist sampling criteria, which requires
that the number of samples of a function be greater than
twice the highest spatial frequency of the functior.
Failure to meet the Nyquist criteria causes aliasing in the
frequency domain description of the function, so that the
function has not been uniquely and completely described
(Ref 16:29).

Equation (2-27) by itself indicates that for a U(x)
with finite spatial frequency content (p finite), the
magnitude of m and n may grow large without bound as long

as min=p . The measurements taken with only one input
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plane wave arrival angle cannot be used to mathematically
establish bounds on m and n because the effect of a high
spatial frequency aberration at plane A can always be
cancelled at the measurement plane by a properly phased
aberration of the same frequency at plane B. But when
measurements are taken at more than one ¢, the presence of
frequency components in the aberrations which are of higher
order than the order of the frequencv components in Us(x)
will generally be revealed. However, there is still a
possibility that for a given difference in plane wave
arrival angles, higher spatial frequency components of the
aberration functions mayv not be observed at the measurement
plane.

As an example, suppose that measurements of US(X) are
taken at equally spaced points across an aperture "a'" in

the measurement plane, and that the measurements are taken

at two different arrival angles, 81 = 0 and by =

arcsin(a/4Z,). Further suppose that all U(x) = i+j0 1in
1

both sets of measurements. Examining Eq (2-~24), if

'
B

).
”

»

»

'

)

Fm=Gn=1 m=n=0

=( else,

then all U(x) 1+j0. But if
F =G =1 | m=4, n=-4

=0 else,

[ N 4 = 7w L T ek o B BN SR AT
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then U(x) = 14+4j0 also. In the first case, WA(x)=WB(x)=0 ,

; 4)2x _ =4ax
but in the second case, WA(x = = and WB(x) = =

The second set of aberrations are optical wedges that
exactly compensate for each other, and the difference
between 64 and 89 is such that the optical path lengths
differ by exactly one wavelength between the measurements.
This is illustrated in Figure 2-3 below. Note that the

path length difference discussed here is not the one

2
resulting from the term eIk (2725) Ei%—ﬂ

in Eq (2-19)
since that path length difference was accounted for in

converting from US(X) to U(x).

WA(x) WB(X)

Fig 2-3. Example of a Nonunique Deconvolution Problem

The path length difference is the one resulting from a ray
passing through point 2 versus point 1 in the wedge in
Figure 2-3. 1If that difference is a multiple of one

wavelength, then it is impossible to distinguish between

28
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the system of Figure 2-3 and a system with zero aberra-
tions. However, if U(x) is measured for a third arrival
angle 64 such that the path length difference is not a
multiple of one wavelength, then it is possible to distin-
guish between the system of Figure 2-3 and an aberration
free system. If the angle of the incident plane wave can
be controlled, angles can always be chosen such that the
aberrations may be uniquely determined. But if m=p-n
increases without bound, there will Be an infinite number
of angles such that the aberrations cannot be uniquely
determined. Therefore, m and n must be limited by making
the very reasonable assumption that the highest spatial

JkW, (%) JKWR(X) ;¢ less than or

frequency of either e or e
equal to the highest spatial frequency of U(x). As long as
this assumption holds, the spatial frequency content of
U(x) can be determined for a measurement with 6 =el , m and
n can be bounded, an optimum e, can be found, and a second
measurement of US(X) can be made for o =0,y . This yields
the same number of equations as unknowns. The procedure

for selecting an optimum 8, is discussed in Chapter 3.

Choice of a Two-Angle Measurement Scheme

Note that in the preceding paragraph, two independent
sets of measurements of U5(x) were m- ‘e with two separate
input plane waves arriving at different angles to provide
as many equations as unknowns. If the spatial frequency

content of U(x) is such that the number of Fourier coeffi-
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cients H(p) is bounded by -Pmax s p < Pmax , then measur-
ing U(x) at one angle yields 2Pmax+l equations (Eq (2-27)),
but since -Pmax < m(or n) < Pmax, there are 4Pmax+2«un-
knowns. That is why at least two independent measurements
of U5(x) are required. The reason for varying the plane
wave arrival angle rather than one of the other parameters
is now justified.

The parameter that is varied must result in a second
set of equations (Eq (2-27)) that aré independent of the
first set. The parameters that are candidates to be varied
between measurements are 8, Zl’ and ZZ‘ Let

asub(m’n) - e-jzg[msine(Zl+Zz)+nsin622] (2-29)
where a subscript of 1 on a(m,n) and H(p) represents the
first set of measurements, a subscript of 2 represents the
second set, etc. Then Eq (2-27) can be written in matrix

form as follows:

L J RS T D=l I




(' A F_pmax®1 Hl(-Pmax+1)

n .

§: F_ Pmax®Pnax H, (Pmax)

= F-Pmax+lc-1 = Hz(-Pmax) (2-30)

- F_pmax+1%0 :

éj : H, (Pmax)

,: F-Pmax+1GPmax B -

( .

