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SUMMARY

A description and analysis is presented of the more important developments during the
past decade in the understanding of the wall interference problem associated with two-
dimensional wind tunnel testing at subsonic and transonic speeds. Discussed are wall
boundary conditions, asymptotic analysis of wall interference, classical and extended wall
interference theories, wall interference corrections from boundary measurements, integral
equation formulation of subcritical wall interference, and effects of side wall boundary
layer on two-dimensional tests. Unsteady wall interference at subsonic flow conditions is
reviewed. Recent advances in the adaptive wall technique, which actively reduces or
eliminates wall interference, are also described.
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1.0 INTRODUCTION

Nearly two decades have passed since the publication of the AGARDograph “Subsonic Wind Tunnel Wall Corrections” by
Garner, Rogers, Acum, and Maskell [1.1]. During this time significant advances have taken place, so that a new review of the wall
interference topic became a worthwhile project, even if it should cover, as we proposed, only the two-dimensional part of the problem.

In 1975, a discussion concerning the future of wind tunnels was initiated following the appearance of the article “Computers
vs. Wind Tunnels” by Chapman, Mark and Pirtle [1.2]. Drawing comparisons with other fields of computational physics, the authors
predicted that advances in computer capabilities would eventually provide cheaper and more accurate simulation of flight aerodynamies
than the wind tunnels can. The wind tunnels would then perform only a secondary role to computers. As major obstacles to routine
computer solution for complete viscous flows identified were the lack of storage and speed of existing computers and the inadequacy
of available turbulence models. As noted by Bradshaw [1.3] and Marvin [1.4], more comparisons with well-conceived wind tunnel
experiments will in fact be required to guide the development of turbulence models applicable to more complex flows.

So far, there has not been any noticeable decline in wind tunnel activities, even though the computers are gradually taking a
relatively bigger share in aircraft design, see Figure 1.1. The unit cost of computer simulations is continually decreasing as a result of
improved numerical procedures and advances in computer technology {1.5] and it is foreseen that in perhaps two decades the computer
could become an equal partner with the wind tunnel [1.6], [1.7]. On the other hand, the enhancement of wind tunnel capabilities can
be realized by integrating wind tunnels and computers as exemplified by the adaptive wall concept. Confidence that wind tunnels will
continue to contribute to advances in aircraft design is evidenced by the construction of the new tunnel capabilities in industrialized
countries, such as the cryogenic National Transonic Facility at NASA Langley, U.S.A., and the planning for the European Transonic
Windtunnel [1.8]. To meet the future challenges, improved correction and wall adjustment schemes for obtaining more reliable wind
tunnel data will have to be developed.

In this report we have tried to address all major topics in two-dimensional wall interference, but no attempt has been made
to be encyclopedic. In the process of deciding which correction methods to include, preference has been given to those based on the
solution of boundary value problems, consisting of a governing differential equation and appropriate boundary conditions. Unlike the
empirical corrections, which often apply only to one particular facility (or worse, one model), the techniques based on the boundary
value problem approach are lasting contributions in a sense that they represent valid mathematical solutions, even though they may
not describe a particular tunnel experiment in all its complexity. In fact, the correction procedures described in this treatise are approx-
imations, based on potential flow methods, external flow field estimations, thin airfoil theories, wind tunnel idealizations, etc. An
ultimate tool for analyzing wall interference would be a numerical technique allowing complete solution of viscous flows past airfoils
in a wind tunnel. Ironically, this goal has a self-defeating purpose, following from the argument that if we could calculate such flows
there would be no need for wind tunnel tests, much less for numerical simulations of the wind tunnel with its complicated boundary
conditions. Clearly, exact free air calculations would serve the purpose more than adequately. But as we said earlier, to date such
techniques are still outside our reach.

The problem areas which contribute to inaccuracy in wall interference prediction, as summarized by Kemp [1.9], are
indicated in Figure 1.2. They are:

(a) monlinearity of the governing equation at supercritical flow conditions,
(b) nonlinearity of ventilated wall crossflow boundary conditions and difficulties in predicting or measuring them,

(c) wind tunnel geometry features, such as finite ventilated wall length, diffuser entry and presence of a wake survey rake and its
support,

(d) boundary layer on tunnel side walls, which causes the flow to deviate from the two-dimensional flow conditions.

An excellent survey of the physical properties of test section walls, particularly the ventilated ones, is given in the book by
Goethert [1.10]. The treatment of subject in Chapter 2 of our report is therefore limited to results of more recent developments. Also,
the discussion of physical phenomena is restricted to an extent which is needed for the specification of the wall boundary condition in
other parts of the report.

Once regarded solely as an engineering approximation, wall interference theory has turned out to be a reputable topic,
justifiable as other two Prandtl’s concepts — the boundary layer and the lifting line — by singular perturbation analysis. To present
this viewpoint at an early stage, the asymptotic analysis of wall interference is placed in Chapter 3, even though it is a relatively new
subject.

Chapter 4 is an outline of the subsonic wall interference theory, based on linear homogeneous boundary condition of the
walls and the representation of the airfoil far field by concentrated singularities. This theory, providing an insight into the essential
features of subsonic wall interference, had been considered the basic correction tool for decades [1.1], [1.11]. The novelty of our
approach is the systematization of the correction formulas, which were originally introduced in an ad hoc fashion. Attention is also paid
to far field expressions for the wall interference potential, that are useful as upstream and downstream conditions for computations of
transonic flows past airfoils at subcritical wall conditions. However, the methods of computational fluid dynamics themselves are
outside the scope of the present publication. Regarding the finite difference methods, which are most frequently used to compute
transonic flows past airfoils in the idealized wind tunnel environment, the reader is advised to consult References [1.12] to [1.16].In
Chapter 4, additional attention is paid to the effect of the finite test section length and plenum pressure. But even with these exten-
sions, the classical wall interference theory has reached the limits of its usefulness: it has become more and more apparent that the
idealization of tunnel boundary conditions cannot produce sufficiently accurate correction formulae for practical use.

The extension of the porous wall theory in Chapter 5, to consider different resistance of porous walls opposing the suction
and pressure sides of the airfoil was one of the first attempts to incorporate the actual tunnel wall characteristics in the wall interference
evaluation. Using this approach it is possible to retain the advantages of a linear theory and supply the closed form solution with
porosity parameters, derived from static pressure measurements on the walls above and below the model. An improved version of the
method, based on a more precise concept of different inflow and outflow wall resistances is also presented. Since in this case mixed
inflow-outflow regimes are'modeled, the wall éorrections have to be obtained numerically.

Chapter 6 deals with the evaluation of interference corrections from boundary data, measured either at the walls or some
distance from them, The application of measured static pressures and/or flow angles as boundary values ensures that the true physical
behaviour of ventilated tunnel walls is taken into account when calculating the corrections. The techniques based on measured static
pressures are regarded as the most practical of the discussed methods and are gaining wide acceptance. Naturally, the boundary data
have to be taken with each wind tunnel test case, so that they are suitable for on-line or post-test assessment, not for prediction.



Chapter 7 concerns the integral representation of the velocity potential in terms of Green’s function. From the point of view
of mathematical physics, this seems to be the most natural approach to the wall interference problem. Besides providing an alternative
justification of the classical wall interference concept, it allows the formulation of wall interference in terms of the modified Glauert or
Oswatitsch integral equations.

Chapter 8 is an outline of unsteady wall interference. A special attention is paid to the phenomenon of transverse resonance
which is one of the most severe examples of wall interference. The treatment, which is by no means exhaustive, concentrates on
ventilated walls, compressible flow, and thin airfoils undergoing small amplitude harmonic motion. A more systematic presentation has
not been attempted in view of an incomplete development of the theory and a lack of reliable experimental data.

Chapter 9 deals with the effect of sidewall boundary layers, which may be as important as the (two-dimensional) wall
interference itself. The pressure field around the test airfoil causes variations in the displacement thickness of the boundary layer on
the sidewalls, thereby violating the two-dimensionality of the flow. Unless the boundary layer is controlled, post-test corrections are
required to be applied to the airfoil data.

Finally, Chapter 10 is concerned with the adaptive wall concept, pointedly characterized as a marriage of state-of-the-art
computational and experimental capabilities. Discussed are the operation principles of the adaptive ventilated walls, producing
interference-free conditions by controlling the flowfield through suction and blowing, and the self-streamlining walls, effecting the
same by assuming streamline shapes in unconfined flow. The minimization of wall interference by adaptive walls is essentially a
variational problem, which is no less challenging than the evaluation of corrections for passive walls. Most of the work on adaptive
walls is still in the technology-development phase; however the concept has been shown to be feasible, and it is likely that production
facilities will be built before long [1.17]. Besides this optimism there are also cautionary views [1.18], that the new technological
advances will have to be accompanied by more efficient flow analysis and wall control codes — particularly for transonic flows at the
walls — to make the adaptive wall wind tunnel viable. Accordingly, a special attention is paid to the question of initial wall setting and
one-step adjustment schemes. The current state of the art of the adaptive wall technology is summarized in Reference [1.19],and a
selected, annotated bibliography is given in Reference {1.20].

Since the present monograph is a joint work of three authors and differences in style are apparent, it is appropriate to
indicate the individual contributions: Y.Y. Chan prepared Chapters 3 and 9, together with a part of Chapter 2, D.J. Jones is responsible

for the second part of Chapter 5, and M. Mokry wrote Chapters 4, 6, 7, 8, 10 and parts of Chapters 2 and 5, the entire manuscript was
edited by L.H. Ohman.

Our special thanks are due to Dr. P.R. Ashill of the Royal Aircraft Establishment, England, Professor S. Berndt of the
Royal Institute of Technology, Sweden, W.B. Kemp of NASA Langley, U.S.A., Dr, EM. Kraft of ARVIN/CALSPAN, U.S.A.,
Dr. N.D. Malmuth of the Rockwell International, U.S.A., Professor E.M. Murman of MIT, U.S.A., H. Sawada of the National Aerospace
Laboratory, Japan, and J. Smith of NLR, Netherlands, for reading various parts of the manuscript and offering valuable suggestions.
Acknowledged are also the discussions with J.P. Chevallier of ONERA, France and Professor M. Golberg of the University of Nevada.

A note of particular appreciation is due to Mrs. M.H, Cole of the National Research Council Canada, for the meticulous

typesetting of the text.
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2.0 WALL BOUNDARY CONDITIONS
2.1 Introductory Remarks

An excellent survey of physical properties of various types of wind tunnel walls is given in the book by Goethert [2.1],
published in 1961. The present chapter discusses some newer developments, but concentrates mainly on the specification of wall
boundary conditions that are of importance for the calculation of wall interference.

By the wall boundary condition we understand the relation between the normal component V of velocity and the pressure
difference across the wall p - ppjenum, see Figure 2.1. Using the undisturbed values of velocity U.., pressure p,, and density p.. far
upstream, we form the pressure coefficients

Cp =7 (2.1)

and

Ppilenum ~ Pe

CPplenum = 1 2 (2'2)
-0 Us
2 p
The velocity ratio V/U., can be expressed in terms of the disturbance velocity potential ¢ as
vV 09
o, on (2.3)

where n is the outward normal to the wall. Supposing that the tested model generates small pressure disturbances at the (distant) wall,
then according to the linearized Bernoulli theorem

o .2
¥ U, at 24
where
d4_3,, 0
at ot = 3x (2.5)

is the linearized total time derivative; x is the co-ordinate tangent to the wall.

Depending on situation, the wall boundary condition thus can be stated in terms of V/U., and C,, or the derivatives of ¢. For
unsteady flow calculations some authors prefer to use the (linearized) acceleration potential

P~ P

Po

which of course differs from C,, Equation (2.1), only by a factor.

2.2 Solid (Closed) Walls

The simplest boundary condition is obtained for a solid (closed) wall. Since there is zero mass flux through the wall, normal
velocity vanishes at the wall:

V=0 (2.6)

Using Equation (2.3), the solid (closed) wall boundary condition takes the form

—~ =90 (2.7)

For a solid wall wind tunnel, the wall boundary layer growth for a model with moderate lift is close to that on a flat plate as
the pressure gradient is very small along the wall. The displacement effect on the tunnel flow can be compensated by setting the wall
slightly divergent downstream, so that Equation (2.7) can be applied with a greater confidence along a plane parallel to the undisturbed
stream. However, at high lift condition with flow separation at the rear part of the model, the location of the separation point is shown
to be sensitive to wall interference and the growth of the wall boundary layer, which is no longer a flat plate type but is modulated by



the strong pressure field generated by the model [2.2]. Nevertheless, the wall boundary layers are in most cases thin compared to the
distance from the model and Equation (2.7), as a boundary condition, is considered to be more reliable than those for other types of
wind tunnel walls. Assuming that the wall is rigid, Equation (2.7} is also applicable as a solid wall boundary condition for unsteady
flows.

