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[. Introduction

A, Overview

The purpose of this report is to discuss solution methods for several
problems arising in inventory provisioning. Two related types of problems are
considered:

1) optimization of a performance measure subject to a budget

constraint

2) minimization of cost subject to a constraint on performance.

The performance measures considered are Supply Material Availability (SMA),
Mean Supply Response Time (MSRT), and “Pseudo-Availability” (PA). The basic
approach to these problems is dynamic programming.

First the problems are formulated and solved using one recursive
technique. Then a more efficient recursion is presented and discussed in the
context of maximizing MSRT subject to a budget constraint.

These same budget constrained problems are formulated, discussed and
solved using a marginal analysis approach in [2) and [3]. That method,
although fast, does not guarantee that optimal solutions are obtained. This
report provides a method of obtaining optimal solutions and thus provides a
means of evaluating heuristic methods. In addition, this report shows how the
performance constrained budget minimization problems can be solved directly.
By contrast, reference [2] addresses this problem using generalized Lagrange
Multipliers or by solving the budget constrained performance problem
repeatedly for various budget levels.

The second recursion presented here is considerably faster than the first
and it also guarantees an optimal solution in some cases. It is competitive

in speed with the marginal analysis method for small and medium-sized




problems, but it is inefficient for problems with a large number of items or
large budget values. Its virtue lies in its ability to get exact solutions to
medium-sized problems.

B. Problem Formulations, budget constrained

This report considers three specific budget constrained optimization

problems arising in inventory provisioning. These problems are formulated and
discussed in detail elsewhere [2] and will be stated here without extensive
explanation.
Following [2] we let

n = the total number of items considered for provisioning

Ci = the unit cost of item i

Ei = the essentiality code for item type i

Ay = the demand rate for item i

Ti = the.procurement leadtime for item i

Si = the number of items of type i provided (the decision

variables)

Zi(si) the performance measure for item i when Si units are

stocked

Dy (S4) = Zy(S141) = Z4(5¢)

pf(xi) = probability that demand for item i is x, during the
provisioning interval

Pi(xf) = curulative probability of x; or fewer demands during
a provisioning interval

MTTR1 = mean time to repair or replace item 1

MTBFi = mean time between failures = l/xi

] MSRT’(Si) = mean supply response time when Si units are stocked,
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The three budget constrained problems considered are:

al) maximize Supply Material Availability (SMA), defined as

n
I E T

n

where
200 (s.) = (1= p(5:)) + (S, = A, T(L =P (S))/A T
i 494 Pid4 iT M §0470/ A5 15 -
bl) minimize Mean Supply Response Time (MSRT), defined as

T eat 2@,/ ] E AT
g M TP LTS L AT

MSRT(S;,004,5.) =
1 n §=1

where
(2) 1.p . 51(51+1)
i i
+ pi(si)(xi Ti - Si)/ZAi .
cl) maximize Pseudo-Availability (PA), defined as

n
PA(SyseeesS,) = 0 Zf3)(51)

i=1

where

2{3(s ) = wrer s (urer, + MTTR, + 282)(s )

ke




In each of the budget constrained problems above the objective is to

be optimized by selection of Si,...,S subject to the constraints

n

C; S; <B, $; 2 U finteger
where B s the specified budget level.

C. Problem Formulations, Performance Constrained
In addition to the three problems just stated, we consider three
related problems in which the cost is to be minimized subject to a constraint

on performance.
az2) min ) C, S,
s.t. SMA(SI,...,Sn) 2> SMA
Si 2 0 integer.

n
b2) min ) C, Sy
i=1

S.t.  MSRT(S;,...,S,) < MSRT

S, >0 integer.

1

n
c2) min ] ¢S
HEAE

Set.  PA(S,e..,S,) 2 PA

S, > 0 finteger.
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II. Solution Method and Examples
A. Dynamic Programming Approach
The computer program used to solve these problems is DP4, a general
purpose program for performing dynamic programming tabular computations. Here
we will describe the general nature of that program and those elements
required to tailor it for use in the problems considered in this report.
The DP4 program deals with a problem consisting of n related stages

each of which is characterized as shown in figure 1.

ii
X —_— i — Xi q° ti(xi’di)

ri(Xi,di)

Figure 1. A single-stage decision problem.
In figure 1
X; 1s the “state" variable
d, is the decision variable
rs is the stage return function

ty is the stage transformation function.

