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ARESTRACT

A computational method coupling the three degrees of freedom fiight
mecharics equations and the two dimensional havier-Stokes equations wes
developed which could be used to predict the flight path of a free
falling, autorotating, two dimensional fiet plate. The two dimensional
incompressible Navier-Stokes equations were cast in a body fixed
coordinate system. The corresponding velocities were cast in an
inertial reference system. The equations were represented by
backward-time-central-space finite differences and solved using a
successive-over-relaxation iteration technique. The resulting
aerodynamic coefficients were entered into the three degrees of freedom
flight mechanics equations. The system of ordinery differential
equations was solved using an Adams open formula to predict the movement
of the plate. New boundary conditions for the Navier-Stokes equations
solver were derived from the movement of tﬁe plate. - The process—;as

repeated to advance the solution in time,

The computational method was used to calculate the flew field
around a flat plate forced to rotate at nondimensional angular
velocities of 1.0, 2.0, and 4.0.\\A calculation was performed for a
plate with one degree of freedom Orotation) which simulated a plate
mounted or a frictionless bearing -in a wind turnel. The plate was found
to undergo pinned ?utorotation at a mean nondimensional rotational
velocity of 1.58, EﬂFina]]y, the flight path of a free falling
autorotating plate was predicted using the computational procedure. The

validity cf the overall approach was demonstrated by comparison with

fii\\ xiii

experiment.
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SECTION !
INTRODUCTION

The USAF has lost hunareds of millions of dcllars worth of aircraft
to accidents which were attributed to aircraft departure during stail
which resulted in a spirn (Ref 1). Examination cof the accident
statistics for a 1large number of NATO combat aircraft showed that
approximately 20 percent of the aircraft losses in combat training were
caused by stall departure and spinning accidents (Ref 2). Many of the
accidents may have been prevented if the spin characteristics of the
aircraft had been better wunderstood. However, predicting the
characteristics of a spinning aircraft is very involved. Conventional
wind tunnel testing of aircraft models does not accurately simuiate
spin. Experience has indicated aircraft spin can be investigated'safely
and at a comparatively moderate cost by testing small dynamic models in
a vertical wind tunnel (Ref 3). However, bécause of the many variables
in & spin, interpretation of the results for applicetion to a corre-
sponding airplane is difficult and may only <show generai trends.
Ultimately, it is necessary to turn to full scale flight testing which
is extremely expensive. One is inclined to turn to numerical techniques
to analyze aircraft spin because the per unit computing costs are
decreasing rather than increasing. Unfortunately, the numerical

aerodynamic analysis of an aircraft during spin is extremely complex.

The flight condition of a "spinning" aircraft was defined by
Bairstow (Ref 4) as a steady spiral descent with the mean angle of

attack of the wing greater than stalling. This latter element infers




there is unsteady, separcted flow abeut the aircreft which nekee it
cifficult tc mathematically predict the spir characteristics of the
aircraft, Quesi-steady techniques developed tc predict aircraft spir
are incapeble of correctly defining the true dynamics of the flow fielc
(Ref 5). Only soiutions of the Navier-Stokes equations can accurately

predict unsteady, separated flow fields.

To mathematically investigate aircraft spin, a six degrees of
freedom trajectory program should be combined with a three dimensiona}
Navier-Stokes program. The large computer memory requirements and long
run times make this task impractical on today's computers (Ref 6).
Hhile one awaits larger computers to precisely calculate aircraft spin,
one can search for a simpler problem which can be accurately solved on
present computers. Developing and demonstrating a procedure to solve a
simpler problem which incorporates the essential elements of a spinning
aircraft will be a step towards solving the complete aircraft 'gbin

problem.

The free falling, autorotating, flat plate incorporates the
essential elements (unsteady aerodynamics, flight mechanics, and
autorotation) of a spinning aircraft. When a rectangular piece of paper
(e.g. a computer card) is dropped, it falls obliquely as shown in Figure
la and not vertically as might be expected. The flow field around the
free fal]ing flat plate is wunsteady and separated. Based on
experimental observations, the autorotating flat plate can be modeled in

two dimensions (Ref 7). The author feels the flicht path of a free

falling, autorotating, flat plate can be numerically predicted using




present computers.

The purpose of this research was to develop and apply a@ method for

solving the three degrees of freedom flight mechanics equations. These
equations could be used to predict the flight path of a free falling,
autorotating, two dimensional object. The three degrees of freedom are
vertical translation, horizontal translation, and vrotation, The
unsteady, nonlinear aerodynamic forcing functions (1ift, drag, and
moment) in the flight mechanics equations were simulaneously calculated
by solving the two dimensional incompressible Navier-Stokes equations.
Past attempts failed to predict the flight path of a %ree falling,

autorotating, flat plate because the aerodynamic forces were linearized

and assumed to be quasi-steady (Ref 7). The method of solution was
validated by predicting the flight path of a free falling flat p]éte and {
comparing it to experimental data. To the author's knowledge, this was i
the first attempt to use an unsteady, non]ihear aerodynamic prediciﬁon
method to calculate the aerodynamic forces inciuded in the three degrees ;
of freedom flight mechanics equations. This research will assist in the ;

future analysis of the complete aircraft spin problem.




SECTION 11
BACKGROUND

This section briefly outlines the history of the phenomenon of the
free falling, autorotating, flat plate. The phenomenon was first
described in the middle of the last century, but early investigators
were unable to explain the autorotating plate for two primary reasons.
First, detailed experimental data, being difficult to obtain, were not
available. Secondly, scientists attempted to calculate the flow field
around the flat plate using linear, quasi-steady techniques. This led
to erroneous conclusions because the autorotating phenomenon was caused
by the neglected unsteady, nonlinear effects. Fortunately, in the past
few years, detailed experimental data and'qpcprate nonlinear, unsteady
aerodynamic prediction techniques have aided in satisfactorily
explaining autorotation of free falling flat glates.

- - +

Maxwell (Ref 8), in a brief theoretical study written in 1854, was

probably the first perscn to attempt to describe the phenomenon of an
autorotating rectangular plate falling through the .air. Maxwell's

explanation of autorotation, although inaccurate, is summarized with the I

aid of Figure la. At position 1, the plate is parallel to the flight
path which corresponds to the least drag. The plate has its maximum
drag at postion 3 because it is normal to the flight path. The plate
therefore has a higher velocity at position 2 than at position 4. Since

a plate always tends td place itself normal to the flight path, the

M
X

torque at position 2 is in the direction of rotation and the torque at

postion 4 is opposite to the direction of rotation. Hence, the torque




e

postion 2 which supports rotation 15 larger than the adverse torque

(30

fv
ot

postior 4 which resists rotation. Ever though Maxweil's explanation
of the phenomenon was inaccurate, several French and German papers
written between 1880 and 1900 essentizlly restated it (Ref 7). They
assumed the total torque could be divided into a quasi-steady part which
always acted in the direction of rotation and a quasi-~steady part which

always acted opposite to the direction of rotation.

It was not until around 1905 that Rianbouchinskiy realized
Maxwell's quasi-steady theory would not account for a flat plate
autorotating about a fixed axis (Ref 7). This may have suggested to him
Maxwell's theory was not valid for the free falling plate either. He
recognized Maxwell's assumption that, in position 1, the movement of the
flat plate was faster than it was in position 3, which was not vaiid for
a flat plate autorotating about a fixed axis. Riabouchinskiy (Ref. 9)
explained, that in position 1, the stream]inés at the retreating edQE of
the plate are more curved than in position 3, thus, due to the higher
suction effect, the torque favorable to rotation was greater. It wes
not until several years later that he realized the moment of inertia

must be large enough to overcome the period of adverse torque (Ref 7).

In 1941, Dupleich (Ref 10) published the first experimentally
obtained trajectories of free falling plates in g&ir and water,
Dupleich's explanation of autorotation was adopted from Maxwell and
depended on the incorrect idea that the influence of rotation on the

total torque was always opposite to the direction of rotation.

v




F.M.C. Smith (Ref 11, 1ir 1852 pub’:sted the Tiret accura*e

explaneticn of the tree fellinc flat piate. he reclized the asymmetry
cue to rotatior was the key tc explairinc the autcrotation ard this
asymmetry was causec by hysteresis during acceleratior. Smith explained
that at position 2, as shown in Figure lb, the plate was at a large
angle of attack, producing a force R. This force R causes a nose up
moment which tended to increase the angle of attack. Rotation wes
rapid; consequently the boundary layer was thinner than it would have
been for the steady state condition and the stall was delayed to high
values of 1ift coefficient. At position 3, the plate was probably
completely stalled. At position 4, it continued to be stalled.
However, between positions 4 and 5, attached flow over the trailing edge
was established. Reattachment was delayed to angles below the static
stall angle because the thick wake was a retarding influence. Hence the
downward 1ift impulse was less than the upward 1ift dimpulse., .The
clockwise rotation impulse, and the inerti; of the plate, carrieé;it
past the region of retarding impulse. The motion from- 5 to 9 was

essentially a repetition of that from 1 to 5.

In the late 1960’'s Bustamante and Stone (Ref 12) experimentally
investigated autorotation of flat plates at subsonic and hypersonic
speeds. They found, although not conclusively, that plates could
autorotate in hypersonic flow. They suggested that autorotation of
wings with a symmetric cross section is due to a large vortex shed from
the retreating face of the wing. Iversen (Ref 13) was abie to show the

same result theoretically in 1969.




In 197C, E.H. Smitk (Ref 14) pubiished the first detaiiec
experimertal deta on the 1ift, drag, moment, angular accelerc:iion, anc
anguiar velocity as a function of time fer & flat plate autorotating
about a fixed axis in a wind tunnel. Smith studied the corresponding

flov patterns using smoke and tufts. Fe also experimentally

investigated free falling wings. He found, for Reynolds numbers above
4000, the averege 1ift and drag coefficients were comparabie to those i

observed in the fixed axis tests.

In 1974, Kry and List (Ref 15) experimentally determined the range

of autorotation in which a quasi-steady technique could be appiied to

rotating oblate spheroids. They found, if the Reynolds number was less ,
than 150,000, the moment predicted for the oblate spheroid was valid for

rotation rates about the major axis equivalent to Strouhal numbefs less '
than 0.04. \Under their conditions, the moment acting on an obiate
spheroid in a steady flow differed by less-than 10% from the moﬁént
acting on a free spheroid with the same instantaneous orientation. Lisz f
actually computed rates of autorotation by means of the quasi-steady b

approach.

In 1978, Lugt (Ref 7) numerically predicted the autorotation of a

thin elliptic cylinder rotating about a fixed axis. Lugt transformed

the elliptic cylinder from the physical plane to a computational plane

where he solved the Navier-Stokes equations. The equations which were

valid for laminar, incompressible, two dimensional flow were formulated
in terms of vorticity and the stream function. The initial conditions

consisted of the potential flow sclution and a vorticity sheet




c¢istributec¢ &lonc the surface of the cyiinder ¢ rodel & no slip
cendition.,  Lugt significantly recuced the complter time necessary tc
arrive at ¢ solution by assuming the cylinder autorotated at a constant
angular velocity. He predictedc the autorotation of the elliptic
cylinder and showed autorotation was caused by a complicated interplay
of vortex shedding, boundary layer hysteresis, and vorticity generation
around the edges. Autorotation and the aerodynamic forces on the
ellipse predicted by Lugt correlated very well with the high Reynolds
number and three dimensional experimental data obtained by E.H. Smith

(Ref 14).