- F prax®-Pmax

s F, .G

§$ L_Pmax 0 .

f; where the m, n, and subscript of the elements in the A

3 ' ‘[i matrix must correspond to the appropriate m, n, and sub-

L

. script of the FG and H vectors. The only nonzero elements

:f of A are those where min=p , so A is sparse. An example

: will better illustrate the structure of Eq (2-30). Let

i: Pmax=1 . If two indepedent measurements of US(X) are made,
then Eq (2-30) would be

31




The only rows that could be linear combinations of
each other are the rows corresponding to the same "p" (rows

1l and 4, 2 and 5, etc.).

Eq (2-29).

in the first measurement and Zl=ZI in the second measure-

ment, then

Since m is always different for the different elements in

the same row, no two row vectors corresponding to the same

p" will be linearly related, and again the A matrix will

al('lyo) 0
0 al(-l,l)
0 0
az(—l,O) 0
0 a2(-1,1)
0 0

(0,-1)
0
0

a4,

82(0,-1)
0
0

0 0 0
81(0,0) 0 al(l,'l)
0 a;(0,1) 0
0 0 0
a2(0,0) 0 az(l,-l)
0 a2(0,1) 0

F-IGO Hl('l)
F_IGI Hl(O)
FOGO Hz(-l)
FOG1 H2(O)

1% |

:izlmsine(zg-zi)

az(m,n) = al(m,n) e a

32

The elements of A are given by

If Z1 is varied between measurements and Zl=Z{

-

0

0
al(l,O)

0

0

32(1,0)_

(2-31)

(2-32)




be full rank. However, there probably are not many optical

systems where deconvolution is of interest and one has the
option of varving the distance between the optical elements.

If Z, is the parameter that is varied between measure-
ments and 22=Zé in the first measurement and 22=ZE in
the second measurement, then

-j2n

a,(m,n) = a;(m,n) e a (m+n)sina(Z§-Zé) (2-33)

Since m+n=p=constant for any row in A, each a(m,n) in a
given row would be multiplied by the same constant result-
ing in the rows in the lower half of A being lineerly
related to the corresponding rows in the upper half of A.
The A matrix would only be half the required rank.

If ¢ is varied between measurements and ¢ =87 in the
first measurement and ¢ =8, in the second measurement,
then

12w s
a,(m,n) = a;(m,n) e a (sing,-sing,)

[m(Zl+ZZ)+n22] (2-34)

The situation is the same as when Z1 was the parameter
varied between measurements, so the A matrix is full rank.
Since it is reasonable to vary o (the input plane wave
arrival angle) between measurements in a practical optical

system, ¢ is the parameter that is considered to be

variable.
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The remaining problem is to solve the bilinear system
of equations (Eq (2-30)). Since that is not a trivial
problem, it will be addressed in Chapter 4. First, some of
the properties of the solution developed in this chapter
and some of the assumptions made will be examined.

Diffraction at the Edge

In solving for the integral in Eq (2-10), only criti-
cal points of the first kind were considered. This is
equivalent to letting the limits of integration go to = so
that diffraction at the edge is ignored. Suppose the

actual limits of integration are 0 to "a'" on both integrals

2
in Eq (2_10). Let g(X,Y,B) = exp[jk(YSine + _(821)_ +
1

2
(x-B)~ Wy(y) + WB(B)ﬂ . Then Eq(2-10) can be written
Z2

et Jk(Z,+2
Ug(x) = -jated®Z1tZ) [ gk, y, B dvde

o 0 ® o

= j.'[ g(x,y,B)dydp - j. ]-g(X,Y,B)dydB

T® == - &
0 a o a

- f._[ g(x,y,8)dyds - /-‘[ g(x,y,B)dyds (2-35)
= 0 a o0

The first integral in Eq (2-35) gives U5(x) ignoring
diffraction. The last four integrals represent the contri-

butions to US(X) that come from edge diffraction. Usually,
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not more than one of the last four integrals will be
significant for a given x and 6. Specifically, the only
significant integral will be one corresponding to the
aperture edge which, when projected, is closest to the
point of interest in the measurement plane. For exanple,
if US(XO) were of interest, where the diffraction pattern
near x, was due primarily to diffraction from the lower

edge of aperture "A" in Figure 2-1, then

ao

jaredk(Zy4Z,) f

[ g(X,Y, B)d‘YdB

A ,/2122 e e
® 0
-[ fg(x,v.e)dvds (2-36)

If for a particular optical system it is known that aberra-
tions near the edge of the aperture do not significantly
affect the diffraction pattern, then the second integral in
Eq (2-31) would be known and it could be taken to the other
side of the equation and added to U5(x0) to compensate
for diffraction. If it cannot be assumed that the diffrac-
tion pattern is unaffected byv aberrations, then the aberra-
tions can only be found on a subaperature where US(X) is
not measured in the diffraction pattern.
Vignetting

