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¢ SUMMARY
iz& The overall Terrain Data Extraction Study is concerned with the development of
:j% techniques for the extraction of terrain features from digital aerial imagery.
'_. Typical features in the vegetation category are vegetation boundaries and tree
_§i§ stem spacing in forested areas. Extracted data pertaining to features like
5%? these are an input to decision-making processes associated with military opera-
. “ tions such as cross-country movement. Phase 4 effort, reported here, has built
?33 on the base of vegetation feature extraction techniques developed in the previous
ié phases.
-
A
;;3 Automated delineation (boundary outlines), in a selected digitized aerial panchro-
‘§§ ) matic photograph, has been performed for vegetation/landcover classes, intervals
2 u of percent canopy closure, and intervals of tree stem spacing. Images have been
?:%E produced showing the land-cover class and.interval themes, and the theme boundaries
isig have been extracted and recorded on magnetic tape in the Standard Interface Format.
ol
A: To have utility, terrain data boundaries must be produced for specified map areas
;3 normally encompassing multiple frames of adjacent aerial imagery. Algorithms
5f§ have been developed, therefore, for digital scaling and mosaicking of terrain data
’;i derived from separate, adjacent scenes. Software to implement the algorithms has
Ezf also been produced.
¥
iy Within a mosaic of multiple aerial images, the terrain data boundaries for any
';;2 given category are likely to be quite complex. Multiple polygons, polygons with
%if holes, polygons within polygons, etc. are involved, with each polygon containing
dgﬁ a large number of vertices. Algorithms have been developed to automatically and
~§ systematically examine the terrain data binary themes and to produce the appro-
}E v priate single-pixel-width outlines (polygons). Procedures also have been developed
4
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o to convert the outline data to the Standard Interface Format suitable for input

P

to the ETL Interactive Graphic Design System. These procedures .and algorithms

ARSI

have been implemented with appropriate software.

a“ S 'yt

»
4

A detailed design for an interactive system capable of performing the above tasks

l" -

was prepared early in Phase 4 and documented in a separate report entitled Inter-

[ "v;"

active Image Analysis System Design, dated and submitted to USAETL January 1983.
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INTERACTIVE DIGITAL IMAGE PROCESSING FOR TERRAIN
DATA EXTRACTION, PHASE 4

q-\J 1 INTRODUCTION
;_\ This report documents the results of Phase 4 of the Terrain Data Extraction study.
i;g Phase 4 effort was performed during the period September 1982 to November 1983.
.ifi The overall study addresses the problem of extraction, from digital aerial imagery,
5; of terrain features essential for decisions associated with military operations
Efé such as cross-country movement. Also addressed in the study are some aspects of
E;; the generation of terrain analysis products (e.g., maps) necessary for the deci-
,;ﬁ sion-making associated with these military operations. Primary effort in the
Eéé . overall study prior to Phase 4 has focused on the extraction, from panchromatic
55 . aerial photography, of vegetation and other land-cover boundaries, and on the
i.l extraction of forest features such as canopy closure and stem spacing. See the
;?Ef Phase 1 report ETL-0241, November 1980 for a more complete description.
f? Phase 4 involved four tasks:
4;$ (1) Produce automated delineation (boundary outlines), based on extraction
E:; techniques developed in Phases 1-3, of:
fﬁf 0 Vegetation classes
5: o Percent canopy closure intervals
15 o Tree stem spacing intervals
‘:i (2) Develop algorithms and provide software for scaling and mosaicking
ﬁf, vegetation data derived from separate adjacent scenes, as appropriate
‘SEL for covering a given map area.
353 (3) Develop algorithms and provide software for converting area boundary
?f (outline) data to a format suitable for input to the ETL Interactive
?éé Graphic Design System for use in polygon manipulation programs.
E:i ' 1-1
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(4)

Provide a detailed design for an interactive system capable of performing

the tasks (1), (2) and (3), above.

Task (4) was completed early in Phase 4 and documented in a report submitted to

USAETL dated January 1983 and entitled Interactive Image Analysis System Design.

The results of Tasks (1), (2) and (3) are documented in this report in Sections

2, 3 and 4 which follow. Software developed in these tasks is not included in

this report but has been delivered separately to USAETL. In Task (3) not only was
the polygon conversion problem addressed, but attention was given also to the auto-
matic extraction of polygon boundaries for a complex theme representing, for example,
all forest areas in a large scene (i.e., multiple polygons, polygons with holes,

polygons within polygons, etc.).
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2 DELINEATION OF VEGETATION CLASSES, CANOPY CLOSURE AND STEM SPACING

Image products depicting automated delineation of the following have been

-produced using extraction techniques which have been developed in this study:

® Boundary Outlines of Vegetation Classes

e Boundary Outline of Forest Canopy Theme According to
Percent Canopy Closure

e Boundary Outline of Forest Areas According to Average
Tree Stem Spacing.

Figure 21shows the basic digital aerial image from which the above vegetation

feature outlines were extracted.

Figure 2-1. Digital Aerial Image
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Vegetation themes were produced from the basic image using techniques developed
in this project and described previously. In this particular scene only three

broad classes exist: Forest, Grass and Bare (includes roads and buildings).

‘These themes have been color coded in blue, cyan and white respectively, and

superimposed on the basic image. See Figure 2-2.

Figure 2-2. Scene With Vegetation Themes Superimposed

A forest canopy theme was extracted from the basic digital image and produced
using techniques previously developed and described in this study. A wide-
area moving average is applied to this two-level canopy map. Averaging is per-

formed over approximately 0.1 hectare.

2-2




{3;~ The result is a gray-level canopy closure map in which pixel brightness is pro-
(;-: portional to percent canopy closure. In turn, that map is level sliced into
:%x: five equal pixel brightness intervals, and a color-coded theme is produced for
Nev- ‘each interval. Figure 2-3 shows these themes superimposed on the original digital

) image. Color coding is as follows:

“f; Canopy Closure Interval Color Code
0 - 20% Red (Reddish-gray when super-
imposed on image)
20 - 40% Cyan
40 - 60% Blue
60 - 80% Green

“ 14

80 - 100% Purple

O' Figure 2-3. Scene With Canopy Closure Themes Superimposed

L 4
o aa
L 2 B
)

2-3

AL

e
PR

B

':.‘; ..l h)

................
......................




N
.
) 'v“‘n

v "2 %o
»

%1%

%
'~

' 4

2L
."':"n ‘. .)("‘

Tree stem density themes are produced from the basic digital image by first
producing a binary map in which single pixels representing tree crown locations
are given a value of "1", with "0" for the remainder of the image. This crown
location theme is extracted from the basic image using the crown template and
processing procedure developed and described previously in this study. Next,
the crown (stem) theme is modified such that each crown location pixel becomes
a 3 x 3 pixel array, with each pixel having an intensity value of 163. This
modified theme is now subjected to a 27 x 27 pixel (729 pixels) moving average.
A gray level image results {see Figure 2-4) in which pixel brightness is propor-

tional to stem or crown density. Since 27 x 27 pixels correspond to 22.1 x

9 pixels x 163
27 x 27 Pixels

corresponds to an area per tree of 22.1 x 22.1 = 488 meters?®.

22.1 meters? in this image, a pixel brightness of (or # 2)

tad

S §-SDONO NN
Falst LR AP
. LhLiims e ® PP

) li
'n‘ .

Figure 2-4. Moving Average Applied to Tree Crown Theme
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e The gray level image resulting from the 27 x 27 pixel moving average is level

! sliced at appropriate digital levels so as to produce themes representing in-

LN}

‘3;:1 tervals of average tree area or stem spacing. These themes, plus the 3 x 3

' pixel crown locations, are shown in Figure 2-5.Theme color codes, and the stem |
|

P |

'.:

S

X

e

~

-r.?,-' Figure 2-5. Average Stem Spacing Themes With Crown Location Theme

-

” spacing intervals which they represent, are as follows:

x Theme Color Code Stem Spacing Interval

e Yellow 6.7 - 8.2 Meters

o Blue 8.2 - 10.1

N Green 10.1 - 15.0

N Red 15.0 - 33.6

'-,j:: Black >33.6

::I; The stem spacing interval themes (except for black) are shown superimposed on

s the original image in Figure 2-6. To arrive at the calibration of average stem

2-5
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Figure 2-6. Scene With Stem Spacing Interval Themes Superimposed
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spacing vs digital level number in the gray level image of the averaged crown

REYS

1

. location theme, it is assumed that average tree area is inversely proportional

W to digital number, or A =‘T§F‘ Since DN = 2 corresponds to 488M, A = %%}.
N Using a hexagonal tree model (see Figure 2-7) it can be shown that stem spacing

3 "
b S =2h = 1.075A

. Thus S = 33.6 (DN)'%. Average stem spacing for five selected
digital level numbers are tabulated in Figure 2-7. The figure also shows the loca-
e tions of those digital levels in the histogram of the image of the averaged crown

s location theme.
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Finally, the three digital images of themes for vegetation classes, canopy clo-
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sure intervals and stem spacing intervals were processed to produce new themes
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representing the boundaries of the original polygon themes. These polygon boun-
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dary themes have been converted to the SIF format and loaded onto three digital
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3 IMAGE MOSAICKING
{. 3.1 INTRODUCTION

ﬁj A mosaic is an assembly of individual photoyraphs fitted togetner

systematically to form a composite view of the entire area covered

y}% by the photographs. The mosaic gives the sppearance of a single
?3 photograph, producing a3 complete record of the area photographed
5: Perfect matching of the images of adjcining photographs 1s

téf‘ virtually impossible because of variatiore in altitude of the

'iﬁ @itplane, large differences in elevation of the ground, diveragence
#ﬁ of thc camera axis from the vertical at trne time of exposure. and

;b& errors inherent in the photocraphic system cf camera, lens, +film,
- ¥

;igs - print, paper,etc. By the us:z of proper techniques, however, the:zs

f*i : ertors can be held to & mininmum and not permitted to accumulate

{

‘g; Te construct an accurate mos=:¢, all individual photographs mucst
%2 be reduced to & common scale, must be rectified to remove trne
:: distorting effects of camera tilt, and wmust be assembled tc

j%g accurate ground control at selected photo-identifiable points ror

:3? control of azimuth, scale, and position.

s&; Mosaics are very useful in all types of planning activitiee and

%E? have the advantage of showing as 8 single picture a wealth of

;ai detail of the entire area under study.

