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2.1.1

MODELING CLIMATOLOGY OF AREAL COVERAGE

Irving 1. Gringorten

Air Porce Geophysics Laboratory (LYT)
Hnscom AFB, MA 01731

1. INTRODUCTION

Throughout 8 given area, at any instant in
tise, the weather, such as rainfall depicted on a
radar screen, or clouds in a satellite picture,
produces a pattern that is unique to that instent
in tise, not likely to be duplicated at another
instant. The change, from one instant to another,
is likewige unique. Both the pattern and its
change, however, are governed by basic restraints
that characterize the clizate of the area. The
relevant climatology must consist of the statistics
of the events or the probabilities of events in
the area.

If the probabdility is known, say, of 2&-hour
rainfall exceeding 10 am at a single observational
point, we must ask: what is the corresponding
probability that the sase quantity will be exceeded
everywhere in a surrounding area, or some fraction
of & surrounding area? It is this type of clisatol-
ogy that is the subject of this paper.

Satelli{te pictures, recording as they do the
sreal coverage of cloudiness, eventually should
help to provide the kind of cloud climatology
that we seek. Radar has been 3 valuable asset in
recent years because of the panoramic view that
is provided of precipitation within a circular
area surrounding the radar station. Satellite
and radar, however, are recent tools. Cenerally,
the existing climatic records contain single~
instant observations of weather at single-point
weather stations. Recorded rainfall ssount is
that at a rain gauge. Teamperature is that in the
thermometer shelter, and so on. The climatology
of a city usually is that st sn observational
point in the city.

With respect to tise, most observations sight
be considered as {nstantaneous, observed at re-
gular intervals. But there are also time-inte-
grated observations, like 24~hour totals of rain-
fall. There are observations of the average tes-
perature, and saxisus and sinisum temperatures in
& 24~hour period. All such observations contri-
bute to the climatological character of s loca-
tion as it relstes to time or the duration of
events. 1Is there a similar climatic record of
Spatial coverage of clisate?

In most previous studies, corcelation coeffi-~
tents sre the principal object of iavestigation,
with notable exceptions. Schreiner and Riedel
(1978) have collected rainfall dets integrated

over areas ranging in size from 26 ka? to 2600
knz. and have found frequencies of extremes of
rainfall as a function of size of the ground cov-
ered. Other studies, by Court (1961), Briggs
(1972) and Roberts (1971) have linked the rain in
a circular area to the central single-station
amounts by idealized wmodels. 1In general, hovever,
efforts at areal coverage have been few and wodels
of areal coverage have been rare. The folloving
examples illustrate the potential of such studies.

7
e

Fig. 1. A wmap showing the location of 145 sta-
tions equipped with rain gauges in New
England.

Pig. 1 shows southern New England, centered
in Msssachusetts. There are 145 little circles
shoving locations of stations that report 24-hour
rainfall. There are 5 nesting squares of sreas
ranging from 1000 ka? to 28,000 km?. Some 20
years of record have provided the estimates (Tabdle
1) of the saxisua 2é-hour rainfall esounts as 2
function of aresl size. The frequency of no raein
at a single statfon fs 62X, but within & sigeable
area this frequency sust drop steadily with {a-
creasing eize of the ares. The single-pofat prod-
ability of 25 mm of rain 1s 2.8%, or the prodadil-
ity thet $t will not de exceeded fs 97.22. As we
losk at arsss of incressing sisze, this cumulative
probebility sust decrease. Or couversely the pred-
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e New England July zaxisum 24-hour rain-
fall, in square areas rangfay {(n size
‘rom 1,000 kmd to 28,005 xal.

Sitgle~ Frequeacy cf

Auunt station Areal Haxiauz
(a3) Frequ. (area in units of 103 xa?)
1 17 28
none 62 YA W17 .07
€25 .97 94 76 63
€ 75 999 997 984 965

ability that rainfall will exceed 23 am, soaeshere
in 4n area, oust Increase with Increising size of
the area.
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Fig. 2. The cumulative frequency of the maximua

10% ko? and 2.8x10% ka2, July in New
England. The curves were fitted by a
model of areal coverage.

The nuabers that appear in Table 1 also
apoear in Fig. 2 at the X's. The solid curves
have been drawn by means of a msodel of sreal
cover, which 1 shall try to describe shortly. In
order to fit the curves to the observational data,
o value had to be found for the model‘'s paraseter,
cdlled scale distance (2.63 km in the exaaple).

To understand this paraseter, for the present, we
describe it as the distance over which correlation
coefficient 19 0.99.