If a solid straight wall is used as a wind tunnel boundary, the streamlines forming the flow about the model are squeezed
together more than they would be in free air. At transonic speed the reduction in effective tunnel height due to the displacement thick-
ness of the wall boundary layer, at first glance would appear as additional blockage and result in choking at a lower Mach number than
if no wall boundary layer was present. However, it has been demonstrated experimentally [2.3] that, due to the “compliant’ nature of
the boundary layer, its deformation under the influence of the model pressure field actually compensates to some degree for the model
blockage, with the net result that the choking Mach number is higher than that theoretically calculated based on the geometric tunnel
height. In the most extreme case, as the (subsonic) stream Mach number reaches the critical value, the wind tunnel becomes choked in
the test section and thus for an appreciable speed range no transonic testing is possible in a solid wall wind tunnel. In supersonic flow
the shock waves generated by the model are reflected from the solid walls again as shock waves. They are a source of unacceptable
interference in case they impinge on the model. For the above reasons the test sections with straight solid walls are considered unsuit-
able for high speed testing. However, it is possible to reduce solid wall interference by contouring the walls to resemble the streamline
surfaces in unbounded flow past the same model (wind tunnel with flexible walls).

2.3 Open Jet Walls
An open jet boundary is defined as one on which the pressure perturbation is zero, that is
| pplenum
or

C, = C (2.8)

Pplenum
In the theoretical case of an infinitely long jet and constant plenum pressure, Pplenum = P and
C, =0 (2.9)

The substitution of Equation (2.4) in (2.9) yields the homogeneous open jet boundary condition

d

-£ =0 (2.10)
For steady flow thus

giz -0 (2.11)
or simply

¢=0 (2.12)

It is important to point out that an open jet boundary differs from free air because in the latter case the pressure pertur-
bations due to the presence of the model vanish, in general, only at infinity. The curvature of the open jet boundary is greater than
that of a corresponding streamline in infinite stream, since there is no outside flow to resist the deformation. A flow pattern will be
obtained in which the streamlines are further apart than for free flight. In supersonic flow, the shock waves are reflected from the
open jet boundary as expansion waves.

It is general practice to apply Equation (2.10) along the undisturbed jet boundary, assuming that the distortion is small.
However, the usability of open jet test sections is rather limited, because of their tendency to develop pulsations, originating in the
unstable shear layer of the jet {2.1].

2.4 Mean Boundary Condition for Ventilated Walls

Opposite wall interference effects for solid and open jet boundaries were observed already by Prandtl [2.4] . The desire to
minimize the wall interference at subsonic speeds, to avoid choking at transonic speeds and to attenuate shock wave reflections at
supersonic speeds has led to the introduction of ventilated (partially open) wind tunnel walls. The principle of using a combination
of closed and open jet boundaries to minimize wall interference was established by Theodorsen [2.5], Toussaint [2.6], and
Wieselsberger [2.7]; the first contemporary ventilated wind tunnel, using several longitudinal slots, was described by Wright and
Ward [2.8]. The tunnel, put in operation in 1947, lived up to its promise concerning the prevention of choking and enabled testing
through Mach one. However, as predicted later by Goodman [2.9], improved shock wave cancellation properties for testing at
supersonic speeds were possible with small-grain porous walls. This eventually led to the now familiar concept of a perforated wall.

The physics of flow at a ventilated wind tunnel wall is very complex and depends, among other things, on viscous and
boundary layer phenomena as well as the construction of the walls themselves. However, at some distance away from the wall, the
localized effects of individual holes or slots (by which the wind tunnel is ventilated) will be integrated into more homogeneous effects,
thereby permitting the introduction of mean or average boundary conditions, [2.10], [2.11], [2.12], [2.13] and [2.14]. A properly
constructed mean boundary condition is expected to reduce to the boundary conditions of the solid and open jet walls if the open
area ratio of the ventilated wall is zero and unity, respectively. In accordance with the usual mathematical terminology, we shall speak
of a homogeneous boundary condition if the equation is linear and contains no (isolated) constant term. The advantages arising from
linearity and superposition in the latter case are considerable.

For perforated walls, the experimental verification of the mean boundary condition concept was provided by Gardenier [2.15],
who studied the decay of pressure disturbances generated by the holes, as a function of the distance from the wall. As illustrated in
Figure 2.2, for thin boundary layers the Mach number fluctuations are reduced to 0.002 at M, = 1.2 at a distance of about 20 hole

diameters from the wall. For slotted walls the mean boundary condition concept can be validated theoretically within the framework
of potential flow theory [2.1].

As pointed out in Reference [2.16], two types of mean boundary conditions have been proposed, the so-called porous wall
boundary condition, based on the viscous effect, and the slotted wall boundary condition, based on the accelerative or mass effect.



2.5 Perforated Walls
The porous wall boundary condition, used for perforated and transversally slotted wind tunnel walls, is obtained by assuming

that the average velocity of the flow normal to the wall is a linear function of the pressure drop across the wall. In the nondimensional
form, this relationship can be written as

\Y% P~ Pplenum
LA (2.18)
U

= P UZ

where the (positive) constant of proportionality P is called the porosity parameter. It is not to be interchanged with the geometrical
porosity of the'wall (open area ratio), The reciprocal value

R =~ 2.14
= (2.14)

is the resistance of the wall to crossflow. In the coefficient form, Equation (2.13) can be written as

C

v P~ CPplenum
— =P : 2.
U, 2 (2.15)
or
~z; P?ﬁ 2.16
U, 2 (2.16)

ifpplenum = Pe-

The boundary condition described by Equation (2.15) represents a viscous mechanism in the sense that force in the form of
pressure is proportional to velocity. Sometimes this loosely is referred to as Darcy’s law [2.17], drawing analogy with the flow of fluids
in porous media, but that does not seem to be an appropriate attribution in the present context [2.16]. Besides, the above relationship
can also be derived using the concept of circulation, Section 2.6.

A detailed study of flow through an orifice in the presence of tangent (grazing) flow was given by Rogers and Hersh [2.18].
Using flow visualization by color dyes in a water tunnel, they identified the following distinct regimes of crossflow*:

(1) Zero Flow (Fig. 2.3(a))

This regime is characterized by recirculating flow in the cavity, driven by the shear layer of the tunnel stream. Otherwise, the
shear layer acts as a barrier to crossflow,

(2) Low Inflow (Fig. 2.3(b))

The plenum pressure is sufficient to lift the dividing stream surface. The circulatory motion inside the cavity subsides as
orifice flow increases. The detached shear layer acts like a lid, controlling inflow.

(3) Low Outflow (Fig. 2.3(c))

The circulatory flow is confined to a separated region off the upstream lip of the orifice. The change of the size of this
separated region provides the mechanism for controlling outflow.

(4) High Inflow (Fig. 2.3(d))
The shear layer no longer exercises control over inflow. A minimum flow area is established (vena contracta effect).
(5) High Outflow (Fig. 2.3(e))
The separated flow region inside the cavity is reduced to minimum (vena contracta) and has no further control over outflow.
From the above physical picture it is sufficiently clear that the linear boundary condition (2.15), based on the viscous flow
mechanism is plausible only for low flow regimes. It is generally conceded that one must rely on experiments to establish the resistance
(or porosity parameter) for a given wall geometry, Reynolds number and Mach number. Rogers and Hersh [2.18] have shown that the
wall resistance measurements can be correlated when plotted in terms of the discharge coefficient vs. orifice velocity, normalized by

the tunnel stream velocity.

Using Equations (2.14) and (2.16), we define the orifice resistance

R, = (217

where V; is the orifice inlet velocity. Introducing the (incompressible flow) discharge coefficient [2.18]

*In agreement with Reference [2.1] and contrary to Reference [2,18], the terms ““inflow’ and ‘“‘outflow” are applied with respect to the test section and not
plenum,



where

is the ideal velocity, we obtain

For a perforated wall of small open area ratio, § < 1, the averaged normal velocity can be approximated as

- [
vV = Vi-———l_8

so that the total resistance of the wall is

R =~ R.

1

1-6
— (2.18)

From crossflow measurements on single orifices [2.18] and clusters of orifices [2.19], it appears that the discharge coefficient
for low inflow is proportional to the velocity ratio V;/U,, raised to a power slightly greater than 1 /2, but for low outflow the power is
slightly less than 1/2, see Figures 2.4 and 2.5. If we accept [2.18]

as a fair approximation, then R = constant, and the linear relationship between C, and V/U,, is obtained. So far, a truly linear

dependence has been established only for some porous materials, cf. Figure 2.6, where the exponent is 1/2 both for inflow and out-
flow.

From Figure 2.5, representing a sample of perforated wall with normal holes, another important observation can be made:
except for very small velocity ratios, the discharge coefficient for inflow is greater than that for outflow. Denoting by subscripts ‘“in”
and “‘out” inflow and outflow respectively, we can thus write

Rin < Rout

or, with respect to Equation (2.14)
Pin > Pout

This behaviour of walls with normal perforations was studied in detail by Budoff and Zorumski [2.20] and incorporated into the wall
interference corrections by Mokry, Peake and Bowker [2.21], see also Chapter 5.

For high flow rates, we verify from Figures 2.4 to 2.6 that the discharge coefficient reaches its maximum value* and is
further independent of V;/U,,. According to the above analysis R; ~ (V;/U. )2. Fortunately, the high crossflow rates are not typical
for the operation of wind tunnels in normal test conditions (small models and plenum pressure close to the free stream static pressure).

The effect of the boundary layer thickness on the orifice discharge is illustrated in Figure 2.7, We can see that by increasing
the displacement thickness to orifice diameter ratio, §*/d, the discharge increases, that is the resistance is reduced. This applies to both

outflow and inflow. As earlier pointed out by Lukasiewicz [2.22], the thicker the boundary layer, the more a wall behaves like a free
boundary.

The effect of the orifice depth (wall thickness) to diameter ratio, b/d, on the discharge coefficient is illustrated in Figure 2.8.
For outflow, the effect extends throughout a whole range or orifice to grazing flow ratios. The thinner the wall the less stagnation

occurs, so that more fluid is deflected and captured by the opening. For inflow, the effect of b/d is for obvious physical reasons much
less pronounced.

Regarding the difference between outflow and inflow resistances, it was quite early demonstrated by Chew [2.23] that it can
be eliminated by suitably inclining the holes toward the stream. The idea, depicted in Figure 2.9, is to reduce the turning angle for the
high momentum air flowing out of the test section. Examples of crossflow curves for walls with normal and inclined holes are given in
Figure 2.10. As we can judge from the outflow curves and small available portions of the inflow curves, roughly the same outflow and
inflow resistance is achieved for a 6% perforated wall with 60° inclined holes. The open area ratio plays here a very important role: the
resistance equalization effect is clearly overdone for the 12% perforated wall with 60° inclined holes,

*Close to the discharge coefficient for nongrazing flow, denoted as Cq,, in Figure 2.5.



We may also notice that the crossflow curves for walls with inclined holes do not pass through the origin. It is due to the fact
that forward inclined holes can scoop certain amount of the test section mass flow at zero pressure difference across the wall. As a
result, walls with inclined holes have a tendency to establish a pressure difference between the plenum and the test section when the
flow is essentially parallel to the walls [2.1]. It is then logical to modify the linear boundary condition (2.15) to

=P CP E CPplenum

U 2

(2.19)

where V is the normal component of velocity at zero pressure difference.

