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\ ABSTRACT

\

~ This thesis consists of two parts. First, a condition m.j for the exponential of 3 tri-

= swbS
angular matrix S is introduced. It Qm/nm how sensitive is £° to relatively small perturba-

tions in the elements of S. d, a new technique (matriz ergument reduction) for comput-

S~
ing periodic matrix functi “~seribed and discussed in detail. By applying this technique
to the computation of ¢° one can always reduce the problem to one in which the cigeavalues

lie close to the real axis.
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INTRODUCTION

The exponeritial matrix e plays a role in several flelds of mathematics
and applied mathematics, particularly control theory. The possibility of
computing ¢ was considered as soon as computers became available.

! Nevertheless the computation has proved harder than might be imagined for
such a well behaved function as exp ! In 1978 Moler and Van Loan published a
paper’ with the title

“Nineteen dubious ways to compute the exponential of a matrix.”

Among the approaches mentioned in the Moler-Van Loan article is the use of
the Schur form. This seemed to promise a stable computation. Nevertheless
there remained one weakness in this approach.

Su Sus
hts-[ 0“ 3.]beth08churfom Qlearly, if 5,, and Sge have com-

mon eigenvalues than S should not be split up to facilitate the calculation.

Less obvious is the fact that accuracy may also be lost when S;, and Sg, 1
thougb ‘ar apart, have common eigenvalues in their exponentials. This has
been .he stumbling block, and the only stumbling block, to the success of
Schur form techniques. | )

} One of the contributions of this thesis is to remove this obstacle by a
5 -m technique that we call matrix argument reduction. The problem is
; thersby reduced to one in which the eigenvalues lie close the real axis. Con-
51 sequently exp(S,;;) ™ exp(Sg) <=> S,; ¥ Sp. Now we have a stable pro-

cedure for computing exponentials of arbitrary square complex matrices.

Just as the Singular Values Decomposition (SVD) is not always the method of
choice for Least Square problems, our procedure may not elways be

t Techmioal 76-283. Dept. of Computer Science, Cornell University, Ithaca, New York.
This appears in Review.
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preferred for exponentiating matrices tA. Nevertheless, even if it is not the
fastest technique, our approach furnishes a reliable procedure for tackling

even the most difficult cases.




Part 1.

A Measure of The Sensitivity of |
the Exponential of Triangular Matrices o




1. Introduction

The sensitivity of e** to small changes in 4 is an important topic in the
analysis of algorithms for solving linear systems of ODEs with constant
coefficients. In finite precision arithmetic, one cannot expect to do better
than to approximate the exponential of a slightly wrong matrix A+6A. Con-

sequently, several researchers have obtained bounds on

Ile‘(“"“)—e“l[

@ (-1

".K.«u)_eu ” or

where the matrix A+44 is a small perturbation of 4. See [3], [7] and [10].

We cannot improve on the bounds given in the above papers for a gen-
eral matrix A. Our work stems from the realization that these days a prelim-
inary reduction of A to Schur form S is a routine matter with moderate cost.
Moreover, having reduced 4 to a triangular S, it is possible (see section 3.1)
to compute ¢¥ in floating point arithmetic to yield the exponential of some
S+46S where 45 satisfies |65 |<Constant -¢- | S| (element-wise). Here ¢ is the
arithmetic precision. Consequently, it suffices to examine the sensitivity of

¢ with respect to small relative changes in S.

In practice, the computation of the Schur form of 4 will yield the ezact
Schur form of some A+64 with a very small 64 (A+64=USU¥H, where U is
unitary). Our results give a realistic estimate for the difference
|If1(eS) - UHeA**AU||. Of course, whether e4*% i3 close to e4 depends on
both A and 6A4. This question is not fully resolved. As a preliminary step,
Appendix LA offers an integral representation of e4 — e4*%4; put it is too

complicated to allow a realistic error bound in terms of the commputed Schur

factors.
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The main result of the following sections is a bound (Theorem 3.4) on the
spectral norm of the matrix COND(eS;i,j), where the (p.g) element is
defined by

[COND(eS; i.j)}pq = SPJ'M .
OSp.q

This element is a measure of the change in the (i,j) element of eS to a small
relative change in sp 4. To condense all this information to a single number,

we propose the condition number of S for ezponentialion to be

_ e i¥ 1)
cmd(s;exp)— L ".s" .

where Dis diagonal and N is strictly upper triangular and such that S=D+N.

An alternative name is the exponential condition number of S.




2. A Representation of Functions of Triangular

Matrices

2.1. Notations

Let Z denote the abscissae Z=(¢,,¢2, . . . .¢n). We follow [5] and use A¥Z)s
for the k-th divided difference of f on (&i,lis1, - - -, Cise)-

When Z has exactly k+1 elements, we suppress the subscript and use

A*(Z)f to denote the highest order (k-th) divided difference of f on Z.

For a matrix 4, |4| denotes the matrix all of whose elements are the
absolute values of the elements of 4, i.e,, |A|;;=|4;]. The notation A<B

means that 4 ;<5 ; for every i and j.

Finally, let E¥; be the set of multi-indices §06=(0p,0,, . . . . 0y). where all
o's are integer and i=0¢<0,<'--<0x =j}. For examples,
Ely= 1.4,
E&= {(ii+1,5).(3.i+27). . . . ,(i.j—17)). and so on.
Notice that if 0€E¥;, then i+l < g; < j—(k ) for I=1,2,....k—1.

2.2. A Representation of f(S) in Terms of Divided Differences

Given / an analytic function and S=(s;;) an upper triangular matrix , every
element of f(S) can be written in terms of the exponential divided
differences on eigenvalues of S. This representation (Theorem 1) can be
found in Van Loan [9] (see also [8] and [8]). Here we give a different proof
which is simpler than the one in [9].

For simplicity, let { denote an eigenvalue of S, i.e., {;=s;¢, 1=1,2,....,n.

According to [2], when f is a holomorphic function defined inside and on a

\-




simple closed contour C in the complex plane (positively oriented), then the

divided difference A¥(Z)f has the following representation:

__1 I {w)dow
B2 = ot f ot ot - Cers) (22.1)

Another useful representation of the divided difference is Hermite-Genocchi

formula (cf. [5])

1Y Y-

M(Z)f=[ [ - jo' IO+ Gt + (G —tios-Dm )dvs-dy,,  (2.2.2)

where f®) denotes the k-th derivative of f. This formula will be used in

later sections.

The key to the result is a formula for elements of the resolvent of S.

Lemma 2.1. Given 2 not equal to any of the eigenvalues of S, the resol-
vent of S, X=(z/-S)"), has the following representation:

[
0 if j<i,

1 e
- b v lf 1=7,
T (2 _ti) . 7 (2 2.3)
= Sag0y" Sap_1.0p

:gl“%ad (= "too)(z _(cl)" (z ~$a,)

550 .

Proof. let X=(z;;) be defined according to (223) and let
C=(c¢;)=X-(2/-S). We want to show that C is the identity matrix. Since S is
upper triangular, it is obvious that c¢ ;=0 for j<i and ¢; (=1 for i=1....n. To

show that ¢; ;=0 for j >i, note that for j >1,

Ciy = 'ngt.m'(zf =5 )m 4

= .':‘J(z—(j) + :g‘zt.m'("st) .
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-1
It suffices to establish z ;(z —{,)=‘2 Zim'Smj - From section 2.1, if o€Ef;,
m=i

then ¢, =j and o¢=i. By the definition of z; ;, we have

—tco)' (2 —('o._.,)

=3 S 050y "Say_905_y

1 |
Tk T “%‘%J (2 —4oy) (2 ¢0,.,) Sop-rop

T j (= -tj) = E‘ 2 (z Sogoy “Sop-ron
k=l¢€EtJ

Set m =0, -,. Since j —1=0;..;=m=>i+k —1 (see section 2.1), the right hand side

becomes

= e s"o'x'"s%_am ' .
(z—{‘) at zzm-igk-x oeEE (2—¢0p) (2 —$oy ) (2 —¢m) )Smy

interchanging E's. we get

=1 m=+1 8¢0.0," "Sopgm
w5 C8 8 et et

m=i+l k=2 .ggt;‘l

By the definition of z; ,n, the above expression is equal to
Tig-Sig t o Tim'Smg-

This proves the lemma. »

Let C be a simple closed (positively oriented) contour that encloses the

eigenvalues of S. It can be shown (see [2]) that

1(8)= g [ ()(al-S)a. (2.2.4)

Theorem 2.2. Given S upper triangular with eigenvalues {;=s;; and f

analytic on some region containing {1.{2. - . . ,{n, we have

A oo




o . ifj<i,
F(Shy =] f(&) ifi=j,

=3 k i oA
;2‘ e%" sco.v,'sc,.cg"'sq-,.e,,'A (Zo)r itj>i
where Z;=({o 80y - - - 1 $a,)-
Proof. From Lemma 2.1 and (2.2.4), we have

J(Shy = ‘z":;g‘.gf(z)'zwdz-

where (z;;)=X=(2/-S)™'. Consequently f(S);=0 when j<i
S (S)i=s (). For j>i,

Sen0, Sy _
1 sz ’;‘w‘, Gty e

& . 1(z)dz
:z-:tn%f"" Son-1m (Zm’. -[ (2L e)(2~ey)- (2 -40,) )

-t
_.b.k%bsro’l. “Sep_yoy -AMZ.)r-

This proves the theorem. »

The theorem has some interesting consequence.

Corollary 2.3. Let S=D+N where D is diegonal and N is strictly
triangular. For j=i and =0,

[F(tS)l = (B””')u'"‘l&lxlfu")(té)l.

where {1 is the convex hull of {;. . . . . ¢;.

Proof. We first prove that (cf. [8]), for k>0,

(2.2.5)

and

upper

(2.2.8)




0 . ifj<i,
F(Shy =] 1) ifi=j,
—
21 0{%.’30&0"S¢l"’..-sci_l.'*.Ak(Zo)f ifj>’i
where z¢=(¢¢ﬂ'¢¢l' PR ,4’,.)_

Proof. From Lemma 2.1 and (2.2.4), we have
1
Sy = zy sdz,
S (Sky i _{f(z)zu

where (z;;)=X=(2/-S)™\. Consequently f(S);=0 when j<i
I (Sk.i=1(&e). For j>i,

=.1_ = SegeySep_yo
r =g 3 Gty

R (1 1(z)d=
E“%Js.'.l Soy_10 (2."‘ '[(’-(‘o)(’_('l)m(z_t't) )

-t
=§‘K§'Js'°’f “Sep_yoy -A¥(2,)f

This proves the theorem. »

The theorem has some interesting consequence.

(2.2.5)

and

Corollary 2.3. Let S=0+N where D is diagonal and N is strictly upper

triangular. For j=i and t=0,
|7 (tS)y] = (3””')1.;1!‘1‘%!|f“"‘)(t€)|.

where {1 is the convex hull of {. . . . . ¢;.

Proof. We first prove that (cf. [6]). for k>0,

(2.2.8)




L SopoySeyop Sop e, i JiZk,

» e (22.7)
(N*)y =

0 otherwise .

It is obvious that (2.27) is true when k=1 and that (N*);;=0 whenever

J<i+k. Assume it is true for some k=1, then for j>i +k +1
(NE*Y)g g =(N*-N)y
= t:’ (Nk)t.n'NuJ
maith
-3

=n‘-zﬂt(c¢§.ns o000, Toy_ym ) Smy

=) Fooe SopymTeg -

oeEp}
By the principle of induction, (2.2.7) is true for all k.

