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ABSTRACT

A pertubation expansion is formulated for the three-
dimensional, nonlinear, acoustic-wave equation with dissipa-
tive term describing the viscous and thermal energy losses
encountered in a cylindrical cavity. The theoretical results
show that nonlinear effects in sloshing modes are strongly

suppressed.
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LIST OF SYMBOLS

phase velocity in the cévity
=V - 3/ot
(AP/eY o e-¢.

effective phase speed associated with a standing wave
at resonance

specific heat at constant pressure

kyt, propagation constant associated with a standing
wave

peak Mach number of the driven standing wave

= P - R : - @ ‘9§/3t = acoustic pressure

instantaneous and equilibrium total pressure in the
field

absolute temperature in kelvin

particle velocity

particle speed of the mth-oorder perturbation solution
infinitesimal-amplitude attenuation constant

temporal decay constant of a resonance

=(¥ + 1) /2 for a gas

=CP/CV, ratio of specific heats for a gas
instantaneous and equilibrium densities

velocity potential

=ZZ§, (angular) grequency at which the cavity is driven

(angular) frequency of a resonance
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I. INTRODUCTION

The topic of finite amplitude acoustic standing waves in
sloshing modes of a cylindrical cavity is interesting
theoretically, but development of the subject has not been
extensive. The purpose of this research is to present the

results of a power series perturbation approach to the

problem.
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IT. THE NON-LINEAR WAVE EQUATION

ﬁ ) A. GENERAL

X

bt It is well known [1] that for %/%and M« 1, where

- measures the fractional loss per wavelength and M is the peak
:Ez Mach number of the source, loss terms and nonlinear terms in
l%: the constitutive equations can be separately approximated with
Y the help of linear, lossless acoustic relations. The force
§E§ equation appropriate for acoustical processes in systems for
!?3 which gravitational effects are unimportant is

& U L Gy)U+sup =3LU (2-1)

] :'s.: 2 t

-

— -~
where (| =kl(j is the particle velocity, f’is the instantaneous

.

iﬁ density of the fluid, P is the instantaneous total pressure in
o

?: the field, and the operator l:symbolically describes those

e physical processes leading to absorption and dispersion. We
'Eé used two additional equations.  The first is the equation of
jﬁ: state for a perfect gas

E P = eY'—IT( (2-1-a)
o

i@ where r is a constant whose value depends on the particular
2% gas involved andlji is the absolute temperature in Kelvin.

... "~
o

»

The second is the continuity equation

'\
¢\
“*
“
L ]
“
~
E -‘i
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*V'[U“'S)U]: o (2-1-b)

where s = ( e-ec) / @ is the condensation at any point and e
is the equilibrium density of the fluid. If we ignore

rotational effects, then

"VE (2-2)

where § is the velocity potential. Combination of Egs.(2-1)-
(2-2) and the neglect of terms of orders higher then M2, MG*Lk),

and ( *JJDZ, yields a quadratically nonlinear wave equation,

s o U
QT+ % L)eav%faﬂﬁﬂv]

—

where C02=09P[;F) (adiabatic), p=acoustic pressure,bf=Cj.LJ R

¥ is the ratio of heat capacities, and

>

CO}DZ - C:Vz'_ %-E; (2-u4)

The left-hand side of Eq.(2-3) is the classical, linear wave

equation with losses pertinent to the system under study.
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The right-hand side can be interpreted as a forcing function
consisting of a three-dimensional spatial distribution of phase-
coherent sources.

In a second-order perturbation theory, this volume forcing
function is obtained from the classical(first-order) solution
P1 of the acoustical problem. The second-order perturbation
solution Py+P, describes the non-linearities P, resulting from
the self interaction of the classical solution Pj.

Higher-order perturbation solutions consider the interaction

of the nonlinear solution with itself, and the forcing function
is composed of products of both classical and non-linearly
génerated terms. Thus, if a system is driven at frequency w,
the non-linear term in Eq.(2-3) will force the existence of

all integer multiples MW of the driving frequeney and the full
solution must contain all harmonics of the input frequency.

In a closed cavity, each of those nonlinearly generated waves
whose frequency lies near the resonance frequency of a standing
wave of the cavity and whose assciated spatial function matches
that of the standing wave can be strongly excited [2] .