Researchers attempted to explain the free falling, autorotating,
flat plate as early as 1854. It was not until 1953 that A.M.0. Smith
was able to explain the phenomenon. To the author's knowledge, no one
has been able to accurately predict the flight path of a free falling,
autorotating, flat plate. In this study 3 computational method;was
developed which coupled the three degrees of freedom flight mechanics
equations with the two dimensional Navier-Stokes equations. This
numerical method was used to predict the flight path of a free falling,

autorotating, flat plate.
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SECTION 111
NAVIER-STOKES ECUATIORS SOLVER

A numerical two dimensional incompressible Navier-Stokes equations

solver was developed to calculate the aerodynamic characteristics of a
flat plate. The flow field was modeled by a2 finite number of points. i
The finite difference representation of the Navier-Stokes eauations was :

solved at each of these points to obtain an x velocity component, a y

velocity component, and & static pressure. The aerodynamic
characteristics of the plate were obtained by integrating the forces

around the plate.

A. Grid Description

The aerodynamic forces acting on the plate were obtained by éolving
the Navier-Stokes equations using a finite difference technique. This !
required the flow field to be mode]ed— by discrete points..; An
incompressible flow field should have an infinite outer boundary because {
each point in the flow field influences every other point in the flow

field. An infinite outer boundary is not feasible nor is it necessary

in numerical modeling of a flow field. Previous researchers (Refs 16
and 17) founc placing the outer boundary 10 chords away from the body 3
closely approximated an infinite boundary. Therefore the outer boundary

was placed at 10 chords throughout this study.

The Navier-Stokes equations were solved over a rectangular physical

domain in this study. The domain was modeled by IMAX points distributed

horizontally in the x direction and JMAX points distributed vertically

.
7
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in the y direction. The ¢rid poirt: 1t *he physice. plane were
clustered neer the plate where large veiociiy erc rressure cracients
were anticipated. The grid point clusterirc was arrancec so it did rct
fever any particular flow cirection because the freestream velocity
could originate from any direction. Ir additior, the points were
distributed so they could be transformed into a computational domein

with uniferm grid spacing in both directions.

Many investigators used wrap around grid systems when soiving the
Navier-Stokes equations over airfoils. A wrap around grid system
(0-Grid) was not used in this study because it could present numerical
difficulties at sharp edges. Hodge (Ref 16) found the large leading
edce radius on an airfoil did not present any difficulty whereas the
sharp trailing edge was a constant source of numerical difficulty.
Similar difficulties were anticipated on the_ edges of the flat plate

investigatec¢ in this study.

Hodge (Pef 18) found an exponentially stretched grid inferior to an
optimized gric in solving the flow field around an airfoil. The
optimizec grid minimized the truncation error assuming steady Blasius
prcfiles. In addition, Hodge also found the maximum grid spacing near
the outer boundary necessary to obtain acceptable accuracy was
approximately one chord. However, combining an exponenticlly stretched
crid with a very small spacing near the plate, and a maximum grid
specing >r appreximately one chord on the outer boundary requived many

grid points.

10
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£ stretched Cartesien coordingte <system wies selected z¢ ¢
compromise. 1t avoided the numericai difficulties of a wrap arounc gric
system. It was unnecessary to accurately resolve the bouncary layer cr

tre plate during this study because the pressure forces procduced by the

large eddy structure were expected to dominate the problem (Ref 19).
Therefore it was decided to distribute the grid points to more
accurately resolve the large eddy structure. An adaptive ¢orid is
another approach to optimizing the grid, however, that is beyond the

scope of this study. \

The Cartesian grid simplified the transformation metrics because
each variable in the computational domain was a function of only one

variable in the physical plane as seen in equations (1) and (2).

x = x(3)

v:
"

v(n (2)

The grid was generated with analytic functions. This presented the
option of calculating the transformation metrics with numerical or
analytical derivatives. Both types of derivatives were investigated and

are discussed in Section VI,

The thickness of the plate was used to determine the minimum grid -
spacing in the y direction. It would have been computationally
prohibitive to accurately model this mimimum thickness. The minimum ‘
grid spacing was selected to produce a grid with an outer spacing of i

approximately one chord and a total number of points which permitted the

11




probhler tc te solved cor e CYEER 750 ccrputer. The cctue’ thiclkness of

the plate wes rct felt tc te a key feeture ¢f autcrcietior,

K petched exporertial stretching schere of the fcilowing form was

used tc smoothly distribute the grid points in the physical plane

)
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where Cy is the stretching coefficient in the y direction (Ref 20). The

n

remaining variables are illustrated in Figure Z.

Equation (3) was rearranged to give an implicit equation for the

stretching coefficient.

1 Ymin cv
C = — Y_ LY
¥ & oG L, (e “-1)) ()

P

Equaticn (4) was iteratively solved to determine the stretching
coetficient in the y direction. An algorithm which combined a lirear
interpolation, an inverse quadratic interpolation, and a bisection was
usec to accelerate the iterative scheme (Ref 21). The minimum grid

spacing used in equation (4) was the thickness of the plate.

A similer minimum grid spacing was used along the complete length
of the plate in the x direction. The respective forms of equations (3)
and (4) were solved to obtain the stretching coefficient in the x
direction. This coefficient was used to exponentially stretch the grid
from the mirimum grid spacing at the ends of the plate to approximately

one chord at the outer boundary. The finite difference grid in the
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physicel plane is shown in Figure 3 whiie an erpandec view in Figure 4
shows the grid near the plate. The corresponcing computetiona’ domeirn

i5 shown in Figure 5.

B. Equations of Motion

The Navier-Stokes equations could have been formulated in several
reference systems. The reference system was selected to simplify the
overall approach to the problem. Two reference systems looked appealing
for application to this problem. The first was a rotating reference
system attached to the plate. The second formulation used a mixed

reference system based on an inertial system.

The flow field was calculated using the two dimensional time
dependent incompressible Navier-Stokes equations in primitive va;iab1es
(Refs 22 and 23). The problem was formulated_in a bcdy fixed coordinate
system which has proven to be a powerful _too1 in applying nume;;ca1
methods to practical boundary value problems involving partial
differential equations (Ref 6). The surface of the plate was
represented as  coordinate 1lines which reduced the difficulties
associated with numerically specifying boundary conditions in finite
difference methods. Formulating the mathematical problem in a
coordinate system fixed to a body undergocing time dependent motion

conveniently eliminated the time dependent grid transformation terms.

The velocities used in the Navier-Stokes equations can be cast in
several reference systems (Ref 24). In most formulations the velocities

are cast in the rotating system which means the velocities appear as if

-




cne is movinc with the body (Ref 25;. kecne (Ref 2f) usec this epproach
in his pitching airfoil problem. Alternateiy, the velocities can be
cast irn an inertiel reference system while the coordinates are ir the
rotating system. This formulation is celled a "mixed" system in this

study.

The two velocity formulations were equally eppealing &t the
beginning of this study, A rotating reference system fixed to the plate
was found to be unsatisfactory because the solution diverged at fast
rotation rates as outlined in Appendix A. The other classical reference
system is a purely inertial system in which the plate moves within the
computational  domain. The inertial system presents several
difficulties. First, the boundary conditions imposed on the plate no
longer coincide with the location of grid points. This increases the
required computing time and decreases the accuracy because the boundary
conditions must be interpolated. Second, th; grid points are no logéer
properly clustered to resolve the large velocity cradients near the

plate. Finally, with enough time, the plate will exit the computational

domain.

The Navier-Stokes equations were formulated in a "mixed" system.
The spatial coordinates were formulated in a reference system attached
to the plate (Ref 27). The "mixed" system retained the advantage of the
body fixed system of calculating the grid only one time and having it
properly stretched throughout the calculation. The flow velocities were
calculated 1in an inertial system to avoid the large velocities

introduced by the body fixed system. There was no flow near the outer
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toundary irn the "mixec" system. The velocitie: used in the *rixec”
system, called contravariant veiocities (Ref 2€), were the companenis of
the inertial velocities in the direction of the cocrdinate reference

system fixed to the plate. This system avoided the difficulty of the

plate exiting the computaticnal domain usually encountered in an

inertial reference system.

The time dependent, two dimensional, incompressible Navier-Stokes

; equations cast in primitive variables in an inertial reference system

are given by (Ref 29):

P

X
Ut+uux+vuy_ —T+V(uxx+uyy) (5)
f_}l .
vt + uvx + vvy = - 5 + \;(vxx + Vyy) (6)
u +v. =0 ) —(7)

The body gravity forces were neglected even though the aerodyramic
forces invelved 1in this problem were very small. The classical
arouments for neglecting the body gravity forces were still valid (Ref
30). The changes in pressure acting on the plate causec by differences
in height were insignificant compared to the other forces acting in the

problem,

The following nondimensional variables are introduced:

(8)

X =

2
c
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C
{ u = %' {1c
v =3
L, (11) j
5 = PP (12
pt.i de
= tle (13)

The nondimensional variables were substituted into equations (5) through

(7) resulting in the following set of equations:

1 (14}
+ = - =
ut uux + Vuy px + Re (uxx + “yy)
{
v, +uv 4+ ve = -p 4+ i (v. 4+~ ) (15) :
t pe v Ty Re X% vy 3
u, +v =20 i . (.16)

The nondimensional symbols are understood and omitted for simplicity.

- e -

The equations are transformed from an inertial (unprimed) to a

rotating coordinate system (primed) using the following transformations:

————— e o .

Transformed Coordinates
i=1i'cos o(t') - j' sin o(t") (17)
j=41i" sin o(t") +:j_' cos O(t') (18) |
X = xo(t') + x' cos o(t') - y' sin &(t") (19} r;‘

y = yo(t;) + x' sin o(t') + y' cos &(t') (20) El




Inverse Transformed Coordinates

i'= i cos 9(t) + j sin O(t) (223
i'= - 4isin e(t) + i cos o(t) (22)
x' = (x=x(t)) cos e(r) + (y-y (t)) sin &(r) (22)
v''= - (X-Xo(t)) sin o(t) + (y—}vo(t)) cos €(t) (24)

The transformed coordinates and inverse transformed coordinates in the

inertial axis and rotating body axis are shown in Figure 6.

