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1. INTRODUCTION

This report describes the implementation of a Third order Butterworth filter" in the

Advanced Continuous Simulation Language (ACSL) [I]. Transient responses of the filter in

the time domain, where the time domain expressions were derived from both s and 7 domain

representations, are observed and compared with the responses from the analytical time

d6main expression for the filter. Inputs are step and sine wave functions. There are two z

domain implementations used: the bilinear transformation method and the impulse invariant
method [21. These are both based on transforming the continuous representation of the filter

in the s domain to the z domain.

An ACSL macro for implementing Z-transfer functions was developed and used in the

transient response testing. The macro algorithm is based on the "M-Method" canonical form

of the transfer function. Only zero initial conditions are allowed for in the algorithm.

Bode plots of the s and Z transfer functions were made with an ACSL program. The

program and Bode plots are both described in this report.

2. MATH MODELS FOR A THIRD ORDER BUTTERWORTH FILTER
IN THE Z AND s DOMAINS

A third order Butterworth filter in its normalized s domain form looks as follows

3 21 (1)1
S3 + 2s 2 + 2s + 1

or,

1

(S + 1) (S2 + S + 1)

If the cutoff frequency at is shown, the filter takes the form

1%1

s2
(2

(_ +1) (X.+ 1 (2)
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The s domain representation of the output of the filter for a step input of unity gain is

W3
0

s (s + o o ) (s2 + 2 0S + W 0

This can also be written as

1 1 - 2

s + 0 s2 + W s + W 2
0 0

which is easily transferred to its equivalent in the time domain,

u(t) - e o -t) (3)

whereu(t) is a step function with unity gain. Similarly for a unity gain sine wave of frequency