As far as the author has been able to determine, there has
been only one previous study of this system published in the
open literature. This was by Maslen and Moore in 1956 [3] .
Their approach resulted in a series expansion which did not

converge if the relevant nomal mode frequencies were integerally

&

Ca

3 related. Their interpretation of the quenching of the nonlinear
‘.

o

*; -
L] effect was based on the "scattering effect of the wall".
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We feel our interpretation based upon nonlinearally generatad
volume sources stimulating the allowed standing waves of the
cavity is more accessible and informative. Further, the
mathematical approach developed herein appear to avoid any
difficulties in convergence. Their conclusion that high
amplitude monofrequency transverse oscillations can exist is

consistent with our finding.

B. APPLICATION TO THE CYLINDRICAL CAVITY

The circular cylinder is provided with a "point" source of
sound. By properly positioning the cylinder with respect to
the sound source it is possible to effectively drive the
enclosed air into various modes of vibration. The rigid-
walled cylinder forces the component of particle velocity
perpendicular to each cavity surface to vanish at the surface.
The resulting steady-state solution to the linear wave equation

in cylindrical coordinates is

D1, Q. 3= At (R323) 5 (19 05 (Wmi®) Jn oy )

(2-5)

where J, are the cylindrical Bessel functions and application

of the boundary condition to the sides yields

) 4 = Jyn (2-5-a)
Ymm

Xy 10
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I where a is the radius of cylinder and |,m are the argumentc
o th .

\j3 of the exterema of the 7]~ Bessel function.

(': The nomal mode frequency is dependent on-%%zand 4%pnm s

J*if ' '
i % W

o z . ‘

[ , kN mm

- + - . 5-5-
b 'krfmn /{e}i Co (2-5-b)
AR

Lo

W . . ‘et .

i&f The standing wave well be identified by the ordered integers

o e :

e (n, m,‘l ) describing its spatial dependence.

W 1. Symmetric Modes

-

§$ The simplest waves in cylindrical coordinates are those
*\:\'
o . that depend only on the distance r from Z-axis, the gradient
) takes the form

~{

e

L 7 ’k 2

L ‘ /] = _— (2-6)
%y . /ﬁ} ;yt}

0
. s
.
. (-‘n‘
s Ta
e s
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JTa et

- where

. «
% ‘.
)
v - &
-’

Y =Ry

:.P:: (2—6-6.)
7

N and k=w/c is the wave number or propagation constant.

Eﬁ The Laplacian becomes

o z .

= v=’k2( st 57 ) (2-6-b)
., 9 -y -
i I

fﬁ: The suitable trial solution appropriate for symmetric modes is
w7

i; the linear solution(0, m, 0) of fregquency w

3
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e = M4 (

The velocity potential for this limit can be definéd as

%:—.(%‘;)Mj’o(g)ws wt (

]

-

and ™' /¢, is

I

|

—

= 4 M T4 cos wh=-4 M7t (

ol

Because we assume that the surfaces of the cavity are rigid
then at r=a the appropriate boundary condition is J,'=0.

"
Thus, we have —éa =J0m .

To generate the second order solution, we first note that

2

( QP;‘ ) = ';IZ M e (1= s awt) (:

Co
and

z ' Z._.z .
Uyt M T+ coszwt) g
Co % ‘ ‘
Next, the second derivatives of Eqs.(2-10) and (2-11) with

respect to time are

12




;\' c))z Z
= —z_’i M J'Czcgs Zint (2-12)
A
2 | & )\
2 .L.'_) _—_-<-,_Z—' ™M J. s <t (2-13)

>t G

Substituting Eqs.(2-2) and (2-13) into the first term of the

right-hand side of Eq.(2-3) yields

4

QZW\) IV} zCoS ZW‘t}( Ix- XJ-OZJ (2143

and the second term of right-hand side of Eq.(2-3) becomes

W;”z[(—Ifﬂ-sz- 3T -(Je - Jo s wt} (2-15)

since

AVARNES W ( Ix"joz) (2-16)

or

T = (T -0 (227

l?ﬁ?f.
]

With the use of Eqs.(2-14) and (2-15) we can write the right-

13
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hand side of Eq.(2-3) as

V4

v
— T

T F T AT T T 0T

(W)