The chain rule was used to transform equations (5) through (7) from
the purely inertial reference system into the rotating body inertial
axis system given below:

v 1 ' ' ! .
téut'+ xtux'+ ytuy'+ u(txut'+ quX,+ }z??‘) ' ~

- LY + 0
Fe TOEPy T NP

' ' + v = - (¢
+ v(ty ut'+ xyux, }yuy.) ( «Fe

1 2. . . + sink
+ ﬁz-(cos 9 Ut T 2 sinfcos € ux‘y' L sin™® vayv

. 2 2, 25
+ sin" o U g + 2 sin O cos © ux'y‘ + cos © uy'y') (25)

+ x'v vy
t' x %' °x y')

t'v 4+ x'v 4+ vlv 4+ u(e'v
vt Ttx' Jryl (ty

' ' ' - - ' + 3! + v'
+ V(t\,vtv + xyvx| + y},Vyv) (t},ptv )},va '}'p}")

2 , 2
+ 1 (cos™® v_, , - 2 sin @ cos © vx'y’ + sin” 0 Vy'\.v

Re X X ’
hed
. . 9 : r I Gt
+sin Cv o+ 2sin & ocos Ev o0+ cosTE v ) (26)
' ' ' ' e ! o1
+ + + t'v  +x'v ,+v'v,=0 27
Eeler ™ XUy yxuy. y ¢! yx' yy' (27)
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The transformetion derivetives, celculeted <

*hrcugh (24,, ere:

t; =1

xé =v'6 - io cos O - §0 sin ¢
yé = -x'0 + io sin ¢ - §o cos €
t; =0

x; = cos @

y; = - sin ©

t, =0

t; = gin ©

y; = cos @

fron equations [17)

The dot over a term denotes differentiation with respect to time.

The transformation metrics were substituted into equations (25)

through (27) and the equaticns simplified yié]ding:

u; + {(v'e - io cos 0 - §0 sin £) + u cos € + v sin E]uy‘

'S

+ [(=x’g + e sin ¢ - Y, ¢cos £) - u sin & + v cos 93“v'

L}

. 1
- (cos ¢ p v - sin © py,) +2g (oo uy‘y.)

(37)

v + [(v'o - %o cos ¢ - Yo sin €) + u cos O + v sin G]vv,

+ [(~x'¢ + io sin 9 - &o cos ) - u sin ® + v cos e]vy,

. 1
e (sin © Pt + cos © py‘) * o (Vx‘x' + vy‘y‘)
cos © U - sin © U + sin © Vo + cos € vy. =0

The contravariant velocity components defined as follows:

(38)

T T ST T T




U=ucos €&+ v sin¢ {40}
v = -u sin € + v cos € (41}
were substituted into equations (37) through (39) giving:
Gyt Uu, VU, = omp. A (U, FuLe) A (42)
t' X' )" Px. Re .‘K'X‘ },|},| L, T4
- - ~~ 1 ~ ~
vt, + UVX' + Wyv = "Pyv + .ITQ— (VX,X' + Vy|y|) + B (43)
where
A=0v - (y'6 - (xo cos € + y, sin &) U
- (~x'€ ~(x_ sin € + v cos €)) u (44)
o o] v
B=-6u- (v'é - (720 cos 9 + }:0 sin @)) \j_,
- - 'é - . 3 .. e ‘. ]
(-x (x, sin O+ ¥, cos €)) Ve (45)

The tildes and primes are omitted after this point for simplicity.

-

Terms A and B are similar to the source terms which ;are
destabilizing in the rotating formulation as described in Appendix A.
However, all but one of the individual terms from A and B will be mcved
to the left hand side of the equations. There they will be added to the
coefficients of the velocity derivatives and will be upwind differenced

improving the convergence of the implicit iteration scheme.

Calculating pressure in the primitive variable formulation was
difficult because pressure did not appear in the continuity equation nor
was there a time derivative of pressure in the governing equations. Two
approaches have beer extensively used to compute the pressure which

employed the velocity divergence, v.\=D', as a correction factor. The

e ——— oo
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firs: methoc, introduced by Chorin (Ref 31), ccrputed pressure usinc er

iterative procedure with D' as the correcting terr. The expression is

p(S+l) = p(s) (:E“

- $D'

where s denotes the iteration number. The second method used & Pcisson
equation for pressure derived from the divergence of the momentum
equations expressed in equations (25) and (26) (Refs 1€, 32, end 33).

The simplified incompressible Poisson pressure equation is

2 2
D' + (D) + (VD) + u” +2vu 4+ v o+ ud < yD
t X v e Xy b % v

1 ' '
= — n A —
Re (bxx + Dyy) (pxx + pyy) (47)

This equation contains both spatial and time derivatives of the velocity
divergence as well as the fluid velocities and pressure. Further
simplifications occurred when small variations in the elocity
divergence are assumed. In this case, the_spatial derivatives of D'

were set to zero in equation (47) and the result becomes

1 2 2
-+ - 2v = - 48
Dt (ux + \xuy + vy) (pxx + pyy) (48)

This equation is identical to the one used by Hodge (Ref 18) for his
nonrotationg calculations. The Poisson pressure equation technique was
used to calculate the interior flow field because of the increased
coupling which occurred in the finite difference representaticm. The
pressure on the plate was calculated using the iterative techmique of
equation (46). Conservation of mass was imposed directly and the

difficulty of evaluating the Laplacian of pressure on the plate was

avoided.
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The fcilowing expressions taken fror ecuations [i7), (4c), (42},
enc (48) becare the system used for the sclutior ¢f ¢ plate roteting in

2n incompressible viscous two dimensional flow:

u. + (u+ v - (% cos & + v in ¢
. A ( ° & y, sin c&)) u

x5 ~ (=% sin 6+ v £))e =
+ (v-x3 (zo sin &6+ Y, ccs ) .

1 .
TP T Re (b, Tu) e (49)

v+ (u+yl - (x cos €& +yv sing)) v
o} o %

+ (v - X0 - (=% in © + y cos ©))v_ =
(v X8 = ( X sin yo ) y

1 .
- py + e (Vxx + Vyy) - Ou (50)
2
D; +u” 4+ 2vu + v2 == (p__ +p.) (51)
X XYy y bo:d vy .
L ,
D'= u F v, gSZ)

The governing equations were transformed to a computational p15ne.
The corresponding governing equations, transformed using the

relatiorships described by Hodge, become:

(u + yC - (xo cos C + v, sin )

u + v ou,_, - Vv_u
t J (’n L 4 n)

(v - %6 - Gxo sin ¢ + v, cos £))

X\, U - X + uD'
+ J (hi bn n UE) ub
(a'u_, - 28'u, + y'u
1 1 EE tn nr [of
= - = g -V + — - -
3 (}n Pe = ¥ pn) e | 7 + un(J:
T . 3
+u, ()} + ov (53)
£ 2
(u= 46 - (x_cos @+ 7y_sin €))
v o+ ° o (v v, = v_v)
t J “n £ &
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+ © 3 (\- vo-o \'i) + vi
1 (o Ver T :C'VET " \"V'v )
3 ():5 P = %, pg) + 5 5 + v (—7)
J J
+v. () - b (54
J* ‘
D'+l—q ( v ~nv u)2+2(vv-vv)(xu—> u.)
t J" i g S - 'E n (: E. i
9 (a'pP., = ZE'P.P +y'r ) |
+ (x, v - x v Yl = - o= — '
n J- !
l
|
+p (=) +p (D} : i
D'= . - v , -
(v u }E ur]) + (xi Vr. :«n vé) (56)
where -- ;
2
LI + (5
a X Y (87) |
At = XE xn + yg yn (58) ‘
' 2 2 '
= i -+ g !
Y et Y (59) |
= ' -2 + ! - L - 20% L. 'y
o = lvp (alxp = 28x + y'x ) - xp (el = 28 4 vy )73 (60)
= ' - J + ' - ' - Y., VAl
T [xn (a YEE 28375n ¥ ynn) Yn (a Xee 2Eh€n + ¥ xnr.)]/J (61)

At this point the equations were valid for ar carbitrary
transformation. In the exponential transformation described in Section
I11I1-A, each spatial coordinate in the computational plane was a function
of only one spatial veriable in the physical plane. Therefore, Xg and

y, were both set to zero which significantly simplified the governing




ecueTions.

A backwarc-time-central-space finite difference methoc similer tc
the one developed by Hodge (Ref 16) was used tc solve equations (E3)
through (56). The implicit method consisted of a linearization of the
equations and the application of finite differences to these equations

(Refs 34 and 35).

Standard finite difference expressions were used to approximate
equations (53) through (56) (Ref 36). First order accurate backward
differences were used for the time derivatives. The first derivatives
of pressure were approximated with second order accurate central
differences. Second order central difference expressions were used for
the second derivatives of velocity in the viscous terms. Secona order
accurate upwind differencing was used for the velocity first derivatives
in the convective terms. Three point, cne_sided, backward or for;ard
finite differences were used for the velocity first derivatives in the
viscous terms. First order upwind differences were used next to the
plate and the outer boundary. The grid spacing near the plate was
small, as were the velocity gradients near the outer boundary. In both
cases the artificial viscosity induced by first order upwind
differencing had a negligible effect. The transformation derivatives
were evaluated analytically or with second order central differences.
The velocity derivatives in the velocity divergence forms were evaluated

using central differences.

Difference equations were written in the following convention used




by hegne {(Fef 3€'. Terms which containecd unwnowns et “ocetior (1,]) arc
fully cubscriptec. The subscripts, 1 anc j, &énd superscript, n, are

assumec wher omitted. Equation 53, the x momertur ecuaticn, becomes:

ol n-1

v, -~ G, \r‘
L TONN e I - _n A -
Y + (3 ui 4 uiil + Ui-‘.\-:) 3 (u + v©2
(x_ cos T4+ v ein 7)) '+ (Bu, -4, o Fu :
& “Q ‘ - - J_- ;

R . . .
! 2 (v ~ %0 = (%, sin e+ ¥, cos ey
. .

=
4+ uw'= - .}l} ( ) + i { o
v 23 ‘Pi+1 T Pis)) T Re 2
- A
(ul+l -2 vy + u1_1)+ 7 (uJ+l -2 uij + uj—l) -
-T
(3 u, - 4u u ) -
i i+] i+2 2
! 2J
|- ! .
(3 - 4 ) " | .._C [ + (n 2\
uJ 4 u3+* + U3i~>i ?J:[) en (e2)
i~ R

where the direction of the upwind differencing is determined by the s}gn

of the coefficient multiplying the term. This equation is written to

provide an expression for uij'

-

u” {un_l + st~ -

ij ij 57 (Pis17Pioy )

+" -
GGy ey

(_" ‘e
s J

}

. . . . i
ut+ve - X cos v sin o 4 -u. Y
(u+: ( o s M i ))i +(4u, ] UJ.,,,

Ed

fadl

(v-xé -(»ﬁo sin 6+§O cos @))’ -ul’ + %Z

.