4o
}:3
o

%

K2

L L

3-1
.

A
N A A8 LA e LY e S e e 5 eSSt e e e e o

AL NS LS W )
AN B

P _-._:.- I A A A R A T AL NS _]
v n P ) - e, o N X . S S e




i

. i
RF, ‘«‘)".n ':"l"' L
AP S

ot

AR

. 'y’*riaj‘t"l g
.L"l ChlNEAPR

- TR O WV W e L T T N T T e s T T T - T T T e T T FdF (T LT

3.2 DISPLACEMENT OF IMAGES DUE TO TILT

As a result of tilt alone, the images appear to be displaced

‘radially toward the isocenter on the upper side of the photograph

and radially ovtward or away from the isocenter on the lower side.
Along the isometric parallel (line through the isocenter
perpendicular to the direction of tilt) there is no displacement

rTelative to an equivalent untilted photograph

Unéi “Sd ﬁ@{ojbhnc_
plent -5 t-

phot’

Figure 3-1. Image displacement due to tilt
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The Figure 3-1 illustrates the geometry of an aerial photograph

and the symbols have the following interpretation:

. 0 = Location of camera lens
.‘}f OP = Dptical axis which is perpendicuiar to the plane of the
15BN
S{ﬁ photograph at the principal point P (geometric center)
Vlfﬁ This is equal to the focal lengtr of the camera.
L, t = Tilt angle
’\-,\
LAY
fa?: i = Isocenter
e
-.n‘.‘ X
RN n = Nazgir
vos? Di = Distance of image frum the isocenter along the principal
N
- ‘b‘.) - -
:{:.2. line
VN
,\f§ £ = Camera focal lengtrn
‘\ - dt = Displacement of image relative tc the equivalent
:{j untilted photograph
;Fj Ther, the magnitude of displacement dt is given by the
]
":P{ equation )
N0 Dl
s dat =
B (fIsiney - Di)
- . 2
::\_‘::
i:i when ¢t 15 very small and expressed in radians,
O
(o
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3.3 PROJVECTIVE TRANSFORMATION EQUATIONS

Assuming that light rays travel in straight lines. that all the
. Trays entering a camera lens system pass through & single point and
that the 1lens system is distortionless, then a projective
relationship exists between the photographic coordinates of the
image points and the ground coordinates of the corresponding

object points as illustrated in Figure 3-2.

?:4‘ Figure 3-2. Exterior Orientation
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NRY
{. where

L2
:%ﬁ; X, Y, 2 = Three-dimensionzi rectangular coordinate system ¢cr
i i)
-l the object spacc
o '
h X3.¥):2Zy = The coordinates of any point U in the object space
SASAN < < C .
0N Xi,¥i,Zi = The position of the exposure center of photograph 1 |
el |
i{;ﬁ Xoy: 2 = The photo-coordinate systerx 1
' w. ¢k = Rotation angle: about ¥X,y,2 vespectively which

define the dire.tion of the wuptical axis. The
argle: are po:zitive in counter-clockwise direction.
When w=¢=k=0, then x,y,2 frame is parallel to the

X, Y, 2Z frame ard the optical axis is perpendicular

.
Lt
s

to the X-Y plane

-
-
R

Then, the projective transformotion equatiurs can be written dcown

as
(&
): XJ' - X = )HJ [ ™My (';_i'xf) -« My, (V"_;'yl’) “mﬂl(":)]
ROt
A
AN c
S Y- Yi - *ij[ Mz (xij=Xp) + maqe (¥ij-Yp) + M2 ()
Z "Z/.c = )\'.' m.;.(_x‘.‘-xr)-# m;s'(js-jp)*"’sB(:‘\)]
J 'y Jd
;:ﬂ where
:'~:;1
N
W
h ™ = Cos ($i).Cos(ki)
.:\::4 ™2 = cos Cwi):sin(ki) + sin (wi)ein (,Q-)Cos CK-)
e
.""

k)
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m™is = sin(wi) Sn(x) - C,os(_w'.).cin(ci)-‘c‘s(k‘.)

N - cos (#:).sin(K))

Maa - Cost‘o). Cos CK;) - &;n (w.l)' 5\‘“ (b.l)‘ S'.n CK.o)

s ma3 = Sin (W) s (k) — Cos(w) -8in (). sin (K),
. M3 = ein (&)

L —y

s :.' . .

'::.-: msz = -5"\ (wl) -ClSC@.)

A Ve

N '

May = Cos(w).cCos(ei)

:.‘:;‘:-'\‘

%Q: ‘ﬁ'qﬁ = Image coordinates of an object point J on photo i
WA Aij = The photo scale factor at image point J on photo i
t

= in the newly rotated photo-coordinate system about

the X.y,7 axis of the photo.

When w=$=k=0, then referring to photo-coordinate system as ¥,.9y, .7,

the following relationship exists:

Xj-Xi = %jE

<
|
<
"
Y
L..’
)
9

{1{{3{:
.““l‘l"" ’.'." ;' R . g
&
{
No
"
v
[
N
[

In this case, X, ., §, . and 7, sere parallel to X.Y, and 2

respectively.
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3.3.1 TILT, SWING. AND AZIMUTH

The orientation of a photograpi can also be defined by the three

‘rotation angles called ¢tiltlt), swing(s), and azimuth(X; as

illustrated in Figure 3-3.

™ X

Figure 3-3, Orientation in terms of tilt, swing, and azimuth

The tilt angle (t) is measured in the principal plane ¢From the
optical axis of the camera to the plumb line and always has a
positive sign. The direction of tilt with respect to the
photographic axes 1is defined by the swing angle (s), which is

measured clockwise from the positive y-axis of the photograrh to

3-7
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the lower part of ¢the principal line which passes through the
nadir point (n). The direction of tilt with respect to the ground
reference coordinate system (X,Y,Z) 1is defined by the azimutn
‘angle (X) which is measured in the X-Y plane <clockwise #from the

positive Y axis to the projection of the X-Y plane

The elements 1in the projective transformation equation may be
expressed in terms of t.s, and«as follows:

m, = =-ces(s) Cos(x) — Bin(s)Cos (1) sin ()

m,3 = Sin (s). Coes(x) = Cos(s).cos(t): €im ()

mieg = - sin (&) . Sin (1)

my = cos () sm (k) = Sin(s) - ces(t) . Cos)
Mmaa = - S(n(s)  sin{x) - €o3(s) Cos(t)-  Cosix)
mas = - Cos(x). sin(t)

M3| [ - S\'H CS) 5:'1 (,‘L)

Mas = = Cos(s).sin(t)

M3y = ces (4)

A major disadvantage of this system of defining orientation is
that it breaks down for the ideal aerial photograph which is truly
vertical. When there is no tilt, the ¢two planes are either
paralle]l or coincident, and there iS no line of intersection (or
principal line); thus, the angles of swing and azimuth are

undefined.
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3.3.2TRANSFORMATION MATRIX

The projective transformation equations can be written

"form as follouws:

— c'- T B 17 [
Xj = X xH ~xe ™
[ o4 . " i
Yj "‘Yi = )..J y‘J - Yp a1
Z '-Z;c £ ms)
| _ o J L
Then,
- A B
M My; 0y
¢ ¢ ¢

™a

Mag

mMaa

in

matrix

LLATE 3

Maa

l:’u M My

D5 Y5 2i]=[x vi zi] =i [xe v ][ on0 e[ 35 6]lmar a2 may

WMa W33 ;3

oy
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Where
xs a vector of points in the object space .
T= a translation vector for the principal point
XK = a vector for image points in the photo-coordinate
system
CRJ=a2a rotation matrix

:\H = an overall scale factor due to camera altitude

Using the homogeneous coordinate system, this can be written as

|O
R o
[XYZIJQS[xg-F 11 |
o .
Tx Ty T= I'KH
L | -

333 ESTIMATING THE TRANSFORMATION MATRIX [TRF)

From the transformation matrix derived above, the equations

relating an object space point to an image point are

X = );J' (m.. x + My, Yy + (T;-msu\c))
Y o= O (miax e manye (Ty-m5f))

z = );J(m,,x-r m,_-b‘[-r(Tz‘mS%‘r‘))

3-10
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The overall scale Factof)i] is altitude dependent and is generally
known. Then, the remaining nine unknouns can be determined by
using three control points. 1f, however, more than three control
points are available, then it becomes an overdetermined system and
a leasi squares technique may, have to be usead The least square

problem is formulated as follows: These equatione have &

general form

W= a + bV4+ Cvz

Rmsong where

S

e W is & dependarnt variable

R V,, V,are indepcident variables

N

( a, b, and c are the parameters to be determined

ot

e Then the normal equations to be solved fcr ¢the least squares

estimates of a, b, and ¢ are

-q"
ol
s:z‘:,
Lo - .
,»-: S w ® n-a + b2V, 4+ cZVy
N
_-_._‘ 2
‘-: Fwyg= QZVe t bZVy 4+ ¢ I VAV,
o
~':::' z
oy TWvaz a3V, * b2VW,4+ c 2V,
}i}t where all the summations are over the number of observations (n).
LB . . . .
0N Thus, the resulting nine equations when solved provide estimates
ﬁ%ﬂ' for the nine elements of the transformation matrix [TRF]. Using
NI
II-
{?? this matrix [TRF), & point operation can be performed ¢or each

FAEN
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image point to generate its object space equivalence. However,
this way of doing rectification is very time' consuming and

_ expensive.