y, the time domain output of the filter is

-oB wot 2e - s
A cos y t + R sin Y t + Ce - D s in

Y/3
-wo (4)
~~~- Wo~ 0 "+o" ,r<t

W t + _e sin (w t)

-where

A 3 Y 2-72w0o
2

0 o Y y6 + W 0o6

2 2yoO-2"

B - 0 y -A d9

+ 0

8

*.:b . ~ -. - ft U . S*.- - . *%



wy +y W02Y +2 y2

4

- - 00o
20 2 + y 4

These analytical time domain expressions will be used to compare with the s and Z domain
results in the transient response simulation.

The s domain filter expression used in the simulation is, from (2),

Wo3

s + 2w0 
2 + 2 0

2  + (5)

In the impulse invariant method of transforming a transfer function from the s domain to the

Z domain, the impulse response of the transfer function is mapped directly into the Z domain.
Equation (5) can be rewritten as

o 0ws + O.5 w 02  0.5w o2
._+0 0(0 + 0 + ."3+wo (s 0 .3 ( -)0 2 3 2

2 2 3 2 4 0)0

=. 4,From tables, the Z-transfer tunction is

W 0W 0 -1 0(.,_)0  1- z-u w

-.' 1(U - 2+V2 1 -2z- 1 u + z- 2 (u 2 4v 2 ) r

z-

1-2z -1u + z2 (u 2+v2

9



or

- -2

S + SZ + S 2 z 2 + S3 z 6)

where

Z--

T is the sampling interval

WO-T
u e 2Cos (V T)

00

v= e sin (V wT)

2 2b

u2  + v 2  = e-w
T

R =0
0

R, -u + -- + u 2 + V2

r3

R U2 +2 u-v, 2= (u2+V 2) (1-u- )

S = 1

= 22
S I =-(2U + U2

I)

S2= (u2+v 2 ) (1+2u)

V I0

----.-." ~ . -

%".~ .i-. *%K** . 4 -. .



* C,

S3  -(u 2 +v 2 ) 2

Upon implementing (6) one immediately notices the gain is too/T rather than 1. This is due

in part to the fact that

X (z) X (s+ j TSx(z) = T- Tkk)--n

/" inz
T

where X is an arbitrary transfer function [3] and XK x (s+i -f K) is the repeated spectrum

(due to the sampling of X(t))of the continuous s-transfer function. Since the continuous

representation of X in the s domain repeats, one must use care in selecting T. Hopefully the

frequency content of the input signal is known to aid in this determination.

In the bilinear transformation method s is directly replaced by z-l /z+l in Equation (5).

This change of variable maps the imaginary axis of the s-plane to the unit circle of the 7-plane

[2]. cqis replaced by tan "o T/2 in (5). The analogy in the frequency domain being s-ji, then

z-1 e ST+- 1

e +

or

j > e +i = tan w

I ~ e -1 I w

gives

(0=>I tan -T

Thus Equation (5) becom.o.

ao + a Z-1 + a 2 Z
- 2 + a3 Z-3

bo + blZ- + bz 2  + b 3 Z -

II
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$]

ao = 3/13

a 1 = a 2 = 3a0

a3 = ao0

bo -1

b1 M- (3+2a - 2a 2 - 3 3)/0

b2 = + (3-2ca - 2a 2 + 3a3)/

b3 = - (1-2a + 2a 
2 - a3)/

w0T
a = tan --

1 + 2a + 2a
2 + a3

2-
Although this transfer function representation also repeats itself every TK rad/sec, there is

no degradation in the filter roll-off characteristics as will be shown in Section 3.

As in the s domain there are canonical forms for Z-transfer functions. The "M-Method"

canonical impiementation of the third order Butterworth filter is shown in Figure 1. The figure
illustrates the representation for Equation (7). Equation (7) becomes

1  (INPUT - blZ-1M - b Z-2M - b3 Z-3M) (8)

5-= 1 2 (8
0

OUTPUT - (a0 + a1Z-I + a2Z-
2 + a3Z-3) M (9)

ACSL macro ZXSFRM was designed to implement a generalized form of the M-method that

can be used for any order Z-transform whose highest power in the numerator does not exceed

that of the denominator. The macro algorithm is described in Appendix A

12
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The continuous s domaWin filter representation was also implemented in the time domain
through the RK2 numerical integration scheme with I/s interpreted as an integration
operation. The ACSL macro TRANS [1] was used to implement the numerical integration of
the filter state. TRANS contains an algorithm which generates the state equations based on
the M-method canonical form shown in Figure 2 for Equation (5). It should be noted that non-
zero intitial conditions on the states of the filter are not available in TRANS or ZXSFRM.

The direct nmperical integration of the s domain filter i .11 be compared with the analytical
response and the two Z domain implementations.

Plgum 3. The M-melhod eunwd s de epmsbm sm el m uO reo funeren fore
third order IuteWoei ilter.

3. BODE PT 'T PROGRAM AND RESULTS FOR A THIRD ORDER
BuT T " TH FILTER IN THE Z AND e DOMAINS

In order tu ..ec numerical eoefidesm of tOe Impulse Iuueat am a bilinur
auuformatlon k, of the dgta Mutowwetli fier, a ACL Bode plot proglm wu

modlfe to produce Z-rmdom plew The ewril lgerl h.w atilass &a embedded
-remtlon of the volynomlls whisk is wd eMAed f(a DO 1oo" 1mplmilon. Flaw. 3

IS a Ht of the lode plot proerm witi three ina added to it for geeration of the
mueamdn of tho the em tem doadom Wee. CCI' % ud he dowo Z domsan veruloms,
CWVUN sad CIILL The m m uM to WM e the ee w for dierent break
ftlpedm aid umpl inservs B Iar ta mid mm dtsr up what amp to be a
pmal posm Bode O ppm The equatlem i. CVRNT. CSILNRt and CCNTS are

14
'lb

vu* p ***~ ~ . ? *.* *l S b *'*



-T T

PROGRAM BODE PLOTS FOR TRANSFER FNS IN THE S AND Z DOMAINS
DAVID S. MERRIMAN

0S 1? OCT 78
REDSTONE ARSENAL, AL
BASED ON A PROGRAM WRITTEN BY

* EvEeLo MITCHELL AND AN ALGORITHM GIVEN BY,#
U MERV BUDGE*

MACRO CNVRNT(U*VtWBDTKG)
MACRO REDEFINE KECeS
PROCEDURAL (UV=WBtDToKG)
EzEXP (-WHOOT)
C=SGRT(E)OCOS(SORT(3.)*O.*WBODT)
S=SQRT(E)OSIN(SORT(3.)@@.5*WROT)/#SQRT(3.,
UJ(3) z0.0
U(2)zWBO(-C*S*E)
U(1)=WB*Eo(1.-C-S3
V (4) .1.0
V(3)=-2.oC-E
V(2)=*E*(I.*24*C)

* . V(1)=-E**2
K=(U(l).U(23)i.(Vtl).V(2).V(3).V(4))

U42)=U(2)/K
U(3)=U(3)/K
FND
MACRO END
MACRO CRILNRfRS9WBDTKG,
MACRO REDEFINE AL9DEN
PROCEDURAL (RgSUW8,DT#KG)
AL=TAN (0.5*WB*DT)
DEN. 1 ..2*AL*2**ALOO2*ALO*3
R (4) .ALO*3/DEN
P(3) u3**AL**DEN

R (2)=PR(3)
P11)uP (4)
S (4) 31.0
S(3)u(-3.-2.*AL.2.*ALO*2.3.'AL**3) /DEN

S (2) (3.-2.*AL-2AL*0*3.*AL*03) DEN
S(I1)=(-1..2OAL-2@ALO*2.AL093) /DEN
END
MACRO END
MACRO CCNTSIA*B*WB)
A(1)wWB.3
al1)u1.O
13(Z)=2000wB
S( 3).2. OoWB**2

8(4)zA(1)
MACRO END

Fpm, 3. M ofg dw AMU ftf pW prom
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"LIST OF SYMBOLS"

"A-NUMERATOR COEFFICIENT ARRAY IN DECREASING POWERS OF S OR Z* (-1)"

"B-DENOMINATOR COEFFICIENT ARRAY IN DECREASING POWERS OF S OR Z0*(-l)"

"CNTNUS-IF eT9 XSFER FN I So IF oF. XSFER FN IN Z"
"DEN-DENOMINATOR OF 6",
"6-TRANSFER FN W/A CONST GAIN (SEE KG)"

"OT-SAMPLING PERIOD FOR Z-TRANSFORM"
"GAIN-GAIN OF THE TRANSFER FUNCTION (MB)"
KW-GEOMETRICPROGRESStON MULTIPLYING FACTOR, W(IoI)sW(I)4KW"

I"KG-OPTIONAL INPUT FOR THE CONST GAIN OF THE XSFER FN"
Ism-ORDER OF THE NUMERATOR POLYNOMIAL * l"
"N-ORDER OF THE DENOMINATOR POLYNOMIAL 1"
"NO-TOTAL NUMBER OF FREQUENCY POINTS CALCULATED BETWEEN WMN AND WMX,,
"NUM-NUMFRATOR OF Go
"PHASE-PHASE OF THE TRANSFER FUNCTION (DEG)"
"LOGW-ALOGIO(W)"
"MAG-CALCULATED GAIN OF TME XSFER FN"
"lW-PRESENT VALUE OF FREQUENCY (RAD/SEC)"
"WCPS-PRESENT VALUE OF FREQUENCY (CPS)"
*OWMN-LOWEST FREQUENCY (RAO/SEC)"
0WMX-HIGHEST FREQUENCY (RAD/SEC)O.
"X-REAL PART OF 6"
"Y-IMAGINARY PART OF 6"1

"INPUTS M9 N. WMN9 WMX, MPTS, A, S9 T9 KG"
"OUTPUTS LOGW9 W, WCPS9 GAIN, PHASE, MA6s X9 Y"

1 ------------------- ------ -GLOBAL CONSTANTS

LOGICAL DUMP
CONSTANT RMN u 1.Oe-309 PMX a 1.E30 9 RADDEGuS7e 9S779S
TWOPI * Plw3,14159265, DUMP z .FALSE.
TWOPI a 2*O'PI

INITIAL

REAL ASO) , 9(SO)
INTEGER N 9 N
LOGICAL CNTNUS
CONSTANT M a 1- N a I * CNTNUS n *TRUE*

.A a S*O.a @ a a SO**.
CONSTANT DT a 6.010
CONSTANT KG a 1.0

---------------...------ FREQUENCY IS SWEPT IN A GEOMETRIC
PROGRESSION OVER A RANGE FROM OW MNO TO OW MXO, *MPTS* POINTS PER * *
PLOT AND KW IS THE MULTIPLIER BETWEEN FREQUENCIES ------------ ---------

CONSTANT WMN a 1*0 s WMX a 3500 * MPTS : 50.0
KW 8. 10o(ALOGI(WMX/WMN)/MPTS)

W • WMN

Flomr & (cmdbu§0)
16
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----------------------SET BREAK FREQUENCY (RADI AND CALCULATE***
XSFER FN COEFFICIENTS

CONSTANT WBCPS a 7.0
we .WeCPSeTW@P1
LOGICAL BILMS * NYVET
CONSTANT BILNR=*FALSEet NVRNT=*FALSE*

- a IFI NOT4BILNR)GO TO SN9
CBILNRIA9 sews# Dl, ksb

sN"99..P(oNOT*NVRNT)40 TO SN996
CNVRNTlA9 SuNG, Dl, KG)

SN99SooCONTINUE
IP(eNOT4NTNUS)GO TO SN997
CCNTSIA9 BuW8)

SN997. CONTINUE
END S "INITIAL"
DYNAMIC
---------- Wft--- ----- a ...... CALCULATE REAL AND IMAGINARY PARTS OF 06i

IF (CNTNUSICALL BODES
IF £.NOTlsCNTNUS) CALL *OSEZ

m-------------------- -CALCULATE GAIN AND PUASE Of 0 i

HAG a SQRT(X**2 # YO@3)
GAIN = 20**ALOGOSMAG)
P14ASE a RADD(G0AT4N2fY9X)

-t-- - ---- J- -UE LOGARITHM OF FREGUENCY FOR PLOTTING "
LOOW a ALOOI(fW)

----- . m MMAE FREQUENCY AVAILABLE IN HERTZ it

WCPS *W/OTWOPI

it.--------------------- AANCE FREQUENCY GEOMETRICALLY ws

TERMT (W3GToWMX)
END S NDYNAMIC"
TERMINAL

I0JDUMP)GALL DEBUG
END S "TERMINAL"
END S NPROORAMV

17



direct implementations of equations (6), (7) and (5) of Section 2, respectively. Ia the CNVRNT

macro, instead of modifying the gain of the impulse invariant Z-transform by multiplying by

T, the sampling interval (see Section 2), the gain of the transform at o=O

was used:
Z -e ST

For s=jw

Z =e j wT

and at w=O0

Z,1 (10)

Hence for a generalized Z transform

ao +a + ..
Output a a 1 2
Input bn + b1Z-1 + b2Z-2

the gain at aiO is

Output a 0 + a 1 + a 2 +
Input b0 + b1 + b2 +...

From Equation (6)

3utput - 3.161x10 3 - gainInput "

when

S= 0

O= 5HZ = 10v rad/sec

T - 0.01 sec
1.

Note'that the gain is not -L instead the gain is equivalent to the break frequency (rad)

divided by the sampling interval. Perhaps some insight may be gaiud as to the origin of the oi
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term by observing that the impulse response of the continuous filter in the time domain
also contains a gain factor of ". From Equation (5), the impulse response of the continuous

