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ABSTRACT

"This thesis consists of two parts. Fint, a cealion aum-for the exponential of a i-

angular matrix S i introduced. It weurns how sensitive is to relatively small perturba-

flow in th. elements of S. d, a new technique (ma.is argumen reduclie. ) for comput-

ing periodic matrix fucti -sried and discussed in detail. By applying this technique

to the computation of wue can always reduce the problem to one in which the eigenvslues

lie close to the real ax. A
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INTRODUCTON

The exponential matrix a U plays a role in several fields of mathematics

and applied mathematics. particularly control theory. The possibility of

computing * U war considered as soon as computers became available.

Nevertheless the computation han proved harder than might be imagined for

such a well behaved function as ezp I In 1978 Moler and Van Loan published a

papert with the title

"Nineteen dubious ways to compute the exponential of a matrix."

Among the. approaches mentioned in the Moler-Van Loan article in the use of

the Schur form. This seemed to promise a stable computation. Nevertheless

there remained one weakness in this approach.

LetS a 31SigJ be the Schur form. Clearly, if , and Sa have comn-

mon eigenvalues than S should not be split up to facilitate the calculation.

IA. obvious Is the fact that accuracy may also be lost when Sj and SU,

thougb 'ar apart, have common elgenvalues in their exponentials. This has

bee -A* stumbling block, and the only stumbling block to the success of

fthnr fam techniques.

One of the contributions of this thesis is to remove this obstacle by a

new technique that we call matrix argument reduction. The problem is

thereby reduced to one in which the eigenvalues lie close the real axis. Con-

sequently exp(Sl1 0a'exp(SU) <=> S1 ON Sm. Now we have a stable pro-

oedure for computing exponientials of arbitrary square complex matrices.

Just as the Singular Values Decomposition (SYD) is not always the method of

choice for Legast Square problems, our procedure may not always be

t Tebg part 76-US Dept. of Ctnpufter Soiaie, Cornsf UnIvatity, Ithaca, Noew York.
516 spysawin lRlwhww.
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preferred for exponentiating matrices tA. Nevertheless. even if it is not the

fastest technique. our approach furnishes a reliable procedure for tackling

even the most difficult cases.



Part I.

A Measure of The Sensitivity of
the Exponential of Triangular Matrices

II



1. Introduction

The sensitivity of •gA to small changes in A is an important topic in the

analysis of algorithms for solving linear systems of ODEs with constant

coefficients. In finite precision arithmetic, one cannot expect to do better

than to approximate the exponential of a slightly wrong matrix A+6A. Con-

sequently, several researchers have obtained bounds on

1168(A+WA 0 A1 1 or Ie (A+SA) --a 1 ()

where the matrix A+6A Is a small perturbation of A. See [3]. [7] and [10].

We cannot improve on the bounds given in the above papers for a gen-

eral matrix A. Our work stems from the realization that these days a prelim-

inary reduction of A to Schur form S is a routine matter with moderate cost.

Moreover, having reduced A to a triangular S. it is possible (see section 3.1)

to compute 0 in floating point arithmetic to yield the exponential of some

S+6S where 6S satisfies 16S ISConstxnt e ISI (element-wise). Here e is the

arithmetic precision. Consequently. it suffices to examine the sensitivity of

a1 with respect to small relative changes in S.

In practice, the computation of the Schur form of A will yield the exzct

Schur form of some A+6A with a very small 6A (A+6A=USUH. where U is

unitary). Our results give a realistic estimate for the difference

IlfL(. 5 ) - uHA A UIl Of course, whether •A4*A is close to eA depends on

both A and 6A. This question is not fully resolved. As a preliminary step.

Appendix L.A offers an integral representation of eA - GA+4; but it is too

complicated to allow a realistic error bound in terms of the computed Schur

factors.

.,:-: ", ,- .. .... .: ,. ... ., .-... ., .... I
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The main result of the following sections is a bound (Theorem 3.4) on the

spectral norm of the matrix COND(eS; tij). where the (p.7) element is

defined by

[COND(e s; j)]p. =s...

This element is a measure of the change in the (ij) element of e5 to a small

relative change ins,, To condense all this information to a single number.

we propose the condilio number of S for ezpanantiation to be

cond(S;exp) ~ .

where D is diagonal and N is strictly upper triangular and such that S=D+N.

An alternative name is the exponential condition number of S.
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2. A Representation of Functions of Triangular

Matrices

2a 1. Notations

Let Z denote the abscissae Z=( 1 ,C2 ..... C,). We follow [5] and use A:(Z)f

for the k-th divided difference of f on ( , +, . .+t).

When Z has exactly k + 1 elements, we suppress the subscript and use

Ak(Z)f to denote the highest order (k-th) divided difference off on Z.

For a matrix A, I A I denotes the matrix all of whose elements are the

absolute values of the elements of A, i.e., IA I j= IA 1. The notation A:B

means that Aj:gBj for every i and j.

Finally, let Eij be the set of multi-indices =(aco,ol .... ak), where all

a's are integer and i =ac<<.. <at =j . For examples,

= (iL+1j),(.i+2j). . .... (i.j-1,j)j., and so on.
Notice that if ael-", then £+- O o j-(k -l) for 1=1,2..... -1.

2.2. A Representation of f(S) in Terms of Divided Differences

Given f an analytic function and S=(sj) an upper triangular matrix. every

element of f (S) can be written in terms of the exponential divided

differences on eigenvalues of S. This representation (Theorem 1) can be

found in Van Loan [9] (see also [6] and [8]). Here we give a different proof

which is simpler than the one in [9].

For simplicity, let C denote an eigenvalue of S, i.e., Cj=st.t, i=1,2.....n.

According to [2]. when f is a holomorphic function defined inside and on a
iI



4

simple closed contour C in the complex plane (positively oriented), then the

divided difference AI(Z)f has the following representation:

A(Z)f -ff (2.2.1)

Another useful representation of the divided difference is Herrnite-Genocchi

formula (cf. [5])

AI(z)f =4 f. f /v)[¢,+( ,+,-,) V+.+(',b -4,+ _,)i) ] L, (a2.2)

where f(") denotes the k -th derivative of f. This formula will be used in

later sections.

The key to the result is a formula for elements of the resolvent of S.

Lemma Z.I. Given z not equal to any of the eigenvalues of S. the resol-

vent of S. X=(zI-S) -1 , has the following representation:

0 if j <i,
1

J= (z-) if =j
(2 ?.3)

t 1 if pi

Proof. Let X=(ztj) be defined according to (2.2.3) and let

C=(cj)mX.(zI-S). We want to show that C is the identity matrix. Since S is

upper triangular, it is obvious that cij-0 for j<i and ct.t=1 for i=1.....n. To

show that cjj =0 for j >,. note that for j >i.

Cj4 = X t.. (I-S).j

ma
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It suffices to establish zij(z - j)= z.m'smj From section 2.1. if ucEtj.
m--

then at =j and ao=i. By the definition of %.j, we have

CFO 471 
8 'b-1.0hXtj(0-j) = t E z -,o..( o,,_,.o,,, ,..,(Z- .O)'... _,

_ i - + S,8o#"""a..a_
+ ~(z-¢o*0)..zU..( ) Sqhl_,)

Set m =a-1. Since j-1a--j_=m i+k-1 (see section -1). the right hand side

becomes

1 Stj +t t ( s~*(z A=2 m-i- OC4-1. (z -o)..(-o,X( -z

interchanging E's, we get

Xmsj+ E

By the definition of zjm, the above expression is equal to

ZtJ'tj + j.j m '.msmj.

This proves the lemma. u

Let C be a simple closed (positively oriented) contour that encloses the

eigenvalues of S. It can be shown (see [2]) that

f (S)= 1 -f (z)(zI-s)-1dz. (Z2.4)

Theorem a. Given S upper triangular with eigenvalues =sj.* and f

analytic on some region containing , . ¢ we have
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f 0 -ifji

f (S)tj f f( O if (aas.

t E ~ .~Z) if j>i

where .

Proof, From Lemma 2.1 and (2.Z.4). we have

f (S)tj = W.ff (z)xtjd.

where (zxj)=X=(zi-S)- 1 . Consequently f (SjO= when jOt and

f (S) 4 j f (C). For j >i.

f (Ai=3L-A E SWVWle,.Uh'"* f(zd

v!Y~ES~e~St ( 1  (z)dx

This proves the theorem.

The theorem has some interesting consequence.

Corollary Z3. Let S D -N where D is diagonal and N is strictly upper

triangular. Far j !i and t2!0.

If (tS)t 4 I !!, Wi INI)j maxI f U-(t 4) j(2.2.8)

where 11 is the convex hull of Ct..

Proof. We first prove that (cf. (6]), for k >0.



0 if j o.,
f Ph f (M if i j.

{ It g ~ ~ G i S * 3 Sv .lg .A ( . f x (Z.2.5)

where Z=~ 0 .

Proof. From Lemma 2.1 and (2.2.4), we have

f (S)tj = ikjff(z)xtfdz-.

where (xj)=X=(zI-S)-1. Consequently f1 (S)j 4 0 when j <t and

f (5h.t~f ( t. For jX,

I (s)t=;Wf E~ (:'-.f)...z -f(z)dx

This proves the theorem.*

The theorem has some interesting consequence.

Corollary Zaa Let S=D+N where D is diagonal and N is strictly upper

triangular. For j',ai arnd t~t%

If (th.,i (6e1 ')'hji iax1Pf(')) .(a

where ?)is the convex hull of~

Proof. We first prove that (cf. (6]). for k' >0.



I s. . "if j - .

0 otherwise.

It is obvious that (2.Z-7) is true when k-1 and that (N)tj=O whenever

j-L+k. Assume it is true for some k2!1. then for j-i+k +1

' (NbJ~) 44 =(ivb.),.
N 1= *5= ( hJNj

ma4 4-b ,.mint eb

By the principle of induction. (2.7) is true for all k.

Now insert the inequality (see (5]. section 1)

into Theorem 2.2. For j >.,

If (tS)jI 'I pj(t)m x If (c)(C)I (2.2.)

where

b-i

Because of (2.2.7), the polynomial in (2.2.9) can be written as

ut ,(2.2.10)

When =j, both sides of (2 .qual; therefore, together with (2.2.8) and

L . .J ..



(ZaZi1). we have for j Xi

When f is specialized to exp we obtain the result we need in the sequel.

Corollary 2.4. Given S =D +N as in Corollary 2.3, we have

asIs e1 R*M+D).t (2.2.11)

roof. Applying Theorem 2.2 to .f =exp we get for j >i

Ee), ISU* ~ (Z,)exp I

Since

I A"(Z)exp I A" (ReZ)exp (2.2.12) I

(the reader can prove It directly from (2.2.2). or see [51). we have

E 'gt'~h j.O(ReZ.)exp

Ienark Corollary 2.3 is not new. It may be found in [9]. though the proof is

different. Corollary 2.4 is a sharpening of a result in (9]. which asserts

where a(S)=maxRe~t. Corollary 2.4 may be proved by using certain

differential inequalities, see Appendix L.B.