Substituting from Equations (2.3), (2.4) and (2.5) and dropping the partial time derivative, we obtain the porous wall
boundary condition for steady flows

d¢p 10¢
— e —— =
0x Pon (2:20)
where
1Y% 1
C = P E = 2 CPplenum (2.21)
For perforated walls with normal holes V, =~ 0 and the constant term takes the form [2.24]
Pplenum
1 P
C=-=-¢ IR 2.22
2 ~Pplenum 7 ME, ( )
where « is the ratio of specific heats (1.4 for air). The homogeneous boundary condition
d¢ 1 0¢
—_——— =
2x P on 0 (2.23)

corresponding to (2.16), was first applied to wall interference analysis by Goodman [2.10]. The inhomogeneous one, Equation (2.20),
suggested by Ebihara [2.25], was used in wall interference computations by Sloof and Piers [2.26] and Sychev and Fonarev [2.24].

Crossflow, subject to the development of wall boundary layers in a nonuniform pressure field, was first systematically studied
by Jacocks [2.27]. For a perforated wall wind tunnel the boundary layer development along the wall becomes very complicated due to
the inflow and outflow induced by the pressure field. The outflow reduces the boundary layer thickness and the inflow greatly exag-
gerates its growth. In Jacock’s experiment the effect of the airfoil was modeled by contouring the bottom solid wall, as shown in
Figure 2.11, Detailed distributions of pressures and flow angles along the upper ventilated wall were measured by a static pressure tube
and a laser doppler velocimeter, respectively. A limited number of boundary layer surveys were made with multiple-tube pitot pressure
rakes. The obtained crossflow diagram in the lower portion of the same figure shows the inability of any straight line to be an accurate
representation of the boundary condition. The geometries of other selected wall contours (bumps) are given in Figure 2.12; the dashed
lines represent the boundary layer displacement thickness, The induced static pressure distributions along the perforated wall are in
Figure 2.13 and the corresponding crossflow diagrams are in Figure 2.14. The observed nonlinearity and dissimilarity of the crossflow
curves, representing the behaviour of perforated walls in actual tunnel test conditions, is more than discouraging. The Mach number
effect, documented in Figure 2.15, is relatively consistent. It is seen that the slope of the central portions of the C; vs. V/U,, curves is
steeper for higher M,,, which indicates that the porosity parameter decreases as the Mach number grows. However, as pointed out by
Jacocks, this is largely due to the reduction of the boundary layer thickness with increased M., .

It is not without interest that Kemp [2.28], [2.29] produced crossflow curves of a similar type from actual tunnel measure-
ments, using the measured wall and airfoil pressure distributions and computing the flow angles at the walls. An example of computed
pressure-crossflow diagrams for a 20% normal perforated wall from his unpublished work [2.30] is shown in Figure 2.16. Different
relative positions of the outflow and inflow branches is achieved by specifying different flow inclination, V., /U, far upstream.

From the above flow measurements and computations it would appear that the actual response of a perforated wall is highly
nonlinear and “model-dependent” and cannot be described in terms of tunnel stream parameters. Among the missing correlation
factors is, of course, the boundary layer development. This problem was addressed by Chan [2.81], [2.32], who performed experi-
mental studies of the variation of the flow parameters along the wall. The boundary layer profile was measured by pitot rakes at three
streamwise stations along 20% perforated test section walls with normal holes, in the presence of a transonic airfoil. The wall crossflow
characteristics were then calculated from the data by means of a boundary layer computational code [2.33]. The resulting pressure-
crossflow relations at the wall are found to be highly nonlinear as shown in Figure 2.17, and are closely similar to those measured by
Jacocks [2.27]. It is also interesting to note that the linear pressure-crossflow relation deduced from wall pressure measurements [2.21]
passes through all nonlinear curves and presents a relation averaged over the tunnel wall. The normal velocity at the edge of the bound-
ary layer, including the displacement effect and the crossflow in the inflow region of the wall, is shown to be about three times that
of the crossflow alone. By taking the boundary layer into account, the pressure-crossflow relations at the wall collapse into a single
correlation curve, Figure 2.18. When the boundary layer eventually thickens downstream, the dependence of the wall characteristics
on the boundary layer diminishes and the pressure-crossflow relation becomes linear, as shown in Figure 2.19. With these empirical
correlations the boundary layer development along the wall can be calculated by an iterative scheme for a given test condition. The
normal velocity at the outer edge of the boundary layer then provides the boundary condition for the calculation of the interference
flow in the test section. A similar scheme has also been proposed by Freestone and Henington [2.34]. In view of the complexity of the
interactive relations between the wall characteristics, the boundary layer growth and the inviscid flow in the tunnel, lengthy calculations
are required for post-test estimation of wall interference. It is more practical to bypass the complicated flow development by establish-
ing the boundary condition outside this region, such as measuring the flow parameters a short distance away from the wall, in the axial
direction of the tunnel. Correction methods have been well developed for flow with outer boundary conditions specified, see Chapter 6.



The behaviour of perforated walls in unsteady flow conditions is much less understood. Recently, the state of knowledge has
been rapidly improving thanks to related research efforts in the reduction of jet engine noise by cavity-backed perforated liners.

For harmonic oscillation with angular frequency w, we take

¢ (xyt) = ¢ (xy)elt (2.24)
where é is the complex amplitude of the disturbance velocity potential. A formal substitution of Equations (2.3) to (2.5) in (2.16)
yields
] w\ . 13
=yt +=L =9 2.25
(ax i U, ) ¢ P on ( )

where explicit dependence on the factor exp (iwt) has been eliminated. This boundary condition, earlier proposed in Reference [2.85],
is appropriate to quasi-steady flows (small w/U,,).

Based on the acoustic behaviour of cavity-backed orifices (Helmholz resonators), it is reasonable to expect that besides the
steady-flow resistance effect there also exists a phase lag between the pressure drop and normal velocity. Accordingly, Equation (2.25)
should be modified to

) w\ + 0
—ri = +Z— = 2.26
<E)x ‘U,,) o (2.26)
where the complex quantity
Z =R+iS (2.27)

is the impedance, R = 1/P is the resistance and S is the reactance. The resistance is a viscous phenomenon whereas the reactance is
essentially of inviscid nature, related to the inertia of oscillating flow in the neighbourhood of the orifice [2.36].

The experiments of Thurston et al. [2.37] and Ingard and Ising [2.38] with single orifices in nongrazing flow conditions
indicate that at low sound pressure levels there is a 90° phase lag of the normal velocity behind the driving pressure. This implies that
in such conditions the resistance is very small relative to reactance, R < S. The relevant experimental results are summarized in
Figures 2.20 and 2.21, in terms of orifice resistance* R; and orifice reactance* §; plotted against the inlet velocity amplitude Vi A
similar result was also obtained analytically [2.39]. Applying this result to Equations (2.26) and (2.27), we obtain the boundary
condition

d w) - a$
— ] — +i§ ~— = 2.28
(ax 1U“> i on 0 ( )
for highly oscillatory flows (large w/U.,).

Based on Ingard’s reactance formula [2.38] for a single orifice and the theoretical analysis of the grazing flow effect by
Hersh and Rogers [2.36], Mabey [2.40] suggested the following expression for the reactance of the perforated wall

w 1-46
= —(0.85d+b)— 2.2
S U ( b) 5 (2.29)

where d is the orifice diameter and b is the wall thickness. The empirical factor 0.85 represents the mass end correction of the
orifice [2.38]. The application of the open area ratio § is similar to that in Equation (2.18). For larger values of 6 we expect acoustic
interaction of orifices, so that it is preferable to use the Fok-Melling porosity correction, described in References [2.41] and [2.42].

In order to be able to specify the impedance Z for general oscillatory flow conditions (between the above extreme cases),
much more information is needed regarding the interaction of the oscillatory orifice flow and the grazing flow. Earlier, it was
theorized [2.43] that orifice reactance is not a function of grazing flow velocity, but this does not seem to be the case [2.42].
Figure 2.22, sketched from the visual studies of Baumeister and Rice [2.44], shows various stages of low amplitude flow through an
orifice in the presence of grazing flow. The appreciable difference between the outflow and inflow regimes, which is of the same
character as that observed earlier in steady flow, indicates that impedances for the inflow and outflow half-cycles are likely to differ.
During the flow reversal, outflow and inflow exist simultaneously in different parts of the orifice, and hence no discontinuity in
resistance will exist in an oscillatory system when the average orifice velocity approaches zero from either the outflow or inflow
directions {2.44].

With a higher oscillating flow amplitude, Figure 2.23, the dye streamline is seen to be bent at steeper angles towards the
orifice plate and the effective flow area of the orifice is increased. In the limit of high orifice flow amplitude the nongrazing flow
pattern would eventually be achieved.

2.6 Transversally Slotted Walls

The porous wall boundary condition is also applicable to walls with transversal slots. If the wall is thin, the viscous effects
manifest themselves mainly by circulation, so that the force acting on the wall can be determined from the Kutta-Joukowski condition,
as for thin airfoils. Since the theoretical case of a thin, transversally slotted wall is important to an understanding of the mean boundary
condition concept for a combination of closed and open jet boundaries, it is elaborated on here.

*In the ab;ence of grazing flow, U, = 0, impedance is defined simply as the ratio of amplitudes of driving pressure and orifice velocity; therefore dimensioned
askgm “s”
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Referring to Figure 2.24, we solve for the complex disturbance velocity

) ¢ .99
w(z) = —-i—
dx lay
which is an analytic function of
z = x +iy

in the lower half-plane, y < 0, and subject to the boundary conditions

Re w(x) = 0, n2-2<x<n52+§-

Im w(x) = 0, n2+§<x<(n+1)!2--;—
In addition, w satisfies the Kutta-Joukowski condition
(x) = 0 -
w(x) = X = nl--—
’ 2

which represents the viscous flow mechanism (lift effect). Here a is the slot width and £ is the slot spacing. The above mixed
boundary value problem is a special case of the Keldysh-Sedov problem [2.45] , whose solution is [2.46]

w(z) = A (2.30)

where A is an arbitrary real constant. Similarly to the thin airfoil theory, the velocity is finite at the trailing edges, z = n2 - -;—, but is

a
singular at the leading edges, z =nf + >
Taking the limit y > - o, we obtain

w(x- i) = Ae

©lw

so that far from the wall

Eliminating the unknown constant A, we arrive at the porous wall boundary condition

3 103¢
e (2.31)

cf. Equation (2.23), where
T a
P = tan (— —) (2.32)

It is seen that P increases monotonically with the open area ratio a/{ and that in the limits a/¢ > 0 and a/% = 1 the expected boundary
conditions for solid and open jet boundaries are attained. Finally, accounting for compressibility by the transformation x — x/8 we
obtain

P = Btan (_’Li) (2.33)

Within the framework of the linearized potential theory, the value P/§ is thus a constant, determined by the open area ratio of the wall.
The decrease of the porosity parameter with the increase of the Mach number for transversally slotted wall is similar to the trend
observed experimentally for perforated walls in Figure 2.15.
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It is important to note that in the present flow model it was assumed that d¢/0x = 0 in the slots (ideal slot condition) and
that the solution in the upper half plane (plenum) was generally of no interest. In fact, a different analytic continuation of w across
the slots can be obtained by the selection of the branch of the square root function in Equation (2.30). It can be shown that if the cut
is along the negative semi-axis, the solution is discontinuous across the slot, whereas if the cut is along the positive semi-axis, the
solution is continuous. In the latter case we can imagine that the wall acts like a lattice of lifting airfoils in unbounded flow. Using this
approach, the derivation of the porosity parameter for a transversally slotted wall was given by Goethert [2.1] ; the resultant value is,
of course, the same.

If the wall is thick, the flow in the transverse slots becomes partly separated and the potential flow modeling is no longer
reliable, except perhaps when the slats are shaped as actual airfoils with sharp trailing edges, see Figure 2.25. As shown experimentally
by Williams and Parkinson [2.47], [2.48], the crossflow properties of this type of wall, when operated within the unstalled incidence
range (low crossflow regime), are predictable from potential flow theory. For transonic or supersonic speeds the transversally slotted
wall is unsuitable, since it generates two-dimensional disturbances (plane Mach waves).

