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—— . The first and second moments, i.e. the coherent field and the two-point
two-time correlation function, are calculated for the acoustic fields
scattered from various rough surfaces. For each surface-ig;;ryield the
reflection, absorption and differential scattering coefficients, as well
as an equivalent boundary condition for the coherent field. Renormalized
coefficients are constructed to eliminate divergences at grazing incidence.
The results are specialized to surfaces which are statistically homogeneous
in both space and time, to surfaces which are not moving, to surfaces
which are simply or multiply periodic, and to surfaces consisting of
randomly placed bosses on a smooth surface. The surfaces considered are
slightly rough, moving, soft or hard boundaries, and flat surfaces with randam

admittances or impedances. The analysis is based on the regular perturbation

method or Born approximation., Comparisons with previous results are made.
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1. Introduction.

When a wave is incident upon a rough surface, it produces reflected,
transmitted, and scattered waves. The energy flux in each wave can be
determined by the transport theory of radiation. This éheory uses geo-
metrical acoustics to describe energy propagation, together with phe-
nomenological coefficients to describe refleéfion, transmission or
absorption, and differential scattering at the surface. However it does
not determine these coefficients in terms of the properties of the sur-
face and it does not describe the fluctuation and correlation properties
of the waves.

Several methods of analysis, based upon the wave equation, have been
devised to overcome these two shortcomings. We shall employ one of them,
the regular perturbation method or Born approximation, to calculate the
first and second moments of the field. These moments represent the
coherent field and the two-point two-time correlation function of the
field, so they yield information about ield fluctuation and corre-
lations. From them we shall obtain expressions for the various coeffi-
cients which occur in transport theory. In addition, we shall show that
the two-point two-time correlation function of the field can be expressed
in terms of these same coefficients,

Since the Born approximation has been used to analyze reflection by
rough surfaces, the present work may be viewed as a completion of that
analysis. It treats in a unified way four different cases: a nearly
flat soft rough surface, a nearly flat hard rough surface, a flat surface

with a small random impedance, and a flat surface with




a small random admittance. The rough surface is allowed to have a

small random velocity, and the random admittance and im-

pedance are allowed to vary in time. The first and second moments of the
field are obtained in all these cases, which has not been done before.
Furthermore the coefficients of reflection, etc., are modified or re-
normalized to eliminate divergences which occur at grazing incidence.

From the general results, more explicit ones are obtained for a
number of special kinds of surface roughness. First surfaces which are
statistically homogeneous or stationary in space and time are considered.
Then surfaces composed of bosses randomly located on a flat surface are
treated. These are the surfaces which have been studied extensively by
Twersky [ 1] using a very different method of analysis, so we compare
our results with his. In this way we are able to relate the results of
the perturbation method to those of Twersky's self-consistent field method.

A survey of the theory of scattering from rough surfaces together with

references, is contained in pages 54-73 of the review article by DeSanto [2].
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2. Formulation and solution in the nonrandom case.

Let Y(x,y,z,t) and ¢(x,y,z,t) be the incident and scattered acoustic
velocity potentials in a uniform medium of density p and sound speed c.
We assume that P is a given incoming solution of the wave equation near a
boundiné surface, while everywhere above this surface ¢ is an outgoing

solution of the wave equation:
@-chdhe=0. (1)

We shall consider four different boundary value problems for (1) and de-
note them a, b, ¢, d. The first two deal with a nearly flat, moving sur-
face z = eh(x,y,t). Here € is a small parameter and h is a given func-
tion.

Case a represents a soft or pressure release surface on which the

pressure vanishes,
pat(w +¢) =0onz=-¢ch, (2a')

Case b represents a hard or rigid surface on which the normal component
of acoustic velocity equals the normal velocity of the surface,

(3, - €hd, - ch 3 ) + ¢) = ch, (2b")

on z =ch .

The right side of (2') is an inhomogeneous or source term for the radia-
tion produced by the moving surface. We shall not consider this radia-
tion, so we shall investigate the homogeneous form of (2b'), which