Shortly. an analytical method will be outlined which consists of a
conceptually simple model of the exterior orientation of an aerial
photograph. The necessity of such a model is evident #from the
fact ¢that a set of fast and efficient operations are needed to

carry out image rectification.

The algorithm that performs a least squares fit to the control

points is implemented in the program MOSAIC.

4
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l. 3.4 INFUT IMAGE WINDOW FOR MOISAICKING

R

3&% Generally, the mosaicking requitements conciet of producing the
N

e -user cpecified output windcu by selectairng appropriate inpct

)

A image data and rectifying i1t. The input image data to be selected
{:Q depends upon the orientation 0f the aerial ghotograph with respect

to the map.

The transformation matrix LTFF) obtained by performing the least
squasres fit to the control puinils, can be ucsed to azcomplish the
extraction of the input image segment to generate the user specified

cutput window  This is illus=rzted in Figure 3-4.

Figure 3-4. 1Image window for mosaicking

where
XY is the rectangular coordinate system for map

PGRS is the aerial photograph




.
oo
AAAN

2,

X

abcd is the user specified output window

ABCD is the input image window to be extracted -

Now, the transformation matrix [(TRF] maps imade points to the
corresponding object space points as follows:

(Xyvy 21 = ')Li fx y 1ILTRF]

Then,

-1
Cx y 13 = —-1_,- {X Y ZILTRF)
.XU

This enables computation of image coordinates corresponding to the

user specified output window coordinates

Now, if the user specified output window "abcd"” has the map
coordinates (Xa,Ya), (Xb,Yb), (Xc,Yc), and (Xd,Yd), then the
corresponding image coordinates given by the above equation are (x,
PRI S OIS PN & P Uc’f and (x4, yu) respectively. However, the
input image window "ABCD" to be extracted for mosaicking is given
by

Xp = MIN (xq: X0 Xo0 x4)

For upper left corner of window
'yA = MIN (U‘: Yo' Yo' “4)

XC = MAX (l‘o Xy Ao Xd)
For lower right corner of window
yC = MAX (90' ljb: V! 94)

This algorithm is implemented in the routine IOWNDO.
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(. 3.5 RELATIONSHIP OF AN AERIAL FHOUTOGRAPH TO THE MAP

e A simple two dimensicrnal model 1llustrating the relationship of an
=P " aerial photograph to the corresponding ma; is depicted in Figure

3-5.
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Figure 3-5 Relationship of ar. aerial photograph to the map
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where

PRGN

= Map coordinate system

LR A
»
<

B .l

= Photo-coordinate system
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P = Principal point

I = Igsocenter

N = Nadir

X,y = Orthographic projection of X.Y on a plane

parallel to X-Y plane with origin at P
= Translation vector with components [a,.a,]
¢ = Angle between the photo coordinate system

(xp.y,] and the rectangular system (x.y)

do = Angle between the pricipal line and x,.
Then,
x a’ - Xp = Dy
= +r s | R(® M
\ ay Yp - &y
where
R = Rotation of image data from (x .,y ) system

to (x,y) system

M = Scale matrix which removes the tilt effect
s = Overall scale factor due to altitude
Ax,Ay = Coordinates of the isocenter with respect

to the principal point

It should be recognized that (Ax.Ay) are dependent upon the tilt
and swing angles of the photograph which are not known to begin
with. Hence, as explained later, they are assumed ¢to be
negligible initially and this model enables their determination by

vusing photo-coordinates. Later, an iterative improvement is made
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to the predicted values of tilt and swing

[ALRA .
s 4 5

Then, writing in terms of x; .y, (i.e., image coordinates with

»
.

s 4 Y %y

-respect to isocenter (I) as crigin), the mcdel is stated as

PP A A

X al -1 X,
s.| R (&) M

= +

~,

e

o

:":' Nou

\."‘::

A 4L — R

- cos(®) -Sin(e)

AR

S
A,
e
°
o’
"

l

Therefore,

»

7 - T
X a, os(e) -sin@

[
o)
PrrrSr

u
+
2

. -
.

i

Y
— L _

L
L]
o

«

sin(e®) cos(e)

s
.

[)
5 &
iY ‘."':"- 3,

‘.\

Since, [Mi is @ diagonal matr.i.. ERﬂ(ﬁ)] ar.¢ [(M]J are commutative:

ooP
.

o CR'IlM] = [MI[R'(®)]

therefore, one can write

A e
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A

° -
CIRCIR PSP OEE EEE T _— e e e e . - -

':‘t' Px ] r a, 7 TM. 0- rCos(p) -"m(o)- x;

::; , X a, (o] M, 6n(0) cos(e) v

-t - e

i sclving

%
"
<)
«
4
o
Z

- (% cos(®) - Y} ®n (O)) (3.1)

ol Y = Q@ + s. .My (xisin(e) + Vi cos(e)) (3.2)
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et 3.5.1 S8CALE MATRIX (M)

{: The scale matrix (M) has components in both x and y directions of
the photograph and it accounts for image displacemeﬁt duerto tilt
Consider Figure 3-6. which 1llustrates the effect of tilt on the

image acquired.
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Figure 3-6. Effect of tilt on a photograph
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s where
T ¢ 0
A X.Y . 2 is a rectangular cocordinate system with origin at

4

a
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the center of the camera lens.
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o
:ﬁﬁ R is a point in the object space with spherical
{;gz coordinates (r.é.o)
l} | ¢ is the focal length of camera

§\~ t is tilt angle and it is around X'axis

E;? : (i.e., in the Y' -2'plane)

.i R' is the projection of R on the horizontal plane
;ﬁ; (i.e., parallel to X'-Y'plane) at distance

?%} £ from the origin. The spherical coordinates
..i of R' are denoted as (', ¢, @).

§£; R" is the projection of R on the tilted photo plane.
E?. Its spherical coordinates are denoted as (r".§.@).
i P, 1,N are the principal point, isocenter, and nadir

:i respectively.

Then, the voctor'ig can be written down as

: . ’ e - -
R' = r (Temmcesd) « Jain@)sinle) + & cos(o))
o and

e R o r"(Tsin(e)cos(e) +J sin(0)$n(e) « & cos (@)

A

But

3 0 .
LA 4'. [A u“ B

Ve

;'.: - f - v coss . (3.3)

] ]
Since. the tilt is around X.axis. OP is in the Y -Z plane and the
) principal line is along Y‘axis. A unit vector in the direction of
_,; OP is

e Jom(t) « & cos(t)

3n
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Also

G—R—”.F\' s OP = f - y"(s‘m(&)-ain(&)-ﬁﬂ(’—)6 “5(.0)-“‘(‘)) (3'4)

Therefore, equating (3.3) to (3.4)

v' cos@) = v (s/n(8) sin(®)-sin(t) + cos (e)-cost) )

v = ¢ (sin(e) . singp) -t + S25LO) (4. %))
Cos CO) Cos= (0) *
! " .
¢ = - 3in(B) .sn@)-t -
v Cos(©)

s

z
(2%%%2_.:ﬁn@n - :)ut

(_;. sin®@) sin(@) — _C;i;_) L

’

2 —GE)¢

ra
= TRo ¢
£
_-A—-”: = _]:_E.:’t
r £
Ar " ¢
— = Y IR
1 4 v I3
- _;L_&; ”.t

But angle IRLI"= t and angile 1"IRg= (T - t)/2

"w_n

therefore, sngle I1"Ra= (TF - t1/2 and IRg= 1"RY

Hence.
Ay Di .t
r - £

which implies
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e

. AX A
T Define (Mx - 1) = and My - 1) = ——Z

i Then,

o (Mx - 1) = (My - 1) = Di. t/¢# or
LN
= Mx = My = (1 + Di.t/#)
)
e 35.2 PREDICTION OF PHOTO PARAMETERS
.\\:::
ﬁf} Referring to Figure 3-5, for a point (xp,yp), the distance ¢rom
i the isocenter along the principal line is given by
N

el Di = xp.cos(¢o) + g,.sin(¢o) + £ .t/2 and

M‘ M = 4§ + <"5'506C¢-) + Ypsin()+ -C(./z) t
o = Yy - 3

a .
+ ("b cos(P,) + ¥Ypsinla)) ¢t
L~ + 2

A : o s
. .
W

Substituting for Mx and My

S

A

a4
a2, 8

l.. -" ‘.

2 4 + in
(X "au)= 5. {L"_ % . (bc 5(00)‘YP$I (®)) ¢ f(x;wscq)-yrsan(o)) (3.5)

a A

a

.‘ CY'G‘[) = S. il,g‘ (‘PCJS(&o)* .‘.Ips]n(Qo) t’}(".‘&ﬂ(&) +Y:Cos(0)) (3.6)

o ¢

i

O The unknowns in the above equations are

g; a, . a, .+t . 0o . O as the overall scale factor s
ii} and the focal length £ are generally known.

