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Abstract

This paper documents a gquantitative analysis of the
performance of the generalized chain codes when used to
quantize waveforms of specific degrees of curvature. The
analysis was performed using a software simulation of the
chain coding system on periodic circular and sinusoid
waves. The performance of the codes was measured in terms
of the number of encoded bits per length of the function
and the area error per length.

The analytic measure of the curvature of the c¢ircular
and sine wave was developed so that the performance of the
codes could be evaluated as a function of the curvature of
the waveform being gquantized. Comparisons on the circular
wave provided a baseline of a constant curvature function.
The performance of the coding system was then compared to
the results when sine functions of similar curvature were
encoded to determine if curvature is a valid predictor of

the performance of the chain code system.
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I. Introduction

The recent trend of modeling images for computer

processing or storage has been toward discrete quantization.
The classical two dimensional sampling, however, is
inefficient for wvirtually all types of images due to the
inherent duplication of patterns in the image field.
Several methods have been examined in attempts to utilize
the basic properties of images as a guide to the development ;

of an efficient data representation model.

Saghri and Freeman [3,13) have reported on a family of

encoding schemes for use on a specific type of image known

as a line drawing. A line drawing is an image consisting of

lines of a single intensity on a contrasting background.
(Contour maps, graphs, and even printed text are examples of

line drawings.) These coding schemes are collectively

referred to as Grid Based Line Drawing Quantization Methods,
and take advantage of line segments in the image. The
performance of these codes is apparently affected by the
shape or content of the image being quantized.

There are several measures which have been used to
characterize the performance of these codes. In a 1982 AFIT

thesis, Lt Keith R. Jones developed a computer program based




on the grid based 1line drawing quantization method to
empirically examine the performance of the chain codes when
used to gquantize periodic circular and sinusoidal wave
functions [8].

Lt Jones measured the area error per unit length of the
function to quantify the accuracy and precision of the code.
He used the average number of guantized bits per unit length
to measure the efficiency of the codes. This thesis will
continue the examination of the grid based line drawing
quantization method. My objective is to investigate the
degree of correlation between the curvature of a 1line
drawing and the performance of the guantization,
particularly in relation to the grid size used.

This investigation will be primarily concerned with the
results obtained by quantizing circular and sine waves.
These two families of functions were chosen because the
circular wave has a constant curvature and the sine wave has
a continuously variable curvature. Also, these functions
can be simulated in a straightforward manner by the
computer,

Although the analytical development of this thesis
includes a phase term, only sine and circular waves of zero
initial phase will be examined. Jones has shown that
different initial phases affect the gquantization system very
little, at least for periodic sinusoidal and circular waves.

In chapter two of this thesis, I will introduce the
algorithms used for quantization. (For a more complete

discussion of the family of grid based quantization schemes,

I-2
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the reader may wish to study reference 10.) Chapter three
discusses the mathematic aspects of curvature and how they
relate to the particular functions examined in this thesis.

Chapter four discusses the implementation details of Lt
Jones' FORTRAN program on the AFIT VAX 11/780. The
particular changes involved to convert the routines
originally produced on the CDC Cyber and their effects are
reviewed.

Chapter five is the analysis of the coding scheme when
used on functions of constant curvature (i.e. periodic
circular waves). It will introduce new statistics such as
the ratio of grid size to curvature and how these <can be
used to measure performance. Specific conclusions with
respect to circular functions will be presented.

Chapter six analyzes the coding scheme's performance
when used to encode sinusoidal waves. The specific
observations of these results will be reported. Chapter
seven will report the general conclusions of this thesis.
Based on the experience with functions of constant and
varying curvature, the results will be generalized to show
how well the curvature of a function can be used to predict
the performance of the quantization system on that function.

Recommendations for further study will be made based on

these conclusions.
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II. Background of the Chain Codes

This chapter will introduce the basic concepts of the
chain codes which are examined in this thesis. Certain
results and recommendations of a previous AFIT thesis by Lt
Keith R. Jones will be reviewed [8]. A number of different
coding algorithms will be described and the performance

criteria used to evaluate these codes will be reviewed.

The Generalized Chain Codes

The chain codes are used to quantize a function or line
drawing by superimposing a rectangular cartesian grid on the
function and identifying node points "near" the intersection
of the function and the grid lines. The sequence of these
node points 1is wused as a model of the original analog
function, 1image or line drawing. There are many possible
ways of encoding these sequences of intersection points.
The simplest of these will be discussed, followed by a

generalization to the more complex coding schemes.

Grid Intersections

The points at which the horizontal and vertical lines

of the grid intersect are called nodes. It is these nodes

II-1




which are assigned the discrete values used for
quantization. The simplest gquantization scheme, called the
grid intersect code, merely specifies the nodes closest ( in
terms of physical distance; the midpoint can be arbitrarily
assigned to either side) to each intersection of the drawing
and the grid lines. The node points are specified
sequentially as the drawing or segments of the drawing are
traversed from beginning to end. Since each node 1is
adjacent to eight other nodes (the use of other than these
eight nodes has been researched by Rosen [12]1), three bits
are used to identify each node. (See Figure II-1.)

A function or line drawing is guantized by starting at
one end of the line and tracing the line through the grid.
The values of successive nodes are recorded as a sequential
chain since each value represents the position of a point in
relation to the previous point. Thus for a given point, the
next point must be one of the eight immediately adjacent

nodes.