corresponds to a vanishing normal component of acoustic velocity on the

surface.
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"f: In addition to non-flat surfaces, we shall consider the flat surface
; 2z = 0. Case c involves the admittance boundary condition
(ehat +c3 )W +¢)=0o0nz=0. (2¢)
) z
i,
" In case d we have the impedance boundary condition
(3,+€hed )@ +¢) =0onz=0. (2d)
The specific admittance in (2c) and the specific impedance in (2d) are
N both equal to ch.
N
8
To solve these four problems we first expand ¢ + ¥ in (2a'), and in
$I
N the homogeneous form of (2b'), in a Taylor series in z about z = 0, and
g
t: set z = €¢h to obtain
.'- ezhz 2 3
- [1 +ehd +=5—23  +0(c)]3 . (¢+¥Y)=0o0nz=0, (2a)
- z 2 z t
7 [3 +e(haz-ha-ha)+e2(-’ﬁ33-hhaa-hhaa)
y z z X X Yy 2 "z XX 2 Yy zz
(2b)
o 3
i +0()](@+yY)=0o0onz-=20.
]
.‘J
o
:-' Next we introduce the vectors p = (x,y,t) and s = (a,8,w) and the
P Fourier transform pair
\'
':.: -3 wipe
by F(s) = (2m) [ £(p)e P 5ep , (3)
R £(p) = J F(s)e'P %ds . (4)
.:'. We shall use the corresponding capital letter to denote the transform of
a a function represented by a small letter. When f(p) is real we have
:‘,: F(-s) = F(s) where the overbar denotes the complex conjugate.
N
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5 Upon applying the transform (3) to (1) we find that ®(s,z), the
W transform of the scattered field, satisfies
W 2 .2
4 [3° + k“(s)]®(s,2z) = 0 . (5)
X =
“~
.-“f" 2
! Here k™ is defined by
::€ kz(s) = mzlc2 - uz - Bz . (6)
2o
NN
7y The branch of the square root used in defining k(s) is
. 2 ,271/2
R k(s) = @) |t - LtBAPT" /)2 > o2 4 g2,
153 w/c -
1544 Q)
o = -i@® + 8% - o.\z/cz)l/2 » (w/e)? 5_32 -« 8%,
ks
i ~
s§§ The solution of (5) which is bounded at z = +° when k is imaginary,
\%\.
.:ﬁ: or which is outgoing when k is real, is of the form
L N
P b(s,2) = A (s)e k()2 (8)
RN We assume that the transform ¥(s,z) of the incident field has the form
*j ¥(s,z) = A, (s)elk(S)Z 9)
o 1
A
' From (8) and (9) we see that the propagating modes, those for which
\.
i (m/c)2 > az + Bz, are incoming in ¥ and outgoing in ¢. Similarly the
‘Sﬁ evanescent modes in ¢ decay with increasing distance z from the boundary,
" "
AN
432 while those in ¥ grow with z. Therefore the representation (9) of ¥ can-
I:' not hold for z arbitrarily large if it contains evanescent modes.
E
4 The amplitude Ai(s) in (9) is supposed to be known while the ampli-
..\:
j:‘ tude As(s) in (8) is to be found. To find it we apply the transform (3)
o
N{‘
~
N
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fd
Li
a L]
3"
‘\'.‘\. LY

S SO



...............

to the boundary conditions (2a,b,c,d) and then use (8) and (9) in the re-

N sulting equations. In each case this leads to an integral equation for
i:% A (s). To solve it we write As(s) in the form
{:i 2, (2 3
.‘\-.
A ) = A0 s) + eaM (s) + 2a{P () + 0¥ . (10)
S
;}Q Then we use (10) in the integral equation, equate coefficients of
hiny
jiﬁg corresponding powers of €, and obtain equations for the determination of

A§0)’ Agl) and Agz). Next we solve these equations, as is done in
Appendix A for the soft boundary (case a).
e We can write the result (10) for As(s) in all four cases in the form

of a suitable linear operator L acting on Ai' Explicitly we find
PR Ag(s) = [LA;1(s) = =+ {A(s)

+ 2¢ f H(s-s')m(s,s')Ai(s')ds’

11
:;;‘ + Zez J H(s-s')m(s,s')

LN ' . IH(S"S")M(S',S")Ai(s")ds"ds' + 0(&3)} .
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In (11), H is the transform of h, The function m

e
’

and the choice of sign are listed in Table I for the four cases. This
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result (11) gives the Fourier transform of the amplitude of the reflected
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wave for the deterministic problem.
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3. Reflection coefficients in the random case.

We shall now use the preceding results to treat the case in which
the function h(x,y,t), describing the admittance, impedance, or the sur-
face, is a sample function of a random process. This means that h
depends upon a parameter which is a random variable having an associated
probability distribution. Consequently, functionals of h, such as H, ¢,
¢, and As, are random and depend upon the same random variable. We per-
mit the incident field ¢, and hence ¥ and Ai’ to be either deterministic
or random. However, for the random case, we restrict our attention to ¥
and h, and therefore A; and H, which are statistically independent.
Without loss of generality, we proceed as if y and Ai were random, since
the deterministic case is the zero fluctuation limit of the random case.