105 LWt} (2-18)

and the appropriate inhomogeneous wave equation for the second

order perturbation solution is
z Px (lw)z Z\p_ | =—*_ T%_ 37T 4
(O EOE = ST T3 T
+J - (1‘4.‘)]?1 Cos zWE (2-19)

2. Non-Symmetric Modes

The non planar waves in cylindrical coordinates are
those that depend on the distance r from Z axis and the angle

§)from X-axis. The gradient takes the form

2

v:,%.(%_‘;a—i—@?%ag) (2-20)

where

CRMLDA e i D Bt et A e it
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and the Laplacian becomes

2

x _ p* 2{_ N | 2
v - 'k < 78‘ "3 9’3 + /‘a" 96}‘) (2-20-a)

The suitable trial solution appropriate to the forcing function

of frequency w for exciting the (n, m, 0) standing wave is

g‘Cg: M T («km}')cosmswl wt , 49{,,,,5 J:mn/d. (2-21)

where Jnﬁkr) is the Bessel function of the first kind and

order n. The velocity potential is approximated by

;‘E‘_—;(%) Mj;(ier)cwmgcoswt (2-22)

and U/ Co is

U _ M (kg T cosmg wsut —§ %EMMQCOWJC) (2-23)
Co
Thus,

(gé )z: M T cos’fns an® wt (2-24)

or

Y=1M o wt)(FrTE g) G

..........
; L TN e ; T T TN L NN T e T et L e et T A et A et e
- . -y = YUY P .. (O Y Y
PR LY PR PP S N AN A
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and

(.Lé‘_)z':i- [\/\ZO +0cS Kwt>[.'z_<j;‘:+ ]-n:.)-j-’;)ﬁj-ﬂﬂ «&s z*ng/l

(2-286)

and the second derivative of Egs.(2-25) and (2-26) with respect
to time is

z
< )

éi}(&%é?) =

~

+~|E

Mx:I:Cl“f'COélmg)C% Tt (2-27)

and

O s

&

+ [J—:— L%')JT;J o8 st } (2-28)

Substituting Eqs.(2-26) and (2-27) into the first term of

Eq.(2-3) yields

(_;L‘T)z M cos zwt i{:ﬂz‘f‘ (%)23:_ X:[“z]

+ [jj’n:._ (_'%_):k Iﬂz_ XI:J cs 218 } (2-29)
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(_Z\é\f_) Mzws Wt { 'Lz ]_’“fl +an-| ) mz]
- [ Imﬁj-fn-n +XJ—;]COS g } (2-30)
jf;z = 7‘*._ C .T'nzﬂ T jmti _zj%tj'_n-o ) (2-31)
and

1};_: Jn = 7}_— C j,',:' -‘i-:)j:_‘ + Z Jpu I ) (2-32)

In order to solve the second term of Eq.(2-3), we can use
T = ZW@(LZJ‘%:_;_LJ’:_‘—J‘; ) (2-33)
(T T cwsan§ = 2w (= Tpw ‘j:)wsz”ﬁ

(2-34)

Co1 vzj'nﬂjrnq oS zmg = ZW‘"( In; 3;/_‘ ___I:
~Jma Jox T I""'I“)COS zxmg (2-35)
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since

-~ 2

Jn +( )23—;"' T;,'QIr‘: + ]_’:—c) (2-36)

Qe.\s

NES SR

Thus, Substituting Egs.(2-33) through(2-35) into the second

term of Eq.(2-3) yields

covc =Y = MWCl—wsszL(zIM
*E',In: -&‘)*—(—Eh.]rlf{)cos :rns] (2-38)

and
| 2z 2 u' Z-__[- 2 2 /L *
AR (&) = 4Mw(l+wszwt>[z(n]—wz
"j:na “J—«nin + %j:w; "]:n: ) +(% 3::

£ £ TeonTe + Ty Jac Joas 206
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With Eqs.(2-30), (2-38) and (2-39) we can get the inhomogenecus

wave equation for the second order perturbation as

(CO+EL e WM (TR T

-

2 l z [ .
- -t‘f——];ﬁz -_ZI?‘.-L ) —f_?r-tz'j;?ﬂ-;-'

3 2 | e o
-z - = ez Jr ) €05 "‘"“5’}

7

4 (—:’_—w Mz cos Wt l[’ ;—bT"‘?z + zl?Tfr:

z z | 2 )
—(—2}—-‘51—)3\ +1Lj'n-q"'[[]:n—z/[

- (_Ql_jmz—jn-z. + —'z' I/‘nﬂ.]jn-t T (’%’

A

f
- DT ] cosarg

“(- : I. '.~ -V o -

. K - - . - . . -y 3 L. "~ oLt . .
LSRR B AN TR W T b T N

.