When the exponentiated aberration functions were

represented by Fourier series in Eqs (2-21) and (2-22), the
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assumption was implicitly made that the aberration func-
tions were periodic with spatial periods "a" and "b" for
WA(x) and Wp(x), respectively. In Figure 2-1, when measure-
ments are made for two different plane wave arrival angles,
04 and 8o for example, different portions of each aperture
are projected to the measurement plane. The portion of
each aperture gained in going from 6, to 6, is, in fact,

not a periodic extension of the portion lost, so error is
introduced in the deconvolution algorithm. The error nmay

o be minimized by keeping the difference between 01 and 6, as

small as possible without making the bilinear system of

;ﬁ equations (Eq (2-30)) ill-conditioned. The optimum value
,;; for 6;-6, is discussed in Chapter 3.
éﬁ ‘[; Space Bandwidth Product

(} ' When a discrete Fourier transform (DFT) is applied to
Ei a set of equally spaced samples of U(x), the resulting

Fﬂ Fourier coefficients, H(p), represent the spatial frequency
fﬁ‘ content of U(x). If U(x) is sampled at more than twice the
ii highest spatial frequencv, as it must be to meet the
ﬂ? Nyquist sampling criteria, then some Fourier coefficients
;3 will be insignificantly small. The largest p for which

. H(p) is significant is the space-bandwidth product of U(x),
:S and was previously called Pmax, a dimensionless number.

i{ The spatial bandwidth is just Pmax/a where "a" is the
53 aperture dimension in the measurement plane over which

c; US(X) is measured. Care must be taken to properly inter-
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pret the results of the DFT. An example will illustrate
the point. Suppose "I" samples of U(x) are taken and I=8,
Let the samples be called U(0) through U(7). Applying the
DFT as in Eq (2-28), H(p) can be found for any given p.
H(p) is periodic with period "I", so H(p)=H(p+nI) where
"n'" is any integer. Most available DFT programs would
print values for H(0) through H(7), and if one does not
recognize that H(7)=H(-1), one might let Pmax=7. It is a
good idea to write the Fourier coefficients centered on
zero, such as H(-4) through H(3). Mow p represents the
real space-bandwidth product and not a periodic extension
of it. Note that the Nvquist criterion requires that a
periodic function be sampled at a rate greater than twice
the highest frequency component of the function. There-
fore, if a periodic function is described by eight samples
as in the example above, Pmnax=3.

Dimensionality of the A Matrix

Once Pmax is determined, the dimensionality of the A
matrix in Eq (2-30) can be found. There will be a column
for each (m,n) pair subject to the conditions |m| s Pmax,
In| s Pmax, and |m+n| s Pmax. For a given m, there will be

2Pmax+1-|m| columns, so summing over all n yields

Pmax
Z: (2Pmax+l-|m|) = 3Pmax%+3Pmax+1 (2-37)
m=-Pmax

columns. The row rank is (2Pmax+l) times the number of
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independent measurements of Us(x) that are made. It cap be
seen that the dimensionality of the A matrix grows rapidly
with increasing Pmax, thus placing a practical limit on the
complexity of the aberrations that can be deconvolved.
Another property of the aberrations that will affect
the dimensionality of the A matrix can be seen by noting
the similarity between the Fourier series representation of
the aberration functions in Eqs (2-21) and (2-22), and the
representation of frequency modulated (FM) signals
(Ref 25:117). If a sinusoidal signal with frequency W is
modulated onto a carrier with frequency © then the signal

is represented by the Fourier series

elfsinugt - & 5 (gred™nt (2-38)

n=-uo

Eq (2-38) is exactly the same form as Eq (2-21) if WA(x) is
a sinusoid. The Fourier coefficients in Eq (2-38) are
Bessel functions, and the number of significant coeffi-
cients is a function of B, the modulation index. For

example, if g=10, over 30 coefficients are required to

adequately represent

o 15 !
ro; el BSINW T Y J (8 yedMnty | |
L

- n=-15 f
.:.:“ |
o, |
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Obviously, the magnitude of the aberration functions must

Lil not be more than a few wavelengths, or Pmax will be
extremely large.
- One final note on the dimensionality of the A matrix:
If from some other source of information it is known that
certain Fourier coefficients (Fm or Gn) are zero where
T m or n £ Pmax, the columns in A and rows in the FG matrix
of Eq (2-30) which contain those coefficients can be
eliminated, thus reducing the dimensionality of the system
of equations.
Sunmary

In this chapter, the simplest possible one-dimension-
ic al, two-element optical system was described. The deconvo-
.9, lution problem was then stated mathematically in terms of
“A¥ B the simple optical system, and a solution was sought for
the aberration functions WA and WB. The deconvolution
problem was shown to be nonlinear. The nonlinear nature of
the problem, as seen in Eq (2-30), is a major difficulty
- that is addressed in Chapter 4. Some important side issues
. such as the effects of diffraction, vignetting, and the
dimensionality of the bilinear system of equations are also

e addressed in this chapter.
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III. Noise Analvsis for the One-Dimensional Problen

Apprecach

The reason for performing a noise analysis on the
deconvolution problem is two-fold: first, to find a
suitable procedure for estimating the Fourier coefficients
of the aberration functions, and second, to determine how
sensitive those estimates are to measurement noise. The
approach taken is the one presented by Van Trees (Ref 23)
wherein the measurements are assumed to be corrupted by
Gaussian noise, the conditional probability density is
written for the measured parameters assuming the unknown
parameters are given, and either the maximum likelihood
(ML) or the maximum a posteriori (IMAP) estimate is found.
The choice of ML or MAP estimate depends on whether the
unknown parameters being sought are treated as real but
unknown variables or as random variables. Finally, bounds
on the variance of the unknown parameters are sought to
give some indication of the sensitivity of the estimetes to

noise.

