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1. INTRODUCTION

This report describes the implementation of a Third order Butterworth filter in the
Advanced Continuous Simulation Language (ACSL) [1]. Transient responses of the filter in
the time domain, where the time domain expressions were derived from both s and 7 domain
representations, are observed and compared with the responses from the analytical time
. domain expression for the filter. Inputs are step and sine wave functions. There are two z

domain implementations used: the bilinear transformation method and the impulse invariant
method {2]. These are both based on transforming the continuous representation of the filter
in the s domain to the z domain.

An ACSL macro for implementing Z-transfer functions was developed and used in the
transient response testing. The macro algorithm is based on the “M-Method” canonical form
of the transfer function. Only zero initial conditions are allowed for in the algorithm.

Bode plots of the s and Z transfer functions were made with an ACSL program. The
program and Bode plots are both described in this report.

s
% 2. MATH MODELS FOR ATHIRDORDER BUTTERWORTH FILTER
. IN THE Z AND s DOMAINS

; A third order Butterworth filter in its normalized s domain form looks as follows

48

e 1

1}
ii‘_' 83 + 282 + 28 + 1 (

¥ or,

e

» 1

R L (s + 1) (% + 8 + 1,

: If the cutoff frequency wo is shown, the filter takes the form
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- r The s domain representation of the output of the filter for a step input of unity gain is
:.

Ko (D3

o __

s 2 2

:\; s (s + wo) (s® + w,s + “’o) )
& This can also be written as

w

] - }' ) 2 2

% (-] - w

‘,a o 8% + w8 + wg

which is easily transferred to its equivalent in the time domain,

E u(t) - e %+ - 2 “otlsin ( - w_t) 3)
N /3 2

&

- where u(t) is a step function with unity gain. Similarly for a unity gain sine wave of frequency
i v, the time domain output of the filter is

E
X -w
;é B —uot 2 §2 €

Acos yt+ =siny t + Ce - D —e sin
‘17 Y 3
Ei -t (4)
b /3 g Tt
£ 13 L :
{3 ( > mot 3 ) + o, e sin (wot)
wvhere
2 2
3 Y .-20)0
A= Y % .
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These analytical time domain expressions will be used to compare with the s and Z domain
results in the transient response simulation.

The s domain filter expression used in the simulation is, from (2),

w3
3 ) 3 3 ©)
s~ + 2w°s + 2wo s + wo

In the impulse invariant method of transforming a transfer function from the s domain to the
Z domain, the impulse response of the transfer function is mapped directly into the Z domain.
Equation (§) can be rewritten as

2 2
Wy _ w8 + 0.5 Wo . 0.5 Wo
8 + W w w
o 0 3 2 0 ,2 3 2
(s + p) ) + T Y% (s+-—2) + 7 0y
From tables, the Z-transfer tunction is
w -1 w
(] @ l-2z"u + o

1 -z (24v?) 91 -2z271y &+ 272 (w24 vd) v3

z-lv

1

u + z %2

1-22z
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83 = - ().12+\)2)2

Upon implementing (6) one immediately notices the gain is wo/ T rather than 1. This is due
in part to the fact that

X(z) = 24— I X (8+ j —21- k)
k==
lnz
s=
T

where X is an arbitrary transfer function [3] and 2K x (s+i -%F K) is the repeated spectrum
(due to the sampling of X(t))of the continuous s-transfer function. Since the continuous
representation of X in the s domain repeats, one must use care in selecting T. Hopefully the
frequency content of the input signal is known to aid in this determination.

In the bilinear transformation method s is directly replaced by z-1/z+1 in Equation (5).
This change of variable maps the imaginary axis of the s-plane to the unit circle of the z-plane
[2), wyis replaced by tan wo T/2 in (5). The analogy in the frequency domain being s—jw, then

3 = > z-l = .e_sfi
Z+1 eST+1
or
| eij-l wT
o I T 2 R bl
e +1
gives
w T
' W, =>| tan —g—
Thus Equation (5) becom..
-1 -2 -3
a, + aLz + azz + a3z
' -1 -2 -3
be + blz + bzz + b3z




“ _ .3
{ a, = o /B
3
% al =a, = 3a°
, "3 = ao
oF
-
) b, =1
W LY -

(3420 - 2a2 - 3a3)/8

P _‘;:
o

[

]

!

& b, = + (3-2a - 20 + 3a°)/8
‘ b3 = -« (l-2a + 2a2 - a3)/B
£
WY
| - w °'I'
A ¢ an =z
"
5y? B =1+ 20 + 2a% + a3
v 2
i Although this transfer function representation also repeats itself every T”K rad/sec, there is
i no degradation in the filter roll-off characteristics as will be shown in Section 3.
e As in the s domain there are canonical forms for Z-transfer functions. The “M-Method”
B canonical impiementation of the third order Butterworth filter is shown in Figure I. The figure
illustrates the representation for Equation (7). Equation (7) becomes
A 1 I TR S
,f‘:!! M= F‘;(INPUT b,2 ™™ bzz M - b,z M) ®)
¥4o - -1 -2 -3
i OUTPUT (ao +a;2 " +az "+ a3z ) M 9

s

ACSL macro ZXSFRM was designed to implement a generalized form of the M-method that
can be used for any order Z-transform whose highest power in the numerator does not exceed
that of the denominator. The macro algorithm is described in Appendix A
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;\ The continuous s domain filter represencation was also implemented in the time domain
4 through the RK2 numerical integration scheme with 1/s interpreted as an integration
i operation. The ACSL macro TRANS [1] was used to implement the numerical integration of

v the filter states. TRANS contains an algorithm which generates the state equations based on
e the M-method canonical form shown in Figure 2 for Equation (5). It should be noted that non-

%) zero intitial conditions on the states of the filter are not available in TRANS or ZXSFRM.
The direct numerical integration of the s domain filter w .1l be compared with the analytical i
e response and the two Z domain implementations.
N INPUT SQUTPUT
R Y

1. .o

&
%

»

X Pigure 2.  The M-methed canenies! representsiion of the ¢ transier function for o
Lo third order Butierwerth filter.

3. BODE P! "T PROGRAM AND RESULTS FOR A THIRD ORDER
= BUTTF " « "TH FILTER IN THE Z AND s DOMAINS

r)

, In order tv ...ec numerical ocoefficients of the impules invariant ana bilinear
e traneformation .vir. of the digital Mutterworth filer, an ACSL Bode plot program was
modified to produce Z-transform plots. The original aigerithm wtilines an embedded

representation of the oolynomials which is well suited for DO loep implementation. Figure 3
is o listing of the Bode plot program witl thres maerce added to it for gemeration of the

coofficlonts of the thres fllters: the s demain version, CCN 1 8, and the two Z domain versions,
CNVANT aad CBILNR. The masres are used to ealoulate the eoefficients for different break
frequencies and sampling incervals in & form that weuld net slutter up what attempts to be s
goneral purpese Bede plet program. The equations ia CNVRNT, CBILNR and CONTS are

{7 ANy ")
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"PROGRAM BODE PLOTS FOR TRANSFER FNS IN THE S AND Z DOMAINS
" OAvVID B, MERRIMAN "
. " 12 0CT 78 "
5‘&3 " REDSTONE ARSENAL» AL "
e " BASED ON A PROGRAM WRIYTEN BY "
23 " EoFeles MITCHELL AND AN ALGORITHM GIVEN BYW
;ﬁ,. ) ‘ " MERV BUDGE, "
s MACRO CNVRNT (UesVoWB DT +XG)
L% MACRO REDEFINE KosEeCsS
PROCEDURAL (UsV3WB DT +KG)
E=EXP (-WB*DT)
C=SORT (E) *COS(SQRT (3.)*0.S*WA*DT)
S=SQRY(E)*SIN(SORT (3.) *0,S5*WR*DT) /SORT (I,)
U(3)20.0
U(2)=wB® (=CeSeE)
. U())=wBeEe(] ,=C~S)
Via)=1,0
N V(3)2=2,9C-E
V(2)=+E#(]l,¢25%C)
V(l)s-Ene2
Kz (U(1)sU(2)) 7 (V1) eV (2) eV (3D *V(a))
¢ 3y W(1)y=t(1) /K
i $s Vi2)=U(2) /K
U(3)su(3)/K
e END
BN MACRO END
PRI MACRO CRILNR (R+SeWB,DT+KG)
i MACRO REDEF INE AL +DEN
B PROCEDURAL (RsS=WB DT +KG)
RSl AL=TAN (0,5%WB*DT)
" DENS],+2,%AL¢2,SAL#82.AL #0323
! R{4)zAL**3/DEN
[ R(3)=3,9AL**3/DEN
Al R(2)=R(3)
I R(1)=R (&)
i S{4)=].0
§}~ S(3)2(=3,-2.%AL¢2.,2AL#®2+3,8AL®%3) /DEN
s S(2)2(Je=2.%AL=2,PAL S92, AL #8)) /DEN
‘ S(1)=(=],42.%AL=2.%AL#®2+AL#93) /DEN
‘j;""'x"‘ END
RS MACRO END
‘f:\i‘ MACRO CCNTS(A.B,WB)
) A())=wBee3
i B(1)=1,0
By N B(2)=2.0ew8
. B(3)s2.0%WBee2
:'-Q“ B(“)SA(I)
xg MACRO END
N
O\
N
oo
:‘4‘-"._')
: Vs
-
33
? l{
iy
R
753% Figuwre 3. Lisling of the ACSL Soda plot program.
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“LIST OF SYMBOLS

“A-NUMERATOR COEFFICIENT ARRAY IN DECREASING POWERS OF S OR 2s®(-])w
"B-NENOMINATOR COEFFICIENT ARRAY IN DECREASING POWERS OF S OR Za#(-1)*
“CNTNUS=IF «To XSFER FN IR Sy IF .F. XSFER FN IN 2%

“DEN-DENOMINATOR OF Gn

“G-TRANSFER FN W/A CONST GAIN (SEE KG)"

“DT-SAMPLING PERIOD FOR Z-TRANSF ORM®

HGAIN-GAIN OF THE TRANSFER FUNCTION (DB)*

"KW-GEOMETRIC -PROGRESSION MULTIPLYING FACTOR, W(Iel)=W(1)eKwe
"KG-OPTIONAL INPUT FOR THE CONST GAIN OF THE XSFER FNW

#M=QRDER OF THE NUMERATOR POLYNOMIAL + 1w

"N-ORDER OF THE DENOMINATOR POLYNOMIAL ¢ 1n

"NO-TOTAL NUMBER OF FREQUENCY POINTS CALCULATED BETWEEN WMN AND WMX®
UNUM=NUMERATOR OF Gw

WPHASE=-PHASE OF THE TRANSFER FUNCTION (DEG)# -
"LOGW=ALOG1O (W) ¥

uMAG-CALCULATED GAIN OF THWE XSFER FNw

"W-PRESENT VALUE OF FREQUENCY (RAD/SEC)®

"WCPS-PRESENT VALUE OF FREQUENCY (CPS)®

“WMN-LOWEST FREQUENCY (RAD/SEC)"