~
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3.5.2.1 TRANSLATION VECTOR &

The two equations in zbove provide the fcocllicwing relationship

X = O = %; Cos (@) ~ Yy s/n ()
Y - 0Oy Xy sin (@) + yicos(®)

Xi — V¥Yidoan(e)

X fan(p) +~ v;
Sciving for

dan(e) (v-0y)xi — (x-a.)vi
(X‘ax) Xi + (Y-—Gy) Yi

wirzch involve: tiiree urnrmiown:

ay ’ a, ’ ¢

Using three conticl points, sa. CF1, CP2, &~d CP3, these uningwrs:

can: be determined as fcllows

Derote by (Xg.Y¥g), (X;,Y2)s and (Xz:Ya) the map coordinates ctf the
three control pointse and tu  (x .y, ) (ax,.y,), and (x .y,) tne
corresponding image points respectively. Then, using two ceontirel
points CP1 , and CP2

(YV-0y)x; = (xea) vy _ (Y2 -0y) rai = (Xr8)v

an (&) =
(X-a)xg; + (Y- Qy) Yii ( Xz =0y )xai + (Y2-05) ¥

crces—multipliying

LOY-ayxi-(x, ~a,) "‘J [(xz"“") n2i + ( Ya-4,) Jz:] =

[xi-an) %y + (vi-a,) in] [C Ya-8y) xai - (X2-G:)¥,]

T T T T T N L T AT
. . ST
MR G PR P VR A VR A
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e
_Z:Cj'.'-
T
(;‘ Expaﬁding and collecting terms in a ray together (refer Appendix
- A for details)
:lj:jj , ‘2; + .:; + {1 a, + M,a, + 64 =0
;C Similarly, using the two control points CP1 and CP3
= S ra v e s v L =0
{ Subtracting
...
o (Y;,-Y‘) az « (7,-7,) a, + ( §.-6) = o
137 meaning &, and ay are linearly dependent Then, solving for a
& a, = - - -
2 b | i( Sz 8‘)"(": Tt)a‘} /(’]1",‘|)
}ﬁ As explained in Appendix A, if the three control points are non-
‘f; colinear, then
( Ny *Na
:3 Bubstituting for a, in terms of a, in the equation
hj
‘\:;
) .
% 3
'.::.‘ Q* -+ i(sz’ S.) +(f;,—Y.)a,}_' Y ax - -,»\ (Srﬂul«‘(n-?.)a-_l*gi =0
- l =-
a9 (Mm-ny) : (n,-m)
: Expanding
= a v ¥ 2 (§,- §,)(¥a-Y Y
(L) L fu. 2eiiOen _tin )
"M, (Ma-7,) (M.-7.)
o
2
- _ 8 _8‘
2 N é}"*(hh)'ﬂ' z "7
/ ’l{‘]s 7\;"\‘
*
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Let

.I 0
~A
'—-

4
N
= |
v Ly
1|
S |
[ -
~—
\
By

Thern one get:

2
5 Pa +Q@Qa, + R = O

Ij&_ This quadratic in a, has tw: toets

2

) - 2
KR x: /Q—4PR

{.‘ ax =
SNy

LA Q‘P

A ) ) - ,
v Since, a and a are comporents of a tran:-latiorn vector A, they
NAY X ¥

i should be real numbers. £iso, if the origin of the map
f;i cocrdinates system ic selected such that the photograph falls in
;f? the #irst quadrent, then both a, and a, must be positive and &
’? correct pair can be slways be celected.

35
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3.5.2.2 ROTATIDN ANGLE §

Once a, and a,

evaluating the following equation for control point'CPl:

“M(a,) = (YJ-ay) Lo S CXL"’a:) Yl
(X-ay i + (Y, -a) v

Then, the rotation angle ¢ is determined such that
RRLLIN ¢r<.]I
2 - - 2

3.5.2.3 DIRECTION OF TILT (Qo)

Equation 3.1 is re-written as

X = Ay «+ s M, . (x: COSCQ)-y:Sm(Q))

Substituting for Mx
1o X, {( xpcosce) evesm@n)f X
+ f s(x; Ccos®)-Yi6in un)

Using control point CP1

z . ” -—
‘*% . i Xy Cos{d) + Yy Sinie,) ) N . Xy -a, i
F S - X (Y‘; CGS(Q)-Y‘;NQO))
Similary, using control points CP2 and CP3
{+ _i,-’ . Yy Cos(#,) ¢ ¥a L LICHy J s - Xa - Qy .
3 £ J s-(raiCos @) -y, 10 l&))
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are known, the angle Q can easily be determined by

(3.7)

(3.8)




SR Rl e e i At e S I er A S D O il i S Ak ke f ittt A Gl A Sul el e A et S MR D

and
1 g . ix, COs(O.); Y3 Sinid ) E " = s.(;:io;?o;-y,;sinw))= Bs (3.9)
-Then, subtracting (3.8) from (3.7)
i(x.-n)ccsw}) + (¥ -¥2) sin (@,) %-L - F"‘ -P2 (3.10)
and subtracting (3.9) from (3.7)
%u.-m C-os(,#;)-r(v.-‘ls)sin(%)jt = Py -Ps (3.11)

Dividing (3.10) by (3.11)

(%, ~%x2) cos (&) +(v,-va)sin(ee) = Pi- Fz
Cxi-xs) Co8 (&) 4+ (y,-Yy) Sin(de) F‘ - P;
(*o" x2) + ( Y= Ya) fah(.d’,) = p"- P?.
(xi-%8) + (¥ -¥s) tan(a,) Ps-Ps

Giving

I 3-27
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3.5.2.4 MAGNITUDE OF TILT (t)

Now., equation (3.10) is solved for tilt (t) as follows:

4 = ".(PL’Pﬂ)

(i-¥2)ces(@) +(y,- v, ) sinle,)

This provides tilt (t) as a signed number. This signed value of
tilt (t) with the signed value of Qo permits computation of swing
angle.
I ¢t 5 0., then
Swing angle = 3W/2 - ¢o and,
I¢ t <O, then

Swing angle = V/2 - ¢o .
This algorithm is implemented in the routine RECTFY.

3.5.3 ITERATIVE IMPROVEMENT OF PHOTO PARAMETERS

The first estimation of photo parameters is made by assuming the
separation between the principal point and isocenter as negligible
because it depends upon the photo parameters to be predicted. The
first prediction of the ¢tilt and swing angles under that
assumption allows computation of the isocenter coordinates (ax,ay)

which can be wused for the next iteration. The revised
prediction of the photo parameters resulting from such iterations
shows & significant improvement. Re-stating the basic model

.r-‘.

p 3 Qy -
~s-| R '(4>) M
Y a’ Yo = &y
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Using the vector notation it cav written ac

A + s[R&][M][%-3]

x|
"

P>
|

- [:éﬁ(¢i][h&];} + s[}ikdi]Dﬂtlz
_ (F-3)

"
x|

where

P = s [ R(][M] %

4 - s[R@][M]E

Now. the first predictions are
res
A&, &, t

and they enable computation of rm3, and A such that

b o= = [R(IIMI%

satisfying

...............................
-------------------------------------
..............




Then, the iterations can be stated as

4, = s [EHIWIE
Ki = _X-C&—a.) = ;\-0-4-&.

L -
Get pew voluas of <& , ‘Pt ’ ¢ > [Mll ) 2!

s [R@h][m]=
s-[R'(&HI[MT &
X - (Ex'aa) =

Q1
[
[{]

>l

3

Get new values ot Q? ’ céo L) é 3 [Nf]

and vepoal the ilerabion .

and the convergence to be tested is

(Z“ - A < 4 pixed

Thus, once the position of the isocenter is determined within a
subpixel accuracy, the iterations are stopped. The resulting
values of the photo parameters are used in the subsequent image
rectification procedure. During algorithm testing, it has been
observed that the convergence is reached within, generally, & couple

of iterations.
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{: 3.6 IMAGE RECTIFICATION
:;3
~ .
AN Assuming that the dicstortion die to +film shrinkage during €3l
< .
N processing 1is negligible. ar eerial photograrh can be considered
)
essentially, rectified when the distortion due to tilt effect 1s
reroved.
A It is evident that the scale mearrix [M] reroves the distortior due
R
A
S to r1lt. Now.
!'.-:*(
et
:-‘ ' M, 0
i C M] =
o o My
-(.-
N .
LY ) 2 c S
( anct Mx = My = 1o 47 (Crecos@) eyesn@) oy
e 2 ¢
N
S
. ‘-": whe-e
’_ t = tiit
:ft £ = camers focasl length
T
3 o = rotation angle between tte principal line
‘?? and the x direction of the photo—-coordinate
\':-.:
NN sysytm.
N
.. (x,,y,) = photo~coordini-tes of an i1mage point
AW
o
o
4
Lo
Eﬁ The quantity ( xP.cos(Qo) + yp sin(Qo) ) ic 3 distance along the
s!
L4
‘ . N « . I3 3 .
E:, principal line of an imace point (x, »yp). Since, the pnoto
s
:}i digitization may occur in some arbitrary direction, it may be
..
:{, inefficient to apply the scele matrix (M1 to image data keeping
e the scan direction unchanged This is due to the #fact that o~
3
Y 3-3
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N
s
o
(;. each pixel on a scan line the distance along the principal line
-tf: may be different, implying, that it will have to be computed for
L
e ~each pixel on & line and for each line.
)
2o It is the intent of this section to show that there is a preferred
o
{ﬁﬁ stan direction #for each photograph so that the scale matrix [M]
-f? can be applied to remove the tilt induced distortion as a fast
A
NS scan line oriented operation. This is illustrated in Figure 3-7.
AN
N
e
-.:-.\
q}
i \s
- I f
S a
e A\ F
S -~ \
- 7
e A~ \a
3 <¢/
L \ \‘ ’x?
o [4 \
L \ N : \
-'.._ ) - b

I Figure 3-7. Actual and preferred scan directions

. for an aerial photograph digitization
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In the Figure 3-7 the rectarguiar photo-ccordinate system (Xp. vp)
has an origin et F, the p1incipal puint, which is also the
geometric certer of the photocraph; the ::1ncipal 1line Pr and
isometric parallel Is form & rectangular coordinate system uwith
origin at I, the iscocernter; an3 the two ccirdinate systems ave &
an anale ¢o. Tre phiotograp. ic digitized c=long direction "AL" s¢
thzt thhe scan lines sre par=ilel ¢to Xr-asis The pretzrrec
direction of digitization, ir iti1s case, i: "ab" which is parailel
tz the i1sometric parsilel line Then, it :2 easy to see that f:ov
each scan line, all pizels o~ tre line will have the same dicstance

ala:g the pricipsi linme.