Figure II-1. Possible next nodes

Figure II-2 shows a straightforward encoding scheme for

these nodes, as introduced by Freeman [3]). The specific

II-2
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ordering of these nodes is arbitrary.

2

3 1

4 ! . | 0

5 N 7
6

Figure II-2. Encoded Values of Grid Intersect Code

Using this encoding scheme, the encoded representation

of the line drawing in Figure II-3 would be:

start - 001 000 000 111 111 001 001

Figure II-3. An Encoded Example

A variation of the grid intersect code was introduced
by Saghri [13] and referred to as the (1) code. The (1)
code selects for quantization only the node closest to the
intersection of the line drawing and the ring boundary ( the
grid intersect code selects all the grid intersect points ).

Thus for certain line drawing segments such as in Figure II-

I1-3
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4, the (1) code would not include certain nodes which are in
the grid intersect quantization.

According to Freeman [5], since the set of nodes
selected using the (1) code is a subset of the set selected
by the generalized grid intersect code, the (1) code will
perform at least as well (generally better) as the grid
intersect code in terms of the total number of bits used for
guantization. The fewer nodes identified in the
quantization may however mean that the area error of the

quantization will be greater for the (1)} code.

. . . . . X - in grid
intersect
. . . . . . code, not

in (1) code

Figure II-4, Example Encoding Using Grid Intersects

The precision and accuracy of both codes are highly
dependent on the grid size and the characteristics of the
particular function being quantized. If a function rapidly
changes direction within a grid square, this change may not
be encoded and may be lost. Curvature is one measure of how
rapidly a function changes direction which can be readily
calculated for circular and sinusoidal wavas, By

calculating curvature, we can determine whether a function




can arc within a given grid size. As shown in Figure I1I-5,
drawings with large curvature can be lost if the grid size
is too small. Because of this, only grid sizes of at least
twice the minimum curvature will be used in the guantization
experiments. The primary emphasis of this thesis will be to
examine this relationship between grid size versus the
curvature of a function and how well the encoding system
guantizes functions with various degrees of curvature.

(Chapter three will discuss curvature in more detail.)

Figure II-5. Combined Effects of Grid Size and Curvature.

Higher Order Codes

The chain coding scheme can be generalized to include
the set of nodes other than those immediately adjacent to
the present node. Each set of boundary nodes at equal grid
distance from the current node is called a ring. Ring 1
includes the nodes immediately adjacent to the current
point, ring 2 is the next outer ring and so on as shown in
Figure 11-6. For example, a (1,2,3) code uses rings 1, 2,
and 3 for encoding. A particular coding system may use any

number of these rings, but it must be consistent for proper
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encoding and decoding.

ring 1

. . ring 2

&———7ring 3

Figqure II-6. Encoding Rings

The higher order codes take advantage of trends in
lines by utilizing the largest ring possible to quantize the
next node while maintaining a given error performance. The
choice of which ring to use also involves examining each
ring and wutilizing the outermost ring which meets the
minimum performance requirement. If the outermost ring fails
the error test, the next inner ring is checked and so on
until the innermost ring is used. The higher order codes
are loosely adaptive thercfore, in that they wutilize an
optimum coding seguence subject to the area of precision
constraint.

There are several tests which can be used to
determine the optimum ring level, such as maximum deviation,
or total area error. Lt Jones used an area of precision

rule. As showr in Fiqure II-7, the area of precision is the




enclosed region bounded by the outer ring line segment
within plus and minus one-half grid length on either side of
the proposed node and the line segments connecting these

points to the current node.

Figure II-7. Area of Precision

The use of this particular area of precision rule to
determine the proper ring level has alsc been referred to as
triangular quantization 1in reports by other researchers
[131]. Figure II-8 shows how the area of precision applies
to two line drawings. Since the drawing on the left passes
outside the specified triangle, the outside ring fails the
test and will not be used. The entire drawing segment under
consideration on the right lies within the triangle, and the

third ring will be used.

I1-7




passes fails

Figure II-8. Examples of Area of Precision Rule

If all the line drawing-grid intersections are within

the area of precision, the proposed ring level and node are
used for the next encoding point. If not, the next 1inner
ring 1is evaluated with a similar area of precision; the

process continues until a node passes the test or the
innermost ring is reached. The maximum performance in terms
of minimum number of bits required to encode the 1line |is
obtained by choosing the outermost ring which passes the

area of precision rule.

Performance Standards

Other research on chain codes has produced families of
general chain codes with good and poor per formance
{2,3,5,12]. At this time, no adequate mathematical models
have been reported which can guantitatively predict the
performance of the chain codes. The lack of such a model
has required that the performance of these codes be

established by computer simulations.
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Evaluating the General Chain Codes

Five criteria for comparison of general chain codes
have been suggested [3): (1) compactness, (2) precision,
(3) smoothness, (4) ease of encoding and decnding, and (5)
facility for processing. The relative importance of these
criteria is somewhat subjective and is highly dependent on
the particular application. An increase in performance of
one criteria is usually obtained at the expense of another.