—
[ 8]

(u +u

intyia) * 3 )

+uj_1)+(4uiil~uiiz

[
[a"

E — (+ (bu, . -u,

b 2g Iz

1

v
-t ’n e - (x " in G
{ 1*gt[3(|J (u+y6 (xo cos @+y_ sin ¢))

|
=T

N 'l (v=x€ -( x_ sin ®+}o cos C))! +

J:'
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- Y=

in an anclogous menrer, the transformed y momentum equeticrn is writier

2
RelJ --

T

for v, ..
1
. >
n D=2 - -
vlj = Vij + rof- ] (Dj+1—p3—l)+(~\¢_l-\i~2)
| ¥ .
—_ [ y e I | . —
| 3 (uh (2 cos ¢+y_ sin 2)) | *(L\j+l Viig)
X |
{ 7§ (v-xf -(=x_ sin 9+yo cos G))} -vD' +
1 e '
— = (v, V., ) + + + (4 - )
7o [Jz CVotvey) J (Vo tve vy Lov, o)
- -
I—=—=| + (4v +1 Y | 1+ el S
123 = 237
I'Iv . . I
{1+At[3<‘3ﬂ(u+ye - (%, cos eti, sin €))|
%, . . . . " - bee |
4+ =S(v-xd -(=_ sin G+v_ cos &)) 1 + || + =)
J o "o P {nqe
23 27
2 VLo .
+ (a'+y"): (6L

The static pressure throughout the flow field was calculated using
the Poissor pressure equation (Refs 38 and 39). Second order aczcurate
central differences were used to approximate the second derivatives of
pressure in the transformed Laplacian term. The firc: derivative of
pressure in the Laplacian was approximated by second order accurate
upwind differences based on the sign of ¢ and t. The remaining terms
were differenced in the same manner as the momentum equations. The
requirement that the velocity divergence at the nth time step be zero
was incorporated into the difference equation by setting 0'" to zero.

D,n-l

The numerical non-zero quantity was retained as a correction

factor. Equation (55) was written in finite difference form.

-1 yu 2 y v X u xv 2
e D'n n £ r s £ or r
".Az{_ —_— + 2 (=) (D : N
1 — (55 s 2 I Sy
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At bt + — - o

a
+ = + o +n ~i=T ~7 !
J2 Wil pl-l) JZ (v +1 ’J—l) Tl
! ¢
e +1 " 3+2 2 z Z
,‘J ] J__ 23 2o :u
"
e t4) (65
I-

Equations (63) through (65) formed a set of difference equations
for the flow variables u, v, and p at locetion (i,J) in terms of the
transformation derivatives and the values of the variables at
neighboring points. The 1linearization and differencing methods
decoupled the equations with respect to the higher order terms for the

unknowns at location (i,j).

The large system of finite difference equations was solved using a

successive-over-relaxation (SOR) iteration technique given by

(s+1) _ * (s)
uij T Tuv Uij M (l_wuv) uij (6€)
(s+1) * (s) - \
\ij = \ij + (l—wuv) vij . 167
(s+1) _  _* . (s) ) (6E)
i3 T % Pag T e Py T

where s is the iterate number and * designates the current value
obtained from the difference equation (Ref 40). The acceleration

parameters were always 1.0 for the first iteration.

The pressure on the plate was calculated separately using the
Chorin iteration technique which avoided the difficulty of formulating
one sided differences at the plate for the Laplacian of pressure.
Second order accurate upwind differences were wused for the

transformation and velocity first derivatives in equation (56). The
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ccceleration paerameter, ¢, which is relatec tc SOk iteraticr of the

Foisscn pressure equatior. wes given by Hodge (Ref 18; &s

<

al
— +

»
) ~/
J -

(69)

sl
e

The iteration procedure followed a prescribed order at each peoint.
Only the surface pressure was computed or body points. At field pcints,
the u velocity component was computed first, then the v velocity

component, and finally the field pressure p.

The SOR sweep directions were developed to minimize favoring any
one direction. Hodge (Ref 41) found the fiow fields on the upper and
lower surfaces were slightly different on a symmetrical airfoil at zero
angie of attack. This was caused by always sweeping in thé same

direction. The sweep method used in this study is described in Appendix

b.

C. Initial and Boundary Conditions

The initial conditions for the Navier-Stokes equations solver were
modified depending on the application of the solver. Simple initial
conditions were used when calculating the aerodynamics of & plate at a
fixed angle of attack (Ref 42). More refined initial conditions were

required when the plate was allowed to rotate or free fall.

Zero velocity was used as the initial condition for a plate at a

fixed angle of attack. An  impulsive start was modeled by

instantaneously imposing the freestream velocity on the plate. It was
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nct necessery te start with an inviscid solu*ict because the reiatively
.cv' Revnolc: number did nct present any rnumerice! ctability problems.
The numerical results ¢id not represent the physical phenomenon durirg
+*he impulsive start because continuity was initielly not setisfiec
throughcut the flow field. As the calculaticr evolved, continuity was
evertually setisfied throughout the fiow field and the numericel

solution represented the physical phenomenon.

When the Navier-Stokes equations solver was used to calculate the
flow field around a plate undergoing forced rotation, the solution for a
plate at a fixed angle of attack was used as an initial condition. The
plate was then forced to rotate. As long as the plate was at a small
angle of attack and was not shedding vortices, the start up accurately

modeled the physical phenomenon.

- -

The flow field around a plate moving at'a fixed engle of attack;was
used as an initial condition for a plate about to uncergo fixecd or free
fall autcrotation. This represented the case of a plate translatinc 2t
a constant velocity without rotation. The aerodyramic forces produced
by the plate were used as forcing functions in the flight mechanics
equaticns. The flight mechanics equations were solved to initiate

autorotation which accurately modeled a physical start up.

Lis e a0 o

The Navier-Stokes boundary conditions used in this research effort

were the reverse of those used - the more classical body fixed

formulation. When wusing a body fixed formulation, the boundary

kb N6

conditions were usually freestream velocity &nd pressure cn the outer




boundary and nc flow on the inner boundary or plate. For the inertie]
formuletion used in this study, the different boundary conditions were

equivalent in their respective reference systems.

The motion of the plate was imposed on the inner boundary or plate.
The translation and rotation of the plate were modeled by changing the
boundary conditions on the inner boundary. T7The velocity imposed at each

grid point on the plate was calculated using the following equations:

u, = ch (cos € ces v + sin © sin v) - O\ (70)
vy = ch (sin © cos v ~ cos € sin v) + G ‘ (71)

The translational velocity, angular velocity, glide path angle, and
rotational angle were all known from the previous solution of the flight
mechanics equations. Examples of various inner boundary conditiéns for
one side of the plate are shown in Figure 7.__Figure 7a shows the inmner
boundary conditions imposed on a plate moviné down and to the right ét a
w/4 radians angle in the computational domain. This represents any
combination of flight path angle and rotation angle which produces an

angle of attack of =/4 radians where the angle of attack is defined as:
a = Oy (72)

Figure 7b shows the inner boundary conditions for a plate rotating
without translation. The magnitude of the velocity in this case is
purely a function of the angular rotation of the plate. The translation
from Figure 7a was combined with the rotation in Figure 7b to produce

the boundary conditions shown in Figure 7c.




The velocity bouncdary cerditions cor the ouier beundary were 2ero
velocity ir either the » or v directicrns. Tne preZsure on the cuver
poundary was set equal tc the ambient pressure c¢r & ncndimersional
pressure of zero. These boundary conditions closely correspondec tc the
physical conditions in an inertiail reference sysiem. The cuter boundary
conditions were not changed and remainec ccnstant throughcut the
calculations. Meglecting the momenturm ceficit hac a small effect on the

flow field near the plate as outlined in Appendix A.

O. Determination of Aerodynamic Coefficients

The flow field around the plate was calculated by the Navier-Stokes
equations solver, The viscous and pressure forces imposed upon the
plate by this flow field were summed to give the aerodynamic forces

generated by the plate.

The aerodynamic coefficients were caléulated at each tire siep,
whereas for a steady state sclution they are only celcutated for the
final state (Ref 43). Because the coefficients were calculated so cften
in this study, the method of calculation was customized %o this

particular geometry to reduce the computing requirements.

The total pressure force acting on the plate was calculated by
summing the pressure acting on all the descrete segments of the plate.
The translational and rotational velocities of the plate were specified
as boundary conditions. The pressure distribution on the plate was
calculated using equation (65). The pressure differences around the

plate were surmed to give the normal and axial forces. The
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correspondinc moment was ceélculated by nmultiplying  the pressuve

differences by their respective distance: from the center of gravity.

The viscous forces acting on the plate were calculated vsing the

following equation for shear stress:
= L (75)

where U, is the derivative of the velocity normal to the surface of the
plate (Ref 44). The normal velocity derivative was approximated by a
first order difference. The viscous normal and axial forces were
calculated by summing the shear stresses around the plate a%d the moment
produced by the viscous forces was cclculated by muitiplying the shear

stress by its corresponding distance from the center of gravity.

The viscous and pressure forces were combined according tc

L=(F _ +F Ycosa=-(F_+F ) sinc (7¢:
vv vp v %p

D = (Fyv + r}'p) sin o + (F_ + pr) cos ¢ (75,

M =CAp(Aax) x, o+ It (4ax) s (76)

giving the overall aerodynamic forces procuced by the plate. The

aerodynamic forces were produced primarily by the pressure differences

around the plate.
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SECTION 1V
FLIGHT MECHANICS SCLVER

A three degree of freedom fliight mechanics equations solver was
developed to predict the flight path of a free felling, autorotating,
flat plate. The three flight mechanics equations were rewritten as four
coupled first order ordinary differential equations. The equations were
solved using an open Adams formula to obtain the velocity of the center
of gravity of the plate, the flight path angie, the rate of rotation,

and the rotational angle.

The general unsteady motion of a body in three dimensional space is
described by a vector force and moment equation. This produces six
scalar ordinary differential equations. Much of the complexity of these
equations results from the inclusion of the rotation of the earth_and
its curvature in the mathematical model. Assuming the earth is fﬁat,
the absence of gyroscopic effects and planar motion reduces the system
of equations to three coupled differential equations which model the

motion of a free falling, autorotating plate in a plane (Ref 45).

Two alternative reference systems are available for the dynamicai
force equations: the wind axes and the body axes. Both are used in
practice with no overriding advantages to either svstem (Ref 46). The
equations used in this research effort were cast in the wind axes

reference system.

Experimental data and previous analyses indicated the motion of the
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autcrotating plete could be modeled accurately usirg the foilowing three
degrees of freedon:

1) Horizontal translation, x

2) Vertical translation, y

3) Rotation about the center of gravity, 6
The reference system for these three degrees of freedom is shown in
Figure 8 (Ref 47). The positive x direction was to the right while the
positive y direction was up. The angle of rotation, like all angles in
this problem, is positive in a counter-clockwise direction. This

conforms to a standard right hand rule reference system.

The equations of motion modeling these three degrees of freedom

are:
-m‘:' =D+ W sin ¥ (77)
m\":' = 1-W cos ¥ - 178)
I €=M (79)

v

This was an initial value problem involving a system of three nonlinear
ordinary differentia)l equations (two first order and one second crder).
Several methods exist for solving systems of first order equations,

therefore, the second order equation was reduced to two first order

equations.
Iy q =} (80;
e = q (81)

Equation (79) was reformulated using equations (80) and (81) to give

equations (82). Equations (77) and (78) were rearranged to give




equetions (83) anc (84).