The expected value or statistical mean value of a random field is
called the coherent field. We use angular brackets todenote the mean or
ensemble average. For example, <¢> is the coherent scattered field. Its

transform <9>, obtained from (8) and (11) by averaging, is

-ik(s)z

<d(s,z)> <As(s)>e

(12)

[<L><a,>] (s)e k()2

The average operator <L>, obtained by averaging (11), transforms a func-

tion F according to the rule

e et At A
. ST TRE Lt




[<L>F] (s) = +{F(s)

.‘J"\
N
2N + 2 I <H(s-s')>m(s,s')F(s')ds’'
,‘ 2-;2’ (13)
AT + 2:-:2 ” <H(s-s')H(s'-s")>m(s,s')m(s"',s'")F(s'")ds'ds"
’3’{
Ay
N + 0N .
o
', - We note that only second order moments of H and h are required to compute
LAY
(R0 the coherent field when we neglect 0(c’).
o The average of the scattered amplitude simplifies significantly if
1-‘:\
i:,: the process h is statistically second order stationary in space and time,
T ; i
NN This means that <h> is a constant, h,, and the two-point correlation r of h
] depends only on the difference in arguments. Therefore, we have
SN
s
.3:-;3
.
e
AT
‘A
£t <h(p)> = h (14)
E \'.'.': P (|
A3
AN 2
<h(p + p')h(p')> = x(p) + h; . (15)

These equations imply that the first two moments of the transform H are:

<H(s)> = hys(s) , (16)

<H(s)H(s')> = R(s)8(s + s') + hgs(s)é(s') . a7




Here R(s), the spectral power density of h, is the Fourier transform of

the auto-correlation function r, and § is the Dirac delta function. The
function R(s) is a positive, even, real-valued function of s,

Substituting (16) and (17) into (13) yields:
3
<L> = C(s)I + 0(c”) . (18)
Here I is the identity and C(s) is given by

C(s) = 1{1+ Zehom(s,s) + Zezhozmz(s,s)

(19)
+ 2¢? f R(s-s')m(s,s")m(s' ,s)ds’ + 0(c>) } :
From (12) and (18), we see that C(s) is the ratio of the coherent
scattered amplitude to the coherent incident amplitude
<Ay (5)> = C(s)<A, (s)> + 0(®) . (20)

Thus C(s) is the reflection coefficient of the surface. It is given in

Table II for the four cases, based upon (19) and Table I. If the incident
wave is a plane-wave, (20) holds for the actual wave amplitudes, as well as
for the transformed amplitudes. Hence, C(s) is also called the plane wave

reflection coefficient.
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4. Second moments of the acoustic potential.

We now use the previous results to evaluate y, the second moment of

the total acoustic potential. This two-point, two-time autocorrelation

of Y + ¢ is defined by
Y(x,X) = <[P + ¢1(X + x/2)[p + ¢] (X - x/2)> . (21)

Here X = (X,Y,Z2,T) is the midpoint of the two points at which vy is
evaluated and x = (x,y,z,t) is the difference between the two points.

The transform of y with respect to (x,y,t) with transform variable

s (a,8,w), and then with respect to (X,Y,T) with transform variable

= (a,b,w) is denoted by ' We have from (8) and (9)

£
1

I'(s,q:2,2)

<[¥ +2](a/2 + s,2 + z/2)[¥ + ®](a/2 - s, Z - 2/2)>

Bii(s,q)expi{+ [k, + k 1z + [k, - k_]z/2}

+ Bis(s,q)expi{+ [k, - k]2 + [k, +k_]z/2} 22

+ Bsi(s,q)expi{- [k, - k_ ]z - [k,_+ k_lz/2}
+ Bss(s,q)expi{- [k, + k ]z - [k, - k_]z/2} .

Here k,_ = k(q/2 + s).
In (22) the gmplitude correlations Bii’ etc, are defined in terms of

the scattered and incident amplitudes as follows:

B,;(s,a) = <A;(a/2 + s)A,(a/2 - s)> ,
B ;(s,a) = <A_(a/2 + s)A;(q/2 - s)> = <[<L>A;1(a/2 + s)A;(q/2 - s)>

= B, (-s,q) (23)
B (5,0) = <A_(q/2 + $)A (/2 - s)> = <[<L>A;](a/2 + s)[<L>A;](a/2 - s)>

+ <[L'A;](a/2 + s)[L'A[1(a/2 - s)> .




LN T T

The average <L> is given by (13) and the fluctuating part of L, denoted

L' =L - <>, is
[L'F](s) = + 2 J [H(s-s') - <(s-s")>Im(s,s')E(s")ds"

(24)
+ 0(82) .

