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ON THE OPTIMALITY OF SOME SUBSET
SELECTION PROCEDURES*

by

Lii-Yuh Leu
National Central University

Abstract

As measures of goodness of a selection rule, usually two quantities,

the probability of a correct selection and the expected size of the selected

subset, are considered. Based on these two criteria, Gupta and Huang (1980)

. proved a theorem to derive a selection procedure with some optimality

prdperty. However, the theorem cannot be applied to the unequal sample
"t- C ,-6 s, I I ..

sizes case. In this paper, * use a 4ifferent m od to generalize this

theorem to the unequal sample sizes case. Also a dual proble is investigated.

Also, W treat a selection procedure in terms of multiple tests. Based

on this approach, wdrive an optimality result IS der,lA-

key words: Subset selection, restricted minimax, multiple tests.
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ON THE OPTIMALITY OF SOME SUBSET
SELECTION PROCEDURES*

by

a ii-Yuh oeu :
Nationa Centra University

1. Introduction

Let l'r2,.-97k be k independent populations which are characterized

by parameters el , e 2, . . . 6k respectively. Let X be the observation from

population wi, 1 < i < k. Assume X = (Xlh...,Xk) is a sufficient statistic

for e a (el,...,ek). Suppose that we are interested in selecting a subset

of the k populations containing the largest parameter (or the smallest

parameter). For subset selection, let 6 - (6 1"...6k) be a selection

procedure, where 6t(x) is the probability of selecting i, 1 < i < k,k
based on the observed vector X = x, and _6i(x) L 1, for all x (i.e. at

least one population is selected). As measures of goodness of a selection

rule, usually two quantities, the probability of a correct selection and

the expected size of the selected subset, are considered. Based on these

two criteria, optimal selection rules have been considered by Bahadur (1950),

Eaton (1967), Lehmann (1961, 1966), Studden (1967), Nagel (1970), Spjltvoll

(1972), Alam (1973), Gupta and Huang (1977, 1980), Berger and Gupta (1980),

4 and Bjlrnstad (1981), among others.

Most of the literature on the optimality of selection rules deals with

the problem when the sample sizes are all equal and is restricted to the

*This research was supported by the Office of Naval Research Contract
N00014-75-C-0455 at Purdue University. Reproduction in whole or in
part is permitted for any purpose of the United States Government.
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location model. Gupta and Huang (1977, 1980) formulate the problem more

generally, including location and scale cases. In this paper we will follow

the notation in the papers of Gupta and Huang (1977, 1980) and generalize

the theorem in Gupta and Huang (1980) to the unequal sample sizes case.

In Section 3, we use a different approach to deal with the problem of
Gupta and Huang (1980) and generalize it to the unequal sample sizes case.

Also a dual problem is investigated. In Section 4, we treat a selection

problem as a multiple tests problem. Based on this approach, we derive an

optimality result.

2. Notations and Definitions

/.*. Following the notation of Gupta and Huang (1980), let a = {e = (e,...,ek)}

be the parameter space. Let -ij= Tij(_) be a measure of separation between

-74i and ir. We assume that there exists a monotonically non-increasing

function h such that t= h(Tij). Let = {elITij(O) A , YJ f i, 1 < j < kJ,
k

1 < i < k, and a0 = n- (an indifference zone), where ? = U Qi. For this
4=1

problem, we assume a and Tii are known with a > 'ii for all I. Let

Ti 
= min ij' 1 < i < k. We define T* = max t . The population associated

with T* will be called the best population. It should be pointed out that

If 0 EQi" then Ti > Tj for all j j i. Thus if e e ai, then ni is the best

population. In case of any tie(s) of the populations corresponding to r*,

any one of the tied populations is "tagged" as the best population and

selection of any subset containing this population is called a correct

selection.

Let the observed sample vector be denoted by x = 94 ), where

xt - (Xil,...,xint), 1 <_ <_ k, xtl,...,X ni are the samples from

1 < i < k. We define
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(2.1) Se,) - PO(Cs16)

= the probability of a correct selection using rule 6,

and
k

(2.2) R(oE) =E06

= the expected size of the selected subset using rule 6.

Let there be a suitably defined statistic Z based on the n1 and n

independent observations from v and vj, 1 < ,j < k, respectively, and

suppose that for any i, the statistic Zi = {Zij; j + i, 1 < j <_ ki is

invariant sufficient under a transformation group G and let

tij; j  i, 1 < j < k) be a maximal invariant under the induced group

. It is well-known that the distribution of Zt depends only on Ti. For

example, if the observations from 7t are mutually independently distributed

with unknown mean ei , I < i < k and known common variance a2, Z might be
nI  n.