Probabilitv Density Function for H

Assume that the measurements of the complex field

US(X) are corrupted by noise, so that

ﬁs(x) = A'US(x) + N(x) (3-1)

) 40 |




where Us(x) is nonrandom but unknown (Ref 23:63), and A' is
the amplitude of the input plane wave. In an actual
optical system, ﬁs(x) would probably be found by integrat-
ing the optical signal falling on a detector over a finite
time period. The temporal variations in the signal would
be integrated out, so ﬁs(x) and ﬁ(x) are considered to be
spatial rather than temporal random processes. That is,
they are random processes as a function of x, not t.
Further assume that the real and imaginary parts of ﬁ(x)

are zero-mean, spatially white, and each have a varience of

12
7%
. 2 a
o . sin @ N
H(p,0) = 2 e K212 (1 = =59 [ vy, (x) 4R (0 ]
0
. . - 27Xp -
e IKXSING o~J7TTF 4x = H(p,0) + fy(p,0) (3-2)

The first and second moments of ﬁH(p,e) are

E [Ny(p,0)] = 0 (3-3)

1

N e A% -4 ! .
E [INH(p.e)|2] =7 E [N(x) N(x')] e Jk(x-x")sino

o-—wm
o ®

2n(x-x')p
e J a dxdx' (3-4)

A problem arises because
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E [ﬁ(x) &*(x')] = 0 when x#x'
) = 02 when x=x'
-ii so the integral in Eq (3-4) is zero. The problem occurs
:iﬁ because N(x) has been treated as a continuous function when
' : in reality N(x) is sampled over the interval 0 to "a". If
faﬂ Eq (3-4) is written as a double summation instead of an
?E integral, then
- M-1 M-1
Y - 2. 1 ek
o E [INg(p,0) |71 =25 3" )0 E [NmN (m")]
o M~
.:::.' =0 m'=0
- . M-1 2
I . 'y L -jr(m-m') o
a jk(m-m')sine JTO-M )P 2 _°n _
e e e M EZ z N =W (3-5)
o m=0
%y e where M is the number of samples of N(x) and ﬁ(m) is the
-:; . mth sample. If the number of samples goes to infinity as
:Ii it does in Eq (3-4) where N(x) is written as a continuous
FAS -
= function, then the variance of NH(p,B) goes to zero. The
. variance of ﬁH(p,e) will be called o henceforth and is
equal to onZ/M.
‘ The cross-correlation of ﬁH(p,e) is
'5: a a
e ~ ~ % 1 ~ “k
~ E [Ry(p,0)N,(q,0)] = —z—ff E [N(x)N (x')]
a
e 00
’;
-:h:. . - ] ) 02'" - '
- e—Jk(X x')sine e-Ja—(Xp x'q) dxdx" (3-6)
o
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Again the double integral must be written as a double
summation.

M-1 M-
- ~ %
) E [N(m)N (m")]

[

- ~ %
E [Ny(p,0)Ny(q,8)] =
R m=0 m

%JP*
I
(o]

1

M-
z: e M

=0

. oty s -12n(mp~m'q;
eJk(m m')sineé e M

%JSQN
3

",

0 1if p#q

o2 if p=q (3-7)

This result is as expected since the measurement noise ﬁ(x)
was projected onto a set of orthogonal coordinates when
ﬁ(p) was found. 1In summary, given measurement noise ﬁ(x)
{ ¢[> which is a zero-mean, spatially white random process with
real and imaginary parts each having variance %og , then ﬁH
is a zero-mean random vector with orthogonal elements each
having a variance of 02.
Assume now that ﬁ(x) is Gaussian. Since &H is a

linear function of ﬁ(x), NH is also Gaussian, and the

conditional probability density function for H given H can

'I‘J},

be written as

A 1 - _1 Py
Py ip(RIE) = —F T expl-5(H-0) 'a~ 1 (f-1) )
(2002 |4]2 (3-8)

where K is the dimensionality of the H vector. From

Eq (3-2), H-H=N

, H and from Eq (3-7)
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A=E (NN} = o° I (3-9)

where "t+" is the conjugate transpose and 1 is the identity

matrix. Therefore,

R TIUy o 1 1 s vtns _

PH|H(HIH) = ——p— exp [ EEE(H H) (H Hﬂ (3-10)
(21r).2-cK

Referring to Eq (2-30), H=AY , where Y represents the

natrix with elements FmGn (Y =F G_ ). Sc Eg (3-10) can be

mn mn
written
- Sluy 1 1A +on )
PHIY(HIY) = ——p—exp l} E_I(H-AY) (H-AY{] (3-11)
2K o
(27)%0