Only the order € term of L' enters the computation of Bss’ provided we
neglect 0(53) terms.
The expression for the second moment simplifies when h is second

order stationary. Then (23) yields
B3 (5,@) = C(a/2 + 5)B,;(s,q) + 0(e3) , (25)
B,g(s,a) = C(a/2 + s)C(q/2 - s)B,;(s,q)
+ 4gt J R(s-s")m(q/2+5,q/2+s")m(q/2-5,0/2-5")B; (s',q)ds"
+ 0 . (26)
Further simplification results if the incident field Yy (x,y,z,t) is

statistically second order stationary in the variables x, y, and t. For

this case, we have:

B;j(s,a) = I.(s)é(q) , (27)

where Ii(s) is the intensity of the incident field. With (27), equations

(25) and (26) become

By; (5,a) = C(s)I,(8)8(Q) + 0(e%) , (28)

Bys(s,) = I_(s)8(a) + 0(”) . (29)

T
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Here Is(s), the intensity of the outgoing field, is defined by
2 -2 ] ] 1 3
Is(s) = [C(e)|"T,(8) + Kk “(s) | o(s,s")I,(s")ds" + O(e7) . (30)

In (30), we have introduced the important quantity o(s,s'), the differen-

tial scattering coefficient:

a(s,s') = 482k2(s)R(s-s')|m(s,s')|2 . (31)

The scattering coefficients for admittance, impedance, soft, and hard
boundary conditions appear in Table III. Since R > 0, we note that g > 0.

The physical interpretation of Is(s) is evident from its definition
(30). It consi§ts of the incident intensity function Ii(s) multiplied by
the absolute square of the reflection coefficient for wavevector s, plus
the integral over the contributions from the incident waves with wave-
vector s' which are scattered from s' to s. Thus it represents the sum of
the reflected and scattered intensities with wavevector s.

By using the results for stationary processes in ( 22), and again

making use of (7}, we obtain the following form for T:

ik(s)z 2ik(s)Z

I'(s,q52,2) = §(q)[I;(s)e + C(s)I;(s)e

-2ik(s)zZ -ik(s)z] . 0(63) )

+ C(s)Ii(s)e + Is(s)e

w/e)? > a? + 82,

(32)

2ik(s)Z ik(s)z

= 8(q)[I,(s)e + C(s)I,(s)e

-ik(s)z -2ik(s)Z

+ C(s)Ii(s)e + IS(S)e ] + 0(53) ’

(w/C)2 5_a2 « 82,
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The result (32) gives the Fourier transform of the two-point two-

L g
.
'-"n

time correlation function of the total potential ¥ + ¢. It applies when

the function h and the incident field Y are both statistically homogeneous

R A

with respect to x, y and t. In particular it holds for a time-harmonic
plane wave with a random phase which is uniformly distributed in the in-
terval (0,27). It also holds for a non-random time harmonic plane wave
provided that the averages denoted by angular brackets are interpreted to
mean stochastic averaging and time averaging with respect to T. From
(32) we see that the total potential is second order stationary with
respect to the midpoint coordinates X, Y and T, but not with respect to Z.
The corresponding result for the scattered field alone is given by

the term in (32) proportional to Is. Denoting it FSS, we have

-ik(s)z 2

s 0, we?tsa®sp?,

Fss(s,q;z,z) I.(s)8(q)e

-2ik(s)Z 2

s 0, @) <a®+p?,

Is(s)s(q)e

This is the resu1£ for the Fourier transform of the two-point two-time
correlation of the scattered field in the stationary case. We see from
the expression (30) for Is(s) that in addition to the incident intensity
Ii(s), Pss involves only the magnitude of the reflection coefficient,
[C(s)l, and the differential scattering cross-section 0(s,s') of the

surface.
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5. Energy flux and energy density.

The energy flux vector j(X) and the energy density e(X) are defined

by

JX) = =030 + )T, + 6], (34)

e = (%R + 1%+ T+ 1% . (35)

From the wave equation (1) satisfied by ¥ + ¢ in a source-free region, it

follows that j and e are related by the energy conservation equation
an + VX'J =0, (36)

When ¢ + ¢ is random, the average flux <j> and the average energy
density <e> are defined by averaging both sides of (34) and (35). These
average quantities then satisfy the averaged energy conservation equation
{(36). They can be expressed in terms of the two-point two-time correla-
tion function v(x,X). This is shown for <j> by the following chain of

equalities:

<j(X)>

-p{<a, [ + S1(X)+T [V + 61(x)>},
= -p{afviy(x B x,%{x ¥ x])}x=x
= p[(d 200 - Loy X)]

t "7V T2 XYM oo

= P03, - 33TV o . (37)

The last equality of (37) is a consequence of the evenness of Yy in the
separation vector x. A similar analysis yields the energy density at the

point X:
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2

ce()> = - 3ol[c7?@2 - 30 + @4, - 78IV N} (38)

When h and ¥ are statistically stationary in x, y and t, then Y is
independent of X, Y and T, as we have just shown in the previous section,
Therefore from (37) and (38) it follows that <j> and <e> are functions
only of Z, Then the averaged form of (36) reduces to 32< jz > = 0, which
shows that < jz >, the z component of <j>, is constant. By using (37)
for <j> and evaluating the right side at X = 0, we can write this result

as

<jz(x)> oatazY(0,0)

(39)

p J[ iwazF(s,q,0,0)dsdq .