3. A Condition Number for The Triangular Matrix
Exponential

3. 1. The Sensitivity of (e%

Let us define. the matrix r(s)=Re(D)+ I NI where D is diagonal and N is

-strictly upper triangular such that 3=D+N. We shall examine the relation

between the quantity (.IN))t 4 and the change in (e')hj under a small rela-

tHu. perturbation in S.

Given any function g (x) and a small relative perturbation (I +6)z of z. a

good measure of the rate of change in g(z) with respect to z relatively is

limO(+ )O =zgz. (3.1.2)

It we consider ("l)tj as a function of st~4 s. 1 .. sjj . then the

corresponding measure of the rate of change in (a S)jj with respect to a par-

ticular element s .. (it9p.q!5j) is

We may call the above measure the shelsilfrty of (.S)tj with respect tos..

Associated with each (.S)tj is a matrix of sensitivities,

881.1 8a.2 s.

COND((e')tj)

8'hj

Our objective is to find a bound on ICOND((3)tj)I11 (see Theorem 3.4).
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We shall use the following notations.

IISII a (max eigenvalue of SUS)l (spectral norm),

lSl, =jmaxEIstjl (1-norm).

IlSl-r maxIstjI (a- norm),

GxH a J(g,h): g iG.hcHj

Recall Etj is the set of multi-indices Ia .. (.o,..... qa). where

1-t
i=a~ff.-Cu1  =j I. Let Ej a u- j . Also recall Z.=(.... ¢.,) where

t = u, k1..... . By Theorem 2.2 (eS) 4j has the following representation

(8"),j Saa, ' *Sk1-hA ... ,..._...a(zw)exp. (3.1.4)
hul grJ~S

Note that (03))tj has the similar representation

(,Oc)j = 001 .. , .Is'-,,_,.,, I-A*(ReZ.)exp.

We begin by proving the following two lemmas.

Le=a 3.1. For any integer m between i and j-1. let R=

[t,^]x[m+1,1], Le.. (p.q)cR if and only if t psm. m+ 1!qj. Then

°(' ' "(.c ), .(3.1.5)

Proof. Let ;.q denote all a in Ej such that for some L, or, = p and a,+, = q.

Since m lies between L and j-1. for any a in Ad there must be some or and

a&+, such that o'i - m < ag+,. Thus

stj U xp.q.

However, it is not difficult to see that for (pq), (r,u).R,



=0'. rrs it (p.q)9(r.s).

So. Ej is a disjoint union of X4~q (p,q)eR. Since for auE:E.j

a,., -(S goatSb lA' (Z#))=
0 otherwise.

we have, using the representation of (es),14 .

(Ae.lal eb, ZF)

Oki I(Nugq.' 9 b jIbhl Ah (Z.)) I.

Therefore, by (2.Z.12)

I ~ Is..lIa~b..Ie(ReZg)

TAmma 3.2. Recall Cm= M n.rn is the eigenvalue of S. 1lin-. Then

To prove this Lemma, we need the following key result which brings in Re~t in

place of Ct.

Lemma 3.3. For any acr

a -9 -- A(Z.)I A(ReZ.).

Proof of Lemmna 3.3. For simplicity, we write Lb for Abt(Z.) whenever a is

fixed. From the Hermite-Genocohi formula (2.2.2). we have

r'
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I Pl *'b-i

Lb =ff.. f .. *dyl.
0 0 a

Take the partial derivative of Lb with respect to and set i,0-I. u;+=O to

And that

f" -... fSc, .>.[ ./.,<,o,,,.,,

Note that lwvawg'k ... ,vaO& so (v -v,+I)aO and t (vp -vp,)=. Hence

0 .3 J, ,,II .. ,

A"L (ReZ;).

To complete the proof, notice that -0 for a., . pk, so

I1 4, . , ac &(Z.), hb(ReZ.).

JP'oof oJLmm 3.2. Usin the representation of (es)tj (3.1.4), we have

mI~c mI ~R
0(."),l apgt,.*

By Lemma 3.3, it is lose than

J I 1 *,FD, I lf.._.. A (ReZ,)

, ,.
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=:max1WI(113J9tj.

Lemma 3.1 and Lemma 3.2 together yield the following theorem.

Theorem 3.4. The sensitivity matrix COND((eS)tj) of each element

(.S) j of as satisfies

IlCOND((es),j)II (1 + maxi (3.1.6)

Proof. Since =0 forp<i orq >j,

IICOND((1s),j)II = max S" (es)jI

" I ¢8o~es~D oes)tja¢,)t I + I8. - Igut at& ( .q)O R

where R=[tw ]x[m +1,]. Hence, Lemma 3.1 and Lemma 3.2 imply

Similarly

IICOND((es), j)ll- & (1 + max{ €,{).(.rC')) 4

Since

JIB112 = max. eigenvalue of (B"B)

£ 112" IIJuI= IBII.'IIBI{i.

the theorem follows. .

The theorem and lemmas in this section suggest that (or($)),, is the

essential quantity that measures the norm of the matrix COND((e6)sj). In

fact, if we allow no perturbation in the diagonals tt's (i.e.. replacing the diag-

onal of COND((s')1 4 ) by zeros), then IICOND((es) j)It (a Ts)),j. The factor

. . . . . . . . .. ..f
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maxi ' I in (3.1.6) comes only from the effect of small relative changes on

the diagonal. This factor can be reduced considerably. For example, con-

sider the one dimensional case: compute a- 1000 The logarithmic derivative

of a -two is

-1000 -1o000 = -1000,
;=10000

which indicates correctly that one ulps (unit in the last place) change in the

argument -1000 will result in a thousand ulp's change in e - 10W. However,

modern implementations of exp have taken the trouble to do better than get-

ting 00"'+).

As a matter of fact, in [5] we exhibit an algorithm for computing the

exponential divided differences with guaranteed accuracy

IJf(At(Z)exp) - A?(Z)expl ic c"&4 At(ReZ)exp.

where r is the precision of the arithmetic and Kt depends on k only. Thus, a

typical error analysis will show that if one computes a$ by formula (3.1.4).

then for some X'$_j depends only on the difference j--.

If,(W),j) - (S),j 1 1 eKJ..-v(e"))j (3.)

Conclusion. In view of the above discussion, we define the absolute sensi-

tviy of (S)/j to be (er(s))j (ignore the factor (1+maxjj I)); and the rela-

Liv sensitivity (relative to (a5 )4j) to be Pij =jprvid (eS) 0.

p d
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3A. Perturbation Bounds

Since the matrix exponential problem is closely related to the solution of

linear systems of O.D.E.'s one might suspect that similar results concerning

the sensitivity of aU would have been in the O.D.E. literature. For example.

a simple corollary of the following integral representation (cf. Bellman [1])

yields perturbation bounds similar to our results in Theorem 3.4.

heorem 3.5. Let A and B be square matrices.

£
#(A +3) - egt = fs( 8 -e).(B)'s(A)d-r (3.2.1)

0

Proof. Let X(Q) be the left hand side of (3.2.1). It is straightforward to see

that X(t) satisfies the O.D.E.

dt

The theorem follows by integrating the above equation from 0 to t.

Let 6S be a triangular perturbation of an upper triangular matrix S.

CWoUar7 3.. If I6S c IS I t then, as c-0,

63 S~e -6 S~ i :.(Maxlst.tl' + I.r(S)).r(3) + o(C2) (3.2.2)
2l

Pr-oof. (3.2. 1) implies. ass-0.r

es(S+SS) -as =t =eO -)s.(oS).e'sar + 0(c2).

Note that r(s) dominates S I except on the diagonal. In fact

16S 191 es s (l'(S) + 2axlN.t 1~).t I
tRecall IA I denotes the matft wbm element, are the absolute values of the elements of

A.

-. . . I_, . _& < .



Since ae !5 1'S (Corollary 2.4) and r(S)e M7S) =e 1r(s(), we get

a 1S+4s a f,(1Orr(S). I 6S e 1(S)dr + Q(gZ)

!zfei--,r(S.6,q)(rS)+2axJstj I -I)dr + 0(z2)

!9c-(max Ismi. + ~L r(S)).er(s) + OWe).

We should mention that Corollary 2.4. namely. 1 S & e IV~). can be

derived without using the explicit representation of es given in Theorem 2.2.

In fact, it is just a corollary of the following typical differential inequality in

O.D.E. .

Theorem 3.7. If Y,(O) ! I g(O) I and YY(t) q I'(t) I (ft O). then

Proof. It follows from integrating *' and go' from 0 to tL

Corollary 3.8.

The proof is given in Appendix I.B.

It is possible that someone has already obtained results similar to

(3.Z.2) in works related to O.D.E. ; but our search of the literature has not

revealed iL. To compare the result of our approach (using the explicit

representation of (es)jj) with Corollary 3.8. we give a perturbation bound

derived from Theorem 2.2. Recall (es)jj has the following representation

(for simplicity, we drop the reference of exp in &A(Z.)exp)



1?

Theorema39. If 16S I IeS 1.then. as -0O,

(e 34ds - eS)j4I 1 ! e(j -i+maxl sW~ )(er1(s)Xj + O(C2) (3.2.5)

Proof. A typical component in the right hand side of (3.2.4) is of the form

*LI'2 .. *'A(X) (3.ae)

where X=~ 1  .  is a subset of the eigenvalues of S. The correspond-I ing component in the perturbed element (es+ds)tj is
(C~j6C~)'(L2+62)'(ak+6C[AAV 6X)(3.2.7)

where 1 I at Ia and 16tiI~grI Ci1. Since A" is a smooth function of each of

its argument, we can expand Ak(X.46X) at X to get

Aht(X+6X) = Ak(X) + 6At(X) + 0(62 ) (3.2.8)

where

6Ak;(X) = Lk()

It follows from Lemma 3.3 that

16k (X) I mxI t I A(ReX).

Now. subtract (3.2.6) from (3.2.7) to get

l(a+dao)A*X+dX) - fa-'X

=~ ?Iaa[ J+ ).(&k(X)+6A,&(X)) -,&k(X)] 0(C2)

!Ca4 .Ab,(ReX){[(1+e)kl+s.MaXI t II + 0(&2)

fI at It (ReX) (ek +e maxil + 0(V2).



As a consequence, we have, as s - 0.

1(eS+OS -.S) 4 t 1 !