M
«=1 (€2
v
¢ = =(DHV sin ¥) (€3
m
- (L-W cos y! (84
nV ’

Several dimplicit, or closed, and several explicit, or open,
methods are available for solving systems of equations (Ref 48). The
closed methods offer improved accuracy over the open methods, however,
they require multiple solutions of the Navier-Stokes equations at each
time step. During the formulation of this problem, it was estimated the
Navier-Stokes equation solver would consume at 1least 90% of the
computing time while the flight mechanics equations solver would consume
less than 10%. Based on this assumption, ag open initial value problem

solver was selected as the most computationally efficierit method. A

predictor-corrector scheme was ruled out because it required two

solutions of the Navier-Stokes equations at each time step, thus almost

doubling the computing time. ]

The simplest explicit method is Euler's method. This method g
requires one initial condition for each variable and one evaluation of U

the function at each time step to advance to the next time step. The j

following set of equations represents Euler's method: i

ooy 4 oAy (85)

Yn+l - Yn + At&
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Euler's method is first order accurate in time which is consistert with

the time differencing used in the Navier-Stokes equations solver.

Few additional computer resources are required to increase the
accuracy of the method by using higher order Adams-Bashforth formulae
(Ref 48). These methods are described in Appendix D. Equations (81)
through (84) were nondimensionalized using the same operators that were
used in the Navier-Stokes equations solver. The equations are cast in

the Adams-Bashforth formulae

vn+l = vP 4 o S8 E ACOEF. (D, + W sin Y.) . (89)
-0 =Wy i=1 i i 1
+1 _ .n cg o Ly - Weosvy
n - g .
Yy o 4P 4t —B—W\,w I, ACOEF, ( T ) {90)
n
n+tl _ n 12 w
" = Q" 4+ at B I ACOEF, N, (o1)
n
n+l n
C. = ( -+
¢ o + st I, ACOEF, q, (c2)

where n represents the order of the solution technique. A list of the
coefficients used in the summation are included in Appendix D. If the
order of the equations is set to one, equations (85) through (88) reduce
to equations (89) through (92). Increasing the order of the flight
mechanics equations solver had an insignificant effect on the overall
storage requirements and computational times. An Euler solution
required storing 20 pieces of information. Each increase in the order

of the solver required saving an additional 10 pieces of information.




Therefore, & sixth order method regquirec saving 70 pieces of infoermation
as opposed to 20 for & first order soiver. This was insigrificant
compared to the thousands of storage lccations required for the
Navier-Stokes equations solver. A comparicon between different order

Adams-Bashforth formulae was made and is discussed in Section VI.

The initial conditions necessary to start the hicher order methods
are not known. A common technique is to start with Euler's method and
increase the order of the method at each time step until the desired
order is obtained. This in essence generates the initial conditions
necessary to start the higher order techniques. In this study, the past
initial conditions necessary to start the higher order methods were
obtained by Tinear extrapolation backward in time from the one set of

initial conditions which were specified.

Everything on the right hand side of eqLations (89) through (92) is
known. The velocity, glide path angle, rotational angle, and rotational
velocity were all known from previous solutions of the flight mechanics
equations. The aerodynamic forces (1ift, drag and moment) are known
from the present and previous time step solutions of the Navier-Stokes

equations. The aerodynamic forces and plate characteristics were all

referenced to a plate with a span of 1.0.
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SECTION V
COUPLEL SYSTEMS

The MNavier-Stokes equations sclver and the flight mechanics
equations solver were solved simultaneously. Initiel conditions were
specified for both sets of equations. The aerodynamic forces produced
by the plate were calculated by the Kavier-Stokes equations solver and
used as forcing functions in the flight mechanics equations solver. The
flight mechanics equations were solved to obtain the translation and
rotation of the plate for the next time step. The updatgd transliation ‘
and rotation were used as new boundary conditions in the Navier-Stokes
equations solver. The iterative procedure was repeated thousands of
times, therefore, a solution dependent, variable time step was
introduced into the computational procedure to improve the compufationa]

efrficiency. -

Zero velocity in the computational domain was used as the initiel
condition in the Navier-Stokes -equations solver. The plate wes
impulsively accelerated to some prespecified velocity at a fixed angle
of attack. A relatively large time step was used to converge to the
steady state solution with the minimum expenditure of computer time.

Therefore the flow field which evelved during start up did not

accurately represent physics. The solution at a fixed angle of attack f

included periodic shedding of vortices when the angle of attack was more ;

than a few degrees. The intent at this point was not to accurately

mode]l the impulsive start up, but rather to obtain a fully developed

flow field which could be used to start the rotating calculations. The




aercc;namic Torces were celcuiated fror the pressuve anc veioc’ty fieid

around the plete.

The initial conaitions for the flight nechanics equations were
specified at the beginning of the calculation. The initial cenditions
for previous time steps necessary to start the higher order solvers were
linearly extrapolated backwards in time. The aerodynamic forces
produced by the plate were entered into the flight mechanics &s boundary :
conditions in equations (89) through (92). The same time step was used i
in the flight mechanics equations solver as was used in the !
Navier-Stokes equations solver. The flight mechanics equations were
solved for the next time step. This solution produced a new velocity,
glide path angle, rotation angle, and rotational velocity.

' These conditijons were used in equations (71) anc (72) to obtain new
l inner boundary conditions for the Navier-Stokes ecuations solver. The
E outer boundary conditions of’ no flow and ambient pressure remainec
unchanged. A new flow field and the corresponding aerodynamic

coefficients were calculated. At this point the solution procedure was

started. The motion of the free falling plate was calculated by ;

repeating the process just outlined.

r The time steps required to obtain an accurate Nevier-Stokes

solution and an accurate flight mechanics solution were no* the same.

' The Navier-Stokes equations solver was an implicit scheme. A stability

analysis of an implic 't technique used to solve a model lineer partial

i differential equation with the same character as the Nevier-Stokes




gcLetions shewed the numericel metnod tc be unconciticnelly citable (ker
6. However, when working with the compliete cysten of havier-Stohes
ecuetions, Hegna (kef 27) found the existence of ar upper 1limit on the
time step. The flight mechanics equations were stable for any time

ster. Therefore, the time step was selected to meet the Timitations of

the Navier-Stokes equations solver,

The Navier-Stokes eguations solver was Tound to tolerate only e
certain unquantifiable level of change in the boundary conditions from
time step to time step. The solver still met the error criteria
specified for convergence within an acceptable number of iterations.
This occured because the Navier-Stokes equations were not solved
simulataneously. The updated velocity boundary conditions on the plate
introduced large changes in u and/or v near the body. These chaﬁges in
velocity caused large changes in pressure on the plate through the
velocity divergence term in equation (46). The large pressure charges
in turn influenced v at the points adjacent to the piate because of the
Py coupling. This 1interaction between equations made convergence
difficult for large changes in the boundary conditions on the plate.
Numerical experimentation was used to establish the tolerable level of

change.

The maximum allowable change in the boundary conditions was usec as
the basis for & solution dependent time step. The meximum charge in the
boundary condition was asssumed to be a result of the rate of rotatior
of the plate. A heuristic method was developed around the following

equation:




The corctent for a veriable time step, Cc’ wes establishec through
numericai experimentation to a value which &llowec the SOF procedure to
reet the specified convergence criteria. This allowed approximately the
same amount of rotation during each time step recerdless of the rate of
rotation. when the plate was rotating rapidly, 2 relatively small time
step was used resulting in a certain amount of change in ..e boundary
conditions between calculations. When the plate was rotating slowly, a
relatively large time step was used resulting in approximately the same
amount of change in the boundary conditions as the rapidly rotating
case. without the solution dependent time step, a very small time step

would have been required to accurately calculate the most rapid rotation

thereby resulting in inefficiency at slower rotation rates.

The higher order Adam-Bashforth formulae used to solve the flight
mechenics equations were derived for constant time steps. The first
order formula or Euler's method was the only scheme which was used with

the veriable time step. Higher order methods with variable time steps

exist, hcowever, their derivation is rather complex.
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SECTICON VI

DISCUSSICN QF RESULTS

Several major stepping stones were investigated cr the wey to
coupiing the Navier-Stokes eguations with the flight mechanics
equations. A building block approach was used to validate the overgii
approach and the computer code. Four different cases were investigated
in this study.

(A) The Navier-Stokes equations solver was used to calculate the
flow field around a plate at several static angles of attack.

(B) The effect of forcing the plate to rotate was a]sé investigated
using the Navier-Stokes equations solver.

(C) The Navier-Stokes equations were coupled with a one degree of
freedom equation of motion and solved to model the pinned autorbtation
of a plate.

(D) Finally the flight path of a free falling, autorotating, flat
plate was predicted by a numerical method which couplec the two
dimensional incompressible Navier-Stokes equations with the three

degrees of freedom equations of motion.

The finite difference grid which modeled the flow field was
constructed to obtain approximately the same resolution in the x and y
directions. The minimum and max imum grid spacing determined the totai
number of grid points required to cover the flow field. Numerice!
experimentation was used to select a grid with a maximum number of
points compatible with calculations on the CYBER 750. The minimum grid

spacing in the y direction, which defined the thickness of the plate,
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was €..C. chorc or (.0156 feet on a piate vwith & C.25 fee: chord. The
mininun. grid spacing and the requirement for an outer spacing of
approximately one chord dictated & gric with 54 points in the y
direction. An exponential stretching coefficient of 2.988 produced e
maximum grid spacing of 1.110 chords on the outer boundary in the y
direction. The physical domain extendedc 10.03125 chords in the Yy

direction, or 2.508 feet for a plate with a (.25 feet chord.

The same minimum grid spacing was used in the x direction. Sixteen
grid points were evenly spaced along the chord of the plate at 6.25%
chord intervals. The grid was stretched from the end of the plate to
the outer boundary using an exponential coefficient of 3.157. This
required 65 points to produce an outer grid spacing of 1.287. The
physical domain extended 10.5 chords in the x direction or 2.625 feet
for a plate with a 0.25 feet chord. Hence the complete grid was

comprised of 3510 points.

The finite difference grid was generated by piecing together
analytical functions. This presented the opportunity to use analytical
transformation derivatives as well as the more commonly used numerical
derivatives. The flow field around a plate at =/2 radians angle of
attack was calculated using analytical and numerical derivatives. The
analytical transformation derivatives produced a drag coefficient five
drag counts (CD=0.0005) higher than the numerical derivatives.

Analytical derivatives were used throughout the study because they were

thought to be more accurate.
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The Reynolds number cf a plate vith & 0.2% {eet chord moving et
freestream velocity of 2.0 feet per second on a standard day et see
level is approximately 5000. The havier-Stokes equations were not mass
averaged because of the relatively small Reynolds number (Ref 49). No

turbulence modeling was included in the equations.

