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ABSTRACT
A linear theory for a gyrotroé“ﬁﬂb)has been developed and is presented

in this report. The theory solves a reduced one-dimensional Maxwell-Vlasov

equation in the form of a linear integro-differential equation using Laplace
‘transfarmation. The relative amplitudes among the waveguide modes and beam .
modes are completely determined and enable us to determine BWO oscillation
conditions.

A design is made based upon this analysis including velocity spread

effects. A several tens kilowatt power level gyrotron BWO may be possible

—

and find useful applications as rf heating sources in fusion devices and

as driving sources in high power gyrotron amplifiers. | FenTen For
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1.1

I. INTRODUCTION

The gyrotron has demonstrated unprecedented capability of producing
high power microwaves with high efficiency at high frequencies.1 Most gyro-
trons use a cyclotron maser instability (CMI) in a forward wave region
requiring external feedback and thus cavity structure. The rf field in the
cavity is well approximated by the cavity structure alone and thus the
theory is fairly well understood.2

A gyrotron forward wave amplifier operates in a waveguide without exter-
nal feedback. However, its gain (growth rate) is essentially determined
by one growing mode which can be determined by a complex dispersion rela-
tion alone, besides some uncertainty in the initial coupling of the beam
mode-to-signal. Up to this uncertainty the amplifier theory is also fairly
well understood.3

A gyrotron backward wave oscillator (BWO) operates also in a waveguide
but the electron beam itself plays the role of feedback. Due to its self-
‘feedback mechanism, a gyrotron BWO does not require an external feedback
structure and thus allows us to tune the frequency electronically. In this
case, at least all three backward propagating modes (two beam modes and one

waveguide mode) play equally important roles and thus their amplitude infor-

mation is essential as well as the complex dispersion relation. Previously,“

we have developed a linear theory which enables us to calculate the ampli-
tudes from boundary conditions. This solution of a boundary value problem
using Laplace transformation allows us to investigate the backward wave
oscillator which we will present in this report.

Conventional BWO requires a slow wave structure (usually, helical wire)
wvhich severely limits the power handling capability. Typically, a sweep

oscillator which uses a conventional BWO delivers a power level of a few
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tens milliwatt at 35 GHz.

A gyrotron BWG does not require any slow wave structure and thus its
power handling capability is no worse than the gyrotron itself (sub-umega-
watt level). Actually a gyrotron BWO operates far above cutoff while a
gyrotron operates near the cutoff and therefore the wall loss of the gyro-
tron BWO should be even smaller than the gyrotron. Also it is tunable
both by voltage and magnetic field while conventional BWO is tunable only
by voltage,

A backward wave oscillator is expected to be intrinsically less
efficient than a forward wave oscillator. This is due to the less favor-
able operating conditions with beam bunching in a strong field region and
power extracting in a weak field region. This handicap is compensated by
the wide band electrical tunability. Therefore, emphasis should be placed
on broad band tuning capability with wide band coupler design. This study

shows that a few tens killowatt level of Ku-band gyrotron tunable over

almost an octave range may be possible with an existing electron gun. Such

a device may find useful applications as a driving source to a gyrotron
amplifier or as a source in the study of rf heating of fusion devices.

As a source of gyrotron forward wave amplifiers, one may recall that
a high power amplifier usually operates at a low gain regime requiring
moderately high power source to drive it. As a source of rf heating of
fusion devices one may recall that heating characteristics are highly
dependent on the magnetic field, temperature,density of the fusion device
as well as the polarization of the rf field. The tuning capability of

gyrotron BWO may be invaluable to tune the frequency according to the

operating condition of the fusion device.
L Y




In this report we will present a linear theory of a gyrotron backward
wave oscillator. The beam is assumed to be a hollow gyrating beam from a
typical MIG gun, and the waveguide is assumed to be a rectangular waveguide.
Actually, a cylindrical waveguide has also been studied and the formulation
can be carried out in such a way that one-to-one comparis9n can be made 21l
along the calculation. The rectangular TER mode 1s chosen because of its

10

ease of mode control (no mode competetion up to an octave) and design of a
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wide band coupler. A test model of a coupler has been made and demomnstra-
ted wide useful band coupling capability within a few dB coupling loss over
an octave besides a couple of sharp lossy spikes.

In Section 2, we reduce Maxwell equations with an electron beam as a
source into one dimensional equations governing the axial growth behavior.
The reduction is possible under an assumption that a single waveguide mode
interacts resonantly with the beam and the result of interaction is mainly
growing or decaying of the mode axially with little modification in the

. transverse direction. Laplace transformation is performed to convert the
differential équations into algebraic equations with the boundary values
included explicitly.

In Section 3, we calculate the perturbed electron beam function from
the linearized Vlasov equations. With harmonic expansion, the beam modula~
tion can be written as hysteresis integral of the form (3.9) linearly pro-
portional to the rf field. Laplace transformation again helps to reduce
this integral into a product of two Laplace transformed functions.

In Section 4, the phase space integral is carried out to obtain the

induced current and thus the source term in the Maxwell equation. The inte-

gration is arranged in such a way that all the phase space integral can be

done for a "cold" beam and the velocity spread effect can be introduced

R
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1.4

afterward through "statistical average" procedure.