The compactness of a code refers to how many bits are
required to store or transmit a given picture. A higher
order code may result in fewer bits for one picture if it
includes relatively straight lines, or the computation
overhead may become excessive 1if too many rings are
evaluated. This evaluation also requires some additional
amount of memory for node comparisons. A lower order code
will require the quantization of at least as many nodes as a
higher order code.

Precision is a measure of how well the coding scheme

correctly quantizes small changes of a function. In
applications where data are displayed, the smoothness of
the quantization may be an important factor. Display

smoothness often affects recognition of certain patterns in
visible data [7,8].

The major tradeoffs of these criteria are compactness
versus precision and speed versus ease of encoding and
decoding. The latter might influence hardware/software

design decisions of an entire system.
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Performance Criteria Used in this Thesis

Lt Jones used two metrics to quantify the performance
of the codes. These same metrics will be used to compare
the performance of the codes produced in this thesis. The
efficiency or compactness of the code is measured as the
number of bits per unit length. The precision of the code
is computed as the area error per unit length.

The compactness or bits per unit length is computed by
dividing the number of bits required to encode the line up
to a given point by the current length of the code at a
given point. Similarly, the precision is computed as the
accumulated area error of the quantization divided by the
current length. The quantization software prints out the

value of each of these statistics at intervals equal to 10
grid lengths.

The accuracy of the code measured how well the code
represented the original line drawing. The gquantization
error was obtained by integrating the area between the
original 1line and the quantized line. Lt Jones' results
indicate that increased performance in terms of area error
requires more bits for encoding (where differences were
significant).

This thesis investigates the nature of the relationship
between the curvature of a line drawing, the grid size, and
the area error of quantization. The primary area of concern

is the evaluation of the performance of the chain code with




respect to the compactness and precision of the codes.

Summary

This chapter has reviewed the basic concepts of the
chain code system, the results of previous research in this
area, and the evaluation criteria generally used to measure
the performance of the codes. In the next chapter, the
curvature of a function will be introduced as an additional
parameter to be used to quantitatively measure the

performance of the codes.

I1-11
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ITII. Curvature

This chapter will introduce the basic mathematic
concepts of the curvature of a function. It was stated in
chapter two that functions which rapidly change direction
within a guantization grid square may not be gquantized well
by the grid based line drawing quantization system. This
chapter will introduce curvature as a measure of how quickly
such a function or drawing changes direction. Curvature
will provide an objective, tractable parameter against which
the chain codes will be evaluated. After reviewing the
general background and definitions of curvature, the basic
concepts will be extended to show how the curvature of
periodic circular and sinusoidal waves are evaluated in this

thesis.

Basic Curvature

Curvature 1is a measure of how rapidly a function
changes direction, or how sharply it turns. The analytic
definition is the rate of change of the tangent vector of
the function [14:585]). Since the length of the tangent

vector 1is always one, curvature measures the change of

IIT-1




direction of the tangent vector. The physical
interpretation of «curvature agrees closely with this
analytic definition. The tangent vector in. Figure III-1
changes rapidly around point A, but changes slowly between
peints B and C. Note that the derivations in this chapter
will only deal with two dimensional drawings and functions.
The same concepts can be generalized to higher dimensions

with similar results.

Figure III-1. Tangent Vector

The mathematical definition of curvature is:

k = [ 48 /ds ]

where theta is the angle to the tangent vector and s is the

arc length (See Figure II1I-2). (The braces [] are used to
indicate the absolute value.) Theta changes from point to
point along the line drawing; its sign is taken to be the
same as the sign of ds/dx. Thus k is positive if the

concave side of the curve is on the left and negative if the
curve is concave to the right ( left and right are from the
perspective of tracing the line from beginning to end ).

For a straight line, the angle theta is constant and thus

I11-2




de/ds is equal to zero.

Figure III-2. Tangent vector at point P

A circle of curvature (see Figure III-3)} is the unique
circle whose center is on the concave side of a function and
is tangent to the function at a particular point P, The
radius of this circle can also be used as a measure of the
curvature of a function and is equal to 1/{k}. (This result

will be derived in the next section.)

Figure III-3. Circle of Curvature

In this study, curvature will be examined to determine
how well the chain codes work with functions of different
degrees of curvature. If the grid size is much smaller
than the smallest radius of curvature of a line drawing then

any inflection of the curve will cross a grid line and will

III-3
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L be encoded. If the radius of curvature is much smaller than

the grid size, rapid changes in the function may not be

recognized by the encoding process, as in Figure III-4.

. x . .
. »® . . .
X - guantized nodes

Figure III-4. Effect of Grid Size on Quantization Nodes

Derivation of Curvature

Thomas [15:546] develops curvature by noting (refer

back to Figure III-3):

tan 9 = dy/dx : (1)

® = arctan(dy/dx) (2)
(d?y/dx?)

de/dx = (3)

(1+(dy/dax)? )

Now s is the arc length at point P, so that:
1

k3
ds = (dx? + dy? ) (4)




This leads to:

1

3
ds/dx = (1 + (dy/dx)?® ) (5)

By combining (3) and (5),

d6/ds = (4 /dx) / (ds/dz)

=
1]

(d?y/dx?)
- (6)

U~

(1 + (dy/dx)- )

In order to more easily extend the calculations to the
circular waves, the curvature of the parametric form of the

two dimensional function is developed.
X = f(t)
y = g(t)

= arctan( (dy/dt) / (dx/dt) )

(dx/dt)(d?y/dt<) - (dy/dt)(dx?/dt?)