meaning that the Gaussian density function of H is known if

the Fourier coefficients Fm and Gn are given. For a

given measurement vector ﬁ, the maximum likelihood estimate
of Fm and G, will be those values which minimize
(A-AY) T (H-AY) = |H-AY|? in Eq (3-11). From Eq (177),

page 65 of Van Trees (Ref 23), the maximum likelihood

equation is

9 F (or G)
F=F(H), G=G(H)
_ 1 Blﬁ-Ale =0 (3-12)
3 2 oF (or G) . A n A
¢ F=F(H), G=G(H)
44
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F and G are the maximum likelihood estimates of F and G,

respectively, for a given measurement vector H. The
partial derivatives must be taken with respect to the real
and imaginary parts of each Fm and Gn separately, because
the derivative of a complex number is not defined. Equa-
tion (3-12) is necessary but not sufficient for estimating
F and G unless the first derivative of the density function
has only one zero. Since the density function is Gaussian
in this case, the first derivative has only one zero and
Eq (3-12) is both necessary and sufficient for finding the
ML estimate of F and G.

Equation (3-12) is not very useful for finding F and
G, because the system of equations generated by taking the
partial derivatives of the real and imaginary parts of each
Fm and Gn is still 2 nonlinear system in terms of F and G.
Note, however, that finding the maximum likelihood estimate
of F and G by minimizing lﬁ—éXIZ is exactly the same as
finding the least-square-error solution of Eq (2-30). The
values of F and G that minimize |ﬁ—H|2 form the least-
square-error solution to Eq (2-30) where H is computed from
the measured values of ﬁs(x) (Eq (2-27)) and H is computed
from the estimated values of F and G (Eq (2-30)). This
point will be exploited in Chapter 4, but for now, bounds
will be found for the estimates F and G rather than the

actual solution for F and G.
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Fisher Infermation Matrix

Let FmR and GnR be the real parts of F and Gn’ and
FmI and GnI be the imaginary parts. From Van Trees

(Ref 23:79),

o2 2 var [4;()-d;1 & (37 (3-13)

ii

where di represents FmR’ F G R» ©OF GnI’ and where

ml’ "n
31y, is the iith 1

ii The

element of the square matrix J~
matrix J is called the Fisher information matrix (FIM) and

has elements

2 . -
»“InPg g o(H|F,G)

J:. = -E (3-14)
1]
adi adj
if F and G are nonrandom. If thev are random,
321nPs o (H|F,G) 321nPs 2 (F,G)

Jij = -E H|F,G i -E F,G'" '

adi adj adi adj

(3-15)

Often the decision whether to treat unknown variables such
as F and G as nonrandom but unknown or as random is dictat-
ed by the mathematics. Both assumptions must be tried to
see which one yields useful results. This is done in the
following paragraphs.

Nonrandom Fourier Coefficients

Assuming first that F and G are nonrandom, Eqs (3-14)

and (3-11) give




-
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PR -

e
P

\
d
N

M-I
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..............

(3-15)
od; ad,

where the ternm

1
In K

'7
(ZH)hUK

is neglected because it disappears when the partial deriva-

tives are taken. The elements of vector H-AY are given by

Eq (2-30) as

Hy(p)-AY = Hy(p) -y Y F G a,(m,n) (3-17)
n n
m+n=p

where aj(m,n) is given by Eq (2-29).

B-a)% = O [H;0) =T L FGpazmm|?  (3-18)
Jp m n
m+n=p

where the surmation over J means that the summation is
repeated for each set of equations generated with a differ-
ent plane wave arrival angle.

After the summations and squaring operation are
carried out in Eq (3-18), all terms will contain elements
of F and G. Even after az/adiadj is taken, most terms will
contain elements of F or G. If F and G are nonrandom but
unknown, the expected value operator in Eq (3-16) will not

eliminate them and Jij would be defined in terms of the
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unknown coefficients. This would not be very useful, so
the elements of F and G will be assumed random.

Random Fourier Coefficients

- Assume the elements of F and G are random variables
: with known Gaussian densities. Let the variance and
expected values of the real and imaginary parts of the Fs
and Gs be given as

2

VAR [di] = 04i

E [d.] = 0 for di # FOR or GOR

tn

(=5
]

[

for di = FOR or GOR (3-19)

ﬁ The reason for letting E [ﬁ’OR] = E [éOR] =1 is as
follows. From Eq (2-21),

10 kW, () 2 17 j2mmx 2
E[Ie A |dx=1=-a—flz Fe a| dx-=
0 0m

2
LN (3-20)
m

Likewise, from Eq (2-22),
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2 y 6,17 (3-2D)

o n

Equations (3-19) are made consistent with Eqs (3-20) and

a0 (3-21) by letting E [Fypl = E [Gypl = 1.

(‘ Assuming independent elements of ﬁ and é,

. .2

T . g oy 1 di

0 Pr,oF8) = —x 7 - T exp |- —75 i
s 7i 9 1 °di

;( (27) dleOR or GOR
N (Fop-1D%  (Gpp-1)?