- Ri, where I= i j.inj and Ri = iiX JIn . For any i, let the joint

density of Z 1 , j t, 1 < J < k, be P e(Zi) = P, (zt) with respect to some

-l -

a-finite measure u. We note that Ee 6(X) - ET 6i(Z).

The following definitions can be found in the paper of Alam (1973)

(see also Gupta and Huang (1981)).

Definition 2.1. A measurable subset S of the sample space is called

monotone non-decreasing if x E S and y satisfies xi < Yi' 1 < i < k, then

.1s
E S.

Definition 2.2. Let P 8(S) denote the probability measure of S under

the conditional distribution of X, given e. The distribution is said to

have stochastically increasing property (SIP) in e if P 8(S) <_ P B(S) for
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every monotone non-decreasing set S and for all e i < e, 1 < i < k.

Definition 2.3. A function p(x) is said to be non-decreasing if

9(.) S ef(1) for xi _Yi I < i < k.

3. Optimal Subset Selection Procedures Based on Criteria S(e,6) and

R(e,6)

In the following discussion, we will assume that the density function

P6 (z 1 ) = P(z) defined in Section 2 has the SIP in Ti. Let Pe(zt) be
-1

denoted by P0 (zi) when Tij = Tii= constant, j f i, 1 < j . k, and by

P(.z) when Ttj = A, j t 1, 1 <j <_ k. Our goal is to generalize the

theorem of Gupta and Huang (1980). It should be pointed out that the

proof is different from that of Gupta and Huang (1980).

.First we quote two lemmas from Alam (1973) and Lehmann (1961) for

completeness.

Lema 3.1. (Alam (1973))

Let {P ) be a family of distributions which has SIP in e. Then

EOY(X) < Eecp(X) for all non-decreasing integrable function y(x) and

1 <_..el, I <_ <k. (Thus, if P6 has SIP in e, and if cp(x) Is non-

decreasing in xj, then E0q(X) is non-decreasing in ej.)

Lemma 3.2. (Lehmann (1961))

Let v and x be two probability distributions on w0 and w1 (subsets

of a), respectively. Let A and B be two positive constants and let 80

maximize the integral

(3.1) Bf S(e,6)du(e) - AJ R(.,6)dx(.)
UW0 Wl
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where S(e,6s) and R(e,6) are defined by (2.1) and (2.2), respectively.

Then

() 60 minimizes sup R(e,6) subject to lnf S(2,6) > y provided
2EW0

(3.2) f R(o,6 0)dx(e) = sup R(e,6 )
,W1 26 W1

and

(3.3) f S(_,0 )du(e) = inf S(e,6) = y.

40 2Ewo

(ii) 60 maximizes inf S(2,6) subject to sup R(9,6) < y

provided

(3.4) f R(O,60)dX(e) = sup R(e, O) 0 y'
1 2 E 1

and

(3.5) f S(sO)du(e) = inf S(e,6O).

The following theorem is a generalization of Gupta and Huang (1980).

Theorem 3.3. Suppose that for any i, pi(zi)/po(z1 ) is non-decreasing in

i and that Pe(Zt) has the SIP. If R(2,6 O ) is maximized at Tlj = Til =m

constant, for all l,j, where 60 is given by

1 if Pi(Z) > cP 0 (zi)

(3.6) 0 if Pi(Z) = ciP0 (zi)

0 if P1 (Zi) < ClP0(_i),

ci(> 0) and xI are determined by f6OP, = y, 1 < i < k. Then 60 = (60 .... Sa)

minimizes sup R(o,6) subject to inf S(e,6) >_ y.
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Proof. Let i be the probability distribution which assigns probability ai

(will be determined later) to the set wi = {_=lij = A}C Q, 1 < i < k,

and x be the probability distribution which assigns probability one to the
set 0- {-eITij = Tii = constant}.

Let A and B be two positive constants (will be determined later). Then

Bf S(e,6)dp(e) - AfR(e,6)dx(E)

k k
= B I f Ee6idu(e) - A f( I E8 6)dx(e)

i=1 - W0 =l-

k
= f 1 6 .(Ba.P. - APO )i=l 1 1 A 0

which is maximized by putting 6i = 1 or 0 as Bai P > or < APO. Let A, B,
k

1ai ,  < i < k be satisfied the conditions ai > 0, _la i = 1, and c. = A/aiB,
then 60 defined by (3.6) maximizes Bf S( ,6)dp(e) -.AfR(_,6)dx(i). Now, by

60

assumption Pi(zi)/Po(zi) is non-decreasing in zi, then 69 is non-decreasingi1

in zi and by Lemma 3.1, for any 8 Efl, we have

S(6,6 0) E 690 > E 6 0 =f6 0Pi=Y

Hence inf S(e,6 ) > y.
eE5

On the other hand,

fS(,6 0 )dv(2) = a afs0P =

Therefore f S(2.,60 )dp(e) = inf S(o,6 0) =y.