In the overall problem consisting of n stages the output state variable from
stage {1 , namely x,_1 » §s the input to stage i-1 , Thus, the n stage
problem can be pictured as in figure 2.

n di d1
I + + ‘
I B e AL
I “pel 1 ry 1 T 0
a ry " .

Figure 2. n-stage decision problem.
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The state variable Xi can easily be understood in the context of
the budget constrained problems as the amount of resource (money) remaining to
be allocated to stages i, i-l,...,1 . The stages, of course, correspond to
the items in the inventory problems.

At each stage i a decision di must be made. The decision has two
effects. First, it yields a return ry the performance measure associated
with the current item. Second, it yields a value of Xi-l which serves as
the input to the remainder of the decision process. The decision di must be
made with consideration both for the immediate return ey and the future
state X, ; . The overall problem is to make the series of decisions
dn,...,d1 to optimize some function of the individual stage returns.

In the problem (al), where Si ijs the decision variable, we can let

the return functions be

n
= (1) i =
ri(xi, Si) E1 Ai Ti Zi (Si)/iZIEi Ai Ti i l,e00,n
and the stage transformation functions be
Xn =B
xi"l = t.‘(xi' Si) = xi - C1 si i = 1...0," .

The overall return function is the sum of the individual return

functions. Namely,

n
MA(S11ncniSy) = §ry (K Sy

The object remains to select S],...,S

n to optimize this return.




We let fi(xi) = the optimal total return from stages i, i-1,...,1
given that we enter stage i with state variable xi.

Then we can write the recursive equations for this optimization as

f.‘(xi) = mg)({r1(x'|’ 51) + f\'l(xl-l)}
i

S.ta X. = X ’C. S.

and 0. <5, < X/C,

and Si = integer
for i =22,...,0 .
The equation at stage 1 is
. fl(xl) = mgx rl(Xl, Sl)
1

s.t. 0« S1 < X1/C1
and S1 integer .

The program DP4 performs this optimization provided the user supplies
the following subroutines and data.
Required subroutines
1., STGRET - this subroutine defines the function ri(xi, di)
2. TRANFM - defines the stage transformation function ti(xi’ di)
3. DLIMIT - defines the range of decision values di which can be
considered for the particular value of Xi under
consideration

? 4, STORE - allows the input of constants to be used in the other

subroutines.

T T e wamaapttig,



Required Data

a 1. n - the number of stages

2, For each stage i

XLOW - the lowest value of X; to consider

XHIGH - the highest value of xi to consider

DELX - the increment for xi

XMODE - tells whether to maximize or minimize

XSTAGE - tells how this stage return relates to lower nurbered stage

returns (sum, product).

The methodology is essentially the same for the performance con~

strained problems. There the return functions ri(Xi, di) =c.d; . The
state variable Xi is interpreted as the portion of the performance measure
to be attributed to stages l,...,1 . The stage transformation functiens in
problem (a2) and (b2) are

Xjop = % - 2;(8;) .

In problem (c2) the stage transformation is

oy (3
X = %28 .

i
The program DP4 and the subroutines are shown in Appendix A. The
subroutines are written to solve any of the problems (al), (bl), (cl) or (a2),

(b2), (c2). Thus they involve complications not needed for solving just one

q . of these problems.
E B. Examples

! Several example problems were solved to illustrate the approach discussed

here. A1l of the problems involved n = 10 items and all used the data shown

in table 1.