The second equality follows from the definition of the transform I' of Y
at X = 0.
We now use (32) for T in (39) and then use (30) to express Is. Then

we can write <jz> in the form
<j, (x> = - I a(s)owk(s) I, (s)ds . (40)

Here we have introduced the absorption coefficient a(s) defined by

a(s) = 1 - [c(o)|? - J rraarrTylots' s’ + 0™y

>

W)t s ol g?
(41)
w' 3
= C*(s) - C(s) ‘7;7E?;7T]0(s',s)ds' + 0,

(tu/c)2 gaz « 8%,




]
2 + B 2, as is

The integrals are over the propagating modes, (m'/c)2 >a'
indicated by the symbol >. For propagating modes, (41) shows that a(s)
is that fraction of the incident energy flux which is neither reflected

nor scattered.

6. Renormalization,

Some of the main results we have derived contain singularities or
divergences which are physically unreasonable and mathematically inappro-
priate. Thus for example, the reflection coefficient C(s), the scattered
intensity Is’ and the absorption coefficient a(s) all become infinite
for the hard boundary at k(s) = 0, which corresponds to grazing reflection
or scattering. This is shown by case b in Tables II and III. Furthermore
0(s,s') becomes infinite for the soft boundary at w = 0, as is shown

in Table III, case a.

Multiple scattering beyond double scattering, which has been
ignored in the present analysis, is the mechanism which makes the physical
coefficients finite. Mathematically multiple scattering corresponds to
terms of higher power in €, all powers of which must be included to obtain

finite results. Such terms are taken into account in certain other methods
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of analysis, such as the smoothing method and the equivalent method
of partial summation of the power series in €.

We shall describe another method for eliminating the singularities
and obtaining finite results which are physically meaningful. It is
based upon representing the reflection coefficient C(s) in the following

well-known admittance-impedance form:

1+ Q(s)

€ =+ T9G) -

(42)
We choose the sign as in Table I. To determine the function Q(s) we
require that the power series expansion of C(s) given by (42) agree

with our previous result (19) up to 0(53). This yields

Q(s) = ehom(s,s) +el I R(s-s")n(s,s")m(s',s)ds’ +0(€3) . (43)

The value of Q(s) for each of the four cases is showm in Table IV.

We shall call (42) the renormalized form of C(s). It does not
have the defects of the unrenormalized form (19). The appearance of the
denaminator Il-Q(s)lz in (41) when (42) is used in it, suggests that we

should renormalize o(s,s') by writing

4e*R(s-8") |m(s,8") [ X (s)
11-qis1) |2

0'(993') = (44)

This form of ¢ is also free of the defects of the unrenormalized form (31).

When the renormalized C and g are used in the expression (41), it yields
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the renormalized absorption coefficient a.

S The renormalized expression (42) for C suggests that the coherent

Y field satisfies an admittance or an impedance boundary condition on the
mean surface. To show this, we define the effective specific admittance of

the surface to be Qn(s)ck(s)/w, and we denote its inverse Fourier transform by

- n(x,y,t). The sign is as in Table I. Then we consider the boundary
na
y condition

5. .

:\ caz<w+¢> + (2m) n(x,y,t) * d <ite> = 0 on z = 0, (45)
N

el

iﬁ- Here * denotes convolution in x, y and t. This boundary condition

:*: yields exactly the plane wave reflection coefficient C given by (42).
p.

:1: Alternatively we can introduce the reciprocal of the admittance,
&,\ which is just the effective specific impedance of the surface,and is given
’

S -

.&é by Q*l(s)m/ck(s) . We denote its inverse transform H(x,y,t). Then
- %

:::' instead of (45) we write

-'t‘ 3 .

wy 3, <h+d> + c(2m) u(x,y,t) * 9 <b+d> = 0 on z = 0. (46)
LY

g |

YW N

Again (46) leads to (42). The value of (45) and (46) is that they can

-
3
[

be used for a rough surface which is not nearly flat, provided that its

|" .i.’ 'y

radius of curvature is large compared to the correlation length of the

roughness and to the wavelength,

n
a

SAA,
AN

There are plane wave solutions of (1) which satisfy (45) or (46)

with no incident wave, and which decay with increasing distance z away

X

i

from the surface., Substitution of a plane wave into (45) or (46)
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yields the condition Q(s) = 1. This shows that such waves correspond
to poles of the renormalized reflection coefficient C(s) given by (42).
The roots of Q(s) = 1 have been examined for the hard surface, with Q(s)
given by case b in Table 1V, by Wenzel ( 3 ), and for this and other
cases by Watson, Stickler and Keller ( 4 ).

The renormalization method is arbitrary in the sense that the form
(42) of C(s) 1is postulated. Once this is done however, the value of Q(s) is
determined through terms of order 62. Similarly, the form (44) of
0 1is specified. As a consequence the renormalized absorption coefficient
for motionless hard and soft surfaces vanishes through terms of order

€2, instead of vanishing identically.