NG

2 .
i + _t._ - ixpusc‘}.)+ ,rsln(Qg)E 1 = i+ _E- t

where Di is distence of an iman: point (xP-gPE from the 1isccenter

I along the principai line P1

Suppose that the ima.e cate s rotated to &chieve the preferred
scan direction. Tnen, Figure 3-8 illucstrates the rectification

proces: @5 @ line orienled oper-tion.
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Figure 3-8. Image rectification concept
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Let (x'.gr) be the coordinates of an image point in Xp-Yp frame

Irs
Pie

o

with P as the origin; (x;,y;) be the coordinates of the

CAAEAES

e
A T

same image point when the origin is shifted from P to 1.

-
o8
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Clearly,
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a
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«'a%

Di = «x;.cos(@o) + y;.sin(Go)

CaCael)
D)
*
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i

§§ Now, for the image points J, K, and L on the preferred scan
i: direction "ab", their corrected positions are J‘; K’ and L’
;S respectively which are radially outward from the isocenter 1.
T When the wvectors JJ’ , KK’ , and LL’ are represented as two
_ orthogonal components, cne perpendicuar to Pr and the other
}g‘ parallel to Pr, the latter components turn out to be the same for
--- all points. The component perpendicular to Pr is the x-component in
;f the rotated system and by the same token. the component parallel
to Pr is the Y-Component. Also. it is known that

o

Z X= componant « (M) i = (14 BELY

<

Y - Cempornent = (M,) Y = (4_ 4%?_1) Yi.

:ﬁ? are coordinates of the corrected positions of image points in the .
ﬂ’ X =ys system. But when the image is rotated to get "ab" as the
fﬁ scan direction, it is in the Is-Pr coordinate system such that
i; each scan line is a constant distance away from the isocenter I,
is implying the Y-component for all pixels on line "ab" is the same.
ﬁ: This means, as a result of rectification, the line "ab” has been
2& shifted from its previous location in the rotated system. The
9 X-components, at the same time, are within scan shifts as
= illustrated in Figure 3.8. Thus, the rectification is
ﬂﬁ accomplished as & line oriented operation in terms of a constant
72; shift of the input line and a position dependent shift for each
jég pixel of the input line. Also, it should be noted that a position
$§ dependent shift for pixels is proportional for all lines, meaning.
>

.i 3-35
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a table can be set up only once and applied to all lines. The
advantage of rotating image data to achieve ¢the preferred scan
direction is obvious now. It enables implementation of fast line

oriented operations to accomplish rectification due ¢to ¢tilt

induced distortions. Symbolically, if o and ‘3 are image data

coordinates in the rotated Is-Pr system, then after
rectification, the new image data coordinates will be o(c and (Qc

such that

X
n
n

(L+P)x
(1+P)[3

w
[
'
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3.6.1 ROTATION FOR THE PREFERRED SCAN DIRECTION
Consider Figure 3-9, which reprecent: the two poscitle

. orientations of the principa?! line Pr.

_\ &0 \ - /

- ~
— b ~ P
\ - -~ ~ /
\ - N~ /
\_” \\/
Is
a) Oc is courter-clockuise b)) ¢o is clockwise

Figure 3-9. The preferr=d ccan directicns

It is clear that the preferred scan direction “ab" in ei1ther

case (i.e., when Qo is counter-clockwise (positive) or when fc 1e

clockwise (negative) ) is at an angle
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where sign is that of the angle &o.

When image data are rotated to achieve the preferred scan

direction, the isocenter (I) becomes the origin of the rotsted

coordinate system (Is-Pr). The rectification takes place in this
rotated coordinate system. The coordinates of (I) in terms of
lines and pixels is derived as follows:
I# the input image window is m x n (i.e., m pixels and
n lines), then the isocenter coordinates with respect to
@ are given by
Ipixel = O0.5(m.sin( o > + n.cos( Go ) )

Iline = 0.5(m.cos( Bo ) + n.sin( Qo ) + £ ¢t )

These coordinates permit computation of distance Di for each scan

line and pixel in the rotated system.

3-38




NI A IR SN A A A SN SN AT IS L LA AN NN e i it e ] TXPLETX -:wv‘.?y:!':-*"}_‘_-.')u‘.._“ﬁ_.“. ST R Pl .V_!

N

3.6.2 FACTORING ROTATION INTO Twil SEQUENTIAL EHEARS

A rotation of an image through =rcle © implie: that the coerdinate
system is rotated through angle O Then, the following relation-
ship exists betwsen the ne. coordinates (X’,Y’) and the olg

coardinates (X, Y);

x‘ Cos o Sino —x 7]
f -
Y -5i1ng Crso Y
S
F'X'_
= R
Y

whe~e the matrix [R1 indicatss the resulting transformation. I+ to.s

transformation is divided irty two set: cf aoperations. one =z=lor:

a2

3} scar lines and the othker along image columr:, the rotation con be
o performed in & vert eccnom:z:1 way. The "along-line"” opera.liong
o’ are relatively eascsy to accomplissh. The single required input l:ne

can be quickly mappes to the cutput image through indexing tetlec
corputed from the transformalion Eff.ciencies 1in the more
dafficult "along-column”" operstions are achieved by moving groups

of columns as units, for which multiple pa:ses are made and each

pass moves groups half as wide as the last. This amounts to
3;; performing the rotation by applying twc sequential shecaraing
.Eg operations, one columnwise &nd the otiher rowwise. Sequentisl
E} shearing directly achieves a satisfactory rotation for small
N

hi antgles However, for more than a few degrees, the operatiocon
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introduces differential scale distortions along lines and columns
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As with any rotation scheme applied to a rectangular pixel grad.
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‘resampling pixels at a compensating rate is required ¢to maintain
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scale.
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The "along-column" operation 15 termed line shear (LS) and the

y Y T, eh
v "
e

- "along-line" operation 1is termed column shear (CS). Then. the

transformation matrix [R]) is divided into line shear and column

g
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IR
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. s el
P
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o shear as follows:

Sealing Column Shem Line shear Rotehion

B m ] T 7 T T

{
.'?-; ': e o o — e — L -
< Shep iz Step d2 Step #4
'-\-.: or
o
\ Scaling Column Shear Line shaeow
— p— ﬂ pr— — p— — p— —
o Coso 0 i o i tang Cese sind
; LO Yose| I-smecee 1 o i ~Sing Coso
.
o
e
.._f The order of line shear and column shear can be changed to
%j accomplish the same result as evident from the following:
;Qi 3-40
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technique

Scaling Line Shesav celumn sheav
-— — —
H/aso o] [1  swswn] 4 o | cos 6
o Cose ° i tlmo 1 Lsma
Sich 43 Shkcp w2 Slep ¢ 1
AlooTitnms 10 &LCOmIL1SH Tiine shear a-: column
im; lemsnted 1n routirez LINZ=~ and COLSHR respectively
interactive <cofiware: syste- ias been :"plemented
roiaticr  using tbe line shear and columrn <hear
software structure i: &as follouc:
FLTATE
LInSHL CuULSHR iMASIL
LINSH® L _LSHF LNSZAL

Y
a
)
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-. xy 3.6.3LIMITIMG ROTATION ANGLE USING SEQUENTIAL SHEARS

3

'53 vThe distortion introduced by two sequential shears is genarally
C; negligible for small angles of rotation but is quite significant
gf' for angles which are more than a few degrees, and scaling must be
¢:i performed to restore image features and their relationships

f,“ The scaling operation described in the previous section 1is very
;;} nearly equivalent to the nearest neighbor resampling which is
EE' considered quite efficient for such operations. Then, it is
‘;f important to recognize ¢that as long as the sequential shearing
éa operations do not completely destroy the pixel neighborhood. this
Si‘ resampling scheme has some merit.

(

f%j During the line shear and column shear operations, the pixels are
i& shifted around,and to limit their shifts tc one pixel at the most,
ﬁ; the rotation angle should be limited to 45 degrees before
;ﬁ resampling is performed. An image of 4096 x 4096 pixels requires
:ii 12 passes to perform line shear of 43 degrees as illustated 1in
‘?¥ Figure 3-10.

3.6.4 ROTATION ANGLE OF 50 DEGREES

”

:?: One interesting outcome of having a general purpose line shear and
;x column shear software capability is in being able to rotate images

by an angle of 90 degrees fairly easily. This is illustrated in

..l.‘.‘l:.l .' .'.';‘.."-

Figure 3-11.
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o IMAGE
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READ L1 to buffer
READ L2 to buffer 2
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MOVE half of buffer 2
into buffer 1
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oy AFTER FIRST PASS
o HALF OF IMAGE
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Figure 3-10 BINARY METHOD OF PERFORMING LINE SHEAR
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Evaluvating fur 8 = 47 degree:

0 i

-4 (o}

ct
'™
[0
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Thkus, the image is rotated by 90 degree:z ~+«hen three sequer
shzaring operatiume zre perfo-ined as feollo. s

Line shear through 4% degrees

Column che=~ througr % degrees

Lirz shecar threough 40 degrees

It shoulid be noticed ttat @ c:=ling operst:.n is not needed in
thiz case and &ll input ¢d=-<3 1is ret=z=:ined at the end o+ tne

operation.
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3.6.5 IMAGE ROTATION USING SEQUENTIAL SHEARS:

A pure two dimensional rotation about the origin is performed

by the following 2 x 2 transformation matrix:

1) when angle @ is positive,

Ccos 6 sinb

-&ind Cos 6

2) when angle O 1is negative,

Cos O -&ha
sin® CosP

It is evident that the maximum rotation required for getting
the preferred scan direction in our mosaicking approach is

250 degrees. To accomplish rotation using sequential shears, the
limiting rotation angle requirement of section 3.6.3 should be
observed before resampling is performed. The following illust-
rates the actual implementation of the algorithms to perform
image rotation to the preferred scan direction, image rectifi-
cation, and unrotating the corrected image to original scan

dirvrection. The advantage of this approach is that resampling

to be performed to restore image features after sequential shears

is avoided.