In Section 5, the source term is combined with Maxwell equations and
the resultant algebraic equations are solved and the inverse Laplace trans-
formation 1s performed to obtain the field as a function of z. The complex
dispersion relation is identified as a denominator of the integrand of the
inverse lLaplace transformation whose zeros determine poles. The residues
at the poles determine the amplitudes of each mode. For a cold beam, the
denominator is a quartic function giving four poles - two waveguide modes
and two beam modes.

In Section 6, the dispersion relation is analyzed in terms of scale
variables which enable us to compare the relative strength of beam coupling.
Eliminating the weakly coupled oppositely propagating mode , one arrives
at a simple approximate cubic dispersion relatfon which can be easily
analyzed analytically. This formulation enables us to compare directly
with the conventional Pierce type approach in a conventional microwave
device..

In Section 7, the velocity spread effect is examined with a "generalized
Lorenzian distribution" function (7.1). Other than the regular Lorenzian
distribution function, the number of modes are more than four. A more
realistic distribution function with n=2, the total number of modes are six

and this distribution function was used to investigate the velocity spread

effect in the design.
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2.1

II. MAXWELL EQUATIONS WITH A SOURCE TERM

In this section, we will derive one~-dimensional equations from Max-
vell equations governing RF-field growing or decaying in presence of a
source (an electron beam) interacting predominantly with a single mode,
particularly TE:; modes in a rectangular wavegui. Of course, the induced
current of the beam - which will be calculated frow Vlasov equation in the
following two sections - is modulated due to the coupling with RF-field
and, thus, Maxwell-Vlasov equation forms a self-consistent integro-differ-
ential equation which will be solved in Section V. This type of single
mode analysis is valid on the basis of the following assumptions.

In general, the presence of the beam in a waveguide alter the field
pattern due to its space charge and make them grow or decay due to its
interaction. Expanded in terms of empty waveguide modes, since they form

a complete orthonormal set, the space charge effect appears as a mode-

coupling and the interaction makes them grow or decay. In some cases,
-this mode-coupling is important in studying the mode competetion which will
be dealt with somewhere else.

However, if the beam is tenuous, only those modes interacting reson-
antly with the beam will participate significantly. In practice, wave-
guide modes are fairly well-separated and the beam parameters can be chosen
to be resonant only with one interesting mode. In this case, the effect

of mode coupling is negligible and the dominant effect will be the growth

Ly e

or decay of the resonant mode as a result of interaction, allowing us a

¢
]

single mode analysis.
The above observations enable us to write an ansatz for the stationary

fields of TE:; mode in a rectangular waveguide shown in Fig. 2.1 as




FIG. 2.1 A rectangular waveguide with a hollow electron )
beam.
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ty(’:’:,:) .- e lutg E (2)e, (x)
B0 = & VT (2, (0
(2.1)
B (.0 = - 17 (2)h ()
(Ex - Ez - Hy = 0)
where ey(x), hx(x), and hz(x) are TEﬁL empty waveguide mode given by
hz(x) = cos k,x
e, =8¢ Loh (o = - 2L sankx
* (2.2)
ex(x) = %7: ey(x) - --ft sink x
2
2 _w 2
(k_._ = _2- - ky)
c

and k,, is a wave number of TE:L mode in the empty wave guide. Note that
the z-dependencies of the fields in Eq. (2.1) are left undetermined func-
tions to allow growth or decay which can be determined self-consistently

with coupling to the source term.

L >
Substituting the ansatz (2.1) into Maxwell equations, V x E = - %-%%
and V x ﬁ 1 3E c" 3, and using (2.2), one obtains a set of one dimen-
sional equations,
E; E (z) = ikuﬁx(z)
(2.3)

fy(z) = 'ﬁz(z)

and

2
[dz (z)+k ()]e(x)-ia"“’ 1‘“.1 x,t) .
dz ¢

Using TE:L mode projection operator, one can write the last equation as




2.3

2

A E (2) + knz (z) =1 = 4“ u Gluty ROILN 2.4)
2 c
dz
where a b ;
J (2) f f dy e (x)J x,t) :
y (2.5) :

ng‘

¢ 2, 2 . l
. i Cn dx dy e (x) = 2 . %
; "' '

Equations (2.3) and (2.4) form a Maxwell equation part of Maxwell-Vlasov

equation, governing the growth or decay of RF field with a source term
given in the form of hysteresis integral which will be calculated in the
following two sections.

This type of one-dimensional integro-differential equation is best -

solved by Laplace transformation defined by

;(k) Ef dz ¢ 1k2 F(z) ‘
0 (2.6) i
(Imk << 0)

where k is a complex variable with sufficiently large negative imaginary
value to guarantee the integral in (2.6) to be well-defined even when F(z)

is an exponentially growing function as in the case of instability due to

a resonant interaction. The Laplace transformation of Eq. (2.3) and (2.4)

is
B (k) = KE_(K) + 1E_(0)
k. (k) = kE (k) + 1iE (0
x y y 2.7
N n '
Hz(k) = Ey(k) |
and g
F |
- - _ 9By (2.8)
t | «? - k">z (k) = B(K) 1E 0 - 5,00 z
vhere
51 w dwe T
P(k) = - 1 c Jy(k)/Cn 2.9)




L
and Jy(k) is the Laplace transformation of 3}(:) which 1s defined by (2.5).