7. Embossed surfaces and Twersky's theory

Some rough surfaces can be viewed as flat surfaces with random collections
of bumps or bosses glued onto them., This is the model of a rough surface
employed by Twersky [ 1 ] in his extensive investigations. Because it is
so different from that employed in the application of regular perturbation
theory, the relation between perturbation theory and Twersky's theory has
never been adequately explained. We shall explain it by applying our results
to embossed planes and then comparing them with Twersky's results. In doing
so we shall extend the model to moving surfaces by permitting the bosses
to move.

We begin by writing the equation of the surface as 2z=¢h(x,y,t) with

N
h(x,y,t) = E;; b[(x—xi)cose - (y-yi)sinei, (y-yi)cose + (x—xi)sinei]. 47)

Here b(x,y) determines the shape of a single boss located at the origin,

and N is the total nmumber of bosses.
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All of the bosses are of the same shape, the ith one having been rotated

)

»éjnJ through the random angle 6i and translated to the random position r, = (xi,yi
.‘I

.;{§ at time ¢t. Thus the statistics of the surface are specified by the

joint probability distribution of all the r, = (x ) and 9 which

1271 1°
are random functionsg of t, However for our purposes it will suffice to

specify the probability distribution for one or two bosses at two times,

which we shall now do.

:i:f Let us denote by pZ(ri’ei’t; rj,ej,t') the probability density for

:§£§ boss i to be at r, with orientation 6i at time t, and for boss j=z1i

23?? to be at rg with orientation 63 at time t'., Similarly let pl(ri’ei’t;
;. :i,ei,:') be the probability density for boss i to be at r, with

orientation ei at time t, and to be at ri with orientation 6; at
time t'. For distributions statistically stationary in space and time, these

densities must have the forms

' r, and r, in D, (48)

.‘2 ! ot
P, A wz(r r',t-t ,ei,ej 1 j

1]

P - A-lwl(r -r',t-t',ei,ei) r, and r'

] N g in D. (49)

Here D 1is the domain throughout which the bosses are distributed and A
is its area, Ultimately we will let D become the whole plane with A
and N tending to infinity with a fixed ratio N/A =v, Thus v is the

average number of bosses per unit area.

To calculate <h>= h0 we need the probability density for particle i to

be at r, with orientation 61 at time t, which we can obtain by setting

t=t' 1in p,- From the definition of p, 1t follows that at t=t', w, in

' = - ' -
! 0,91,91) G(ri ri)G(ei ei)f(ei), for r

4

(49) must have the form wl(ri-ri, {

~ %
I

in D. Then from (47) we get

'~y
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-1
= <h> = =
h0 h NA~ Jjjb dxidyif(e )de J f(ei)dei wo. (50)
D
Here bi(r) is the summand in (47), and v, the integral of b with respect

to x and y, 1is the volume of a boss. Next we use (47)=(49) to calculate

r(p), the auto-correlation function of h, as follows:
]
0D
2 2

' ' -
j)]bi(r+r )bj(r )dridrjdeidej vv© o,

J[vzw (Fy=r;2€,8,,6.)

r(p) = <h(r+r',t+t')h(r',t')>.. = ;

ey

(51)
+ vwl(ti-rj,t,ei,e
From (51) we can calculate the spectral power density R(s), which is

the Fourier transform of r(p), by noting that the integrals in (51) are

convolutions with respect to r, and r,. Then we obtain

i h|
2r2mw
R(s) = (2m)* f J [vzwz(s,ei,ej)+vw1(s,6 0,018, (a, )5, (=, B)deidej-vzvzé(s). (52)
00

where Bi(a,B) = B[acosei + Bsinﬁi, - asinei + Bcosei]. Here B 1is the two
dimensional transform of b(x,y). The results (50) for ho and (52) for
R(8) can be used in (42)~(44) to get C and O,

The integrals in (52) simplify when the bosses are similarly aligned,
when the bosses have uniformly distributed orientations, and when they are

axially symmetric. For example in the first case, when all the bosses are

permanently aligned in the direction 6 = 0, we take wk(s,ei,ej) -
ﬁk(s)a(ei)a(ej), k = 1,2, Then (52) becomes
R(s) = (2n) [V, (a)4vi, ()] [B(0,8) |% = vEr%s(a) . (53)

We shall now compare our results for an embossed surface with an old

.5“9?
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— result of Twersky [ 1]. His results apply to permanently aligned bosses,
LN so we must use (53) for R(s). He also considers small number density V,
r'\j so we must omit the VZ term from (53). Furthermore his surfaces are not
Yo, m;ving, S0 we must set (2ﬂ)2§l(s) = §(w). With these simplifications, (53)