. exp |- vl - 5 (3-22)
. O 29F0R 29¢0R

- Combining Eqs (3-15), (3-16), and (3-22), and dropping the

constants at the first of the probability density functions

N .. ‘.l .

3 which get eliminated when the partials are taken, the

:i elements of J can be written as

‘ R S Yl 1B v kd IR DY

- ij 5,2 adi adjy adi adj

& .2 (Fpp-1) (Gap-1)

e (Z parsy senrw >} (3-23)
- 2043 29F0Rr 29G0R

"~
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The process of finding the elements of and inverting J
to get (l-l)ii is straightforward but tedious. The calcul-
ations are documented in Appendix A, and only the result is
given in this chapter. In Appendix A it is shown that the
lower bounds on VAR [ai] can be found in the general case
by computing the values for the entries in J, then using
the computer to invert the matrix. If the simplifying
assumption is made that H(p,6) << H(0,6) where p=0, and
UdiRz = OdiIz’ J reduces to several 4X4 matrices that can
be inverted in general. The inverted 4X4 matrices yield an
explicit equation for the lower bounds on VAR [ai]. This

is given by Eq (A-12), which is repeated below.

VAR[FiR] = VAR[FiI] 2

4
9
F T QL optD +
J k °Gi

B 7 7
[ (z) o(?;'k+l) + I 10y @2y °12~‘k+1) + L] -
J k oFi J k °ci

[T cos(?zlisineJ)]z ) sin(gzlisineJ)]2
B J

(A-12)

where

-Pmax+i s k s Pmax for i 2 0

and
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-P s ks?P X+i for i = 0

The simplifying assumptions used to derive Eq (A-12)
correspond to the case where the aberrations are almost
zero. While the assurptions are restrictive, a study of
the near-zero aberration optical system yields useful
insights into the deconvolution problem. If the exact
lower bounds are needed or if the aberrations are not near
zero, the lower bounds can always be found with a computer.
The near-zero aberration case will be studied exclusively
for the remainder of this chapter.

Analysis of Lower Bounds When Aberrations Are Near Zero

A test problem will now be formulated to gain some
insight into the behavior of Eq (A-12). Assume that
measurements are taken at the output of the optical system
described in Chapter 2 for two different plane wave arrival
angles, 6, and 6,. Then Eq (A-12) can be written

VAR[FiR] = VAR[FiI] 2

2(4 2+2+°2)
o 2: °Fk ‘;‘7
k Gi
B 7 7 =
(Azocﬁ +2+L2-) “‘ZUFI% +2+’°—'Z)‘
k Iri k °Gi

2 - 2cos(z% Zlisinel)cos(gg Zlisinez)-

23in(2% zlisinel)sin(gg Z,icine,)
(3-24)
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Equation (3-24) can be simplified by use of the angle
r; difference relationship cosacosB + sinasing = cos(a-g)

s and the power relationship coszu = 1(1 + cos2a).

VAR[FiR] = VAR[FiI] 2

R
| S
" '. '. |' l.

::": 02 (4 z 02 + 92 + 02)

Ny Fk ~ © 2

e (4202+2+°2)(4202+2+°2)-

{ Gk —7 Fk —7

- k °Fi k °Gi

B 21T ., . .

N 4 cos [5 le(s:Lne1 - 31n62ﬁ (3-25)
ig The bounds on VAR [éiR] = VAR [éiI] are the same as in

~

inequality (3-24) except that the numerator is

2

02 (4ZOG§+2+0—2-)
T k °Fi
o
\ﬂ Let the right side of inequality (3-25) be called «.
':E The limits on € as a function of 02 and Odiz are as
& follows. 1If o2 » 0, ¢ » 0. This says that if the
:g measurements of US(X) are noiseless, the VAR [&i] mav
‘;ﬂ approach zero as expected. If 02 > ©,
- 4, 2
24 oo %%t 2
o o /o © ; Fi e
.. Fi “Gi
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which is as expected, since if we have no measurement

information, the VAR [ﬁi] is bounded by the variance from

z ., 0, ¢ = oFiz/o2 = 0, as

the prior statistics. If Opi
expected. A limit for °Fi2 + = would be meaningless
since we know that |[di]| s 1 (Eq (3-20)).

Uniqueness Versus Input Plane Wave Arrival Angle

Note that for any given di, 02 and cdiz’ e is a
maximum when cosz[ %Zli(sinel-sinez)] = 1. 1In this cease,
the quantity %Zli(sinel—sinez) equals 0 or #nn result-
ing in sinel-sin62=0 or ina/Zli. This has a useful physi-
cal interpretation which can be illustrated with an
example. Suppose el=0, Zl=2’ a=1, n=1, and i=2. This
is shown in Figure 3-1.

For this case, sin62=0 or *1/4 to maximize €. The
aberration corresponding to i=2 is an optical wedge as can
be seen from Eq (2-21):

4 gkoax
a =e ,

ejkwA(x) = F,e

s0O

WA(x) = 2XX.