“WMX-HIGHEST FREQUENCY (RAD/SEC)w

"X=REAL PART OF G"
"Y-IMAGINARY PART OF G*

NINPUTS Ms No WMNe WMXs MPTS, As By DTy KG™
*OUTPUTS LOGWs Wy WCPSs GAINe PHASEs MAGe Xs Y"

- GLOBAL CONSTANTS "
LOGICAL pumMP

CONSTANT RMN = 1,0€-30y RMX = 1,0E30 , RADDEG=S57,2957795 oee
s PI=3,164159265s DUMP = ,FALSE,

TwoPl = 2.00P1

INITIAL

REAL A(50) *» B(S0)

INTEGER M s N

LOGICAL CNTNUS

CONS"N? M = ] s N=1 o CNTNUS =z ,TRUE, oo

= 50'0.0 » B = 50¢0,0
CONS"NY 07 = 9,010
CONSTANY KG = 1.0
FREQUENCY IS SWEPT IN A GEOMETRIC cee

PROGRESS!ON OVER A RANGE FRON W MN® TO W MX®, aMPTSe POINTS PER PO
PLOT AND KW IS THE MULTIPLIER BETWEEN FREQUENCIES==- - - "

constnnr WMN = 1,0 » WMX = 350, s MPTS = 50,0
= 10.000(ALoGlO(wnx/unN)luprs)

ﬁ = WMN
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" +=SET BREAK FREQUENCY (RAD) AND CALCULAYE...
XSFER FN COEFFICIENTS

CONSTANY WBCpS = 7.0
w8 = WBCPSeTWORL
LOGICAL BILNR  , NVRNY
CONSTANT BILNR=.FALSE,9» NVRNT=,FALSE,
IF (JNOT4BILNR)IGO YO SN999
CBILNR(As B=WBs 0Ty KG)

SN999¢ < IF (NOT.NVRNT)IGO TO SN998
CNVRNT(As B=WB, DTy KG)

: SN998, . CONTINUE

IF (,NOTYCNTNUS)IGO TO SN9OY
CCNTS (A, B=WB)

) SN997+ «CONTINUE
END $ WINITIAL®
DYNAMIC

" " CALCULATE REAL AND IMAGINARY PARTS OF G w
i IF (CNTMUSICALL a:ocs“uz

£ 1F CNTNUS) CALL
.;_.?Ei " Laadd CALCULATE GAIN AND PRASE OF G "
ek MAG = SQRT (X982 o+ Yye3)

Sl GAIN = 20,8AL0G10 (MAG)

PHASE = RADDEG®ATAN2(YsX)
e " USE LOGARITHM OF FREQUENCY FOR PLOTTING ®
Rt LOGY = ALOGLE(V)
¥ty " MAKE FREQUENCY AVAILABLE IN HERTZ "
PV T WCPS = W/THOPI
oy " weenaeADVANCE FREQUENCY GEOMETRICALLY "
v s Kuy
TERMT (WgGT o WMX)

o END S “DYNAMIC®

g TERMINAL

§ IF (DUMP) GALL DEBUG
2 END § “TERMINAL®
Julid END $ “PROGRAM®
N
Ny
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direct implementations of equations (6), (7) and (5) of Section 2, respectively. mthe CNVRNT

Y
E;{ macro, instead of modifying the gain of the impulse invariant Z-transform by multiplying by
=t T, the sampling interval (see Section 2), the gain of the transform at =0

’ was used:

s 7 = 57

) ]

e 3 For s=jw .

2 zZ=e JwT

sl

3 and at w=0
- zZ =1 (10
! Ji'

p .

X Hence for a generalized Z transform
15

i\

v h

-1 -2 ,

. Qutput _ a, + a,z + azz +...

b Input -1 -2

g b, + b2 + bzz +oo.

&
A the gain at w=0 is

-
vy

output _ 3o * 3 t a3t ...
+ b, + ...

Input bo + b1 2

LRARIR.

From Equation (6)

Al
Tnput = 3.161x10~ = gain
»
= when '
i
k]
.' (] = 0
3 w, = 5Hz = 107 rad/sec
NS
- T = 0.01 sec
N 1
N Note that the gain is not T instead the gain is equivalent to = the break frequency (rad)
;\ divided by the sampling interval. Perhaps some insight may be gained as to the origin of the ax
N
o) 8
*
)i
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; ‘] cerm by observing that the impulse response of the continuous filter in the time domain
“~§ also contains a gain factor of we. From Equation (5), the impulse response of the continuous
ALY Butterworth filter in the time domain is,
by
= Yo, Yo
£} - = -
% 4 w [e wot _ ¢ 2 d:s)s g wot + RPN T* sin
N ° 3
i an
N .
,g.f;p. 2 °
5 3 Next in Figure 3 is a definition of the standard program variables along with a listing of the
;‘:S . input and output variables. In the preINITIAL section, zlobal constants are defined. These
o are parameters such as computer arithmetic minimum and maximum, RMN and RMX; r; the
S conversion factor for radians to degrees, RADDEG; and the logical variable DUMP which is
::: used to control the debug printing of the program variables for the final communication
& interval.
BN
" In the INITIAL section the parameters for this particular program are defined. For the
i};’ N Bode plots the frequency w is swept in a geometric progression. The plotted points will then be
;“"', equally spaced when the abscissa is logiow. The multiplier between frequencies, kW, is
3,1\ calculated based on the minimum and maximum values for o, WMN and WMX, and the
i number of plotted points desired, MPTS. w is initialized to WMN,
SN
Py \ The code following the determination of KW and ending with the INITIAL section is
N specially added for the Butterworth filter plots. The break frequency in Hz, WBCPS, is set by a
33, . CONSTANT statement and then converted to radians as represented by the variable WB.
” BILNR and NVRNT are defined to be logical variables which, when TRUE, cause the
‘-";;‘1 calculation of the bilinear Z-transform and the impulse invariant transform coefficients,
il respectively. If CNTNUS is TRUE the coefficients for the s domain Butterworth filter are
s ,.;';: calculated. Obviously only one of three logical variables CNTNUS, BILNR and NYRNT
i iy . should be TRUE for a particular run.
& ; The DYNAMIC section contains the code for calculating the magnitude and phase of the
‘ ) transfer function. The real and imaginary components of the transfer function, x and y, are
< ij calculated in FORTRAN subroutine BODES which has an entry BODEZ for Z-transfer
" ) functions. For the abscissa the log of w is used,
: zf,;: LOGW = ALOGIO(W) . (12)

1
&w 3 19




w is made available in Hz for printer output,

% WCPS=W//TWOPI.
w
" w is incremented and the DYNAMIC section is re-executed until w>WMX,
S
# W=KW*W
& TERMT (W.GT.WMX)
ﬁ&g\ There are no integrations made so a DERIVATIVE section is not needed.
T
\‘ Figure 4 is a listing of subroutine BODES. A FORTR AN subroutine is used since complex
B arithmetic can’t be handled in ACSL. A dollar sign in column | at the beginning of the routine
- causes the ACSL compiler to add the program LABELED COMMON block to this
‘*’ subroutine. Thus, it is not necessary to specify arguments in a subroutine calil.
3
';\( S, G, NUM and DEN are declared complex variables. S is the s domain variable which for
) steady state sine waves is
2 or
X S=CMPLX (0.0,W).

G is the complex gain of the transfer function. NUM and DEN are the complex values of the
numerator and denominator, respectively. For Z-transfer functions

271 = 75T = ¢73%T = cos wT - jsin wT (13)

or .
4 S=CMPLX [cos (W*DT),-SIN(W*DT)]
g2
':‘ G, NUM and DEN are initialized by
)
- G=CMPLX (0.0.)
: NUM=CMPLX [A(1)0.]
20
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SR SUBROUTINE BODES

S

o COMPLEX Ss Go NUMs DEN
O S=CMPLX (0.09W)
:A, GO T0 30
RS ENYRY B80ODEZ

g, SECMPLX (COS (WaDT) 9o =SIN(W*DYT))
“a 30 G-CMPLX(O. v0,) -
{;3: NUM=CMPLX (A()) v0.)
s ) DEN=CMPLX (B (1) +04)
W8 IF (M,LEG1)GO TO 40
$ DO 10 I=2+M

t43 10 NUMaNUMaS<+A(])

‘ S 40 CONTINUE
po IF (N.LE%1)6O TO 50
-;’\51: Do zo x'Z'N
N 20 DEN=DEN®S+B (1)

Y S0 CONTINUE

Ay GexGO*NUM/DEN
- YeAIMAG(G)

o X=REAL (G)
Xod) RETURN
N, ; END

. ‘

Q".Q

~

:: ‘;V
.
la\
%)
) .
"‘.:l

:‘: % Figured4. Listing of subroutine bodes.
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N DEN=CMPLX [B(l), 0.]
I ot

&

N here the general s domain transfer function looks like

AN

% A(l) s™ + A(-Z)Sm-l + ... + A(m)sl + A(m+l)

'8
Aoy -
g B(1) s” + B(2)s™ 2 + ... + B(n)s! + B(n+D)

y and the general Z domain transfer function appears as
0N AWz™ + a2z ™ Lo+ amz™! + A1)

N -n+l -1

A B(1)z™™ + B(2)2 ™+ ... + A(n)2™* + A(n+l1)

A

5 The latter is just the reverse of the way the polynomials of (Z") were previously written in
.:17 Section 2. This was done in order to use the algorithm originally employed for the:S
% polynomials.

" Since the numerator polynomial can be written, using Horner’s method, as
;'f: (14)
LS

{,,, [(A(l) s + A(2))es+ A(3)] s + A(4) +...

\+ A(n)} s + A(n+1)
then a DO loop can be used,

o

DO 10 I =2, M

10 NUM = NUM *S + A(I)

iy

a,
b4 where M is defined in the INITIAL section and the actual value used is set in the run time
commands (since the Bilinear transformation and impulse invariant methods give different
order numerator polynomials). Similarly for the denominator the algorithm is
»?l
N DO 20 I.= 2,N |
2 (15)
& 20 DEN = DEN *S + B(I) |
3
%
‘
\ 122

Al A

3
J)! .\Q .. n'\c~ v\' T . "y ; ‘ . -.' . <- -y -.' 3 -..'.( ".. _.( . .-.‘..‘_..‘. P "‘ ... .-' '.‘ <. -‘.

PEREEYYS TR YENE YR F I B ETEIEF v ) it dnt it s it b Jad it St A .F‘:'_V_‘;I_'F_‘?_'?_'T‘.'-'.vf.‘_'-’4"’._’-—":'-"-?1

|

g a0 T TNy



-

LY

\:“Lﬁ - {

A 4

W

9 g™
ey s -2 .