( 1 + ((dy/dt) / (dx/dt)) *)

(dx/dt)(d%y/dt?) - (dy/dt)(dx?*/dt?)
(7)

(dx/dt)? + (dy/dt)?

o k== e et it




The derivative of the arc length s is:

1

de/dt = ( (dx/dt)?* + (dy/dt)? ) (8)

Combining (7) and (8) yields:

=
it

(d 8 /dt) / (ds/dt)

(dx/dt)(d?y/dt?*}) - (dy/dt)(dx?*/dt?)
- (9)
1.5

( (dx/dt)? + (dy/dt)? )

Generalized Curvature of a Circle

This formula can now be used to express the curvature
of a circle, and of the generalized circular function.

First the circle is parameterized by:

x = a cos(t)

y = a sin(t)

The derivatives are:

dx/dt = -a sin(t)
dy/dt = a cos(t)
d?x/dt? = -a cos(t)

ITI1I-6




d?y/dt? = -a sin(t)

Substituting into the parametric curvature formula (9),

{(-a sin(t))(-a sin(t)) - (a cos(t)}){(-a cos (t))
X = (10)
(a? sin®(t) + a?®* cos?*(t) )
2
a
3
a
1
K = —— (11)
a

Therefore, the curvature of a circle whose radius is a
is 1/a. The smaller the radius of a circle, the greater is
the curvature. Also, the curvature of the periodic circular

function is constant throughout its domain.

Curvature of the Sinusoidal Function

The curvature of the sinusoid function can be evaluated

in the same manner by using the parametric equations:

x
]

f(t) t

=<
It

g{t)

a sin(wt + p)

I11-7




Now the derivatives are:

dx/dt = 1

dy/dt = aw cos{wt + p)
d?x/dt? = 0

d?y/dt? = -aw? sin(wt + p)

Substituting into equation (9),

[ aw? sin(wt + p) 1

k = (12)
1.5
(wt + p) )

(1 + (aw)? cos?

This equation can be used to evaluate the curvature of a
given sinusoid function at any point, with any given

amplitude, period and phase.

Maximum Curvature of the Sinusoidal Function

A closer examination of equation (12) reveals that the
maximum curvature for a sinusoid function occurs at the
extreme points of the sine function. At n'q{ /2 (n =

1,3,5 ...), the numerator equals aw? as the sine goes to

III-8
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one. At the same time, the cosine value in the denominator
goes to zero, with the denominator itself going to one.
Therefore the maximum curvature of the sinusoid function is

aw?

Average Curvature of the Sinusocidal Function

Now that the instantaneous curvature of the sine
function has been evaluated, it would be desirable to be
able to find the average curvature of a given sine wave.
This will be done by integrating the instantaneous curvature
over a full period, and dividing by the length of the

period.

290 /w
[aw?® sin(wt + p) ]
o = dt (13)
1.5
{1 + a* w? cos ? (wt +p) )
0

The instantaneous curvature of the sine wave is symmetrical

about /2 and /4, as is shown in Figure III-5.
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Figure III-5. Symmetry of the Curvature of the 3ine Wave

This symmetsy is shown anaivticallv bv noring thac:

sin(wt + p + 9/2) siniwe + o - /2)

and

cos’(wt + p - €/2)

cos®(wt + p + 7/2)

for all values of t and p.

Symmetry allows rthe averarns curvature integral to be

evaluated by:

/2w

dt (14)
1.5

aw? sin(wt + p)
C = 4 s

* cos * (wt +p) )

(1 +« a? w

i e~ e o




By changing variables with:

A =wt +p

dA = wdt
/2 +p
aw sin(A)
c -4 [
(1 + a2 w°?
p

Due to symmetry, the integral over a complete period is the

same regardless of the starting point (or phase)

so that:

aw sin(Aa)
45




Substituting the variables:

u = aw cos(A)

du = -aw sin(A) dA

-1
C = 4
1.5
(1 + u? )
aw
aw
1
= 4 du
1.5
(1 + u?* )
0

The final variable substitution of:

u = tan (B)

du = sec?® (B)

yields the integral:

ITI-12
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arctan(aw)
sec?{B)
C = 4 dB (19)
1.5
(sec?® (B))
0
arctan(aw)
C = 4 j cos (B) dB (20)
0
arctan(aw)
= 4 sin(B) (21)
0
4aw
- (22)
1
(1) (1 + a? w? )

The average curvature is this area divided by the width

of the period, or

ITI-13




avg curv = (22)

Now that an expression for the average value of the
curvature of a sine wave has been obtained, I will examine
how these functions of curvature affect the performance of
the quantization system. It is also interesting to note
that the expression of the average curvature supports the
assumption that the curvature of a sine function 1is not

dependent on phase.