Another question is: What {s the probabdilicy
of caie over & [rection of the wvhole sres? Fig. )

1s 8 sketch of one picture of a vadsr PPl-scope,
shoving scattered areas of storamy westher. Pg. &
is & graphicsl presestatioa of frequencies of

24-hour rainfall in the areas of 103 ka2,

Fig. 3. Illustration of a PPI-radar picture, {n
wiich there were scattered storms produc-
ing radar echoes.

rainfall echoes. For example, a: Key West, Flor-
ida, in summer, the single-point probability of a
radar echo iIs 2%. But the radar sees rain over an
area. We had divided the radar picture into
cells, each cell of size 1580 kmz¢. Two cells

have twice that area, all 64 cellis have an area
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Fig. 4. Te frequencies of radar echoes covering,

at least, ()/10)ths of the areas ranging
trom 1.6x103 (1 cell) to 105 ka?

(64 cells). The plots are for Key West,
Florids and Cspe Matteras, N.C. in
susmer (all hours included).

of approximstely 100,000 kal. The frequency of
echoes, in at least 3/10ths of sasll areas, i
.aaarly the ssme 2X. If the area becomes lsrge,
thes & 22 singlepoiat prodabdility will sot

yield 30% cover very often. The solid curves ot
this diagran, again, are provided by & wodel of
areal coveragn.
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Fig. 5. The cumulative probadbility of cloud
cover, from clear to overcast, for the
area of the sky dome that an observer
sees, and for 25 times that area. The
exanple is for German stations with sean
cloud cover 0.76 in Jasnuary.

For:partial cover let us look et Pig. 5, for -

an example of cloudiness. In this diagraa we have
plotted probabilities of cloud cover from clear to
overcast. Germany has a satisfying high frequency
of clouds in winter, averaging 761. The summsries
of ground observations at Bitburg are shown by the
X's. The model provided a reasonable fit to this
data, but the model does more. Consider a larger
ares that a satellite might see. Obviously the
probabdility of sll-clear aust be less, likewise

of complete overcast. The larger area must expe-
rience more cases of partial cover. The model
provides such estimates that are otherwise not
availabdle.

One charscteristic that ve msust sisulate with
our model 1s the change of correlstion coefficient
vith the distance batween stations. PFig. 6 is an
exsaple taken from a 1962 report (Bertoni and
lund) . Correlstion begins high for short dis-
tences, but drops to sero and becomes negative at
Substantial distances between stations. The ex-~
4sple shows cc of surfece temperatures plotted
Sgainst distsnces between stations from a fev ka
to several thousand ks apart.

Theoretically sn sbundance of data, at an
Sbuadance of stations in s emall ares, with a
Y8pid succession of observations, could provide
:N kind of aresl climstology that we sesk. Prac-

ically such abundence would confront us vith the
$8oruous task of aspping snd recording eveats as &
Story of the weather, prior to ite summarizstion
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2.1.3

Mg. 6. Correlation coefficient versus distance
between stations, of vintertise surface
teaperstures (Ref: Bertoni and land,
1964) .

in statistical formst. This is the difficulty
that ve wish to overcome by modeling. We want to
be able to simulate a sequence of changes in the
weather covering an srea, whenever we choose, and
we want, ultimately, to provide usable statistics
of aresl coverage, including cc's, and probabili~
ties of fractional cover by weather conditions
such as cloud cover.

By and large we must depend on statistical
models vhich I sust yet describe. But there 1is &
concept that needs to be exsmined first, concern-
ing the equivalent normal deviate.
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Pig. 7. Illustration of transformstion of a wes-
ther element into its equivalent normal
deviate (or vice versa). Exzample is for
January noontime visibility at Bedford,
n'
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2. FUIVALENT NORMAL DEVIATE (END)
Fig. 7 is a sa2mple plot of the cumulative
frequency of a weather eleaent, in this case of
visidbility st Bedford, MA, in January, at noon-
time. The X's mark the frequencies that have been
suanarized from 20 years of data. They show, for
exaaple, a frequency of 2% for visibility less
than 1/4 mile, 7% for visibility less than 1 umile,
also 62X frequency of visibility greater than 10
miles. Alongside the scale of cumulative prob-
ability we can plot snother scale of the equiva-
lent normal deviate, (y). The correspondeace of

y to F(y) can be found in anearly every textbook on
statistics. By means of a diagranm such as Fig. 7,
or alternatively by equations, we obtain a trans=~
formation of the variable (V in this case) into
its END (y), or vice versa.

Our models are derived usiag the END's. The
results are then transformed to the appropriate
wveather variables, when’so required.

3. APPROACH TO AREAL CLIMATOLOGY

An effective model of areal cover will pro-
duce a simulated horizontal field, stochastically,
without recourse to physical lavs or dynamics.