> ‘é f
RN

P

o 8

.
P-Salnd FoP N

o

Q e,

[Pr

AR |

i)
U AT

e 173

bt AR

-
. s

o

When the numerator or denominator consists of only a constant term,M =1 or N=1, then its
DO loop is skipped.

G=KG*NUM/DEN

calculates the complex transfer function gain where KG is an optional user input that defaults
to 1.0 if not specified. The real and imaginary parts of G, X and Y, are used by the ACSL main
program. Since X and Y are named in the ACSL coded portion of the program they are listed
in the program LABELED COMMON block.

The simulation was run interactively on a CYBER 74 using ACSL run time commands
entered on a Tektronix console. Hard copy plots were generated along with line printer

listings. Run time commands that were used every session were put on a temporary mass
storage file that could be attached as a user’s local file to the Tektronix terminal.

Figure 5 is a list consisting of interactive session setup and ACSL run time commands. After
logging onto the CYBER 74 INTERCOM system via the Tektronix terminal the following set
up statements are entered:

CONNECT, OUTPUT

specifies :that the system output file, default name OUTPUT, will be displayed on the
Tektronix screen.

ETL, 170
extends the execution time per statement entered to 170 octal seconds.

ATTACH, INPUT, TEK, ID=DDXXXH attaches the highest cycle (2) of TEK to the
Tektronix. INPUT is the default file name for data input to the local program executingin the
system.

ATTACH, LGOB, TEK, ID=DDXXXH, CY=1 attaches the simulation absolute binary
file which was previously compiled in a batch job via the system control cards in Figure 6.

After this initial preparation LGOB is executed by entering

LGOB.

23
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CONNECT»OUTPUT
ETL.170

ATTACHs INPUT»TEK ID=DDXXXH
nggCHoLGOBoTEKoIDSDDXXXHQCYGI

SET TITLE(6)=n=T7 HZ, DT=10MS*"
17 .
SET DT=0,020sTITLE(6)="=T7 HZy DT=20MS"SIT |

PN S

° {

sToP 1
BATCHsPRINT+PRINT »3D+HDMDD

Figure 5. Listing of interactive session setup and ACSL run time commands.

HOMDD,CM77000

ACCT...

ATTACH+MACF IL s DCMACF It » ID=DCACSLSYS,

ATTACHsACSLyDCACSL ¢ ID=DCACSLSYS,

ACSL.

FIN(I=COMPILE R=2)

REQUESTLGOBs*PF,

MAP, OFF ,

ATTACHsACSLLIBsDCACSLL 1B 1D=DCACSLSYS, ]

. ATTACH+GRAPH s TEKTRONIX4014+ ID=WTPLOT4CY=2, ]

LDSET+L IB=GRAPHSUBST2ZZDRAW=TEKPLT, :

LOSET+L IB=ACSLLIBPRESET=INDEF . y

LOADsLGO. B
)
9

NOGO,LGOB,

RETURNJ.ACSLyMACFIL,ACSLLISB,
CATALOG,LGOBsTEK, ID=DDXXXM,

EXIT.

Figure6. CYBER 74 control cards to generate an absolute binary file, LGOB, of the
program In Figure 3.

.
-----------------------



The ACSL Executive reads the ACSL run time commands from logical unit number 5 (by
default) which is equivalent to reading the file INPUT, the contents of which are §hown in
Figure 7. Referring to Figure 7,

SET PRN=9

tells the simulation that the line printer data will be placed on file PRINT (logical unit number
9) instead of the default file name OUTPUT (logical unit number 6). After termination of the
simulation the PRINT file is batched to a line printer.

SET PRNPLT=.FALSE., CALPLT=.TRUE., TTLCPL=.TRUE.

replaces the default printer plot routines with the Tektronix interface routines with allowance
made for plot titles.

SET TITLE (1)=“2 JULY 79~
puts the date in the first word of the plot title array.

PREPAR T, LOGW, W, WCPS, GAIN, PHASE, MAG, X, Y specifies the variables to be
recorded for line printer listing.

PROCED ST

SET CNTNUS=TRUE., FTSPLT=.TRUE., M=1, N=4, BILNR=.FALSE.,
NVRNT=.FALSE.

END

defines a PROCED whi:h, when invoked, picks the s domain version of the Butterworth filter
for Bode plotting, sets the order of the numerator and denominator polynomials and sets
FTSPLT, the logical for suppressing fly back tracing, to TRUE. The intent here is to overlay
plot either Z-transform method with the s domain Bode plot. Two runs, one for the s
domain and one for the Z, are to be made without rewinding the data file. So when a plot is
made the overlay is also automatically generated. The FTSPLT variable set TRUE ensures
that a line connecting the end point of the first plot to the first point of the second plot will not
appear.
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ol
53
w’: )
Wi
W 0000000000000000000000
> SET PRN=9
X SET PRNPLT=,FALSE.s CALPLY¥=,.¥RUE,» TTLCPL=,TRUE,
” SET TITLE(1)=n2 JUL 79%
] PREPAR T, LOGWs Ws WCPSy GAINy PHASEs MAGy X, Y
L PROCED ST
e SET CNTNUS=.TRUEss FTSPLT=,TRUEy, M=zly N=4y BILNR=(FALSE.+» NVRNT=z, FALSE,
e END
- PROCED
' SET cnrnus=.rans.. M=3, R=4y BILNR=JFALSE., NVRNT®,TRUE.
| END
N PROCED
-.;s. SETY CNTNUS‘.FALSE.Q Mz4y Ns4e BILNR=JTRUE.s NVRNT=GFALSE,
N END
BN PROCED GO
) START
PRINT “ALL"
, PLOT “XAXISH=LOGWs"XLO"=0,0+"XHIn=2,5
e DISPLY WBCPS, Ay B
ph, 54 SET NPWITG=.FALSE.
Lo END
' PROCED HO
Ny START
h DISPLY WBCPSs Ay B
w4 SET NRWITG=,TRUE,
-""..I ENO
% PROCED 17
Y SEY TIYLE(Z):nc0N7 VS BILRR BISCRETE BUTTERWORTH FILTH
‘i’ ST
« HO
was 28
. (1)
. PLOT GAIN $ SPARE
ANy PLOT PHASE § SPARE
0 SET TITLE(2)=nCONT VS INV DISCRETE BUTTERWORTH FILUn
\ - ST
% HO
R 2N
G0
o PLOT GAIN $ SPARE
NS PLOT PHASE $ SPARE
e END § “ITw
Q? SEY CMD=DIS
AL
N

Figure7. The ACSL standard set of run time commands residing on local file INPUT.
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v,
o e,

PROCED ZN
SET CNTNUS=.F., M=3, N=4, BILNR=.F.,, NVRNT=.T.
END

defines a PROCED which is used to select the impulse invariant Z-transform for Bode
plotting.

PROCED ZB (16)
SET CNTNUS=.F.,M=4, N=4, BILNR=.T., NVRN=.F.
END
deﬁpes a PROCED that causes the bilinear Z-transform to be used for Bode plotting.

PROCED GO

START

PARINT ‘ALL’

PLOT ‘XAXIS=LOGW, ‘XLO’=0.0, ‘*XHI’=2.5

DISPLY WBCPS, A, B

SET NRWITG=F.

END
defines a PROCED that executes the simulation, prints data as described by the PREPAR
statement, describes the abscissa for the Bode plots and displays the break frequency and
coefficients for the transfer function numerator and denominator polynomials. Setting
NRWITG to FALSE causes the file storing the PREPAR list variables not to rewind between

runs thereby accumulating all of the data from the runs as a unit to be printed and plotted
together,

27




PROCED HO

START

DISPLY WBCPS, A, B
SET NRWITG=.T.

END

is a PROCED that functions much the same as ‘PROCED GO’ but it turns the NRWITG flag
to TRUE.

PROCED IT

SET TITLE (Z)=*CONT VS BILNR DISCRETE BUTTERWORTH FILT”
ST ,

HO

ZB

GO

PLOT GAIN § SPARE

PLOT PHASE $ SPARE

SET TITLE (Z)=“CONT VS INV DISCRETE BUTTERWORTH FILT"
ST

HO

ZN

GO

PLOT GAIN §$ SPARE

PLOT PHASE $ SPARE

END $ “IT”

is a PROCED that, when invoked, overlays plots for the bilinear Z-transform and s transfer
function and for the impulse invariant Z-transform and s transfer function. The SPARE
commands following the PLOT commands automatically generate hard copies of the Bode
plots.

The following lists the code for FORTRAN subroutine SPARE,

SUBROUTINE SPARE
CALL HDCOPY

......



. >o.

Tl
EW AN -

EY

7ol ot o

o
ot
N g

2P o
SN

X0

%! )

i

I.U'
o~

P

RETURN
END

HDCOPY is a special Tektronix plot software routine which automatically causes the
hardcopying of whatever is on the Tektronix terminal CRT. The name SPARE in itself is a
special name that ACSL recognizes. SPARE can uniquely be used for the execution of any
routine named SPARE during run time.

SET CMD=DIS

indicates to the ACSL Executive that run time commands will now be input from the DISPLY
file whose logical unit number is DIS. DIS is by default 6, which is also the number for the
OUTPUT file. Thus run time commands are now expected to come from the Tektronix
terminal.

Referring to Figure 5 the following commands are now entered on the Tektronix display,

SET TITLE(6)=“-7 Hz, DT=10MS”
IT

adds to the plot title the break frequency value and the sampling interval. The values shown
are the program default values. PROCED IT is then invoked and automatically generates the
plots shown in Figuree8 through /1. The printer listing (not shown) shows that 7 Hz is
approximately the -3 db point for both the bilinear Z-transtorm and the s transfer function.
However the drop in gain afterwards is quite dramatic for the bilinear method as shown in
Figure 8 where GAIN is in hundreds of db. The abscissa range in frequency value from 1 to 50
Hz (LOGW=logiw, w in radians). At 50 Hz the bilinear method has a gain of -150db and the's
transfer function is at -51 db. Figure 9 illustrates the good phase (in degrees) comparison
between the two methods. The maximum deviation 1s approximately 18 degrees at 50 Hz.

As shown in Figure 10 the impulse invariant method closely follows the s transfer function.
At 50 Hz the gain of the impulse invariant transform is -56 db, only a 5 db difference from the
s-transfer function. However in Figure 11 one can see the phase is quite a bit off at the higher
frequencies. At 50 Hz the continuous filter has a phase of 106 degrees (actually -254 degrees,
the ATANZ routine’s angle limits are * radians) and the digital filter is at 175 degrees. At40
Hz there is approximately a 10 degree difference in phase.