Now suppose that measurements of the field incident at
some point on WB(x) are taken first for the plane wave
arriving at 61=0, then for the plane wave arriving at
62=arcsin(.25) = arctan(.25). In Figure 3-1, the normals

of these plane waves are labeled as ray 1 and ray 2,
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pn Fig 3-1. Example Nonunique Deconvolution Problem

respectively. The phase difference between plane waves 1
and 2 at WB(X) is the same whether the aberration WA(x)=2Ax
is present or not. This is because rav 1 is delayed
exactly one wavelength when the aberration is present as

: conpared to the case when no aberration is present. This

{ ‘i’ is true no matter where the plane wave phase is measured

= along Vp(x). Therefore, a deconvolution scheme such as the
= one described in this paper which relies on the relative
phase between plane waves arriving at different angles,
would not be able to detect some components of the aberra-
tion functions for some specific arrival angles. Equation
- (3-25) may be used to select the optimum difference between
arrival angles for a given Fourier component of the aberra-
tion funtions.

When the aberration functions consist of many Fourier

A8 P
S Aam " .

/]

comporents instead of just one as in the previous example,

3

RS

some method must be used to determine a "good" difference

- angle (6,-68;). The difference angle must be "good" in the
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sense that €55 the lower bound on VAR [ai] (right side of
inequality (3-24)), is relatively small for every Fourier
component di‘ A simple way to select a difference angle is
to sum the € corresponding to each di and select the
difference angle that minimizes that sum. Note that the
sun E:Ei is the trace of the inverted FIM, where the trace
of a matrix is defined as the sum of the diagonal elements

of a matrix. Let the trace be denoted by T. Then

T=Zei=
i

2 2
2 2 o 2 o
Z 9Gi oFi
i [ 2 2 2 02 ]
1 ya [o}
(4) oge +2+ ") (4) opy + 2+ )
k °Fi k - °Gi

- 4 cos2 [% Zli(sine1 - sinezﬁ
(3-26)

For given prior statistics, measurement statistics,
and number of Fourier coefficients (-Pmax sis Pmax), the
optimum difference sinel-sine2 may be found graphically.
This is done for three examples in Figure 3-2. 1In all
three examples, all prior variances odiz=.001; SIGMAH=02,
DIFF=sin61-sin62, Z, are as defined in Figure 3-1; and Pmax

is the highest Fourier component (bounds "i" in the summa-

tion of Eq (3-25)). For all graphs, Zl=2 and a=1.

......................
...............

\.‘ﬂ




o97buy 1PATIIY 2ABM SURTJ SNSIDA 9ov1l °Z-€ bTa

T

3 4410 - .”,_
06°0 by” L€ 0 1€°0 S¢°0 61°0 210 mo._o 00°05
o
a

K=

1 1 A l /)

PP—

G = X¥Wd ‘T000° = 50

56

S = XVWd ‘100°

» . : . . 0 . ‘ ” . » o la- . 0] - . . . ’ . - - . . - - N r
2 et - - z 2 . PN St VRIS < SN S -¢ RSSO« TR



In Figure 3-2, a comparison of the top and bottom
graphs shows that for a given Pmax, the trace is greater
when the measurement noise (02) is greater, as expected.

The minimum value of the trace occurs at sinel-sin62=.065

for Pmax=5 and 02=.001, and at .07 for Pmax=5 and 02

and at .034 for Pmax=10 and 02=.0001. If 61=0, then the

=.0001,

optimun 6, for the three cases above is 3.7°, 4.0°, and

1.9°, respectively. There does not appear to be any way to

_} determine the optimum sinel-sinez except numerically.

#S However, this can be done a priori for given Pmax and

;i; “diz' The measurement noise 02 does not seem to have much
. effect on the optimum plane wave arrival angles.

o Linking TRACE to W(x)-¥(x)

Equation (3-26) establishes T as a lower bound on
Z:VAR (di]. The final step in the noise analysis is to
relate T to the error functions ﬁA(x)-WA(x) and
&B(x)—WB(x). First T must be split into two smaller
5} surmations, one corresponding to Fm and the other corres-

ponding to G so that (see Eq (3-26))

e
st
.«
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- Pmax
= TF - z
(& i=-Pmax
o 2
- 2 2
- 20° (4) o * 2 + L)
k 9Gi
(4 2 42y o* ) (4 2 404 o” )ﬁ
). 96k “«T T ) °Fk — 2
s k °Fi K °ci
-
jf i -4 c032 [% Zli(sine1 - sinezq ] (3-27)
.-‘::
< and
*A
:i Pmax
Te= L
N i=-Pmax
~ ,
“ 202 (42 Uék + 2 + 0—2-)
k OFi
{ = ) 7 > =
0 g
o b oge +2+—=) (h) op + 2+
. k OFi k 9Gi
3 i - 4 cos2 [g Zli(sine1 - sinezﬁ ] (3-28)
Noting that
. A, j 27nx
. JkW, (x) __JkW, (x) _ = J£mnx
2 e A e A z:(Fn Fn)e a ,
1. n
-
4:.
<\ T can be related to the error in the aberration functions

as follows:
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a -
F [l 'eJkWA(x)_eJkWA(x)IZdX] -
a
0

a
[ j21rnx|2
0

| ¥ (F -F e a |“dx] =E [Y |F -F_|%] =
n n

- 2 - 2
EZ ['FnR-FnRI + anI_Fnll ] (3-29)