Butterworth filter in the time domain is,

/T tO

- 0 s1 Y-

Next in Figure 3 is a definition of the standard program variables along with a listing of the

input and output variables. In the preINITIAL section, global constants are defined. These

are parameters such as computer arithmetic minimum and maximum, RMN and RMX; 1r; the

conversion factor for radians to degrees, RADDEG; and the logical variable DUMP which is

used to control the debug printing of the program variables for the final communication

interval.

In the INITIAL section the parameters for this particular program are defined. For the

Bode plots the frequency w is swept in a geometric progression. The plotted points will then be

equally spaced when the abscissa is logioai. The multiplier between frequencies, kW, is

calculated based on the minimum and maximum values for w, WMN and WMX, and the

number of plotted points desired, MPTS. (a is initialized to WMN.

The code following the determination of KW and ending with the INITIAL section is

specially added for the Butterworth filter plots. The break frequency in Hz, WBCPS, is set by a

CONSTANT statement and then converted to radians a.' represented by the variable WB.

BILNR and NVRNT are defined to be logical variables which, when TRUE, cause the

calculation of the bilinear Z-transform and the impulse invariant transform coefficients,

respectively. If CNTNUS is TRUE the coefficients for the s domain Butterworth filter are

">. calculated. 6bviously only one of three logical variables CNTNUS, BILNR and NVRNT

should be TRUE for a particular run.

The DYNAMIC section contains the code for calculating the magnitude and phase of the

transfer function. The real and imaginary components of the transfer function, x and y, are
calculated in FORTRAN subroutine BODES which has an entry BODEZ for Z-transfer

functions. For the abscissa the log of w is used,

LOGW - ALOGIO(W) . (12)
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w is made available in Hz for printer output,

WCPS=W/TWOPI.

w0 is incremented and the DYNAMIC section is re-executed until W>WMX.

W=KW*W
TERMT (W.GT.WMX)

There are no integrations made so a DERIVATIVE section is not needed.

Figure 4 is a listing of subroutine BODES. A FORTRAN subroutine is used since complex

arithmetic can't be handled in ACSL. A dollar sign in column I at the beginning of the routine

causes the ACSL compiler to add the program LABELED COMMON block to this

subroutine. Thus, it is not necessary to specify arguments in a subroutine call.

S, G, NUM and DEN are declared complex variables. S is the s domain variable which for

steady state sine waves is

S-jw

or

S=CMPLX (0.0,W).

G is the complex gain of the transfer function. N U M and DEN are the complex values of the

numerator and denominator, respectively. For Z-transfer functions

Z-1 = e- sT = e-jwT = cos WT - jsin wT (13)

or

S=CMPLX [cos (W*DT),-SIN(W*DT)]

G, NUM and DEN are initialized by

G-CMPLX (0.,9.)

NUM=CMPLX [A(I),O.]

20
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SUBROUT INE BODES
S

COMPLEX So Go NljM, DEN
SwCMPLX (@.OW)
GO TO 30
ENTRY BODEZ
S.CMPLX(COS(W*DT) .-SIN4W*DTfl

30 G=CMPLX(@.,@.)
NUMmCMPLX(A(1) ,0.J
DENOCMPLX(B(1) ,*)
IF(H*LE41)GO TO 40
00 10 1=29M

10 NU~xNUM*SAfI)
40 CONTINUE

IF(N*LE%1)GO TO 50
DO 20 1=29N

20 DEN=DEN*S*B(I)
50 CONTINUE

G=KG*NU4/DEN
YwAIMAG(G)
XwREAL (6)
RETURN
END

Figure 4. Listing of subroutine bodes.
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DEN=CMPLX [B(I), 0.]

here the general s domain transfer function looks like

* m + A(.2)Sr-i
A(1) s' + ... + A(m)s + A(m+l)

B(1) s n + B( 2 )sn-i + +. B(n)s I + B(n+l)

and the general Z domain transfer function appears as

A(1)Z - m + A( 2 )Z-m+i+ ... + A() 1 + A(m+l)

B(1) Z- n + B(2)Z-n + ... + A(n)Z- 1 + A(n+l)

The latter is just the reverse of the way the polynomials of (Z-1 ) were previously written in

Section 2. This was done in order to use the algorithm originally employed for theS

polynomials.

Since the numerator polynomial can be written, using Horner's method, as

[(A (1) s + A(2)I.s+ A(3)) s + A(4) +... (14)

(+ A(n)I s + A(n+l)

then a DO loop can be used,

DO 10 = 2, M

Ili0 NUM = NUM *S + A(I)

where M is defined in the INITIAL section and the actual value used is set in the run time

commands (since the tilinear transformation and impulse invariant methods give different

order numerator polynomials). Similarly for the denominator the algorithm is

DO 20 I.= 2,N (15)

20 DEN = DEN *S + B(I)
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When the numerator or denominator consists of only a constant term,- 1 or N= I, then its

DO loop is skipped.

G=KG*NUM/DEN

calculates the complex transfer function gain where KG is an optional user input that defaults
to 1.0 if not specified. The real and imaginary parts of G, X and Y, are used by the ACS L main

program. Since X and Y are named in the ACSL coded portion of the program they are listed
in the program LABELED COMMON block.

The simulation was run interactively on a CYBER 74 using ACSL run time commands
enterea on a Tektronix console. Hard copy plots were generated along with line printer

listings. Run time commands that were used every session were put on a temporary mass

storage file that could be attached as a user's local file to the Tektronix terminal.

Figure 5 is a list consisting of interactive session setup and ACSL run time commands. After
logging onto the CYBER 74 INTERCOM system via the Tektronix terminal the following set

up statements are entered:

CONNECT, OUTPUT

specifies that the system output file, default name OUTPUT, will be displayed on the

Tektronix screen.

ETL, 170

extends the execution time per statement entered to 170 octal seconds.

ATTACH, INPUT, TEK, ID=DDXXXH attaches the highest cycle (2) of TEK to the
Tektronix. INPUT is the default file name for data input to the local program executing in the

system.

ATTACH, LGOB, TEK, ID=DDXXXH, CY-I attaches the simulation absolute binary

*. file which was previously compiled in a batch job via fhe system control cards in Figure 6.

After this initial preparation LGOB is executed by entering

LGOB.
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CONNECT90 UTPUT
ETL. 170

F' ATTACH9INPUTTEK9IDzDCXXX4
ATTACHLGOBTEK, ID=DDXXXHCY41
LGOB

SET TITLE(6Px"-7 HZ, DT=1@NS'
IT
SET DTzO.@2@,TITLE(6)='-7 HZ, 0T=2OMS"SIT

STOP
BATCHPRINTPRINT93D9HDMDD

Figure 5. Listing of Interactive session setup and ACSL run time commands.

HOMD ,CM7700.
ACCT...
ATTACMMACFILDCMACFIL, ID=DCACSLSYS*
ATTACI4,ACSLDCACSL, J~zDCACSLSYS.
ACSL.
FTN Ci=COMPILC9,2)
REQUEST ,LGOB,*PF*p MAP. OFF.
ATTACHACSLLIB ,DCACSLL I~, D=DCACSLSYS.

K ATTACH9GRAPNTEKTPONIX40149JDaWTPLOTtCY=2*
LOSET .L I~GRAPH. SUBST=ZZDSAW-TEKPLT.
LDSET'L I~zACSLLIB9PRESETI1NDEF.
LOAD9Lic'@
NOGO*LG08.
RETURNACSLvMACFILACSLLIB*
CATALOGLGOBTEK, JD=OfXXXM*
EXIT.

Figure 6. CYBER 74 control cards to generate an absolute binary file, LGO, of the
program In Figure 3.
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The ACSL Executive reads the ACSL run time commands from logical unit number 5 (by

default) which is equivalent to reading the file INPUT, the contents of which are shown in

Figure 7. Referring to Figure 7,

SET PRN=9

tells the simulation that the line printer data will be placed on file PRINT (logical unit number

9) instead of the default file name OUTPUT (logical unit number 6). After termination of the

simulation the PRINT file is batched to a line printer.

SET PRNPLT=.FALSE., CALPLT=.TRUE., TTLCPL=.TRUE.

replaces the default printer plot routines with the Tektronix interface routines with allowance

made for plot titles.

SET TITLE (l)= "2 JULY 79"

puts the date in the first word of the plot title array.

PREPAR T, LOGW, W, WCPS, GAIN, PHASE, MAG, X, Y specifies the variables to be

recorded for line printer listing.

PROCED ST

SET CNTNUS=.TRUE., FTSPLT=.TRUE., M=I, N=4, BILNR=.FALSE.,

NVRNT.FALSE.

END

defines a PROCED whi,h, when invoked, picks the s domain version of the Butterworth filter

for Bode plotting, sets the order of the numerator and denominator polynomials and sets

FTSPLT, the logical for suppressing fly back tracing, to TRUE. The intent here is to overlay

plot either Z-transform method with the s domain Bode plot. Two runs, one for the s

domain and one for the Z, are to be made without rewinding the data file. So when a plot is

made the overlay is also automatically generated. The FTSPLT variable set TRUE ensures

that a line connecting the end point of the first plot to the first point of the second plot will not

appear.

25
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000000O000000000000e0,
SET PRNu9
SET PRNPLTu9ALSEev CALPL~u.IRUE., TTLCPL=*TRUE*
SET TITLE(1)=02 JUL 7911
PREPAR To 106W9 We WCPS, GAIN* PHASE, MAG, X9 Y
PROCED ST
SET CNTNUSuaTRUEe, FTSPLTu*TRUEw, Mule Nw4, BILNRu.FALSE., NVRNTu.PALSE*
END
PROCED ZN
SET CNTNUSuSFALSE., MN39 Q=4# BILNRZJFALSE., NVRNTW.TRUE.
END
PROME Z8
SET CNTNUSzoFALSE., M=49 WaaA, BILNR=JTRUE., NVRNT=.FALSE*
END
PROCED 60
START
PRINT "ALL"
PLOT "XAXIS"uLOGWWXLO"So.@,XHls.z2.5

4 DISPLY WBCPS9 A, B
SET NPWITGzoVALSE*
END
PROCED NO0
START
DISPLY W8CPS9 A. B
SET NRWIT6=.TRUE*
END
PROCED 1T
SET TITLE(2)u"'CONT VS BILOR DISCRETE BUTTERWORTH FILT"1
ST

640
GLOT6I SPR
PLOT GAN S SPARE

SET TITLE12)="CONT VS INV DISCRETE BUTTERWORTH FIL'I"
ST
HO
ZN
GO
PLOT GAIN 0 SPARE
P101 PHASE S SPARE
END S "IT"
SET CMDuDIS

Figure?. The ACSL standard set of run tlmecommmnds residing on lodal lINpUtf.