Now insert the inequality (see {5], section 1)
1
|a%(Z.)s |= g max [7®X¢)|. tor all oeEY,,

into Theorem 2.2. For j>1i,

|7 (£S)s] < puy(t)y max | ®)¢)) (2.2.8)
where
-‘
Pu(‘)‘;&-:‘(-"l!-',t%d's""x"'s'h-r'b')'t.' (229)

Because of (2.2.7), the polynomial in (2.2.9) can be written as

Pc.i(t)=§(kl!"|~|')u‘f'
r=1

CULOW

(2.2.10)

When i=j, both sides of (2 = .. cqual; therefore, together with (2.2.8) and




8
(2.2.10), we have for j>i
|7 (tShyl < (‘”m)i.j'n‘“‘ux lrU=9(e)|. -
When f is specialized to exp we obtain the resuit we need in the sequel.
Corollary 2.4. Given S=D+N as in Corollary 2.3, we have
|@S| < gRe(PI+IN] (2.2.11)
Proof. Applying Theorem 2.2 to f =exp we get for j>i
-t
I(‘s)id’l s t Y s, ,"'3'._,.0.|' | A¥(Z)exp].
h!l.% il i
Since
|A*(Z)exp| < A*(ReZ)exp (2.2.12)

(the reader can prove it directly from (2.2.2), or see [5]), we have

~

‘.shd ‘t > |s,°,.‘|---Is..,,.I-A‘(ReZ,)exp

..l'qd
= (gw)*lﬂl))u_ .

Remark. Corollary 2.3 is not new. It may be found in [9], though the proof is
different. Corollary 2.4 is a sharpening of a result in [9], which asserts

| a3 | ®(S).g 1N

where a(S)=mfoe(4. Corollary 24 may be proved by using certain

differential inequalities, see Appendix 1.B.
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3. A Condition Number for The Triangular Matrix
Exponential

3.1. The Sensitivity of (e9),;

Let us define the matrix I'(S)=Re(D)+|N| where D is diagonal and N is

- strictly upper triangular such that S=D+N. We shall examine the relation

between the quantity (¢™5)),; and the change in (¢¥);; under a small rela-
téve perturbation in S.

Given any function g(z) and a small relative perturbation (1+6)x of z, a

good measure of the rate of change in g(z) with respect to z relatively is

- g(z(1+8)—g(=) _ . .,
l‘u_.% 5 z-g'(z). (3.1.2)
If we consider (e"); J as a function of s¢;,S(4+1.....S55 . then the

corresponding measure of the rate of change in (¢¥);; with respect to a par-

ticular element s, ; (i<p,g<j) is

We may call the above measure the sensitivity of (e5),; with respect to Spq-

Associated with each (e¥);; is a matrix of sensitivities,

8(e %) 8(eS) 8(e”d)
’*-"_asT:L "ﬂ'T._;L .. sm._ﬁl_
S
,u.%z_ .
COND((8%)4) = *
8(e%)ey
" Ospp

Our objective is to find a bound on J|COND((s¥), J) | (see Theorem 3.4).
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We shall use the following notations.

L
[|S|| = (max. eigenvalue of S¥S)? (spectral norm),

S = mgxz;llsul_ (1-norm),
[IS]e = mjﬂlz‘: Is¢gl (- norm),

GxH = {(g ,h): geG.heH] .

Recall E¥; is the set of multi-indices {0: 6=(000,.....04), where
1~

i=0p<0,< <0, =j}. Let Ej; = Uﬂ"d . Also recall Z.=(¢,°. .. .(‘..) where
| £

& = Saa. k=1,...n. By Theorem 2.2 (@5), ; has the following representation
-
S = .o Ak
(@ hy = kb.l .‘%J"o-‘x Soy_y.0°8" (Zo)exp. (3-1.4)
Note that (e™\5)) ; has the similar representation

(a7, =:§ D
J

We begin by proving the following two lemmas.

Lemma 3.1. For any integer m between i and j-1, let R=
[t.m]x[m+1,5]. i.e.. (p.g)ER if and only if ispsm, m +1<g<j. Then

S
bgml ,’.'.o_(;s_p‘)'ﬂ_l < (eF9) ;. (3.1.5)

Proof. Let X; o denote all ¢ in E; ; such that for some !, 0; = p and 0143 = 4.
Since m lies between i and j -1, for any ¢ in E{; there must be some 0; and

0+ such that o; €« m < g;4y. Thus

E;= U Xo.q:

(p.g)eR

However, it is not difficult to see that for (p.g). (*.5)€ER,
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79..")6-.- =¢ if (p.q)#(r.s).

So, By is a disjoint union of X;, 4. (p.g)€R. Since for g€ &,

Seg0, "Sey_ 19 A (2 ') if o€X, ,

) =
Sra '83'—"(3 ,’,""s,._v,.-A' (Z,)) = 0 otherwise

we have, using the representation of (¢5), ,

@E‘R}" Os,.,,

& -

Bs,' “2‘ ("'o-"l 8.._|¢.A (zc»l

I("..l‘ ‘Sep_ 19 -A%(Z,))

(p.qtk

" odhen ok,
="§ (’c,c,“"c._,.c."‘(zc» .
J

Therefore, by (2.2.12)

B 0 o5 B (a0, # (e

=('KS))'J' .
Lemma 3.2. Recall {n = sm m is the eigenvalue of S, 1sm=n. Then

2 [¢m: 1(.—)—"Ll ‘&ﬂélfpl'(‘ﬂs))u-

m=l
To prove this lemma, we need the following key result which brings in Re{; in
place of (.
Lemma 3.3. For any o€E};

P

A‘(Zc)l = A*(ReZ,).

Proof of Lemma 3.3. For simplicity, we write A* for A*(Z,) whenever o is

fixed. From the Hermite-Genocchi formula (2.2.2), we have

C e ——— e e
o
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1Y ¥y

f [ J oxpltatGutenit-+a—to, Jaldvadvy

Take the partial derivative of A* with respect to ¢s, and set vg=1, 134;=0 to

\

) .}. f‘(" “Vp +1)-exp[{e "‘2((0 e, JVildvy - -duy.
0{ o P P [ = 44 J-1

Note that 12v,2vg--- 21, 20; 50 (v, —Vp+1)20 and 2 (% —Vp+1)=1. Hence
p=0

» 1 Ve
’g ::" < { _{ S(vp=vpe1) e!p[(‘.a‘*t({‘,’—{,’_l)y,] dvg-d,
1 "
{ .{ e!P[Re(.,i-ﬁ (Re(,, ~Re{,, Jvildvy-dy,
= A*(ReZ,).
To complete the proof, notice that %. =0 for 0-."(. 0sp<k, so

2131 = B <t mez. -

Proof of Lemma 3.2. Using the representation of (¢9)¢; (3.1.4), we have

P 1¢n 2 s "‘ AL | < maxigy 1 ) 2P |°"

m=] mea]

= maxlty | SQ[IS.,., T )ﬁt—-—a'(z.)l].

By Lemma 3.3, it is less than

w| &l "&"c,o,l |'¢.-,.¢.| -A*(ReZ,) .

sty . . ramedlia.. . o




| = max|('p| (6T, =

Lemma 3.1 and Lemma 3.2 together yield the following theorem .
Theorem 3.4. The sensitivity matrix COND((e¥);;) of each element

: (e5)¢y of e satisfies

lICOND((e®): ;)Il = (1 + ‘ﬂ‘lgjxkc 1)-(e™5), 4. (3.1.8)

e’
Proof. Since —‘%L = 0 for p<i or g>j,
L 4

S
IICOND((a ), )1y = max EIS;M-MLI

5(' A _9(eS)
L R

where R=[i,m]x[m +1,j]. Hence, Lemma 3.1 and Lemma 3.2 imply
lICOND((e ¥} )| = (1 + max| ¢ 1)-(e"SN) 4. i

<]
Similarly

IICONDI(& ) )l1- = (1 + maxl ] (™ My , :

| onal of COND((e?), ;) by zeros), then ||COND((e ), ;)| < (e™)), ;. The factor

Since l
]
liB1|® = max. eigenvalue of (B¥ B) :
< ||BH||,||BII; ’
l = || Blla 1Bl s 2
|
the theorem follows. « E
¥ A
The theorem and lemmas in this section suggest that (e™5)),; is the
essential quantity that measures the norm of the matrix COND((e%);). In |
‘ fact, if we allow no perturbation in the diagonals ¢{;'s (i.e., replacing the diag- ;




A -
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m'axlf,l in (3.1.8) comes only from the effect of small relative changes on

the diagonal. This factor can be reduced conéiderably. For example, con-
sider the one dimensional case: compute e~'%%. The logarithmic derivative

of ¢ 71000 {g

-6 1% = ~1000,

which indicates correctly that one ulp's (unit in the last place) change in the
argument -1000 will result in a thousand ulp’s change in ¢~19%, However,

modern implementations of exp have taken the trouble to do betfer than get-
ting ‘s(ln)_
As a matter of fact, in [5] we exhibit an algorithm for computing the
exponential divided differences with guaranteed accuracy
| £L(af(Z)exp) — A¥(Z)exp| < & Ko Al (ReZ)exp,

where ¢ is the precision of the arithmetic and K; depends on k only. Thus, a
typical error analysis will show that if one computes e¥ by formula (3.1.4),
tben for some K"y depends only on the difference j -1,

178((e%)ys) = (@5)i 5| S & Kjt-(€" )y (3.1.7)

Conclusion. In view of the above discussion, we deflne the absolute sensi-

tivity of (e¥),4 to be (eT®)); (ignore the factor (1+m:|x|(‘i [)); and the rela-

&N(S)
tive sensitivity (relative to (e9),;) to be p;4= -%-(?-)lu'—. provided (&%), ;#0.
iJ




3.2. Perturbation Bounds

Since the matrix exponential problem is closely related to the solution of
linear systems of 0.D.E.’s one might suspect that similar results concerning

the sensitivity of ¢*4 would have been in the 0.D.E. literature . For example,

a simple corollary of the following integral representation (cf. Bellman [1])
yields perturbation bounds similar to our results in Theorem 3.4.

Theorem 3.5. Let 4 and B be square matrices.
¢
@t(4+B) _ gt = [qli-0)A.().q74+B)q ¢ (3.2.1)
()

Proof. Let X{(t) be the left hand side of (3.2.1). It is straightforward to see
that X(t) satisfies the O.D.E.

é‘t—[c"“-x(t)] =g 4.Be'

The thecrem follows by integrating the above equation from Oto t. »
Let 45 be a triangular perturbation of an upper triangular matrix S.

Corollary 3.8. If |65 |<¢]S|t, then, as £-0,
[543 ~ 9| = e-(mpxlsisl -7 + TT(S))e™) + 0(%)  (a22)
Proof. (3.2.1) implies, as £-0,

s
at(S+43) _ otS - f.(‘—.)S.(gs)..de.r + 0(82).
Q

Note that I'(S) dominates | S| except on the diagonal. In fact

|65 )< 2| S| = e(I(S)+ 2max|s.(]-)-

¥ Recall |4| denotes the matrix whose elements are the absclute values of the elements of

- - . = Tl OISR I La h ]

=7 FIOPIGIN. TSR J b
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Since |e¥| < ¢S (Corollary 2.4) and I'(S)e™s) =ei‘(5)F(S). we get
a5H5 _ o3| < ze(wmsstp.fﬂsmf + 0(e?)
s'z'e("”)r(s)-e"'(s)(l‘(S)%-Zm‘axlsu |-I)dT + O(e?)

se(max|ss |1 + - T(S)) "™ + 0(e?).

We should mention that Corollary 2.4, namely, |eS | < ef%) can be
derived without using the explicit representation of e¥ given in Theorem 2.2.

In fact, it is just a corollary of the foliowing typical differential inequality in
O0.D.E..

Theorem 3.7. If ¥(0) = |¢(0)| and ¥'(¢) = |¢'(t)] (¢£=0), then
¥(t)=p(t) (t=0). (3.2.3)
Proof. 1t follows from integrating ¥ and ¢’ from O to t. =
Corollary 3.8.
eS| < o), |

The proof is given in Appendix 1.B.