Next, we have

JR(o,6 0)dx(e) = f R(o,6 )dx(e) - sup R(e,6 ), by assumption.
Q WO C

The theorem follows by applying Lemma 3.2. (1).

.4m
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Remark: In the theorem of Gupta and Huang (1980), c.i = c, 1 < i < k which

is a special case of Theorem 3.3. We note that if the sample sizes are not

equal, in order to satisfy the condition =~p ,1<i-ck hudb
different.

V, Furthermore, we have the following theorem, which is a dual of Theorem

3.3.

Theorem 3.4. Suppose that for any i, pi(zi)/po(zi) is non-decreasing in z

00

for all i,j, where 6 is given by (3.6) and c 1(> 0) and x are determined by

kf610  = and f6o Pi is independent of i. Then 60= 0'.90
=1I

maximizes inf S(e,6) subject to sup R(e,6) <i y'

6EQ een

Proof. By the same argument as the proof of Theorem 3.3, we have a0defined

by (3.6) maximizes

Bf S(2.6)du(2) - AfR(2.6)dx(§).

Now, if e E wo, we have

R(e,60 z I ftstpo = ',by assumption.
1=1

Hence

*fR(9,6 )dx(q) = sup R(o,s 0

Furthermore,

f S(2.6 o)dp(2) = Jk =i6iP Zf since fi is independent of i,

and

inf S(e,6 0  >Min f61p 0 f6 0Pi.
8E04 li i
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0 0f S(e,6)du(9) = inf S( , o).

The theorem follows by applying Lemma 3.2 (ii).

Remark: For equal sample sizes case, pi(zi)/P o(zi) is independent of i. If

0we choose c(> 0) and x0 such that f6ip 0 = y'/k, then

1 if pi(zi) > CPo(Z i)

.(_z) =(z if pi(zi) = CPo(Zi)
1 -1 0 -

0 if pi(zi) < CPo(Z i)

maximizes inf S(o,6) subject to sup R(6,6) < y.

Example:
2

Let Xil,... ,Xi be a random sample from N(ei,o2), 1 < i < k, where

2 is known. Then (Rl,...,k) is a sufficient statistic for e' -(el,...,ek),

where X. -- Xin/ni ' N(6ie /n). Consider the transformations

9gc(il...,Xk = (x1+c,...,ik+c), then Zi= {i-Rj; j J i, 1 < j < k} is a

maximal invariant. The induced group = { (0l..,6 (0 +c,...,k+C)}

has maximal invariant Ti = {i-j; j + i, 1 < j < k) and the distribution of

_1 depends only on ii. For any i, the joint density of Zi is given by

P (z P (zi) = (2o 2)'(kl)/2 il-exp{-(zi-1i)'Ei (zi )/2a

where
+I

ni  .1 + )
ini nk (k-l)x(k-l)

•N



P W . W U, , qi i _ . . . , , - L . - -:. -. u ,C . -- ,- , m,~ .U , -, .. -* . * .% ° - . .

9

",-" "")means that the ith row (ith column) is deleted.

P (z1 ) has SIP in 1i, 1 < i < k and

n2

Pi(zi)/Po(zi) = exp2Ani( zijnj)/No- A(n - )/2o2 }

1~~~ ~ -i N .) ePA 1 ~~n)N

k
which is non-decreasing in zi (N = Zlni). Furthermore,

Pi(zi)/Po(z i ) > c i  iff R, > j nj~j/ nj + di-

Thus
(37 0 i if Xi > ji njRjl nj + di

~~(3.7) =

if X. < nj.j/ nj + di ,

if R(e,6 ) is maximized at e I = 2 -...- k, then we have

(i) if di = A - 4Dl (y)a!L + , then 60 defined by (3.7) minimizes
1i j i j

sup R(e,6) subject to inf S(0,6) > y.
oEQ OE5

k -d i  A-di
(ii) If i l( 1 = y' and 4( 1 = constant,

= + 1 + j

then 60 defined by (3.7) maximizes inf S(2,6) subject to sup R(e,6) <y'.