2.7 Longitudinally Slotted Walls
In contrast to perforated or transversally slotted walls, the flow through a wall with longitudinal slots is not necessarily
dominated by viscosity [2.49]. The boundary condition for a longitudinally slotted wall can thus be derived from the component of

Euler’s equation normal to the wall. Assuming V < U, and approximating the pressure gradient by the finite difference quotient, we
obtain

dav 1 P~ Pplenum

2.34
dt  p. K ( )

where the constant K, called the slot parameter, has the dimension of length. In two-dimensional wall interference the slot parameter
often appears nondimensionalized by half a tunnel height:

F="— (2.35)

Using Equations (2.1) to (2.3), the slotted wall boundary condition can also be written

1 d fog) 1
K 'IZ E a = -2— (Cp - CPplenum) (2.36)
Substituting Equation (2.4) in (2.36), we obtain
BCP
Cp +K K = chlenum (2.37)

which is particularly suitable for unsteady flow calculations, since the total time derivative is eliminated. For steady flow,
Equation (2.3) yields

1 _ . 8%
E (CP - CPplenum) =K Jx0n

(2.38)

This boundary condition expresses linear dependence between the pressure difference and the centrifugal force due to stream-
line curvature. Accordingly, walls with longitudinal slots, as one of their major advantages, can support an outflow from the test section
even when the static pressure in the test section is smaller than that in the plenum chamber [2.51]. Perforated walls are too unyielding
in this regard.

An alternative form of Equation (2.38) is

¢ 2¢
—+ K = C 2
ox 0xon (2:39)

where C is given by Equation (2.22). If pyjenum = P, then the constant term vanishes and the boundary condition becomes
homogeneous:

3¢ 3¢
—+
0x . 0x0n

=0 (2.40)

If the condition V < U, is not satisfied, as for a large pressure difference between the undisturbed test section and plenum
pressures, it may be necessary to include in Equation (2.34) also quadratic velocity terms [2.50], [2.53], [2.54]. Using an approximate
integration of the momentum equation along a suitable path from the slat centre into the plenum, Berndt [2.53], [2.55] proposed
the following nonlinear boundary condition

2 2
2 € Coppenun) = K +1<35’3) (2.41)

2 p " Veptenum’ T 55507 2 \a on

where £ is the distance between the slots and a is the slot width, Figure 2.26. The pressure difference across the wall is seen to be the
sum of the streamline curvature effect and the crossflow Bernoulli effect.




12

Since the longitudinal slots introduce periodic flow disturbances normal to the flow plane, a rigorous determination of the
slot parameter is rather difficult. A simpler approach is to assume that the flow is quasiplanar, i.e. that the crossflow produced by the
slots is only a small perturbation of the basic two-dimensional flow. These flows are considered to be independent, except for a linking
through the boundary condition at the wall. The method thus has much in common with the slender body theory [2.14].

Using the co-ordinate system of Figure 2.26, where the y axis is along the outward normal to the wall and the z axis is normal
to the slots in the wall plane, the three-dimensional disturbance velocity potential  can be decomposed as [2.52].

B(xyz) = $xy) + Q) i(y,z) (2.42)

Here ¢ is the two-dimensional potential satisfying the mean boundary condition (2.40), Q is a “slowly varying” function of x and £ is
the crossflow potential, satisfying

2%t a2
—+— =0, y<o0 (2.43)
oy 022
and the far field condition
f+0 as y—>-o (2.44)

The condition of vanishing pressure disturbances in the slots (open portions of the wall) is

a0
5, ®02) =0, nQ—%<z<nQ+§

and, similarly, the condition of the vanishing normal component of velocity on the slats (solid portions of the wall) is

ad a a
A = += +1)0-—
oy (x,0,z) = 0, nf 2 < z < (n+1) S

Substituting from Equation (2.42), the above conditions become

9
9 x0)+Q'®) £0z) = 0, -2 <z < nlto (2.45)
ox 2 2
¢ of a a
—(x,0) +Q(x) — (0,z) = 0, nf+—<z<(ntl)L-— (2.46)
dy oy 2 2
They can be satisfied only if
a a
f(0,z) = £(0,0) = constant, nf - Py <z<nfk +—2- (2.47)
of a a
—(0,2) = ¢ = constant, n+—<z<(n+tl)&-— (2.48)
Jdy 2 2

From Equations (2.46) and (2.48) thus

=2 (1
Q) = - 7 5, (50

and substituting in Equation (2.45)

9¢ £(0,0) 3%¢ _
g Z0 - 220y (x,0) =0

which is recognized as the slotted wall boundary condition (2.40) with

_ £(0,0)
[

K = (2.49)

Taking into account periodicity and symmetry and using Equations (2.43), (2.44), (2.47) and (2.48), the crossflow potential
can be constructed as a solution of the following boundary value problem, see the lower portion of Figure 2.26
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92f %t ¢
~—(y.z)+ —(y,2) = 0, ~oL{y<0 0<z<—
ay? 322 2

of a

—_— = 0 —_—

P (0,z) s 0<z< 2

of a L

E(O’Z)_c’ 2<z<2

of

_(y’0)=0; —°°<y<0

0z :

of L

—(y,—) =0 —o <y <0

az(y’z) : o<y

g
f(-o0,2) = 0, 0<z< -é- (2.50)

Using conformal mapping, the solution is found as the superposition of parallel flow and source flow [2.52]:

Q . p”
f(x,y) = cRe {y+iz +—log [— sinh (17 i ;z> +\/sinh2 (71 yglz) + sin? (5)]} (2.51)

The substitution in Equation(2.49) yields the value of the slot parameter

2 1
K = =log ——— (2.52)

ks T a)
sin{——
(2 L

that was first obtained by Lamb, when solving the problem of the propagation of acoustic waves through slotted screens [2.56]. For
small open area ratios

2 2

2
K~ % log <__. (2.53)
T T a

For steady wind tunnel flow, the theoretical values (2.52) or (2.53) were confirmed by several authors [2.11], [2.12], [2.14], [2.46].
A different value of K was obtained by Chen and Mears [2.13], but their crossflow model (generated by doublet rods) is not nearly as
meaningful, see for a discussion References [2.57] and [2.58].

Equation (2.52) shows that on the interval 1 > a/¢ > 0 the slot parameter is positive and increases monotonically as a/%
decreases. In the limit a/2 = 1 we obtain K = 0 and Equation (2.37) simplifies to the boundary condition (2.11) for open jet walls. As
a/2 = 0, K = o and Equation (2.40) reduces to

SRCr (2.54)

which contains, as a particular case, the boundary condition (2.7) for solid walls. A more detailed picture of the possible values of the
slot parameter can be obtained from Figure 2.27. There the nondimensional parameter

Y= 1 1 (2.55
1+F 2K 85)
1+—
h

is plotted as a function of the open area ratio, a/%, and the slot spacing/tunnel height ratio, /h. The limiting values y =0 and Y =1
represent closed wall and open jet conditions respectively. As we shall see in Section 3, a significant part of the incidence correction is
just proportional to .

As in the case of transversally slotted walls, there is no need to model the flow outside the test section if the condition of
zero pressure disturbance in the slots is used. The solution can be analytically continued across the slots in a variety of ways (i.e. by
selection of flow boundaries) without affecting the value of the slot parameter. In theory, the slot parameter (2.52) is thus applicable to
both inflow and outflow. Unfortunately, in real physical situations the condition of zero pressure disturbance in the slots, on which the
present theory rests, is not necessarily valid.

Using the kinetic energy relations, Davis and Moore [2.11] derived for a longitudinally slotted wall of thickness b the
approximate value of the slot parameter

1 1
K=0 —log———+~ (2.56)
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The importance of the thickness term b/a is appreciated from Figures 2.27 to 2.30, where the parameter ¢ is plotted for the cases
b/a=10.0, 0.2, 0.5, and 1.0. However, the formula (2.56) was derived assuming the plenum pressure boundary to be located on the line
between the slot edges on the plenum side. As the authors of Reference [2.11] point out, the actual location of the plenum pressure
boundary in the slot is a function of the local outflow and inflow.

A more detailed study of the problem was subsequently undertaken by Berndt and Sorensén [2.53]. The value of the slot
parameter they arrived at is

1 1 b
K=0|=log———+—+k, (2.57)
7r .

where [2.49]
1 8
ky = - <1— log ;) ~ 0.02 (2.58)

The quantity b, satisfying 0 < b, <'b, is the depth of penetration of the test section flow into the slot, Figure 2.31. Since b, varies
with the streamw1se co-ordinate x in dependence on the pressure field generated by the airfoil, we can state that K is also a functlon
of x. The situation is thus similar to perforated walls, where the dependence of P on x has been observed experimentally. If b, =b,
Equation (2.57) agrees, apart from the (small) constant term kp with the earlier given formula by Davis and Moore, Equatxon (2. 56).

It was observed experimentally that for larger outflows, b, > b, the flow remains attached inside the slot, but separates at
the slot edges on the plenum side, i.e. the test section air enters the plenum in the form of narrow, high momentum jets. Berndt and
Sorensén [2.53] modeled this type of flow on a doubly infinite strip, as illustrated in Figure 2.82(a). The corresponding slot parameter
is

1 1 b
K=2R|—log———+—+k (2.59)
T . /Ta a
sin { ——
' (22
where
k - <1 1 ) 0.24 (2.60
= og=) = 0. 60)

Theoretical analysis of Reference [2.53] also indicates that if the pressure coefficient C is formed from the static pressure on the slat
centre line, Equation (2.41) remains formally valid, except that

1 2
k== <1—log;> ~ 0.46 (2.61)

There are, however, a number of theoretical outflow models that may give different values of K. For example, treating the
constant pressure boundaries as true free jet streamlines (vena contracta effect), Figure 2.32(b), Barnwell [2.57] obtained for a thin,

slotted wall and a <€ £
K L —1 1 —2 —2 +k 2.62
= o d
L v, £ (2.62)

The constant

1
ke = —log ——— = - 014 (2.63)

is negative, in contrast to the Berndt-Sérensén formula, Equations (2.59) and (2.60). To retain the same configuration for the inflow
with a mere reversal of the crossflow direction is not advisable, since there is a sufficient experimental evidence [2.53] that the low
momentum plenum air entering the test section does not form jets, but rather separation bubbles over the slots.

The modeling of the mixed outflow-inflow regimes is even more complicated because of the “history effect” of the jet flow.
Depending on tunnel conditions, a small amount of the slot air returns with high momentum to the test section, eventually followed by
the low momentum plenum air. This implies that any mathematical formulation of the slot condition must keep track of the flow into
and out of the plenum chamber and, possibly, no purely local boundary condition, for example that given by Equation (2.40), could
then be adequate [2.34]. Based on slot flow visualization in Reference [2.53], several tentative crossflow patterns have been suggested
by Berndt [2.49]. An example amenable to theoretical analysis is shown schematically in Figure 2.33.

More recently, Everhart and Barnwell have suggested {2.59] that the slot parameter, too, should be obtained experimentally
for the particular wall geometry and flow conditions. From Equation (2.37)

C -C
K = Pplenum P (2.64)
ac,

on
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where the values of C, and 9C,/dn can be obtained using the static pressure measurement along two rows of pressure orifices, parallel to
the tested wall. Referring to Figure 2.34, midway between two orifices

1
p = 5 (Cpy*Cpp)

and

P o1~ Cpy
on b2 =t bl
where by and by, are the distances of the rows 1 and 2 from the tested wall.

An alternative method for the evaluation of the slot parameter from pressure measurements along the slat centre line,
supported by a detailed theoretical analysis of flow in the vicinity of the wall, was suggested by Berndt [2.60].

The comparison of experimental slot parameters, obtained by Everhart and Barnwell [2.59] and Berndt and S6rensén [2.53]
in the outflow mode, is shown in Figure 2.35. The values of K/{ + the leading logarithmic term, plotted against b/a, are scattered not far

from the unit slope line which intercepts the axis of ordinates at 0.46, in accordance with the theoretical prediction of Equations (2.59)
and (2.61).

2.8 Porous-slotted Boundary Condition

The homogeneous, steady-flow boundary conditions (2.23) and (2.40) can be combined into the porous-slotted boundary

condition

o 6y ,13 _

which is due to Baldwin, Turner and Knechtel [2.52]. It contains as special cases

(i) solid boundary: P =0
(ii) open jet boundary: K=1P =0
(i) porous boundary: K =20

(iv) slotted boundary: 1/P =0
and hence results derived from it will be applicable, in theory, to all possible tunnel conditions.