It is possible that someone has already obtained results similar to 1
(3.2.2) in works related to O.D.E. ; but our search of the literature has not
revealed it. To compare the result of our approach (using the explicit

representation of (e¥);;) with Corollary 3.8, we give a perturbation bound

derived from Theorem 2.2. Recall (eS);; has the following representation

(for simplicity, we drop the reference of exp in A*(Z,)exp)

('s)iJ = 2: “% s,o,""s,._l‘,.'A*(Z,). (3.2.4)
J
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Theorem 3.9. If |6S]| < £|S], then, as £-0,
[(eS*65 —e¥) ;] s e(j _'i""miaxlsi.il)(er(s))i.j + O(c%) (3.2.5)
Proof. A typical component in the right hand side of (3.2.4) is of the form
a, az o A (X) (3.2.8)

where X={{5,£). . . . . & ] is a subset of the eigenvalues of S. The correspond-

ing component in the perturbed element (e5+%5), ; is
(a,+6a,) (az+baz) - (ap +6a ) A (X +6X) (3.2.7)

where |6a;|<z|a;| and |6¢;|<e|¢;|. Since A* is a smooth function of each of

its argument, we can expand A*(X+46X) at X to get
A (X+6X) = A (X) + 6A%(X) + O(e?) (3.2.8)

where

SAE(X) = ‘):o& : E%TA" (x).

It follows from Lemma 3.3 that

|64*(X)| = max| | A*(ReX).

Now, subtract (3.2.8) from (3.2.7) to get

t=1

ﬁ(aﬁ-dm)A‘(XMX) - f]ai-Ak(x)l =
i=i

=[Tar [ 11+ 220 ) (= 0 408 (1)) - 84(0)] + 0(e?)

i=1 i=1 a

< 1o 8% (ReX) [(1+2)~1+e-maxl &[] + O(e)
i=1

sfl |ag|-A¥(ReX)-(ck +z-m‘axl ti]) + O(£?).
i=1




As a consequence, we have, as £ - 0,

|(e.s'+as - eS)u' <

. §
= 8(]'—1'-+miaxlsi.e|)"2 x Isco.ql'" IS,._‘_,J'A"(ReZ,) + 0(e%)
k=1 agEﬁi

< e(j —'i.+m‘ax]s‘.¢l)-(er(s))w + 0(c?). o

The reader should notice that the perturbation bounds (3.2.1) and
(3.2.5) are similar but different. It is not clear which one is sharper in gen-

eral.

3.3. An Exponential Condition Number

Recall that I'(S)=Re(D)+|N| where S=D+N, D is diagonal and N is strictly
' upper triangular. In section 3.1 we defined

) p1j(S) = '(-%' (3.3.1)

|(es)t.jl

to be the relative sensitivity of (e%);;. In case of (e5); ;=0 and (&™), ;#0,
we set p; j==. The reason is simple : when (eS) 4 =0, a tiny perturbation in §
will turn (es )iy into a non-zero element and hence the relative change of
(e%); is =. When (e“s))u=0, we dcfine pg;=1. For, it can be shown that
from the representation of (e"), ;, (e")), ;=0 implies S is reducible : some
integer m exists such that s, 4 is equal to zero for i<psm and m+1<g<j ;
i.e., the sub-matrix
Sii Staer 0 Siyg ]

Sterier [Sl 0]
-
. . Sg ‘

S5
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In this situation, only perturbations in S, and S, are considered and (e5); J
remains zero.

The measure p ; is quite realistic, in the sense that the relative error in
the computed (e5);; (by some some of our best numerical method) agrees

with p; ; in magnitude. Let us consider the following example.

1 3 27727
S = o -2
-1

The exponential of S and I'(S) are (correct to 5 significant decimal digits)

2.7183 5.1548 —3.4592,,-6 2.7183 5.1548 8.5190 )
eS= 1 -1.2642 elS)= 1 1.26842
0.38788 0.36788

The sensitivity of the (1,3) element is

___ 851%0
P13= 1234592,5-6|

R 1.88,06.

which indicates that {(e¥), 5 is sensitive to rounding error. For instance, if one
uses Parlett's recurrence ([5]) using 5 significant decimal digits arithmetic,
one obtains

2.7183 5.1549 4.7670,0—8 |
Ii(eS)= 1 -1.2842
0.36788

Notice that not even one digit is correct in the (1,3) element. This is
expected since a perturbation of 2.7727 to 2.772707 will yield an exponential
equal to the above f1(eS) up to five significant decimal digits.

In the above example, the (1,3) element is so small that it is negligible
compared to the other elements. Therefore, the inaccuracy of that element

will not have much effect on the whole matrix. A reasonable single measure




for the matrix as a whole is the following :

Definition. The condition number for the exponential of a triangular
matrix S with respect to a given norm is defined to be

[eTS))]

cond{S)=cond(S,exp)= T

(3.3.2)

In the above example, cond(S) ~ 1.8.

Remark 1. In practice we are only interested in cond's order of magnitude.
Numerical examples show that the number of decimal digits lost in fI(e¥) is
usually smaller than log,gcond(S) . Since there is no need to compute
cond(S) accurately, a fast method can be employed to compute elS) for
cond(S) (notice that T'(S) is real). The cost of computing ™5) adds about

20% to the cost of the Schur form and the cost of 5.

Remark 2. We have performed numerous experiments on various matrices
based on tae numcrizal algorithm (fcr the matrix exponential) suggasted in

[5]. We compared the relative error in f1(e¥), namely

Lirt(es) —e3]|
lle 1l '

with £-cond(S) (where ¢ is the machine precision) and found that cond(S) is
a good predictor of the error in magnitude, provided that the matrix S is
first reduced to an equivalent matrix that has eigenvalues bounded in their
imaginary parts by a small number like 7 (cf. Part 1l Matrix Argument Reduc-

tion ).




- - f"""‘T

21

In general, if [(S) & S (cond(S) = 1), then we expect ¢5 can be com- ‘

puted accurately.




}
%

4. Numerical Results

Two sets of examples are considered in this section: the first one con-
tains matrices that approximate In(J;) where J ¢ is the Jordan block with { on
the diagonal. The second set contains matrices of dimension 6 with various
imaginary parts on the diagonal elements.

The computation of 25 consists of two steps. First, S is reduced to a tri-
angular matrix C whose eigenvalues are near the real axis. Then, using the

Newton polynomial of exp(C),
exp(5) = exp(C) = A(Z)exp ] + 55 aHZ)exp [1(C~4; ).

Here Z=(¢), ....¢{a) is the diagonal (eigenvalues) of C. The coefficients
A¥(Z)exp are computed by a hybrid algorithm (SH) suggested in [5]. The
details of the computation will be given in another paper. Because the
exponential divided differences can be computed accurately, Newton's
method is quite reliable (although it is slower than Parlett’s recurrence [8]).

In what follows, we use single precision arithmetic' te compute fl(e¥)
and cond(S). The relative error in fi(e¥) and the number cond(S)e
(e=2"%) will be compared .

t All computations in this section are done on a Vax 11/780. The single precision arithmetic
s~d significant digits and the double is ~16 . Vax is a trademark of the Digital Equip-

mant Corp.




Exampie (I).

The general form of the matrix considered in this example is the matrix

1 1 1 G
T T T e
i _1_ .
™or T
In¢ %— -
Se = f(in(J¢)) = 11( In¢ )
In¢
where
¢1
1
Je = ¢ e 1

Because of the roundofl, exp(S;) is close but not equal to J;. Our results are
summarized in Table (4.1) and (4.2). In Table (4.1), the first column is the

value of {; the second column is the dimension of S;; the third column is

_ _ i texpTSMI,
cand = cond(S) = S rtexpS L

and the last column is err/¢ (¢=2724), where err is the relative error in
Jl(exp(S;)) in norm

err =err(f1(exp(s) = LLLEFEO RGN

Table (4.2) contains the details of the elements of S; and exp(S;) when n=5

and {=0.25. The reader should notice that the condition number of each ele-

ment is a good prediction of the relative error in that element




|

|

24
¢ n | cond(S,) | err/ &
5 25 0.3 :
1 10 5.0 1.0 :
15 7.5 1.7
5 10.4 4.0
05 | 10 341 170
15 | 10921 1815
S 68 32
0.25 | 10 7x10* 4x10%
15 | 6x107 3x10° ‘

Table 4.1. Condition numbers and the relative error in exp(S;).

Table 4.2 The elements of exp(S;) and their sensitivities
(with n =5 and ¢=0.25).

1.5 Sty Ji(eS)y |correct value | piy; |Telerr/e
(1,1) | -1.386284e+00 | 2.500000e-01 2.500000e-01 1.0e+00 6.4e-02
(1,2) | 4.000000e+00 { 1.000000e+00 1.000000e+00 1.0e+00 6.4e-02
(1,3) | -8.000000e+00 | 0.000000e+00 0.000000e+00 4.0e+00 1.0e+00
(1,4) | 2.133333e+01 { 0.000000e+00 1.580457¢-07 1.0e+08 1.7e+07
(1,5) | -6.400000e+01 | 2.881023e-08 8.357830e-07 1.0e+08 5.8e+07
(2,2) | -1.386294e+00 | 2.500000e-01 2.500000e-01 1.0e+00 8.4e-02
(2,3) { 4.000000e+00 | 1.000000e+00 1.000000e+00 1.0e+00 8.4e-02
(2.4) | -8.000000e+00 | 0.000000e+00 0.000000e+00 4.0e+00 1.0e+00
(2,5) | 2.133333e+01 | 0.000000e+00 1.588457¢-07 1.0e+08 1.7e+07
(3,3) | -1.38829424+00 | 2.5000C0e-01 2.500000e-01 1.0e+00 6.4e-02
(3.4) | 4.000000e+00 | 1.000000e+00 1.000000e+00 1.0e+00 8.4e-02
(3,5) | -8.000000e+00 | 0.000000e+00 0.000000e +00 4.0e+00 1.0e+00
(4,4) | -1.386204e+00 | 2.500000e-01 2.500000e-01 1.0e+00 8.4e-02
(4,5) | 4.000000e+00 | 1.000000e+00 1.000000e+00 1.0e400 6.4e-02
(5.5) | -1.386204e+00 | 2.500000e-01 2.500000e~01 1.0e+00 68.4e-02
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Example (II).