:9s&-.i+maxIst.jI).'t IsWO0.., sk.UIA(ReZ,) + 0(W)
t k=1

:9e&L-i+maxI jstj)I (s))4 j, + 0(e 2).

The reader should notice that the perturbation bounds (3.2.1) and

(3.Z.5) are similar but different. It is not clear which one is sharper in gen-

eral.

3.3. An Exponential Condition Number

Recall that r (S) Re(D)I-IN I where S=D 4-N. D is diagonal and N is strictly

upper triangular. In section 3.1 we defined

ItS)=(elh)j (3.3.1)

to be the relative sensitivity if (e'hj. In case of (es)j0O and (sr(S))44peO,

we set ptj =. The reason is simple : when (e Shj =0, a tiny perturbation in S

will turn (es)4 4 into a non-zero element and hence the relative change of

(eS)j is -. When (ellS))=O, we de&Ine p(j=1. For, it can be shown that

from the representation of (e'( 5 ))4 4 , (e1'(S)) 4,j=0 implies S is reducible: some

integer m exists such that s,.q, is equal to zero for il-p!9m and m + 1!gq <j

i.e., the sub-matrix

St~ Xt(+1 St1

Sjj
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In this situation, only perturbations in S, and S2 are considered and (eS)tj

remains zero.

The measure Ptj is quite realistic, in the sense that the relative error in

the computed (eS)tj (by some some of our best numerical method) agrees

with P4J in magnitude. Let us consider the following example.

1 2.7727

-1

The exponential of S and P(S) are (correct to 5 significant decimal digits)

[2.7183 5.1548 -3.45921o-6 2.7183 5.1548 8.5190

1 -1.2642 er(s )=  1 1.2642
0.36788 0.36788 J

The sensitivity of the (1.3) element is

P3= 6.5190 18,6
1z= -3.459210-6{ 1.8z6

which indicates that (eS)1.3 is sensitive to rounding error. For instance, if one

uses Parlett's recurrence ([5]) using 5 significant decimal digits arithmetic.

one obtains

2.7183 5.1549 4.767010-6
tz~e)=1 -12642 .

0.38788

Notice that not even one digit is correct in the (1,3) element This is

expected since a perturbation of 2.7727 to 2.772707 will yield an exponential

equal to the above fI(e$ ) up to five significant decimal digits.

In the above example, the (1.3) element is so small that it is negligible

compared to the other elements. Therefore. the inaccuracy of that element

will not have much effect on the whole matrix. A reasonable single measure

r .
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for the matrix as a whole is the following:

Definition. The condition number for the exponential of a triangular

matrix S with respect to a given norm is defined to be

coft(S)=ca, (S~exp)w Ile"IN 3..2

In the above example, cand(S) M 1.8.

Remark 1. In practice we are only interested in concrs order of magnitude.

Numerical examples show that the number of decimal digits lost in fI(eS) is

usually smaller than logocond(S) . Since there is no need to compute

cond(S) accurately, a fast method can be employed to compute • r (S) for

cond(S) (notice that r(s) is real). The cost of computing •r(s) adds about

20% to the cost of the Schur form and the cost of as .

Remark Z We have performed numerous experiments on various matrices

based on tie nurm-rical algorithm (for the matrix exponantial) suggasted in

[5]. We compared the relative error in ft (as). namely

Hfi(s) - eS 11

with t.cond(S) (where r is the machine precision) and found that cond(S) is

a good predictor of the error in magnitude. provided that the matrix S is

first reduced to an equivalent matrix that has eigenvalues bounded in their

imaginary parts by a small number like ir (cf. Part 11 Matrix Argument Reduc-

tion).

• , I
" * 't' I J d'(" "" [il , , * ." . . . .



21

In general. if I(S) S (con'd(S) in 1). then we expect a~ can be com-

puted accurately.
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4. Numerical Results

Two sets of examples are considered in this section: the first one con-

tains matrices that approximate ln(JC) where JC is the Jordan block with on

the diagonal. The second set contains matrices of dimension 6 with various

imaginary parts on the diagonal elements.

The computation of as consists of two steps. First. S is reduced to a tri-

angular matrix C whose eigenvalues are near the real axis. Then, using the

Newton polynomial of exp(C).

exp(S) = exp(C) = A*(Z)exp.I + Al"A,(Z)exp. ?I(C-sj I).
bul Jul

Here Z=( I, ..... ') is the diagonal (eigenvalues) of C. The coefficients

ANZ)exp are computed by a hybrid algorithm (SH) suggested in [5]. The

details of the computation will be given in another paper. Because the

exponential divided differences can be computed accurately, Newton's

method is quite reliable (although it is slower than Parlett's recurrence [6]).

In what follows, we use single precision arithmetict to compute 7/(eS)

and cand(S). The relative error in fL(e s ) and the number cond(S).c

(c=2 -2 4) will be compared.

All oomputatlozu in this section are done on a Vex 11/780. The single precision arithmetic
is -7 decimal uignlflcmt digits and the double is -16 . Vaz is a trademark of the Digital Equip-

eI Carp.
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The general form of the matrix considered in this example is the matrix

1 1 1 (-W

Sn 1

InC

where

Jr.

Because of the roundoff, exp(SC) is close but not equal to J€. Our results are

summarized in Table (4.1) and (4.2). In Table (4.1), the first column is the

value of '; the second column is the dimension of St; the third column is

I I fI(exp(rXSC))) Ii
cd = co,.,(SC) = IIfL(exp(St)))l•

and the last column is err/c (e=2-24), where err is the relative error in

fl(exp(SC)) in norm

err =err'1(exp(S¢))) = liIIf(exp(SC))-exp(SC)ll,
llexp(SC€)llt

Table (4.2) contains the details of the elements of SC and exp(SC) when n=5

and =0.25. The reader should notice that the condition number of each ele-

ment is a good prediction of the relative error in that element

I.

J2
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J n cand(St) e'rr/ r
5 2.5 0.3

1 10 5.0 1.0
15 7.5 1.7
5 10.4 4.0

0.5 10 341 170
15 10921 1615
5 68 32

0.25 10 7X10 4  4X10 4

15 6xo je 3x 100

Table 4.1. Condition numbers and the relative error in exp(Sf).

tj St4  f I(eS?)t cm-,ract value PIJ rel e"-/c

(1.1) -1.386294e+00 2800000.-0l 2.SOOOOOe-01 1.Oe+00 &.4e-02
(2.2) 4.000000e400 1.000000.+00 1.000000.400 1.0.400 6.4e-02
(1,3) -&~00O000+00 0000000.400 0.000000e400 4.0e400 1.0e400
(2.4) Z 133333.+O1 O00000.+00 L=0U47"7 1.06+W8 1.70+07
(1.5) -6.400000.401 81023e-06 &~357830.-07 1.0.408 5.9e+07

(2.2) -1.386294.400 Z500000.-ol 2.500000.-O 1.0.400 &4e-02
(2.3) 4.000000e+00 1.000000e400 1.000000.400 1.0.400 8.4-02
(2.4) -6.000000.00 0.000000.00 0.000000.400 4.0e+00 1.08+00
(2.5) 2.1333:33.401 0.000000.400 1.589457e-07 1.0.406 1.7e+07

(3,3) -1.386M94+00 25000C0.-01 2.00000.-01 1.0.400 6.4.-02
(3,4) 4.0000008+00 1.000000.400 1.000000.00 1.0.400 6.4e-02
(3,5) -6.000000e+00 0.000000.400 0.000000.00 4.0e400 1.0.400

(4.4) -1.386294.400 Z500000.-Ol 2.500000.-Ol .0.+00 6.4e-02
(4.5) 4.000000e400 1.000000.400 1.000000.400 1.0.400 &.4-02

(5.5) -1.386294.400 2.sooooo-oi 2.5000008-01 1.0.400 6.4-02

Table 4.2 The elements of ezp(SC) and their~ seniivt~ies
(with n -5 and (--0.25).
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Exmmple (H).

-20ki 0.25 -12.5 75 -99 183.5
-10ki 0.25 -12.5 75 -99

-5M 0.25 -12.5 75
0 0.25 -12.5

5M 0.25
10ki

In this example we apply the argument reduction (cf. part H) on S

before the matrix exponential is called. The reduction matrix Cis triangular

and its eigenvalues are near the real axis. It may worth to mention that

when our matrix exponential is applied to SA directly. the relative error in

fI(exp(Sb)) is much larger than those in fl(exp(C)). We summarize our

results in Table (4.3) and (4.4). In Table (4.3). we list the relative error in

fl(exp(C*,)) in the third column

veL 0"=- I f(exp(4))-exp(S) IIl
Ilexp(Sb) li

In the second coltunr, w2 give the exponential condition number cmnd of St.

The first column is the value of k. In Table (4.4). we list the details (the ele-

ments of the matrix exponential and the condition number of each element)

of exp(Sa). Again the pjj gives a fairly good indication on the size of the rela-

tive error in the Qj-th element (except the diagonals and the superdiago-

nals, which are computed by special formula, cf [5] for the special formula of

the first divided difference).

'I



26

kc cond -rel err:
0 1.7 0.3
1 50. E.0
2 96. &_ __

3 138 34.
4 192 44.
.5 492 96.

Table 4.3. coizd vs. err/ c on Sh's exponential.

ijfL (exp(Sc)) correct value t rat er/

(1.1) 8.6=109L-01 5.063670-01 8.6289e.01 5.063656e-01 1.0.4.00 2.5.-Ol
(1.2) -1.219954-0S -&. 132356-04 -1.219054e-0S -& 132358&-04 1.9.e.02 7.?0-01
(1.3) 6.2326VA-02 2.148104e-02 B.233648e-02 2.14808e-02 1.9.e.02 9.0.4.0
(1.4) -3.798694e-Ol -1.032520.-Ol -3.798592e-0l -1.032819-01 Z.0.402 9.9e4.00
(1,6) 5.066295.-0l 1.02556e8-01 5.08=5271O 1.025522e-01 3.8.402 8.0.401
(1,8) -9.670381.-Ol -1.286246.-Cl -9.670222e-01 -1.285225e-01 1.2.e.03 2.4.402

(Z,2) 9.649680"-1 2.82748-Ol 9.84080e.-01 2.823749.-Ol 1.0c4.00 5.0.cl0
(2.) -1.300231.-OS -Z26878-04 -1.300231.-OS -2.62378e-04 1.9e4.02 9.1e-01
(2,4) 6.55940e.-02 8.758658-OS 6.559459.-02 8.7586g09.O 1.9.e.02 6.9e4.01
(2,5) -&.948144e-01 -2.62426le-02 -3.946142L-01 -2.8242g1.-02 2.0e4.02 9.0.4.00
(2,6) 5.222191.-Ol -1.132139.-O8 5.222168e-01 -4.065758e-19 &8.e.02 7.5.4.01