Furthermore, it was suggested [2.52] to use the porous-slotted boundary condition for longitudinally slotted walls with
viscous effects. This hypothesis was partly confirmed by Jacocks [2.27], who for slotted walls detected a strong dependence of V/U,,
on C,, similar to that found for perforated walls. An example of a typical experimental result is given in Figure 2.36; unfortunately no
reference at all is made to a 92¢/0xdn term. Earlier, Parkinson and Lim [2.61] also reported a case of a longitudinally slotted wall that
seemed to be better represented by the porous, rather than the slotted wall boundary condition. In contrast, some other authors [2.53],
[2.59] feel, based on their own analyses and experiments, that the inclusion of the “porous term” in the slotted wall boundary condi-
tion is unjustified. Thus, the influence of viscosity on slotted wall flows seems to remain an unresolved issue [2.51], [2.54].

Lofgren [2.62], following a different line of thought, derived for viscous flow at the longitudinal slots the boundary
condition

d 02 98
0,0, 2, ¥
ox 0x0n ox3

(2.66)

which is consistent with replacing in Equation (2.34) the normal component of the Euler equation by that of the Navier-Stokes
equation. As the boundary layer thickness is reduced to zero, the coefficients A; and A, tend to the limits K and 0 respectively, so that
the inviscid boundary condition (2.40) is recovered. Unfortunately, further application of Equation (2.66) in wall interference theory
does not seem to have been made.
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layer displacement thickness of a perforated wall, §*/d < 0.25 (Ref. [2.32])
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3.0 ASYMPTOTIC ANALYSIS OF TUNNEL WALL INTERFERENCE
3.1 Introduction

The foundation of the theoretical treatment of wind-tunnel wall interference was laid by Prandtl in 1919 [3.1], [3.2]. He
showed that the constraint imposed on the flow by the walls could be defined as an exterior boundary condition. To obtain the actual
flow in the wind tunnel it is necessary to superimpose an interference flow to the basic free air flow satisfying the boundary condition
at the wall. Since that time a large amount of work on wall interference has been advanced following Prandtl’s approach.

Prandtl’s approach to the problem is clearly asymptotic in nature. It falls in the same category as that of the two well known
asymptotic theories of his, namely the boundary layer theory and the lifting line theory, which led to the development of the method
of singular perturbation [3.3]. With this mathematical technique the wall interference problem can be reformulated in the same manner
as the other two theories. The singular nature of the problem is shown by the two reference length scales associated with the problem.
Away from the airfoil the characteristic length is the tunnel height while near the model its chord becomes the characteristic length.
The ratio of these two reference lengths vanishes if the tunnel height is much greater than the chord of the airfoil. The singular nature
has indeed been demonstrated by the classical analysis of the problem, in which the far field solutions are obtained for vanishing ratio
of chord to tunnel height,

For subsonic linear flow the asymptotic analysis will add little information to the vast existing knowledge of the subject. The -
merit of the analysis, however, should be based on its systematic approximation of the original problem and providing the means of
formulation of the boundary value problems in proper order. The asymptotic analysis delineates explicitly the physical characteristics
of the problem without solving it completely. This is particularly important for transonic flows in that the governing equations are non-
linear and the solutions can only be obtained by numerical methods with large amounts of computations.

A study in this direction is made by Chan [3.4], [3.5] for a tunnel with perforated walls. The incompressible flow is first
treated and the procedure is then applied to transonic flows. The analysis leads to a proper formulation of the boundary value problem
for the tunnel wall interference. The result yields explicitly the apparent angle of attack and the blockage due to the wall constraint,
and for transonic flow, an effective blockage induced by the nonlinear compressibility. For solid wall interference at transonic speeds
a similar analysis was performed by Cole, Malmuth and Zeigler [3.6] including numerical solutions up to the first order. At transonic
speeds with free stream Mach number near unity, asymptotic solutions were obtained for perforated walls by Lifshits and Fonarev [3.7]
for bodies of revolution and by Blynskaya and Lifshits [3.8] for two-dimensional airfoils.

In this chapter the asymptotic analysis is derived for both the incompressible and the compressible, transonic, flow cases. In
each case the outer and inner limits are first discussed, followed by a description of the procedure employed for matching the two.

3.2 Incompressible Flow

3.2.1 Formulation

The wind tunnel wall interference problem is now presented in the formalism of the method of matched asymptotic
expansions. Although the flow is assumed to be incompressible the results can be extended to linear subsonic flow with a compress-
ibility transformation. The applications of the procedure to transonic flows with nonlinear governing equations will be presented in
Section 3.3.

Within the framework of small perturbation theory the equation governing the flow inside the tunnel can be written in
terms of the perturbation velocity potential

¢__+o__ =0 (3.1)

where X and ¥ are the Cartesian co-ordinates normalized by the chord of the model c. The airfoil has a maximum thickness t and is at
an angle of attack a. Both t and « are assumed to be small. The boundary condition on the airfoil requires the flow to be tangent to the
surface. Thus, within the small disturbance theory, the boundary condition can be written as

¢ (% £0) = £f -a, -Z<x< (3.2)

SIS
Do |

where f is the thickness distribution of the airfoil. The tunnel walls are located at a distance H* above and below the model and are
assumed to be perforated for flow ventilation. The boundary condition at the walls is thus

1
o tT0 =0 at g =tH (3.3)

where P is the porosity factor and H the tunnel half height normalized by the chord c. In the limits that P tends to zero or infinity, the
boundary condition reduces to that of solid walls or a free jet respectively. The perforated wall boundary condition is more general
than the limiting cases and part of the results can also be applied to transonic flows analysed in a later section. The other wall con-
figuration such as slotted wall, can also be treated in a similar manner. Far up- and down-stream, the perturbations tend to zero and
the boundary conditions become

908 > 0 as %2 +32 > (3.4)

The boundary value problem is fully defined by Equations (3.1) to (3.4). Asymptotic analysis is now applied to the outer region near
the tunnel wall and the inner region around the airfoil. The solutions are than matched as these two regions approach each other in the
limit.

3.2.2 OQuter Limit

Away from the airfoil the characteristic length of the flow is the tunnel half height H. The length variables should therefore
be normalized by the reference scale H as
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(3.5)

As H — oo with x, y fixed, the airfoil shrinks to a point with all singularities concentrated on it. The potential ¢ can be expanded in an
asymptotic series in ascending power of 1/H as

1 1 1
¢ <x,y;ﬁ> = ¢o(x,y) + a ¢ (xy)+ ; HEy*T... (3.6)

Substituting the series into the governing equation, Equation (3.1), we have

bagy ¥ oy = 0, n=012,... (8.7

The zero order solution ¢, is therefore the free air solution and the higher order solutions are the interference solutions. The inter-
ference solutions should satisfy the boundary condition at the wall, Equation (3.3)

1 1 1 1 1
Pox i§¢0y+ﬁ(¢1x ii,"ﬁly) +; <¢2x i-P“tﬁzy) t...=0 at y=121 (@8)

Depending on the order of the singularity of the zero-order solution, we can write

1 1 1
¢0x t;¢0y = ﬁ <¢lx i;d’y)

% t‘1“150 =‘L<¢2 il'ﬁz) 3.9
X P y H2 X P Y ')

The boundary value problems defined by Equations (3.7) and (3.9) can be identified with the classical formulation of wall
interference. The solutions are given in detail in Chapter 4 and for present use, the solution in series form is adopted. The inner
expansion of the solution as r = 0 can be written as [3.4]

i . 1|4 =, M.ifa v, Mol 310
~-—(0+ t=[—|~ =ll= |EeE = == :
¢ 21r( 3Y * 8xy) H|27 2 2% H |2n 2 a2y 2n ( )

where r = (x2+y2 )1/2 and 0 = tan™! y/x. Yo is the vortex strength related to the lift, d; the doublet strength based on the cross-sectional
area of the profile and e, related to the pitching moment of the airfoil. The coefficients a;, ay and b, are functions of the porosity
parameter P. v, is the circulation induced in the higher order term.

3.2.3 Inner Limit

Near the airfoil, the characteristic length scale is the chord of the model. Thus the variables are scaled accordingly
X = Hx, Y = Hy (3.11)

The governing equation, Equation (3.1) and the boundary condition on the airfoil, Equation (3.2) are then written in terms of the inner
variables as

fxx *¢yy = 0 (3.12)
¢y (X,20) = £Fy -« (3.13)

with X, Y fixed while H = oo, The potential can be expanded as
1 1 1
XYz ) = BXY)+ = &) (X, V) +— &, (X,Y) +... (3.14)
H H HZ

Substituting into the governing equation, Equation (3.12) and the boundary condition Equation (3.13), we have

® ..., =0, n=012... (3.15)

+
nxXx nyy

By (X,%0) = tFx - (8.16)

@, (X,£0) = 0, n=1,2... (8.17)
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The zero order solution is that of a thin airfoil in free air and can be obtained for the thickness and the lifting cases
respectively. The inner solution around the airfoil, however, cannot satisfy the boundary condition at the tunnel wall and has to be
matched with the outer solutions. In preparing for the-matching process, the inner solution ®; is expanded as X, Y - oo

By~ Bk — (3.18)

W
where Ty = f AudX, D, = f AYdX, E, = f AuXdX
-%

and R = (X2+Y?2)*%

I’y is the circulation, D, the displacement and E, the pitching moment of the airfoil.

The higher order potential @, , satisfying the homogeneous boundary condition Equation (3.17) on the airfoil surface, can be
written in its asymptotic form as R = o0 [3.10]

Ty
By(X,Y) ~ CuXY + A X+ B, Y- —0+.., n
s

1,2,... (3.19)

where I'; is the circulation which may be induced in the higher order solutions.
3.2.4 Matching Procedure

We have, so far, dealt with the two asymptotic limits of the problem separately. For the outer limit, the tunnel height is fixed
and the airfoil shrinks to a singular point and for the inner limit, the airfoil chord is fixed and the tunnel height tends to infinity. In
between these two solutions approach each other asymptotically. To match these two expansions we follow Van Dyke’s principle that
the inner expansion of the outer solution matches the outer expansion of the inner solution [3.3]. The inner expansion of the outer
solution, Equation (3.10), is written here as:

i 7} +1 4 X+b L 7—16 _61 Y4 3.20
~—— (0 + + == += |- + - = +
) 21r( apy *apxy) o m\ )X Sl B on \ 2 ay (3.20)

The outer expansion of the inner solution written in the outer variables gives

¢ r‘00+ - X+El Yo (ax+B 1‘10 + 1 (cHxy + ax +B I‘26+ + 3.21
iy — = e X i oy = P P B
o’ omH p onH g \ O W T gum ) T\ RET Y T o (ot
Comparing these two expressions, we have
Yo = To, d; = Dy, ey = Ey
Y021 0 Yoaz
21r - l ) - Al k4 - 21r - C29
d;by e ay
=T N = A » =B I
T 1 o 2 on 2 (3.22)

The matching procedure relates systematically the flow fields around the airfoil and near the tunnel walls. The zero order
inner solution is that of the thin airfoil in free air. The first order outer solution is the classical interference solution with the airfoil
shrinking to a singular point, yielding an angle of attack change, Aw, having a value - yga; /27. This in turn generates additional
circulation v; of the same order. The second order solution gives the blockage with the change of free stream velocity Au equal to
d; b, /27. In a similar manner, higher order solutions can be obtained. The outer solution forms the outer boundary condition for the
inner problem. The inner solution, on the other hand, provides the singularities for the outer problem. The approximate solutions of
the original boundary value problem can now be constructed from the asymptotic solutions. The accuracy of approximate solutions
can be improved systematically by considering higher order terms.

3.3 Transonic Flow
3.3.1 Formulation
At transonic speeds the governing equation of the flow is nonlinear. Following the procedure presented in the previous

section the formulation is again developed within the framework of small disturbance theory. In transonic flows the small disturbance
equation can be written as [3.11]
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[K-(r+1)¢.19.- +é.. =0 (3.23)

1- M?
where K=———
M2m t2/3
$ - t~2/3 M" ¢
§ = t1/3 Mmy
X=X

K is the transonic similarity parameter, M the free stream Mach number and t the maximum thickness of the airfoil. The velocity
potential ¢ and the co-ordinates x, y have been scaled by the transonic similarity rule. The boundary condition on the airfoil is

(3.24)

N |

& (% = Mo-m _& _l : <
¢;(x,i0) M I:tf; t]' 2<x\

where { is the thickness distribution of the airfoil. The tunnel walls are considered to be perforated. The boundary conditions at the
walls are therefore

- 1~ -
~E—d. = y =t+H 25
b5 t56; =0 at v (3.25)
where H = t13MmH, P = ¢13M-mp

are the scaled tunnel half height and porosity factors respectively. In transonic flow shock waves may occur in the flow field and the
shock condition is specified as

&7 Y+l % D7 _
II(K¢§‘ P ¢;)—(¢;)X;]]—0
61 =0 (3.26)
where the symbol [ ] denotes the difference in the quantities involved across the shock and %P is the shape of the shock wave.