SET DT=0.020, TITLE (6)=*-7 Hz, DT=2OMS"S$IT sets the sampling interval at 20 ms
and generates the Bode plots in Figures 12 through 15. The frequency spectrum repetition is

29
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A A

o5 p Spyr s al

LBRCUIG TR

o 2 JUL 79 CONT US BILNR DISCRETE BUTTERY
;’.a_ﬂ;m FILT -Z HZ. DO1-1

-0.40

-0.80

-BILNR

A

-1.60

-2.00

0.00 0.50 1.00 1.50 2.00 2.50

Figure 8. Gain versus frequency comparison of the s domain and bilinear
Z domain fliter representations at a 10 msec sampling interval.

30




? mt e B R g o g Pa> Bk et - — s FBPITI TR G "ERTATFIVETI TR TEVITGTICE TR SR TATE TR TI TP TATI EONE TS TIPS AR E O, AL ‘1
i N
V2 |

!

T o 2 JUL 79 CONT US BILNR DISCRETE BUTTERV
S_ORTH FILT -7 HZ. DT-10MS

; o
’:'7 g . N

e
-‘,.
.20

Oyt BILNR

0.40
d

PHASE -102
-0.40

7
1.20

:;.}".'V”
2 ‘,-',‘“‘5‘ )I.

".

S YR N WP W Y N

.
N
£

|
-2.00

R, Figure 9. Phase versus frequency comparison of the s domain and bilinear Z domain
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Figure 11. Phase versus frequency comparison of the s domain and impulse
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Figure 13. Phase versus frequency comparison of the s domain and bilinear Z
domain filter representations at a 20 msec sampling interval.
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36




o 2 JUL 79 CONT US [NV DISCRETE BUTTERWOR
. THFILT -7 HZ. DT-20MS

N-

—A N

1 -INV

i

Y

2y
.

L}
g 37
DA WY

V&

185
-2.00

L)

N
N
o

0.00 0.50 1.00 1.50 2.00
LOGY

—~ 4 e [l o)
LRLS S
i ‘k l‘ A%l."‘\ l5 -

-
L g

oo Flguro 15. Phuu versus frequency comparison of the s domain and impuise
N ) :_-Z invariant Z domain fiiter representations at a 20 msec sampling interval.

iy 3
i 7




LA g

x

Fo s e o A7 2,

/]

IO

"y
A

2

o >

I EXA

Ry

”

. {1 ‘..A.{\.:L.

just starting to show up at the higher frequencies. In Figure /2 the bilinear gaim remains below
the continuous filter out to 31 Hz. However, in Figure I3 the phase jumped from positive to
negative at 25 Hz-the reciprocal of twice the sampling interval. For the invariant method 25
Hz is the cross over point for both the gain and phase as shown in Figures 14 and I5.

DT was set to 50 and 100 msec with the results shown in Figures 16 through 23. Note that the
bilinear method keeps its steep roll off whereas the invariant method shows the frequency
aliasing phenomenon that destroys its roll off characteristics. The discontinuous look of the
bilinear method plots is caused by the sparseness of data points at the higher frequencies due to
the geometric progression method of generating frequency plot points. Figures 24 through 27
are plots of the gain and phase versus frequency (rad) of the two digital filters overlayed onto
the continuous filter for a sampling interval of 100 msec. Using plain frequency for the abscissa
brought out the per@odicity of the digital filters.

STOP

terminates the simulation. The PRINT file, now attached to the interactive terminal as a-local
file, is batched for line printing to interactive terminal 3D,

~

BATCH, PRINT, PRINT, 3D, HDMDD.

The sample interval value DT is determined by the frequency content of the input signal
since input signal frequency fold-over can occur in both digital filters if DT is made too large.
However, for the impulse invariant digital filter implementation, the actual shape of the
frequency response curve itself becomes “aliased” (as mentioned in Section 2) as
1 cycle approaches the break frequency.
2*DT sec

4. TRANSIENT RESPONSE PROGRAM AND RESULTS FOR A
THIRD ORDER BUTTERWORTH FILTER FOR BOTH THEZ AND
s DOMAIN REPRESENTATIONS

An ACSL program was written to compare the transient response of the two digital filter
implementations with the analytical transient response of the continuous version of the filter.
The inputs are sine waves and step functions. Also programmed was a standard digital
simulation method that uses the RK2 numerical integration scheme to implement the M-
method canonical form of the continuous filter (as discussed in Section 2). The numerical
integration scheme will be compared with the digital filter schemes. It would also be desirable
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Figure 17. Phase versus frequency comparison of the s domain and bilinear Z
domain filter representations at a 50 msec sampling interval.

40




S o 2 JUL 79 CONT US INU DISCRETE BUTTERWOR
5 S THFILT -7 HZ. DT-50MS

¢ .“

-

i
-0.60

¥

i I3 J 1
0.00 0.50 1.00 1.50 2.00 2.50
| LOGY

-1.00

Figure 18. Gainversus ffequency comparison of the s domain and impulse invariant
Z domain filter representations at a 50 msec sampling interval.




MR R RAR AR AR R AAA B AN A 00 T R R T DA ‘.‘

g 2 JUL 79 CONT US INV DISCRETE BUTTERWOR
_ TH FILT -7 HZ. DT-SOMS

N

20
e —

.
-
——t

—INV

0.40

PHASE -102
-0.40

t.20

J LA ]

0.00 0.50 1.00 1.50
LOGY

-2.00

“
.00 2.50

N

Figure 19. Phase versus frequency comparison of the s domain and impulse
invariant Z domain fliter representations at a 50 msec sampling interval.
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R . Z domain filter representations at a 100 msec sampling interval.
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T to compare the steadied-out values from the transient response with those predicted by the
'&: Bode plot program.

-.:-_:

L ~ As discussed in Section 2 and Appendix A the digital filters were implemented in macro ;
Y ZXSFRM which uses the M-method canonical form. The digital filters are also implemented :
\}-f in the program using Bellman’s ‘Rectangular Method’ canonical form for comparison

t.,, purposes. Figure 28 shows the general form for the Rectangular method.

‘ The ACSL transient response program listing is in Figure 29. Macros BTRWTI and

..‘_ BTRWT?2 are the Rectangular method implementation of the impulse invariant and the

.::: bilinear methods for a 7 Hz break frequency and 10 msec sampling interval, respectively.

:"' Macros CNVRNT and CBILNR were discussed in Section 3. They generate the polynomial

™ coefficient values for the two digital filters as implemented in the general purpose Z-transform

, macro ZXSFRM. Parameters are defined next and the program I/ O are listed. The 1/ 0 will

»
2 a

be defined as the program is delineated. In the preINITIAL section global constants are

P

:: defined. These are parameters such as computer arithmetic minimum and maximum, RMN
:4' and RMX; m; the conversion factor for radians to degrees, RADDEG; logical variable
- DUMP which controls the debug printing of the program variables for the final
b~ communication interval; and the stopping time for a simulation run, TSTP.
‘}‘. B
A \
sy . CINTERVAL CINT=0.050
e NSTEPS NSTP=1
S5
o sets the communication interval that is, the interval of time between plot points or line printer
¥ 25 outputs.
" -
~
) X In the INITIAL section the parameters for this particular program are define¢c Th= input
{:: amplitude and frequency for a sine wave and the start time for the step function .. . give
;."_:: values. Macros CNVRNT and CBILNR define the numerator and denominator coefficiert-
;S U and V for the impulse invariant method and R and S for the bilinear method. Constant gains
= . for the analytical response of the continuous filter to a unity gain sine wave, Ka, KB, K, K8
~a and Ke, are calculated. These constants correspondto A, B, C,-D 2/ \/ 3and E/wo, of Equation
NN (4) in Section 2.
’\
3
K 3 In the Dynamic section the analytical continuous filter response is calculated according to
L Equations (3) and (4). The output is named YANALF. The TERMT macro is used at theend
_;:,’ of the DYNAMIC section to stop the simulation when global time T exceeds the value in
Vo variable TSTP.
L}
) e
) 51
T
A4
4
r 2
7\ d
R R T A NN I SN GG T N Sty e N T N AT N T RS SN Y R e A




CNE o o W E Y G - 4 F R S S Lo b o ot O i ey _':T‘_‘—_‘V_‘:.T";*-."'g-‘;w T T T I N TR ATE TR S e

ata e

A - 4

»
sTa' 8

OUTPUT

agx - bay)))]
O
X

| ol h o o

——— et ———

A4
-
N
+
b
Al &
™
; oAy Al FEO-R-@
.- ﬁ.ﬂ‘?' 's ! 6
.E +f +Hi '.‘}
: Mfw ¥
Nl N Y
N L AW-] "°
: +] + x |
o, |; !
3 M Y
ol i) o & ) S
[ ]
b od] N
2 -1} +
+ *
(=]

+

Figure28. Bellman’s rectangular method canonical form.

80 1+ 24 2
by
1
- 18
by, [0
———
-1
|
—

"y .
o '- ’- -
: 22 (@9~
« -
: o(Z
: of 5
g " %
52
‘J‘...'_..‘_'.'.'.' ORI I A T SRR I PRI T T T T P TN WO L VRN R Ay 0t - .l
| I VWA PRI, W A A A S R A L AL A S VAL TR .(':1‘.\:'.‘1':\' '-\\‘I} b) ‘A}:&} \