Data

n A Time Cost MTTR E
1 5.0 1.0 1.0 .0137 1.0
2 2,0 1.0 2.0 .0274 1.0
3 3.0 1.0 5.0 .0137 1.0
4 5,0 1.0 10.0 U822 1.0
5 10.0 1.0 20.0 L0274 1.0
6 25.0 1.0 5.0 .0027 1.0
7 1.0 l.u 1.0 .0054 1.0
8 1.0 1.0 100.0 L0411 3.0
9 0.5 1.0 50.0 .0082 1.0
10 2.0 1.0 10.0 .1370 3.0
Table 1: Data for Examples

1. The budget constrained problems.

Tables 2, 3, and 4 summarize the solutions for the example problems (al),

(bl), and (cl).

These are the budget constrained problems,




B = Budget 300 295 290 285 280
max SMA 750654 | ,746466 | ,741160 | .736563 | .732964
decision 31 4 4 4 4 4
S, 4 4 4 4 4
53 4 4 4 4 4
S4 5 5 5 4 5
55 2 2 2 2 1
S6 29 28 217 28 29
S7 3 3 .3 3 3
58 4] 0 0 0 0
S9 0 0 0 0 0
$10 3 3 3 3 3
Table 2: Solutions to example problem (al)




B = 300 295 290 285 280
min MSRT = .0838231 | .0859625 | .0878466 | .0900560 | .0927486
decision S1 2 2 2 2 2
S, 3 3
S5 3 4 3 3 3
S4 4 4 4 4 4
SS 5 4 4 4 4
Ss 21 23 23 22 21
S; 2 2 2 2 2
Sg 0 0 0 0 0
Sg g 0 0 0 0
$10 3 3 3 3 3
Table 3. Solutions to example problem (bl)




B = 300 295 290 285 280
max PA = .0403727 | .0387421 | .037005 .0355446 | .0341911

decision §,; 3 3 3 3 3
S2 4 4 4 4 4

S3 5 4 5 5 5

S4 5 5 5 5 5

55 3 3 2 2 2

S6 26 26 26 27 26

S7 4 4 4 4 4

58 0 0 0 0 0

Sg 0 0 0 g 0

S10 2 2 3 2 2

Table 4. Solutions to example problem (cl)

2. The performance constrained problems.

The related performance constrained problems were also solved for illus-
tration. For example, the problem (a2) was solved using the data from Table 1
with the restriction that SMA > .732964 . The solution to that problem is the
same as the solution shown in the last column of Table 2 since the value

.732964 is the (largest) value of SMA corresponding to a budget of 280.

12
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I11. Modifications to Basic Method
A. An Alternative Recursion

An alternative and more efficient approach is available for the budget

constrained problems.

The approach is based on a different recursion from that used in
Section 2 and is very similar to an approach used to solve the "cargo loading
problem”, See for example Dreyfus [1].

The cargo loading problem, stated as a maximization, is:

g
max v.d.

sete ] cjd; < B
J
dj 2> 0 integer .

Although many methods are available for solving this problem, the one of

interest to us is based on the following recursion

f(b) = max {v. + f(b=¢.)}
jell,e.. N} 9 J

where f(b) is the optimal total return that can be obtained when a budget

of b is available.

To 11lustrate this method consider the data in Table 5,

i |1 2 3 =N
V4 1 4 6 B =10
1 3 4

Table 5. Data for example using alternative recursion

The computation proceeds with increasing values of b until b =8 is

reached. The process can be viewed as shown in figure 3 where a template

13




hac 2

representing the available items is placed over the budget value of current
interest. The template points back to previously determined optimal solution.
Each of these previous solution is considered for updating by including one
more item of the type inducted by the template. The updated solutions are
compared and the best selected as the solution for the current value of b .
The illustration shows the template at the budget value of 7, The optimal
solutions for b = 0,1,...,6 have already been computed. The comparison at
B = 7 is among the solution at 6 with an additional item 1 for a total return
of 9, the solution at 4 with an additional item of type 2 for a total return
of 10, and the solution at 3 with an additional item of type 3 for a return

of 10. Either of the last two is chosen and recorded as an optimal solution

at 7.
6 4 1
| | | | | 1 1 1 [ [
b=0 1 2 3 4 5 6 7 8 9 10
dy(b) = 0 1 2 0 0 1 2* 0
dz(b) =0 0 0 1 0 0 0 1 *an alternative optimal
d3(b) =0 0 0 0 1 1 1 1 solution at b = 6 is
dl =0 d2 =2 d3 =0
f(8) =0 1 2 4 6 7 8 10

Figure 3: Illustration of solution method using the alternative recursion.