3.3.2 Outer Limit

Away from the airfoil, the length variables are scaled by H as

. .
x=2  y=-% (3.27)
fi i
With x, y fixed as H — oo, the airfoil again shrinks to a point singularity. The potential § is expanded in 1/H as
1 1 logH
¢ (xwig) = 00 )+ 01 (x) + b G+ (3.28)

where the tilde symbol has been dropped for convenience, For nonlinear compressible flow logarithmic terms exist in the far field
solution [8.12] and are included in the expansion for matching with the inner solution. The equations for each order are respectively:

K¢0xx + ¢0yy =0
Ké1x t 01y, = (r+1) dg, ¢o,,
K¢2xx +¢2yy =0

(3.29)

with the boundary conditions depending on the order of the singularity of the zero order solution,
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I & -
¢0x *p ¢oy T (¢1x *p ¢1y)
1. logH 1
$oy tp o, = - (B, Ep62y)

(3.30)

The inner boundary condition is now lost and is replaced by matching with the inner solutions. The equations for ¢, and ¢, can be put
into the Laplacian form with a transformation in the x-co-ordinate

=g = (3.31)

VK

The boundary value problems of these two terms are therefore similar to those discussed in Chapter 4. The ¢; equation has a non-
homogeneous term containing the zero order solution ¢j . Its solution provides the nonlinear compressibility contribution to the
problem. The inner expansion of the outer solution can be written as [3.4]

Yo 1l a1 by K e ap log g d2
¢ ~ - —(0+ay+taxy)t— Z+—x +£ — - Xy e EE— 2
2 Hlony/K\r2 K Hj2r \ o K H on/K 2

2

2 2
1 +1 (Y0 logr r+l (70 0s30 M1
e <—> EZ cosO < > Ll (3.32)

cos v — —
H 4,”2 K 2 r 1 6,”2 K r 2w

-1@
X

where r=(x2+Ky?)” and 0 = tan

The first two terms are the solution of the homogeneous equations and are therefore similar to those given in Equation (3.10)
for subsonic flows. The other terms come from the nonhomogeneous equation representing the nonlinear compressibility of the outer
flow.

3.3.3 Inner Limit

The inner variables are scaled as
X = Hx, Y = Hy (3.33)

The inner expansion of the disturbance potential up to the second order has the form
1 1 1
PNXY;=] = X )+=P XY)+— D, (X,Y)+... (3.34)
H H H2

The corresponding equations are therefore
[K- (v+1) ®p5 ] Poyy +Pgyy = 0,

(K- (v+1) CDO)(] (I)lxx - {r+t1) q>OXX (plx +q)0YY =0

[K-(vt1) QOX] <I)2xx - (r*1) q)UXX q)ZX v (PZYY (v+1) cblx q)lxx

(3.35)

and the boundary conditions on the airfoil are

3
oy (X,£0) = Fx- 1,
1 1
LX< =
2 2
®,, (X,£0) =0, n=1,23...

(3.36)
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The zero order problem consists of the nonlinear small disturbance equation and the corresponding boundary condition on the airfoil.
The solution is the free air solution of a thin airfoil in transonic flow. The first order equation is linear with coefficients containing the
zero order solution. The inner boundary condition is homogeneous and the outer boundary condition is provided by matching with the
outer solution,

The outer expansion of the inner solution up to the second order can be written as [3.4], {3.3]

Ty +1(To\ 10g R 1| D1 E;
¢~-——0+7—-— )= cos§ +— cos § + sin 6
27 4K 2 R H 27(\/K 21!\/K
y+1(To\’ 1 Iy 1 r;
T Tar\on) €088 +— A X+B Y- —0+... [+— [CXY + A, X+ By Y- —0+...|+... (3.37)
16K \2r H o H2 27
: KY

where R = (X2 +KY?"% and 9 = tan’! VK

Again, I is the circulation of the airfoil, D, and E; are the doublet strength with axes along the X- and Y- direction respectively. The
nonlinearity of the transonic equation appears as in the logarithmic and the high degree cosine terms. The first order solutions include
the induced flow components A; and B; and the additional circulation ry.

3.3.4 Matching

The inner expansion of the outer solution, Equation (8.82), is written in terms of x*, y [see Equation (3.31)]

b~ -+ pe [ (= P Iy logH % x*
~ a1y + apxy) + — X + —— {-—+ta + ——
27 : 4 vKH {2m/K (r*2 2 ) vKH 2\ a2 1y> H 27K 52

1 [’)‘4'1 (70>2 logv/Kr* cos30 71 0] .

= = oo (3.38)
H| 4z2g \ 2 VEr*  Rrx 27
where r* = r\/K
The outer expansion of the inner solution, Equation (3.36), written in the outer variables x*, y has the form
. Iy o+ 7+1<P0>2 logy/KHr* - 1 Dy g+ , E, y* o+l <F0>2 cos 360
e —— —\— cos == — -\ —
2n 4K \27 \/KHr* \/KH 27,\/1—{ r* 21r\/ﬁ 2 16K \27 ¥
1 ry 1 )
+ = |A;VEHz* + B Hy - — 0| + — |C,0/KH2x*y + AyKHx* + ByHy - — 6] +. .. (3.39)
H 2n H2 2
Comparing these two expressions, we have
Y = Do, d; = Dy, e = By,
Y03 y+1 To? Yoz
- - Bl ’ d2 = Ton 3 - o CZ,
25 4y/K 27 2m/K
0=A T A 15 B (3.40)
b 27K3/2 & 27K1/2 2 '

Aside from the nonlinear contributions the matching conditions are similar to those of the subsonic flow discussed in
Section 3.2.4. The matching condition shows that the wall constraint induces an angle of attack change in the outer region. This
additional angle of attack, up to the first order, is the same as that obtained by the linear interference theory. This will in turn generate
additional lift with circulation I'; of the same order. The displacement effect due to the wall constraint is of the order 1/H. The match-
ing condition shows contributions from both the linear solution, as in the subsonic flow, and from the transonic nonlinear solution. The
nonlinear solutions are shown to be proportional to the square of the circulation 7, and do not vanish as the airfoil thickness tends to
zero, as long as lift persists. Analysis up to the second order for the solid wall condition can be found in Reference [3.6].

The asymptotic analysis has brought out the essential features of the wall interference at transonic speeds without calculating
the flow field completely inside the tunnel. It shows that up to the first order, the angle of attack correction is identical to that for the
linear subsonic flow. For blockage correction, aside from the displacement of the doublet based on the cross-sectional area of the airfoil
as in the linear subsonic flow, a doublet due to lift is induced resulting from the nonlinear compressibility of the flow. The latter has
been grouped with the logarithmic term to form an approximate expression for the effective doublet [3.5]. For moderate and high
lift the blockage due to the nonlinear effect can be quite appreciable in comparison with that due to the geometry of the model, In
Reference [3.5] it is shown that for a NACAQ012 airfoil model in a tunnel with H equal to 8, at Mach number of 0.8 and lift coefficient
0.55, the blockage from the effective doublet is 20% of that due to the geometry of the airfoil.
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limit of the asymptotic theory.
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The results shown by the asymptotic analysis have also been obtained by solving the transonic interference problem
numerically [3.14]. In the numerical solution the wall interference is taken as a perturbation to the free air flow and both the free air
and the perturbation equations are solved numerically. The results show that the angle of attack correction is practically the same as
that obtained by linear subsonic theory and the Mach number correction due to blockage takes a higher value than that of the linear
theory. The numerical method, however, is not capable to provide the physical interpretation as clearly as the asymptotic analysis. Inter-
ference flow field around the airfoil can also be calculated by the asymptotic method by solving the perturbation equations of the

inner limit. These equations are linear with coefficients containing the zero order solutions and can be solved numerically. Detailed
calculation of the interference flow field around the airfoil up to the first order is given in Reference [3.6] for solid wall tunnel.
Excellent agreement with numerical solutions of the nonlinear equations is obtained for a value of H as low as unity, at the extreme
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4.0 CLASSICAL POROUS-SLOTTED WALL THEORY
4.1 General Properties

The theory is based on an infinite test section between two parallel walls, on which the porous-slotted boundary

condition (2.65) is satisfied, and the concept of wall interference by Prandt] [4.1]. The latter can be characterized in the following
way.

It is assumed that in the vicinity of the walls there is small disturbance flow that may be described by the linearized, subsonic
potential flow equation

2 2
ﬁ26_¢+a_¢=0

(4.1)
0x? 9y

where
B=vVi-M2 (4.2)
is the Prandtl-Glauert factor and M,, is the Mach number far upstream. Experience shows that the linearization is possible up to very

high values of M., < 1 since the flow is essentially parallel to the tunnel wall.

In the linearized flow region between the contour C, encircling the airfoil, and the wind tunnel walls, see Figure 4.1, the
disturbance velocity potential ¢ is decomposed as

¢ = ¢p +oy (4.3)

Here ¢ denotes the potential due to the airfoil in free air, satisfying Equation (4.1) in the exterior of C and obeying the far field
condition

O¢p 8¢
.._F _Ii - 0 as r= \/xz + (ﬁy)z = o0 (4.4)

dx’ oy
Since the knowledge of ¢y is required only near the walls, the actual airfoil boundary condition does not directly enter the problem

and it is sufficient to represent ¢y by singularities placed at the airfoil position (origin of the co-ordinate system).

The potential ¢y, representing the induced effect of the wind tunnel walls, is called the wall interference potential. It is
assumed to be nonsingular inside the test section, i.e. satisfying

2oy oy h
+ =0, lyl < (4.5)
ax2  ay? 2

B>

where h is the test section height. In other words, the interference flow is assumed to be a perturbation to the mainstream. Accordingly,
the derivatives of ¢ with respect to x and y, calculated at the airfoil position, are interpreted as corrections to the x and y components
of the (unit) tunnel stream velocity. The higher derivatives of ¢y describe a nonuniform distortion of the wind tunnel flow that does
not exist in free air but, depending on its magnitude and accuracy requirements, the wind tunnel measurement may still qualify as
“correctable”; for more discussion see Reference [4.2].

In our specific case, ¢ satisfies the porous-slotted wall boundary condition (2.65). Using Equation (4.3) we have for an airfoil
located midway between the tunnel walls '

%,:(¢F+¢w)+K£ <¢p+¢w)] +%£(¢F+¢w) =0, -0 < x < oo, y=% (4.6)

£[<¢F+¢w)-K%(¢F+¢w)]-%%(¢F+¢w) =0, -0 <x <o, y=—% (4.7)

where K is the slot parameter and P is the porosity parameter.

Equations (4.5), (4.6) and (4.7) describe the boundary value problem for the wall interference potential ¢y . The free air
potential ¢g, which is assumed known for a given airfoil geometry and aerodynamic force measurements, provides Equations (4.6) and
(4.7) with the necessary nonhomogeneous term, so that the solution is in general nontrivial.

~ Without going into the details of existence and uniqueness, we may note the following properties of the above problem. If
¢y is its solution, then is also

bw = oy *C (4.8)

Additional solutions are
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by = by +Ax+C if P=0 (4.9)

and
5 _ 1
by = ¢y +By+C if F=0 (4.10)

where A, B and C denote arbitrary constants. As we shall see later, the above properties allow us to satisfy the far upstream condition
¢~ 0 as X > - o0 (4.11)
but not necessarily the far downstream condition
¢~ 0 as X > oo (4.12)
In any case, Equations (4.3), (4.4) and (4.11) imply that it is possible to achieve

0dy Oy

L i -
o’ 3y 0 as X > - (4.13)

i.e. zero tunnel disturbance far upstream, which is convenient from the point of view of interpreting ¢y as the wall interference
potential.