'(3,3) 9.912028.-0l 1.323515.-Ol 9.912028e-01 1.323518e-01 1.0.4.00 3.4e-01
(3,4) -1.32=17.O3 -8.797189.O -1.323518.-OS -879718e5-O 1.9e4.02 .Lie+OO
(3,5) 6.617710.-02 -9.313226e-10 6.617670.-02 -3.252607e-19 1.9e4.02 8.5.401
(3,6) -3.948144.-Cl 2.64262e-02 -&.948142e-01 2.824261.-02 Z.0.402 7.5.4.00

(4.4) L.OOOOe4.O 000.00 1.00ft00 LW0000400 0.000000.400 1.0e4.00 9.3e-10
(4,5) -1.32317.-OS 8.79?167e-05 -1.323518-03 8.797185.-O5 1.9e4.02 1.1.4.00
(4,8) &.559493e-=2 -8.758656-OS 8.559459e-02 4.758609.-OS 1.9.e.02 8.7e4.01

(5.5) 9.912028.-O -1.323518.e-ol 9.912028e-Ol -1.323515.-Ol 1.0.4.00 &U4-Gb
(5.6) -1.300231.-OS 2623678.-04 -1.300231.-OS ZS6?8-04 1.9.e.02 6.6.-01

MeA) 9.849660.-Ol -2.62348e-Ol 19.649650.-al -2.6=3749"1Cl 1.0.4.00 5.0.-O1

Table C,4 The elements of exp(9g) and their uenaltiviies .
(Complex number Is represented as a pair of Integers.)
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Appendix I.A. Stability Analysis of The Schur Decompo-

sition

Given any square matrix A. there exist (by Schur's lemma) an unitary

matrix U and a triangular matrix S (with the eigenvalues arranged in any

desired order along the diagonal) such that = UHAU. S is called the Schur

form of A (associated with U). and sometime we call (S. U) a Schur decompo-

sition of A. Since f(A)=Uf(S)UH for any analytic function f, eA may be

computed by UOsUR; accordingly, it suffices to work on S. The worry in

using Schur decomposition to compute eA is whether the whole process is

stable. In order words, if the computed S and U satisfy A ;u USUH and

UUH M I (whether or not S is close to the exact Schur form), does

V4 F UeS UN? We will answer this question in this section.

Notations

We fix some notations. Let K(X) denotes the condition number of X (for

matrix inversion), i.e., K(X)=I]XI[j.jX-lj. Here 1"[II will elways denote thre 2-

norm. IIAII=max IjAzl i. We also use the spectral abscissa (or the index)

a(A)=max I Re(f): .spacrum(A) I (al)

and the log norm

js(A)=max uslM ec"'frum ((AH +A)/ 2). (a2)

The log norm has the following properties (see [3]):

I,(A) I'IIAII.
IA(A+B)!9(A)+u(B). and (a3)

a(A),;&(A).
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Bounds on exp(A)

We summarize some results on bounding g8A, which will be used later. All the

following bounds can be found in [3]. [9] and [10].

(a) Lower bound.

111AII >tl(A) t0) (a4)

(b) Norms and log norms.

ll, U ll !C 09;4 ) e 8 IIA1 ( t Xo ). ( 5)

(e) Jordan canonical form. If A=XJX -1 and n is the maximum size of the

Jordan blocks in J , then

lie&l l 'mK(X) • max Lea(A) (a6)

(d) Schur decomposition bound. If UffAU=D4N where U is unitary, D is

diagonal and N is strictly upper triangular, then

lie U llCg'a(A)t ' lltN11l (a7)
k-0 k!

Remrk. These bounds have been discussed in detail in [3]. One can always

find examples that favor one bound over the others. For later use the follow-

ing slightly general form

II s 4j l l pA(t). s" (A) (

will be used to represent the bounds (a5-7). Thus g(A) can be the index or

the log norm of A, and pA (t) can be a constant or a polynomial in t.

IM
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Theorem A. 1.

If A -USY=E and I- VU=F, then

It
u9A -UeS Vfe (I-)A (EU -USF) e's V dr. (a9)

0

Proof. Let X(t)meLA-UatSY, we have

Jrti-d X(t)=AeU-~USeSSV
cit

=Me'AUS(F+VU).utS V

=As 1 -USFe,3 V- USV V(UeS Y')

=MA 1 -USFe IS V-(A -E) -(Ue'S Y)

=AX(t)+(EU-USF).etS. V

Thus

G0tA.(X.(t )-AX(t ))=e 'U (EU-USF)e*s. V

or

Taking the integral of both sides from 0 to t.* we have

Iff4 AX(t )=fe -A(EU- .USF)e-SdT.

The theorem follows by multiplying etU from the left to both sides of the

above equation.

Corollary A.2

IetfA-ua'S VII!9tI V11 11 UtI(IIEII+ IISFII)tes(MA (); (alO)

118'A -U@'$VI!91 V11 11 UJI(IIE 11+ IISF[l)t-p (t)es-M4 (AS)) (all)

where P (t) Is either
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(a). a polynomial of degree less than m 1 +in2 -1, where mn1 and mp are the

maximum sizes of Jordan block of A and S respectively,

(b). a polynomial of degree less than 2n-1 with the constant term equal to

1.

Proof. Assuming IletA I5PA(t)e t(A). Theorem A. 1 implies

tt

"IIEU--USFII II vI Ife ('-)9(A)t (S).pA(t -- ).ps()d-r.
0

Since

(t --r)g (A) i-r(S) -- ((t --1}i-T)maxjg (A).g (S)j

and

IIEU-UsFII t IIVIIII UII(IIE+IISFII).
we have

I1.'A- UeSS VII-- 11 VII U II(I ElI + IISFII)fPA(t o -7);Ps(T) "r" e ()(S)I
0

The corollaries foilow by chousing sutable pA(t) and g(A) according to (a5-

7).-

Stability of Schur Decomposition.

When the Schur decomposition USU" is used, the computed U satisfies

IIUIl-IUJUMI1. Corollary A.2 implies that if IA-UHSU]IIcIlAI and

Iif- UUfI I . then. for some polynomial p (t).

11 1A -UOS UN 11 i-2ct-p()'maxjIlAII.lISII
MaXlIl~gIA 11leIllI

. ... .... ..
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This shows that whether S accurately approximated the Schur form of A

does not matter; as long as USUN is close to A, Ues UH is close to aA .

The corollary also shows the possible advantage of using Schur decom-

position to Jordan decomposition (in computing gA) when A has an ill-

conditioned eigensystem. If one uses Jordan decomposition, then

I Uljll Vjj=ljRjl lR-1 1K(R) where R is the matrix that transforms A to Jor-

dan normal form: R-AR=. ". Here K(R) could be enormous.

l !
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Appendix B. A Different Proof of Corollary 2.4.

It is well known (see, e.g. Bellman [1]) that a fundamental matrix 0 for a

system of O.D.E.s with constant coefficients x'=Sx is given by

((Itl < =)-

The solution $0 (vector function) with given initial vector qo(0) looks as follows

',(t ) = 0 1 .p(0)) (It I <in).

Similarly. #(t)=esr(s).*(O) is the solution of z'=P(S)z. It is not difficult to

see then that ]esl-!er(s) is equivalent to i(t) j9 (t)j for any V(O):Irp(0)l.

Thus Corollary 2.4 follows from the theorem below.

Theorem B.I. If g0(t) and Yl(t) are the corresponding solution of the

differential systems z' = Sz and z' r(S)z (S is a n by n triangular

matrix), and if ,(0) I (o) I (element-wise), then

*(t) I9(t)l (tL-0). (bl)

Proof. Since

d gp(t) = .-i' P(t) + Ea j.9j(t) (i= 1,2 ..... n ), (b2)
dt

we have. multipling both sides of (b2) by e-*- and rearranging the terms,

d [e st "9,(t]= <a( J. [e-%t .J(t )]. (b3)

Similarly,

-- . )]= Z I I' - ' (t)]. (b4)

When i =n.
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So for k =n Y,,t (t)tI9Pt(t)I is true. Assume that the inequality #j, (t)--eSo&(t)I

is true for i <kgn. Then

d=

= -I jCa t",j (t)f

Since Ywt ()tI Vj(0) 1. by Theorem 3.7.

Which implies

By the principle of induction. Yq(t ) I qt(f)j for every i :hence proving the

theorem.
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Part II.

Matrix Argument Reduction
and its

Application to Computing Exp(S)

' ... |in_._ _.__ _ H....



5. Introduction

One common and important technique in computing periodic functions

(like exp, sin and cos) is argument reduction, which reduces a given value X

to an equivalent value in a standard range. E.g.

sin(l0)=sin(lOO-32r)=sin(-0.530984.).

This technique can be extended to matrices. For periodic functions like

exp and sin, one can reduce a matrix B to some C whose eigenvalues lie in a

standard range. This technique is useful in the matrix exponential problem.

for exp is periodic on the imaginary axis and by working with C one needs

only consider matrices whose eigenvalues are near the real axis.

In this part, we restrict our attention to triangular matricest. We begin

with a formal definition of matrix argument reduction. Then, in section 7, a

numerical method for the reduction on triangular matrices is described.

Finally we discuss the application of argument reduction to the computation

of the matrix exponential in section 8.

t Am mstrix a in wdtarily similar to Its ScO= form S, wdh in tranguar.

nI

Wiilmm n



36

6. Argument Reduction for Matrix Functions

The objective of this section is to define an equivalence relation

"congruence modulo w" on square matrices. It characterizes matrices that

have the same image under certain periodic matrix functions. More pre-

cisely, if C is congrusnd to B modulo o. then f (C)=f (B) for function J of

period w. As a consequence, a given argument B may be replaced (for the

purpose of computing f (B)) by some other matrix with more desirable pro-

perties.

8.1. Integral Representation of Congruence

Given complex numbers 17. t and oO, we say t7 is congruent to f modulo o if

(17-t)/w is an integer and using the notation of Gauss we write

17a (mod . (6.1.1)

(If ( is not congruent to 17, we shall write t7 (mod w).) When there is no

doubt concerning the modulus, the mod t. of the formula may be omitted.

Notice that if i}a" (mod w) then some integer k must exist such that

v=t-kfj. and conversely. Hence. for any periodic function f with period C.

we have

f ( 7)=f (C-kr)= (C). (6.1.2)

By the Cauchy integral formula, t7 does have the following rather complicated

representation

17=C' C-=t) de' (6.1.3)

where r is a simple closed contour (positively oriented) that contains C in its

interior. For matrices, an analogue of the Cauchy integral formula is the

If

I:
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Dunford-Taylor integral. For any polynomial p (t) it can be proved that

P(B) Lp(z)(zJ -B)-Idz

where 1 is a closed contour that enclosed all eigenvalues of A (see Kato [0].

p.44). By analogy, this integral is used to define p(B) , even if p(t) is not a

polynomial but an analytic function with no singularity inside nor on r. as fol-

lows. Let XI ..... ,, be the eigenvalues, not necessarily all distinct, of a

given nxn matrix B. Let r1 8 1 .... r,, be a collection of positively oriented

simple closed contours. We do not assume these curves are disjoint; they

may cross. We do assume that each eigenvalue X4 lies on no curve rj. and

lies inside just one of those contours.