Two early aodels (Gringorten, 1979) vere devised
in the manner illustrated in Fig. 8. Iaagine
that our horizontal space is filled with a fine-
mesh grid of points. Assign, initially, randoa
numbers to all points. Around point (i,j) drav a
circle and take a weighted average of all the
random numbers within the circle, then replace
the randoa nuaber at (1,j) with the weighted aver-
age, y(3,3). 1f we do this for all points within
a large square, we shall obtain a pattern wherein
the new values, at all points, will be correlated
with each other. Models that have been coaposed
in this vay differ from each other in the weight~
ing function that is selected for each model.

Once a model is selected, the adopted proce-~
dure can de repeated many times to produce many
simulated synoptic situations, thus coaprising a
large sample that can be surveyed for spatial cor-
relations or associations.

This early modeling procedure has been set
aside in favor of s new model that requires the,
generation of only a few dozen randos nuabers per
aap, instead of sany thousands.

4. BOEH!'S SAWTOOTH WAVE MODEL (BSW)

The presently preferred model was devised by
Ma jor Albert R. Boehm, USAF. I has given it the
descriptive name Sawtooth Wave. We shall refer
to it as the BS el .

We begin vith s horizontal space (Mg. 9)
with axes (U,V) and point of origin (0,0). Ue in-
troduce s stationary vave formation with vaves
that are straight and unifora in wavelength. The
wavelength (A) becowes the parssster of the model,
vhich, in our climstic fields, measures several
hundred to seversl thousand ka. Ia the followviag
derivation, however, the wavelength is the unit
of distence.
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Fig. 8. To illustrste the former development of
stochastic modeling.

FMg. 9. To tllustrate the stochastic procedure
in the BSW-model.

In cross-section the waves are saw-tooth in
form. The left~hand edge of each wave has zero
height, the right-hand edge has s height of unity.
At any point (u,v) in between the wave phase,
x(u,v), s vniforaly distribucted between zeroc and
one.

The vave formation has two degrees of freedom,
and thus allows for selectioa of two random nua~
bars: one for the ditection (0) of the veve for-
sation snd one for the phase at the point of orf- -
gin, =(0,0), which swst be equsl to the fractiomsl
distance v ohown ia the disgren. AL every peiat
1ia the U=V field there i¢ & vave phase, =(w,v).
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sow, consider aany (N) wave foraations, each
with 4 randoo direciion (Og) and each with &
randot phase (v3) »t the origin. Then, at
each point (u,v) tu-re will be ii values of

xg(u,v) for 1 ¢ § €
0¢ 05 €29
0¢cy, €1

The average, y(u,v), of all N values of xy(u,v),
as N becomes large, will have an asyaptotically

Gaussian distribution. when, for convenience, K
is nmade equal to 12, the equation beconmes

Y(u,v) = xXq4(u,v) - [

There will be a value of y(u,v) at each point
(u,v) in the horizontal space. A sample of such
generated fields is shown in Fig. 10, with
distinct lov and high cells and saddle points.

I
,.9 S

km

knn —_—

Fig. 10. Example of horizontal field generated
stochastically by the BSW-model.

4s. Correlation

An analytical solution has been found for the
correlation coefficient p(s) between points seps-
rated by distance (s), in units of the wavelength:

o(s) = 352 = (12/%)s + 1
e 3g - (12/9)8s + 1
+ (24/%)[cos=1(1/8) ~ /e2-1)
for 1 Cs €2

for 0 € g <)

The graph of p(s) versus s is shown in Pig. 11.
For our purposes we shall rarely need to consider
distances of more than one wavelength. The dis-
tance (s) will usually be s nusber between zero
and one, given by

s o a'/A

Yhere 8' (s the distance (ka) and A s che pare-
eter wavelength (ks).

0 J 2 3 4 35 8 T 8 95 DU 12 I8
DISTANCE (8)- N UWITS OF WVELENGT™

Pig. 11. Graphical presentation of the change
of cc with distance in the BSW model.

4b. “Areal coversge

While ve have an analytical solution for the
correlation decrease with distance we lack such
good fortune, at this time, for the primary goal
of this paper: to find the probability of the maxi-
sua condition in an area or a fraction of the area.
We have obtained approximate, although good, solu-
tions by Monte Carlo simulstion. The following is
8 brief description of our procedures.

In a field generated by the wodel, consider a
square area of side s (in unt:s of the wavelength).
At some point in the area (s ) there will be a
saxisum. There will be, also, a tenth largest, a
two~tenths largest, --- and finally the minimum in
the area. In teras of a fraction (f) of the -rea
the saximized minimum in such fraction, y(f,l )
becomes the primary subject. We want to find the
cumulative probability distridbution of the thres-
hold value: !(y:f.oz).