-20ki 025 -125 75 -99 183.5
-10ki 025 ~125 75 -99
-5ki 0.25 -125 75

Sy = 0 025 -125].
5ki  0.25
10ki

In this example we apply the argument reduction (cf. part II) on S
before the matrix exponential is called. The reduction matrix Cis triangular
and its eigenvalues are near the real axis. It may worth to mention that
when our matrix exponential is applied to S, directly, the relative error in
Jl(exp(S;)) is much larger than those in fl(exp(C,)). We summarize our
results in Table (4.3) and (4.4). In Table (4.3), we list the relative error in
Jl(exp(G)) in the third column

[1f¢(exp(Ge))—exp(Se)lls
llexp(S)llx

rel err=

In the second columr:, we give the exponential condition number cond of Sj.
The first column is the value of k. In Table (4.4), we list the details (the ele-
ments of the matrix exponential and the condition number of each element)
of exp(S's). Again the p; ; gives a fairly good indication on the size of the rela-
tive error in the 1,j-th element {(except the diagonals and the superdiago-
nals, which are computed by special formula, cf [5] for the special formula of
the first divided difference).
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k | cond | relerr: ¢
0 1.7 0.3
1 50. 8.0
2 986. 8.1
3| 138 34.
4 192 44.
5] 492 98.
Table 4.3. cond vs. err/ £ on S)'s exponential.
i T {exp(Ss)) correct value pry |relerr/e
{1,1) | 8.623189e-01 5.083857e-01 8.623189e-01 5.083658e-01 1.0e+00 2.6e-01
(1.2) | ~1.219954e-03  -3.132358e-04 | -1.219854e-03 -5.132358e-04 | 1.8e+02 ?7.7¢-01
(1.3) | 6.233882e-02 2.148104e-02 8.233848e-02 2.148082e-02 | 1.8e+02 0.0e4-01
(1,4) | -3.798584e-01 -1.032820e-01 | -3.708592e-01 -1.032819e-01 | 2.0e+02 9.9e4+00
(1,5) | 5.085205e-01 1.025526e-01 5.085271e-01 1.025522¢-01 | 3.8e+02 8.0e+01
{1,8) | -0.670381e-01 -1.285248e-01 | -0.670222¢-01  -1.285228e-01 1.2e+03 2.4e4+02
(2,2) | 9.649680e-01 2.8623748e-01 5.649680e-01 2.623749e-01 1.0e+00 5.0e-01
(2,3) | <1.300231e-03 -2.623678e-04 | -1.300231e-03  -2.623678e-04 | 1.9e+02 9.1e-01
(2,4) | 06.559493e-02 8.758856e-03 6.558459e-02 8.758609e-03 | 1.9e+02 8.8e+01
(2,5) | -9.848144e-01 -2.824261e-02 | -3.948142e-01 -2.824261e-02 | 2.0e+02 9.0e+00
(2,8) | 5.222191e-01 -1.132138e-08 5.222168e-01 -4.085758e-19 | 3.8e+02 7.8e+01
'(3.3) 9.612028e-01 1.323518e-01 9.912028e-01 1.323518e-01 1.0e+00 J.4e-01
(3.4) | -1.323517e-03 -8.797180e-05 | -1.323518e-03  -8.797188e-05 | 1.9e+02 1.1e+00
{3,5) | 6.617710e-02 -9.313226e-10 8.617675e-02 -3.252607e-190 | 1.8e+02 8.8e401
(3,8) | -3.848144-01 R.624262e-02 | -3.948142e-01 2.624261e-02 | 2.0e+02 7.8e+00
(4.4) | 1.000000e4+00 0.000000e+00 | 1.000000e+00 0.000000e+00 | 1.0e+00 0.3e-10
(4,5) | -1.323517e-03 8.707187¢-05 | -1.323318e-03 8.797188e-05 | 1.8e+02 1.1e+00
(4,6) | 6.558493e-02 -8.758858e-03 8.558450e-02 -8.758800e-03 | 1.8e+02 8.7e+01
(5.5) | 9.012028e-01 -1,.32351Be-01 8.912028e-01 -1.323518e-01 1.0e+00 3.4e-01
(5.8) | -1.300231e-03 2.623878e-04 | -1,300231e-03 2.6236878e-04 | 1.9e4+02 8.6e-01
(6.8) | 9.6406880e-01 -2.623748e-01 0.649660e-01  -2.823748e-01 1.0e+00 5.0e-01

Table 4.4 The elements of exp(S;) and their sensitivities .
(Complex number is represented as a pair of integers.)




27

Appendix [.A. Stability Analysis of The Schur Decompo-
sition

Given any square matrix 4, there exist (by Schur's lemma) an unitary
matrix U and a triangular matrix S (with the eigenvalues arranged in any
desired order along the diagonal) such that =U¥AU. S is called the Schur
form of A (associated with U), and sometime we call (S, U) a Schur decompo-
sition of 4. Since f(4)=Uf(S)U¥ for any analytic function f, e4 may be
computed by Ue® U¥; accordingly, it suffices to work on S. The worry in
using Schur decomposition to compute e4 is whether the whole process is
stable. In order words, if the computed S and U satisfy A & USUH and
UUH =1 (whether or not S is close to the exact Schur form), does

e4 m UeS UH? We will answer this question in this section.

Notations

We fix some notations. Let K(X) denotes the condition number of X (for
matrix inversion), i.e., K(X)='|X|]-||X"!||. Here ||-|| will elways denote the 2-

norm, ||A||= max || Az ||2. We also use the spectral abscissa (or the index)

a(A)=max §{ Re(¢): ¢{espactrum (4) } (al1)
and the log norm

u(A)=maxiu|ucspectrum ((A¥ +4)/ 2)}. (a2)

The log norm has the following properties (see [3]):

|(A)[<I{A]l.
u(A+B)<u(A)+u(B), and (a3)
a(A)<u(A).




Bounds on exp(A)

We summarize some results on bounding e*4, which will be used later. All the

following bounds can be found in [3], [8] and [10].

(a) Lower bound.
||et4]| =et4) (t=0) " (ad)

(b) Norms and log norms.

lat4 ]| < etsla) < gtll4l (¢20). (a5)

(c) Jordan canonical form. If A=XJX! and m is the maximum size of the

Jordan blocks in J , then
t"
|letA ||511|.K()()-u‘r'.ré?"x_l Fe‘““”. (aB)

(d) Schur decomposition bound. If U¥AU=D+N where U is unitary, D is

diagonal and N is strictly upper triangular, then
=1 HEN||®
o4 etacarsy LEFIE. (a7)

Remark. These bounds have been discussed in detail in [3). One can always
find examples that favor one bound over the others. For later use the follow-

ing slightly general form
|le*[lspa(t)-e?™@ (a8)

will be used to represent the bounds (a5-7). Thus g(A4) can be the index or

the log norm of A, and p,4(¢) can be a constant or a polynomial in ¢.




Theorem A.1.

If A-USV=E and J-VU=F, then
¢
gtA_[/atS V=fe(¢—‘r)A(EU_USF)efS, vdr. (a9)
[

Proof. Let X(t)=e'4—Ue'SV, we have
X (t)= ﬁ—xu):u“-us«‘sv
=AeA-US-(F+VU)- eV
=Ae*A~USFe*S V-USV-(Ue** V)
=AatA-USFe'S V-(A-E) (Ue*S V)
=AX(t)+(EU-USF)-e'S-v
Thus

e t4.(X'(t)-AX(t))=e ¥ (EU~USF)e*S-v
or '

(e A X(t))y=e M (EU~-USF)-e*S-V.

Taking the integral of both sides from 0 to £, we have
s
c"“X(t)=fe —TA(EU-USF)e™dr.
]

The theorem follows by multiplying ¢* from the left to both sides of the

above equation.

Corollary A.2.
lle*4~UetS V||| VI||| UII(I|E 1|+ || SF||)¢ e masisrats)), (a10)
lle*4~Us*S Vi< VI|[| UII(LEI[+(ISFI1)e-p (¢)- et maxtatdratsn, (a11)

where p(t) is either
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(a). a polynomial of degree less than m,+m,;—1, where m, and m; are the

maximum sizes of Jordan block of 4 and S respectively,

(b). a polynomial of degree less than 2n—1 with the constant term equal to
1.

Proof. Assuming ||e**||<pa(t)e'9(4), Theorem A.1 implies

¢
lle*~Ue*S V||s [ p4(t ~r)et W) EU~USF ||ps()-e || V]jar
0

¢
s||EU-USF|||| VH{Q“ MW+ (S).p,(t —7)ps(T)d 7.

Since
(t-1)g(4)+79(S) = ((¢t ~7)+7)maxig (4).9(S)}
and
|EU-USF|| < ||VIITUNI(IE +||SF{)).
we have

]
|le*4-Ue*3 Viis|i Viil| Ull(IIE'II+|ISFII){P4(t ~7)ps(T)dT-emexls (g,

The corollaries foilow by chousing suitable ps(t) and g(4) according to (a5
7). »

Stability of Schur Decomposition.

When the Schur decomposition USUH is used, the computed U satisfies
NU|-1UH||=1. Corollary A.2 implies that it ||A-U#SU||=e|]A]| and

||7-UUH||<¢, then, for some polynomial p(t),

".M_UGCS UH

< 2et-p(t) maxt||A{llISH] .

maxt]le*|l.|le* ||}
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This shows that whether S accurately approximated the Schur form of 4

does not matter; as long as USU¥ is close to 4, Ue® UH is close to e.

The corollary also shows the possible advantage of using Schur decom-
position to Jordan decomposition (in computing e4) when A has an ill-
conditioned eigensystem. If one wuses Jordan decomposition, then
U VH=]IRII|R™!||¥K(R) where R is the matrix that transforms 4 to Jor-
dan normal form : R~'AR=J. Here K(R) could be enormous.




Appendix B. A Different Proof of CorolIary 2.4.

It is well known (see, e.g. Bellman [1]) that a fundamental matrix & for a
system of 0.D.E.s with constant coefficients z'=Sz is given by
&(t) = et (It] < =).
The solution ¢ (vector function) with given initial vector ¢(0) looks as follows
¢(t) = e*5-9(0) (1t} < ).

Similarly, Y(t)=e*T(5).4(0) is the solution of z'=I(5)z. It is not difficuit to
see then that |e¥|=<e™) is equivalent to ¥(t)=|¢(t)| for any ¥(0)=|¢(0)]|.
Thus Corollary 2.4 follows from the theorem below.

Theorem B.1. If ¢(¢) and ¥(t) are the corresponding solution of the
differential systems z'=Sz and z'=[(S)z (S is a n by n triangular

matrix), and if ¥(0) = | ¢(0)| (element-wise), then

¥(E) = le(t)]  (¢=0). (b1)
Proof. Since
L = aepu(t) + Toswsl®)  (=12m), (52)

we have, multipling both sides of (b2) by e ™+ and rearranging the terms,

e gy ()] = Zoale gy (2], (b3)

Similarly,

Sle ™ gy ()] = 3 g (Lo oy (0], (b4)
i<y
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‘¢n(t)=8—m""‘" “Yn(0) = l'_.‘"‘ ‘Pa(0)| =lpn(t)].

So for k=n y(t)=]@e(t)] is true. Assume that the inequality ¥, (¢ )=) g, ()|
is true for i<k=n. Then

Sl ()] = Tlagle ™y e)
i<f
2| Yo ™ gi(t)]
i<J

= | s ™ s(t)] 1.

Since ¥;(0)2| ¢:(0)|, by Theorem 3.7,
e TPut g (t)2 [0 W gy ()] .
Which implies
it )=l e(t)].

By the principle of induction, ¥;(t)={p;(t)| for every i ; hence proving the

theorem. »
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Part II.

Matrix Argument Reduction
and its
Application to Computing Exp(S)
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5. Introduction

One common and irnportant technique in computing periodic functions
(like exp, sin and cos) is argument reduction, which reduces a given value z

to an equivalent value in a standard range. E.g.

sin(100)=sin(100~32r)=sin{~0.530984---).

" This technique can be extended to matrices. For periodic functions like
exp and sin, one can reduce a matrix B to some C whose eigenvalues lie in a
standard range. This technique is useful in the matrix exponential problem,
for exp is periodic on the imaginary axis and by working with C one needs

only consider matrices whose eigenvalues are near the real axis.

In this part, we restrict our attention to triangular matrices'. We begin
with a formal definition of matrix argument reduction. Then, in section 7, a
numerical method for the reduction on triangular matrices is described.
Finally we discuss the application of argument reduction to the computation

of the matrix exponential in section 8.

tAny matrix B is unitarily similar to its Schur form §, which is triangular.




6. Argument Reduction for Matrix Functions

The objective of this section is to define an equivalence relation
“congruence modulo &" on square matrices. It characterizes matrices that
have the same image under certain periodic matrix functions. More pre-
cisely, if C is congruent to B modulo o, then f(C)=f (B) for function f of
l period w. As a consequence, a given argument B may be replaced (for the

purpose of computing f (B‘)) by some other matrix with more desirable pro-

perties.