The most important property follows from linearity of Equations (4.5), (4.6) and (4.7). For a thin airfoil in subsonic flow,
we can expand ¢ in the multipole expansion [4.3], [4.4]

bp = ¢p” T OpT tPpt tdp¥ +. .. (4.14)

where the right hand terms denote potentials due to a

source of strength o

¢F0 = _E__ ]og \/)(2_4.@ (4~15)

2n
vortex of strength y
Y By
Y = - - gtan —
oF e atan x (4.16)
doublet in the x direction of strength u
X
o5 N R (4.17)

I (By)*

doublet in the y direction of strength w

w o @ __By
T e 2y )

The streamline pattems characterizing the above singularities are schematically shown in Figure 4.2. Since the (complex) velocities
derived from potentials (4.15) to (4.18) are terms of a Laurent expansion, the singularity strengths can be easily obtained by contour
integration. For a thin airfoil of a small incidence and camber we obtain [4.4]

1
o= EcCDW (4.19)
1
Y= ECCL (4.20)
u=crA (4.21)
1 2
w = e o (4.22)

where c is the airfoil chord, Cpy the wake drag coefficient, Cy the lift coefficient, A the cross-sectional area of the airfoil nondimen-
sionalized by ¢2, and Cy is the pitching moment coefficient about the origin of the co-ordinate system. In particular, if the origin is
placed at the mid-chord point
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O | =

1
w==c <ZCL +cMc/4> (4.23)

where CMc " is the quarter-chord pitching moment coefficient.

For transonic inviscid flow governed by the small disturbance equation

2 2 2
52 a_¢ + a_?i = K_tl i <B_¢> (4.24)
ax2  oy? 2 9x \0x

the far field of a thin airfoil is dominated by the vortex and doublet terms
Op = ¢p7 + o (4.25)

as established from Green'’s identities by Klunker [4.5]. The vortex strength, determined by circulation around the airfoil, is again given
by Equation (4.20). However, the doublet strength contains, besides the airfoil cross-sectional area, also flow field contributions due to

the nonlinear term on the right hand side of Equation (4.24). Very far from the airfoil, however, the nonlinear term becomes negligible,
so that the far field is again governed by the linearized Equation (4.1).

Using singular perturbation analysis of the problem, Chan [4.6], [4.7] derived an approximate formula for the transonic
doublet strength

u=ct(A+8A) (4.26)

where the nonlinear contribution to the airfoil area is

1
7 /Cp\? 1 3
SA = "—+—1M,,4 <—L> ‘1+10g [ME, (—t> Iy—']} (4.27)
2nB 4 4 c c

Here k (=1.4) is the ratio of specific heats and t is the (maximum) airfoil thickness. The latter enters the picture through the transonic
similarity parameter

k= —— (4.28)

It may be observed that 6 A grows above all limits with increasing the distance |y | from the airfoil. However, this is of little
concern, since

logly| o

as - o0
N Iyl

y

so that the doublet potential vanishes at large distances from the airfoil as for subsonic flow. In practice, |y | is limited by the test
section semi-height.

The value A, Equation (4.27), represents the first order term of an asymptotic expansion (A is its zero order term). The
expansion is meaningful only if the perturbation parameter

Jas

L]

=

g
I
N
O | e
~—
w
N

2L (4.29)

is greater than one [4.7]. For a given airfoil and Mach number this is the case only if the airfoil chord to tunnel height ratio, c/h, is
sufficiently small. Table 4.1, adopted from Reference {4.7], compares §A with A for typical tunnel conditions. It is observed that SA,
since it is proportional to CL2, becomes important only for higher values of lift. The transonic contribution to the source strength,
depending on the effective thickness of the airfoil at the trailing edge, has been treated by Smithmeyer and Murman [4.8].

Having specified the far field potential ¢, the wall interference problem, Equations (4.5), (4.6) and (4.7), is then solved
separately for the singularities (4.15) to (4.18) and the solutions are denoted ¢y°, ¢w” , ¢y* and ¢w® . In accordance with the aero-
dynamic parameters determining the singularity strengths (4.19) to (4.22), the wall effects associated with the above potentials are
called the wake blockage, lift interference, solid blockage and pitching moment interference, respectively.

By the principle of linear superposition, the wall interference potential corresponding to the free air potential (4.14) is

¢w=¢w°+¢w7+¢wﬁ+¢w“’+... (4.30)
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In the construction of the wall interference potential (4.30), another important property of the solution can be utilized [4.4].

Since
TR
B = T g0
Pt = = — b (4.31)
b =2 2 g (4.32)
F o .

and Equations (4.5), (4.6) and (4.7) permit differentiation with respect to x, it is clear that

¢M=£_a_¢a (433)
o o ox ¥ '

¢w=2_a_¢7 (4.34
W v ax oW .34)

so that the wall interference problem needs to be actually solved only for the source and vortex. For solid tunnel walls this property
was first utilized by Goldstein [4.3].

It would seem logical to start with analyzing the wake blockage, because the source is a fundamental singularity of the
Laplace equation, from which all other singularities of Equation (4.14) are derived. However, since the source solution poses some
additional difficulties compared to that of a vortex, we will deal with lift interference first.
4.2 Lift Interference

In free air the potential due to a point vortex at the origin is

Y By v Y
Y (x,y) = - —— atan = = - —- atan — 4.35
o7 (X,y) 5y 8tan oy M0 ¥ (4.35)
where
X
X = —
Bh
y
Y =~ 4.
h (4.36)

are nondimensional co-ordinates that reduce Equation (4.5) to Laplace’s equation. Applying the Fourier transform technique of
Baldwin, Turner and Knechtel [4.9] and Wright [4.10] to the boundary value problem specified by Equations (4.5), (4.6), (4.7) and
(4.35), we obtain

by (xy) = - o [ (X3 + 3, (X ¥)]

By the tilde above the symbol we indicate that this is a particular solution, which does not necessarily satisfy the far field condition
(4.11). The right-hand side functions are

w £
P ds
4 (X,Y) = sinh (2Ys) cos (2Xs) — (4.37)
,[ gpn(s) s
0
gn(s) ds
I, (X,Y) = sinh (2Ys) sin (2Xs) — (4.38)
f gp(s) s
0
where
2 5 2
gp(s) = [sinh(s) +Fs cosh(s)jl + ,:F cosh(s)] (4.39)

2
gn(s) = [(1 - Fs) [sinh(s) + Fs cosh(s)] _<§) cosh(s)} e (4.40)
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and
2K
(4.41)

is the nondimensionalized slot parameter.
We are not giving the details of the derivation here, since they may be found in Reference [4.10]. However, a word of

caution is in order: as noticed by Catherall [4.11], in the derivation of J 1 one comes across the factor

{(1 - Fs) cosh(s) + sinh(s) + Fs cosh(s)} es

which has a similar structure as gy except that its value is one. In the original derivation in Reference [4.10] it is not reduced to unity,
presumably due to misprinting the last cosh as cos. The reduction is done properly in Reference [4.12], but not in [4.13], where the

misprint is reproduced.
For porous walls, F = 0, the expressions (4.37) and (4.38) simplify to

o0
sin (77) i ds
4 (X,Y) = sinh (Ys) cos (Xs) — (4.42)
cosh(s) + cos (1) s
0
oo
e™$ + cos (m7) ds
J, XY) = - sinh (Ys) sin (Xs) — 4.43
2 (&Y) / cosh(s) + cos (1) (¥8) sin (Xs) s (4.43)
0
where 2s is replaced by s and
2 P
7 = — atan — (4.44)
w 8
For a transversally slotted wall it follows from Equation (2.33) that 7 is equal to the open area ratio, namely

a

T = =

L

where a is the slot width and 2 is the slot spacing.
The earlier used factor [4.13]
1
Q = g (4.45)
1+—
p

also varies on the interval <0,1>>, but otherwise lacks physical significance, since it does not follow naturally from the porous wall
theory. For comparison, 7 and Q are plotted against P/B in Figure 4.3.
(4.11) is satisfied, we evaluate the upstream limits of d; and J,,

In order to make sure that the upstream condition

Equations (4.37) and (4.38). Since
B sinh (2Y5)

P s
is a continuous, finite function on the interval 0 < s < o, we obtain according to the Riemann-Lebesgue theorem [4.16]

lim  J; (X,Y) = 0

X—-te

The limiting values of J, are obtained from the Dirichlet integral [4.16]

in (A
lim [ G 3229 4o - 2 T oo
A—>too ] 2

0

where G (s) is a function continuous on the interval 0 < s < o, In our case A = 2X and
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1
© (1 . 7 * 0
genGs) .
G(0+) = lim _N__ sinh (2Ys)| = 2y 1
s—0+ | 8p(s) , —=0
1+F P
Accordingly
1
0 P #*0
li 4 (X)Y) =
XH_I:tN 2( ) ) T 1
+ Y , —=0
1+F P

In order to make the interference potential vanish far upstream, we thus take

X

J(XY
P © (o)

oW (xy) =
where

1
TEY) = 3 KY) + D (KY) + = Y X (;)

and ¥ is a (discontinuous) function defined as

1, 2-o
G)-1,
x— =
P 1
0 —#
2 P o

Such a modification of the wall interference potential is clearly permissible, cf. Equation (4.10).

(4.46)

(4.47)

(4.48)

The integrals J; and J, can be converted into infinite series using the method of residues. This approach was first used by
Murman [4.17], who was interested in asymptotic expansions of wall interference potentials for large | x|. The procedure involves
heavy algebraic manipulations, but is in a great detail documented by Catherall [4.11], so that again only the result is presented here:

y sin (2Y y) e
B (53) = =0T G L D ————— X <o
%<0 ¥ [1+F cos® (1))
v sin(@Yy)e " 9y
¢W7 (XsY) = - ¢F7 (X1Y) - E Z 2 + 1+F x(?) s X>0
%>0 v (1 + F cos® (7j)]

where ¢7 is the free air singularity, given by Equation (4.35), and 7 is the root of the transcendental equation

B

tan (7)) = 5 - F;

on the interval

i (i L
-5 <7y < _]+'51I'

We may note that
gp (i) =0 , i=+-1

and thus the values i; are the poles of the integrands of J; and J,. In the special case of porous walls we obtain

g 1
n=ogrrmlity

(4.49)

(4.50)

(4.51)

(4.52)

where 7 is given by Equation (4.44). The fact that the poles are equidistant results in a great simplicity of the obtained corrections for

porous walls, as we shall see in Section 4.6.
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Going back to Equations (4.49) and (4.50) we may note that their difference is caused by the selection of different
integration contours [4.11] for X < 0 and X > 0, imposed by the condition

—2Xys
e -0 as |X| = o

If desired, the expression in the curly brackets of Equation (4.50) can be contracted to

sin (2Yy;) & 21

43S0 % [1+Fcos® ()]
j
since y; = g = 0 is possible only if 1/P = 0, in which case

~2Xv¢q

sin (ZY’YO) [<] 2Y
1+F

lim
7070 7y [L+F cos? (vo)]

The infinite series formulas (4.49) and (4.50) are particularly suitable for large values of | X |, since then only a few terms are
needed for achieving required accuracy. However, near X = 0, the integral representation (4.46) is more appropriate, particularly if the
parameters P and F are close to zero. As experienced in Reference [4.11], in that case the series suffer from poor convergence.

4.3 Wake Blockage

In terms of the reduced co-ordinates, Equations (4.36), the potential due to a point source at the origin of the co-ordinate
system can be written as

6% (x,y) = —2—1‘;’5 log VXZ + Y2 (4.53)

Admittedly, the right hand sides of Equations (4.15) and (4.53) differ by a constant term, but both expressions have the same
derivatives.