7/
»
e
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If we let n=0 in Eq(2-40), it reduces to Eq.(2-19), as it must.

A l‘ [}

LR

Substituting n=1 into Eq.(2-40) yields the equation with

b

-~

forcing term resulting from the (1, m, 0) sloshing mode,

vy

A
v

RN

(CO+20) s = G (33T F

' /
Il:.k‘-":.‘- 'l’ 4

- I3 -T 4 T+ =T

PN
l_.’. ‘. l. .. )

A,

— 27T, )ces 29} + %‘lelccs zuftg

\ |

-

RN LR
R R AR Y

A " _-_"-."\."‘.. 'n.‘ .3

~— (2-41)
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ITTI. METHOD OF SOLUTION

Recall that the equation with forcing term resulting from

the(l, m, 0) sloshing mode can be written as a function of

frequency,

2 2 i z e e T Z
%\D- M’ cos zwt [—-—llé—]_; -§-~%—:];- (J/— TE'U '1";'

L
e

and the left-hand side of Eq.(2-3) is

N

_,5_.

- Nz )
JzJz J—(Z_.é_U: ]0057“3} (3-1)

W

bik‘

2

Coz&z (_3_3_‘_,‘_ _":‘4“9—’3 9t‘+ . LJ (3-1-a)

If the harmonics of the frequency at which the cavity is driven
are not close to any resonant frequencies, we can ignore the

lossy term. So, Eq.(3-1-3) can be written as

2,2, 2 > Y B i
Gy

Let us assume that the solution of Eq.(3-1) can be expressed as

.?(f_: = Mzcos z,wt[um () [ (Y) s Zﬂf} (3-3)

NG
LN

-

v
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and define

_?1\/_ = [*’]’~ \/,,, (4ev) cos zm<§ ccs zut (3-4)
N @CE

and

Eemc?= Ml Ul (o) cos zwt (3-5)

Combinaticon of Eqs.(3-2) and (3-3) yields
‘_a_ _'i PR L, o
{ ) -('% - %) —j;_' \)’Y!-LJ (3-8)

and

.. | _ ';‘ijj:n—f _ (_)z:_ _ _j{)]’:ﬂ J (3-7)

4
O
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A. POWER SERIES METHOD

In order to solve the right-hand side of Eq.(3-7), we can

use the definition [u]

. Y+l _oe
T, M= (._L- < .
Ty P Tl z 1) =,
(- )% F(Vﬂ‘u*r,zia-‘rf)(‘/ii“wl
[CQV+r) [ (alrett) (Ve &

(3-8)

where r'(a-rl)zél

1. Coefficient

a. Substituting VY =4({= n+2 into Eq.(3-8) yields

/S

. 2n+
j%m(ﬁ)zQ%“g} Ez'
*9 o
(R e 2 [ (F )

[(mﬂuz,) /} (zn+k+4)! &!

or

2(THRTR)

j';z(/‘é): ﬁ Bm& (Lz/‘(w (3-10)
-£=0

where

)& (2m+z2kt )/
[(fYH-»k-rz) /JZ(M+&+4)! bl (3-11)

Bie =
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b. Substituting )Y = n+2,/(=n-2 into Eq.(3-8) yields

T Toal = (24"
£9

TR (i) ! ()

(r+8+2) | (m+h-2) | (o de)l 4!

| \“m‘f&)
Imz("é)]_'n-z,(’é Z Crﬂ& <—L4'§
where
[ ‘f'e 4 24 ) ’
C%&— ( |) (N+&+2) [ (m+k-z) ! @nb) k!
c. Substituting VY=n+l,{{=n-1 into Eq.(3-8) yields
S
jw("é)]-m—l(w' 77“4) Z
£0
2k
(——l)&(zmz’?a).’ (£Y)
(Mtder1) | (i) | (antd)! A

l(m& )

T () = Z Die (54)
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where

Y

D =(—l>& (2m+a2®)!
{ "R (k1) ! {omtde-) 1 (2mf)! !

d. Substituting Y={{=n into Eq.(3-8) yields

]; ()= (_Laﬁ’"zL) (Zﬂ*%)’ (% ‘4”

(nﬂa)’ i &Z’?‘-MZ)’ #l

"“’LI < '._’._' 2] 4

-

or

T )= Z Fp (E4) "

iV <R S

where

(am+2&) /!