Summary

This chapter has reviewed the general concepts of the
mathematic gquantity of curvature of a function. The
curvature of a function has been introduced as a parameter
to be used to quantitatively evaluate the performance of the
chain codes. The formulas used to evaluate the curvature of
continuous circular and sinusoidal waveforms were reviewed.
Finally, equations for determining the instantaneous and

average curvature of an arbitrary sinusoidal function were

developed.
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IV. Implementation

This chapter discusses the implementation details of Lt
Jones' FORTRAN program and the changes required to make it
run on the AFIT SSC VAX 11/780. The changes are of two
basic types: 1) the obvious compiler specific changes and ;
2) changes required to increase the numerical precision of
the standard VAX arithmetic routines. The specific changes
are discussed with the associated problem areas and
symptoms, followed by a description of the test runs used to
verify the correctness of the resulting program.
Recommendations are made concerning possible further }

analysis and modifications to the program.

Background

The gquantization program was written for the FORTRAN 5

compiler on the CDC Cyber computer. This compiler is an

extension of the 1966 FORTRAN standard and is documented as

a superset of the FORTRAN 77 standard. The VAX compiler is
the VAX UNIX £77 version of FORTRAN 77.

The two machines have a significantly different word
size; consequently, the accuracy of the single precision

arithmetic operations is different. The basic word of the
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CDC is 64 bits, providing a floating point range of
approximately plus or minus 10 exp 308 with 15 significant
decimal digits. The VAX single precision d-format range is

plus or minus 10 exp 38 with 7 significant digits [9,11].

Errors and Software Changes

This basic difference led to the only compiler specific
change in the program. The ZERO function uses an error
tolerance test of 10 exp -100 when searching for the zero
point of a function. The exponent was identified as a
floating point exception by the £77 compiler. Analysis of
the routine indicated that only a '"small tolerance" was
required. Since this tolerance is alco used as a divisor,
10 exp -25 was chosen to replace the 10 exp -100 to provide
some leeway.

The resulting program ran, but the results produced two
error symptoms: 1) a run time error "NTOL EXCEEDED" and 2)
all the BPL (BPL is the bits per unit length metric as
discussed in chapter two) results were the same.

The NTOL variable is used to place a 1limit on the
number of iterations used in the search for the function
zero point. Since this loop was being repeated too many
times, I concluded that the decreased precision of the VAX
was accumulating errors significant enough to invalidate the
search loop. The obvious fix was to use double precision
for all the REAL variables. (The £77 compiler uses the VAX
type g floating point format for double precision

operations.)
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To aid in debugging, I included forced data typing
statements for all variables. This led to the
identification of another syntax problem: the generic (or
untyped) name for the sine function on the VAX was not the
same as that used on the CYBER. Changing the spelling
corrected this problen.

The results of the double precision runs were again
that the BPL output showed no change. (The X variable did
agree to all eight printed digits.) The use of the symbolic
debugger sdb produced two results: 1) the identification of
multiple variables in the same COMMON BLOCKS having the same
address, and 2) the conclusion that the data input file was
not being read correctly. The real problem here was that a
variable was being input as zero, causing all the results to
be the same.

I corrected the data input file and the program ran
properly ( I reported the COMMON BLOCK problem to the system
administrator as a possible sdb or f77 error.) The output
from this run agreed identically with the corresponding run
produced on the CYBER. The results from the next run
identified a classic numerical problem in that the quotient
LOG(8)/LOG(2) on the CYBER was 3.000000 but on the VAX the
same operation produced a result of 2,999999. I corrected
this by adding 10 exp -20 to the result and rounding.

With these corrections, the program was tested on both
sine and circular waves using the (1), (2), (1,2), (1,3) and

(1,2,3) codes with amplitudes of 0, 10 and 20 and periods of




0 and 0.2. All the output from these runs agreed exactly

with the results from the CYBER.

Summary and Recommendation

This chapter has reviewed the software changes I used
to make Lt Jones' quantization analysis program work on the
VAX. By utilizing double precision for all real variables,
the calculations agree exactly with the Cyber results.

Use of the double precision variables more than doubles

the calculation time for these variables. Although not
prohibitive, run times of eight to twelve CPU minutes were
common . Double precision accuracy might not be required in

further studies of this kind unless specific parameters are
being evaluated. The trends of the runs are usually
apparent in the first two or three significant digits, and
single precision may provide the necessary resolution.

Two areas should be analyzed to evaluate whether single
precision 1is sufficient for the program: 1) effect of
accumulated errors in loops and 2) effect of precision on
the determination of the =zero points. As discussed
previously in this chapter, the accumulated errors may cause
the zero function not to find the correct zero point.

A possible solution to both of these problem areas is
to use double precision only in the repeated major loops or
in the zero function. Even with double precision in these
two areas, a significant decrease in CPU run time would be

expected.
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V. Resuits For Circular Waves |

In this chapter I will present the results observed
when quantizing circular waves. First I will describe what
the quantizing program's input parameters are and how they
define the function being quantized. Next I will present
plots of the performance of these functions and relate the
performance to the curvature of the circular waves.
Finally, I will summarize the results for the guantization

system when used to encode circular waves.

Input Parameters

Lt Jones' quantization program was written to be
general enough to quantize sine and circular functions of

arbitrary amplitude, period, and phase. He also made "

provision for allowing different grid sizes, the number of
periods to run in the experiment and multiple ring levels
for the various types of codes.

In order to be able to easily compare all my results
for both the s.ne and circular functions, I decided to use

a uniform grid size of one and run each experiment for one

thousand periods. As I have previously explained in
chapter 1III, I only examined sinusoid and circular
V-1




functions with zero initial phase. The only remaining

input parameters for circular waves are the type of code to
use for quantization, and the period since the amplitude of
a circular wave is one fourth the period. Therefore to
test a circular wave, one need only specify the period and
the type of code to be used.