A

If FnR and FnI are unbiased estimates, then

-2 -2
E), UFg-Fogpl® + [Fup-Fppl =
n

Z (VAR[F_p] + VAR[F {]) 2 T
n

F (3-30)
Equations (3-29) and (3-30) are the same for WB(x)
with G and TG replacing F and TF’ respectively. The final
result of the noise analyvsis then is that a lower bound can
be found for the mean squared error of the exponential of
the aberration functions. This result is surmmarized in the

following equations:

o —\p

eI KW () _ JKWR () 1241 5 (3-32)

1
E I3 G

Z
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The noise analysis of this chapter is based on the
assunmption that the variable elements of Eq (2-30) (ﬁ, &,
and ﬁ) are random variables with Gaussian probability
densities. This assumption is routinely used when no
information on the actual densities is available. While
the densities may deviate somewhat from Gaussian in a real
optical system, the Gaussian assumption generally yields
results that match reality quite well.

Two significant results have been derived in this
chapter. First, Eq (3-26) enables one to select optimum
plane wave arrival angles 84 and 6, for a given number of
Fourier coefficients. This result has a satisfying intui-
tive interpretation that was illustrated by the example of

igure 3-1. Second, lower bounds on the difference between
the calculated and the actual aberration functions were
given by Eqs (3-31) and (3-32). While one would really
like to have upper bounds, lower bounds are often very
close to the actual error and give some assurance that the
problem is not overly sensitive to noise if the proper

input plane wave arrival angles 8, and 6, are chosen.
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IV. Solution to a System of Bilinear Equations

Introducticnr

This chapter will explore a method of solving the
nonlinear syvstem of equations (Eq (2-30)). With the aid of
a computer, a number of methods could be applied such as
the Newton-Raphson method (Ref 4:249). Instead of using
one of the standard methods, a novel method is presented
that takes advantage of the fact that the nonlinear system
of Eq (2-30) is bilinear. This method possesses the
advantages of always iterating ''downhill" and of being
relatively easy to program on the computer. However, like
other schemes for solving nonlinear svstems of equations,
it uses a lot of computer time when the dimensionality of
the equations is large, and it will iterate to local minima
under certain conditions, lNo attempt is made to compare
the solution method of this chapter with standard methods.
However, the computer solutions to some example problems
are presented to demonstrate some of the characteristics of
the solution method.

Solution Method

The individual equations in Eq (2-30) are given by

Eq (2-27). For convenience, both equations are repeated

below.




.2 . .
HJ(p) ==§: FmGnexp [-J—%[mSlneJ(Zl+22) + Zzns1neJ{]
mn

m+n=p (2-27)
F»PmaxGO Hl(-Pmax)
A F-Pmaxcl Hl(-Pmax+1)

— ‘J F-PmaxGPmax Hl(Pmax)

F-Pmax+1G0 :
. Hz(Pmax)

F-Pmax+lc?max
FPmaxG-Pmax
LmeaxGO J

Since mtn=p in Eq (2-27), it can be rewritten as a single
summation.
1131{(2 +Z,)msing +Z,(p-m)sing ;]
Hy(p) =) Frbpom® 2 17°2 J"e2 J

m
(4-1)

In Eq (4-1), |m| < Pmax and |p-m| s Pmax. The
elements of the A matrix are given by the exponential
factor in Eqg (4-1). For a given element in the A matrix,
m+n must equal p in HJ(p) for the row of the element, and m

and p-m must be equal to the m and n, respectively, in the
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FmGn corresponding to the column of the element. Other-
wise, the element is zero.

There is no mathematical guarantee that a consistent
solution to Eq (2-30) even exists, so we must rely on the
fact that if the equations accurately represent a real-
world optical system, they will be consistent. Also, it
can be seen by inspection that the solution to Eq (2-30)
is not unique unless the magnitude and phase of either the
F or G vector is given. This can be seen by noting that if
vectors F and G are solutions, so are CF and G/C, where C
is any complex number. From Eqs (3-20) and (3-21), the
magnitude of F and G are each unitv. The phase is entirely
arbitrary, so it will be set to FOI=0.

One obvious approach to solving Eq (2-30) would be to
solve it as a linear system for the FmGn pairs, then devise
a schene for dividing different pairs into each other to

form ratios such as F2GO/FOG0 = FZ/FO . The fact that

3 IFI2 = 1 and |G|2 = 1 and the assumption that the phase

i. of Fy is 0 could then be used to solve for the Fourier

E; coefficients. There are two major drawbacks to this

a approach. First, if onlv two measurements of the field at
i; the measurement plane are taken, Eq (2-30) will always be

an underdetermined linear system with the FmGn pairs as the
unkn