(IR ALRACE ARG R AR | NN i RS LR A M S N At s e e I il At et O RO O A A

s:"'
293¢
¢2j PROGRAM TRANSIENT RESPONSE FOR CONTINUOUS AND DISCRETE BUTTERWORTH
e
) MACRO BTRWT1(BsA)
. MACRO REDEFINE XsYoXICoYICrALY9A2,A3+4B19B2,1
T~ MACRO RELABEL SN0O1,SN002
ot ARRAY XIC(3)sYIC(3)¢X(3)s¥(3)
PN CONSTANT YIC=3#0,0,XIC=30.0
A CONSTANT B1=3413815380E-2+82%2,34235779E=2,A122,134628885,A2==1,60402376
2N CONSTANT A3=+0,414929794
- PROCEDURAL (B=A)
i IF (ZZFST(1)«LT+0+5)G0 TO SNOO2
Fen DO SNOO1 I=1,3
et : CALL ZZICS(YIC(I),Y(I))
S8 SNOO1esCALL ZZICS(XIC(I)sX(I))
,fqi B=Y (1) #ALeY (2) #A24Y (3) #A3eX (1) #B) ¢X (2) *B2
O Y(3)=Y(2)
= ‘ Y(2)=Y(1)
. Y(]1)=R ‘
A X(2)=X(1) 1
A X(1)=A ]
AN SN0024 « CONTINUE
Sy END
e MACRO END
s MACRO BTRWT2(BsA)
o MACRO REDEFINE XsYsXICoYICsI9Al¢A2+A39814B24B8719B4
Yo MACRO RELABEL SNOO1,SN002
ok ARRAY XIC(3)sYIC(3) X (3)9¥ ()
o CONSTANT YIC=3#0,0,XIC=3#4.0
":-: CONSTANT Al=z+2,12664 XX
N 9A2=-1,595820A3=0,411844B2=7,167E=3+B222,1503E=24B3=2,1503E-2+84=T, 16,4
: 7€-3
o PROCEDURAL (8=A)
YOy IF(ZZFST(1)«LT40.5)G0 TO $N0OO2
e DO SNO0O1 I=1+3
et CALL ZZICS(YIC(I)oY (1))
T SN0O01..CALL 2ZICS(XIC(I)oX(ID)
B B=Y (1) #A1+Y(2)#A2+Y (3)#A34B19A+B8X (1) +B3IRX(2) +B4aX(3)
e Y(2)=Y(])
3 Y(1)=8
Moy X(3)=X(2)
o X(2)=x(1)
| : : X(1)=A
oo SN002+ . CONTINUE
. END
¥ MACRO END
Rt
S
od
200
LSRN
l~‘ .
o
st
4.:-\: -
e
VAN
o
o
o~
b
Cal
N 24: Figure 29. Listing of the ACSL transient response program.
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MACRO CNVRNT (UsVoWNBoDTeKG)

MACRO REDEFINE KoeEsCoS

ARRAY U(3) sV L)

PROCEDURAL (UsV=WBsDT+KG)

E=EXP (-wR#DT)
C=SORT(E)Y*COS(SORT(3,)*0,S5+wR*DT)
S=SORT(E)*SIN(SQRT(3,)%0.5*WR*DT)/SORT (3,)
U(1)=0.0

U(2)=WB® (=C+SeE)

U(3)=WB#E#(],=C~S)

Vi(l)=1,0

V(Z)z’ZQ'C'E

V(3)zeE®(le*24%C)

V(g)==Ena?
K=(U(2)+U(3))7(V(1)eV(2)+¥(3)+V(4))
U(l)=U (1) #KG/K

U2)=U(2)*KG/K

U(3)=U(3)sKG/K

END

MACRO END

MACRO CBILNR(R9SsWByDTeKG)

MACRO REDEFINE ALsDEN
ARRAY R(4)+S(4)

PROCEDURAL (R+S=WB+DT +KG)
AL=TAN(0,5%WB*DT)
DEN=1,42,%AL+2, AL #824AL#43
R(1)=KG*AL®#3/DEN

R(2)=KG®3, ®AL#*3/DEN

R(3)=R(2)

R(4)=R(])

S(1)=1.0

S(2)=(=3e=2.%AL2, #ALB#243,8AL##3) /DEN
S(3)=(3e=2.%AL-2,PAL##243,*AL ##3) /DEN
S(4)=(=1,+2.%AL=2,*AL8#2+AL#83) /DEN
END

MACRO END

Figure 29. (Continued)
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MACRO MACRO ZXSFRM(P+Q)

MACRO REDEFINE YoloYICoJs¥P

MACRO RELABEL SNOOL+SNO02+SN0039SNOO4+SNOOS
MACRO ASSIGN N

MACRO MULTIPLY ¢

MACRO INCREMENT Q(4)

MACRO DIVIDE @Q(J)
MACRO IF (N=0)999

MACRO MULTIPLY O

MACRO INCREMENT Q (&)
ARRAY Y (N)+YIC(N)

CONSTANT YICsN®9,0
PROCEDURAL (P (1) =3P (2) P (3) 4P (4))
IF(ZZFST(I)oLT:0.5)G60 TO SNOOS
D0 SNOO] I=1.N

SNOOL..CALL ZZICS(YIC(I),ov(I))
YP=P (2)

MACRO DECREMENT 1

DO SNO02 I=].N

MACRO INCREMENT 1
SNOO2+..YPaYP=P (4) (1e])®*Y (N-])
Y(N)sYP/P (&) (])

YP=0.0

MACRO INCREMENT 1

00 SNO0J I=1,0¢3)
SNOO3..YP=YP+P (3) (1) ®Y (N-])

P(l)=YP

MACRO DECREMENT 2
DO SNOO4 I=]1.N

SNOOh. Y (1))=Y (1e])
SN00S5,.CONTINVE
END

MACRO EXITV

MACRO 999, .PRINT NUMERATOR GREATER THAN DENOMINATOR
MACRO END

"PARAMETERS"
“A=-AMPLITUDE OF INPUT SIGNAL TO FILTER"

“MMTHO=LOGICALs IF ,T, INDICATES M=METHOD IMPLEMENTATION IS TO BE USED"

"STPSIN=LOGICAL INDICATING WHETHER INPUT SINE WAVE (,F,) OR STEP (,T.)®
"TZ-TIME AT WHICH STEP TURNS ON - SEC®

*W=-INPUT SINE WAVE FREQUENCY = RAD/SEC*

“WBCPS-F ILTER BREAK FREQUENCY = HZn
"WB-FILTER BREAK FREQUENCY - RAD/SECw

*WCPS-W IN H2»

NINPUTSH
OMMTHDs STPSINs WBCPSe As WCPSe TSTPe CINTe MAXTLy MAXT2, MAXTy T2

"OUTPUTS™
WYINYEGs Us Vo Ry S¢ YINV, YBILNRs YANALSe YANALF, YANALRs XZFER, oo
XINTEG"

Figure 29. (Continued)
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*"
N
o
g " GLOBAL CONSTANTS "
'S LOGICAL ,
h CONSTANT RMN = 1 oc-ao. RMX = 1,0E30 , RADDEG=57,2957795 coe
b » PI33,141592689 LUMP=JFALSE, o TSTP = 3,0
i TWOPI = 2,0%P1
~r CINTERVAL CINT = 0.050
Xy NSTEPS NSTP = 1
~n
e INITIAL . ,
‘ (- - SET CONSTANTS FOR INRUT SIGNAL AND P
DESIRED BREAK PT FREQUENCY OF FILTERS "
= LOGICAL STPSIN
<. CONSTANT STPSIN = ,TRUE. )
~ CONSTANT WCPS = S0, o+ A = 130 s T2 = 0,0649999999
;; w = WCPS*TWOP]
" CONSTANT WBCPS = 7,0
wB 2 WBCPS*TWOR] o
. " INVARIANT FILTER COEFFS FOR 3RD ORDER oee
N BUTTERWORTH "
- CNVRNT(Us V=WBs MAXT2y 1.0) o
it " BILINEAR FILTER COEFFS FOR 3RD ORDER  <ee
. BUTTERWORTH "
* N = MAX! .
‘ " R Ry SNy Y 2r 1edhsTANTS FOR ANALYTRCAL RESPONSE OF ..
FILTER TO A SINE WAVE W/UNITY GAIN "
T KAL = WBS#36 (WSe3 = 2,0 WRNE26Y)/ (WeP6 ¢+ WBHRE)
- KBE = WB#R48 (=2,0%W0%2 + WBE82)/ (Weab + WEReE)
. KGA = WBOW/ (WBPe2 o+ Whe2) .
% KDL 2=],15479WBS (WPe3 - WBRENY) / (WaS4 — WEN20YBEE2 ¢ WBESS)
N KEP z WBERJAW/ (Wee4f ~ WREaUDNED o WOeR,)
L~ END § “INITIALW
. DYNAMIC .
e " CALCULATE TME ANALYTRCAL VALUE FOR THE o.,
W) BUTTERWORTH FILTER FOR THE FAST DERIVATIVE SECTw
e YANALF = RSW(STPSINs RSW(T.GESTZs STEP(TZ) = EXP(=WBS(T=TZ)) oee
y 1o ISHTHEXP (<0,5%WB* (T=T2)) o0e
o #SIN(0.8680254WB* (T=-72)) Y
o s 0.0) Y
+» KAL®COS (N®T) o KBE®SIN(W®T) o KGASEXP o0 ﬁ
(=WB#T) = KDL®EXP (=0.5*WB*T)*SIN cee
X (0.8660259WB*T = 1,047L98) + KEP®EXP een
3 (=0.,S*WBRT)*SIN(WB*T) cos
3
o DERIVATIVE FAST
MAXTERVAL MAXT1 = 0,010 l
R ALGORITHM IALG = &
y (3 = INTEG(1.0s 0,0)
o " «=CALCULATE INPUT T0 xsren FN " !
XINTEG = RSW(STPSINs A®STEP(TZ)s A®SIN(WTF) 1
‘ " cwcecan-ENUMERATE XSFER FN coerrxc:envs " 9
REAL P(Y) » Q(4) , ]
2 CONSTANT P = 8,50822E4y Q = 1g0 s 87,9646 cee .
e ¢+ 3868.89 s 8,500812€4 !
. " NUMERICALLY INTEGRATE FOR FILTER OUYPUT™
L TRAN(YINTEG=0, 3+ Py Qs XINTEG)
= END $ “DERIVATIVE® ‘
; .?
r
’ Figure 29. (Continued) 1
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OCE“IVATIVE SLOw
e mommm cecececccccccecacameaeMAXT2 REPRESENTS SAMPRLE INTERVAL LENGTH #
MAXTERVAL MAXT2 = 0,010
ALGORITHM IALG = 4
: TS 2 INTEG(1.0y 040) .
: P - CALCULATE FILTER OUTPUT USING THE INV seo

e AND BILINEAR Z-TRANSFORM METHODS®
34 Hoeem ~==m=- =CHOOSE M-METHOD FOR IMPLEMENTING FILTERS »
b LOGICAL MMTHD
oo CONSTANT MMTHD= o TRUE .
ot Y - INVARIANT FILTER "
) YINV = RSW(MMTHD, ZXSFRM(XZFERs Us V)s BTRWT] (XZFER))

Voao BILINEAR FILTER "
0 YBILNR = RSW(MMTHDs 2XSFRM(XZFERs Re S)s BTRWT2(XZFER))
ed _
KL PROCEDURAL (YANALS » XZFER=)
ML IF (ZZFST(TZ) .LT,0.5160 TO SNOO2 )

N " ~=CALCULATE INPUT TO 2 TRANSFORM FILTERS

WO XZFER = RSW(STPSINs ASSTEP(TZ)s ASSIN(WSTS))

Veeeomea CALCULATE THME ANALYTECAL VALUE FOR THE ooe
" BUTTERWORTH FILTER "

3 YANALS = RSW(STPSINs RSW(TS.GE.TZs STEP(TZ) = EXP(=WB®(TS=TZ))ee.s
A5y =1 1S4THEXP (~0o5%WB® (TS=TZ) ) ees

S SSIN(0.8866025%WB* (TS-TZ)) o0p
'ﬁ\';. s O, . YY)
Lod » KAL®COS (WaTS) o xse-s;««wors» o KGA®EXP oo0
‘ ¢=WBaYS) - KDLOExP(-o.SCHBOTS)'SIN esse
s 10,866025%WBsTS - 1.047198) + KEPSEXP cos
_:.)"_‘ (=0,5%WBeTS)sSIN (WBeTS) Y

L
A )

N SN0024 - CONTINUE
L ENDS"PROCED®
L.