[ g V. becomes

-
R(s) = (2m)2v|B(a,B) |28 (w) + o(vd) . (54)
N When we use (54) and (50) in (43) and (44) we obtain

j‘:E Q(s) = svvm(s,s)+€2(2ﬂ)zv J IB(a-a',B-B')Izm(s,s')m(S',S)G(w~w')d8'
, 3 2 (55)
+ 0(e™) + 0(vY)

Nl o(s.8") = 4e2(2n)2v|3(a-a',8-8')|§|m(s9s
|1-q(s") |

2.2
Dk (s) 5(w—w')+0(€3)+0(\)2) (56)

“
Na

In Appendix B we calculate to second order in ¢ the scattering

l'
Y

' &

amplitude £f(u,e) of a single boss on a plane, for the incident wave

2

- 5

vector e and the scattered wave vector u . We shall denote the result

>,

fB because it is the second Born approximation. It is given by (B6). 1In

terms of fB’ we can write (55) and (56) in the forms

s

S &y
]
.’k‘\ &

(X3
NS
T

vﬂfn(a,e)
Q(s) = (N/C)k(S) (57)

‘s \’\..‘n"-.'\“\‘.” \
LI S I Y IR )

NN
A

2
S(uw=w') . (58)

0(s,8') = —— * if(u’e)

/)2 11-Q(sh)

18

(L

Here & = (el,ez,-e3), while the relation between s and s', and u and

5"' I,'J .

B .A .l .l .' 'I‘ﬁ

e 1s given by (B7) and (B8).
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These results (58) and (59) are of exactly the same form as those
in the abstract of Twersky [1] with fB instead of the exact
scattering amplitude f. Therefore the present results for the renormalized
reflection and differential scattering coefficients reduce to those of
Twersky when they are specialized to hard and soft embossed planes in
which the bosses are permanently aligned, not moving, and of low number
density. Then they yield Twersky's results with f replaced by fB.
When fB is not a good approximation to f, as is the case for bosses
high compared to a wavelength or bosses having steep slopes, Twersky's
results are more accurate than the present ones. However the present
results include surfaces which are not embossed planes, which are moving,
which may have impedance or admittance boundary conditions, and which can
have a high density of bosses, In addition they yield the two-point two-
time correlation function of the field, not just the coherent field and the
intensity.

Twersky [5 ] has extended his theory to non-aligned bosses and to

surfaces with a high density of bosses. We plan to compare the present

results with these newer results of his.




Appendix A. Solution for A{)(s).

To find As(s) for the case of a soft boundary, we take the Fourier

transform of (2a) to get

iwf[®(s,0) + ¥(s,0)] + ie j H(s-s')w'[azé(s',O) + BZW(s',O)]ds'

.2
+ &J H(S-S') J H(S'-S")w"[ai@(S",O) + 32“1’(5",0)]d$"d5'

- | roe®y=0. (A1)
Then we use (8) and (9) for AS and Ai in (Al) and obtain

i im[As(s) + Ai(s)] + € J H(s-s')m'k(s')[As(s') - Ai(s')]ds'
Nh ie? 2
et - _5_'J H(s-s') I H(s'-s"Mw"k“(s")[A_(s") + A,(s")]ds"ds"®
SRR S 1

3
. + 0(e”) = 0. (A2)
Now we expand As in powers of € in the form

) A(s) = Ago)(s) . eAgl)(s) + azAgz)(s) + 0>y . (A3)

Upon using (A3) in (A2), and equating to zero the coefficient of

each power of €, we get the equations

A

iw[Ago)(s) +A ()] =0, (A4)

v
N ':-'-*

Ky
I

iwAgl)(s) . f H(s-s')w'k(s')[Ago)(s') - A (s)]ds' = 0, (A5)

S 1
AN E

10A@ gy + k(s AP (s1)ds?
iwA "/ (s) J H(s-s'Jw'k(s')A_""(s')ds (A6)

'. s-l‘ L}
-

- %I H(s-s"') I H(S'-S":m"kz(sn) [Ago)(s") . Ai(s")]ds'ds" =0.
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'f:ﬁ From (A4) we get
el

-4 0)
{: Al (s) = -A.(s) . (A7)
o, -, S 1
A
A Then (AS5) yields

o

\ (1) = 231 t ' 1 '

! As (s) = 2iw H(s-s")u'k(s )Ai(s }ds' . (A8)

;?- Next (A6) has the solution

3 (2) = -1 ' " ' " " A9
. AT (s) = -2 H(s-s")k(s') | H(s'-s")a"k(s")A;(s")ds"ds" . (A9)
AR

\.:

T;: By substituting (A7)-(A9) into (A3) we obtain the expansion of
A

S

N As(s). This solution is of the form (11) with the minus sign,

b4
YO and with m(s,s') = (iw'/w)k(s').
<
S
W Appendix B. Scattering Amplitude
\

s We consider a boss located on the xy-plane and insonified by an incident
i:t plane wave in the direction of the unit vector e = [el,ez,e3], where e, < 0.
.%i The incident field is given by

.l*‘

-‘:.