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PROCED ZN

SET CNTNUS=.F., M=3, N=4, BILNR=.F.,i NVRNT=.T.

END

defines a PROCED which is used to select the impulse invariant Z-transform for Bode

'S - plotting.

PROCED ZB (16)

SET CNTNUS=.F.,M=4, N=4, BILNR=.T., NVRN=.F.

END

defines a PROCED that causes the bilinear Z-transform to be used for Bode plotting.

PROCED GO

SIART

PjRINT 'ALL'

PLOT 'XAXIS'=LOW, 'XLO' =0.0, 'XHI'=2.5

DISPLY WBCPS, A, B

SET NRWITG=.F.

END

defines a PROCED that executes the simulation, prints data as described by the PREPAR

statement, describes the abscissa for the Bode plots and displays the break frequency and

coefficients for the transfer function numerator and denominator polynomials. Setting

NRWITG to FALSE causes the file storing the PREPAR list variables not to rewind between

runs thereby accumulating all of the data from the runs as a unit to be printed and plotted

together.
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PROCED HO

START

DISPLY WBCPS, A, B

SET NRWITG=.T.

END

is a PROCED that functions much the same as 'PROCED GO'but it turns the NRWITG flag

to IRUE.

PROCED IT

SET TITLE (Z)=-CONT VS BILNR DISCRETE BUTTERWORTH FILT"

ST
HO

ZB
GO

PLOT GAIN $ SPARE

PLOT PHASE $ SPARE

SET TITLE (Z)="CONT VS INV DISCRETE BUTTERWORTH FILT"

ST

HO
ZN
GO

PLOT GAIN $ SPARE

PLOT PHASE $ SPARE

END $ "IT"

is a PROCED that, when invoked, overlays plots for the bilinear Z-transform and s transfer

function and for the impulse invariant Z-transform and s transfer function. The SPARE

commands following the PLOT commands automatically generate hard copies of the Bode

plots.

The following lists the code for FORTRAN subroutine SPARE,

SUBROUTINE SPARE

CALL HDCOPY

28



4RETURN

END

HDCOPY is a special Tektronix plot software routine which automatically causes the
hardcopying of whatever is on the Tektronix terminal CRT. The name SPARE in itself is a
special name that ACSL recognizes. SPARE can uniquely be used for the execution of any
routine named SPARE during run time.

SET CMD=DIS

indicates to the ACSL Executive that run time commands will now be input from the DISPLY
file whose logical unit number is DIS. DIS is by default 6, which is also the number for the
OUTPUT file. Thus run time commands are now expected to come from the Tektronix
terminal.

Referring to Figure 5 the following commands are now entered on the Tektronix display,

SET TITLE(6)-"-7 Hz, DT=IOMS"
IT

dds to the plot title the break frequency value and the sampling interval. The values shown
are the program default values. PROC ED IT is then invoked and automatically generates the
plots shown in Figurer8 through 11. The printer listing (not shown) shows that 7 Hz is
approximately the -3 db point for both the bilinear Z-transform and the s transfer function.
However the drop in gain afterwards is quite dramatic for the bilinear method as shown in
Figure 8 where GAIN is in hundreds of db. The abscissa range in frequency value from I to 50
Hz (LOGW=loglow, wv in radians). At 50 Hz the bilinear method has a gain of-150 db and the s
transfer function is at -51 db. Figure 9 illustrates the good phase (in degrees) comparison
between the two methods. The maximum deviation is approximately 18 degrees at 50 Hz.

4 As shown in Figure 10 the impulse invariant method closely follows the s transfer function.
At 50 Hz the gain of the impulse invariant transform is -56 db, only a 5 db difference from the

s-transfer function. However in Figure 11 one can see the phase is quite a bit off at the higher
frequencies. At 5q Hz the continuous filter has a phase of 106 degrees (actually -254 degrees,
the ATANI routine's angle limits are ±ir radians) and the digital filter is at 175 degrees. At 40
Hz there is approximately a 10 degree difference in phase.

SET DT=0.020, TITLE (6)="-7 Hz, DT=4OMS"$IT sets the sampling interval at 20 ms
and generates the Bode plots in Figures 12 through 15. The frequency spectrum repetition is
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o 2 JUL 79 CONT LIS BILNR DISCRETE BUTTERU

.C7
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s 2 JUL 79 CONT VS BILNR DISCRETE BUTTERU
c. ORTH FILT -7 HZ. DT-IOMS

BILNR

' 0.00 0).50 1.00 1.5 2.00 25
LOGU

Figure 9. Phas "us freqenc comarso of th s domand bie Z domain
filter repesntaton at a 10 mse w n Inera.
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2 JUL 79 CONT VS INU DISCRETE BUTTERUOR6. TH FII -7 H7_ aT - I}M

z o  -INV

7d .00 0.50 1.00 1.50 2.00 2.50
LOGU

Figurel10. (la versus frequency comparison of the*s domain and Impulse Invariant
Z domain filter representation* of a 10 mssc sampling Interval.
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2 JUL 79 CONT US INU DISCRETE BUTTERUOR
TH F I LT -7 HZ. DT-IMS

-INV

'U', 0"

4-
CL

! °4

'0.00 0.50 1.00 t.50 2.00 2.50
LOGU

Figure 11. Phase versus frequency comparison of the s domain and Impulse
Invariant Z domain filter representations at a 10 msec sampling l Interval.
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-. Y ~- 7-0 .' % J J, -.. . . . - -P-1 j

o 2 JUL 79 CONT US BILNR DISCRETE BUTTERUI
C'

BILNR

Go.0 0.50 1.00 1.50 2.00 2.50
LOGUJ

Figure 12. Gain versus frequency comparison of the 9 domain and blllnear Z domain
filter representation* at a 20 msec sampling Interval.
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i ):+:j2 JUL 79 CONT US BILNR DISCRETE BUTTERUORTH F LT -7 HZ. DT-20M

2 JU 79 ONT S BLNR ISCRTE BTTE I N

0

p' (,,°.

....,r,

1,.L'0.00 0.50 1.00 1.50 .00 .50
':: LOGU

a I Figure 13. Phase versus frequency comparison of the s domain and bilinear Z

.., domain filter representation* at a 20 msec sampling Interval.
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o 2 JUL 79 CONT VS INU DISCRETE BUTTERUOR,THFIT -7 HZ_ nT-OM

-INV

0

cs-

=0

.-2

20"

'0.00 0.50 1.00 1.50 2.00 2.50
LOGU

Figure 14. Gain versus frequency comparison of the s domain and impulse invariant
Z domain filter representations at a 20 msec sampling interval.
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o 2 JUL 79 CONT US INV DISCRETE BUTTERUOR
_ TH FILT -7 HZ. DT-20M5

-"-NV

0

a.

, .. '

,0.00 0.50 1.00 1.50 2.00 2.50LOGU

Figure 15. Phase versus frequency comparison of the a domain and impulse
Invariant Z domain filter representations at a 20 msec sampling interval.
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just starting to show up at the higher frequencies. In Figure 12 the bilinear gais remains below

the continuous filter out to 31 Hz. However, in Figure 13 the phase jumped from positive to

negative at 25 Hz-the reciprocal of twice the sampling interval. For the invariant method 25
Hz is the cross over point for both the gain and phase as shown in Figures 14 and i5.

DT was set to 50 and 100 msec with the results shown in Figures 16 through 23. Note that the

bilinear method keeps its steep roll off whereas the invariant method shows the frequency
aliasing phenomenon that destroys its roll off characteristics. The discontinuous look of the

bilinear method plots is caused by the sparseness of data points at the higher frequencies due to

the geometric progression method of generating frequency plot points. Figures 24 through 27
are plots of the gain and phase versus frequency (rad) of the two digital filters overlayed onto

the continuous filter for a sampling interval of 100 msec. Using plain frequency for the abscissa

brought out the periodicity of the digital filters.

STOP

terminates the simulation. The PRINT file, now attached to the interactive terminal as alocal

file, is batched for line printing to interactive terminal 3D,

BATCH, PRINT, PRINT, 3D, HDMDD.

*The sample interval value DT is determined by the frequency content of the input signal
since input signal frequency fold-over can occur in both digital filters if DT is made too large.

C, However, for the impulse invariant digital filter implementation, the actual shape of the

frequency response curve itself becomes "aliased" (as mentioned in Section. 2) as

1 cycle approaches the break frequency.
2*DT sec

4. TRANSIENT RESPONSE PROGRAM AND RESULTS FOR A
THIRD ORDER BUTTERWORTH FILTER FOR BOTH THE Z AND
s DOMAIN REPRESENTATIONS

An ACSL program was written to compare the transient response of the two digital filter

implementations with the analytical transient response of the continuous version of the filter.

The inputs are sine waves and step functions. Also programmed was a standard digital

simulation method that uses the RK2 numerical integration scheme to implement the M-
method canonical form of the continuous filter (as discussed in Section 2). The numerical

integration scheme will be compared with the digital filter schemes. It would also be desirable
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o2 2 JUL 79 CONT US BILNR DISCRETE BUTTERU
.?...

0

-BILNR

0-,

.1".

, .,,

'0.00 0.50 1.00 1.50 2.00 2.50
LOGU

Figure 16. Gain versus frequency comparison of the s domain and bilinear z domain
filter representations at a 50 msec sampling interval.

39



2 JUL 79 CONT VS BILNR DISCRETE BUTTERU
. ORTH FILT -7 HZ. DT-50MS

"C3

. BILNR

CD

Oq

M

01

'r,-1 I I I I
1- '0.00 0.50 1.00 1.50 200 2.50

',: LOGU

Figure'17. Phase versus frequency comparison of the s domain and billnearz

~domain filter representations at a 50 msec sampling Interval.
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2 JUL 79 CONT US INV DISCRETE BUTTERUOR
TH FILT -7 HZ. DT-50MS

0

0

0 .00 0.50 1.00 1.50 2.00 2.50
LOGU

Figure 18. Gain versus frequency comparison of the s domain and Impulse Invariant