A large nuaber (M) of stochastically gener-
ated maps vill provide a frequency distribution of
y(f,82) that will approach the true probability
distribution asymptoticaliy as f is fncreased.

This kind of Monte Carlo sisulation was con~
ducted with M = 25,000. On each map 12 square
aress were surveyed for the largest value of y,
the (1/10)th largest, (2/10)th largest, and so on,
down to the smallest value. The linear size of
each square, in units of vavelength, was

s = 2%/340 where £ = =1(1)10

Prom all 25,000 maps cusulative frequencies vere
found for each

(£,82) = ~3.5(0.5)3.5
for £ = 0(0.1)1.0
and 3 = =1(1)10.

Using the frequencies thus obtained the charts of
7ig. 12 were drava to shovw the prodbadility esti-
sates of y-uaxine for £ = 0.0, 0.1, 0.3, 0.5
successively, and for s frem -1 to 8. fsoothing
wes mscessary, especially at the extremss of the
distridutions .
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4c. Applications

For & square area, A kn?, vith linear disen-
sion ¢’ ka we set

s =8'/A
for wvhiclf
z = 4n(340s)/tn 2

When z {s entered in & chart of Pig. 12, the‘ver-
tical 1ine upvard fros the abscissa provides esti-
mates of the probadbilities of various thresholds
of y corresponding to the area (A).

Instead of the wavelength (A) it is conven-
ient to substitute the parameter (r), called the
scale distance. In the BSW-model it is s distance
over which the cc 1s 0.9888 (close to 0.99). By
and large, it is a more seaningful parameter in
application, given by

r = 3'/340s km = A/340 km = VYA/22 ka.
or, for z:
z = ta(YA/r)/tn 2

For the New England 24-hour winter precipitation,
we found scale distances of 9 to 10 ka. For radar
echoes they ranged from 1 to 2 ke in summer, 2 1/2
to 4 1/2 ko in winter. Cloud cover scale dis-
tances have ranged from 1/2 ks to 10 km depending
on season, time of day as well as geographic loca-
tion, ¢

5. TIdAE CHANGES

The above-described model enables us to gen-
erate “snapshot” pictures stochastically of s
horizontal field. So, far, the END-value y(u,v)
at a point (u,v) on one sap is independent of
that genersted on any other map.

Let us suppose that one sap has been gener-
ated st time t with values of yg(u,v) at each
point (u,v) of the space. Llet another map be
generated, for the time (t+dt), in terms of
an END (n) to give values of n(pegg){u,v)
at each point (u,v). Maske the modification to
Y(z+og){u,v) by means of the Markov model:

’(‘“t)(“.').pt .,t(“")‘@' n('“()(ul')
vwhere the cc (py) for time lag (&t) is given by
o = exp(~- t/T )

where T (in hours) is a parameter called relsxa-
tion time.

Between the y-values of the later msp, the
€c can be proved to be etill p(s), the same as
it was on the mep at time t. That is, the ce~
field on the new sap, 6t hours later, is pre-
Served. This is s necessary condition to assure
the costinuity of the model’s characterietics. Aa
Sxample of hourly changes is showa ia Pigs. 13 fer

T © 20 hours.

I

Pig. 13. Exswple of stochastic horizontal fields
following one snother at 24-hour inter-
vals in a Markov process.

6. REMAINING PROBLEMS

These efforts have raised more prodleams than
they have solved. We have devised & 'procedure to
generate synoptic pictures of the weather, stochas-~
tically, vithout regard for the underlying phys-
fical processes. We have made no effort to use the
wodels of Numerical Weather Prediction (NWP) to
produce successive pictures of the meteorological
events. At this time, however, we do not know if
the hourly sequences of NWP will, im fact, yield
a climatology that spproximates that of the real
climate with respect to such elements as cloud
cover, especially mesoscale features. At this
point in time we sre justified in adopting a pro-
cedure that will produce maps that, collectively,
will yield & climatology consisting of & good
aspproximation to the horizontsl field of correls-
tion and satisfactory prodadility estimastes of
the saxisua and sinimum of the weather conditfons
in fraction (f) of su area (A). There is nothing
in the model, yet, that will cause 2 synoptic sit-
uation to be sdvected as well as wodified.

An uvitisate model should be 4-dimensional, to
yield prodabilities of conditfons in I-dimen-
sional space and to imclude events in tise. More-
over, the probability of events or conditions
should de estimated analytically instead of by
Monte Carlo simulation. WUe have made & beginn-
ing, but such temsins to be done.
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