I¢ @ is positive and less than or equal to 45 degrees. then

rotation is accomplished by two sequential shears as follows:
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4 (s ri Sin 8 Cos® i o) Fase g
cos 6
o Cos6 o i -Tan 6 i ~S5in@  Cose
. - b -
scaling line shear column shear rotation
step 43 step & 2 step # 1

Also, rotation in the opposite direction can be implemented as

i P 4 «~5in0wxé Cos6 o Cos@ ~Sin@
L .
Tan & 1 o i o oso sng Coso
column shear line shear scaling rotation
step # 3 step # 2 step #1

Now, the image rectification process consists of

-1
LR ] t ™M1 LR
UN-rotation to get Scaling to remove Rotation to get
original image scan tilt induced preferred scan
direction distortions direction
{ operation #3 ) ( operation #2 ) ( operation #1 )
— -

’—(,as 6, ~S5inf,y T-_Mx (@) FCO-S ©y S5nby

$in0s Cos6, fo) My ~5n 6y Cos©y

| —d L - .

- e N - e pu N N
LCS I L LS 1 scaling 1 L M 1 [ scaling J L LS 1 C CS 1

whetre
L CS ) is column shear

LS ) is line shear
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The intent is to have

M 31 [ scaling 1

for R

[ scaling J [

for ﬁ

as one operation in image correction software and jJjust perform

two sequential shears to rotate and un-rotate image data.

This is equivalent to the following:

i
Coc O (o]
2 My (o} Cosey o]
(] i O My o Cos8,
Cos02 1
or
My Cos 02 o
Coc O
o 60561
Cos B2
and since, 6, = O, ., finally
Mx o
(o} My

® 1is negative and greater than or equal to

This is true when

-45 degrees. Thus, resampling resulting from scaling is avoided

When O is positive and greater that 45 degrees. then rotation

is accomplished by three sequential shears as follows:

- - . - ey —
Cos8+5in6 © || 4 o _sne ﬂ (6] [coco Sin6
Cos+5ind
o i Codo-sm0 1 || o 4 ||-Tan4s s.n@ Cos®

" - & -1an -5S:n s
|0 Gmeveng] [ JL 1| i B |
scaling column line column rotation

shear shear shear
step #4 step #3 step #2 step #1
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Also. rotation in the opposite direction can be implemented as

. -r -Smeq - —'1 [ }
1 o ? — L o |l o -sn51
Cos6+Sn G i -1 ws6+5inéd T Cosé
qan 45° 41 fe) 1 -(asae-sl-f'e) i o CosO+Sinb Snd s O
L - - L - L p— L
column line column scaling rotation
shear shear shear
step #4 step #3 step #2 step #1

Then. the image rectification process consists of

£ CS 1L LS 1L CS 3 scaling 1 L M 2 [ scaling 1L CS JC LS 1L CS 1

with

S [ scaling d [ M1 [ scaling ]
- for R for R

as one operation in image carrection software, and just perform

- three sequential shears to rctete and un-rotate image data.

This is equivalent to

pr—
—

i Ar a2 T, _
o My o) Cos 6,+5ing, o
Cose,_+5'mez.

L
Cos6,+518, | O M o N
_J L y L Cos 6, +$ v\@.,_
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0056\'2_* Sindy
o My\ Cose;_+5m92.
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and since, ©B8( = 6, . finail

NNy
[ L R N ]

»

o) My

Thus, Tesampling resulting from sceling is completely avoided
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i' 4 THEME CONTOURING AND POLYGON VECTOR CONVERSION
4.1 INTRODUCTION
= Digital image file structures are inherently spatial in nature, and most operations
Sf relating to the extraction of spatial information are done in a raster format file.
§§ The use of multiple data planes in image files facilitates not only image categoriza-
&f tion, but the interchange and logical manipulation of the resulting thematic maps.
}jf Extracted information can be rapidly aggregated by various administrative and
éj physical units or areas defined by map boundaries. There are other advantages
f? to raster format data bases, including the ease of retrieval of spatially
{S registered information, and the ability to perform operations on a pixel basis
Ei thus utilizing the finest resolution of the information available.
i% ’ The obvious disadvantage to raster format data bases is the great amount of
;ﬁi redundant storage used to store smoothly structured themes. This makes vector
é}j format data bases, where contiguous areas are stored by vertex strings repre-
:j senting outlines, very attractive. Relative storage economy for each format is
fﬁi determined by the ratio between the effective area subtended by a pixel and the
fi; average size of uniformly mapped areas. The advantage of vector storage grows
72 exponentially with area size, showing an advantage over raster storage when the
%; average contiguous area is about twenty five pixels. Vector format data bases
.?S are generally more economical, and are particularly easy to use when generating
F; ~ chloroplethic maps from stored information. The problem is that the original
- extraction of information to be mapped is very difficult.

The Standard Interface format (SIF) provides a common mechanism for the transmittal
= of graphics and spatial information between dissimilar data bases. Information is
E% passed in vector format on a magnetic tape containing one or more files. Each file
fz is used to describe one drawing or theme.

e
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SIF FILE FORMAT

An SIF tape is made up of one or more files. Each file represents one drawing

(or, for our purposes, one theme).

Each file contains one or more data blocks, and each data block is 256 32-bit
words in length. The first word of each block is always a command header.

e Data follow the header.

COMMAND AND DATA FORMAT FOR LINE STRINGS

i The first word of each command is the command header. It contains four bytes
js reflecting the type of command, its size, a command modifier, and a one byte
value in some cases. The following is the SIF format for line strings:

o 32 : & Y
o COMAND | 6OF | SUBTYFE | WRULE

...ﬁﬁﬁﬁ

8. .

o COMMAND

40 for a line string
80 for continuation of a line string

#0OF WORDS - Number of 32-bit words in the command. (255 maximum.)

SUBTYPE

1 for open line string
2 for closed line string representing an area
3 for closed line stirng representing a hole

'@, -
)

.'--

DS
.

- VALUE

0 for line strings

....................
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The mechanics of converting themes to polygons involves an unknown and potentially
large number of vertices and presents serious problems concerning computer storage
requirements. The number of vertices needed to outline classes in a typical 512 x
512 pixel scene can be grossly estimated at between 5000 and 15000, with the number
being highly sensitive to overall scene complexity. In an operational situation
where an average map sized area is being processed at high resolution, larger

images or image mosaics of 4000x 4000 pixels may be a more representative processing
unit size. We clearly need efficient vertex storage, methods of recycling storage
during conversion, and a means of dissecting large files into smaller independent
segments for processing. Directly storing vertex coordinates in SIF values would

use sixty-four bits per vertex, and, if workable, would be very extravagant.

Chain codes are an exceptionally efficient method for storing vertex lists, particular-
ly if the polygons are of complex shapes containing only short straight line seg-
ments. A chain code is comprised of a sequence of single digit numbers 0-7, one
number per vertex. Based on a rectangular pixel grid, each of the numbers defines
one of the eight possible directions pointing to the next vertex. The complete
geometric description of any polygon is provided by the coordinates of some start-
ing point and the polygon's chain code. There is some waste associated with storing
redundant vertices along extended straight line segments, but this is unimportant

in view of the economy gained in storing an average polygon. With the restricted
set of direction code possibilities only four bits are required to store each
element in the chain. In this respect we might compromise, wasting four bits per

vertex by using bytes to decrease execution time and program complexity.

Careful consideration must also be given to the definition of "outline." When
dealing with a continuous surface in three space, the concept of a contour is

straightforward and can be defined as the intersection of that surface with some
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plane within the space. In the discrete world of the pixel grid used with raster
format data bases, the concept of a contour is a little more ambiguous. The idea
of an intersecting plane is insufficient as the plane no longer intersects a
contiquum. Actually, when dealing with pixels, a plane is no longer considered
continuous, but a series of discrete locations spaced at regular intervals. Any
surface intersection in a discrete space must also be discontinuous, as pixel

positions represent the limit of available resolution.
Several definitions pertaining to discrete geometry are in order:

DIRECT NEIGHBORS - Pixels pairs that are directly adjacent, sharing a common

side in the pixel grid.
INDIRECT NEIGHBORS - Pixel pairs that share a common corner point in the pixel grid.

(N)-NEIGHBOR - The pixel neighbor in direction N from any given position. N

ranges from 0 to 7 and increases with counter clockwise angle from east.

DIRECT PATH and INDIRECT PATH - Sequences of pixels containing direct neighbors,

and any neighbors, respectively.

INDIRECTLY CONNECTED REGION - A set of pixels, each pair of which can be connected
by a path of direct or indirect neighbors. Similarly a DIRECTLY CONNECTED REGION

is a set, each pair of which is connected by a path of direct neighbors.

CONTOUR or INDIRECT CONTOUR - The set of all pixels in a region which have at

least one direct neighbor not in the region,

DIRECT CONTOUR - The set of all pixels in a region which have at least one neighbor

not in the region.