Z domailn filter representations at a 50 msec sampling Interval.
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o 2 JUL 79 CONT US INV DISCRETE BUTTERUOR
. TH FILT -7 HZ. DT-50M5

.°1

C3 -INV

0

' 0.50 1.00 1.50 2.00 .50
LOGU

Figure 19. Phase versus frequency comparison of the s domain and Impulse
Invariant Z domain filter representations at a 50 msec sampling Interval.
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~2 JUL 79 CONT VS BILNR DISCRETE BUTTERW

ILNR

0

0

q 00.00 0.50 1.00 1. 50 2.00 2.50
LOGU

Figure 20. Amplitude versus frequency comparison of the a domain and bilinear
Z domain fiiter representations at a 100 msec sampling Interval.
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2 JUL 79 CONT US BILNR DISCRETE BUTTERU
. ORTH FILT -7 HZ. DT1'lOOMS

C.'J

-BILNR

LLUO

.44

0O .5o 1.00 1.50 2.00 2.50
LOGU

Figure 21. Phase versus frequency comparison of the a domain and biilnear Z
domain filter representations at a 100 msec: sampling Interval.
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o 2 ArL 79 CONT US INU DISCRETE BUTTERUOR
. TH FIIT -7 H7- nT-

CAI

C-

-6a

*010

#.,..

T a ,'.'

. ' 0.00 0.50 1.00 1.50 2.00 2.50
LOGU

Figure 22. Gain versus frequency comparison of the s domain and impulseK Invariant Z domain filter representations at a 100 msec sampling interval.
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O2JUL 79 CONT LIS INU DISCRETE BUTTERUOR
c' -TH FILi -7 HZL. OT-IOOMS

JL

0

0'

d~o0.50 1.00 1.50 2 .00 2.50LOGU

Figure 23. phase versus frequency comparison of the s domain and Impulse
Invariant Z domain filter representations at a 100 macc aampling Interval.
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V

* 8 .5 JUL 79 CONT VS BILNR DISCRETE BUTTERU

-
C,

-S-

, BILNR

.5.

'12

,o74 1.4 12 2.81 ..
.5.

U .102

-" Figure 24. Amplitude versus frequency comparison of the a domain and billnear Z
domain filter representations at a 100 msec sampling Interval.
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o; 5 JUL 79 CONT US BILNR DISCRETE BUTTERU
R ORTH FILT 7HZ. DT-IOOMS

4'.0 -BILNR

0

a!4,l

Q\

' 0.06 0.74 1. 44 2. 12 2.81 3.50

Figure 25. phase versus frequency comparison of the*s domain and bilinear Z
domain filter representations at a 100 msec sampling interval.
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S5 JUL 79 CONT VSNI) DISCRETE BUTTERLIOR
40

Fs Z-ZD I ['1:i

C3

0.0674 1.44 2. 12 2.81 3.50
U .102

* Figure 26.. Amplitude versus frequency comparison of the a domain and Impulse
Invariant Z domain filter representations at a 100 msec: sampling interv
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o 5 JUL 79 CONT US INU DISCRETE BUTTERUOR
c3 TH FILT " 7HZ. DT IOOMS

C3

iU
*-INV

Zcw"

0

"' 0.05 0.74 1.44 2. 12 2.81 3.50
-"U .1o2

Figure 27. Phae versus frequency comparison of the a domain and impulse
Invarliant Z domain filter representaions alt ai 100 msec sampling Interval.
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to compare the steadied-out values from the transient response with those predicted by the

Bode plot program.

As discussed in Section 2 and Appendix A the digital filters were implemented in macro

ZXSFRM which uses the M-method canonical form. The digital filters are also implemented

in the program using Bellman's 'Rectangular Method' canonical form for comparison

purposes. Figure 28 shows the general form for the Rectangular method.

The ACSL transient response program listing is in Figure 29. Macros BTRWTI and

BTRWT2 are the Rectangular method implementation of the impulse invariant and the

bilinear methods for a 7 Hz break frequency and 10 msec sampling interval, respectively.

Macros CNVRNT and CBILNR were discussed in Section 3. They generate the polynomial

coefficient values for the two digital filters as implemented in the general purpose Z-transform
macro ZXSFRM. Parameters are defined next and the program I/O are listed. The i/O will
be defined as the program is delineated. In the preINITIAL section global constants are

defined. These are parameters such as computer arithmetic minimum and maximum, RMN

and RMX; ir; the conversion factor for radians to degrees, RADDEG; logical variable
DUMP which controls the debug printing of the program variables for the final
communication interval; and the stopping time for a simulation run, TSTP.

CINTERVAL CINT=0.050

NSTEPS NSTP=I

sets the communication interval that is, the interval of time between plot points or line printer

outputs.

In the INITIAL section the parameters for this particular program are definec -) input
.1 amplitude and frequency for a sine wave and the start time for the step function givc

values. Macros CNVRNT and CBILNR define the numerator and denominator coefficien,

U and V for the impulse invariant method and R and S for the bilinear method. Constant gains
for the analytical response of the continuous filter to a unity gain sine wave, Ka, K/O, Ky, K6

and Ke, are calculated. These constants correspond to A, B, C, -D 2/ /3 and E/wo of Equation
(4) in Section 2.

In the Dynamic section the analytical continuous filter response is calculated according to

Equations (3) and (4). The output is named YANALF. The TERMT macro is used at the end

of the DYNAMIC section to stop the simulation when global time T exceeds the value in

variable TSTP.
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PROGRAM TRANSIENT RESPONSE FOR CONTINUOUS AND DISCRETE RUTTERWORTH

MACRO STRWTI(B*A)
MACRO REDEFINE XYXICYIC9AIA29A3,BI,92,I
MACRO RELABEL SNO019SNO02
ARRAY XIC(3),YIC(3)9X(3)9V(3)
CONSTANT YIC=3*@0,0XIC=3*0*@
CONSTANT 81=3.l38l5380E-2,82x2.34235779E-2,A1.*2. 34P8885,APz=3 .60402376
CONSTANT A3=*O.414929794
PROCEDURAL (B=A)
IF(ZZFST(I),LT*@.5)GO TO SNOO2
DO SNOOl 1=193
CALL ZZICS(YIC(I)9Y(I))
SNOOl**CALL ZZICS(XIC(I),X(I))
B=Y( 1)'A1.Y (2) *A2.Y (3) *A3.X(1) *B1.X(2) *82
Y(3)=Y(2)
Y (2)=Y (1)

X (2)ZX (1)
X(I)=A
SNO02. .CONTINUE
END
MACRO END

MACRO BTPWT2(BA)
MACRO REDEFINE XYXICYlCIA1,A2,A3,81,92,e,,84
MACRO RELABEL SNO01,SNO02

* ARRAY XIC(3),YIC(3)*X(3),Y(3)
CONSTANT YIC=3000XIC393.*6.

4..CONSTANT A1.*2912664 .. 4
,A2=-1 .9582,A3=0.41 184.817.167E-3,82=2.1503E-2,83=,.503E-2.B4-7. 16...
7E-3

? ~. PROCEDURAL(BZA)
4. IF(ZZFST(I)*LT*O*S)GO TO SNO02

DO SNOOl 1=193
.1 CALL ZZICS(YIC(I)9Y(I))

SNOOl..CALL ZZICS(XIC(I),X(IR)
B=Y (1 )*A1Y(2) @A2.Y(3)*A3,819A.8P.X(1 .B3OX (2) B4.X (3)
V (3)=Y(2)
Y(2)=Y(l)
Y(1)=B
X(3)=X(2)

4. X(2)=X(1)
XQ1xA
SNO02ooCONTINUE
END
MACRO END

Figure 29. Listing of the ACSL transient response program.
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MACRO CNVRNT(UVWBDTKG)
MACRO REDEFINE KECqS
ARRAY U(l)qV(4)
PROCEDURAL (UVvWBDTKG)
E=EXP (-W8*DT)
C=SORT(E)*COS(SQRT(3.)*O.5*WB*OT)
S=SORT (E) *SIN(SORT (3.)*O.5*WEB*OT,/SORT (3*)
U(1)=0.0
U(2)=WB*(-C+S.E)
U(3)=WE4*E*(1.-C-S)
V (1)=10
V (2) =-2.*C-(
V (3)=*E*(1..Z.*C)

K=(U(2),U(3))/(V(1).V(2).V(3).V44))
U(1)=U(1)*KG/K
U(2)=I (2)*KG/K
U(3)=U(3)*KG/K
END
MACRO END

* MACRO CBILNR(RSWBtDTKG)
MACRO PEDEFINE AL9DEN
ARRAY R(4)PS(4)
PROCEDURAL (R9S=WBqDTK6)
AL=TAN (O.S*WB*DT)
DEN=1..2,*AL*2**AL**2*ALE*3
R(1)=I(G*AL**3/DEN
R (2)=K6*3.*AL**3/DEN
R(3)=R(?)
R(4)=R(1)
S(1)z1.0
S(2)=(-3,-2.*AL.2.*ALO*?.3.*ALe*3)/DEN
S(3)=(3.-2.*AL-2.*AL**2.3.*A@*03I/D)EN
S(4)=(-1..2.*AL-2.*AL**2.AL@O3I/oEN
END
MACRO END

Figure 29. (Continued)
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MACRO MACRO ZXSFRM(Po)
MACRO REDEFINE Y9I9YIC.J9YP
MACRO RELABEL SNOOISNOO?,SN03tSNOG49SNO*5
MACRO ASSIGN N
MACRO MULTIPLY 0
MACRO INCREMENT OM)

MACRO DIVIDE 0(3)
MACRO If(tNZO)99
MACRO MULTIPLY 0
MACRO INCREMENT Q(4)
ARRAY Y(N)9YIC(N)
CONSTANT YICaN*.o
PROCEOURAL(P(I)aP(2)9P(3),P(4))
IF(ZZFST(I).LTo.5)GO TO SNOOS
DO SNO41 lIzIN
SNOOI..CALL ZZICS(YIC(I),V(I))
YPZP(2)
MACRO DECREMENT I
DO SNO02 I19N
MACRO INCREMENT 1
SNcO2o.YPuYP-P44)(IoI[)Y(N-I|
Y(N)uYP/P(4)lI)
YPaO.O
MACRO INCREMENT 1
DO SNO03 I190(3)
SNOO3..YPvYPoP(3)(I)*Y(N-I)
P(I)uYP
MACRO DECREMENT 2
DO SNO64 Iwl,N
SNOO4.,Y(I)uY(I*1)
SNOOS..CONTINUE
END
MACRO EXIT
MACRO 999**PRINT NUMERATOR OREATER THAN DENOMINATOR
MACRO ENO

"PARAMETERS"
"A-AMPLITUDE Of INPUT SIGNAL TO FILTER"
"MMTHO-LOGICAL9 IF *To INOICATES M-METHOD IMPLEMENTATION IS TO BE USED"
"STPSIN-LOGICAL INDICATIN6 WHETHER INPUT SINE WAVE (.F.) OR STEP (*To)"
"TZ-TIME AT WHICH STEP TURNS ON - SEC"
"W-INPUT SINE WAVE FREOUENCY - RAO/SEC"*
"WBCPS-FILTER BREAK FREQUENCY - HZ"
"WB-FILTER BREAK FREQUENCY - RAO/SEC"
"WCPS-W IN HZ"

"INPUTS"9
NMMTHD9 STPSIN9 WBCPS9 A, WCPS9 TSTP, CINT9 MAXTi, MAXT?v MAXT39 TZ"

."OUTPUTS"

OYINTEG9 U, Vs Rv St YINV9 YBILNR9 YANALS9 YANALF, YANALR9 XZFER9
XINVEG"

V Figure 29. (Continued)
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...---------------------- GLOBAL CONSTANTS
LOGICAL DUMP
CONSTANT RMN a |.OE-309 RMX z 1.0E30 9 RADDEGT57*2957795

, PI=3.141592659 LUNPmFALSE, 1 TSTP = 3.0
TWOPI z 2*O*PI
CINTERVAL CINT = 0.0SO
NSTEPS NSTP a 1

INITIAL
------------------------------ SET CONSTANTS FOR INPUT SIGNAL AND

DESIRED BREAK PT FREQUENCY OF FILTERSLOGICAL STPSRN
CONSTANT STPSIN = *TRUE.

CONSTANT WCPS = 50, * A w 110 , TZ = 0'049999999
W 2 WCPS*TWOPI
CONSTANT WBCPS z T.0

WB a WBCPS*TWOPI
.--------------------------- -INVARIANT FILTEF COEFFS FOR 3RD ORDER *..

BUTTERWORTH

CNVRNT4U9 V=WB9 MAXT29 1*0)
------------------------------ BILINEAR FILTER COEFFS FOR 3RD ORDER

BUTTERWORTH
CBILNR(Rg SmWB, MAXT29,1 0)

of" ----- -- -- -----CONSTANTS FOR ANALYTICAL RESPONSE OF ...
FILTER TO A SINE WAVE W/UNITY GAIN a

KAL : WB**3*(m3 L 246*W8**2*D/(W*6 * * B*6)KBE a W8**44(-2eQ*W**2 4 WB**2)/lWO*6 *0e6)

KGA a WB*W/(WB*02 t W'.2)
KDL a-l*ISe47WB*(W**3 - WBO*2*W)/(Wo*4 - WO*2*WB*02 * WB**4)
KEP a WBOO3*W/(W*O4 - WO*2*WB**2 * W1B**4