Implicit methods were shown by linear stability analysis to be

unconditionally stable (Ref 50). Despite this, Hegna (Ref 51) found

convergence of the SOR solver required a nondimensional time step less
than 0.001 for flow around an airfoil at a Reynolds number of
approximately 170,000, The relatively low Reynolds number flow in this
study produced a system of equations which could be solved using a
larger time step. Through numerical experimentation, a time step of
0.01 was found to converge and was used for all calculations af fixed

angles of attack.

There was a tradeoff in the SQR procedure between the size of the
time step and the number of iterations performed at each time step.
Increasing the time step and increasing the number of iterations at each
time step can have the same effect as decreasing the time step and
decreasing the number of iterations. In this study a maximum of four
SOR iterations were used at each time step. An even number of
iterations was always used in an attempt to avoid using one sweep

direction more than another.

The same SOR acceleration parameters were used throughout the

' study. The parameters had values of 1.0 for the velocity components,
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{.¢ <or the surface pressure, and l.. for the Tieic pressure. These
pararmeters vere determined by previous resecrchers anc their influence

on convergence was not investigated in this stucy (Refs 1€ &nc 37).

The convaergence criterion for the SOR iterations required the
maximum change in the relative magnitudes of u,v, and p for all
Jocations be less than 1%. This criterior occasionally was not
satisfied, however, previous researchers tolerated maximum changes as
large as 5% (Ref 37). The convergence criterion was maintained at a
relatively low level throughout this study because of the strong time

dependent nature of the protlem,

Several methods of SOR sweeping were investigated. The method
described in Appendix B was found to be the best combination of
efficiency and accuracy. This method, while not favoring any direction,
maintained good numerical efficiency because it did not require ar

excessive amount of logic to execute.

The movement of the plate was calculated using first order and
sixth order flight mechanics equations solvers. There was virtually no
difference in the solutions because the small time step required to
solve the Navier-Stokes equations minimized the error in the first order

flight mechanics equations to an acceptable level.

Tne numerical technique required approximately 0.645 seconds of
central processing time on the CYBER 750 computer to advance a solutior

ore time step. This equated to approximately 2.582 seconds of computinc




time per SCF iteratien. The computire time for each SOk iteretion
ircluded approximately C.001 seconds to solve the flight mechanics
equetions. This means 98.5 percent of the computing requirements

support the solution of the Navier-Stokes equations.

The numerical procedure was executed on the CRAY-1 computer to
reduce the overall computing time. The computer code was not modified
to incorporate the vectorized programming techniques available on the
CRAY-1. The computing time on the CRAY-1 was slightly more than a fifth
of the computing time required on the CYBER 750 to perform identical

calculations.

A. Static Angle of Attack

The static 1ift curve for a flat plate, shown in Figure'9, was
calculated using the Navier-Stokes equations solver. A flow field was
considered to achieve steady state by previous researchers when the
aercdynamic  coefficients changed less than 1% 1in one unit of
nondimensional time (Ref 52). The maximum steady state 1ift coefficient
was approximately 0.44 at 0.15 radians angle of attack. The flow
separated from the upper surface of the plate at a relatively small
angle of attack. Above 0.15 radians angle of attack the flow field was
unsteady and a band of 1ift coefficients were plotted on the static lift

curve,

The instantaneous streamlines around a plate at 0.4 radians angle
of attack can be seen in Figure 10. The streamlines were calculated by

integrating:




usinc a first order method. A vortex can be seer behind the plate in
Figure 10 (Ref 53). At t=5.2 a vortex is just leaving the plate. It is
swept downstream until finally, at t=6.0, another vortex is forming
above the plate. The Strouhal number for this case was approximately
fc/Uw=0.34. The Strouhal number, however, is reduced to 0.13 when the
frontal area of the plate was used as the reference length. The
unsteady 1lift coefficient produced by a plate at 0.4 radians angle of

attack is illustrated in Figure 11.

The flow field produced by a plate at /2 radians angle of attack
was calculated. The symmetric vortex formation behind the plate can be
seen in the Figure 12. Experiment indicates that a vortex street should
have been formed behind the plate (Refs 54 and 55), however, it was not
predicted by the ﬁumerica] calculation. An instability cf the magnitude
necessary to initiate asymmetric shedding was not present in the
numerical method. No attempt was made to initiate the asymmetry because
it was beyond the scope of the present study. The drag coefficient
produced by the plate at =/2 angle of atiack was 1.494. This compares
well with the experimental data of 1.4 obtained for a flat plate with
asymmetric shedding and 1.6 obtained for a flat plate with a splitter
plate behind it (Ref 56).

B. Forced Rotation

From this point to the end of this section, the flow fields
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rresented ccmbine tranclation and rotation., Steady motions can usuelly
be presentec in a body fixed reference syster in which the Tiow becomes
steady. In unsteady flows no preferred reference frame exists,
therefore, the reference frame is selected on the basis of other
criteria as discussed in Appendix C. A reference frame fixed to the
plate in translation in which the plate rotates will be used throuchout
this section. This frame was selected because of its analogy to

instantaneous streamlines of a plate rotating in a wind tunnel.

A solution dependent time step was developed to improve the
computational efficiency of the rotating calculations. The constant in
equation (92), which was used to determine the maximum allowable change,
was derived from numerical experimentation. The constant was selected
to reduce the number of calculations required for a so]utioﬁ while
maintaining the specified error criterion and using a maximum of four
SOR ijterations. A maximum allowable change constant of CC=O.005 was
used for most calculations. In addition, the time step was never larger

than 0.01.

The flow field around a plate undergoing forced rotation was
celculated at three nondimensional rotational velocities. The plate was
initially fixed in a uniform freestream flow at zero angle of attack.
1t was subjected to a constant angular acceleration until it reached the
desired rotational velocity. First, the plate was forced to rotate
counterclockwise at a nondimensional rotational velocity (wC/Uw) of one.
At this rete of rotation the translational velocity everywhere on the

plate was greater than the rotational velocity. This meant vortices
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formec at the encpoints of the plate were elways shec cdownstrearm of the
plate. The instantaneous streamlines for thic case are shown in Figure

13.

The rate of rotation was increased to an angular velocity of two.
The rotational velocity of the end of the plate was equal to the
translational velocity of the center of gravity of the plate. This
meant that when the plate was at an angle of attack of 7/2 or 3n/2 there
was no relative flow around the retreating end of the plate and thus no

vortex was shed. This can be seen in Figure 14.

Finally, the rotational rate was increased to an angular velocity
of four. At this rate of rotation, the linear velocity of the ends of
the plate induced by the rotation was twice that of the center of
gravity of the plate. This meant a vortex was shed upstream of the
retreating end of the plate as shown by the instantaneous streamlines in

Figure 15.

The aerodynamic coefficients produced by a plate undergoing forced
rotation at three different rates are shown in Figures 16, 17, and 18.
In these plots, angle of attack and rotation angle are synonymous. The
maximum 1ift coefficients were approximately 3.2, 5.8, and 9.5 for
nondimensional rotational rates of 1.0, 2.0, and 4.0, respectively.
These values are considerably larger than the maximum 1ift coefficient

of approximately 1.2 produced by a flat plate at a static angle of

attack.
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Rotating the plate caused a shift in the phase relatiorship among
the aeroaynamic coefficients. The maximum dreg coefficient was found to

| lec the maximum 1ift coefficient by 1.1, 1.0, and 0.75 radians angle of

E attack for nondimensional angular velocities of 1.0, 2.0, and 4.C

respectively. At a rotational rate of one, the maximum moment :

coefficient slightly lagged the maximum 1ift coefficient. At a 1
rotational rate of two the phase lag increased to approximately 0.3

radians. The maximum moment lagged the maximum 1ift by approximately i
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0.5 radians at a rotational velocity of four. Visual integration of the
area under the moment curve over a revolution indicated thg slowest rate
of rotation produced an average moment which would accelerate the rate
of rotation. The plate rotating at an angular velocity of two generated
an integrated moment which was almost neutral while the most rapidly
rotating case produced an overall retarding moment. This ana]&sis of
; the moment suggested the plate would autorotate at a mean rotational

velocity of approximately two. ;

C. Pinned Autorotation

A calculation was performed for a plate undergoing pinned

ey -

autorotation. This was analogous to a plate being held &t its center of

gravity by frictionless bearings in a wind tunnel. Pinned autorotation

s e

: was numerically modeled by eliminating equations (88) and (89) in the
flight mechanics equations. The only permissible degree of freedom was ?

rotation which meant only equations (94) and (95) were solved to

| determine the motion of the plate.

The flow field around a plate moving at sea level in a freestream 1




veiocity of 2.0 ft/sec et & fixed ancle ¢f ettec: of (.1 racenc wes
calculated and used as er initial concitior fcr rctetion. The plete
with the physical characteristics displayec in Table I wes "releasec”

and allowed to autorotate by solving equations {94} end (95).

Table I. Physical Characteristics of the Plate

Chord 3 inches

Span 8 inches

Aspect Ratio 2.67

Weight 7.02 x 1073 1bs

Moment of Inertia 1.13 x 107 b, sec? ft

The plate began rotating and established autorotation at a mean
nondimensional rate of rotation of 1.58. This rate of- rotation was
within the range suggested by analyzing the moment in the forced
rotation studies. The aerodynamic coefficients produced by the plate
undergoing pinned autorotation are shown in Figure 19. In this plot,
angle of attack and rotation angle are synonymous. The magnitude of the
coefficients are comparable to those produced by the piate undergoing
forced rotation at a nondimensional rotational velocity of 2.0. The
maximum drag coefficient 1lags the maximum 1ift coefficient by
approximately 0.70 radiaﬁs. The maximum moment coefficient is in phase
with the maximum 1ift coefficient. The numerically integrated area

under the moment curve was zero for a complete revolution after
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ecuilibriun autorctetion was establisied.

The rate of rotatior varied considerabiy durinc pinnec autorotation

because of the relatively small mess cf the plate used in this study.
E.H. Smith (kef 14) found that the rete of rotetion of a relatively
dense plate undergoing pinnec autorotation in a wind tunnel was almost
constant. Lugt assumed a constant rate cf rotation in Pis numerical
research (Ref 57). The relatively smell mass of the plate in this study

produced the variations in the rate of rotatior shown in Ficure 20.

D. Free Fall Autorotation

Finally the plate with the physicel characteristics presented in
f Table 1 was allowed to undergo free fall autorotation. The initial
: conditions for the plate were moving down and to the right with ea

velocity of 3.0 ft/sec at a glide path angle of -n/4 radians. The plate

was fixed at a rotation angle of -n/4+0.1 radians which resulted ir an
angle of attack of 0.1 radians. The plate was "released" anc &llowed to
free fall by solving the complete set of flight mechanics ecuations,
equations (86) through (89) . The plate established autorotation withir
two revolutions as depicted in Figure 21. The trace of the numerically ;
predicted flight path began at the point where the card was “"released”
and allowed to free fall. Experimental data of a plate with identical |
physical characteristics obtained using high speed photography (Ref 5€)
is shown in Figure 22. The experimental flight path was photographed

after autorotation was fully established and thus did not include data

for the launch phase.
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Tne ceiciietion of the free fei'ing, cutorotizing, et plete

correctiy precictec tne complex vreleétionstip bpelween the pleze's

rotational velocity and the linear velocits cf its center of gravity,

The experimental data presented in Figure ZC iilustrates how the plate
b appears to pivot about its endpoints. The magritude of the
noncimensional linear velocity of the center of gravity and the
nondimensional rate of rotation were changing periodically s
illustrated in Figures 23 and 24 respectively. The angle of attack ir
these figures was obtained using equation (72}. The relationship between !

the phasing and magnitude of the angular velocity and linear velocity

must be precise to present the appearance that the plate rotates
alternately about its endpoints. This complex phenomenon was accurately
predicted by the numerical calculations indicating the procedure
correctly modeled the complex flow field and properly related the flow

field to the three degrees of freedom.