Note that the boundary conditions E&(O) and (df;/dz)z_o = 1k4§x(0) come
in naturally in the above equations which might have been lost if we had
used Fourier transformation instead of Laplace transformation. Furthermore
Fourier transformation similar to (2.6), while the integration runs from
-=» to +», cannot be made well-defined in case of 1nstabiliiy. In the follow-
ing two sections, we will calculate the source term ;(k) defined by (2.9)

from Vlasov equation.




3.1

I11. VLASOV EQUATION - PERTURBED ELECTRON DISTRIBUTION FUNCTION

In a linear approximation, the perturbed part of electron distribution

function is given by

> ¢ - >y > of
£,(x.p,t) = e de' (E' +E—xqy - 2 (3.1)
t-2/v, mey 33'

wvhere fo is an unperturbed (equilibrium) electron distribution function.
The integration must be done along the past history (;',;',t') from the
injection time tn™t- z/v,, and the position z .- 0 to the current time
t and position z of the unperturbed characteristic. The characteristic
- essentially an unperturbed "particle trajectory” -~ is simply a helical

trajectory of an electron in a uniform magnetic field Ho as depicted in

Fig. 3.1 with

]
t' = ¢t + 2

(3.2)
¢' = ¢+

c v,
where w, = ﬂc/y (Rc H eHo/mc) is the relativistic cyclotron frequency.
The unperturbed electron distribution function fo is an arbitrary
function of invariants of the characteristic. For a hollow electron beam
they can be represented by three independent invariants, p,.’ Ps
and R such that f, = fo(p,.,p_&,RG) where RG is the guiding center radius.

The R G—dependency is essential to represent an inhomogeneous plasma such as

a finite electron beam. Writing that

> -y N - Sin¢'\
P' = 2p, + ¢ P, H 6 - COS¢') ’ (3.3)

one can cast (3.1) for TEn mode into the form,

- > /,p afo Pu_ afo
- ' -—-- - R VS -4 | NN, ) '
f,(x,p.t) = e { ap‘_ x\mcy %n  mey 3, cos¢
t-z/v, (3.4)

of
[ ' +H' e cos© +H' p sin(¢'-0\>1‘1—-—9 .

y Jn aR

‘
)
4
i
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FIG. 3.1 -The helical trajectory of an electron
uniform magnetic field L

in a




3.2

Using the ansatz given by (2.1), one can write (3.3) (see Fig. 3.1)

t ]
- v et [ v Tt ’
£ ~e L at' e F1sinX'cos¢

-z,v" (3-5)
- RisinX'cose + Fécoéi'isin(¢' - 9)]
wvhere
? 3f of
Btz E w/c_f£+‘ﬁ-_15n Pa _O0 _py _0O
1 ., 9, x k, \mey 23p,, mcy 3p,
of
Froe{E ofe_Foke P L _0 (3.6)
2 k.L. Xk-l- mey QC aRG
F? =§! .?::.. 1 3.59-
T Tz mey Qc BRG
and
X' =X+ aLcos¢’
X =k, (%-+ R,cos8) = %£-+ a,cos® (3.7

(aL z k*rL » 85 = k+RC) .
Laéer, we will sg?\that E;-term of Fi in (3.6) represents an azimuthal
bunching in the phase space leading to a cyclotron maser instability and
ﬁ;—term, which vanishes 1if f0 has an isotropic distribution in p,, and p,,
represents an axial bunching (resulting in an azimuthal bunching too) lead-
ing to Weibel instability. Fi and Fa vanish if fo is inderendent of Rc
(homogeneous plasma) and thus represent geometrical effects of the finite
beam. These alone do not lead to an instability but give substantial
modification to the behavior of CMI and Weibel, particularly, at off-
resonant behavior.

The trajectory integral (3.5) can be put into a more manageable form

by harmonic expansion using the formula,




ei.a.'.'c:ou' 48 1s¢ 3 ('L)

>
incose’ | z: -0%!*¢'s_(a)
5 o

and, then,

sinX' = 18184’ 5 J(a)s

cosX' = 2 18e15¢" 5 S(a)C,
P

sinX'cos¢' = - Z 1seis¢'J.(aL)c

=gy
8 [

1) ’ 19¢ 8
cosX'isin(9'-0) = E 1% [cos® J (a,)
gl e cos 8 al

- 1sineJ;(aL) ]Ss

vhere

e® - (-1)%

—

l:lX

s -1X
8

L1

- NIH
[T

] (3.8)

six

+(-1)e )

* c =
8

Then, the integral (3.5) can be written as

- . z
- e"f"fszn 1%“‘]0 dz' G(z - 2")F(z") (3.9)
where
z -2z'
G(z - 2') = =— el - s“'c) Ve
Vor (3.10)
F(z') = - ?ics - (ficos@ + 'fsisine)ss
and
‘ Fy = F‘J +(a;)
T = v e 8
Fz s (l-‘2 F3 ‘L)J'(al) (3.11)
! FS = FQJ;(‘L) .