6.1. Integral Representation of Congruence

Given complex numbers 7, { and w#0, we say 7 is congruent to ¢ modulo  if

{(n—¢)/ » is an integer; and using the notation of Gauss we write

ns¢ (modw). (6.1.1)
(If ¢ is not congruent to 7, we shall write ¢{#7 (mod w).) When there is no
doubt concerning the modulus, the mod @ of the formula may be omitted .

Notice that if f=¢ (mod w) then some integer k¥ must exist such that

n=¢{—kw, and conversely. Hence, for any periodic function f with period @,
we have

I (m)=1 (¢~kw)=1(2). (8.1.2)
By the Cauchy integral formula, 77 does have the following rather complicated

representation

n={-ko= 2::-1 .[ (g;f{”) dz , (8.1.3)

where T is a simple closed contour (positively oriented) that contains ¢ in its

interior. For matrices, an analogue of the Cauchy integral formula is the




Dunford-Taylor integral. For any polynomial p(t) it can be proved that
- 1_ - -1
P(B) = ghr [P (e)er-5) e

where I' is a closed contour that enclosed all eigenvalues of 4 (see Kato [0],
p.44). By analogy, this integral is used to define p(B) , even if p(t) is not a
polynomial but an analytic function with no singularity inside nor on T, as fol-
lows. Let A;, ... ,An be the eigenvalues, not necessarily all distinct, of a
given nxn matrix B. Let I',,[, .. . ,[}, be a collection of positively oriented
simple closed contours. We do not assume these curves are disjoint; they
may cross. We do assume that each eigenvalue A\ lies on no curve I, and

lies inside just one of those contours.

Let ¢(t) be a function analytic inside and on each curve IY; if ¢ is mul-
tivalued then choose a branch of ¢ for each I}, not necessarily the same

branch for every I';. Then
#(B)=5r [ #(Q)(¢T-B)"ds.
Ul

Of course, differer.t choices of branches for ¢ on Iy may result in different
value of p(B). In particular, we can choose ¢ to be a "w-shift" function
¢(z)=2-k;0 inside and on Ty, for any integers k;, to obtain the following
definition :

Definition 8.1. € = B ( mod w) just when C is a &-shift function of B :

Cop(B)= g S oQYGI-B) L (6.1.4)
4

Note that the eigenvalues of C are ¢(\;)=A;—k;w. Therefore, each member of

the class of matrices congruent to B is determined by the set of integers
ey, . .. k).

. S I i
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EXAMPLE. For any matrix B and any integer k,
B—-kwl=B (mod w).

This follows from choosing ¢(z )=z —kw inside and on every T}.

In order to show that " ={(mod w) " is an equivalence relation on

matrices, we need the following lemma.

Lemma 8.1. For any square matrix T,

g{$)=g1(g2(¢))  implies  g(T)=g(gz(T)) (6.1.5)

where g, is holomorphic in a domain that contains the eigenvalues of T, and
H g1 is holomorphic in a domain that contains all the eigenvalues ga(\,) of

g2(T). so g(T) may be defined by the Dunford integral.

Proof. See Kato [0], p.45. =

Theorem 6.2. The congruence relation on matrices is an equivalence
relation; i.e.,

B=PB (mod w), (6.1.8)

C=PF (mod w) implies B=C (mod w), (6.1.7)

A=P (mod w) and B=C (mod ») implies A4=C (mod w). (6.1.8) '

Praof. (6.1.8) is obvious (k=0). For (8.1.7), let ga=¢ and define g,=¢! :

¢~z )=z —(~k;)w inside and on I;. Then g,(gz2(z))=¢~'¢(z)=2 for z in I},
i=1,...,m. Thus C=5 (mod w) => C=¢p(B)=gs(B). So

B=g.(g2(B))=9:(C)=¢~*(C).

Since ¢~! is a w-shift function, by deflnition B=C (mod w). The proof of

(8.1.8) is similar : if A=¢,(B) and B=g¢(C), then p(z)ap,(¢(2)) is also a ©-

shift function. Hence A=¢(C) implies A=C (mod w). =

Ve i o o i A
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The usefulness of the congruence relation on matrices lies in the follow-

ing theorem.

Theorem 8.3. For any f holomorphic in the complex plane with period
@, if C=B (mod ) then

7(C)=1(B). (6.1.9)

Proof. The theorem follows from choosing §,=f and gz=¢ in Lemma B6.1.
Since the period of f is w, f(2)=f(¢(z)) for any w-shift function p. Thus,
F(CO)=1(e(B))=S(B). =

6.2. Argument Reduction for periodic Function

Let MOD(B, w) denote the class of matrices that are congruent to B modulo
w. For any holomorphic function f with period w, the computation of f(8)
might be difficult when B is large in certain norm; especially when series or
polynomials must be used. Theorem 6.3 enables us to pick any C from
MOD(B,w) and compute f(C) instead. Thus, one can reduce the given argu-
ment B by choosing front MOL{8,s) a matrix smaller in norm. We cali such a
process argument reduction. For example, one may choose C to have eigen-
values ¢{; that are smaller in magnitude, yet congruent to the corresponding
A for instance, take ¢; =\ —k;© where k; is chosen to minimize |\; k| over

all integers k. More generally, we may ask the following question :

Given a matrix norm, can we characterize the matrix C of minimum
norm in MOD(8,w) ?

It turns out that such a C depends on B and the given norm in a compli-

cated way and may not be unique.




08 ¢
0 04

w=l, PB= [

Since B is triangular, any CeMOD(B,w) is of the following form :

0.8k, (tx
C= 0

0.8-0.4

(0.8—k,)—(0.4-k,) !
|

This form is dictated by commutativity CB=BC, see equation (6.2.1). Now,

for different values of ¢ and norm, the minimizing C is as follows

Case (a). t =0, any of the norms || -*]| 5, j=1,2,»;
C=diag(~0.2,0.4) (k,=1 and k>=0).

Case (b). t=0.4, 1-norm ( || C| ,=mt;xujglau 1)

___los 04
C=B=|9 04

Case (c). £=1, w-norm ( || C|| -glr:ljl:!f.‘gla”l):

(k|=kz=0).

c= [—g.z _3_6] (k1=ko=1).

MLE
In general, if B = [ 01 Ag] and w=1, then the (1.2) element of C is equal
to
(M=F)) ~ (Aa—kg) k,—k,
tx SEx(l - ——).
™) S v v

Thus when £ #0 and A\, and Az are sufficiently close, the (1,2) element must be

large unless k,=kj,. This suggests that it may be a good idea to constrain
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ky=kgif A\, and A; are close together.

In computing f(B), if the Schur form S of B is used, then argument
reduction of a triangular matrix is required. For a triangular S any C in
MOD(S,w) can be computed by a variation of Parlett's recurrence [5], pro- 3
vided the eigenvalues (diagonal) of C are given. We shall be content with a C
that minimizes the sizes of the éigenvalues under the constrain k;=k; if A is

close to A;. The numerical method in the next section is based on the follow-

ing consequences of Definition 8.1 :
If C=B (mod w), then
(e). BC=CB; (6.2.1)
(®). (@7'c@)=@'BQ (mod w). (8.2.2)
Both follow from the fact that C=¢(B) : Bg(B)=¢(B)B implies (a) and
Q@ '¢(B)Q=p(Q'BQ) implies (b).

6.3. Remark

It is possible to deflne congruence via the Jordan form. Let J, denote a Jor-

dan block with eigenvalue A. Given any B, let
Q-lBQ =J = diag(JA‘.JM. e aJA‘)

be its Jordan normal form (in this case, some of the \; may be equal), then
by Lemma 6.4 below the only matrices that are congruent to J are
J '=diag(l,;,.,,‘,,, N .J,‘..‘,) » where k; are some integers (the only require-

ment on these integers is k;=k; if A\;=A;). Consequently, C=8 (mod w) if and

only if C is of the form Q/'@".
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Lemma 6.4. The only matrices that are congruent to J, are J,_;.,.
k=0,+1,+12,-- .

Proof. From (B.1.4), if C is congruent to J, then for any simple closed

contour [' that encloses A, we have, for some integer k,

c-s’;- .[ (x—kw)-(2[-J,) ' dz = E:T[ {z(zl- ) ds - {ku(zl—.l,\)"dz ]

= J;—kol.

Therefore, the only matrices that are congruent to Jy are Jy—kw/=J\,,

(k=0,£1,£2, - -+ ) .o

|
[
i
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7. A Numerical Method for Matrix Argument Reduction
on Triangular Matrices

In this section a basic method for computing C=¢(S)eMOD(S,w) for a
given triangular matrix S and a given ¢ (see (8.1.4)) is described. This
method is unstable if some eigenvalues of S are almost equal but not con-
tiguous on the diagonal. To avoid this situation the diagonal elements must

be moved into a suitable order (by unitary similarity transformations).

7.1 The Recurrence Method

Let S be given. For convenience, let A;=s¢; (i=1.....,n) be the eigenvalues of
S. Let the w-shift function ¢ be defined by ¢(A\ )=\, —k;@ (i=1,....n), with the
constrain k;=k; if \;=A;. Since S is triangular, C=¢(S) is also triangular and
the eigenvalues (diagonal elements) of C are ¢;;=¢(N\) (i=1,...,n). Given the
set of integers fk, ....k,}), a simple way to compute C is to use a
recurrence based on the commutativity of C and S (cf. [5]). There are three

cases :

case 1. Distinct eigenvalues. When all A are distinct, C is completely
determined by its diagonal elements : comparing the (i.j) element (with
4>1) of both sides of 0=SC-CS,

-4
0=t Clgsb Sty — St y—4'Cy-hy).
._o( . J = Sty—k'Ci-hyg)

Hence

141
Ciy= .g (Coaen"Stonyg — Stg—4Ce-u9)/ N—Ng). (7.1.1)

Thus C can be generated from the diagonal to the upper right hand corner.
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case 2. Contiguous coincident eigenvalues. When A=A, =A;, the ele-

ment c; ; is just equal to s;; (for rsi<j<s). To see that, it suffices to con-

sider the case when r=1 and s=n (iLe., all the eigenvalues of S are equal).
There is only one simple contour I" that encloses all of the A;. By definition,
= ..1_ -] ;Y. -~By-1

C=5= _[(z k2mi) (2] ~B) 'dz

(7.1.2)
= S~wkl.

Hence,
°¢J =S".j for 1:<j. (7. 1.3)

case 3. Scattered coincident eigenvalues. When equal eigenvalues are

not contiguous, the recurrence breaks down. For example, formula (7.1.1)

yields
0
3= g
when
211
S = 01|, =1 and ¢;;=0 for i=1,23.
l 2

But the (1,3) element of C is well-defined ! To remedy that, we need to move
the diagonals of S so that the coincident eigenvalues are contiguous (and
hence formula (7.1.3) can be employed). There exist (complex) plane rota-
tions which exchange adjacent diagonal elements and preserve triangularity.
So it is possible to find a sequence of rotations in plane (,i+1) that bring any
coincident eigenvalues together (see section 7.2). Thus the computation

reduces to case 1 and 2.

Remark 1. In gen- -l (7.1.3) is true as long as k;=k for any r<i<s. That
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means that if k;,k;4,, . . . ,k; are all equal, the (1,5) element of C is given by

(7.1.3), at no expense.

EXAMPLE.