Let I(t) be a function analytic inside and on each curve rt; if g is mul-

tivalued then choose a branch of g for each ri, not necessarily the same

branch for every ri. Then

(i Ur

Of course, differert choices of branches for g on rP may result in different

value of P(B). In particular, we can choose g to be a "u-shift" function

p(z)=z-kjw inside and on P1 , for any integers kI, to obtain the following

definition:

Definition 6.1. C a B (mod o) just when C is a c.-shift function of B:

C=qP(B)=(e.)
2 ur1

Note that the eigenvalues of C are V(X1)=I-kai. Therefore, each member of

the class of matrices congruent to B is determined by the set of integers

lI
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EXAMPLE. For any matrix B and any integer k.

B--kwa-B (mod t).

This follows from choosing go(z)=z -kw inside and on every rt.

In order to show that (mod w) " is an equivalence relation on

matrices, we need the following lemma.

Limma 8.1. For any square matrix T.

g (t)=g 1(g 2(C)) implies g (T)=g (gz(T)) (6.1.5)

where g is holomorphic in a domain that contains the eigenvalues of T. and

g, is holomorphic in a domain that contains all the eigenvalues g(?) of

gg(T). so g(T) may be defined by the Dunford integral.

Proof. See Kato [0]. p.45.

Theorem 6.2. The congruence relation on matrices is an equivalence

relation; Le.,

BaB (mod o,). (6.1.6)

C=B (mod w) implies BaC (mod cs), (6.1.7)

A-B (mod co) and B-C (mod cj) implies AaC (mod w). (6.1.8)

Proof. (6.1.8) is obvious (k=0). For (6.1.7). let ga=9 and define gj=9P-

90-1(z)=z-(-kj)0j inside and on r'. Then gj(gg(z))=gP- .(z)=z for z in rt.

1.....m.. Thus CwB (mod w) => C=P(B)=g3 (B). So

B=g, (9(B)) =g ,(C) = 9,-(C).

Since 9-1 is a e.-shift function, by definition B=C (mod w). The proof of

(8.1.8) is similar : if A=91 (B) and B=9 2(C) , then .(z)..,( 0s(z)) is also a Cj-

shift function. Hence A=q(C) implies AaC (mod w). a
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The usefulness of the congruence relation on matrices lies in the follow-

ing theorem.

Theorem 6.3. For any f holomorphic in the complex plane with period

w, if C-B (mod w) then

f (C)=! (B).

Proof. The theorem follows from choosing g1 =f and Vz=jo in Lemma 6.1.

Since the period of f is w, f (z)=f (q(z)) for any w-shift function 9. Thus.

f (C)=f I()= (B).•

&2. Argument Reduction for periodic Function

Let MOD(B, ) denote the class of matrices that are congruent to B modulo

c. For any holomorphic function f with period w, the computation of f (B)

might be difficult when B is large in certain norm; especially when series or

polynomials must be used. Theorem 6.3 enables us to pick any C from

MOD(B,w) and compute f(C) instead. Thus, one can reduce the given argu-

ment B by choosing front MOD'B,w) a matrix smaller in norm. We car such a

process rgumn t raduction. For example, one may choose C to have eigen-

values Cj that are smaller in magnitude, yet congruent to the corresponding

Aj; for instance, take =X -kco where lc/ is chosen to minimize Ik-k wl over

all integers k. More generally, we may ask the following question:

Given a matrix norm, can we characterize the matrix C of minimum

norm in MOD(B.c,) ?

It turns out that such a C depends on B and the given norm in a compli-

cated way and may not be unique.
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EXAMPLE. Let

[0.8 t1
= 1, 0 0.4"

Since B is triangular, any CEMOD(B,w) is of the following form:

o.8--kl tx (O.63-k,)-(O.4-k2)
tx 0.8-0.4

C[ 0 0.4-k 2

This form is dictated by commutativity CB=BC, see equation (6.2.1). Now,

for different values of t and norm, the minimizing C is as follows

Case (a). t=0, any of the norms ]1' j =,2,.-;

C=diag(-0.2,0.4) (k-1= and k 2 -O).

Case (b). t =0.4, 1-normn( CI cII =max Iajt);

C=B= 0.8 0.41 (kl=k=O)"
1 0 0.41 ( 1 k = )

Case (c). t1 . -- norm( II-I -max2Ia I J);

C -0.2 1 ] (k 1=k2=1).C= 0 -0.

~x1 t
In general, if B = x and c=1, then the (1.2) element of C is equal

to

(AI-kj) - (4)- k O) =t( kl-k2
tx (xl -- xe

Thus when t 00 and X, and N are sufficiently close, the (1.2) element must be

large unless kl=k e. This suggests that it may be a good idea to constrain

LI
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kI=k2 if A and A2 are close together.

In computing f (B), if the Schur form S of B is used, then argument

reduction of a triangular matrix is required. For a triangular $ any C in

MOD(Sw) can be computed by a variation of Parlett's recurrence [5]. pro-

vided the eigenvalues (diagonal) of C are given. We shall be content with a C

that minimizes the sizes of the eigenvalues under the constrain /=kj if A is

close to Aj. The numerical method in the next section is based on the follow-

ing consequences of Definition 6.1 :

If CfB (mod w), then

(a). BC= CB; .21

(b). (Q-CQ)Q-IBQ (mod o). (8.2)

Both follow from the fact that C=o(B) : B9P(B)=Sp(B)B implies (a) and

Q-"gP(B)Q=9(Q-BQ) implies (b).

6.3. Remark

It is possible to define congruence via the Jordan form. Let JA denote a Jor-

dan block with eigenvalue X. Given any B. let

Q-BQ = T = diag(.[.\.J..... JAI)

be its Jordan normal form (in this case, some of the A may be equal), then

by Lemma 8.4 below the only matrices that are congruent to J are

J'=diag(J-kjW .... , 4 uN)*1 , where k are some integers (the only require-

ment on these integers is kt=k if A=Aj). Consequently. C-8 (mod rj) if and

only if C is of the form QJ'Q-1 .

II
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TAmma 6.4. The only matrices that are congruent to J4 are $x-*.,

k =O,±1,+12,.

Proof. From (6.1.4). if C is congruent to J. then for any simple closed

contour r that encloses X, we have, for some integer k.

Cm4(-kw)-(xI-lJ- dz = 44 -zIjrildx - ku(zI-JAY'tdz

U 2-k ..

Therefore, the only matrices that are congruent to JA are J4-k -

(k=0,1,± .. ) .
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7. A Numerical Method for Matrix Argument Reduction

on Triangular Matrices

In this section a basic method for computing C=f(S)EMOD(Sw) for a

given triangular matrix S and a given g (see (6.1.4)) is described. This

method is unstable if some eigenvalues of S are almost equal but not con-

tiguous on the diagonal. To avoid this situation the diagonal elements must

be moved into a suitable order (by unitary similarity transformations).

7.1 The Recurrence Method

Let S be given. For convenience, let X=sj. (i l.....n) be the eigenvalues of

S. Let the &)-shift function g be defined by P(Xt)=X)-kcjr (i.n), with the

constrain k =kj if AXj=. Since S is triangular, C=g(S) is also triangular and

the eigenvalues (diagonal elements) of C are c.j=V(Xt) (il....n). Given the

set of integers Jk1 ... k,k a simple way to compute C is to use a

recurrence based on the commutativity of C and S (cf. [5]). There are three

cases:

case 1. Distinct eigenvalues. When all A are distinct, C is completely

determined by its diagonal elements : comparing the (i,j) element (with

j>i) of both sides of O=SC-CS,

Hence

.1-4-i
cJ = PE (c.,s,.,., 4 -Stj-.-cj-kj)/(-j). (7.1.1)

d0

Thus C can be generated from the diagonal to the upper right hand corner.



c&se 2. Cbntigumos coincident eigenivalues. When X= Athe ele-

ment ctj is just equal to stj (for n~i<j!5s). To see that, it suffices to con-

sider the case when r=1 and s=n (ie.. all the eigenvalues of S are equal).

There is only one simple contour r that encloses all of the Xt. By definition.

C = I ~f(z-k2n-)(z--B)-'tz(71)

-S-wkI.

Hence,

ati stj for i <j. (7.1.3)

cape 3. Scattered coincident eigenvalues. When equal eigenvalues are

not contiguous, the recurrence breaks down. For example, formula (7. 1. 1)

yields

C 1 .3 -=

when

[201 J, =1 and ct~iO for i=1.2.3.

But the (1.3) element of C is well-defined ! To remedy that, we need to move

the diagonals of S so that the coincident eigenvalues are contiguous (and

hence formula (7.1.3) can be employed). There exist (complex) plane rota-

tions which exchange adjacmnt diagonal elements and preserve triangularity.

So it is possible to find a sequence of rotations in plane (ii + +1) that bring any

coincident eigenvalues together (see section 7.2). Thus the computation

reduces to case 1 and 2.

Remark 1. In ger.- --d (7.1.3) is true as long as kik for any rtct--s. That
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means that if ,k.. kj are all equal, the (ij) element of C is given by

(7.1.3), at no expense.

EXAMPLE.

To see how (7.1.1) and (7.1.3) work. let us compute C where w= 1 and

2.101 1 0 0

0 1 0 (7.1.4)"S= 2.1 1"

We pick the diagonal of C to be (0.101. 0.0. 0.1. 0.1) (corresponding to

kl=2. k2=0. k3=2 and k4 =2, which are chosen to minimize the absolute values

of si.i-k.). Using (7.1.3) for the (2.3) element and (7.1.1) for the rest, we

have (answers are correct to 5 significant decimal digits)

0.101 0.048072 0.45330 -0.21586
0 0.047619 0.45351

0.1 1 ( 5

0.1

Remark Z. When 5 significant decimal digit floating point arithmetic is used

in the above example, cancellation occurs and instead of (7.1.5) we get

0.101 0.048072 0.45300 0.51000
0 0.047619 0.45351 (7.1.6)fl(C)= 0.1 1 (

0.1

Notice that the (1.4) element lost all its digits! This shows that the

recurrence is unstable if close eigenvalues are not adjacent to each other. To

avoid this problem eigenvalues that are close together should be treated as if

they were equal and therefore must be contiguous and have the same k so
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that formula (7.1.3) can be used (cf Remark 1).