The form of integral given by (3.9) is a typical hysteresis integral with

G(z -~ 2') being a kernel - Green's function. The induced current corres-
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ponding to (3.9) is the source term in (2.4) making it an integro-differen~

tial equation. The Laplace transformation of (3.9) 1s given by convolution

theorem as

N - g N

£00) = e o718 1'e1°¢?:s(k)p(k) ' (3 12)
where il

8 = ty/2, (0 5 0 (0 =wy-sa - kB

(3.13)

N ", R " LM

F(k) = - F (k)C - (F (k)cos® + F (k)isine)s .
~N

Fl(k), Fz(k), (k) are the Laplace transformations of F 2, ¥F!, respec-

tively, and, using (3.6) and(3.11),

f of of
- N/C Py 0 _Pu 0\ .
F (k) [E (k) — 8p_‘ + H (k) E—- (mcy ——Bp" mey _—3p4_ /] J;(B'L)

*
N 1 ¥
‘r“z(k) = E (k)uw - H (k)k" —_— - H (k)sﬂ J (RL) mcy o 3‘;‘; (3.14)
af
r(k)an(k) “"J (aL);c%-L-a?"- .

Notice ihat thghinteracgion is greatly enhanced when the Laplace transforma-
tion of the Green's function, G(k), has poles, i.e., Rs(k) = (0. However,
exact locations of resonant interaction can be determined from the full
Maxwell-Vlasov equation after we calculated the induced current corres-
ponding to (3.12) and inserted into (2.8). 1In the next section we will

calculate the induced current.
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IV. SQURCE TERM~INDUCED CURRENT

The induced current corresponding to the perturbed electron distribu-
tion function fl is given by
>
<> <> &
J(x,t) = Ne fda; o ; (x,p,t) (4.1)
my 1
vwhere N is the number of electrons per unit length (the beam function fo is

normalized to be one per unit length). The relevant component of current

is 3y(z) defined by (2.5) and its Laplace transformation can be written,

with the perturbed electron distribution function, (3.12) - (3.14), as

' - N 2L 3 P Fcoset
By(k) Ne i, fdxdy dap — sianos¢f1(k)

2 .
Ne® w/c ~-iwt 3
LI 2 Kk ° Z i f ap,,dp 4_clRG

. f-L 2 (4.2)
2
° RG 5;%5—[ ded¢cos¢eis¢sinx .
" 4" N }
{Fl(k)cs + [Fz(k)cose + F3(k)isin9]Ss.
vhere G, and s, are defined by (3.8) and
T X=X+ cosd
L (4.3)

X !‘i'l + 3,c0s0) .

First, phase angle (¢) integration can be done with the sid of formula,

1 2%, 4s6 + ia cosd 8
= Io dde L -1J (a)

27 - -
7o fo geeiot TS e cnfy @

and thus

;‘—wf d¢cosoeis¢ain; - - 18.1;(&1)(:. . (4.4)

Using (4.4), one obtains from (4.2),

PR ———
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b/
p; .
/' 4.2
f 3 - g—e_ch. -iwt - 8 . h
| 3,00 =2 B4 e 2;( 1) f dpudp, AR, s .
! . ' " " " . |
RG L_Qs(k) Js(ﬂL) I GGCB{FI(R)CB + [Fz(k)cose + Fa(k)isinel S‘} .

Next, one can do 6~integration using the formula

: 2n
i 1 cosmd\ _iacosd imJ (a)
. 21rf de(sinme)e "( m ) ’
; 0 0
which can be easily proved by expanding the exponential in terms of Bessel

functions,
. ) -
“ 2, Ne” w/c -iwt !
3 (k) = 2r%4 -:_‘;TC o 1w Z (‘l)s[dp..dp*dkc
2
. + ' v - n 8
- R, EZTET v @F (R [(-1)73,(2a)) + (-1)7) (4.6) g

S®m—0

N~ n
+ Fz (k) (71) Jl(ZaG)} .

Note that the ¥3(k)-term has dropped out in (4.6). This is a unique feature
of a linearly polarized mode such as TE:; mode where left and right helicity
_contribution in ;3(k)-term cancel out.
_ The remaining integrals in (4.6) require a more specific form of the
beam function fo(p",p‘,RG). However, it is not desirable to specialize in
the beam function at this stage and one useful trick to avoid this problem
is to use the following identity relation. For an arbitrary function

£,(PnsP,,R;) one can write as

0.0,0, 0,0
fo(PusP_._9RG) Ef Z"RGdRGdPuz"PJ_dP‘, . .7
0 A 0
fo(Pg;PE;RG) * f(PvnP‘_»RG H PS.P_?_.RG)
where
0.0
2(PusPasR. 3 PusPyoRY)
"ney 0 G + c (‘.8)

o1 0 0 1 0
: 7 6<RG - RG) . 6(Pn - Puw) —'0_ G(P_‘_ - P-l.)
c 2rp,
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is a "cold beam" distribution function with an infinitely thin ring guiding

center Rg. With the aid of this identity relation, one can carry out the
integration over R., Pu, P, using the "cold besn” distribution function fo
and afterward one can integrate over the actual beam distribution function
f (pg,pg,R ) - “"statistical average". If the beam is actgally cold", the
latter step (“statistical average') is trivial and not necessary.