To see how (7.1.1) and (7.1.3) work, let us compute C where w=1 and

21011 0 O

01 0o
S= 21 1 | (7.1.4)

2.1

We pick the diagonal of C to be (0.101, 0.0, 0.1, 0.1) (corresponding to
k1=2, k=0, kg=2 and k=2, which are chosen to minimize the absolute values
of si1—ki-w). Using (7.1.3) for the (2,3) element and (7.1.1) for the rest, we
have (answers are correct to 5 significant decimal digits)

0.101 0.048072 0.45330 -0.21586

0 .047619 0.45351
C = 0 0.1 1 . (7.1.5)

0.1

Remark 2. When 5 significant decimal digit floating point arithmetic is used

in the above example, cancellation occurs and instead of (7.1.5) we get

0.101 0.048072 0.45300 0.51000

0  0.047619 0.45351
JHC)= 0.1 .| (7.1.8)

0.1
Notice that the (1,4) element lost all its digits! This shows that the

recurrence is unstable if close eigenvalues are not adjacent to each other. To

avoid this problem eigenvalues that are close together should be treated as if

they were equal and therefore must be contiguous and have the same k so




that formula (7.1.3) can be used (cf Remark 1).

7.2. Complex Plane Rotation

Reordering the diagonals of S can be done by successive complex rotations

(or reflections) in planes (i,i+1). Let

Siie1
0 Sieliet

Our problem is to find an unitary matrix U to swap a and b:

U”-[: :]-0: [g :] (7.2.1)

. The follow-
a

Theorem 7.1. Suppose a#b (otherwise U=J), let r= bi

ing U satisfies (7.2.1)

T —r/-r
7.2.
et [ ] ' (7:22)

Proof. First of all U is unitary, for

r-—r/F]

1 - 10
Vi+[r|® L .V1+lr|2 [—‘?/1' ?]-[0 1]'

To show

we multiply out both sides,

ia-r+c cr-ar/'i-'] _ ibr Tc—-ar/¥

c +ar
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Sincer= b—c-:-' we have br =ar +c and hence establishes the above equality . «

Remark. There are many U to swap @ and b. For examples,

. _ 1 rr/F ule € _|b —c|
it U-__—'—m 1 - . then U 0b U= 0 al (7'2'3)
4
T 7
it U-—l—-— W t UH. ac U= ° c.Lr-L (7.2.4)
BRZT I E- R U Rl SRR S
r

The proof of (7.2.3) and (7.2.4) is almost the same as in Theorem 7.1. The U

in (7.2.4) has an extra property that it is symmetric.

From now on, we call the similar transformation that exchange adjacent

diagonal elements in S a swap :

1 1

It is elementary to see that each swap takes 4(n~2) ops; here an arithmetic

operation is a complex multiplication or division.

7.3. A Variation of the Recurrence Method
Recall that k; is defined by
cu =p(A) =N k0.

When equal k;’s are contiguous, a better way (than (7.1.3) and (7.1.1)) to

compute C is by

C=S-wX (7.3.1)




where X=(z; ;) is a triangular matrix defined as follow:
k if i=j,
;=] 0 if ky=kiy=r=ky,

St (7.3.2)
nzo (ZeigsnSierg = Sig-eZTi-k.5) (M=N;) if N#A

The formulae in (7.3.2) come from forcing SX=XS. To verify C=S-wX,
notice that by definition

diag(C)=diag(S -wX).

That is, ¢;y=(S~wX);; when j—i=0. Assume c;;=(S-wX),; for j i<k, 1<k.

Consider (S —wX); 4 for i+j=k. There are two cases:
(1) if ky=k;4y=--=k;, then (7.3.2) and remark 1 in §7.1 imply

(S-QX)‘J = Sig —0=c,-J;

(2) when k;#k;, the relation XS=SX implies S(S—wX)=(S-wX)S and hence
the element (S-wX); J is determined uniquely by the recurrence for-
mula (7.1.3). Therefore by induction assumption c¢; ;=(S —wX) ;.

Both cases yield ¢ ;=(S—wX); for j—i=k; hence, by induction, the equality

holds for all j—i=0.

Formula (7.3.1) is somewhat preferable to (7.1.1) and (7.1.3). Often » is
not exactly representable in a computer, and (7.3.1) puts the arithmetic that

involves w into the last step, thus preventing the propagation of roundoff

error due to the inexact representation of w.

When the equal k;'s are not contiguous, we can find an unitary transfor-
mation U (e.g. a product of complex plane rotations) such that S'=U#SU
has confluent diagonals. Let X’ be computed according to (7.3.2) with S
replace by S'. We have '




C=¢(US'UR)=Up(S")UH
=U(S'—wX YU =S -0UX UY.

Thus C retains the form C=S-—wX where X=UX'U¥H.

As an example, we compute the example in §7.1 again (using 5

significant digit floating point arithmetic only) by swapping the first and the

second diagonal elements before the reduction. Recall

21011 0 O

01 0

S= 21 1

2.1

We have
0 1 0.90293 0]
2.101 -0.42978 0O
H - Q=

2.1

where (using (7.2.1) with 7=~0.47596)

—0.42976 —-0.90293 0 O
0.90293 -0.42976 0 0

v= 0 0o 1 0
0 o o0 1

Thus the corresponding X" of S’ is equal to (by (7.3.2))

0 0.95193 1.0548 —0.50229]

_ 2 0 0
X = 2 0
2

Transform it back and subtract it from S to find




0.101 0.048B07 .45331 -.21588

0 0.047589 .45353
- H -

0.1
Recall the correctly rounded C (to five decimal significant digits) is

0.101 0.048072 0.45330 -0.21586
- 0 0.047618 0.45351
c= 0.1 1
0.1
Here that the (1,4)-th element is correct up to the last digit ( compare the
completely wrong answer in {7.1.8)). Each element in fI1{C) is in absolute

error by at most 3x10~%, which is approximately the rounding error of the

largest element in C.

It seems that the recurrence formula (7.1.1) always yields accurate
results as long as A; and A; are not close to each other. It worths to re-apply
(7.1.1) once more for computing those x; ; such that k;#k; after the whole X

has been computed.

7.4. An Algorithm for Computing C

Section 7.3 suggests the following algorithm to compute C:

Algorithm MAR (Matrix Argument Reduction).
[1] Determine k; (i=1,...,n) so that \; —k;® is small in magnitude.
(2] Order the {k;) so that equal k’s are contiguous;
[3] Find U so that U¥ SU=S" has its diagonals in the new ordering;
[4] compute X* according to (7.3.2) for S*;
(5] transform back X:=UX'U¥H;

[8] recompute X by (7.3.2) on applicable elements;
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[7] compute C:=S-wX.

Step [1]. As we have mentioned in section 7.1, each k; should be chosen
to minimize |\—kiw| under the constrain k;=k; whenever A is close to Aj.

In general, we say A; and A; are close together if A;—); is less than 0.1w.

Step [2]. There are many ways to permute {k,,k,, . . . ,k,] so that equal
ki's are contiguous (let us call them confluent permutations of
{k1.kz, . .. kpn}). Since every swap takes 4(n-—2) (complex) floating point
operations {cf. §7.2), one would like to find a confluent permutation that
requires fewest swaps to bring the k; to the new permutation. It turns out
that this task is equivalent to the acyclic subgraph problem (cf.[2]), which is
known to be NP complete (i.e., exponential time is probably needed to find
the minimal solution). In Appendix I1.A, we show thet one can easily find a
confluent permutation which requires fewer than n(n-1)/4 swaps. For our

purpose this is quite satisfactory.
Step [3]. Apply the complex rotations (in §7.2) to transform S to

S'=UAsU according to the new permutation of {k .k, ... .k,}]. The infor-
mation of the transformation matrix U should be stored for later use (step
)

Step [4], [5]. These steps are easy to implement : X’ can be computed

according to (7.3.2) ; then perform the inverse transformation on X' to get

X=UXUHA,

Step [6). This step can be best described by the following algorithm :
fori=lton ,j=iton do

14-1
if (ky7ky) then z; 5= .z_:o (ZesrnStong = Stg—-Ty-n3)/ (M—2y).




[l Step [ 7]. Finally compute C=S —wX.

Operation count and storage. The major work is in steps [3], [4] and [5].
Since the upper bound on the number of swaps is n{(n—1)/4 ( cf. Appendix
II.A) and each swap takes 4(n—2) ops, there are at most n{n—1)(n—-2) ops

for each of [3] and [5]. Step [4] and [8] together take only Zn

3~ °PS. Hence,

the total number of ops needed is at most 2%113 .(This is the worst case

analysis. In general the number of swaps needed is very few, possibly at most
O(n?) in average!. For example, if all k; are distinct, then no swap is needed !)

For storage, it is possible to implement MAR without using any matrix
storage besides S provided one uses (7.1.1) and (7.1.3) instead of (7.3.1-2) in
step [4]. However, formulae (7.3.1-2) are recommanded and it would be con-
venient to have an extra working matrix. This storage requirement is not
unreasonable since the objective of applying MAR is the computation of f (S),

so there should be at least an available array waiting for the function.

A fortran program of this algorithm is given in Appendix II.B.

7.5. A Simplified Formula for x, 3 when k,=kj. ;
When k,=k, but k,#k, (if k;=kg=kg then z,3=0), it is possible to compute z,4 '

by a single formula which suffers no cancellation.

1 If one uses QR O:Lglonthm to get the Schur form, then the equal eigenvalues tend to cluster
together on the diag

. The worst situation simply won't happen.




Theorem 7.2. For kl=k3 and kl¢k3,

Ziq = s 12523(k 2=k )
B (sz—su)szz—sm:)

Proof. First, we swap S33 and sz in S. Take

1 0 O
P =10 u, up
0 ug uz
where
[“u ‘ulz] _ 1 [r /7 ] _ Sp
Ug Uz | Vi#[r[Zl1 T ’ T Sss—Spz
We have
sll ® L
S'=PHSP = £33 Sps |
S22
According to (7.3.2) (with k,=k3 in mind),
s * ° l k, 0 z'15
S'= Ss3 Sg3| X'= ks z'23
S22 kg
for some z',g and z'z3. Transforming it back we have
ky z'19iL 2 ='1allee k, z ::,3'
PXPB =x-= kg * |= kp zps ).
k, k,

ko—k
Since z,2 = Sla;;::-:—l-= z' 5,3 and

(7.5.1)




we have

a
z'\ U=z 19 7 ( =2=-)
),
(k2—k)) 1tz
S22—8)) alg

8109 28(k2—k,)

=sl

- (s22—511)(S22-533) °




8. Application to Matrix Exponentials

8.1. The Matrix Exponential
It is well known that

gstent = o= .

therefore, with wo=2mnt Theorem 2.3 asserts
e’ =e®  where C=p(S) € MOD(S.w).

So one can apply the algorithm in the previous section and replace S by C
for computing the matrix exponential (in this case, C=¢(S) is chosen to have

eigenvalues close to the real axis). There are two advantages:

(a) The norm of C is usuallv smaller than the norm of S; therefore, C is less
sensitive than S to the roundofl error in the calculation of matrix
exponentials; especially when the eigenvalues of S have large variation

of imaginary parts;

(b) the imaginary parts of the eigenvalues of C are bounded in magnitude.

Property (b) is important in the accurate computation of the exponen-
tial divided differences (cf. [4]). Because of the bounded imaginary parts, the

coefficients AF(Z)exp of the Newton polynomial
-1
«© = AN Z)exp T + '3 AH(Z)exp f{(c-c, I (8.1.1)
= =1

can be computed accurately; consequently (8.1.1) becomnes one of the most

accurate methods for computing the matrix exponential.

As an illustration, we compute' the exponential of the following S using

t The calculation is done on a-Vax 11/780 using single precision arithmetic (the machine
precision is £=2~%, which is approximately 7 decimal significant digits).