V) Y(x,y,2z,t) = exp[(2mi/A) (e, x+e, y+e,z~ct)], (B1)
o 17727773

.r::

M;; where A 1is the wavelength. The scattered field ¢ has the following expansion
Tag

;; for field points far from the boss

.:':;

fni
%?f P(X,y,2,t) = :exp[(Zwi/K)(e1x+e2y-e3z-ct)]t f(u,e) ho(Zn[x2+y2+22]%/X)'
e

A

o 2, 2 2%

N exp(=2mict/A) + O(\/[x"+y +2"1%) (B2)
B

@ . . .

DX The plus sign applies to a hard boundary and the minus sign to a soft one.
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The first term in (B2) is the specular reflection of an incident plane wave
from the xy-plane. The second term, which is the wave scattered from the

boss, is proportional to
hy(r) = exp(ir)/(ir) , (83)

and to the scattering amplitude f(u,e). Here u = [x,y,z]/[x2+y2+zz]l/2 is
the unit vector in the direction of observation,

If the height of the boss is small compared to a wavelength, and its
slope is small, then a Born expansion can be used to compute its scattering
amplitude. We denote the second-order Born approximation of f by fB. To
compute it we use the formulas given in Sec. 2 with the incident field
given by (Bl) and the surface shape h(x,y,t) = b(x,y). From the transforms

of these quantitites and equations (7) and (9), we have

Ai(s) = 6(a—2ﬂe1/k)-6(8-2ﬂe2/K)6(w+2ﬁc/A) (B4)

and

H(s) = B(a,B)8(w) . (BS)

We substitute (B4) and (B5) into (11) to get an expression for the amplitude
of the scattered field transform As(s). Then we obtain the transform of the
scattered field by using this result in (8).

We invert this transform for large values of ([x2+y2+zz]%/k) by using

the method of statiomary phase. This yields an expansion of ¢ of the form

(B2). Upon comparing terms, we get

fB(u,e) = 4ﬂ(m/c)k(s)°{sB(a-a',B-B')m(s,s')+€2[J8(a—a",6-6")3(a"-a',B"—B')

m(s,s")m(s", s')da"dR"} . (B6)

The right side of (B6) is evaluated with

Y R G T By S G N ot
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= [a,B,w] = (21/}) [ul’u2’-c] (B7)

and

[a',B",w'] = (ZTr/k)[el,ez,-c] . (B8)

In (B6), k(s) is defined by (7) and m 1is given in Table I for both the

hard and soft boundary conditions.
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. (a) (b) (c) (d) ;
Parameter Soft Hard Admittance Impedance |
* - + + - :

!

;

m(s,s') i(%'—)k(s') ik'l(s)[(“—é'—)2 - ot - 88" | Gorze)k"tes) (@/c) k(") f

TABLE I. The sign and the function m(s,s').

(a) Soft:  -1- 2ichk(s) +2[chk(s)]%+ 2¢%k(s) f R(s-s')k(s')ds"

(®) Hard: 1+ 2iehgk(s) - 2[ehgk(s)] 265 L(s) [Res-s K Les)

[(w/c)-0n'-8"] « [(w'/c)%-an'-88" ]ds"

w'R(s=s") 4o
k(s') |

2
(C) Admittance: 1+2€h0w/Ck(s)+2[Eho(x)/Ck(S)]2+ ge w J
ck(s)

2.2 , ,
(d) Impedance: -1- 2ehck(s) /w-2[ehck(s) /w] 2. 2= kaLS) J k(s )5gs—s ) 4er

TABLE II. Reflection coefficient C(s) through order ez.
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(a) Soft: 4e2R(s-s')(‘2—')2|k(s')IZkz(s)
(b) Hard: 432R(s-s')[w'/c)2 - aa' - BB']ngn kz(s)

(c) Admittance: 452R(5-s')(w'/c)2sgn kz(s)

(d) Impedance: 4e2R(s-s')(c/w)|k(s") | &3 (s)

TABLE III. Dpifferential scattering coefficient o(s,s').

(a) Soft: iehgk(s)-e’k(s) J R(s-s")k(s")ds'

(b) Hard: k%MﬂwﬁdGﬁmyyﬂdﬁﬂHWQAMH%H@VdAm“%ﬂa'

2
. . - ew w'R(s-s"') ds'
(c) @n_lt__ tance: Ehow/Ck(S) + czk(s) J kKGN S

22 , .
(d) Impedance: ehyck(s)/w + € cwk(s) I k(s )gg§-s ) 4!

TABLE IV. Q(s), which occurs in the renormalized reflection and scattering

coefficients, through order ez.
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