Observing that ¢r° is indeterminate as | X | — o, it is natural to expect also a few extra complications with the corresponding
wall interference potential ¢,°. The Fourier solution of the problem described by Equations (4.5), (4.6), (4.7) and (4.53) is [4.10],
[4.11}:

& o
oy’ (xy) = 2n8 (I X,Y) + 1 (X,Y)]
where
=
P ds
I (X,Y) = cosh (2Ys) sin (2Xs) —
,/ fp(s) s
0
[ &) ds
I, (X)Y) = f cosh (2Ys) cos (2Xs) —
fp(s) s
0
The denominator and numerator functions are
2 ﬁ 2
fp(s) = [cosh(s) + Fs sinh(s)j' + [—I; sinh(s)] (4.54)
ﬁ 2
In(s) = §(1 - Fs) [cosh(s) + Fs sinh(s)] - (F) sinh(s)’ e”s (4.55)

It was again found by Catherall [4.11] that in the original derivation of I, in Reference [4.10] the term

[(1 - Fs) sinh(s) + cosh(s) + Fs sinh(s) } e’

was not reduced to unity, since the factor (1 - Fs) was dropped by mistake. The error, affecting the wake blockage formulas for slotted
walls, is repeated in References [4.12] and [4.13], but not in [4.14].
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To analyze the upstream behaviour of ¢y, we will first examine the far field values of I; and I,. Since

_B
P 0 5 P=0
im ) cosh (2Ys) | = 5
s=0 pis
-= P+#0
P s
we obtain from the Dirichlet integral formula
0 , P=20
Iim I,(X)Y) =
Xose X8 P#0
2P ’

In contrast to it, problems arise with I,. It can be shown that for small values of s

ING) cosh (2Ys) 1
fp (s) s T

and thus the integral does not have a finite value. However, it is possible to calculate the far field values of its derivative

alzxsz [ 2 NG h (2Ys) sin (2Xs) &
ax( YY) = st(s) cosh (2Y5s) sin (2Xs) s

0

We have

|: £ () ] {2 , P=0
lim |- 2s cosh (2Ys)| =
0

5= 0 fp (s)

and thus, making use of Dirichlet’s integral formula

oI, B4 , P=0
lim — X)Y) =
X~ teo X ( ) 0

This result is consistent with the physical fact that the flux from a source cannot escape the test section if its walls are solid,
so that the induced velocity disturbance is felt over the whole test section length. In order to obtain undisturbed velocity far upstream,
it is enough to add the term 7X to I, if P = 0, in accordance with Equation (4.9). Physically, the uniform velocity increment in the
positive direction is equivalent to placing a sink (source of strength - ¢) infinitely far downstream [4.15]. However, this alone does not
make I, finite and if we are interested in the values of the interference potential ¢y,°, the expression for I, has to be modified. Using
Catherall’s approach [4.11], we set

w _B
I (X,Y) = f fD% [cosh (2Ys) sin (2Xs) - sin (2s)] d?s (4.56)
0
() ds
I, X)Y) = f D) [cosh (2Ys) cos (2Xs) - cos (2s)] : (4.57)
0

Such a modification is clearly permissible, since the extra terms in the integrand add only a constant to aw", cf. Equation (4.8). With
the help of the additional cosine term, the second integrand becomes zero at s = 0; the sine term is added to the first integrand for
symmetry purposes.

For porous walls, F = 0, the expressions (4.56) and (4.57) reduce to

I, (XY) = j S osh (Ys) sin (Xs) - sin(s)] (458)
cosh (s) - cos(77) s
0
f ™5 - cos(77) ds
LL(X,Y) = —————— [cosh (¥s) cos (Xs) - cos(s)] — (4.59)
cosh (s) - cos(77) s

0

where 7 is given by Equation (4.44).
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Expanding I; and I, Equations (4.56) and (4.57), in infinite series, it is possible to show that ¢y, satisfying the upstream

condition (4.11), is

b’ (xy) = ﬁ 1(X,Y)

where

IXY) =L EY)+LXY)+7r(X+1)x(P)- 1r§' [x(P)-1] - aC

and
1 3 P=20
x (P) =
0

in accordance with Equation (4.48). The constant C, as will be verified below, has the value

25>

oj>0

~20;3
e ]

0j[1 + F sin’ (g;)]

The infinite series expansions of ¢y are [4.11]

-2Xo;

cos (2Yo;)e )
7 () = - G ) r ), X<0
4 foan + Fsin? (0)]
—2Xo;
cos (2Yo;)e )
b x3) = - 47 ) - | ) ——————— - xx@+ S - 11 X > 0

550 [1+ Fsin? (g;)]

where ¢/ is given by Equation (4.53) and 0; is the solution of the transcendental equation

cot (oj) = Fo; —g
on the interval
-Dr<og <jm
We may again note that

f5, (io;) = 0, i=+"1

and thus io; are poles of the integrands of I; and I,. For the porous wall wind tunnel the poles are again equidistant:

7l’+1r'
oj——z'r i]

where 7 is given by Equation (4.44).

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

From Equations (4.53) and (4.64) it is seen that the upstream condition (4.11) is satisfied for ¢° = ¢r? + ¢y’ but not for
éw’. As suggested in Reference [4.11], the inconvenient constant term ~ #C in Equation (4.61) can be dropped, but then of course

the upstream condition (4.11) is weakened to

g
¢ > —C as X —> - oo

28
and the infinite series expressions (4.64) and (4.65) have to be modified accordingly.

4.4 Solid Blockage

Using Equations (4.33) and (4.60), the wall interference potential induced by the doublet in the x direction is
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. u ol
oWt (%51 = 77 (X,Y) (4.68)
21Tﬁzh 0X
where
a1 oL oI,
X (X,Y) = a(X,Y) +'a§(X,Y) +mx (P) (4.69)

This result agrees with the actual solution of the boundary value problem of Equations (4.5), (4.6), (4.7) and (4.17), as may be verified
in References [4.9] and [4.11].

Similarly, applying Equation (4.33) to infinite series (4.64) and (4.65), we obtain

-2Xo;

" cos (2Y0;) e J
Sw" (x,y) = - ¢p* (x,y) - o Z — B X<0 (4.70)
;<0 1+ F sin® (g;)
u cos (2¥a;) & X’
) = gt ) F - Y X >0 (471)
350 1+ F sin“ (0y)

The value 0; = 0y = 0 comes into question only when P = 0, in which case

cos (2Yap) e 210

1+ F sin? (o)

Again, the results agree with the evaluation of Equation (4.68) by the residue theorem, cf. Reference [4.11].
4.5 Pitching Moment Interference

From Equations (4.34) and (4.46), the wall interference potential induced by the doublet in the y direction is

“ - ad
dw" (xy) = onfn X (X,Y) (4.72)
where
3d 3d 0d,
—(X)Y) = — XY)+—(X,Y h
aX(,) aX(,) aX(,) (4.78)

Applying Equation (4.34) to infinite series (4.49) and (4.50), we obtain

sin (2Y7;) & X7

ow® (53) = - ¢ (xy) - % > —— x<o (4.74)
%<0 1+ F cos? )

—2X‘yj

]

y w sin (2Y'yj) e
ST i

dw” (%) " :
7j>0 1+ F cos -('yj)

X >0 (4.75)

where ¢ is given by Equation (4.18).

The effect of the pitching moment is of lesser importance than that of a lift and has generally been given little attention in
the literature, so that it is not too surprising that Equations (4.72) to (4.75) appear to be a new result. With the help of the doublet in
the y direction it is possible to place the vortex, representing the lift effect, at the origin of the co-ordinate system and not necessarily
at the centre of pressure. This is of particular value for conditions near zero lift.

4.6 Wall Interference Corrections

In most practical cases we will be interested in the following quantities:

velocity (blockage) correction

ddw
uy (x,y) = . xy) (4.76)



incidence correction

Oy

vy (xy) = g(xm
velocity gradient correction

auw a2¢w

g(xry) - ax2 (ny)
streamline curvature correction

Ovy ¢y

—a;(x,y) = E}(X’Y)

53

(4.77)

(4.78)

(4.79)

evaluated at the position of the airfoil, x = y = 0. For application of these corrections to measured stream and model quantities, see

Section 4.8.

Substituting from Equations (4.30), (4.46), (4.60), (4.68) and (4.72), we obtain

o1 TR L |

uy (0,0) = 3X 0,0) + — (0,0
278%h 2rf*h? X2

0,0) Y 3 hoy-—< 20 0)

Vi = - —— —— o ——

w (0 2am oY 0 nph? 0X3Y
duy 221 ¢ 3
a—(0,0) = —(0,0) + —(0,0)

b3 27p3h2 9x2 o2np*n3 8x3

ovy (0,0) = 0% 22J ( w a3J 0.0)
ox 2.”5112 axXay 21r{32h3 X2y 4

where from Equations (4.56) ~ (4.57) and (4.37) ~ (4.38)

and

w B
0d P
2 00) =2
aY( ) ng(S)
0

)
axay (00 =

0

m 1
ds+——x (=
g 1+FX<P>

en(s)
s
gp(s)

ds

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)
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w B
23J P
(0,0) = - 8 f 52 ds (4.89)
0X20Y gp(s)
0

Using Equations (4.39), (4.40), (4.54) and (4.55), the above derivatives of I and J are easily obtained by numerical
integration. For a fast orientation they are plotted in Figures 4.4 to 4.9 as functions of 7, Equation (4.44), and

(4.90)

Concerning Figure 4.4 it should be noted that 01/0X, representing the wake blockage effect, is discontinuous at zero porosity.
Introducing an arbitrarily small € > 0, we have

1 a (0,0)
—(©0,0) = -7
re OX
but
ol 0,0)
— (0, =X
X 7=0

which illustrates one of the most serious deficiencies of the infinite test section theory. This result may first appear somewhat para-
doxical, but its explanation is quite simple [4.18]. For the hypothetical, infinitely long test section the discharge from a source,
representing the displacement effect of the wake, is transmitted into the surrounding space (plenum) no matter how small the porosity
of the walls. If P = 0, the situation changes suddenly since then the wall becomes completely impermeable and all of the discharge is
forced to stay inside the test section. In contrast, the actual finite-length test section allows only a portion of the source discharge to
escape, and this amount decreases continuously as the porosity of the walls is gradually reduced to zero. Accordingly, for finite-length
test sections the wake blockage correction is continuous at zero porosity, cf. Section 4.10. From this we may conclude that the infinite
test section theory is an unsuitable mathematical model for low porosity test sections.

For porous walls, F = 0, we obtain from Equations (4.58) - (4.59) and (4.42) - (4.43) the closed form solutions [4.4]

3N n o n=1, 7=0
0,0) = (4.91)
ox» (ZW)nB (_,,._) n=1 5 0<r<1
n "2/ 7 s>, o<r<1
and
g 2m) 1+
0,0 = B g (——T) , n>1, 0<r<1 (4.92)
axr1lyy n 2

The symbol B, denotes the Bernoulli polynomials

B, (T) = T-
! 2
, 1
By(T) = T2 - T+
3 1
B;(T) = T3—ET2+ET (4.93)
By(T) = T4 - 213 + T2 - —
5 5 1
Bs(T) = T5 - —T4 +—T3 - =T
s (T) 2 3 6

etc., see Reference [4.19]. Substituting in Equations (4.80) to (4.83) we thus obtain for porous walls the correction formulas
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uy (0,0) = é [Bl (3)+ x(P)} + ﬁ—'a‘z; B2(3) (4.94)
o - () 2 0039

where 7 is given by Equation (4.44) and x by Equation (4.62).

The first one to use systematically the Bernoulli polynomials in the porous wall theory was Brescia [4.20], even though he
did not identify them as such. Unfortunately, his elegant theoretical result went almost unnoticed and preference was given to special
interference factors, discussed in Section 4.7.

From Equations (4.94) to (4.97) we obtain for solid walls, 7 = 0,

1 1
uy (0,0) = 5 ZLJ’E ;mz (4.98)
g*h g°h
©0 = = <° (4.99)
w(0,0) = — — . .
12 5h2
auW
——(0,0) = 1 on (4.100)
ox 6 8h2
an 1
L
_Y - = 4101
P (0,0 12 g (4.101)

Equations (4.98) to (4.101) are classical results of closed wall theory. The first term of Equation (4.98) is the wake
blockage correction due to Thom [4.15] and Goethert [4.21] ; the second term is the solid blockage correction by v.Baranoff [4.22].
Equation [4.99), upon substituting for «w from Equation (4.23), is recognized as the incidence correction according to Allen and
Vincenti [4.23]. Equation (4.100) is the velocity gradient correction derived by Thom [4.15]. Finally, Equation (4.101) is the stream-
line curvature correction given by Prandtl [4.24] in his original work on wall interference.

Similarly, for open jet boundaries, 7 =1,

1
uy 0,0) = - = —— (4.102)
N 12 BShZ
1 v 1 wr
W(00) = -5 T (4.103)
Eli‘X(o 0) = -+ 9T (4.104
ox 12 3n? L)
ov;
1
—(0,0) = - =% (4.105)
ax 6 BhZ

Again, these are well-known correction formulas, cf. Pankhurst and Holder [4.25]. It is worth noting that open jet walls do not
cause wake blockage, Equation (4.10<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>