END S "INITIAL"
DYNAMIC
" --------...---------------- CALCULATE THE ANALYTICAL VALUE FOR THE *..

BUTTERWORTH FILTER FOR THE FAST DERIVATIVE SECT,,
YANALF a RSW(STPSIN9 RSW(T*GEITZ9 STEP(TZ) - EXp(-WB(T-TZ)) *.0

-1*1547*EXP(-O*SWa0(T-TZ)) *00
*SIN(O.860O250B(T-TZ)) OoO

9 KAL*COS(W*T) * KBE*SIN(WOT) # KGAOEXP
(-WB.T) - KDL'EXP(-O*S*WB*T)OSIN
(0;866025*WBOT - 1.047198) 4 KEPeEXP
4- #SOWB*T) *SIN (WB*T) *

DERIVATIVE FAST
MAXTERVAL MAXTI a 0.010
ALGORITHM IALG u 4
TF - INTEG(1*09 0.0)

----------------------------- CALCULATE INPUT TO XSFER FN
XINTEG a RSW(STPSIN9 ASSTEP(TZ), AOSIN(W*TF))

"---------------- .....----- ENUMERATE XSFER FN COEFFICIENTS
REAL P(9) , 0(4)
CONSTANT P a 8.SO812E4, 0 a 10 8 T.*416

9 38689 9 8.50812E4
------------------------------- NUMERICALLY INTEGRATE FOR FILTER OUiPUT"

TRAN(YINTEGaft 3, P. 09 XINTEG)

END S "DERIVATIVE"

Figure 29. (Continued)
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OERIVATIVE SLOWMwT
fl---------- --------------------w----------MY2RPEET APEITRA LENGTH

MAXTERVAL MAXT2 0 o*01
ALGORITHM IALG 4

*11~TS a INTEG(1*O, 0.0)
------------------------------------------ CALCULATE FILTER OUTPUT USING THE INV..

------------------------------------------ANl BILINEAR Z-TRANSFORM METHODS"
'Floof ----- ----- --------- -CHOOSE M-METHOD FOR IMPLEMENTING FILTERS"

LOGICAL MMTHD
CONS TANT MMTHO=. TRUE.

em-------------- ---------- ----,--INVARIANT FILTER
YINV = RSW(MMTHD, ZXSFRM(XZFER9 U; V)v BTRWTI(XZFER))

------------ ----------------------w--------BILINEAR FLE
YBILNR a RSWIMMTHO, ZXSFRM(XZFER, R9 S)t BTRWT2(XZFER))

PROCEDURAL (YANALStXZFER=)
IF(ZZFST(TZ).LTO.5)GO TO SN402

--------------------------------------- CALCULATE INPUT TO 2 TRANSFORM FILTERS "

* XZFEA a RSW(STPSIN9 AOSTEP(TZ)o A@SIN(W0TS)
---------------------------------------- CALCULATE THE ANALYTICAL VALUE FOR THE .

BUTTERWORTH FILTER
YANALS aRSW(STPSIN9 RSW(TS.GE*TZ* STEP(TZ) -. EXP(-W'(TS-TZ))...&

-1.154?*EXPE-@.50W(TS-TZ))*..
*SIN(O.866i25*W9.(TS-TZ)) o

f .0) so'
4 , KAL*COS(W*TS) # ,cBE.51t4(V.TS) * K6A*EXP

f-WBOTS) - IDL*EXP(-0.50W9*TS)*SIN
40.866025*WB*TS - 1.041198) + KEP.EXP .
t-@.5'WB*TS)*SIN (VB*TS

SN002ooCONTINUE
ENDS "PROCED04

END S '$DERIVATIVE"
DERIVATIVE RECORD

--------------------------w----- ----- SAI4PLE FAST ENOUGH TO SEE THE STAIRCASE...
IN YINV AND Y13ILNPII

MAXTERVAL MAXT3*0.002000I
e----------------------------- -UNSYNCHRONIZED EULER"

ALGORITHM IALG=3 'ESALSLCA TIEFR HS
----------------------------------------- "SALHLOLTIEFRHS

DERIVATIVE SECTION"
TR aINTEGfI.@, 0#0O)

cc-------------- ------- ---CALCULATE THE ANALYTICAL VALUE I QR THE *oo
BUTTERWORTH F ILTER

YANALR a RSW(STPSIN* RSW(TR.GE*TZ* STEP(TZ) -EP-B(R.Z).
-l .1S4?*EXP (-l*SOW8*(TR-TZ))***

*SjN(0.846ia5*WU*(TR-TZl) .. ,s

KAL*COS(W*TP) * KSE*SIU(WOTR) * K6A*EXP
f-WB.TR) - WOLEXPI-9.S*1WSOTR)OSKN

.4 .(W.6602S*WB*TR - 1.041198) *KEP'OEXP so
i- *5*WB@TR)*SIN (WBOTR) 0

cc------------------------------- RECORD THE DATA$'
*LOGICAL RECORD

CONSTANT RECORDnoF8LSEe
IF (RECORD)CALL ZZLOO

END S "DERIVATIVE"

TER*T (TtGT.TSTP)
END S "DYNAMICS

Figure 29. (LUontlnued)
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There are three DERIVATIVE sections: DERIVATIVEs FAST, SLOW and RECORD.
DERIVATIVE FAST contains the numerical integration of the continuous filter as

implemented in the ACSL TRAN macro. MAXTI is the maximum integration step size as

declared by MAXTERVAL; the RK2 algorithm is selected through the ALGORITHM
declarative statement; and TF, the local time for this DERIVATIVE section, is generated by
integrating a unit step function. XINTEG, the input to TRAN, is either a step or sine wave
depending on whether STPSIN is TRUE or FALSE, respectively. YINTEG, the output of

TRAN, is the Butterworth filter output. P and Q are the numerator and denominator
coefficients of the continuous filter as configured in Equation (1) of Section 2. TRAN is a
standard ACSL system macro [1].

In DERIVATIVE SLOW the digital filter responses are calculated. Instead of specifying
I integration step size, MAXT2 has a value that is equivalent to the sampling interval for the
digital filters. Setting IALG to 4 specifies the RK2 integration algorithm is to be used in this

DERIVATIVE section. The RK2 algorithm has no use in this section other than to verify that
ZXSFRM is working properly in a DERIVATIVE section employing a multi-step integration

algorithm. TS is the local time in this DERIVATIVE section. The logical variable MMTHD is

used to select one of two canonical forms, the M-method or the Rectangular method. YINV is

4the digital filter output for the impulse invariant method and YBILNR is the digital filter

q output for the bilinear method. XZFER is the digital filter input signal. YANALS, the
,analytical continuous filter response is calculated according to Equations (3) and (4) of

Section 2.

IF (ZZFST(TZ).LT.O.5) Go to SNO02

SNO02 ...CONTINUE

jumps over the YANALS and XZFER calculations unless the ACSL Executive is executing

the first minor step of the multistep integration algorithm. This code is implemented to ensure
,that YANALS and YINV and YBILNR and XZFER are synchronized in time, in order to
compare the phases of the transient response data. It is to be noted that the positions in time of

YINV and YBILNR correspond to a zero delay in the time between when the input is received
in the filters and when the output is calculated and sent out. This causes no problems inside a

digital computer but if these values were D to A'd to a continuous system ther'e is some
inherent lag which probably should be represented. Since the digital filter input and output

equations are calculated only at the front of a major integration step they will appear in line-
printer listings and plots to have a one time step delay. However, values for YINTEG,

YANALF and XINTEG do match correctly with output time values.
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DERIVATIVE RECORD is used specifically for recording data at a faster rate (without

changing CINT) in order to show the staircase nature of the digital filters as seen by a

continuous system. As mentioned above no time delays due to the time used for the actual

calculation of the filters, algorithms are modeled. Time skewing between digital filter inputs

and outputs is due solely to the intrinsic features of the filter algorithms themselves. YANALR

is the analytical filter output calculated in DERIVATIVE RECORD which is used in plotting

as a comparison with the staircase digital filter outputs. MAXT3 is approximately 2 msec

which will be the data recording interval. It is made slightly greater than 2 msec to make sure

the digital filters get iterated on the first minor step in DERIVATIVE SLOW before a data

logging action takes place. IALG is made 3 which corresponds to the synchronized Euler

integration (one DERIVATIVE calculation per integration step) for this section. If RECORD

is TRUE, a data logging action takes place through the call to ZZLOG

The simulation was run interactively on a CYBER 74 using ACSL run time commands

entered on a Tektronix console. Hard copy plots were generated along line printer listings.

The interactive session setup commands are given in Section 3. ACSL run time commands

that were used every session were put on a file. These commands are listed in Figure 30.

Discussion of this run time command file will center on the PROCED's as the other

commands are the same as those discussed in Section 3.

ACTION 'VAR'=0.039, 'VAL'=20, 'LOC'=NDBUG

causes a debug printing starting at 0.039 secs or thereafter with NDBUG=20. 'PROCED GO'

is much the same as that used in Section 3 with the addition of an ACTION 'CLEAR'

statement since only the first run is to have a debug printing.

'PROCED MSTEP' and 'PROCED RSTEP' configure the simulation for running the M-

method and Rectangular method implementations of the digital filters, respectively, for a step

:input. The analytical and numerical integration values of the continuous filter are always

calculated. Similarly MSIN05 through MSIN50 run the simulation with 5 Hz through 50 Hz

sine waves for the M-method implementation. RSIN40 sets the simulation up with a 40 Hz

sine wave input and the rectangular implementation method for the digital filters.

7 Hz is the only filter break frequency used in the following runs. Figure 31 through 33 are

generated by the following run time commands,

MSTEP

GO
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SET PRN=9
SET PRNPLTWJALSE., CALPLT=*TRUE., *TLCPL=.TRUE.
PREPAR TYANALSYANALFYJRTEGYINVYBILNRXZFER)(INTEGTSTF
PREPAR TTRoYANALR
SET DUNPu*T9
ACTION *.VARI.=O.039,,.vALI=20,"L0Cs.=NDeUG
SET TITLE(1)z-81S AUG 79-34D ORD BTRWTH-?HZ"I
PROCED 6O

N.' START
ACTION "CLEAR"
PRINT "ALL"*
DISPLY U#V9R9S S 19DISPLAY DIG FILT COEFFS"
PLOT "GXHIOIT
END
PROCED MSTEP
SET TITLE(4)v81STEP INPUT N-METHoD t

.4.,SET MMTHD.=TRUE.
SET STPSIN=*TRUE., TSTP=Oe5, CINTzO*@1#
END
PROCED RSTEP
SET TITLE(4)=2"STEP INPUT RECTANGULAR METHOD o

SET MMTHDO*FALSE*
SET STPSIN=*TRUE.9 TSTP=0,59 CINT=O.@1@
END
PROCED MSINO5
SET TITLE4"=SINE INPUT 9HZ. M'METHOD
SET MNTKDz.TRUE.
SET STPSIN=*FALSE., TSTPaI.@, CiNT=OUiOG WCPSz5eO
END
PROCED MSIN1@
SET TITLE(4)US'SINE INPUT 10HZ, N-METHOD o
SET MMTHDs.TRUE*
SET STPSIN=*FALSE.. TSTP=S*5, CgNTzO*010, WCPS=1O.@

* END
PROCED MSIN2@
SET TITLE('.0u"SINE INPUT 20HZ, N-METHOD It
SET MMTHDU.TRUE.

-SSET STPSINz.ALSE., TSTP-0.,9 CiNT=0601@, WCPS-2O0,0
TND
PROCED MSIM4@
SET TITLEM4W"SINE INPUT 40HZ, N-METHOD o
SET MMTHDu*TRUE*

A SET STPSIN=*ALSE., TSTP=0*4. CiNT=@01@,0 WCPSz4Oo*