The plate in the numerical simulation wes released at 3.0 ft/sec

and developed into autorotation with a mean velocity of approximately

3.01 ft/sec. The mean velocity of the experimental plate was
approximately 3.75 ft/sec. The plate in the numerical simulation
autorotated at a mean rotational velocity of 19.56 rad/sec while the

experimental plate was found to rotate at approximately 23.4 rad/sec. %

|
} The predicted flight path of the plate did not compare well with
!
: the experimental flight path. The calculations predicted a mean flight

‘ path angle of approximately -0.20 radians compared to -0.81 radians in

: the experimental data. This discrepancy in flight path angle may have




neer. cauceC by tnree cinensional e*fects.  The experirerizi plete 1.

hove producec & compiex three dimensicrel vortex which cdegraced the 1ift

to crac ratio. The calculations simulatec & plate with ean infinite

aspect ratio anc cid not model the trree dimensional effects. The
numerical plate should therefore have a higher 1ift to drag ratio tnar
the experimental plate which would tend towards a more shailow flight

path angle.

The calculated aerodynamic coefficients produced by the plate
during free fall autorotation are shown in Figure 25. The maximum drag
lags the maximum 1ift by approximately 0.71 radians., The moment is in
phase with the 1ift. In contrast to the plate undergoing forced
rotation, the moment is not in phase with the 1ift, The moment being in
phase with the 1ift seems to be a necessary condition for autorofation.
The moment averaged over each cycle is zero which is required in fully
established autorotation. The experimentally determined coefficients
for a plate with the same physical characteristics (Ref 58) are shown in

Figure 26.

The aerodynamic coefficients encountered in the free falling
autorotation calculations were considerably larger than the coefficients

obtained at static angles of attack. A comparison between the static

i drag polar for a flat plate and the drag polar for a free falling,

autorctating, flat plate are shown in Figure 27. The large differences

between the static and dynamic aerodynamic coefficients are the primary
reason that past attempts to calculate autorotation using quasi-steady !

numerical techniques have failed. The unsteady, nonlinear aerodynamic !




Fovie o are @r o eltentic) dngredient i eutovrctetior.

For the “irst time since initia. éttempts were made to expiain the
‘ree fallira, eutorotating, fiet plate in 1884, the complete flow field
ground  the piate is  known. The instantareous sireamlines ang
cerresponding iines of constant vorticity at several anales of attack
are snown in Figure 28 and 29, respectively. Each plot has been rotated
so the freestream velocity is always coming from the right. It is
difficult to see the vortices being shed from the plate in Figure 28.
however, the vorticity contours shown 1in Figure 29 illustrate the
asymmetry caused by the rcocation. A.M.0. Smith realized in 1953 that

this asymmetry is essential for autorotation.

The flight paths of the plate released with different initial
corditions were also found to compare gqualitatively with experiment.
The plate was released similarly to the previous case, however, the
iriticl veiocity was increased to 6.0 ft/sec. The initial flight path
was slightly different as shown in Figure 30 but the fully developed

autorotation was identical to the previous case.

In another Taunch mode the plate was initially moving to the right
with a velocity of 6.0 ft/sec at a glide path angle of -0.1 radians and
a fixed angle of attack of 0.1 radians. The plate was "released" and
reversed direction as shown in Figure 31. The plate did not have
syfficient inertia to rotate past the portion of the flight where it

experienced a retarding moment. The plate stopped rotating, reversed

direction, and established autorotation, falling 1in the opposite




cdirectior. After autorotetion we o estel. e, tre
characteristics of the plate were identicel to tre previgue free ol
autorotation cases only the plate was moving in the oppesite cirecticr,
A similar flight path was demonstrated experimentally by the author,
however, it was not documented with high speed photography. Numericail

experimentation with the different launch modes indicates the plate will

establish the same autorotation mode independently of the launch mode.

e —e




SECTION VIT
CONCLUSIONS AND ReCOMMERDATIONS

The goal of this research was to develop a methed of coupling an
unsteady, nonlinear aerogynamic prediction technigue with the flight
mecharics equations and to show the method was a valid epproach to use
in predicting the flight path of a free falling, autorotating, flat
plate. A numerical technique which combined a two dimensional
Navier-Stokes aerodynamic prediction program with a three degrees of
freedom trajectory program was developed and used to predict the flight
path of a free falling, autorotating, flat plate. The overall approach
was validated by comparing the numerically predicted flight path with

the experimental flight path.

An numerical method which coupled a Navier-Stokes equations solver
and a flight mechanics equations solver was developed. The two
dimen;ional incompressible Navier-Stokes equations were sélved using an
impticit, finite difference, numerical solution technique. The physical
domain, which was modeled by a patched, exponentially stretched,
Cartesian grid, was transformed intc an evenly spaced computational
domain. The Navier-Stokes equations were formulated in a coordinate
system attached to the plate and the corresponding velocities were
formulated in an 1inertial reference system. The translation and
rotation of the plate were modeled by imposing them as a boundary
conditions on the body. The resulting system of equations was solved

using a successive-over-relaxation iteration technique. The aerodynamic

coefficients were calculated by summing the viscous and pressure forces




2 —

around the plate.

The three degrees of freedom flight mechanics equetions were
reducec to four simultaneous first order ordinary differential
equations. The aerodynamic coefficients were entered as forcing
functions inte the flight mechanics equations. The system of ecuations
was solved using an open Adams method. The calculated translatior and
rotation of the plate were used as new boundary ccnditions in the
Navier-Stokes equations solver. The procedure was repeated thousands of

times to generate the flight path of the plate.

The Navier-Stokes equations solver was used to predict the flow
field around a flat plate at several fixed angles of attack. The flow
field was unsteady above approximately 0.15 radians angle of 'attack
which corresponded to a 1ift coefficient of approximately 0.44, The
maximum static 1ift coefficient for a fiat plate was found to be

approximately 1.2.

The flow fields around a flat plate undergoing forced rotation at
three different rates of rotation were calculated. The maximum 1ift
coefficients were approximately 3.2, 5.8 and 9.5 for nondimensional
rotational rates of 1.0, 2.0, and 4.0 respectively. The maximum drag
coefficient and the maximum moment coefficient lagged the maximum 1ift

coefficient,

A flat plate undergoing pinned autorotation was modeled by allowing

one degree of freedom (rotation). The plate was released at a small




ancle cf attackh and established autorotetiorn at & mear rondimensions]
angular velocity of 1,58, The megnitude of thec aerocynamic coefficients
were comparable to these produced by the plate undergoing forced
rotation at an angular velocity of 2.0. The maximum drag coefficient
again lagged the maximum lift coefficient, however, the maximum moment

coefficient was in phase with the maximum 1ift coefficient.

Finally the complete set of equations was used to calculate the
flight path of a free falling, autorotating, flat plate. The flight
path predicted by the numerical method compared well with the
experimental flight path. The maximum 1ift coefficient produced during
fully developed autorotation was approximately 6.2 which was several
times larger than the maximum 1ift coefficient obtained at a fixed angle
of attack. This explains why previous attempts were unsuccessful in
using quasi-steady aerodynamic techniques to predict autorotation. The
maximum moment was in phase with the maximum 1ift which seems to
1nd1cate the moment must be in phase with the 1ift" to support

autorotation.

Developing and demonstrating a procedure to solve a problem which
incorporates the essential elements of a spinning aircraft is a .path
finder. This path finder will assist in the future analyses of the
compiete aircraft spin problem. In addition, this research effort has
advanced the state of the art in several other areas:

1) Identifying the "ﬁixed" reference system for future application
to spin computations was the most important contribution of this study.

Previous aerodynamic calculations for rotating bodies were performed in

58
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cocrdirete anc velocity reference systers gttaches *tc the bedy. Thag
approach wes found to have undesirabie characteristics eas faster
rotation rates were introduced. More accurate results were obtainec
when the coordinate system was attached to the rotating plate and the
corresponding velocities were formulated in an inertial reference
system,

2) Lugt solved the two dimensional Navier-Stokes equations for a
thin ellipsoid rotating at a constant, predetermined rate of rotation.
However, it was not until this research effort that the rate of rotation
w3as allowed to vary during the calculation. The rate of‘rotation was
calculated from the aerodynamic moment which resulted in true pinned
autorotation.

3) First principle aerodynamic calculations have not been used when
solving the three degrees of freedom equations of motion. A metgod was
developed to couple a two dimensional Navier-Stokes equations solver
with a three degrees of freedom equations of motion solver. To the
author's knowledge, this was the first time an unsteady, nonlinear
aerodynamic prediction technique was used in solving the three degrees
of freedom equations of motion. The overall approach was verified by
comparing the numerical results with experimental data,

4) The time steps used in finite difference solutions of the
Navier-Stokes equations are usually constant throughout a calculation or
are changed manually by the programmer. This study was the first time
the time step in a Navier-Stokes equations solver was varied during a

calculation based on the results of the movement of a body. This

significantly reduced the computing time necessary to obtain a solution.




i* is recommencsC that the pursuit of ¢ nuiericzl sciution of ¢
~omplete spinning eircraft be continuec ever though the final goel s
not teasible on today's computers. Three near term research efforts are
recomrmended to continue building the technology base necessary to
eventually calculate the flight path of a spinning aircraft:

1) The cause of the discrepancy between the numerically predicted
and experimental flight paths should be determined. The numerical
procedure should be modified to improve the correlation between the two
flight paths.

2) The six degrees of freedom autorotation of a three dimensional
object should be calculated using linear aerodynamics. The spinning
maple seed offers a good physical example of such a problem. The flow
field around the maple seed is probably attached, therefore lending
itself to analysis by linear aerodynamics. This would allow  the
researcher to couple the two systems of equations without expending the
large amount of computer resources to support- a Navier-Stokes
aérodynamic solution.