N

1. ReS ImS Re C Im C

1.1 0.0000000e+00 1.0000000e+02 0.0000000e+00 -5.3096481e-01

1,2 5.0000000e+00 0.0000000e+00 | -2.6548386e-02 0.0000000e+00
1,3 | -1.2500000e+01 0.0000000e+00 | -2.8269482e-01 1.7453294e-02

1,4 4.1687500e+01 0.0000000e+00 5.2827454e-01 0.0000000e+00
1,5 | -1.5625000e+02 0.0000000e+00 | 8.2632446e-01 ~1.0206868e-01

1,6 68.2500000e+02 0.0000000e+00 | 6.2440491e+02 2.8962694e+01
1,7 | -2.6042500e+03  0.0000000e+00 1.2380859%e+01 3.1803755e+01
2,2 0.0000000e+00  5.0000000e+01 0.0000000e+00 -2.6548243e-01

2,3 5.0000000e+00  0.0000000e+00 | 2.8761101e-01 0.0000000e+00
2,4 | -1.2500000e+Q1 0.0000000e+00 | -2.8269482e-01 -1.7453294e-02

2,5 4.1887500e+01 0.0000000e+00 | -2.21681484e-01 6.4788714e-02

2,8 | -1.5625000e+02 0.0000000e+00 | 8.2351685e-01 1.7664604¢e-01

2.7 | 68.2500000e+02 0.0000000e+00 | -3.3146973e+00 -3.1911498e-01

3.3 0.0000000e+00 1.0000000e+01 0.0000000e+00 -2.5663707e+00
3.4 5.0000000e+00  0.0000000e+00 | -2.6548386e-02 0.0000000e+00
3,5 | -1.2500000e+01 0.0000000e+00 | 3.5196972e-01 -0.5199691e-03

3.6 4.1687500e+01 0.0000000e+00 | 9.4289780e-01 2.8333304e-02

3.7 | -1.5625000e+02 0.0000000e+00 | -1.2384033e+00  3.5637300e-04

4,4 0.0000000e+00 -4.0000000e+01 0.0000000e+00 -2.3008881e+00
4.5 5.0000000e+00  0.0000000e+00 | -2.3598766e-01 0.0000000e+00
4.6 | -1.2500000e+01 0.0000000e+00 | -1.5802860e-01 -7.4799755e-03

4,7 4.1887500e+01 0.0000000e+00 | 2.1535873e-01 8.2332950e-03

8,6 0.0000000e+00 - 1.0000000e+02 0.0000000e+00 5.3096491e-01

5,8 5.0000000e+00  0.0000000e+00 | -2.6548386e-02 0.0000000e+00
5,7 | -1.2500000e+01 0.0000000e+00 6.6370864e-02 0.0000000e+00
6,6 0.0000000e+00 1.0000000e+02 0.0000000e+00 -5.3088491e-01

8.7 5.0000000e+00  0.0000000e+00 | -2.6548386e-02 0.0000000e+00
7.7 0.0000000e+00  2.0000000e+02 | 0.0000000e+00 -1.0619208e+00

Tabie B.1.2. Matrix S and the computed C .

. cond(S)~ 3.1, cond(C)=1

Newton's interpolating polyromial method (the coefficients are computed by
algorithms in [4]) on f1(C). Every pair of numbers in the following tables
represent the real and imaginary part of the corresponding element. As a

summary, we have'

I a’ —jl(ec)|| 1

=272
IleS1l,

&S5, 7¢, (8.1.3)

T It we apply our exponential directly to S (using algorithm SH(II) in [4] for the divided

a lHaS - si(eS)1, ) . .
ifferences), then TPET ~ 1310.0¢; almost 200 times larger than the error in (8.1.3).
*Ti
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For reference, we give the exponential condition number of S and C (see

part]):
cond(S)~31.0 , cond(C)w~1
i,J correctly rounded eS computed e€
1,1) | 8.623189e-01 -5.0683857e-01 8.623189e-01 -5.063656e-01
1,2) | -2.439908e-02 1.026472e-02 | -2.439908e-02 1.026472e-02
1,3) | 7.668408e-03 2.396153e-01 ?7.868374e-03 2.396156e-01
1,4) | 7.220490e-02 -4.624961e-01 7.220464e-02  -4.624946e-01
1,6) | 7.280552e-01 -2.936441e-02 7.280577e-01  -2.936442e-02
1,8) | 5.530223e+02 -2.910502e+02 | 5.530224e+02 -2.910502e+02
1,7) | 2.462681e+01 1.804374e+01 | 2.462648e+01 1.804387e+01
2,2) | 9.649680e-01 -2.623748e-01 9.649660e-01  -2.623749e-01
2,3) | 3.520579e-02 -2.255047e-01 3.520578e-02  -2.255047e-01
2,4) | -8.053124e-02 2.258143e-01 | -8.053132e-02 2.258146e-01
2,5) | -1.700779e-01 -1.040713e-02 | -1.700736e-01 -1.040661e-02
(2.6) | 8.959118e-01 -2.774917e-01 8.958906e-01 -2.774836e-01
(2,7) | -2.805674e+00  1.929768e+00 | -2.805659e+00 1.929756e+00
3,3) | -8.390715e-01  -5.440211e-01 -8.390715e-01  -5.440211e-01
3,4) | 2.010921e-02 1.721335e-02 2.010920e-02 1.721335e-02
3.5) 1.143518e-01 -1.989942e-01 1.143519e-01 ~1.989943e-01
3,8) | 3.831667e-02 -7.865904e-01 3.831670e-02  -7.865940e-01
3,7) | 2.745836e-01 1.096910e+00 | 2.745654e-01 1.096918e+00
4,4 -8.669381e-01 -7.451131e-01 -8.669381e-01 -7.451132e-01
4,5) | -1.042399e-01 1.274381e-01 | -1.04288%9e-01 1.274381e-01
4,68) | -2.586808e-02 1.337202e-01 | -2.586810e-02 1.337204e-01
4,7) | -1.971859e-02  -1.977346e-01 -1.971872e-02  -1.977361e-01
(5.5) | 8.623189e-01 5.0683657e-01 8.623189e-01 5.063656e-01
5,8) | -2.531828e~02 0.000000e+00 | -2.531828e-02 -7.368618e-19
5,7) | 5.779887e-02 -1.574874e-02 5.779857e-02 -1.574666e-02
(6,6) | B.623189e-01 -5.083657e-01 8.623189e-01  -5.063656e-01
(6.7) | -1.834658e-02 1.875656e-02 | -1.834658e-02 1.875656e-02
(7.7) | 4.871877e-01  -8.732973e-01 4.871877e-01 -8.732973e-01

Table B.1.4. The computed e€ and the correctly rounded eS.

a5 ~f1(e€)]] ~57x27% ~ 1079,
S
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8.2. Stability analysis of Step [4]

When X' is computed according to X'S'=S'X", it may happen that the com-
puted X' is nowhere close to the exact answer even though X*S’'~S"X". In this
section, we show that the commutativity play an important role and is the
essential condition determining whether e is close to e Thus it is not
essential that X' be accurate, only that it must nearly commute with S°.
Recall C is computed by S—wX (w=2mi) and X=UX'U¥, Let E=X'S'-S'X', we
have E=UHEXSU~UHSXU=UH(XS-SX)U; hence || E|| =|| XS—-SX]||. since U

is unitary.

Theorem 8.1. With C,X, and £ as given above
l| @S —eCll s 1| || e2rixU+ticl, (8.2.1)

We first prove the following two lemmas.

Lemma 8.2. For square conformable matrices A and B

t
at(A+B) _ptA ,tB =fe (¢ —‘r)(A+B)(Be-rA _erAB)erBdT
0

Proof of Lemma 8.2. Let Y(t)=e!“*+P)-g#¢g!B The derivative of Y(¢) is

;_t— Y(t):(A+B)3t(A+B)_AeMe¢B —etA getB
=(A+B)Y(t)+(Be' ~e'4B)e"5.

Therefore

%—(e"“"”’}’(t)):e "‘(‘"B)(Be tA "‘MB)e‘B.

Since Y(0)=0,

[
Y(t)_:fe(t—‘r)(A&-B)(Be'rA _e‘rAB)edeT_ -
0
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Lemma B8.3.
t
Be't—e'Ap= [a*A(BA-AB)e™dT.
(]

Proof of Lemma 8.3. Let Z(t)=Be'A—e'4AB. We have

£-2(t)=BAa*~4et4 B

=BAs*4—~ABe'4 + ABe'* - Ae'4 B
=AZ(t)+(BA-AB)e*.

Therefore,

e““(%Z(t)—AZ(t)Fe ~t4(BA-AB)e'

d%—(e 4 Z(t))=e M (BA-AB)e'A,

Since Z(0)=0

e“‘Z(t)=]a “TA(BA—-AB)e™dT
[} .

and finally

¢
Z(t)=fet-"4(BA-AB)e™dT. »
0

Proof of Theorem 8.1. After the transformation in step [3), the diagonal of X*

is of form
diag(X')=(a,.a,...a,b.b,....c.c,...c).

where a,b,..,c denote distinct integers. According to (7.3.2), X’ has the fol-

lowing form




We claim that

It suffices to consider the case that diag(X") has only two distinct integers,

XO

>

]

R OC

- @
O & & & &
O 8 8 8w

0O0OC &« # & &

exp(2miX") = I.

a0

fR © O
ROOCO

O e » @

aly (*)
bla |

HEN - 2NN I AR

PO O & & & »

» It is obvious that F=exp(2miX') is of form

I, Fyp|
exp(21n'.X')=F=[ ' 1;2].

Since FX'=X"F, by comparing the (1,2)-th block of FX

Since a #b, F13=0.

(*)\+Fg:blp = al,Fia+(*)1,.

From step [5] of MAR, X=UX"U¥; hence

Therefore, if we write

e X=y. 1. UH=g

c

@5 —gCzgCHamX_g2mX oC.

then Lemnma 8.2 implies (with £=1)
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1
as—ec=fe("')s-(Cem—e"z"“xC)-e'c dr. (8.2.2)
0

Using || e[ <e !SI, Lemma 8.3 implies (for 7=0)

. “ cerzu-tx — erznxc“

< || c(emirX)—(2miTX)C|| -23 (r-g)ll 2mix]l. g €ll2miX1l g ¢
< 2nl| (C+2miX)(X)—(X)(C+2miX))| -7-e2 I Xli
< 2n|| SX-XS|| T-e™" Xl
Since || £|| = || SX-XS|| and || S|| s2n|] X|| +]| C||. (8.2.2) implies
| e5—&€]| || £]] e @ X1+ cu)._Z'Td.,._

and the bound (8.2.1) follows. =

Remark. Using different bounds on || e°|] yields different results. For exam-
ple, if one uses ||eS||<e”S), where w(S) is the log norm of S

((S):=max{Re(N;) : ;;€A(S)}), then the same reasoning as above yields

(| a5 —e || s.u%l.Lezﬂp(X)ﬂ‘(C).

See part I Appendix 1.A for other useful bounds on || e¥|].




Appendix II.A. (A Bound on The Number of Swaps)

Our intention here is to examine how many adjacent swaps are needed
to reorder n integers k=(k .k, . .. .k,) so that coincident k;’s go together.
We call such an ordering confluent (cr a confluent permutation of
k1. . . . . kn}). To clarify our meaning of swapping, we will use swap to denote
the exchange of adjacent elements, and exchange to denote the exchange of

any two elements.
There are many ways to reorder k. For example, if k=(2,3,2,5,3,2), then
there are six confluent permutations of them:

(2,2,2,5,3,3), (5.3.3.2.2.2), ---, (3,3,5,2,2,2).

Our problem here is to determine a confluent permutation k'’ for k such that
the transformation from k to k' requires a nearly minimal number of swaps.
To formulate the problem clearly, we follow [1] in using the notion of mul-
tisef. A multiset is like a set (where a set is a collection of distinct elements)

except that it can have repetitions of identical elements. For example,
H={a,a,a,b,b,c,d,ddd)],

which contain 3 a's, 2 b's, 1 ¢, and 4 d's. We may also indicate the multiplici-

ties of elements in another way, namely
HM=§{3-a,2-b,c,4-dj}.
A permutation of ¥ is an arrangement of its elements, e.g. ,
cabddabdad.