With these inputs, the program produces a listing of
the independent variable, the total area error, the area
error per unit length of the function and the number of
quantized bits per unit length. Using the "S" data
manipulation package on the VAX, I produced the plots of

the quantization results included in Appendix A.

Discussion of Plots

For each of the plots, the upper graph is the area
error per unit length ( or aepl ) as a function of the
independent variable x ( which was used to generate the
circular function ). The lower plot is the number of
encoded bits per unit length used to encode the function
{or bpl) as a function of the independent variable x.
These are the accumulated statistics so that the aepl is
the total error area up to each point divided by the total
length of the function up to that point.

The objective of these experiments is to determine the
performance characteristics of the quantization schemes
when used to quantize circular waves. I generated computer

runs for each of the (1), (2), ((3), (1,2), (1,3) and

(1,2,3) codes with periods of 5, 10, 15, 20, 30, 40, 50,
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and 100 units. To correlate the results 1 graphed the
performance of each of the codes against the same amplitude
( Figures A3 through A10 ).

These graphs are very similar in shape. Most of the
curves (both aepl and bpl) are flat, which means that the
performance settles down to a relatively constant level,
Another interesting observation is that the ordering of the
performance of the codes 1is the same across all the
different amplitudes. Also, the expected classical
tradeoff is apparent: increasing the accuracy ( or
decreasing the aepl ) causes an increase in the number of
bits required to encode the function.

Generally, these charts show that the (1,3} code has a
very low aepl and it has an average bpl. This holds across
all the different curvatures which were examined. The
other general observations are that the (3) code always had
the lowest bpl and the highest aepl, followed by the (2)

code and the (1) code.

Curvature

These results tend to confirm the prediction of
performance based on the analysis of the curvature of the
circular function. Since ( for the circular wave, as was
discussed in chapter II1 ) the curvature of a circle is
equal to 1/a (where a is the radius of the circle) and
constant, one would expect a fairly constant performance
plot. For the circular waves just discussed, the curvature

data are presented in Table V-1.




Per 5 10 20 30 40 50 100
Amp 1.25 2.5 5.0 7.5 10 12.5 25
Curv .8 .4 .2 .13 .10 .08 .04

Table V-1, Radius of Curvature of Circular Waves

A large curvature value indicates a relatively sharp

turn of the curve; a smaller value indicates a more
straight function. Since the instantaneous curvature 1is
constant, so also is the average value. Therefore, based

on the knowledge that the grid based line drawing svstem
models functions as seguences of line segments, one would
expect that the aepl of a circular wave of low curvature
would be lower than the aepl of a wave with a large
curvature (based on either instantaneous, maximumn or
average curvature ). This trend is seen in the plots by
noting that the aepl generally increases as the curvature
increases (although this trend is not monotonic). This
trend was gradual from periods of 100 down to 20 with a
marked increase in the neighborhood of 15. At about 5, the
error doubled that at 15; note that this corresponds to
the curvature approaching the grid size in the
quantization. The charts on pages A-11 and A-12 show how
the asymptotic values of the aepl change as related to the
curvature of the function, with the single ring codes

presented on A-11 and the multiple ring codes on A-12,




Note that the behavior of the single ring codes and the
multiple ring codes are different at the lower end of the
graphs. The charts on A-13 and A-14 show the
corresponding bpl plots for the same curvature points. The
bpl plots are more constant than the bpl, but do change
behavior somewhere in the neighborhood of radius 15.

In order for the bpl to be low, the quantization must
be able to utilize the outer rings for portions of the
curve, while also being able to utilize the 1inner rings
where necessary to reduce the error. This can be seen in
the graphs by observing that the (1,3) code is relatively
low in both aepl and bpl. My interpretation of this 1is
that when the section of the functions where the tangent is
parallel to either of the grid axes, the third ring \is
used, while the first ring is used when the tangent is at a
larger angle to the axes, such as 1in Figure v-1.
Apparently there are not enough of the intermediate points
to make the second ring necessary since the (1,2,3) code
performance is not that much better than the (1,3) code.
Another notable result is that the single ring codes ( (1),
(2), and (3) codes ) have a very nearly constant bpl
regardless of the curvature. This means that the code 1is
using a straight line approximation parallel to the grid
axes for the majority of the points. ( Proffitt concludes
that this trend will continue and that only a four way

coding system is necessary for any straight line [12:79]. )
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Figure V-1. Ring Utilization of the (1,3) Code

Summary

In this chapter I have reviewed what the guantization
program's input parameters are and how these parameters
affect the curvature of the resultant circular function. I
have reviewed the performance of the grid based line
drawing gquantization system when used to encode circular
waves. These results indicate that analysis of curvature
provides some general indications of performance such as
code choice and grid size, but it does not strictly predict
the performance of the quantization system, at least when

used on circular waves.
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VI. Results for Sine Waves

This chapter reviews the results obtained when sine
functions of various curvatures were encoded with the line
drawing quantization system. Observations are made
comparing several measures of curvature and how these
measures relate to the performance of the coding systemn.
The performance of the codes against circular waves and
sine waves are compared and generalizations concerning
these results are made.