7.2 Complex Plane Rotation

Reordering the diagonals of S can be done by successive complex rotations

(or reflections) in planes (i,i+ 1). Let

Our problem is to find an unitary matrix U to swapa and b:

c@

Theorem 7.1. Suppose a 'b (otherwise U=I), let r = --. The follow-

ing U satisfies (7.2.1)

U [jr / (7.2.2)
U= r

Proof. First of all U is unitary, for

To show

Ia c .U U "1

br b c +ar

I/
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Since r = c- we have br =ar +c and hence establishes tle above equality.

Remark. There are many U to swap a and b. For examples.

if U= I k r/P then UH.(a cJ.U = [b -] (7.23)

itI L= '2 then U. .u = r (7.2.4)If r= I -- -'0 b 0 a

The proof of (7.2.3) and (7.2.4) is Irnost the same as in Theorem 7.1. The U

in (7.2.4) has an extra property that it is symmetric.

From now on, we call the similar transformation that exchange adjacent

diagonal elements in S a swap:

UH ." U new S.

It is elementary to see that each swap takes 4(n-2) ops; here an arithmptic

operation is a complex multiplication or division.

7.3. A Variation of the Recurrence Method

Recall that k is defined by

When equal kt's are contiguous, a better way (than (7.1.3) and (7.1.1)) to

compute C is by

C=S-fX (7.3.1)
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where X=(xtj) is a triangular matrix defined as follow-

ki if i =j.
=t 0 1if kj~IS+l .. cj. (7.3.2)

2fT.t ' t ' - Stj-tX kk)l (x-Y, if X~j

The formulae in (7.3-2) come from forcing SX=XS. To verify C=S-0uX.

notice that by definition

diag(C)=diag(S-wX).

That is, cgj=(S-wXX., when j -i=O. Assume ctj =(S-cjX)t,, for j-i<k. 1!9k.

Consider (S -cX)ij for i +j =k. There are two cases:

(1) ifk k + 1=.. kj. then (7.3.2) and remark 1 in J7.1 imply

(S-WXAJ = t - 0 = ci

(2) when kCsk3 , the relation XS=SX implies S(S--0X)(S-wX)S and hence

the element (S--wX)t 4 is determined uniquely by the recurrence for-

mula (7.1.3). Therefore by induction assumption ctj =(S -..~X)

Both cases yield cj =(S --wX)tj for j -i =k; hence. by induction, the equality

holds for all j -i !0.

Formula (7.3.1) is somewhat preferable to (7.1.1) and (7.1.3). Often fo is

not exactly representable in a computer, and (7.3. 1) puts the arithmetic that

involves w, into the last step, thus preventing the propagation of roundoff

error due to the inexact representation of W.

When the equal kt's are not contiguous. we can find an unitary transfor-

mnation U (e.g. a product of complex plane rotations) such that S'=UM SU

has confluent diagonals. Let X' be computed according to (7.3.2) with S

replace by S'. We have

17I
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C=9P(US'UR)= U9P(S') UH

= U(S'-CX') U9 =S-C UX' UH.

Thus C retains the form C=S-cX where X= UX'UN.

As an example, we compute the example in §7.1 again (using 5

significant digit floating point arithmetic only) by swapping the first and the

second diagonal elements before the reduction. Recall

.101 1 0 0
S io0 1 0

2.1 1

We have

0 1 0.90293 0
UHSU = S= 2.101 -0.42976 0

2.1 1
2.1

where (using (7.2.1) with r =-0. 47596)

-0.42976 -0.90293 0 0
0.90293 -0.42976 0 0

U 0 0 1 0
0 0 0 1

Thus the corresponding X' of S' is equal to (by (7.3.2))

0 0.95193 1.0540 -0.502291
2 0 0

2 0
2

Transform it back and subtract it from S to find

. .- . - .... .. . . _. . . . .. . .. ... , ",...... .. . .:£ 1k . r * _. . . . L ... - . .... . ... . . . l -
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0.101 0.04807 .45331 -.21586

L(c)=S-UxrUH =0 0.047589 .45353Il~c=s-x u  =0.1 1 •

0.1

Recall the correctly rounded C (to five decimal significant digits) is

0.101 0.048072 0.45330 -0.21586
0 0.047619 0.45351

0.1 o
0.1

Here that the (1,4)-th element is correct up to the last digit ( compare the

completely wrong answer in (7.1.6)). Each element in f 1(C) is in absolute

error by at most x10- which is approximately the rounding error of the

largest element in C.

It seems that the recurrence formula (7.1.1) always yields accurate

results as long as , and Xj are not close to each other. It worths to re-apply

(7.1.1) once more for computing those :qj such that kt skj after the whole X

has been computed.

7.4. An Algorithm for Computing C

Section 7.3 suggests the following algorithm to compute C:

Algorithm MAR (Matrix Argument Reduction).

[1] Determine k, (i= 1,...,n.) so that X, --k w is small in magnitude.

(2] Order the (lc) so that equal k's are contiguous;

[3] Frnd U so that USU=S' has its diagonals in the new ordering;

[4] compute X' according to (7.3.2) for S';

(5] transform back X:= UX' UIf;

[6] recompute X by (7.3.2) on applicable elements;

-i
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[7] compute C:=S-fjX.

Step [1]. As we have mentioned in section 7.1, each kt should be chosen

to minimize IXj-kjwI under the constrain kt=kj whenever k is close to Xj.

In general, we say , and ,j are close together if Xt-?j is less than 0. 1w.

Step [2]. There are many ways to permute kIlk2 ........ so that equal

kt's are contiguous (let us call them confluent permutations of

Jkl~..... , kn). Since every swap takes 4(n-2) (complex) floating point

operations (cf. §7.2), one would like to find a confluent permutation that

requires fewest swaps to bring the kt to the new permutation. It turns out

that this task is equivalent to the acyclic subgraph problem (cf.[2]), which is

known to be NP complete (i.e., exponential time is probably needed to find

the minirmal solution). In Appendix II.A, we show that one can easily find a

confluent permutation which requires fewer than n(n-1)/4 swaps. For our

*purpose this is quite satisfactory.

Step [3]. Apply the complex rotations (in §7.2) to transform S to

S'=UHSU according to the new permutation of lklk 2 ... k,,. The infor-

mation of the transformation matrix U should be stored for later use (step

[5]).

Step [4], [5]. These steps are easy to implement: X can be computed

according to (7.3.2) ; then perform the inverse transformation on X' to get

X= UXUH.

Step [8]. This step can be best described by the following algorithm:

fori=1 ton ,=i ton do

if (kj iik1) then x~j= Z x~~-jh - t*-j*)NX-
bo

.WA
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Step [ 7]. Finally compute C=S -fX.

Operation count and storage. The major work is in steps [3]. [4] and [5).

Since the upper bound on the number of swaps is n(,n-i)/4 ( cf. Appendix

H.A) and each swap takes 4(n-2) ops. there are at most n(n-1)(n-2) ops

n3
for each of [3] and [5]. Step [4] and [6] together take only -- ops. Hence.

the total number of ops needed is at most 2-n .(This is the worst case

analysis. In general the number of swaps needed is very few, possibly at most

0(n2) in average?. For example, if all kt are distinct, then no swap is needed :)

For storage, it is possible to implement MAR without using any matrix

storage besides S provided one uses (7.1.1) and (7.1.3) instead of (7.3.1-2) in

step [4]. However, formulae (7.3.1-2) are recommanded and it would be con-

venient to have an extra working matrix. This storage requirement is not

unreasonable since the objective of applying MAR is the computation of f (S).

so there should be at least an available array waiting for the function.

A fortran program of this algorithm is given in Appendix H.B.

7.5. A Simplified Formula for x1.3 when k,=k3 .

When kl=k3 but k 1 $k 2 (if kl=k 2 =k5 then z 13=0). it is possible to compute X1s

by a single formula which suffers no cancellation.

t lf one uses QR algorithm to get the Schur form. then the equal eigenvalues tend to cluster
together on the diagonal. The worst situation simply won't happen.

! -
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Theorem 7.2 For kl=k3 and k 1 $k 2 ,

IS = (M-S2(k-ssu) (7.5.1)

Proof. First, we swap s83 and s 22 in S. Take

1 0 0
P = 0 Ull U12

1 0 U21 U22

where

Uii1 1211 1 r k rf S2"J.

We have

S. Pffs S33 = S23 =
SM

Accord& to (7.3.2) (with kI=k3 in mind).

811 * k, 0 x' 13
so s3s s j.. X'= k3 z'J

SU I k2

for some x'1 and z'2. Transforming it back we have

k, x',3il2 =',3tlge k/, x12 T131

PX'P = X = k= k2 z 3
k, k,

ks - k I
Since zjg = a X 1 9a11 and

! ,,

.",
'

.
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we have

Uk-1  22

- 12 (k2-k) am

(22-Sld1

S K2(2k1

(S=-SJ(S2-S33
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8. Application to Matrix Exponentials

& 1. The Matrix Exponential

It is well known that

therefore, with w=L2i Theorem 2.3 asserts

a = aC where Cqo(S) E MOD(S.).

So one can apply the algorithm in the previous section and replace S by C

for computing the matrix exponential (in this case, C=qp(S) is chosen to have

eigenvalues close to the real axis). There are two advantages:

(a) The norm of C is usually smaller than the norm of S; therefore, C is less

sensitive than S to the roundoff error in the calculation of matrix

exponentials; especially when the eigenvalues of S have large variation

of imaginary parts;

(b) the imaginary parts of the eigenvalues of C are bounded in magnitude.

Property (b) is important in the accurate computation of the exponen-

tial divided differences (cf. [4]). Because of the bounded imaginary parts, the

coefficients Ak(Z)exp of the Newton polynomial

c = A(Z)exp" + (Z)exp - (8.1.1)
buat Juft

can be computed accurately; consequently (8.1.1) becomes one of the most

accurate methods for computing the matrix exponential.