END
PROCED RSIN40
SET TITLE4,u"SINE INPUT 40HZ, RECTANGULAR METHOD
SET MMTHD**FALSE.
SET STPSIN=*ALSE., TSTP=0*4, CiNT-0@1@, WCPS-4O.
END
PROCED MSIN47
SET TiTLE(4)u"SINE INPUT 47HZ, N-METHOD
SET MMTHDW.T*
SET STPSIN=*F!W, TSTPu6.5, CINT.*'.0149 kCPS=47.
END
PROCED NSIN5O
SET TITLE(41009SINE INPUT 96HZ9 M-NETHOD
SET MMTHD=*TRUE.

SET STPSINw.FALSE99 TSTPu$*4, CINTu@.@lS, WCPSaSO0

W CMi5d I S

Figure 30. A standard set of ACSL run time commands that were stored on file
INPUT.
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Figure31, Unity stop Input response for the bilinear and Impulse Invariant digital
filters with a 10 msec sampling Interval.
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N a a a63



o o o 17 AUG 79-3RD ORD BTRUTH-7HZ STEP INPUT
9o M-METHOD

€.5.

:..

o C3-, -
6- ;- 6- c

Q 0 0

00

5.

'S i HO .i .0 .004

.r. Figure 33. Plot of filter Input and resulting numerical integration and analytical filter
responses using a 10 mnsec integration stop size.
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%4,

PI.OF YBI[NR. YINV

P I() YANALS, YBILNR, XZFER, 'Hil'=2.

rP.0 YANALF, YINTEG. XINTEG, 'H'=2.

Figure 31 st.,ws that the two z-transform methods give essentially the same transient response

to a unit step. Figure 32 is a comparison plot between the analytical and bilinear filter values.

A. The bilinear filter leads the analytical filter response by about 5 msec. Figure 33 shows how

well the analytical and numerical integration responses compare. YINTEG is a bit low at its

peak amplitude but it has excellent phase matching. Special etiort was made to synchronize all

the filter implementations with their analytical responses. In the program, TZ was made

slightly less than 0.05 sec to ensure that the STEP macro went high at 0.05 sec. So observed

phase differences should be accurate and not a function of program calculations and 1/0

functions.

RSTEP $ GO

PLOT YBILNR, YINV

PLOT YANALS, YBILNR, XZFER, 'H'=2.

generates data using the Rectangular method canonical form. Plots are shown irFigures 34

and 35. The results are identical to the above where the M-method canonical form was used to

implement the digital filters. Thus both canonical forms give, as they should, the same digital

filter response.

SET RECORD=.T. $ GO $ PLOT YANALR. YBILNR

reruns the simulation and causes the data recording interval to drop to 2 msec which is used to

bring out the staircase nature of YBILNR as would be seen by a continuous system. YANALR
, is simply the analytical filter value updated every 2 msec. Although the digital filter actually

leads the analytical filter by about one-half of the digital filter sampling interval, Figure 34 a

continuous system would see a staircase function that is practically in phase with the analytical

*filter response. Of course, the delay in YBILNR, due to the finite time needed to calculate the

filter algorithm, has been neglected. To a continuous system a discrete filter signal in phase

with the continuous analytical filter signal would appear lagging in phase by one-half of a

sampling interval as shown in Figure 37.

MSINO5 $ SET RECORD =.F.$GO

PLOTYBILNR, YINV
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Figure 34. Unity stop Input response for the bilinear and Impulse Invariant digital
filters Implemented In the rectangular canonical form with a 10 msec
sampling Interval.
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4.

PLOT YANALS, YBILNR, XZFER

PLOT YANALF, YINTEG, XINTEG

runs the simulation with the 5 Hz sine wave input and with the M-method canonical form for

the digital filters. Figures 38 through 40 are generated from these commands. Figure38 shows

that the bilinear and impulse invariant digital filters compare quite well. Figure 39 shows that,

except for an initial lead transient of about 5 or 6 msec in the bilinear filter, the analytical and

bilinear responses are similar in amplitude and phase. Table I lists the amplitudes and phases

for all four filter representations. The analytical response is calculated in two ways:

-..

e From the analytical expression as t-- and

* From calculations based on the transient response data. The digital integration

method's amplitude and phase are also calculated based on transient response data. Bode plot

data for phase and amplitude are listed in the table. All phase and amplitude calculations are

based on expressions developed in Appendix B.

All three sources of data for the analytical filter's amplitude and phase give essentially the
same results. The closeness of the two digital filters' amplitudes and phases, as calculated from

transient response data, to both their Bode plot data and the analytical filter response can be

seen in the table.

Similarly the numerical integration form of filter implementation has an output whose

amplitude and phase match those of the analytical filter quite well as shown in Figure 40 and
Table 1. RECORD is set to TRUE in order to generate Figure 41 where the discrete bilinear

output is compared to the analytical filter as calculated every 2 msec.

Next a 10 Hz sine wave was input to the filters. Figure 42 indicates that the two digital filters

have similar phases but the amplitudes are now starting to differ because of the faster roll-off
of the bilinear filter. Figure 43 compares the invariant digital filter with the analytical

response. The closeness with which the digital filters match their Bode amplitude and phase as

well as those of the analytical response, can be seen in Table 1.

Figure 44 compares the numerical integration scheme with the continuous analytical filter
The phase match is quite good but the amplitudes do not correspond as well. Table I shows the

phase of the numerical integration scheme has about 4 degrees of lead over the analytical filter

and has approximately 16 percent more amplitude.
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i ;- Figure 38. 5Hz sine wave Input responses from the billneer and Impulse Invariant

digital filters with a 10 msec sampling Interval.
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A 20 Hz sine wave was used to drive the filters. Figure 45 is a comparison plot of the two

digital filters. Again their phases match and their amplitudes compare with their respective

Bode data as shown in Table 1. In Figure 46 the invariant digital filter is compared with the

analytical response. They are essentially the same after the first transient oscillation. Figure 47

and Table I show that although the integration method has 58 percent more amplitude than

the analytical solution it lags the analytical phase by only 7 degrees.

A 40 Hz sine wave input resulted in digital filter outputs as shown in Figure 48. Figure 49

compares the impulse invariant and analytical responses. Numerical values for amplitudes and

phases are shown in Table 1. Notice how the sampled input sine wave bears little resemblance

to its continuous counterpart. The sampled input essentially has two peaks that alternate in

time and the filter outputs have the same look. The filters' amplitudes and phases were

calculated from the larger of the two peaks (for example, points (3) and (4) in Figure 48 since

using low peak data (for example, points (1) and (2) in Figure 48) gave lower amplitudes.

Using points (3) and (4), Equations (B-6) and (B-7) in Appendix B give the amplitude as

0.00418 and the phase as -237 degrees which closely agrees with the Bode plot information

(Table 1). However points (1) and (2) should work as well but their values for amplitude and

phase are 0.00157 and -211 degrees respectively, considerablv different, given how well the

other data set matches the Bode plots. If the amplitude and phase derived from points (3) and (4)

are used to calculate points (1) and (2) we obtain approximately the correct values. Obviously

the amplitude and phase derived from points (I) and (2) will not generate points (3) and (4).

*Figure 50 is a plot of the analytical response and integration method output. 1 he integrated

output is about three times larger than the analytical response and lags it by 50 or 62 degrees.

The reason for the ambiguity in phase is discussed in Appendix B. The RK2 integration

method does not work well at the 40 Hz input frequency because of the 10 msec integration

step size. For a 40 Hz input an integration step of 4 msec would be more appropriate. However

the digital filters are still performing well at the 10 msec sampling interval.

Figure 51 illustrates the large spacing of the sampling intervals for the 40 Hz input frequency

"- *where the plotted variables, YANALS and YANALR, are the analytical filter response

calculated at a 10 msec interval and a 2 msec interval, respectively. In Figures 49 and 50

YANALS were plotted by drawing straight lines between data points rather than holding a

data point value until a new value was calculated.

For a 47 Hz sine wave the digital filters compare as shown in Figure 52. The sampled 47 Hz

sine wave looks like a modulated signal as shown in Figure 53 where the invariant and
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analyatical responses are also plotted. Figure 54 also contains plots of the invariant and

analytical responses but a bias is added to YINV to aid in comparing the two signals. In Figure

54 YINV appears to be lagging YANALS. However from Table I the opposite is seen to be

true. Thus the relative shifting of modulation peaks between signals is not an indicator of

which signal is leading or lagging the other. In general the digital filters are doing a good job