As the list indicates, there are several possible contour definitions usable for

theme outlining, including direct and indirect paths outlining direct and indirectly
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fii connected regions. Our choice is dictated by data storage economy. We need to
'{ describe themes with the fewest number of vertex strings, and to use the shortest
strings possible to provide a complete description. Of the possible methods,
the one best suited for outlining noisy or irregular themes is to describe

indirectly connected theme areas with indirect contours.

jﬂ The method for outlining theme holes must also be established. If we are willing
.- to have hole outlines occur within the set defined by a theme region, then the
“_ same contour definition can be used for holes. This keeps the software simpler.
A single contouring algorithm utilizing an operator which marches along the theme
e boundary and selects the rightmost available next pixel, can be used for both

A region types. The types are even classified by the direction of outline traverse.
The single algorithm scheme does create some special and potentially troublesome
o . conditions which must be remembered. First, since the hole contours will occur
%. on theme pixels, calculation of hole areas must be different from theme areas to
éﬁ. compensate for peripheral difference of one pixel. Also, contours of the two

$¥i region types have different spatial characteristics. The theme outlines can

contain degenerate polygon segments which have no width, and hence no interior
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area. Examples are single pixel width protrusions, single pixel width bridges

[ AN

L between larger areas, and also isolated lines and single pixels. All of these
features can be considered degenerate, spanning no interior area in the discrete
plane. Hole contours, if they are defined to be in the theme set, are a little

easier to work with as they cannot contain degenerate segments. Another commonly

.
N TR

occurring special condition arises when a theme area includes a hole that is

positioned within one pixel of the region boundary. In these cases the associated

AT
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contours will be coincident for some fraction of their length, and can complicate

processing.
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4.2 THEME OUTLINING ALGORITHM

The outlining algorithm is a type of marching operator, and as such must be
capable of handling any outline or hole, providing a predictable and repeatable
outline for any input theme of any complexity. With the algorithm being used
hundreds or even thousands of times on a single complex image, an operator which
occasionally gets off track or fails to close outlines in complex situations is
unacceptable. Fortunately, such algorithms have been developed and have evolved
to a mature state. The one chosen is a contouring algorithm which basically
starts at some point on a region contour, determines a starting direction and
marches along, finding the rightmost next pixel satisfying the contour definition.
The actual pixel testing sequence is interesting and intricate. Directions close
to the previous one are the most probable for contour continuation and are tested
first. Leftward, but not rightward, acute angle turns are allowed. This results
in the generation of an indirect contour around theme areas. Figure 4-1 is a
pseudo code algorithm description. Some complicating factors are included to
handle discrete plane contours. A loop counter is needed to count the right
turns made at any particular operator position in order to identify single, isolated
pixels and to avoid continually circling on them. If no new contour pixel is
found, the tests used are such that the marching operator will retrace its steps
until a new righfward pixel is found. This feature makes it possible to handle
single-pixel-width lines or outline segments. Finally, a dual test is used for
contour termination. The operator must return to the start point and must be
heading in the original starting direction. The reason behind the first test is
obvious, and the second is to avoid premature termination when the starting point

happens to lie on a section of the polygon where the operator is retracing its steps.
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Codes for directions The outline of a connected region
Froe position P is completely specified by:

Sterting Pixel - (x,y) ,and
Chain Code - S7S70RR213115543

The Qutline of & connected region R s defined as the set of pixels iIn

R duehahow ot least one direct neighbor (one sharing a common side)
not In

An outlining operntor can be described as something that steps along pixel

to pixel on the edge of & region by selecting the rightsost svailable
satisfying the outline definition.

Themes are considered to have a positive area, and are outlined (n a counter
clockwise direction. foles are outlined clockwise.

Defining an outline with a chain code
Figure 4-1.
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‘ggg The contour-tracing algorithm is presented in Figure 4-2. However, the completely
3;? detailed algorithm is given in the Fortran program listing for the "TRACKR"
'if' module which is largely self-documenting. For input, it requires only that a
{2; start point be selected which is within the region being contoured while its
E; directly adjacent neighbor to the west is not. Output of the module is a closed
.{5 contour chain code loaded into a queue. An image 1/0 subroutine, "UPDATE" is
.;‘ called by TRACKR and does several things. It accepts the just located direction
. : to the next contour pixel and reads the adjacent image line in that direction,
lili using a rotating buffer scheme for efficiency. It returns values for the eight
t pixels surrounding the next operator position. It also marks the pixel just
departed by incrementing its value by one, thus permanently identifying the
contour as having been traced. Troublesome single-pixel-width segments are
5 uniquely marked, as their values will be incremented twice. In an effort to
ija minimize the large number of image line reads and writes, a buffering scheme is
%E: used which holds the three lines surrounding the operator, reading or writing
\~; single lines when the operator moves up or down on the image.
igé At this point it is appropriate to refer to Figure 4-3 which presents all the con-
'{f touring and polygon conversion modules and their inter-relationships.
Zé SIFDMP extracts numeric contour coordinates. It is an optional driver for the sub-
'i; routine TRACKR, with expanded output capabilities, and is used to generate a
if single theme SIF magnetic tape. SIFDMP is called once for each region in the theme.
1;; Given a contour start point in the same manner as TRACKR, this subroutine similary
7?} locates the vertices, counts them to insure the SIF line string minimum of three
'ii is surpassed, then converts them into strings of thirty-two bit cartesian coordinates
;g; in accordance with SIF record structure. Record header information is assigned
:%E to prefix the vertex strings and each record is written to tape after it becomes
i filled. An added feature that was included but not currently used is the capab-
ég ility to linearly transform the polygon vertices into any arbitrary coordinate
.
é? system. 08
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STARTING RT SOME POINT A IN REGION R SUCH THRT ITS 4-NEIGHBOR IS NOT IN R

SET T QSRENT PDEL TO THE DOTIAL PDEL
FIRST « .TRE.

SET INITIAL SEARCH DIRECTION 'Sef

WHILE ((C .NE. R) .AND. (SLOFE .NE. D)) .OR. (FIRST » .TRE.) PO
FOUND » .FALSE.
ORNTER = §

WHILE (.NOT. FOUND) .AND. (COUNTER .LE. 3) DO
IF (B, ™ (S-1)EIGBOR OF C IS IN R)
THEN:

FOUND » .TRE.
CB
§e5-2

ELSE IF (B, T™E (S)-NEIGHBOR OF C IS IN R)
EG:D'.M.

BLSE IF (B, THE (S+1)-NEIGHBOR OF C 1S INR)
Ea’m = ,TRE.

u.ss::sémons:mmzmmwsamm
COUNTER = COUNTER +1
e IF

D WHILE
ADD DIRECTION CODE OF LOCRTED PIMEL TO CHAIN

IF (FIRST » ,TRE.)
THEN: D = DIRECTION CODE FOR B
ma.s:xr : SLOPE » DIRECTION CODE FOR B

END WHILE

A - Starting point on the contour of region R

€ = Current point whose neighborhood is being examined
B - Pixe! neighboring C _
D - Slope of contour leaving point A

Arithmetic is modulo 8

Contour Tracing Rigorithe
Figure 4-2.
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ONTOUR - Main program shich provides an operator interface and controls the

selected processing.

REGION - Defines the scene segment to be processed by inserting a rectangular

window into the scene. The window will be searched internally for
the location of theme areas.

TRAOR - The contour tracing subroutine. Given some point on the outline

of a theme area or hole, this subroutine traces an outline and
stores the associated chain code.

SCANER _ Region scanning routine shich systematically searches the interjor

of a designated theme area or hole, and returns the Jocation of
any internal holes or areas. The interiors of any features located
ere not scanned.

SIFDMP - A subroutine which generates SIF tape records from a region chain

code generated by TRAROR.

UPDARTE ~ Handles fmage file 1/0 required by the contour tracing subroutines.

IRK
IRV
Iwy

Rfter each new pixe] position is found by SONER, this routine
sarks its position and returns the surrounding pixels.

- G.E. DIAL cursor position reading subroutine.
- G.E. DIAL tmage line reading subroutine.
= 6.E. DIAL image line writing subroutine.

Theme Contouring and Polygon Conversion Program Modules
Figure 4-3.




______ NS S A i S AR A gty TR SR it i S st S S0 APl ] bt b S I AT T I TS d T B R A B A S 4w
.......................... . DA R A AL Rt R A M G

4.3 THEME REGION LOCATING ALGORITHM

The vector conversion software package has a second major module used to locate
and tabulate theme areas. It is a region scanner which takes any region in a
thematic map and systematically searches the interior for the presence of sub-
regions. The subregions may be either theme areas or holes, depending on the
character of the region itself. But in order to keep track of region nesting,
it is important that the search area is internal to the region and external to
any located subregions. Generations of subregions then can be tracked by the
number of times the scanning algorithm must be called to reach a given level of

nesting.

Coupled with the previously described outlining algorithm, the region scanner
provides a means of locating and extracting all contours associated with a single

theme. If desired, a tree structure could be used to keep track of which holes

are contained in which areas, etc. Since the outlining algorithm easily re-
generates vertex strings completely describing a region from its starting point,
the data structure referencing all theme regions need only store a single point

for each region.

Figure 4-4 shows the scanning algorithm and sequence used in searching for holes
in a theme area. A slightly simplified hole-finding algorithm is presented for
!E! clarity. The generalized algorithm is found in the Fortran listing for SCANER.

The algorithm requires some point on the outline of some region, draws the

complete outline, and then finds all areas of the opposite parity (areas/holes)

enclosed in the region. The module returns start points for all subregions in

direct contact with the region being scanned.
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REGION A

GIVEN R POINT ON THE BOUNDARY OF THE REGION TO BE INTERMNALLY SCANNED
CALL TRAOR TO MARX THE REGION OUTLINE AND STORE IT IN R QLELE

WHILE (QUELE NOT EXPTY) DO

SET LRAST GRIN CODE TO QURRENT Ca-C
GET DIRECTION OPPOSITE TO CB - RCB=MOD((C@+4),8B)
GET NEXT GHRIN CODE FROM QLELE C-QUELE (FIRST ELEMENT)

TEST FOR DESCENDING PATH BEFORE SCANNING LEFT TO RIGHT
IF ((C.NE.©).AND. (CB.NE.4).AND. (RCB.GE.C)) THEN:
TERMINATE = FALSE.