A very simple modification of this procedure can be used to solve the
problems of the type discussed in this report. We consider
n
max jzl rj(dj)
n
Sot. jzl cj+d; <8

d‘j 2 0 integer

14




where the return functions rj(dj) are concave. The procedure below is not
guaranteed to give the optimal solution for all rj(dj) but is guaranteed
if the rj(dj) are points on a concave function,

In this case we will represent the return functions rj(dj) as the

sum of the marginal values of additional items of type j .
g )
r.(d) = + m, (i)
J j=1 9

Thus rj(2) = mj(u) + mj(l) + mj(Z) . These marginal values form a

sequence with the properties that

m, i > 0

mj(i) > mj(k) i<k,

The same algorithm as before was applied with the modification that the value
term Vi which was formerly constant, is replaced by mj(i) for the
appropriate value of 1 . The program which implements this algorithm was
called RECUR.

It should be noted that the discussion above treats the constraint as
an inequality, but the function f(b) in this section is computed for the
constraint

N
jzl c%y * b .

For this reason we may have in a maximization problem

f(by) > £(b,)




although by < b, « That is, if we require the equality to be met exactly,
it is not necessarily true that a larger budget is better. The program prints
the values of f(b) for several values of b so the optimal value of b <8

can be found visually.

B. Minimum Orders
1) RECMOD
A modification was made to the program RECUR to permit the user
to specify minimum packaging quantities of each item. That is, item i is
assumed to be packaged with Q4 items per package. The provisioning can
select only whole packages of each item. This modification resulted in the
program RECMOD given in the Appendix.
2) Example
To illustrate the RECMOD program, consider the example problem
(a2) solved previously. The optimal solution for budget B8 = 300 is repeated

in Table 2 for the case in which'all q; = )

n 1 2 3 4 5 6 7 8 9 10 Objective

d, 2 3 3 4 5 21 2 0 0 3 .0838231

¢y 2 1 1 5 1 1 1 3 1 1

dy 2 3 3 5 4 23 2 0 0 3 .0847410

Table 6. Solution to Example using RECMOD,

The optimal solution is also shown for a modified problem in which not all qy

are equal to 1.




C. Discussion
The modified recursion just discussed has been implemented for the prob-
lem (3a2) which is to minimize MSRT subject to a budget constraint. The method

can also be applied to the other budget constrained problems, but this has not

yet been done. A1l that is required is to modify the program to compute SMA
or PA instead of MSRT and to maximize instead of minimize.

There is a difficulty in extending this method to problems in which the
jtem costs are arbitrary values. The method is very effective when the costs
are all integer and can be scaled so that the smallest cost is 1 ., If
arbitrary costs are allowed, the algorithm can become ineffective for all
except small values of B . Consider for example the costs of $1.00, $1.21,
$1.27 for three items. Let the budget be $25.00. The problem could be solved
by scaling the costs to be 100, 120, and 125 and the budget to Pe 2500, but
then too many values of b must be considered when many of them are.not pos-
sible. Alternatively the algorithm can step to the "next possible value" and
will consider the folowing sequence of values
b = 100, 121, 127, 200, 221, 227, 242, 248, 254, 300, 321, 327,... .

As the process continues, depending on the relative values of the costs, the
sequence becomes more dense and may eventually include all possible values of
b. This is ineffective and cumbersome for large values of B .

It is also not possible to apply the modified recursion for the perform-
ance constrained problems. On the other hand, the budget constrained problems
are solved very rapidly and the relationship between cost and performance can
easily be determined from soiving the budget constrained problem using the
first recursion. In fact, if MSRT {is minimized for a budget of B , the

solutfon is actually obtained for all values of b up to and including 8 .

Those results reveal the relationship between performance and budget.
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