From another point of view we could call this a string of letters, containing 3

a's, 2b's, 1c, and 4 d's. For convenience, we use per(M) to denote the set of

all permutations of M where x=(z,, . . . ,Z,) is a typical element.
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VWe consider the multiset of integers. Let M ={k,.k,, . . . kn} where k;'s
are integers; then M is a multiset. If a,, . . ., @; denote the distinct integers

in M, then M can be written as
M={n;a, ngae, ..., nyayl,

where n; is the multiplicity of a;. A confluent permutation of M is a permu-
tation of M, (a,)<per(M), such that

8 =(Mp (1) %p(1) Tp(2y By - - -+ Mp() B
where p : p(i), i=1,2.....l is a permutation of 1,2.....l, ie., peper{1,2....1].
Since we are interested in the number of swaps needed to transform one per-
mutation to another, we define r(xy) to be the minimal number of swaps

needed to change xto y.

For example, if x=(2,3,2,5,3,2) and y=(2,2,2,5,3,3), then r(x,y)=5. Each
new line is obtained from the previous one by a swap

x=(2,3,25 3, 2)
+(2.2,3,5,3,2)
+(2,2,5,3 3,2)
+(2,25,323)
+(2.2,5,2 3, 3)
+(2,22,533)=y.

With the above notation, we restate our problem as follow

Problem. Given any permutation k=(k,,....k,) of M, find
Peper{1,2,....1} (I is the number of distinct integers in M) so that the 7(k.a,)
is minimal over per{1,2,...,1{.

This is a NP-complete problem, that is, it probably requires exponential
time (in I) to find the minimal solution (for one thing, there are l! choice of
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P). In fact, this problem is related to the acyclic subgraph problem, (see
[2]), which is well known to be NP-complete. We'll establish the connection
between our problem and the acyclic subgraph problem later. First, we show

that we can always find a p such that r(ka,) is less than
2
1"4‘—(1—:—-) <n(n-1)/4. Let —p denotes the reverse permutation of p: if

p=p(1).p(2). ... .p(1), then —p=p(l),p(t-1)....p(1) (ie.. (-p)(E)=p(l—i)).
Also we use / to denote the identity permutation of per{1,2,...,1]. Note that

—p is not the inverse of p.

Theorem A.1. For any givenp,

min fr(icap). r(kap) < 2-(1-1).

Proof. 1t suffices to consider p =/, for one can always replace a; by ay(;). Let
74y denote the number of g; in front of @;. By that we mean for each a;, we
count how many a;’s are on the left of this a; (in k), then take the sum over

all a; and call it the number of a; before a;. For example, if
k=(7.8,7,5.8,7) where a,=7, a;=8, a3=5,

then 725=1, 7,5=1 and 7,2=3 . (n¢; can be considered as the number of
inversions between a; and a;. This is a generalization of the inversions
defined in [1] p.11: given (i.j) in order, and a permutation k=(k,, . . . .k,).
we call a pair (kpjkmg) an inversion of the permutation with respect to
(as.ay) if kmy=ay is before (to the left of) kme=ay. 7 is just the total number
of inversions with respect to (a;.a;).)

Lemma A.2.

r(ka)) = ‘g’ﬂu- (a1)
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Proof of Lemma A2 By the definition of 7 ;, there are 7, ; a; before ay,
therefore at least 7;; swaps are needed between a; and a; in order to bring

all a; before a;. It is then obvious that the number of swaps needed to bring

all a; to the left of all @y, ay, . . ., a; is at least 2171,,-. However, since there
(=2
are only 217” non-a) before a,, we can move all a, to the far left in exactly
i=2

inu swaps. The same reasoning shows that there are 2’12.1 swaps needed
i=g =3
to bring all a3 to the left of all a3.a,, . .. ,a, and so on. The lemma is proved.

Notice that Lemma A.2 also implies that };7; ; is equal to r(k.a_;).
>4

2
Lemma A.3. PR WES —-’; (1—%—)
ing

Proof of Lemma A.3. Recall n, is the multiplicity of a;. We first show that
Mg +05:i=Tuny (a2)

for i#j. There are always ny-a; on both sides of each of a;. Therefore, the
number of swappings to bring each of g; to the left of all a; and to the right
of all a; is ;. Since there are n; of ay, the total swapping is n;n;. Because of
(a2), we have

zflu = Zflu + Eﬂj.i
inf >4 i>f
= V(Mg + n54) = Lruny
54 >4

= % Zmn -;—Z‘)m’
151 jEn i=1

= L(nyttnm)t - Ltm'
) 2 &




=';—'n
n? 1
< > (1 T ).

The last inequality follows from Cauchy-Schwartz inequality

(4 +my)P<l-(nf+-n?). .
2
Lemma A.3 implies that either };nyy; or 2,7  is < ﬂ'T--(l--%--): therefore, by
i Y]

2
Lemma A.2, either r(k,a;) or r(k,a;) is less than -':—(1—%—). This completes

the proof of the theorem. =

2
Remark 1. Theorem A.1 implies %—-(1—-1‘—) is an upper bound on

m,jnr(k.a,). This bound is attainable, e.g., (k. ... ,k,):(l.z....-'é‘—.’z‘—.....z)

when n is even. One can easily see that this example takes at least

n(n—2)/ 4 swaps to bring all pair numbers together.

Remark 2. From the proof of the theorem our problem is equivaient to

min (k.a,), (a3)
or,
P N O (ad)

If we change min to max, then (a4) is exactly the quadratic assignment prob-
lem ([2]), a NP-complete problem. Various methods (see [2]) have been sug-
gested to find the maximal (or minimal) solution. However, in our Applica-

tion, there is little incentive for a minimal solution. Since either a; or a_;
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takes less than n{n —1)/ 4 swaps, it is quite sufficient to choose the ‘smaller*
one (the example in Remark 1 shows that one cannot in general expect a

further reduction on the number of swaps).

In' Appendix 1.B, a Fortran program for matrix argument reduction is
given in which the values of a;'s are set up according to the first appearance
of distinct integer in k from left to right, and then a comparison on r{k,a;)

and 7(k,a_;) determines which permutation will be used.




Appendix II.B: Program Listing and Usage

The subroutine for matrix argument reduction is "modt”, which will return
mod(T) in the upper part of T (the lower part will store the original T). The
user must provide subroutine "mod1”, the one dimensional argument reduc-

tion function. The details of the numerical method can be found in section 7.

Subroutine modt(m,n,t.f,z, w.tau).

Given a triangular matrix 7, this subroutine computes mod(tau*T)
according to the algorithm MAR in section 7. The resulted matrix will be
stored in the strict upper part of T with the diagonal in 2(1)....,z(n). The ori-
ginal matrix will be saved in the lower 7. The user must prov1de the subrou-
tine mod1. There is a subprogram "swap”.

m the global dimension of matrix t,f

n the dimension of t,f

t input complex matrix T
é f working complex matrix
' z output complex vector, store the diagonal of mod(tau*T)
} p.q integer working array.

tau input complex parameter.

P

F subroutine modtgm ,n.t.f2p.qtau)

| complex t(m,n),f(m,r),2z(n),tau

1 integer p(n).q(n)

| ¢ This subroutine computes the argument of tau®t. Result is stored in st.nct

4 c upper t with z the diagonal. The original triangular will be stored in

! c the lower t with diagonal. An user provided subroutine "mod1” is required.

omplex x,inf,w

| =(10e37,10e37)

i c HHF _ , .
w= user provided (the period)

c ####
do 10i=1,n

P
é ;—tau‘téx.l) N
call mod1(z(i).x,qi))
10 continue
do 20 i=1.n
do 20 j=1,n
x=z(i)-z(j)
if§abs(real(xg)+abs(1mag(x)) .gt.0.1e0) goto 20

SR =at)




20 continue
¢ ...find out the ordering

p(1)=1
1=1
| in=0
| do 40 j=2,n
‘ do 30 i=1,j 1—
if(p(j).e then
u‘z afeaaf) p)=o()
if(q(i).ne.q(j)) in=in+1
else
ifgpgg .gt.p(i)) in=in+1
if(p(j)-1t.p(i)) in=in-1
endif
{1 ; =tau*t(i.j)
t(j.i)=inf
30 continue
if(p(3).ne.0) goto 40
1=1+1
p(i)=1

40 continue

¢ ...swapping forward
itest=0
isq=sign(1,in)
do 50 i=2.n
do 50 j=n,i,-1
if(isq*(p(j -p(‘s -1)) ge 0) goto 50
x=f(j -1. j
t(j.i-1)=conjg(x)
call swap(m,n.f,z,q,j.x)
1test.- 1

G
P(J) )p 21-1)

p(i-1
50 continue
¢ ...reduction
do 70 j=1,n-1
do 70 i=1,n-j
if(p(i).e;.p(iﬂ)) then

t(j+i.i)=f(i,j+i)
f(ii+j)=0
else
x=f(i,i+j)*cmplx(q(i+j)-q(i))
do 80 k=1,j-1

80 x=x+H(i+k, 1) *f(i+k,i+j)-£(ii+j-k)*(i+j,i+j-k)

f?ﬂ. =f(i, H?)
t(ii+j)=x/(z(i+j)-=(i))
endif
70 continue
c ...back swapping
do 80 j=n-1,1,-1
do 80 i=j+1,n
x=t(i,j)




if(x.eq.inf) goto 80
call swap(m,n,f,z,q,-i,x)
80 continue
c ...final reduction !
if(itest.eq.0) goto 110 !
do 100 i=n-1,1,-1 i
itest=0 :
do 100 j=i+1.n !
] it(q()- ?5 -q(j)) then f

itest.eq.0) f(l.j)—o
if(itest.ne.0.and.j-i.eq.2) £(i,j)=t(i,i+1)*t(i+1.i+2)*
* cmplx(q(i+ 1)-q(15)/(t(1+1 i+1)-t(i.i))/(t(i+ 1.i+1)-t(i.i))

else
itest=1
x=t(i,j)*emplx(q(j)-q(i))
90 :33\»3(‘;333%(1& i)-£(i, j-k) *t (k. )
f(i)=xvtaun/(z0)20)) '
endif

100 continue

110 do 120i=1,n
call modl(z(l) x,k)
z(i)=x+cmplx(q(i)-k)*w
do 120 —1+1 n

‘120 t? ; tau‘t(;.x) £(i.j)*w

return
end

subroutine swap(m,n.f.z,q,k,x)
- complex f(m,n),z(n),ull,u12,u21,x
¢ This subroutine swap the |k|-th and |k|- l-th diagonal of input matrix f.
c If input k is positive, than we perform UHFU, else
c the inverse transformation UFUH, where U is defined as
c in section 7.2.
integer q(n) :
u21=cmplx(1e0/sqrt(1e0+real(conjg(x)*x))) !
uli=x*u21 ,
u12=u21
x.eq.{0e0,0e0)) goto 5
if(k.gt.0) then
u12=-u11/conijg(x) |
else
k=-k
u21=-ull/conjg(x)
endif
5 continue
do 10 i=1,k-2
x —f(x k-1)*ul1+£(i,k)*u21
t(ik) =f(i,k-1)*u12+f(i.k)*ull
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10 f(ik-1)=x
ull=conjg(uill
u2i=conjg(u21
ul2=conjg(ul?2
do 20 j=k+1,n
x =f(k-1,j)*u11+f(k,j)*u21
fgk.j) =f{k-1,j)*u12+£k,j)*ull

20 f(k-1,j)=x

i =q(k
qék) g(qek-l)
q({k-1)=i

x =z(k)
z(k) =z(k-1)
z(k-1)=x
return

end

subroutine mod1 (z,x,k)
complex x,z

integer k

HE

w= user given

#i#

..... User provided.....
Given argument x, return the reduced argument z so that
|zl=|x-kw| is minimized over all integers k.

return
end
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