END $ “DERIVATIVE®
DERIVATIVE RECORD , _ o
ot " “=SAMPLE FAST ENOUGH TO SEE THE STAIRCASE...

o IN YINV AND YBILNR®
120 MAXTERVAL MAXT320.00200001
s " ~=UNSYNCHRONIZED EULER"

- ALGORITHM IALG=3 . .
268 " ESTABLISH LOCAL TIME FOR THIS eee

DERIVATIVE SECTION®
- 1] = INTEG(1.0s 0¢0)

A " CALCULATE THE ANALYTECAL VALUE FOR THE oae
e BUTTERWORTH FILTER "
o] YANALR = RSW(STPSINs RSW(TR.GE.TZ, STEP(TZ) = EXP(-WB®(TR=TZ))aso
e “l ISATOEXP («9,5°WB* (TR=TZ)) ¢0s
N *SIN(0.886025%WB® (TR=TZ)) o
B 0.0)

i » KAL®COS(WOTR) o+ KBESSIN(NOTR) + KGASEXP co¢
::'.::' {=WBaTR) - KOL®*EXP (~-0,.5*WBTR)&SIN Y
- (0,866025%WBATR - 1,049198) o KEPSEXP ...
DN (=0,5%WBOTR) *SIN (WBTR) eos
Lo )

J‘.__;: " ==RECORD THE DATA»
- . LOGICAL RECORD

S CONSTANT RECORD= FALSE.

L IF (RECORD) CALL 2ZL00
,i%; END $ “DERIVATIVE®
NA
AT TERI!(T%GY.?SYP)

' S END § “DYNAMIC®
1o

N Figure 29. (Continued)
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TERMINAL

IF (DUMP) CALL DEBUG
END § “TERMINAL®

END $ "PROGRAM®N

{Figure 29. (Concluded)
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There are three DERIVATIVE sections: DERIVATIVEs FAST, SLOW and RECORD.
DERIVATIVE FAST contains the numerical integration of the continuous filter as
implemented in the ACSL TRAN macro. MAXT]1 is the maximum integration step size as
declared by MAXTERVAL; the RK2 algorithm is selected through the ALGORITHM
declarative statement; and TF, the local time for this DERIVATIVE section, is generated by
integrating a unit step function. XINTEG, the input to TRAN, is either a step or sine wave
depending on whether STPSIN is TRUE or FALSE, respectively. YINTEG, the output of
TRAN, is the Butterworth filter output. P and Q are the numerator and denominator
coefficients of the continuous filter as configured in Equation (8) of Section 2. TRAN is a
standard ACSL system macro [1].

In DERIVATIVE SLOW the digital filter responses are calculated. Instead of specifying
|integration step size, MAXT2 has a value that is equivalent to the sampling interval for the
digital filters. Setting IALG to 4 specifies the RK2 integration algorithm is to be used in this
DERIVATIVE section. The RK2 algorithm has no use in this section other than to verify that
ZXSFRM is working properly ina DER]VATIVE section employing a multi-step integration

. algorithm. TS is the local time in this DERIVATIVE section. The logical variable MMTHD is
- used to select one of two canonical forms, the M-method or the Rectangular method. YINV is

the digital filter output for the impulse invariant method and YBILNR is the digital filter
output for the bilinear method. XZFER is the digital filter input signal. YANALS, the
.analytical continuous filter response is calculated according to Equations (3) and (4) of
,Section 2.

IF (ZZFST(TZ).LT.0.5) Go to SN002
SN002...CONTINUE

jumps over the YANALS and XZFER calculations unless the ACSL Executive is executing
the first minor step of the multistep integration algorithm. This code is implemented to ensure
.that YANALS and YINV and YBILNR and XZFER are synchronized in time, in order to
compare the phases of the transient response data. It is to be noted that the positions in time of
YINV and YBILNR correspond to a zero delay in the time between when the input is received
in the filters and when the output is calculated and sent out. This causes no problems inside a
digital computer but if these values were D to A'd to a continuous system there is some
inherent lag which probably should be represented. Since the digital filter input and output

_ equations are calculated only at the front of a major integration step they will appear in line -

.printer listings and plots to have a one time step delay. However, values for YINTEG,
YANALF and XINTEG do match correctly with output time values.
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DERIVATIVE RECORD is used specifically for recording data at a faster rate (without
changing CINT) in order to show the staircase nature of the digital filters as seen by a
continuous system. As mentioned above no time delays due to the time used for the actual
calculation of the filters, algorithms are modeled. Time skewing between digital filter inputs
and outputs is due solely to the intrinsic features of the filter algorithms themselves. YANALR
is the analytical filter output calculated in DERIVATIVE RECORD which is used in plotting
as a comparison with the staircase digital filter outputs. MAXT3 is approximately 2 msec
which will be the data recording interval. It is made slightly greater than 2 msec to make sure
the digital filters get iterated on the first minor step in DERIVATIVE SLOW before a data
logging action takes place. IALG is made 3 which corresponds to the synchronized Euler

' integration (one DERIVATIVE calculation per integratiou step) for this section. f RECORD

is TRUE, a data logging action takes place through the call to ZZLOG

The simulation was run interactively on a CYBER 74 using ACSL run time commands
entered on a Tektronix console. Hard copy plots were generated along line printer listings.

The interactive session setup commands are given in Section 3. ACSL run time commands
that were used every session were put on a file. These commands are listed in Figure 30.
Discussion of this run time command file will center on the PROCED’s as the other
commands are the same as those discussed in Section 3.

ACTION ‘VAR'=0.039, ‘VAL=20, ‘LOC’=NDBUG

causes a debug printing starting at 0.039 secs or thereafter with NDBUG=20. ‘PROCED GO’
is much the same as that used in Section 3 with the addition of an ACTION ‘CLEAR’
statement since only the first run is to have a debug printing.

‘PROCED MSTEP’ and ‘PROCED RSTEP’ configure the simulation for running the M-
method and Rectangular method implementations of the digital filters, respectively, for a step
.input. The analytical and numerical integration values of the continuous filter are always
calculated. Similarly MSINOS through MSINS50 run the simulation with 5 Hz through 50 Hz
sine waves for the M-method implementation. RSIN4OQ sets the simulation up with a 40 Hz
sine wave input and the rectangular implementation method for the digital filters.

7 Hz is the only filter break frequency used in the following runs. Figure 31 through 33 are
generated by the following run time commands,

MSTEP
GO




SET PRN=9

SET PRNPLT=,FALSE.s CALPLT=,TFRUE,» ¥TLCPL=,TRUE,

. PREPAR ToYANALS»YANALFsYIRTEGsYINVeYBILNRIXZFERsXINTEGeTSoTF
. PREPAR ToTRsYANALR

' o SEY DUMP=,T.

o\ ACTION “VAR"=20,039+%VAL"=20,"L0C#=NDBUG
N SET TITLE(1)=w15 AUG 79-3RD ORD BTRWTH-THZ"
593 PROCED 60

L START

oy ACTION "CLEAR™

PRINT *“ALL"
DISPLY UsVeReS 8 "DISPLAY D16 FILT COEFFSw

N PLOT “XHIw=T
.:'_' ) END
5O PROCED MSTEP
-ﬁ; SEYT TITLE (4)=nSTEP INPUT M=METHOD "
ko SEY MMTHD=.TRUE,
* . SET STPSIN=,TRUE.» TSTP=0.5, CINT=0.01¢
END
364 PROCED RSTEP
o SET TITLE (4)=nSTEP INPUT RECTANGULAR METHOD "
-:h- SET MMTHD=,FALSE,
,ﬁ gg; STPSIN=,TRUE,» TSTP=0,5» CINT=0,010
S PROCED MSINOS
x4 SEY 1xtLe¢4).nste INPUT SHZ, M-=METHOD "
Eh SETY MMTHD=,.TRU _
j& SET svpsxu=.rALss.. TSTP=1.0y CENT=03010, WCPS=5.0
L. END
.%ﬁ PROCED MSIN10O
03¢ SET TIVLE(4)awSINE INPUT 10HZ, M=-METHOD "
T SET MMTHD=,TRUE,
SET STPSIN=,FALSE.s TSTP=0.5, CINT=04010, WCPS=10,0
o END
< PROCED MSIN20
) SET TITLE (4)=nSINE INPUT 20HZ, M-METHOD "
5 SET MMTHD=,TRUE, )
N5 553 STPSIN=.FALSE.s» TSTP=0.4s CINT=0§010, WCPS=20,0
- PROCED MSINGG
5 SET TITLE (4)snSINE INPUT 4O0HZ, M-METHOD "
o SET MMTHD=.TRUE. . _
o~ SET STPSIN=.FALSE.s TSTP=@.4s CINT=08010, WCPS240.0
= END
’ﬁ PROCED RSIN4O
“ SET TITLE (4)=nSINE INPUT 40HZs RECTANGULAR METHOD "
— SET MMTHD3.FALSE o
- SET STPSINZ,FALSE+s» TSTP=0.4¢ CINT=04010, WCPS=40,0
‘:w.' END
ARy PROCED MSIN47
e SET TITLE (4)=nSINE INPUT 4THZs M=METHOD "
24 SET MMTHD=.T. ) _
233 255 STPSIN=.Fgs TSTP=§.5+ CINT=D,010, WCPS=47,
o ° PROCED MSINSO
o SET TITLE (4)snSINE INPUT SOHZ, M=METHOD "
~ SET MMTHD=,TRUE,
O . SEY STPSIN=,FALSE.s TSTP=0.4s CINT=04010, WCPS=50,0
>
s Y cnoso1s
s
1
]
"" Figure 30. A standard set of ACSL run time commands that were stored on file