even though they are being updated at essentially the Shannon limit.

As would be expected the RK2 method of implementing the filter does not perform well at

the 10 msec integration step size, as can be seen in Figure55 and Table 1. Figure 56 illustrates

the sampling coarseness with respect to the 47 Hz frequency.

As previously discussed the values for amplitude and phase in Table 1, as calculated from

the transient response data at 47 Hz, were based on peak values.

STOP

BATCH, PRINT, PRINT, 3D, HDMDD

terminates the simulation and provides a line printer listing of the recorded data for all of the

simulation runs.

The Butterworth digital filters' transient response matched their Bode plot amplitude and

phase data very well. The impulse invariant response closely follows the continuous

Butterworth response over most of the frequency range of interest. In the region where the

exponentially decaying terms have sizeable values the transient responses of the digital filters
do not overlay the analytical filter plots but are indicative of the analytical response.

Amazingly enough the digital filters were relatively accurate right up to the Shannon limit.

The RK2 numerical integration implementation of the continuous filter showed an
excellent phase match and an adequate amplitude match with the analytical filter until, of

course, the input sine wave frequency became too large for the 10 msec integration step size to

handle. The R K2 algorithm actually outperformed the digital filters for a delayed step input-in

the important sense that it did not differ in phase with the analytical response.

A general purpose ACS L macro for implementing Z-transform filters (with zero l.C. 's) was

coded and tested. Details of the algorithm are discussed in Appendix A.
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APPENDIX A

MACRO CODE FOR ZXSFRM
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MACRO MACRO ZXSFRM(P9c3
MACRO REDEFINE Y9I9YIC9J9YP
MACRO RELABEL SNOOl ,SN@029SN@@3,SN@H,9SNOO5
MACRO ASSIGN N
MACRO MULTIPLY *
MACRO INCREMENT 044)
MACRO DIVIDE 0(3)
MACRO IF(N0)999
MACRO MULTIPLY 0
MACRO INCREMENT 0(4)
ARRAY Y( N)*YIC(N)
CONSTANT YIC=N*0*0
PROCEDURAL (P(1)8P(2) ,P(3) ,P(4))
IF(ZZFST(I)*LT*O*5)GO TO $NOSS
DO SNOOl IzieN
SN@@1..CALL ZZICS(YICJ?.Yl(I)
YP=P(2)
MACRO DECREMENT I
DO SNOO2 11,9N
MACRO INCREMENT I
SNOO2**YP=YP-P(4) (Iol)*Y(N-ib

YPZO*O
MACRO INCREMENT I
DO SNOO3 3.1.0(3)
SN003**YP=YP#P(31 (I)*Y (N-1)
P(l)*YP
MACRO DECREMENT 2
DO SNO04 Izl9N
SN004**Y(I)=Y(I.1)
SNOOS. .CONTIV4UC
END
MACRO EXIT
MACRO 999. .PRINT NUIMERATON GREATER THAN DENOMINATOR
MACRO END

Figure A. Listing of the ACSL code for macro ZXSPRM.
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Figure A is a listing of the ZXSFRM macro. Its intended use is the implementation of any
order Z-transfer function. The macro algorithm is based on the M-method canonical form of

the transfer function.

A standard call to ZXSFRM would appear in ACSL code as,

ZXSFRM (Y=X, R, S)

where y is the output of the filter; X is the input; R is the numerator coefficient array; and S is
the denominator coefficient array. The numerator and denominator coefficient arrays are in

ascending powers of (Z-).

Referring to Figure A, the statement

MACRO MACRO ZXSFRM(P,Q)

obviously does not correlate with the argument description discussed above. So the following
explanation is in order. P is an array containing all of the argument list variables in the call to

the ZXSFRM macro. Q is an array containing the first dimensional argument for each
variable in the argument list. For instance, if R is an array of 2 and S is an array of 3, P and Q
would be defined as follows:

P(I)=Y
P(2)=X
P(3XI)=R(I)

P(3X2)=R(2)
P(4X I)=S(I)
P(4X2)=S(2)

P(4X3)=S(3)
Q(l)=l

Q(2)=l
Q(3)=2

Q(4)=3

The 'MACRO REDEFINE..' and 'MACRO RELABEL...' statements define local variable
and statement label names. 'MACRO ASSIGN N' assigns the actual number of arguments

from the macro call to the integer variable N. N can be made to have any value desired through
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use of appropriate macro math operators. N aids in the generation of specific macro code in

ACSL when an ACSL program is being compiled.

MACRO MULTIPLY 0
MACRO INCREMENT Q(4)

MACRO DIVIDE Q(3)
MACRO IF(N=0) 999

MACRO 999..PRINT NUMERATOR GREATER THAN DENOMINATOR

is the code used to prevent the attempted implementation of Z polynomials where the

numerator order exceeds the denominator order.

MACRO MULTIPLY 0

multiplies N by zero.

MACRO INCREMENT Q(4)

adds the value of Q(4) to N. Thus N is now equal to the dimension of the denominator

coefficient army of the Z-transfer function.

ARRAY Y(N), YIC(N)

defines the intermediate state variable array Y (as for the M-method formulation) and the

intermediate state variable initial conditions, YIC. A PROCEDURAL block is used as there is

branching in the code,

PROCEDU RAL (P(I)mP(2),P(3),P(4)).
IF (ZZFST(I).LT.0.5)OO TO SNOW0

SNOOS..ONTINUE

mas the filter calculatio, to be skipped unls this is the rst minor step of a multi-tep

integration alsorithm. ZZICS is called to initialize the intermediate state variable array and to

also reset the array to its last values when the REINIT run time command is used,
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DO SNOI Il.N
SNOOL.CALL ZZICS(YIC(I),Y(I))

The intermediate state variable array (the (Z') M states) is solved as shown in Equation (8)
of Section 2,

Y P--P(Z)
MACRO DECREMENT I
DO SNO02 I=lN
MACRO INCREMENT I
SNO2..YPYP-P(4XI+ I)*Y(N-l)
Y(N)=YP/ P(4)(I)

where

Y(N)=M

The output of the transfer function is then solved by multiplying the intermediate states by the
numerator coefficients as shown in Equation (9) of Section 2.

YP-.O
MACRO INCREMENT I
DO SNO03 1-1, Q(3)
SNO3..YP-YP+P(3X)Y(N-I)
P(l)-YP

The intermediate state array, Y. is updated in preparation for the next calculation interval,

MACRO DECREMENT 2
*DO SNO4I-1.N

SNOO4.. Y(I)inY(I+1)
SNOOS.CONTINUE
END
MACRO EXIT
MACRO 999...PRINT NUMERATOR GREATER THAN DENOMINATOR



APPENDIX B

CALCULATIONS FOR OBTAINING THE TRANSIENT
RESPONSE AMPLITUDE AND PHASE OF THE FOUR

FILTER IMPLEMENTATIONS
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From Equation (4) of Section 2, the steady state value of the analytical response is

A cos t + B si .t (I

or

r (sin cos -ft + cos 4) sin't

- rsi (7Vt + )

where

['=the steady state amplitude of the filter output

0--phase shift of the filter output with respect to the input

4<0 is phase lag

*6>0 is phase lead

So

*-tan 1(T-)

where A and B are defined in Equation (4) of Section 2 and

r - A/sin 4) or B/('Vcos4) (112)

Due to the arbitrary quadrant location of the arctangent. function as shown below,

-~ +tan

-e tan (e6 nwr) -same value,
n Or 0,e1 2r
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the phase lag from the Bode plots and a corresponding rough measure of phase lag in the

transient response plots are used as justification for the choiceolo made. There are also certain
restrictions on 0. Substituting in (I) for A and B the actual terms,

(-'tan -1 (B-3)

u hich except for the 5 Hz=y case (-= 10.20. 40....1/) is always going to be less than zero.

Secondly the filter will have phase lag and therefore 4<0. Combining these two facts with the
k nowledge that 141<360 degrees leaves only two choices for 4: tan-'(...) or tan-' (...)-ir.

i. ic true analytical values for amplitude and phase can be determined. The Bode plot

.a1, thec 41l the four filters may be obtained from a modified version of the program in

110,1 3. I he amplitude and phase values for the two digital filters and the integration

method can be obtained from the transient response program data.

For a linear transfer function the steady response to a sine wave is another sine wave shifted

in phasv and changed in amplitude,

sin Wt => A sin (wt + 4) (B-3)

where, as noted above, 4<0 is phase lag and 0>0 is phase lead. For two arbitrary points Xi,

and X2, in the transient response output we have

A sin(wt1 + X) = 1  (B-4)

A sin(wt2 + X)) - 2 (B.5)

where from (4)
xI  (B-6)

- sin - 1  (i) - wt 1

Substituting (6) into (5) gives

A sin ( Wt 2 + sin- t) - x2
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Letting '-wt2-wt,,

A~n~ con(.in-' Xi-) + Co- tl
!- (,4)]

or

AA 26f.*~+

Squaring both sides and solving for A,

+ X2 _+ sin o Y + x2 (B-7)

where the + sign is chosen. As mentioned above there is a multitude of angles which satisfy (6).
Due to the arbitrary quadrant location of the arc sine function as shown below,

+ +sin

-1 ~ ~ 0 n:;w n
sin- (value) = SIGN 1180# 9) + 2nw- e

n - Or ± le ±_ 2, ...

the phase lag from the Bode plots and a corresponding rough measure of phase lag in the
transient response are used to aid in determining #. Again -360<0O so if 6 is calculated
positive -2ir is added to it and if #<O it can only have two values: # or -! 80-1 #.

Equation (B-7) is undefined when y, or *t 2 -it,, is a multiple of w. Other quirks in (7) were
found and are mentioned for the appropriate cases in Section 4. But evidently the problem
stems from the fact that Wt2-Wtl, cat also be interpreted as another Wst2*.o*t* as long as the
value of the subtraction remains the same. However the amplitude expression holds quite well
at the lower frequencies and for the purposes of this report were considered adequate. ti, t 2, X,

and X2 are judiciously picked near the end of the plotted filter responses to obtain
approximately steady state values.
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