-
- E’”"e ¢ ) [(fm-&)/ (et &)/ %!

e. Substituting Y=4(=n+l into Eq.(3-8) yields

;ﬁ N 2N+ o2
.‘% Inﬂ ("21):(%43) ;
(—i)‘&(zm-rz&-f-z) ! (-L“é )J‘k
“ [(’}Hiz-fl) J (znt4t2) ! | 4!

25

.

.l
.,
4-.
<,
L
Cad
-i
x

»:

)
2
’\
L

...........

(3-17)
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where
= (| )& am+ra2tt2)/
GFMQ \:(’?‘-Hhﬂ )/ T(m\ﬂ"a'rz)f ! (
f. Substitutingl=4{{=n-1 into Eq.(3-3) yields
2 ' w2 =
T =147 2
=0 5
, 2
cif(amat2) | (1)
(k) 1] Cerr-2) | ! ‘
2 oo o)
j:n—a (’H)ZZ H,,,&<}]~,'13) (
£
where

; H = £ (am+ag-2)!
"® [(”H«&-I ) !]l(rnm"a-z) | &l
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g. Substituting )=4{ =n-2 into Eq.(3-8) yields

T =Ty

£=0
NS )&(Z’“‘a&“‘)-{ (%'Q)Ak (3-27)
[(-’n-H’Q—z) !]z (ot —4)! !
Tnw=y G
=0
where

@ .=(—i5pz (:m-q—.z&’-zp) /
" [(’H'Pa-—z) ( ]~(a.fn+,k-4)_/{d (3-29)

2. Vply)

With the help of Egs.(3-9) through(3-29) Eq.(3-7) can

be written as

(i Zrr 45 -6 1 o

oA
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where

A = ¥y _ L .
T 2 2 (3-30-a)
and

-

Cz%i (3-30-b)
Now, let us assume that
ad 2(m+4)
/ _ ’ N
\/m(“ﬂ 4 % C(m&(z/'ﬁ) (3-31)

The first derivative with respect to y=-Rf can be expressed as

. d\y L o | g (3-32)
0{’3 % ;0 (M+4) Q'ue(/t‘”

and the second derivative with respect to y:ﬁr'can be expressed

as

s ‘s
'O S

2R

(k) (Mk- <) aw(é:‘é) (3-33)
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dyt f

Substituting Eqs.(3-31) through(3-33) into the left-hand side

MR

of Eq.(3-30) yields
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Eq.(3-34) must be equal the right-hand side of Eq.(3-30). Thus,

() k)@ e +On=~(F0x T Z DT A ws)

(3-35)

where k = 0, 1, 2, 3 cccoceecnn (3-36)
If Eq.(3-35) is substituted into Eq.(3-36), then Eq.(3-35) can

be expressed as

o +(';é_a")zc zn+1) C 1 ) a’niz'—(LQCm—r%Dﬂc—*- AE‘YEO>

Ly 1_(}_‘0:)2( Z+Z)( X) a«nf‘(‘é{m*‘%D«. + AEm)
One + (%) C2943)(3) Om=-(FCt Dt ALm)

L

L 4

‘. .
-y
o
.. -
.
'-'
‘I
)
L]
L]
A
.
.
L]
-
l- l"
'-“-.
)
1Ry .
L]
d ‘_-‘
e
.'..-...

Ot + (2T Gekr Y1) Onger <(FCoet £ D A Lot)

(3-37)
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The normal component of particle velocity is equal to zero on
the boundaries. From the application of the boundary condition

at the rigid boundary at r=a,

. ‘ 80 2R
(J\/fr = _4'_ Z (Y‘HQ)QW ( ) ™ =0 (3-38)
44 *0

P
Tda) = dT /d(4a)

Substituting Eq.(3-36) into Eq (3-38) yields

M Clmo <‘L‘) )Q’TH-{_ (1) Qm. WTI

where

! g -/1€M&ﬂ
+@ra) e <Jffjl)m3+ ot &) )

=0 (3-39)

3. Un(y)

With Egs.(3-9) through(3-29), Eq.(3-6) can be expressed as
s i)
[(—zli)z(% —3';35 't‘l] Um("j Z[ ' B,,,H(Jz“j)
_l_
4.