This observation allows us to carry out the integrations in (4.6) for
the "cold beam” function 20 and postpone the "statistical average" with
the actual beam function fo afterward. Understanding this, Eq. (4.6) with

“cold beam” function fo becomes, after now a trivial RG-integration with

6-function,

J ) = Ne w/c -1mtE fdp..dp.,_ Pe '(aL)

sm—wm (4.9)

. = n+s (4] — n+s 0
{Fl(k)l(-l) JO(ZaG) +1] - 2F2(k) (-1) JO(ZaG)}

where / . R
r 3g g og
- T Q_Lg 0 kn p.s. o - Pu_ __Q '
Fill) = L (k) k, 2, M R &) = k, \mey 3p_  mey dp, Ig(ap)
(4.10)
— N ~ N 80
= - Pn _ _—
Fz(k) S [Ey(k)uw Bx(k)k" - Hz(k)sﬂc] Js(aL) cync
and
- _ 0 0
g8, = 8(puw - Pn) 5 §(p. - Pl . (4.11)
2%p,
The remaining momentum integrations are again trivial by integration
by parts,

~ i Ne~ w/c e—iut

e e ——




4.4

(4.12)
p02
...é-._... J? (31.)] 1

n(k) 8

0 x A 20 2 Wy ‘
+ Fo(‘G) -1 Ey(k)mvo - Ex(k)k.. o - Hz(k)snc Qo(k) —‘;Y—ozc—— }
8 ;

where
F (ag) =1+ (_1)n+s Jo(Zag)
(4.13)
F Qg(k) H NYO k, 'Eﬁ - 59 .
' Noting that
l 2
i 1 3 0 w/e 4
b = “ 50 s(k) ==
¥ f
35 (73 25 - on 25 102w = - ¥/m
: P. 3P AP,

' 1
ot ’ {
: 1 a3 |.02,2. 01 __ _s- ‘.'ﬂ
| 5 0 ["+ e (&L)] ay (1 ) [J )] . :
P. 3P, |
we obtain the final expression for the source term is(k) given by (2.9) as g

417 g. mt

P(k) = - J (x)/c,
_ 21y m[ ( !12’7;: wl v !
(k) =5 - H_(K)k,k (4.14)
W2 s{___, A2‘202“0_,, 2" % i

s A, 52 H ) +a — r'i (k) B0k L B o]}
wy ., = " - S
1 0(k) z 0 g(k) |y 0 x m z c

” where

>
"

2, 0
l:'O'Is (aL)

2 ’
0 2,0
1 l-'o aL ( - —03> [Js(aL)] (4.15)
L
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0o (i-mr) g [2e)] -
L

If the beam function is different from the "cold beam”" defined by (4.8),

The "statistical average” of the type (4.7);

4" N
<P(K)> = f 2wBCAROAp 2P OdpS £, (PP EO) P(K) (4.16)

should be done at this stage.
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V. GAIN - COLD BEAM
In this section we will solve the Maxwell-Vlasov equation given by
(2.7), (2.8), and (4.11) for a cold beam. Using (2.7), one can write the

source term (4.14) as

", 4") -—
P(k) = Ey(k)sl(k) - iEy(O)Sq(k) (5.1)
where [ 2
w 2 2
@ (—— -k p-‘_/m ) sQ
S (k) = N < . +—E A+
1 OE 2% A Do 1 )
I 2 ) S -3
S (k) =N —L‘l‘“—A +MA] (5.2)
Y °s__~ Lnoz a%w) ©

z by
(NO'ab) :

Substituting (5.1) into (2.8), one obtains

2 2 ~ ~ -
[ - ki - 5 GIIE (K) = = £E_(0) [k + 5, (k)] - 1K, (0)k,

or

+ 5.
iEy(k) E 0) D(k) H(0) < YY) (5.3)
where 2
- woo_ k2 02/ 2 -
2 2 c2 Pu 18 sﬂc
D(k)s(k-k..)-NE AL+ —— A + A
0 nO%k) 2 go(k) 1 0
== s -]
02 m2
N (k) = k+N > L—P-—L—o* A, + —%ﬂ-— Ao (5.4)
to a2 (k) _‘
[ ) s
Nz(k) E k" . .
Equation (5.3) gives the Laplace transformed field Ey(k) in terms of the
dE
boundary conditions Ey(O) and Hx(O) = 'ﬁ— —l (0). The fields in coordinate
"

space can be easily obtained by inverse Laplace transformation using the

Bromwitz formula

v gy .