As an illustration, we computet the exponential of the following S using

tThe calcuiation is done on a.Vaz 11/780 usling single precision arithmetic (the machine
precisio is en " . which is approximately 7 decirra significant digits).
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,j ReS ImS Re C Im C

1,1 0.0000000e+00 1.0000000e+02 O.0000000e+00 -5.3096491e-01
1,2 5.0000000+00 0.0000000e+00 -2.6548386e-02 0.0000000e+00
1,3 -1.2500000e+0 0.0000000e+00 -2.8269482e-0 1 1.7463294e-02
1,4 4.1687500e+01 0.0000000e 00 5.2827454e-01 0.0000000e+00
1.5 -1.5625000e+02 0.0000000e+00 8.2632446e-0 1 -1.0206868e-01
1.6 6.2500000e+02 0.0000000e+00 6.244049 le+02 2.8962694e+01
1.7 -2.6042500e+03 0.0000000e+00 1.2380859e+01 3.1803755e+01

2,2 O.0000000e+00 5.0000000e O 0.0000000e+00 -2.6548243e-01
2,3 5.0000000e+00 0.0000000e+00 2.876110 le-0 1 0.0000000e+00
2.4 -1.2500000e+01 O.0000000e+00 -2.8269482e-01 -1.7453294e-02
2,5 4.1607500e+O1 0.0000000e+00 -2.2161484e-01 6.4788714e-02
2,6 -1.5625000e+02 0.0000000e+00 8.2351685e-01 1.7664604e-01
2,7 6.2500000e+02 0.0000000e+00 -3.3146973e 00 -3.1911498e-01

3,3 0.0000000e+00 1.0000000e+01 0.0000000e+O0 -2.5663707e+00
3,4 5.0000000e+00 0.0000000e+00 -2.6548386e-02 0.0000000e+00
3,5 -1.2500000e+01 O0.0000000e+00 3.5196972e-01 -9.5199691e-03
3.6 4.1687500e+01 0.O000000e+00 9.4289780e-01 2.8333304e-02
3.7 -1.5625000e 02 0.0000000e+00 -1.2384033e+00 3.5637300e-04

4.4 0.0000000e 00 -4.0000000eO1 0.0000000e+00 -2.3008881e+00
4.5 5.0000000e+00 0.0000000e+00 -2.3598766e-0 1 0.0000000e+00
4,6 -1.2500000e+01 0.0000000e+00 -1.5802860e-01 -7.4799755e-03
4,7 4.1887500e+01 0.0000000e+00 2.1535873e-C 1 6.2332950e-03

5,5 0.O000000e+00 -1.0000000e+02 0.0000000e+00 5.309649 le-O1
5.6 5.0000000e+00 0.0000000e+00 -2.6548386e-02 0.0000000e+00
5,7 -1.2500000e+01 O0.0000000e+00 6.6370964e-02 0.0000000e+00

6,6 0.0000000e+00 1.0000000e+02 0.0000000e+00 -5.3096491e-0!
6,7 5.0000000e+00 0.O000000e+00 -2.6548386e-02 0.0000000e+00

7,7 0.0000000e+00 2.0000000e+02 0.0000000e+00 -1.0619298e+00

Tabte S. 1.2. Matrix S and the computed C.

cand(S) R3.1, cond(C) 1

Newton's interpolating polynomial method (the coefficients are computed by

algorithms in [4]) on fl(C). Every pair of numbers in the following tables

represent the real and imaginary part of the corresponding element. As a

summary, we have t

, - f (,C)1  5.7c. =2 -24 (8.1.3)

IIOSIII

t If we apply our exponential directly to S (using algorithm SH([I) in [4] for the divided

differences), then I1- 130.Os: almost 200 times larger than the error in (8.1.3)."'Ill1
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For reference, we give the exponential condition number of S and C (see

part I):

cond(S) m 31.o cond(C) 1

,j correctly rounded e computed e'

1,1) 8.623189e-01 -5.063657e-01 8.623189e-01 -5.063656e-01
1,2) -2.439908e-02 1.026472e-02 -2.439908e-02 1.026472e-02
1,3) 7.86840ge-03 2396153e-01 7.868374e-03 2.396156e-01
1,4) 7.220490e-02 -4.62496le-O1 7.220464e-02 -4.624946e-01
1,5) 7.280552e-01 -293644le-02 7.280577e-01 -2.936442e-02

1,S) 5.530223e+02 -2.910502e+02 5.530224e+02 -2.910502e+021,7) 2.462661e+01 1.804374e 01 2.462648e+01 1.804387e+01

, 2.2) 9.649660e-01 -2.623748e-01 9.649660e-01 -2.623749e-01
.3) 3.520579e-02 -2.255047e-01 3.520578e-02 -2.255047e-01
2.4) -8.053124e-02 2.258143e-01 -8.053132e-02 2.258146e-01
2,5) -1.700779e-01 -1.040713e-02 -1.700736e-01 -1.040661e-02

(2.6) 8.959118e-01 -2.774917e-0 1 8.958906e-01 -2.774836e-01
(2.?) -2.805674e+00 1.929768e+00 -2.805659e+00 1.929756e+00

3.3) -8.390715e-01 -5.44021 le-O 1 -8.390715e-O1 -5.44021 le-O1
34) 2.010921e-02 1.721335e-02 2.010920e-02 1.721335e-02
3.5) 1.143518e-01 -1.989942e-01 1.1435 19e-O1 -1.989943e-01
3.6) 3.831667e-02 -7.865904e-01 3.831670e-02 -7.865940e-01
3,7) 2.745636e-01 1.096910e+00 2.745654e-01 1.096918e+00

' 4. -6.66938le-0l -7.45113le-Ol -6.669381e-01 -7.451132e-01
45 -1.042599e-01 1.27438le-C1 -1.042899e-0l 1.27438le-O1
4.6) -2.586806e-02 1.337202e-01 -2.5868 toe-02 1.337204e-01
4,7) -1.971859e-02 -1.977346e-01 -1.971872e-02 -1.977361e-01

(5.5) 8.623189e-01 5.063657e-01 8.623189e-01 5.063656e-01
5,6) -2.531828e-02 0.O00000e+0 -2.531828e-02 -7.368618e-19
5.7) 5.779887e-02 -1.574674e-02 5.779857e-02 -1.574666e-02

(6,6) 8.623189e-01 -5.063657e-0 1 8.623189e-01 -5.063656e-01
(6.7) -1.834658e-02 1.875656e-02 -1.834658e-02 1.875656e-02

(7,7) 4.871877e-01 -8.732973e-01 4.871877e-01 -8.732973e-01

Table 8.1.4. The computed e c and the correctly rounded es.

aJ S-f 1(e C) 5.7x2 -24 10-0.
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8.2. Stability analysis of Step [4]

When X' is computed according to X'S'=S'X'. it may happen that the com-

puted X' is nowhere close to the exact answer even though X'S'R1S'X'. In this

section. we show that the commutativity play an important role and is the

essential condition determining whether es is close to ec. Thus it is not

essential that X be accurate, only that it must nearly commute with S'.

Recall C is computed by S- X (w=2ni) and X= UX' UH. Let E=X'S'-S'X', we

have E=UHXSU-UHSXU=UH(XS-SX)U; hence jj Ell =11 XS-SXll. since U

is unitary.

Theorem 8. 1. With C,X, and E as given above

116 II S.eclj . JEll e ,fftXIl+I C (c.i.1)

We first prove the following two lemmas.

Lemma 8.2. For square conformable matrices A and B

9

.t(A+B)_etA.et=.f e (t -r)(A+B)(BegrA.-e-rAB)e'r dT

Proof of Lemna 8.2. Let Y(t)=e(A+B)-etAes. The derivative of Y(t) is

d Y(t)=(A+B)e(A+B)_AezAeB etABe LB

=(A+B) y(t)+(BeIA -eAB)etD.

Therefore

-a-(e-t(A+B)y(t ))=e (AB)(B A B)eB

Since Y(O)=o.

t a --)(A+B)(B e rA -erAB)eradr. 0Ik _ '=
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Lemma 8.3.

a

Be" -eB=fe ('-)A (BA-AB)erA d -.
0

Proof of Lemmar 8.3. Let Z(t)=BeM-e1B. We have

d a-~)=BAoAAe,
=BAM A Be LA +ABe L-Ae AB

=AZ(t)+(BA-AB)eU.

Therefore.

*-A( - Z(t )-AZ(t ))=e -'(BA-AB)eLA

d--( Z(t))=e (BA -AB)e IA

Since Z(O)=O

-,IAZ(t)=fe -T(BA-AB)e-Adr

and finally

z (t) =[f (I-,)A(BA -AB)e A d •
0

Proof of Thorem 8.1. After the transformation in step [3]. the diagonal of X'

is of form

diag(X)=(asx..a,b,b....,c c....c).

where a,b .. ,c denote distinct integers. According to (7.3.2). X' has the fol-

lowing form

4
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aO 0 * **

c S S

cOO
""0

C

We claim that

exp(2n!X') = .

It suffices to consider the case that diag(X') has only two distinct integers.

)r* * * = bI2 1

bOOb1

b

/ It is obvious that F=exp(2'riX) is of form

exp(2niX') = F =

Since FX'-X'F. by comparing the (1.2)-th block of FX'

(0)11+F12'bI2 = alIF 12 +(*)I.

Since a, .F12=0.

From step [5] of MAR, X= UX' UH; hence

oft = U.i. U.=L

Therefore, if we write

* _ C S C+2ftrX_2flX. C,

then Lemma 8.2 implies (with t1)

t ,
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I

e- -eC=f(e-i)s.(I re ,Y)g-2,X C).eC d-. (a.a 2)
a

Using 11 es ]tge If S1, Lemma 8.3 implies (for T'O)

II ce " wX - '2RLYCII

:9I C(21rii-X)-(2iiX)Cll .fe fri)II ftaiII.OEII~w1XII dt

21rll (C+2yrLX)(X) -(X)(C+2n011)J -.re ,-lX X

: 2-11 Isx-XS I I T- e'rIl Xll.

Since 1I Ell = II SX-XSII and II SlI!2IrlJ Xl1 l C11, (8.2.2) implies

II eS.C 11 gll Ell a (2fJIXI +11 Ci).fTdT '.
0

and the bound (8.2.1) follows.

Remark. Using different bounds on II eS I yields different results. For exam-

ple, if one uses 11eSll e(s). where i,(S) is the log norm of S

(&(S):=maxjRe() : AjEX(S)J), then the same reasoning as above yields

II "s-6Cl 1 1 El- 2wA"(X)+Mc).

See part I Appendix L.A for other useful bounds on Jf es II.
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Appendix II.A. (A Bound on The Number of Swaps)

Our intention here is to examine how many adjacent swaps are needed

to reorder n integers k=(k .k . .. k,) so that coincident klcs go together.

We call such an ordering confluent (cr a confluent permutation of

Jkl .... kn ). To clarify our meaning of swapping, we will use swap to denote

the exchange of adjacent elements, and exchage to denote the exchange of

any two elements.

There are many ways to reorder k. For example, if k=(Z3,2.5,32). then

there are six confluent permutations of them:

(2,22.5.3,3). (5.3,3.2,2,2). "., (,3,5.Z2,2).

Our problem here is to determine a confluent permutation k for k such that

the transformation from k to le requires a nearly minimal number of swaps.