The experiments which produced these results were
begun with the same motivations as the circular waves.
Based on the results from Chapter III, the curvature of
sine waves can easily be evaluated. Using the formulas for
maximum curvature of the sine wave as a guide, several
computer runs were made and the resulting curvatures are
listed in Table VI-1.

These sine waves are generated with inputs similar to
those discussed in Chapter V for the circular waves.
Specifically, the inputs are amplitude, period, phase, grid
size, number of periods to run, and the type of code to use
for quantization. As with the circular wave, the phase was

set to zero, a grid size of one and a length of one
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thousands periods was used in all the runs. The same codes
(v, 23, (3), (1,2), (1,3) and (1,2,3) ) were run with
periods of 5, 10, 20, and 50, each with amplitudes ranging
from 5 to 100. The graphs of these results are Figures
A-15 through A-24.

The results of the sine runs were quite similar to
those of the circular runs although not as regular. The
rankings of the bpl metric was as expected, with the (1)
code consistently least efficient and the (3) code most
efficient. The aepl for these runs was more noisy, but had
an observable trend in the ranking of the codes.

Based on these similarities, the analysis was limited
to the study of the (1,3) code. This cnde was 1in the
middle of the grouping of both aepl and bpl. Also, the
ability of this code to use the third ring to take
advantage of long straight sections and also use the first
ring to react to areas of more curvature is theoretically
appealing. As was noted in chapter V, the single ring
codes produced a very nearly constant value of bpl when
used on circular waves as well.

After these preliminary runs produced no surprising
results, the results were evaluated based on a comparison
of the minimum radius of curvature (or maximum curvature)
function. As this description implies, the function
returns the value of the radius of curvature of the sine

wave at its peak. Table VI-1 indicates that several of the

runs have exactly the same maximum curvature and that there

is a wide range of values in the table.
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AMP PERS5 PER10 PER20 PERSO0
.5 .7896 .1974 .0493 .0079
1.0 1.5791 .3948 .0987 .0158
5.0 7.8957 1.9739 .4935 .0790
10.0 15.7914 3.9478 .9870 .157¢2
20.0 31.5827 7.8957 1.9739 .3158
30.0 47.3741 11.8435 2.96009 .4737
40.0 63.1655 15.7914 3.9478 .6317
50.0 78.9568 19.7392 4.9348 .7896
100.0 157.9137 39.4784 9.8696 1.5791
Table VI-1. Maximum Curvature of Sine Wave

The graphs on pages A-24 and A-25 are plots of these
runs of similar minimum radius of curvature for the (1,3)
codes. In each of these plots, the aepl and bpl are quite
close, even though the characteristics of the sine curves
are quite different in terms of scale. (Of course, the
shapes are similar as both are sinusoids.)

This clustering of performance is the most consistent
result in this thesis. Note that by evaluating the
absolute minimium radius of curvature of a function, one
can guarantee that any inflection of the curve will not be
removed by the coding system as long as the grid size |is
chosen to be at least as large as the minimum curvature.

I proceeded to investigate whether some other
functions of curvature would lead to a more definite or
tighter clustering of results. The average curvature of

the sine waves was evaluated and is presented in Table
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Vi-2. This average 1is not a strong function of the
amplitude, and therefore seems to be an undesirable

statistic.

AMP PERS PER10 PER20 PERS0
.5 .4256 .1199 .0310 . 0050
1.0 .6260 .2128 .0599 .0100
5.0 .7901 .3812 .1687 .0426
10.0 . 7975 .3950 .1906 .0626
20.0 .7994 .3987 .1975 .0743
30.0 .7997 .3994 .1989 .0773
40.0 .7998 .3997 .1994 .0785
50.0 .7999 .3998 .199%6 .0790
100.0 .8000 .3999 .1999 .0797
Table VI-2. Average Curvature of Sine

Although at first it seemed advantageous from an
engineering point of view to see if the average curvature
might be a gquide to estimated performance, Table VI-2
highlighted the fact that the averaging of the curvature
would mask out many of the inflections of a curve. Also,
for an arbitrary function with varying curvature, one would
not expect an area of many small inflections to be encoded
with performance similar to a fairly straight function with
an equal average value of curvature.

One would, however, expect that sine waves of the same
amplitude/period ratio to result in similar performance
since they have a similar shape. This statistic however,
produces a similar ordering as the average curvature, and

the results showed no specific patterns. I also evaluated
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the ratio of maximum curvature to the square root of the
sum of amplitude square and period square, and the ratio of
maximum curvature to the square root of amplitude period
product, with the same result of no apparent pattern.

Finally, I compared the gquantization results of
circular waves with the results of sine waves with a
maximum curvature equal to the curvature of the circular
wave. One would expect that the sine wave would have a
similar or better aepl because every part of the sine
function is straighter except for the portion of the curve
at the extreme points.