U-Ua‘_..-,,__‘

P S —— =T S p— g e
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ic - »

L [t
F(z) = f ak e ¥ZF () (5.5)

where ¢ is a sufficiently large positive so that all the poles in ;(k) must
fall above the integral path. When ;(k) has only isolated poles, one can
close the path by an upper semi-infinite half circle using the Jordan's
lemma and the integration is reduced to a simple residue counting at the
poles;

F(z) = -i-’%fdk eikzi';‘(k)

c k
- T ges[ei z

1

(5.6)

iF(k)]Ik-ki° poles

Ian order to apply (5.6) to (5.3), recall that Ny is small (v 10-3 for a typi-~
cal M1G electron gun) and only the term with Q:(k) 2 wYq = kp,,/m - snc £ 0
contribute substantially in (5.4). In practice, for a strong magnetic field
(Qc; large), only one specific harmonic number s can be made resonant

[Qg (k) = 0]. In this case, (5.3) can be ratfonalized with quartic poly-

nomials as

nl(k) _ nz(k)

N -—
iEy(k) = Ey(O) N + H (0) TN (.7

vhere d(k), nliﬁs, and nz(k) are obtained from D(k), Nl(k), and N, (k) by
multiplying ngz(k). Since (5.7) is now written in terms of rationalized

function, the inverse Laplace transformation (5.6) is trivial

4
n (k n,(k,)
E(z)-E(O)Z "“’d(k)+u(0)z ”"—?(T’;)- (5.8)
i=l
wvhere ki's are poles given by
d(ki) =0 (5.9)
and
' _d
d'(k) = K d(k) .

Now we have completely determined the field E&(z) for z > 0 and other

components of fields by (2.3) in terms of the boundary values E&(O) and
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dE
ax(o) 1k m (0) Eq. (5.8) shows that the fields are consisted of
4-propagating modes for a cold beam and a specific harmonic number with
their relative amplitudes are completely determined. This is extremely
important in studying a backward wave interaction where all the 4-modes
are important not like as the forward interaction where one mode eventually
dominates over other modes. Note that the condition (5.9)(or equivalently
D(k) = O determining poles is nothing more than a usual complex dispersion
relation and the residues at the poles determine the relative amplitudes
among the modes. If we had used Fourier transformation - even though it is
111-defined - we would have obtained only the dispersion relation with
their amplitude information lost.

Typically, the structure of the poles are as shown in Fig. 5.1. Other

components of the field are obtained from (5.8) using (2.3) as

ﬁz(z) - E (z)

d
(2) = I;:'g; E_(2) (5.10)

- 4
ky) k n, (ky)
1 4x,2 k) o £ k.2 "2\
, E(O)Zk 12 d,(k)+ux(0)z;k"e ey -
The total power flow flowing through the waveguide is given by, recalling

(2.1) and (2.5)

P(z)-fdxfdy' Re( EH)
y x (5.11)

c ky w /c ab
8n w/c k2 2 '

C

—_ —%
- Re[E (2) * B ()]
The quantity which is more interesting is gain defined by

- -k - —*
GF(z) z P(2)/P(0) = Re[Ey(z) . Hx(z)]/Re[Ey(O)Hx(O)) (5.12)

in the case of foward wave interaction or
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FIG. 5.1 Pole structures in a backward wave region and
in a forward wave regionm.
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Gy(2) = P(OV/P(2) = R E (DR (0))/Re[E, (), (2)] (5.19) |

in case of backward wave. The gain in dB is defined by

G(dB) = 10 logloc(z) . (5.14)

A typical gain as a function of interaction length z or a function of

frequency w/c¢c is shown in Fig. 5.2.
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FIG. 5.2 Gain vs interaction length and frequency.
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6.1

VI. THREE~-WAVE ANALYSIS: PIERCE-TYPE FORMULATION
In the previous section, we have obtained the desired solution of one-
dimensional boundary value problem for a TE:L-mode interacting with a
hollow electron beam. The solution can be used to analyze a forward wave
amplifier or backward wave oscillator/amplifier. The solution shows that,
at least for a "cold" beam, the fields are given by four propagating waves
with their relative amplitudes (including phases) completely determined by

dE
the boundary values, Ey(O) and Bx(O) = —l—-azz(O). at the beginning of the

ik,
interaction. Typically two of them are real "waveguide modes" propagating
in opposite directions from each other. Two others - "Beam modes" - are
complex conjugate each other, representing one growing and the other decay-
ing and occur near the'éoint where the beam line intersects with the wave-
guide dispersion line. Therefore, tﬁree waves are clustered near the inter-
secting point and the other one is at the point with the same w but opposite
sign of k,,.

As one can see in the following, the waveguide mode propagating
opposite to the beam is a nearly free propagating mode without interacting
with the beam ;ignificantly. Therefore, one can eliminate this wave con-
centrating of three-wave analysis.