To formulate the problem clearly, we follow [1] in using the notion of mid-

tiset. A multiset is like a set (where a set is a collection of distinct elements)

except that it can have repetitions of identical elements. For example,

M=J,,,a,a,bb ,c ,d,d.d41,

which contain 3 W's. 2 b's, 1 c, and 4 d's. We may also indicate the multiplici-

ties of elements in another way. namely

M=13.a,2.b.c,4-dJ.

A permutation of M is an arrangement of its elements, e.g..

c bdd abdrad.

From another point of view we could call this a string of letters, containing 3

as. 2b's, 1c, and 4 d's. For convenience, we use per(M) to denote the set of

all permutations of M where x=(z,. x ,,) is a typical element.
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We consider the multiset of integers. Let M = k .k2 ... ' I where ki's

are integers; then M is a multiset. If a,... a denote the distinct integers

in M. then M can be written as

M=:-Jnl'CL. n2?..g.. ,nta|.

where Y4 is the multiplicity of ek. A confluent permuatian of M is a permu-

tation of M, (ap)Eper(M). such that

where p :p(L),i=,2.....L is a permutation of 1.2....jL. Le., peperil12. .... 11.

Since we are interested in the number of swaps needed to transform one per-

mutation to another, we define r(xy) to be the minimal number of swaps

needed to change x to y.

For example, if x=(2.3.2.5,3,2) and y-(22.2.5.3.3), then r(Ay)=5. Each

new line is obtained from the previous one by a swap

X = (2. 3. 2. 5, 3, 2)

(2. 2. 3. 5. 3. 2)

-*(2.2. 5,3.3.2)
(2, 2. 5, 3. 2. 3)

-. (2, 2, 5. 2. 3. 3)

-. (2, 2. 2. 5. 3. 3) = y.

With the above notation, we restate our problem as follow

Problem. Given any permutation k=(k1 . . ... k.) of M. find

pEperil.2.....1 (I is the number of distinct integers in M) so that the r(ka,)

is minimal over perl 12.....LI.

This is a NP-complete problem, that is, it probably requires exponential

time (in 1) to find the minimal solution (for one thing, there are l! choice of

t'
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p). In fact, this problem is related to the acyclic subgraph problem., (see

(21), which is well known to be NP-complete. We'll establish the connection

between our problem and the acyclic subgraph problem later. First. we show

that we can always find a p such that r(k, ap) is less than

no- (1- ):!g n(n-1)/4. Let -p denotes the reverse permutation of p: if

p=p(1).p(2), .. p(l), then -p =p(l)p(l-1).....p(1) (ie., (-p)(i)=p(l-)).

Also we use I to denote the identity permutation of perfl.2..... II. Note that

-p is not the inverse of p.

Theorem Al. For any givenp,

mm Jr(k a). r(k.a-4) ! (

Aroof. It suffices to consider p =1. for one can always replace at by Gpqj). Let

i tj denote the number of a1 in front of a,. By that we mean for each a. we

count how many tz's are on the left of this at (in k). then take the sum over

all at and call it the number of aj before at. For example, if

k=(7.8.7.5.8,7) where a1=7. ciR8. a3=5,

then i723= 1 , r1=1 and iql=3 . (rnj can be considered as the number of

inver ions between t and ap. This is a generalization of the inversions

defined in [1] p.11: given (i,j) in order, and a permutation k=(k . k,).

we call a pair (k.,1,k 2 ) an inversion of the permutation with respect to

(at.aj) if kl=a4 is before (to the left of) kn2=at. trnj is just the total number

of inversions with respect to (at.a1).)

LemmaA2.

4(al)
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Proof of Lemma A2. By the definition of tj, there are i j a before at.

therefore at least rnj swaps are needed between at and aj in order to bring

all ai before a . It is then obvious that the number of swaps needed to bring

all a to the left of all a2, as..... a is at least 27 .t. However, since there
t=

are only 27l1.t non-a, before M1. we can move all a, to the far left in exactly

N jj swaps. The same reasoning shows that there are N/.t swaps needed
t4.2

to bring all a2 to the left of all a3 ,n4 ..... at, and so on. The lernma is proved.

Notice that Lemma A.2 also implies that Fi j is equal to r(k a_,).

EeJ 2 1 )

Proof of Lemma A 3. Recall nj is the multiplicity of a. We first show that

71i +17i., =n1i (a2)

for i0j. There are always 7t1 .a1 on both sides of each of a. Therefore, the

number of swappings to bring each of a to the left of all aj and to the right

of all aj is nj. Since there are n of ;, the total swapping is tinj. Because of

(a2), we have

= + =
till t~j

E L +ij ,.t)= e
2 t1

2 2,1~
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The last inequality follows from Cauchy-Schwartz inequality

LemmnaA.3 implies that either E1t or Ej is !5 n2(-- therefore. by

Lemma A.2, either r(kaj) or r(ka.j) is less than !(1 ).This completes

the proof of the theorem.

Remakrk 1. Theorem A.1 implies no:-(1-Lj) is an upper bound on

min-r(k.a,). This bound is attainable, e.g., (k1 .
p-2

when n is even. One can easily see that this example takes at least

n(n -2)/ 4 swaps to bring all pair numbers together.

Remark 2. From the proof of the theorem our problem is equivalent to

min 'r(kaj), (a3)

or,

min '7 1P(~I(). (a4)
P APUt).pj

If we change min to max, then (a4) is exactly the quadratic assignment prob-

Lam ([2]), a NP-complete problem. Various methods (see [2]) have been sug-

gested to Aind the maximal (or minimal) solution. However, in our Applica-

tion, there is little incentive for a minimal solution. Since either al or a-,
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takes less than t(n -1)/4 swaps, it is quite sufficient to choose the 'smaller'

one (the example in Remark 1 shows that one cannot in general expect a

further reduction on the number of swaps).

In Appendix Il.B. a Fortran program for matrix argument reduction is

given in which the values of a's are set up according to the first appearance

of distinct integer in k from left to right, and then a comparison on r(ka)

and r(k.a-q) determines which permutation will be used.
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Appendix II.B: Program Listing and Usage

The subroutine for matrix argument reduction is "mode'. which will return

mod(T) in the upper part of T (the lower part will store the original T). The

user must provide subroutine "mod1". the one dimensional argument reduc-

tion function. The details of the numerical method can be found in section 7.

SubrouUne modt(m.n.tf.z.w.tau).
Given a triangular matrix T. this subroutine computes mod(tau*T)

according to the algorithm MAR in section 7. The resulted matrix will be
stored in the strict upper part of T with the diagonal in z (1)....,z (n). The ori-
ginal matrix will be saved in the lower T. The user must provide the subrou-
tine modl. There is a subprogram "swap".

m the global dimension of matrix tf
n the dimension of t.f
t input complex matrix T

f working complex matrix
z output complex vector, store the diagonal of mod(tau*T)

p,q integer working array.
tau input complex parameter.

subroutine modt(m,n. . z.p,q. tau)
complex t(m,n),f(mr),z(n).tau
integer p(n),q(n)

C Ibis subroutine computes the argument of tau*t. Result is stored in strict
c upper t with z the diagonal. The original triangular will be stored in
c the lower t with diagonal. An user provided subroutine "mod1" is required.

cornplex x,intw
inf=(lOe37.10e37)c ##
w= user provided (the period)c ###I
do 10 i=Ln
p )=0z=i)=tau*t i~i)
call mod l(z(i).xq(i))

10 continue
do 20 i=1.n
do 20 j= l,n

abs(real(x))+abs(imag(x)).gLO.1eO) goto 20

if q

qZ~i) gtr
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20 continue
c A..ind out the ordering

in=O
do 40 j=2,n
do 30 i=1.j-1

ifj.0 then
iI~o) q 'i) i.eq.q2j)) poj)=p(i)

else

ifp .lLp(i)) in-in-1
endif
f(i.j)=tau't(i.j)
t(j,i) =inf

30 continue
if(po).ne.0) goto 40
1=1+ 1
PO)=

40 continue
c ... swapping forward

itest=0
isq-sign(1.in)
do 50 i=2.n
do 50 jni,-1
if(isq*(pP)-p.*).ge.0) goto 50

call swap(m,n.f, z.qj.x)
itest=1
1 =p)

p Ij) pj1)
P(j-1)=1

50 continue
c ... reduction

do 70 j1.n-1
do 70 i=1,n-j
if(p(i).e P(I'+J)) then

f +q=f(ij+i)

else
Xf(Li+j) "cmplx(q(i+j)-q(i))
do 60 k=1.j-

60 x=x-ff(i+k,i)f(i+k.i+j)-f(i.i+j-k)*f(i+ji+j-k)

endif
70 continue
c . ..back swapping

do 80 jn-1.1.-1
do 80 i=j+ln
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if(xLeq.inf) goto 80
call swapkm,n.f.z,q.-i~x)

80 continue
c ... final reduction

if(itest.eq.0) goto 110
do 100 i=n-1, 1,-i
itest=0
do 100 ji+1.n
if(q(i).eq q(')) then

ifitest.ne.0.andi eq.2) t(i~j)=t(iLi+ 1)*t(i+ 1.i+2) *

else
itest= 1
x-t(i~j) *cmplx(qj)-q(i))
do 90 k=1j-i-1

90 x=x+t(i.ii-k) f( i+k.j)-f(i,j-k) *toi-k,j)

endif
100 continue
110 do 120 i1.n

call modl(z(i).xk)
z(i)=x+cmplx(q(i)-k)*w
do 120 ji=+ 1n
t ji)=tki-j)

120 t~i~j tau*t(ji)-f(i.j)"ir

return
end

subroutine swap(mn.f. z, q.k.x)
complex f(m.n).z(n).ull.u12,u21,x

c This subroutine swap the Jkl-th and JkI-1-tb diagonal ot input matrix f.
c If input k is positive, than we perform UHfFU. else
c the inverse transformation UFUIM. where U is defined as
c in section 7.2.

integer q(n)
u2 1=cmplx(leO/sqrt( 1eO+real(conjg(x) ax)))
ul1=xu21
ul2=u21
if(x.eq.(Oeo,oeo)) goto 5
if(k.gtO0) then

u12=-ull/conjg(x)
else

k=-k
u21=-ul 1/conjg(x)

endif
5 continue

do 10 i=1,k-2
X =f(i~k-t)Oull+t(i.k)'u21

f~i~) =~i~kl)*l2+fi~kOul
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10 f(iLk-l)=x
ull=conjg (u 11u2l=conjg u213

do 20 j=k+1,n

20 f(k-l,j)=x
i =q(k)
q k) =q k-1)
q k-l)=i
x =Z(k)

return
end

subroutine modi (z.X,k)
complex x~z
integer k

w- user given

...User provided...
Given argument x, return the reduced argument z so that
IzI=Ix-kWlis minimized over all integers k.

return
end
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