INPUT.
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) Figure 31. Unity step input response for the bilinear and impulse invariant digital
' filters with a 10 msec sampling interval.
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response using a 10 msec sampling interval.
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.
A PLOT YBILNR. YINV
,.::(; PL.OT YANALS, YBILNR, XZFER, ‘*HI'=2.
::f: ] PLOT YANALF, YINTEG. XINTEG, ‘HI'=2.
N Figure 31 st.ows that the two z-transform methods give essentially the same transient response
t:_: to a unit step. Figure 32 is a comparison plot between the analytical and bilinear filter values.
_‘ -.ﬁ: The bilinear filter leads the analytical filter response by about 5 msec. Figure 33 shows how
R4 - well the analytical and numerical integration responses compare. YINTEG is a bit low at its
@ peak amplitude but it has excellent phase matching. Special ettort was made to synchronize all
::\:"1 the filter implementations with their analytical responses. In the program, TZ was made
;‘.\_: slightly less than 0.05 sec to ensure that the STEP macro went high at 0.05 sec. So observed
'4_'4:\': phase differences should be accurate and not a function of program calculations and 1/0
L functions.
y ¥
r-' RSTEP § GO
.\:: PLOT YBILNR, YINV
e PLOT YANALS, YBILNR, XZFER, ‘HI'=2.
i ’:
':Ij generates data using the Rectangular method canonical form. Plots are shown inFigures 34
; :'_;:: and 35. The results are identical to the above where the M-method canonical form was used to
N implement the digital filters. Thus both canonical forms give, as they should, the same digital
x filter response.
e
\E SET RECORD=.T. $ GO § PLOT YANALR. YBILNR
X
. reruns the simulation and causes the data recording interval to drop to 2 msec which is used to
",: bring out the staircase nature of YBILNR as would be seen by a continuous system. YANALR
{_: is simply the analytical filter value updated every 2 msec. Although the digital filter actually
’-"’ leads the analytical filter by about one-half of the digital filter sampling interval, Figure 36 a
= ' . continuous system would see a staircase function that is practically in phase with the analytical
AV filter response. Of course, the delay in YBILNR, due to the finite time needed to calculate the
§::._ ‘ filter algorithm, has been neglected. To a continuous system a discrete filter signal in phase
. 1,:.:’.: with the continuous analytical filter signal would appear lagging in phase by one-half of a
.:[;::C; sampling interval as shown in Figure 37.
\ ]
Ly MSINO5 $ SET RECORD =.F.§GO
,:_-: PLOT YBILNR, YINV
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Figure 34. Unity step input response for the bilinear and impulse invariant digital
fiiters implemented in the rectangular canonical form with a 10 msec
sampling interval.
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Figure 36. Comparison of the discrete representation of the bilinear filter with
the continuous analytical filter response-10 msec sampling interval.
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g PLOT YANALS, YBILNR, XZFER

’,\ PLOT YANALF, YINTEG, XINTEG

Y

° runs the simulation with the 5 Hz sine wave input and with the M-method canonical form for

. the digital filters. Figures 38 through 40 are generated from these commands. Figure 38 shows

» that the bilinear and impulse invariant digital filters compare quite well. Figure 39 shows that,

& except for an initial lead transient of about 5 or 6 msec in the bilinear filter, the analytical and

7. bilinear responses are similar in amplitude and phase. Table ! lists the amplitudes and phases

. for all four filter representations. The analytical response is calculated in two ways:

e From the analytical expression as t—o and ]
A e From calculations based on the transient response data. The digital integration

S: method’s amplitude and phase are also calculated based on transient response data. Bode plot 9
-~ data for phase and amplitude are listed in the table. All phase and amplitude calculations are :
:: based on expressions developed in Appendix B. 3
_\ All three sources of data for the analytical filter’s amplitude and phase give essentially the

:S same results. The closeness of the two digital filters’ amplitudes and phases, as calculated from

) transient response data, to both their Bode plot data and the analytical filter response can be 1
B seen in the table. ]
':: Similarly the numerical integration form of filter implementation has an output whose

:- amplitude and phase match those of the analytical filter quite well as shown in Figure 40 and

:‘ Table 1. RECORD is set to TRUE in order to generate Figure 41 where the discrete bilinear

= output is compared to the analytical filter as calculated every 2 msec.

A
_ : Next a 10 Hz sine wave was input to the filters. Figure 42 indicates that the two digital filters

.: have similar phases but the amplitudes are now starting to differ because of the faster roll-off
of the bilinear filter. Figure 43 compares the invariant digital fiiter with the analytical .
response. The closeness with which the digital filters match their Bode amplitude and phase as

$ well as those of the analytical response, can be seen in Table .

$ Figure 44 compares the numerical integration scheme with the continuous analytical filter
hg The phase match is quite good but the amplitudes do not correspond as well. Table ] shows the

phase of the numerical integration scheme has about 4 degrees of lead over the analytical filter
and has approximately 16 percent more amplitude.
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Figure 38. S5Hz sine wave input responses from the bilinear and impulse invariant
digital filters with a 10 msec sampling interval.
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Figure 39. Plot of filter input and filter outputs for the bilinear digital and analytica
representations with a 10 msec sampling interval.
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Figure 40. Plot of filter Input and filter outputs for the integration method and the
- analytical expression with a 10 msec integration step size.
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A 20 Hz sine wave was used to drive the filters. Figure 45 is a comparison plot of the two
digital filters. Again their phases match and their amplitudes compare with their respective
Bode data as shown in Table I. In Figure 46 the invariant digital filter is compared with the
analytical response. They are essentially the same after the first transient oscillation. Figure 47
and Table I show that although the integration method has 58 percent more amplitude than
the analytical solution it lags the analytical phase by only 7 degrees.

A 40 Hz sine wave input resulted in digital filter outputs as shown in Figure 48. fFigure 49
compares the impulse invariant and analytical responses. Numerical values for amplitudes and
phases are shown in Table 1. Notice how the sampled input sine wave bears little resemblance
to its continuous counterpart. The sampled input essentially has two peaks that alternate in
time and the filter outputs have the same look. The filters’ amplitudes and phases were
calculated from the larger of the two peaks (for example, points (3) and (4) in Figure 48 since
using low peak data (for example, points (1) and (2) in Figure 48) gave lower amplitudes.

Using points (3) and (4), Equations (B-6) and (B-7) in Appendix B give the amplitude as
0.00418 and the phase as -237 degrees which closely agrees with the Bode plot information
(Table I1). However points (1) and (2) should work as well but their values for amplitude and
phase are 0.00157 and -211 degrees respectively, considerablv different, given how well the

other data set matches the Bode plots. If the amplitude and phase derived from points (3) and (4)
are used to calculate points (1) and (2) we obtain approximately the correct values. Obviously
the amplitude and phase derived from points (1) and (2) will not generate points (3) and (4).

Figure 50is a plot of the analytical response and integration method output. I he integrated
output is about three times larger than the analytical response and lags it by 50 or 62 degrees.
The reason tor the ambiguity in phase 1s discussed in Appendix B. The RK2 integration
method does not work well at the 40 Hz input frequency because of the 10 msec integration
step size. For a40 Hz input an integration step of 4 msec would be more appropriate. However
the digital filters are still performing well at the 10 msec sampling interval.

Figure 51 illustrates the large spacing of the sampling intervals for the 40 Hz input frequency
where the plotted variables, YANALS and YANALR, are the analytical filter response
calculated at a 10 msec interval and a 2 msec interval, respectively. In Figures 49 and 50
YANALS were plotted by drawing straight lines between data points rather than holding a
data point value until a new value was calculated.

For a 47 Hz sine wave the digital filters compare as shown in Figure 52. Thesampled 47 Hz
sine wave looks like a modulated signal as shown in Figure 53 where the invariant and
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Figure 53. Plotof filter input and filter outputs for the impulse invariant method and
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analyatical responses are also plotted. Figure 54 also contains plots of the invariant and
analytical responses but a bias is added to YINV to aid in comparing the two signals. In Figure
54 YINV appears to be lagging YANALS. However from Table I the opposite is seen to be
true. Thus the relative shifting of modulation peaks between signals is not an indicator of
which signal is leading or lagging the other. In general the digital filters are doing a good job
even though they are being updated at essentially the Shannon limit.

As would be expected the RK2 method of implementing the filter does not perform well at
the 10 msec integration step size, as can be seen in Figure 55 and Table 1. Figure 56 illustrates
the sampling coarseness with respect to the 47 Hz frequency.

As previously discussed the values for amplitude and phase in Table I, as calculated from
the transient response data at 47 Hz, were based on peak values.

STOP
BATCH, PRINT, PRINT, 3D, HDMDD

terminates the simulation and provides a line printer listing of the recorded data for all of the
simulation runs.

The Butterworth digital filters’ transient response matched their Bode plot amplitude and
phase data very well. The impulse invariant response closely follows the continuous
Butterworth response over most of the frequency range of interest. In the region where the
exponentially decaying terms have sizeable values the transient responses of the digital filters
do not overlay the analytical filter plots but are indicative of the analytical response.
Amazingly enough the digital filters were relatively accurate right up to the Shannon limit.

The RK2 numerical integration implementation of the continuous filter showed an
excellent phase match and an adequate amplitude match with the analytical filter until, of
course, the input sine wave frequency became too large for the 10 msec integration step size to
handle. The RK2 algorithm actually outperformed the digital filters for a delayed step input-in
the important sense that it did not differ in phase with the analytical response.

A general purpose ACSL macro for implementing Z-transform filters (with zero 1.C.’s) was
coded and tested. Details of the algorithm are discussed in Appendix A.

----------




@ 17 AUG 79-3RD ORD BTRUTH-7HZ SINE INPUT
47HZ. M-METHOD

Q.10

- °-

&w';' oq o' -l

(™
0.02
0.0l

YANALS

.02
Y INV

-0.03

XN

06
-0.07

; \r‘.t‘:’ .'I’ A
0. 10
-0. 11
ﬁ

Figure54. Comparison of the impulse invariant method and the analytical response
) ~ 10 msec sampling interva.




ERJCAIC A IR A% Do I o, n pe s & s Alnie e WSSt S N RS R e A A A A A O R T

................. PULIRS

D=
P
-0-

LR

sa) s, 4, -.", _' s 1

«
,

——

A
AR e

o 17 AUG 79-3RD ORD BTRUTH-7HZ SINE INPUT
O, 47HZ. M-METHOD

- o

oA ;&:\J‘t
g.10

0.06
0.05
o

I

.,,,,,.,_.
0.02

A

YINTEG (B)

-0.03

0.0!

7 a
vy or. s

RN

YANALF (A)
-0.02

1
L

NS H

.
DL LA )

O]

-0.06

-0.07

)

l‘ l. l. L

IRAEIRRNS,

-0. 10

-0. 11

.
——t
..‘I.O.I"QC
L3 . s ¢ 8
’.(......
LAV VA

&

",

Figure 55. Comparison of the numerical integration method and the analytical
response - 10 msec integration step size.