In order to get some feelings about the nature of the solutions, let
us write the denominator of (5.7), whose zeros determine the possible

modes as in the dispersion relation (5.9), in terms of dimensionless para-

meters. Defining the "phase shift" h and the "detuning parameter A as

h=k-=-k, =k,
0 0 (6.1)
A = UYO - k" ﬁn - Sﬂc H k" ﬁu $ Iy

the 'resonance factor" ng can be written as

—
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0
Ony = - Pa_
ﬂs(k) wyy = k 82
22
P
= kn n QB(E)
a.(e) =6 -¢ . (6.3)
Then, factorizing the scale factor from the denominate d(k) as
4 02 _
d(k) = 2k, Pﬂ-— d (k) (6.4)

one obtains the dimensionless expression as

- £.=2 3 - By < - =2
) = B+ DT - g1 -KEA + DT+ T + AT} (6.5)
where
835N0ﬁ_Pi.A
2 02 X
2k, p
o Pu 6.6)
0
” ;'Ezl&i xaw_ﬁ x;k..zm_ﬁig
27 27 L T 02,2 A T 0 (22 A

and recall that NO is given by (5.2) and A4 = 0,1,2) by (4.12).
For a tenuous beam, the "gain parameter" g is small in (6.5) and the

solution of d = 0 is roughly characterized by the solutions of
£y52¢r) =
Q1 + 0. (e) = 0

which gives two "waveguide modes” £ = 0, £ = -2 and two nearly degenerated
"beam modes” Es(g) =0 or £ = &8 The mode with £ = -2 in (6.1) represents
the opposite propagating mode modified by the beam only in the order of 33

which is negligible. The other three modes are given by small £ ~ & ~ g

in (6.5) as a solution of a simple cubic equation,
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2
E(§ -¢) - 33 =0 . 6.7)
Noting that g > 0, the critical value for instability (complex solution) is

3
Gc - 2373 8 . (6.8)

If the detuning factor § is greater than 6c, {(6.7) has three real roots
(stable) and, 1f & < sc, (6.7) has one real root and two complex (conjugate)
roots (unstable). Therefore, in order to get the instability, the detun-
ing factor § must be less than cc. The explicit unstable (§ < Gc) solu~

tions of (6.7) are given by

el-%s—%b++1i;3-b_
£z-§5-~21-b+-11'-75»_ (6.9)
ty=36+h,
when
b, = 3J;: * 3J§:

(6.10)

"

a,

[2-¢7)Ve[2-67]
In the same app?oximation, the relative amplitude of each mode correspond-
ing to (6.9) is given by

1 f, 3¢

% (1 - ‘g—i—j—m) (1 =1,2,3) . (6.11)
and the amplitude of the opposite propagating mode is - 1/2. When the
detuning factor § = 0, Eq. (6.11) shows that the three modes share equal
éuplitude 1/6 each. This shows that the commonly accepted equal partition
rule is valid only when ¢ = 0 (no detuning). For a forward wave amplifier,

one growing mode eventually dominates and the amplitude is roughly 1/3 of

the input wave at the beginning of the interaction (with small modification

iy

Whpinamns, = <
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depending on the detuning factor). However, for a backward wave oscillator/
amplifier, all three of the relative amplitudes are important. Oscillation

conditions for a BWO is given by an infinite backward wave gain defined by

(5.13) and satisfy
3
edknlly [ —3@5-,— -0 . (6.12)
-1 gi -6 3

One can show that (6.12) can be satisfied only by a series of specific pairs
of cthe frequency and the detuning factor, (w,5). Eq. (6.12) clearly

demonstrates that the backward wave oscillation is the result of three
wvave interference and the correct amplitudes are essential to obtain

correct oscillation conditions.
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VI1. VELOCITY SPREAD EFFECT
So far we have discussed the “"cold beanm" case defined by (4.8). 1If
the beam is general fo(p“, Pas Rc), one must do the "statistical average”
on the source term as (4.13). The most sensitive velocity effect comes in
through the resonance term Q (k) wYqy = k 2”-- 39 and thus the spread
in the longitudinal momentum is most important (spread 1n energy v, is
usually small).

.In this section, we will discuss only this most important velocity

spread effect in the longitudinal momentum. A velocity spread from a i
typical MIG~type electron gun may be described by a generalized Lorentian
distribution of order n

2n-1

(n) - Ap
(pn) = CP -__I.I» (7-1)
0 (pn - Pn)z + AP'zin

with the normalization constant defined by

1-[ dp..fén)(Pn) . (7.2)

- -
Defining a scale varialbe,

, s Pu " Pu
1 Y™ ¢.3

one can write (7.1) and (7.2) as

(n) 1
(Pu) = —— (7.4)
Apn ﬂzn +1
and -
1
1= Cp dn -—— . (7.5)
f-m nzn + 1

Then, e "statistical average" of any arbitrary function F(p,) is given by

<F(Pn)> Ej dpnf(n)(P")F(Pu) (7.6)

- Cp[ dn + ﬂA "
+1

2n




The integral (7.6) can be done most easily by a contour integral over a
closed contour with upper or lower semi-infinite circle. Then, the integral
is reduced to find the poles and their residues of the integrand. The

poles are given by the roots of

n®41=0 , (7.7

and whatever poles contained in F(p,). Sometimes the poles of F(p,) occur
either in the upper half plane or lower half plane depending on the para-
weters but not in both planes simultaneously. In this case one can close
the contour to avoid these poles and the relevant poles are entirely from

(7.7), which are given by

ny = exp [in (-2'17;-—1-)] s, W=1... n) (7.8)

- *
in the upper plane and Ny in the lower plane. Therefore only either ny

*
(i=1, ... n) or n1 are included in the contour. Therefore, the integral

(7.6) is given by
n n

- <F(p..)>n- ? "1F(p3+"1A9")/E ny (7.9a)
= i=1

if F 1s regular in the upper plane, or

n
* * *
<F(pu)> = -2] niF(Pe + nibpn)/ ->- ni (7.9b)
i=1 i=1

if F is regular in the lower plane.