Gp, EP LA G

zc'n+&—1)

u"':
-y
)
*l
.’

*

J(M-L)J

+7;—_ Hm 4 ’° Jg@M

(3-40)
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where, as before, A = X'/2-1/8 and a = ?:E

Now let us assume that .
\ Ml? i 2(HE2) (3-41)
um(’ﬁ);'%"‘z znk(z."a)
=
The first derivative with respect to y:-&r can be expressed as

B = ) 2§ 42
a — -‘__Z (M+4-2) LM KJi’j )zrm (382

dAj _44@0

and the second derivative with respect to y=4ﬁrcan be expressed

as

Ju’: = i-icm&-z)@»ﬁ-%)m(ﬂ)% (343
d ”3 +&=0

Substituting Eqs.(3-41) through(3-43) into the left~hand side of

Eq.(3-40) yields
fave) 2 v z , —1("“‘9"&’3 )
& i(-;-w) 1k —4covie) b (59)
£
).-zcmf&-z)

_i_Lm&(-'z-;‘a (3-u1)

Eq.(3-44) must equal the right-hand side of Eq.(3-40).

Thus,
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+ %}__Hm'{{_. -_lfb_@”’& )-A Frie (3-45)

where&: 1, 2, 3 cececenns
If Eq.(3-45) is substituted into Eq.(3-36), then Eq.(3-45) can

be expressed as

oo ) (7 =2 by ==L,

b e (1= 1f bx =" ¢ OmtaHn

b + (&S (0T b =7 7F Qo t g Hn Al

by + (] (117 bt = 5 Gy T F Hu™ Bt 70

ot + () () by =77 @N#M*AEJ‘%@;&EW |

ba + (}',‘.;)l (1) Lm.-&ﬂ:: - _ll@ @m&-\—-}_— H, o Em“’% B_EB"H- |

- R ":
AN
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A
EACA
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(3-u6)
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Application of the boundary condition at r=a yields

, ‘ i = \ R ) ‘&"I“
: (Jr = Z (r+4-2) l:‘,,.g (z] )l * =0
dy |, 5%

14 A / ._&,0
where

Tka) = dJ/d (Re)

Substituting Eq.(3-36) into Eq.(3-u47) yields

At 213

@0 bao (£ P77 4 () b ()

L e
+ () bre Ciij')m-% (141 by (5])
kb
FERRR +(7++&-2)L¢(Jij) =
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IV. CONCLUSIONS

Recall that we can compute O«m from Eqs.(3-37) through(3-39)
and Egs.(3-14), (3-17), (3-20). Thus, with the use of Eg.(3-31),
we can get V_ . From Egqs.(3-46) through(3-48) and Eqs.(3-11),
(3-20), (3-23), (3-26), (3-29), we can compute qu . Thus, with
the use of Eq.(3-14), we can get U,. Therefore we can compute
Vn(y) and Up(y). Let us calculate the finite amplitude effects
resulting from the nonlinear distortion of a forced radial mode.
If we excite a(0, m, 0) mode and obtain the pressure at the
circumference, then'j'=4ama=J;n. Given this value of‘ﬂ , use
of Eqs.(3-14), (3-17), (3-20) give the quantities C, D, E.

From Eqs.(3-35) and (3-36) we can compute CL*.. Thus, we can get
Valy) from Eq.(3-31). Let us calculate the finite amplitude
effects resulting from the nonlinear distortion of a forced
sloshing mode. If we excite a(l, m, 0) mode and obtain the pre-
ssure at the circumference, then’g =‘k”a.=j;m . Given this value
of ﬁ , use of Egs.(3-11), (3-20), (3-23), (3-26), (3-29) give the
quantities B. E, G, H, 0. From Eqs.(3-45) we can compute Lhk .
Thus, we can get U,(y) from Eq.(3-41). Substituting n=0 at
radial modes into Vn(y) and Up(y) yields Vg(y)=Up(y). Therefore,
with the use of Eq.(3-3), we can get the solution of Eq.(3-2).

A. RADIAL MODES(0, m, 0)
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