The graphs on pages A-26 and A-27 show that the
results for sine and circular waves are quite similar, but
I was not able to run enough experiments to completely
investigate this comparison. Because the quantization
program does not allow complete independence of the DEL,
AMP and PER parameters for the grid size, amplitude and
period, I was not able to generate <circular waves of
curvatures greater than 0.8 (see Table V-1). (There was
some discussion about choosing a minimum DEL and adjusting
the AMP and PER parameters by a specified scale factor to
achieve the same results, but I preferred to explicitly

state the desired inputs.)
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Summary

This chapter has reviewed the results of evaluating
the performance of the chain codes when used to evaluate
sine waves based on the criteria of curvature. The results
indicate that the minimum curvature can be used to specify
the grid size and that this choice limits the error of the
quantization. Based on this study, the (1,3) code provides

a good balance between bit rate and error performance.
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VII. Conclusions and Recommendations

In this chapter, the general results of the study are
reviewed and discussed. Recommendations for further study
are made,

The overall performance of the guantization system was
very consistent in this study. Over the various amounts of
curvature which were examined, both the average error rate
and the bit rate converged. In nearly all cases, the bpl
ranking of the codes agreed to the expected order.
Likewise, the ranking of the codes in order of aepl was
consistent, although not as consistent as was the bpl. The
bit rate of the single ring codes was found to be nearly
constant for both sine and circular waves, regardless of
the curvature of the function being gquantized.

The objective of this thesis was to determine whether
the curvature of a function could be used to predict the
performance of the grid based quantization system. The
results indicated that the minimum curvature of a function
can be used as a guide to the grid size for the
gquantization system and that the (1,3) code seems to
provide a good combination of low error and bit rate. (At

least where the minimum radius of curvature is greater than
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the grid size and less than one hundred times the grid
size). The study also indicates that average curvature is
not a very good predictor of performance.

There are some areas which still need to be further
examined however. Because the relative importance of these
results may be application dependent, other aspects of
curvature may be more important to characterize a signal
than the minimum value. Also, the computer program used to
evaluate the codes could be modified to produce more useful

results. My specific recommendations are to:

1) Evaluate the (1,4) and higher order curves to
determine if the trends continue to increase performance

with only marginally more coding bits.

2) Modify the program to produce statistics showing
the relative usage of the different ring levels. This

would help to explain the results from recommendation 1.

3) Evaluate the codes using non-integral values of
the grid size for the amplitude and period. (This 1is

related to recommendation 5 below.)

4) Improve the efficiency of the program by limiting
the use of Double Precision. This should drastically
reduce run times, and several runs exceeded thirty minutes

of CPU time.

5) Change the quantization algorithm to follow along

the curve or finding grid intersections. This should also
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decrease run time because the search for the grid

intersections using the ZERO function does not appear to be

very efficient.

6) Change the program so that the grid size,
amplitude, and period are totally independent. As
discussed in chapter VI, this would allow the evaluation of
circular waves with curvature greater than one. When this
is done, the comparison of circular waves and sine waves

with the same curvature should be continued.
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Appendix A

This appendix contains the plots of the computer runs
referred to in this thesis. The plots are in four major
categories. Figures A-3 through A-10 show the relationship
between curvature and the performance of the guantization
system when wused on circular waves at a given curvature,
using the six codes examined in this thesis. Figures A-15
through A-23 are similar plots with sinuscidal waves.
Figures A-11 thru A-14 show the performance of each of the
codes with circular waves of different curvatures.
Figures A-24 and A-25 show the performance of the (1,3)
coding system with sine waves of the same curvature.
Figures A-26 and A-27 compare the performance of circular
waves with sine waves of the same minimum curvature, using
only the (1,3) code.

On these plots the AEPL is the area error per 1length
of the function and the BPL is the number of encoded bits
per unit length of the function. In both cases the
independent variable is the length of the function, and the
statistics are the accumulated error and bit rate up to
that point. This use of normalized mecrics makes it easier

to compare the codes when used on curves of different

lengths.




In order to easily identify the codes on the plots,

have marked them with the following numbering system:

U bW N =
— . — o~ o~

,2) code
:2,3) co
,3) code

de

Table of Performance Plots

Page Function Curvature Description

A-3 Circular 1.25 All codes Vs Curvature

A-4 Circular 2.5 All codes Vs Curvature

A-5 Circular 3.75 All codes Vs Curvature

A-6 Circular 5.0 All codes Vs Curvature

A-7 Circular 7.5 All codes Vs Curvature

A-8 Circular 10.0 All codes Vs Curvature

A-9 Circular 12.5 All codes Vs Curvature

A-10 Circular 25.0 All codes Vs Curvature

A-11 Circular Aepl Vs Curvature

A-12 Circular Aepl Vs Curvature

A-13 Circular Bpl Vs Curvature

A-14 Circular Bpl Vs Curvature

A-15 Sine 15.79 All codes Vs Curvature

A-16 Sine 1.97 All codes Vs Curvature

A-17 Sine 3.95 All codes Vs Curvature

A-18 Sine 15.79 All codes Vs Curvature

A-19 Sine 0.49 All codes Vs Curvature

A-20 Sine 1.97 All codes Vs Curvature

A-21 Sine 3.95 All codes Vs Curvature

A-22 Sine 0.47 All codes Vs Curvature

A-23 Sine 0.79 All codes Vs Curvature

A-24 Sine 2.0 (1,3) code Vs Curvature
A-25 Sine 15.79 (1,3) code Vs Curvature
A-26 Both 5.0 {1,3) code Vs Curvature
A-27 Both 12.0 (1,3) code Vs Curvature
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