-

Now one can do the statistical average integral (4.13) with the source

n N
term P(k) given by (4.11). The P(k) has poles in the complex logitudinal

0
0 Pu_ - 00 = -
momentum plane at 2_ = wyy - k "!'-8Q2 = 0 and thus p./mw (wyy sﬂc)/k.

Noting that k has negative imaginary part, the poles are either in the

upper plane if w > snolyo z Sw, Or in the lower plane if w < sw,. Usually

the operating frequency w is higher than the cyclotron frequency Sw, for a
forward amplifier (positive doppler shift) and w is lower than W for a back-

ward wave amplifier (negative doppler shift). Therefore, in forward wave




region (w > swc), one can close the contour in the lower half plane to lvéid

\
the poles of P(k) and, in the backward wave region, close in the upper half
plane. Then the statistical average (5.13) picks up poles n; in a forwvard
wave region and poles n in a backward wave region. Using (7.9a) or (7.9b),

one obtains

n n

~n »y S *

<P{k)> = E niP(k.pg + niAp..)/ E n, (7.10a)
i=] i=1

in a forward wave region (w > smc) or

n n

N " 0

<P(k)> = E n,Pk,pn + niAp..)/ E ny (7.10b)
i=1 i=]

in a backward wave region (w > suw ).

With this new source term, (7.10a) or (7.10b), Eq. (5.4) is replaced

by
D(k)-(kz-kz)-N ; Qz-k E-Z‘A 1>+QA<1—>+A
" 0 Z 2 w2 2 S D) 0
c 9 Q
|xm =0 8 8
1 = — \EﬂL—)
N (k) k + NO I < 02 > +< 90 AO] (7.11)
s.-
Nz(k) = Kk,
where 2
1 L PO + n Ap n
<-9—0-§->= E NYO"SQ —k"‘u"_—_"'m ﬂi
8 i=] i=1
-1
0
1 - I Pa + nibp" n .
<;;'5’= z wyg = 88, - k ——/— Eni (7.12)
s i=1 i=1
-1
0
Pooo/m 2 Pg + niAPn Pn + niAP"\
< > = 2 : —— oYy - 8} - k ——m——— n
n0 n 0 c m ) i
[ i=]1 ! i=]

in a backward wave region, or the same expression as (7.12) but ny is

-
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replaced by n: in a forward wave region.

A major qualitative difference of (7.11) from (5.4) is that, wvhen they
are rationalized as (5.8), d(k) is no more a quartic polynomial 1if n 3 2.
This means that the number of waves are more than four. For n=1, d(k) is
still a quartic polynomial and described by four-waves as in the cold beanm

case. ‘However, as one can see that an ordinary Lorentian distribution

- (n=1) has too long a tail and may be unrealistic. The case with n=2 is

seen to be much more realistic and then the number of waves are six. 1In
general, the possible number of modes are 2 + 2n. Here we saw that the
number of waves required to account for a velocity spread effect is highly

dependent on the shape of velocity distribution function.




VIII. DISCUSSION

1; this report we have presented a linear theory to analyze gyrotron
BWO. This has been possible because our formulation allows that the axial
behavior of the rf field and the electron beam is completely determined
self-consistently by the boundary values. This type of solving the problem
as a boundary value problem is particularily crucial for analyzing BWO
because, in BWO, the electron beam itself plays the role of self-feedback.

It has turned out to be that the infinite backward gain condition in
a8 BWO can be met by an interference among three backward propagating modes
with appropriate amplitudes (including phases) and growing and decaying
factors. If the conditions are right with the detuning factor and inter-
action length, rf‘fields can grow out of a noise. A typical backward wave
oscillation condition as a function of the detuning frequencies and inter-
action lengths are sﬁown in Fig. 8.1. There are a series of oscillation
points with different detuning factors and interacting lengths. Typically
the smaller the detuning factor, the longer the interacting length. On the
actual device, it is interesting to see whether one can see all these modes
or only the fi;;t mode (with the shortest interaction length) dominates and
blocks out the remaining modes. The experimental design has a provision to
test this. With a reasonable interaction length less than 15 cm, tuning
over almost an octave in Ku-band seems to be possible. The velocity spread
effect does not deteriorate much up to 10% or so, worse than the gyrotron
oscillator but better than the forward wave amplifier. Another interesting
effect of velocity spread is that, when it is above a certain critical
value, it stabilizes the oscillation - acts as a backward wave amplifier
rather than oscillator. This opens up a possibility to operate a gyrotron

BWO in a backward wave amplifier. Certainly the required interaction length
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b FIG. 8.1 Oscillation conditions as a function of detuning
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is large (typically 30-40 cm) and the efficiency may be low due to the

large velocity spread.

In conclusion, the analysis shows that a several tens killowatt gyro-

tron BWO may be possible in a Ku-band tunable up to almost an octave by
either magnetically, electrically, or both. The tunability may find an

ideal application in studying the rf heating in fusion devices.

g
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