BHILE (SCAN NOT TERMINARTED) DO
EXTRRCT NEXT SEQUENTIAL SET OF THREE PIXELS (ABC) FROM SCOAN LINE

TEST FOR INTERSECTION WITH R AREVIOLELY UNLOCATED SUBREGION
IF(%).RD.(B'I)) LOR. ((R=Q).AND. (B=2).AND.(C=8))
SAVE NEWFOUND SUBREGION START POINT FOR FUTURE REFERENCE
CALL TRAOR TO MARX SUBREGION AND APPEND IT TO QUELE
TOMINATE =, TRE.
ELSE:
TEST FOR R PREVIOUSLY MRRXED QUTLINE
IF (B.GE.2) TERMINATE ».TRE.
2o IF
END WHILE
END IF
END WHILE

—Region Scanning Rlgorithm To Locate Holes—
Figure 4-4.
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The procedure starts with a binary image in which theme pixels have been assigned
a value of one, and "not theme" pixels are zero. The outline start point is used
to call the contour tracing module, which marks each pixel on the outer boundary
by adding one to the pixel values. Since the outline traced is wholly included
in the theme, outline pixels will now have a value of two and thus be distinguished
from untraced outline pixels. As the outline is traced, the resulting chain code
is temporarily placed in a large queue in preparation for scanning the interior

of the region.

Points for starting interior scans are found in the queue. Chain code elements

are extracted one by one, and sequential pairs are tested to determine if they

lie on ascending or decending segments of the region outline. Ascending/descending
path pixels are used as start points for rightward scans searching for areas/holes.
Along the scan, location of either type subregion is found by the occurrence of

two pixels having a value sequence of zero, one. This sequence occurs where the
scan line intersects the leftmost edge of a theme (climbing on), or the rightmost

edge of a hole (climbing out). An additional sequence of zero, two, zero locates

holes whose right side is coincident with the right side of the region being
scanned. Immediately on location of a subregion, the current scan coordinates

are stored for future reference.

The contour tracer is called to mark the subregion outline, and to append th2

outline to the queue. A particular scan is stopped when a new subregion is

located, when the outline of previously traced subregion is found, or when the

B i i

traced right side of the region is reached. Both the latter cases are identified

by pixel values of two or greater, as they will have been traced and marked at

Jeast once.



The reason for using a queue to store region chain codes now becomes apparent.

The region, if it is a theme, will be outlined in a counter-clockwise direction.
Scanning from descending segments will locate holes to the right (provided they
are not eclipsed by other holes) and immediately enter them into the queue.
Eventually, when the region start point is returned to, the region outline will
have been completely removed from the queue. The scanning algorithm continues,
with the upcoming queue elements belonging to the cutline of the first hole.

Since holes are outlined in a clockwise manner, descending segments occur on

their right sides, conveniently serving as start points for scans into sections

of the region shaded from the left by the holes. By the time the queue is finally
empty, the region boundary along with all hole outlines will have been checked

for descending segments. Consequently all sections of the theme region external to

the hole type subregions will have been scanned.

Tre scanning algorithm presented in Figure 4-4 must be expanded somewhat to find
areas within holes in order to become a generalized region scanning tool. The
decision as to where on the chain to start a line scan becomes more complex. To
preserve the left-to-right scanning convention when searching for theme areas,
we modify the logic to scan from ascending chain segments (as opposed to the
descending segments used in hole location). Figure 4-5 shows the derivation of

a comprehensive scan start test, useful for identifying either ascending or decend-

ing segments. The test also locates chain code turns at local tops and bottoms

in outlines where a simple ascent/descent test is insufficient to identify start
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points. In all cases the location of a previously traced outline is used to
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Starting scans from ascending CB cases Corresponding C’s
segments of theme outlines for scan start
Notation: o = Current chain code pointing to next position

C® -~ Last chain code polnug to current position
RCB - Direction opposite to

1. Never scan when (B=@ as the line has already been scanned
2. Never scan when C=4 as a better start position is coming up.
3. For righteard scan from ascending chain segments, C must be
included In a counter clockwise arc between NE (1) and RCR.
4. For rightward scan from descending chain segments, C sust be
included in a clockwise arc between SE (7) and RCR. .

Rules:

Racending segment scan start test ~— (C.NE
Descending segment scan start test — (C.NE.

Conditions for Starting External Region Scans
Figure 4-5.
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A final complication concerns the handling of degenerate outline segments. When
searching for theme are -, scanning is internal to a hole type region, hence

external to any located heme-type subregions. If the region is to be completely
scanned, all ascending <«gments including degenerate ones must be used as scan

start points. For noisy themes it is particularly important to scan from singeltons
that can otherwise have a combining effect that eclipses large areas. Fortunately the
exterior region, being a hole, will not contain degenerate sections and thus

allows the entire queue contents to be processed consistently. For the alternate
case, the search is internal to a theme area and scanning from degenerate segments
must be suppressed or the scan will be outside of the region. Figure 4-6 shows

the possibilities.

The scanning algorithm has one known limitation. If SCANER is being used to locate
holes (a second level operation for our purposes), and if a hole contains a nested
theme subregion, and if all portions of that hole on image lines above the nested
theme are scan shaded from the left by other holes, an irregularity occurs. As

the lines being scanned descend past the bottom of the shaded zone, the next scan
will enter the previously untraced hole, and instead of finding the far side, will
prematurely trace around the nested theme. Fiqure 4-6b illustrates the error pro-
ducing theme configuration. Tracing direction will still be correct, but without
more intricate logic the nested theme will be associated with the wrong external
region. For our immediate thematic mapping application this irregularity will

probably go unexercised as it can not occur without a rare three-level nesting.

The remaining module "REGION" is used to insert a hole into the stored image to

define the processing window. A start point on the window is returned and sub-

sequently passed to SCANER to begin processing of the enclosed theme areas.
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Level 1 region scan from ascending Level 2 scan of decending queue

Queue segments to locate theme segments to Jocate holes within

areas. theme areas.

Scans are internal to hole region Scans are internal to theme area

and external to located areas. and external to located holes.

o Start scans from single pixel e Don't scan from single pixel
width segments. width segments

e Start scans from singletons. e Don't scan from singletons.

Modifications of left-to-right scan start Jogic for handling degenerate polygons.

Figure 4-6.
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APPENDIX A

Derivation of a Quadratic in a_ and a,:
" J

For two control points CP1 and CP2 we have,

(Y1 - ay) Xy - (X1 B ax) Yy = (YZ B a_y) Xy - (XZ - ax) .

tan § =
(X1 - ax) Xy + (Y1 - ay) ¥y (X2 - ax) Xo + (Y2 - ay) Yo

Cross-multiplying, we get:

{(Y1 - ay) Xq - (X1 - ax) y1} {(X2 - ax) Xo + (Y2 - ay) yz} z

{(X1 - ax) Xy + (Y1 - ay) y1} {(Y2 - ay) Xy - (X2 - ax) yz}
Expanding,
(Y1 - ay) (X2 - ax) Xq Xy + (Y1 - ay) (Y2 - ay) Xy ¥Yp - (X1 - ax) (X2 - ax) Yy %o
- (X1 - ax) (Y2 - ay) Yy Yo = (Y2 - ay) (X1 - ax) Xy Xo +

(YZ - ay) (Y1 - ay) Xz .Y1 - (xz - aX) (X1 - aX) )'2 X1 - (X2 = ax) (Y1 - ay) .Y1 y2

Collecting terms in Xq X Xq ¥Ypu X5 ¥y and Yy ¥ together

{(Y1 - ay) (X2 - ax) - (Y2 - ay) (X1 - ax}x1 Xp +
{(Y1 - ay) (Y2 - ay) + (X2 - ax) (X1 - ax?x1 Yo -
4((X1 - ax) (X2 - ax) + (Y1 - ay) (Y2 - ay)} Xo ¥y -

{"‘1 -

ax) (Y2 - ay) - (X2 - ax) (Y1 - ayay1 Y, = 0

. L T YUY
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((Y1 - ay) (x2 - ax) - (Y2 - ay) (x, - ax)} (x1 Xo + ¥4 yz) +

((Y1 - ay) (Y2 - ay) + (x1 - ax) (X2 - axl} (x1 Yo - X, y1) = 0

Dividing by (x1 Yo - X, y1) throughout, we get
( ( X X2 =N Y, .
(Y - ay) (Xp - a,) - (¥p - ay) (X - ax)} Xy ¥2 % Y5

{(v1 - a) (Yy - a) + () - a) (X, - ax)} - 0

provided X{ Yo # Xy ¥q- If the control points CP1 and CP2 and the origin
y y
of the photo-coordinate system are non-colinear, then x_1' # x_2_ and
1 2
Xy Y2 - %p ¥y # 0.
Let us call

(X1 Xy + Y4 .Yz)/(x«' .Y2 = X5 .Y1) = ot
Then,

+ (k1 X2 - a, (X1 + X2) + axz + Y1 Y2 - ay (Y1 + Y2) + a;% = 0
Collecting terms in a, and ay,
ax’ + ayz -3, ((Y1 - YZ)OI + (X1 + XZ)} - ay ((X2 - X1)°< + (Y1 + YZ)}
+ (&1 X2 + Y1 Y2 + (Y1 X2 - Y2 X1)¢a' = 0.
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or

axz + ayz +a, ((Y2 - Y1)o( - (X1 + XZ)} + ay {(X1 - Xz)oc - (Y1 + YZ)}

+ X1 Xo + Y, Y2+(Y1 Xo = Y, X1)°¢}= 0.

or

2 -
a, +ay2+ ¥a, + nay+5 = 0.

where
Y= (Y2 - Y1)o< - (X1 + X2)

n= (X - X)e - (Yy +Y,)
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