-
Ve

I
0es

o

91

P

o ¥
At

‘.
\1\-‘.'\ ... \','-J_ TR T A o e o L S g N e, e . ~,

e EAE PN, DG AP Cetalee et o R AR IRTRY ¥y




o 17 AUG 79-3RD ORD BTRUTH-7HZ SINE INPUT

o
S 2. a7HZ. M-METHOD
8 8
o1 o
8| o
o o'j
(Vp] (a4
- |
< <
Z |&
>y >8
ol o]
8 8
ol o
e| e
" %0.00 0.08 0. sz 0.18 0.24 0.30

Figure 56. lllustration of how large the digital sampling interval is with
respect to the frequency content of the filter output where the
analytical filter output was used for plotting.

92

-------------------




REFERENCES

. E.E.L. Mitchell and Joseph S. Gauthier, Advanced Continuous Simulation Language
(ACSL) User Guide| Reference Manual, 1975, Mitchell and Gauthier, Assoc.

Charles M. Radar and Bernard Gold, “Digital Filter Design Techniques in the Frequency
Domain,” Proc. 1IEEE, Vol. 55, February 1967, pp. 149-171.

Katsuhiko Ogata, Modern Control Engineering, Englewood Cliffs, N.J.: Prentice-Hall,
Inc., 1970.




APPENDIX A

MACRO CODE FOR ZXSFRM
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§ i e

A

o

I TR0

b MACRO MACRO ZXSFRM(PsC)

i MACRO REDEFINE YoIsYICoJsVP

; MACRO RELABEL suoon.snooz.suooa.snooa.suoos
MACRO ASSIGN

Y MACRO MUL?IPLY 0

@ MACRO INCREMENT Q(4)

» MACRO DIVIDE 0(3)

) MACRO IF (N=0)999

MACRO MULTIPLY 0
MACRO INCREMENT Q(4&)

3 ARRAY Y (N) +YIC(N)

3 CONSTANT YIC=N#0,0

. PROCEDURAL (P (1) =P (2) sP (3) sP (4))
% IF (ZZFST(1)oLT40.5)60 TO SNOOS

DO SNOO1 I=1,N

SNOOLl,.CALL ZZICS(YIC(I)¥(1))
YP=P (2)

MACRO DECREMENT )

DO SNO02 I=]1N

MACRO INCREMENT 1 |
SNO02¢ s YP2YP=P (4) (10]1) *Y(N=1)
Y(N)=YP/P (4) (}) r
YP=0.0

MACRO INCREMENT 1)

D0 SNO03 I=1+0(3)

SNOO03, . YP=YP+P (3) (1) #Y (N=1)

P(l)=YP

MACRO DECREMENT 2

2 DO SNOO& I=]oN

SNOO&esY (1))=Y (]0])

SN00S. +CONTINUE

END

MACRO EXIT

MACRO 999, .PRINT NUMERATOR GREATER THAN DENOMINATOR .

MACRO END

Fin N S

e

N e A
o ERY -l

A 3 P

N

'y Figure A. Listing of the ACSL code for macro ZXSFRM.
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¥ Figure A is a listing of the ZXSFRM macro. Its intended use is the implementation of any
"g order Z-transfer function. The macro algorithm is based on the M-method canonical form of
a the transfer function.

A standard call to ZXSFRM would appear in ACSL code as,
ZXSFRM (Y=X, R, S)
where y is the output of the filter; X is the input; R is the numerator coefficient array; and S is

the denominator coefficient array. The numerator and denominator coefficient arrays are in
ascending powers of (Z').

Referring to Figure A, the statement

MACRO MACRO ZXSFRM(P,Q)

obviously does not correlate with the argument description discussed above. So the following
" explanation is in order. P is an array containing all of the argument list variables in the call to
5‘ the ZXSFRM macro. Q is an array containing the first dimensional argument for each
variable in the argument list. For instance, if R is an array of 2 and S is an array of 3, Pand Q
would be defined as follows:

o P(1)=Y

R PQR)=X

b PGX1=R(1)

e P(3X2)=R(2)
, PaX1)=8(1)
> P(4)X2)=S(2)

qn P@Y3)=S(3)

) Q=1

&y Q=1

e Q=2

: Q4)=3

The ‘MACRO REDEFINE..’ and*"MACRO RELABEL...’statements define local variable
-— and statement label names. ‘MACRO ASSIGN N’ assigns the actual number of arguments
A from the macro call to the integer variable N. N can be made to have any value desired through
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use of appropriate macro math operators. N aids in the generation of specific macro code in
ACSL when an ACSL program is being compiled.

MACRO MULTIPLY 0
MACRO INCREMENT Q4)
MACRO DIVIDE Q(3)
PdACRO IF(N=0) 999

MACRO 999..PRINT NUMERATOR GREATER THAN DENOMINATOR

is the code used to prevent the attempted implementation of Z polynomials where the
numerator order exceeds the denominator order.

MACRO MULTIPLY 0
multiplies N by zero.
MACRO INCREMENT Q(4)

adds the value of Q(4) to N. Thus N is now equal to the dimension of the denominator
coefficient array of the Z-transfer function.

ARRAY Y(N), YIC(N)

defines the intermediate state variable array Y (as for the M-method formulation) and the
intermediate state variable initial conditions, YIC. A PROCEDURAL block is used as there is
branching in the code,

PROCEDURAL (P(1)=P(2),P(3),P(4)).
IF (ZZFST(1).LT.0.5)GO TO SN00S

SN00S..CONTINUE

causes the filter calculation to be skipped unless this is the first minor step of a multi-step
integration algorithm. ZZICS is called to initialize the intermediate state variable array and to
also reset the array to its last values when the REINIT run time command is used,
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DO SN00I I=1.N
SN00L..CALL ZZICS(YIC(1).Y(D))

The intermediate state variable array (the (Z')' M states) is solved as shown in Equation (8)
of Section 2,

YP=P(Z)

MACRO DECREMENT 1|

DO SNOO2 I=],N

MACRO INCREMENT |
SN002..YP=YP-P(4)1+1)*Y(N-I)
Y(N)=YP/P(4X1)

where

Y(N=M
Y(N-)=Z"''M

The output of the transfer function is then solved by multiplying the intermediate states by the
numerator coefficients as shown in Equation (9) of Section 2.

YP=0.0

MACRO INCREMENT |

DO SN003 I=1, Q(3)
SN003..YP=YP+P(3X1)*Y(N-I)
P(1)=YP

The intermediate state array, Y, is updated in preparation for the next calculation interval,

MACRO DECREMENT 2

DO SNO00O4 I=1, N

SNO0O4.. Y(I)=Y(I+1)

SN00S..CONTINUE

END

MACRO EXIT

MACRO 999...PRINT NUMERATOR GREATER THAN DENOMINATOR

. h -
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| APPENDIX B
85 CALCULATIONS FOR OBTAINING THE TRANSIENT
i RESPONSE AMPLITUDE AND PHASE OF THE FOUR

FILTER IMPLEMENTATIONS
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From Equation (4) of Section 2, the steady state value of the analytical response is

A cosTt + -5— sin 7t (B
or «
5 [F(sin ¢ cos7t + cos ¢ sin 7t) -
o = ["sin (7t + ¢)
N where
i I'=the steady state amplitude of the filter output
e X
.1",’.":
‘; ¢=phase shift of the filter output with respect to the input
’ R
¢<0 is phase lag
v
s ¢>0 is phase lead
.':‘;{’1.
PR

So

¢ = tan~1 (:l)

where A and B are defined in Equation (4) of Section 2 and

-
" M= a/sin ¢ or B/ (Ycosd) (B2)
S Due to the arbitrary quadrant location of the arctangent function as shown below, -
- + tan
.‘! -:f *
3
- tan (6 + nwv) = game value,
“, n= ol 1' 2 ’ s ee

) <+ -

102




s
¥ the phase lag from the Bode plots and a corresponding rouglll measure of phase lag in the

. @ .
33 transient response plots are used as justification for the choice’d made. There are also certain
ey restrictions on ¢. Substituting in (1) for A and B the actual terms,
&e

Y, 2

Snglin - (m_) - 2
s . ¢ = tan”! -(Z—- = —) (B-3)
i ol -2 (w—)
2 o
BL

. which except lor the § Hz=+y case (y=10. 20. 40....H/) is always going to be less than zero.
P Secondly the filter will have phase lag and therefore ¢<(. Combining these two facts with the
33

\nowledge that |¢|<<360 degrees leaves only two choices for ¢: tan '(...) or tan™' (...)-m.

fig:
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socine true analvtical values for amplitude and phase can be determined. The Bode plot
« tua three ol the four filters may be obtained from a modified version of the program in

‘-‘2: ~.vhon 3. The amplitude and phase values for the two digital filters and the integration
4 F ] .
5% method can be obtained from the transient response program data.
it
For a linear transfer function the steady response to a sine wave is another sine wave shifted
e in phase and changed in amplitude,
.,:'\"t
E::‘ sin wt => A sin (wt + ¢) (B-3)
v where, as noted above, ¢<0 is phase lag and ¢>0 is phase lead. For two arbitrary points Xi,

and X», in the transient response output we have

A sin(ut; + ¢) = X, (B-4)
¥4
E A sin(ut, + ¢ = x, (B-5)
3!, < where from (4)
- [

X
= -1 .1 .
¢ = sin ~ (3 wt,

Substituting (6) into (5) gives

X
A sin (“’tz + s8in l(A—l) - wtl) - x2

-
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Letting y=wt2-wt;,

X X
, -1 *1 1
Alsin Yy cos (sin _A_)"' cos Y(T)J = x2

or

J a2 xi ("1
———— 4+ CO8 Y K = xz.

A [sin Y yy

Squaring both sides and solving for A,

X, - X,cos v \2 X
2 1 2
A=+ [( o ) + xl] (B-7)

where the + sign is chosen. As mentioaed above there is a multitude of angles which satisfy (6).
Due to the arbitrary quadrant location of the arc sine function as shown below,

+8in

e + 2nn

sin~1(value) = { s1cN (180, 6) + 2nm - ©

n'o,il,tz, LI I 4

the phase lag from the Bode plots and a corresponding rough measure of phase lag in the
transient response are used to aid in determining ¢. Again -360<¢<0 so if ¢ is calculated
positive -2r is added to it and if $<0 it can only have two values: ¢ or -180-|¢.

Equation (B-7) is undefined when vy, or wt;-wt,, is a multiple of =. Other quirks in (7) were
found and are mentioned for the appropriate cases in Section 4. But evidently the problem
stems from the fact that wt;-wt), can also be interpreted as another a*t;*-w*t;® as long as the
value of the subtraction remains the same. However the amplitude expression holds quite well
at the lower frequencies and for the purposes of this report were considered adequate. t,, t2, X,
and X, are judiciously picked near the end of the plotted filter responses to obtain
approximately steady state values.
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