3) Finally, a three dimensional Navier-Stokes equations solver
should be coupled to a six degrees of freedom equations of motion
solver. The computational method should be used to calculate the

autorotation of a relatively simple aerodynamic shape such as a_ pure

delta wing. This problem can probably be solved on today's computers.
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Figure 5 Computational Domain
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Figure 10 Unsteady Shedding Vortex Behind Flat Plate at o=0.4
radians and Re=5000
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Figure 14 Streamlines Around a Flat Plate Undergoing Forced
Rotation at 6=2
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Figure 15 Streamlines Around a Flat Plate Undergoing Forced
Rotation at 6=4
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Figure 28
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Instantaneous Streamlines Around a Flat Plate
Undergoing Free Fall Autorotation
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Figure 28
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Figure 29 Vorticity Contours for a Flat Plate Undercoing
Free Fall Autorotation
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APPENDIN A
BODY FIXED ROTATING SYSTEM

The Navier-Stokes equations, (14) through (16), were modified

slightly when expressed in a body fixed coordinate system undergoing

arbitrary pitching. Arbitrary translation was not included at this

point {Refs 59 and 60). The body fixed Navier-Stokes equations are:

B 1 .2 . .

, u + uu + Vuy = ~p, + 7Y (uxx + uyy) + 0X + 28V + Gv (A1)
v +uv +vv = ~p + i (v + + éo 28 0

¢ x y y ¥ ke vyy) § - 20u - 03 (A2)

(A3)

u, + vy = 0

The far field boundary conditions for velocity and pressure were
given by the freestream flow field in the inertial reference frame.

These conditions are equations (A4) through (A6) when written in the

body fixed coordinate system.

u=u_ cos (ao - 0) + éy (R4)
v =u, cos (e -8) - bx (A5)
P=rp, (A6)

The no change boundary condition, which allows a wake to pass through
the boundary, was imposed on the downstream boundary velocity component.
Numerical experimentation showed that 1imposing freestream boundary
conditions on the downstream boundary, instead of the no change

condition, had little effect on the aerodynamic characteristics of the

plate., The downstream outer boundary conditions on pressure retained

In the fixed system, these conditions are given

vrcem . -

the freestream value.
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by
Uy = G5, (£7)
v o= -0 (A8)
P = P, (£2

where the derivatives are normal to the outer boundary.

The flow field around a plate undergoing forced rotation was
calculated using a numerical technique similar to the cne developed by
Hegna (Ref 25). The solutions were acceptable for slow rotational
rates. The results of the calculations became increasingly worse as the
rotational rates approached a reduced frequency, oc/U =k, of
approximately one. The solution remained numerically manageable with
the evolution of time even though the pressures near the outer boundary

approached values one to two orders of magnitude too large.

A calculation of a rapidly rotating flow field without a body
produced similar pressures near the outer boundary. This indicated the
problems were probably caused by the outer region and/or the boundary
conditions. The same calculation was performed with the outer boundary
moved farther away from the plate; nearly the same results . were

obtained.

Hodge (Pef 41) found the junction between the upstream Dirichlet
and downstream Neumann boundary conditions was a source of a smell
error. This error was amplified in the calculation with rotation. The
small changes 1in the velocity components necessary to satisfy the

boundary conditions and continuity at the intersection of the upstream

—




and downctream boundary conditions became unacceptably larce. The smell
c¢hanges produced a pressure wave which propegatec inte the flow fieic at
each time step. Ir the steady calculations, the flow field was allowed
to stabilize. Eventually the intersection of the boundary conditions
was a source of only a small error. However, in the rotating cases the
source of error was continuous and increased as the rate of rotation
increased. Averaging and smoothing, which considerably complicated
implementing the outer boundary conditions, were tried as methods to

alleviate the problem but to no avail.

The velocities near the outer boundaries became very large as the
rotation rates became large (Ref 61). One approach to alleviating
numerical problems in many numerical investigations is to move the outer
boundary farther away from the body (Ref 17). In this formuiation,
moving the outer boundary increased the velocities in the outer region,
thereby compounding the problems. The grid spacing was coarse in the
radial direction. The grid spacing was equally coarse in the tangential
direction or as fine as the minimum grid spacing used during the
problem. The exponential grid and rotating formulation combined large
and small velocity components over large aspect ratio finite difference
grid cells, This combination occurs at the location of the largest
velocities. The mismatch in grid spacing and velocities did not offer
numerical compatibility, however, it did not directly attribute to

numerical difficulties.

Hegna (Ref 25) was successful in using this approach to calculate

the flow field around slowly rotating airfoils at relatively large
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Reyrolds numbers. Very small time Stepe were usec tc cbtein numerice)
stability at large Reynolds numbers for flow fieles without rotation.
This clso helped stabilize the rotating prctlem. Usirc a time step
similar in magnitude to the one used by hegna was not a practical
alternative for this research project. The computational time necessary

to do several rotations of the plate would have beer prohibitive.

Finally, a Von Neumann stability analysis performed at certain
locations within the flow field showed the rotational terms could
destabilize equations (Al) and (A2). A Fourier representation of each
variable was substituted into the momentum equations. The flow field
was assumed to be rotating at a constant velocity. The rotational terms
were treated as source terms in the Navier-Stokes equations solver. In
the stability analysis, however, the rotational terms were formulated as
functions of u and v by assuming that u and v were of the same order of
magnitude. The viscous terms were assumed to be small in the flow field
away from the plate. The stability of one SOR iteration was found to be
a function of the rate of rotation. Above some rotational velocity the

rotational terms will destabilize the equations.

The rotating reference approach was abandoned because of . the
difficulties outlined in this appendix. A "mixed" cystem was adopted as
describéd in Section I1II1.B. A Von Neumann stability analysis showed the
"mixed" system had better stability characteristics than the rotating
formulation. A plate could rotate three times faster in the "mixed"
system and maintain the same stability characteristics as the rotating

formulation.
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FPPENCIX B
SOR _SWEEF METHOD

Calculating the flight path of a free falling flat plate was truely
time dependent which required more attention than normal to be paid to
the successive over relaxation (SOR) sweep direction. The sweeping
direction was important because it effectively produced a numerical
propagation speed. This speed was not constant throughout the flow
field because of uneven physical step sizes. Alternating the sweeping
direction allowed the numerical propogation speed to be sjmilar in all
directions. An even number of iterations were used at each time step to
avoid favoring one direction. An “"infinite" numerical propagation speed
more closely approximated the infinite speed of sound of incompressible

flow.

The concept of numerical propagation speed is illustrated in
Figure Bl. A disturbance was imposed at point 5 in the flow field shown
in Figure Bla. One diteration of a calculation used a left to right
sweep which only allowed the influence of the disturbance to be felt at
point 4 as illustrated in Figure Bib. A second iteration allowed the
disturbance to be felt at point 3 and so forth. Four iterations were
required to propagate the disturbance from point 5 over to point 1 using
a left to right sweep. Figure Blc illustrates that a calculation
performed with a right to left sweep allowed the disturbance to

propogate throughout the complete flow field in one iteration.

The most ideal SOR sweep mode would have been alternating the sweep

[
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a) Initial Conditions
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b) Sweeping to the Right
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~¢) Sweeping to the Left

Figure Bl Concept of Numerical Propacation Speec
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cutward from the plate ir &li directions and inwarc from the cutéer
boundary in &1l directions. This moage however, would have been
difficult and ipnefficient to implement in a computer progrem. A more
efficient sweep mode was used. During the first iteration, the sweep
started at the middie of the computational domain, then swept up anc
down from the plate to the outer boundaries. The starting points were
moved to the Jeft and right one grid space and swept up and down from
the plate to the outer boundaries. This process was repeated until the
complete domain was covered. The second iteration began at the corners
of the outer boundary. The calculations were then swept to the center
of the computational grid then moved back to the outer boundaries. The
starting points were moved in one grid space and the process repeated

until the complete domain was covered.




FREPERCIN C

RCFERENCE SYSTEMS FGR DATA PRESERTATION

Selecting & reference frame in which te present ursteady motion is

difficult. Steady motions can usually be presented in 2 body fixed s
reference system in which the flow becomes steady. In this steady state
system, streamlires, pathlines and strezklines coincide. Unfortunately,
in unsteady flows, no preferred reference frame exists, therefore, the
reference frame was selected on the basis of other criteria.
Streamlines, pathlines and streaklines generally do not coincide in

unsteady flow fields (Ref 62).

The simplest case of a rotating body in two dimensions is that of a
flat plate rotating with constant angular velocity in @ fluid at rest at

infinity. Figure Cla shows the approximate instantaneous streamlines of

a potential flow around a rotating plate (Ref 63). This flow is
unsteady, but by superimposing the rotation of the plate, the flow

became steady as shown in Figure Clb.

The flow becomes more complicated when the plate rotates with

constant rotation, 2 , in a uniform freestream, V_ , because no steady

state exists. Four different frames are distinguishable (Ref 62). When
U* and Q* are the transiational velocity and rotation of the plate
relative to the reference frame, these four different frames are:

1) U*=0, Q*=O; the frame is fixed to the plate.

*
2) U*=Vw, Q =0; the frame does not rotate relative to the plate;

but translates relative to the plate.




Figure C1 Pctential Streamlines Around a Rotating Flat Plate
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* *
3V U =C, ¢ =i; the frame is firec ¢ the plate with regerc o

‘e y
trerslation; bu* rotates reletive tc the plate.

4y U=V, £ =Q; the frames is in trerslationel and rotaticrel

motion relative to the plate.

The streamlines around a free falling, autorotating, flat plate at

«=1£.34 radians angle of attack for the four different cases ere

illustrated in Figure C2. Since the streamlines are not invariant, all
patterns differ from each other. Frame 1 is advantageous since the body
contour was a streamline and the flow field near the p{ate could be
examined. Frame 3 is appealing because of its analogy to instantaneous

streamline photos of a rotating plate in a wind tunnel. Frames 2 and 4

are of less interest in this study.
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Figure C2 Comparison of Four Reference Frames
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Figure C2

c) Frame 3
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d) Frame 4
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APPEKRDII. L
ADAM-BASHFORTH FORMULAE

The Adam's multistep formulae have been used in efficient computer
routines to obtain the solution of ordinary differential equations. The
Adam's formulae fall into two general categories: open forritiae and
closed formulae. The Adam's open formulae, &also known as the
Adars-Bashforth formulae, were the only formulae used to solve ordinary

differential equations in this study.

The open formulae were derived by performing a forward Taylor
series expansion about an arbitrary value of time. The derivatives in
the expansion were replaced by various numbers of backward differences
depending on the order of the formula. The coefficients of different

order Adam-Bashforth formulae are shown in Table D.I.

These formuiae are called open formulae since the next walue in
time of the function could be solved for explicitly in terms of the
present and past values of the function. However, during start-up of
the second order and higher order methods, the previous values of the
function were not known. The previous values of the function. were
obtained by Tinearly extrapolating back in time. These extrapolated

values made the Adam's formulae self starting regardless of the order.
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Table D.I. Coefficients of the Adams Formulae

k Order
of
n 0 1 2 3 4 s Method
0 1 1
1 R -112 2
2 23/12 -16/12 5112 3
3 55124 -59/24 37124 ~9/24 4
4 1901/720 | —2774/720 | 2616/720 | -—1274/720 251/720 5
b 427711440 | —-7923/1440 | 9982/1440 | —7298/1440 | 2877/1440 | —-475/1440 6
12€
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