SIn particular, if n = n2 =...= nk = n, then

(3.8) 6.=11f i if~6 -

We know that R(2,6 ) is maximized ate 1 =... k iff Inf S(o,6
O0 k-I ~ k O-- k

(see Bj~rnstad (1981)). Therefore, if <(((k-1)/k) n~d/o) < and

g.k
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d A-ao-l(y)n-2( ), then defined by (3.8) minimizes sup R(2,6) subject

to inf S(e,6) > y. If 0(((k-l)/k)ln d/a) < and d -cF r 2

then 60 defined by (3.8) maximizes inf S(6,6) subject to sup R(6,6) < y'

4. Optimal Selection Rules in Relation to Multiple Tests

Let X = (X,.. .,Xk) be a random vector with probability distribution

depending on a parameter vector k = ,.,k ) E R. Consider a family of

hypothesis testing problems

(4.1) H.: e E sOi against Ki: 2 E 0i

where Q Oi = Ri' I < i < k, and i1 < i < k, are defined as in Section 2.
k

We know that !a = n ai A test of the hypotheses (4.1) will be defined

to be a vector (6 1 (x),...,k(X)), where the elements of the vector are ordinary

test functions. When x is observed, we reject Hi with probability 6i(x),

1 < i < k. The power function of a test (61 " 6k) is defined to be the
vector (BI(_),...,Bk(e)), where i(_) = EB6 i , 1 < i < k. For a E Oi. we

know that Oi(g) is the probability of a correct selection and 6i(x) is the

probability of selecting the best population fi"

Let S be the class of all tests (6, ... 6 k) such that

k
(4.2) sup E6 61 < Y1 .

Hence the expected subset size for the selection rule 6 over 90 in S is less

than or equal to yl. For each 1, 1 < i < k, we would, subject to (4.2), like

to have ai(2) large when _ E QV For e E ai if we make Bi(e) large, then

8j(.) will often have to be small for j i i, if (4.2) is to be satisfied.



. 4Therefore, we will restrict attention to tests which

(1) maximize the minimum average power over nis 1 < i < k, i.e. maximize

k
, = nf E 6i(X) among tests 6 in S l, or

IIi -

& (2) maximize the minimum power over Pi. 1 < i < k, i.e. maximize

min inf EeS.(X) among tests 6 in Syl (see Spj~tvoll (1972) and
l<i<k eEsl2 0-

Gupta and Huang (1977)).

As discussed in Section 2, we will assume that, for any i, the

statistic Zi = {Zij; j i i, 1 < J < k) is sufficient invariant under a

transformation group and has joint distribution which depends only on

say PT (zi), with SIP in Ti. Let PA(zi) = pi(zi), 1 < i < k, and

P1i(z) = P0(Zl) when T*= Tii = constant, j f i, 1 < j < k.

Gupta and Huang (1977) have considered the first problem. In this

section, we will consider the second problem.

Theorem 4.1. Suppose that for any i, pi(z 1 )/po(zi) is non-decreasing

in zi. If 60 is given by

.1 if ciPi(Zi) pO(zi)

(4.3) O(zi) = i if cipi(zi) = pO(zi)

'5,0 if cPiz) < PO(zi)

where c1 (> 0) and x are determined by k ofp  and is independent

k 1=Ik 0 0

of I. If sup l E-6i occurs at ij = I= constant, then O maximizes1= - nsatten6 mxmie

mn Inf Ee6 I among all rules 6 in SYl
l1<<k Y

5N4.
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Proof. Since pi(z.)/P (zi) is non-decreasing in zi, then 6.(z i) is non0-non
decreasing in zi. By Lemma 3.1, for any 2 E QiV

Ai If6pi

which is independent of i, by assumption.

Hence

(4.4) inf Ee6i f

eEa i  -

Furthermore,

k 0
(I C)( min E6 - min E 6.)
i=A <i<k A I 1<i<k -

kici ( mln E 0 min E6)

= 1<i<k - 1<i<k -

2w i (fliplif6Pp)

k k

1=1 I-l)(CiPi-Po) i ll

>0, by definition of 69 and the fact

k k k 0
i=Zlf6 1p0 < sup I E.6, < y1
i=1 

- 110

Hence

(4.5) min E 60 > mn E 6.
1<i<k A- - l<i<k a-i

From (4.4) and (4.5), we have

min inf E 6i0= min E 60 > min EA I 6. min inf Eo6
i< <k -fo l<i<k - .1< <k - li< <k OEf I  _- I"

This completes the proof of the theorem.
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Remarks:

(1) Theorem 4.1 implies Theorem 3.4. Since min inf Eedi = inf S(0,6)
<i<k eSai - eE5

and if sup R(e,6) < yI, then 6 E Sy1.

(2) Theorem 4.1 can also be proved by using Lemia 3.2 and following the

same arguments as in the proof of Theorem 3.4.

(3) If ci = c, 1 < T < k, then Theorem 4.1 follows from the theorem of

Gupta and Huang (1977). Since

min inf E 9  min lnf E 6.
l<i<k OC I Ei -<<k eeQ i

inf E 0?- min inf E 2.
1t  l~ <i<k BE iS1

I k 0 1 k

i tnf E 0  inf Ee
OE t  1 a -i

> 0.

"V
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