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INTRODUCTION

The flow field resulting from the interaction of a shock wave and a
boundary layer on a projectile or missile remains a major problem which has
yet to be completely analyzed. The interaction process plays an important
role in several areas. Among these are: (i) body lift and drag, (ii) side
force development and control and (iii) heat transfer. Since the interaction
causes an abrupt pressure rise and boundary layer thickening and may be ac-
companiei by regions of local separation, the interaction flow can be a major
contributor to the overall body drag and can cause substantial changes from
the potential flow pressure distribution. Furthermore, since the interac-
tions are often three-dimensional due to either geometric or flow incidence
effects, the generated forces may not be symmetric and may result in sigifi-
cant side forces. These side forces, in turn, can lead to serious control
and guidance problems. Finally, the shock wave boundary layer interaction
zone may be a region of severe heat transfer. The problems associated with
interactions are particularly troublesome at transonic speeds where both the
shock location and its shape are very sensitive to minor changes in flow
geometry. As a consequence, in recent years there has been considerable
interest in the development of accurate and efficient prediction techniques
for this category of the interaction problem.

At present, two main approaches for treating the shock wave-boundary
layer interaction problem are being pursued. The first termed the strong in-
teraction approach divides the flow region of interest into two parts, an
outer inviscid part and a wall viscous part. Each region is then solved sep-
arately via the appropriate set of equations for that region. Equations ap-
propriate for inviscid flows; e.g., Euler, potential flow or simple wave re-
lations, are used in the outer region and boundary layer equations are used
in the inner region. At the juncture of the regions, matching conditions
which require continuity of all flow variables are applied. In flow situa-
tions in which the outer flow is supersonic and thus described by hyperbolic
equations, a solution can be forward-marched in space with the inviscid and
viscous regions coupled on a station-by-station basis. The chief difficulty
in this process is that mathematically stiff equations must be solved. Com-

mon problems with stiff equations manifest themselves in the form of numeri-

cal solutions which can branch off the desired solution thus producing a
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physically unrealistic result. In regions where the inviscid flow is
subsonic and thus described by elliptic equations, a forward-marching
procedure without iteration is not physically realistic since the upstream
pressure propagation is not modeled. Consequently a sequence of inviscid and
boundary layer solutions must be performed in a manner in which each stage
corrects the former stage through global iteration. Additional problems
occur in transonic flows where both supersonic and subsonic outer regions are
present and where small displacement effects may have considerable influence
on shock location and overall pressure distribution. In cases where the
nominally inviscid flow is subsonic behind the shock the situation is further
complicated by the subsonic outer region being elliptic. Since the flow
cannot be forward marched here, a global rather than a station-by-station
iteration must be used.

If an iteration procedure is to be used, the viscous layer can be
solved iteratively by either a forward-marching boundary layer calculation
procedure or as the asymptotic condition of a time or pseudo-time dependent
integration. In the case of steady state forward-marching boundary layer
procedures, problems are encountered when the boundary layer is subjected to
an adverse pressure gradient strong enough to cause separation. Although a
boundary layer procedure can be forward marched through separation by
suppressing streamwise convection terms in the separated flow region, via
the so called FLARE approximation (1], the resulting solution is based upon
an approximation made in the separated flow region which becomes
progressively more inaccurate as the backflow velocities increase.

Therefore, calculated details of the flow in this region cannot be expected
to be accurate with significant backflow using FLARE. A global, but time
consuming, iteration [2] is necessary to replace the FLARE approximation, and
at this point the efficiency of the forward-marching scheme must be carefully ?

evaluated to ensure a net gain exists relative to solving the full

Navier-Stokes equations for the viscous layer. Time integration of the

interaction between the boundary layer and the external flow can be

structured to avoid the use of either FLARE or the global iteration to

account specifically for the backflow velocity [2], and in some cases the "

time marched iteration approach may show a significant gain relative to

solving the Navier-Stokes equations for the viscous flow region. However,

the interaction approach remains limited, even with time integration, to
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flows where the division of the flow into zones which can be interacted is
reasonable and details of any separated zone are not of major interest. A
discussion of some of the early techniques aimed at the shock wave-boundary
layer interaction problem which are based upon a viscous—inviscid approach is
given by Hankey [3].

The second approach used iﬁ obtaining solutions for shock wave-boundary
layer flow field is the fully viscous analysis. The fully viscous analysis
solves the entire flow field via a single set of equations, thus avoiding any
need to divide the flow into viscous and inviscid regions. The Navier-Stokes
analyses pursued to date include explicit, implicit and hybrid numerical for-
mulations. For example, in a very early work of this type, MacCormack [4]
applied an explicit procedure to the laminar interaction problem. In subse-
quent work MacCormack and his co-workers have used this explicit method
extensively in analyzing the interaction flow field [5-8]. The basic method
has also been used by Shang and Hankey [9] in calculating turbulent flow over
a compression ramp and in predicting a streamwise corner interaction region
[10]. Recently MacCormack has developed a new hybrid explicit-implicit
characteristics method [1l1] which is considerably faster than the fully
explicit method [4-10), and has applied this technique to shock wave-boundary
layer interaction problems. This same technique has also been applied to
axisymmetric interaction flow fields by Viegas and Coakley [12].

In addition to the fully explicit investigations of Ref. 4-10, and the
hybrid investigations of Refs. 1l and 12, Levy, Shamroth, Gibeling and
McDonald [13] and Beam and Warming [14] have applied implicit solution
procedures to the interaction flow field problem. In the former invest-
igation, Levy et al applied the Briley-McDonald consistently split Linearized
Block Implicit (LBI) solution procedure [15, 16] to the shock wave-boundary
layer interaction problem in a feasibility study which was part of a larger
effort primarily focused on a boundary layer strong interaction study. Beam
and Warming [14] also applied a similar implicit scheme to the interaction
problem.

To date many investigations have focused upon the interaction flow
field problem. Most of the analyses have concentrated upon two specific
problems; (i) flat plate - ramp compression corners and (ii) two-dimensional

shock impingement on a flat plate. The problem of axisymmetric transonic

interactions which may be particularly relevant in missile or projectile
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applications has received less attention. Prior to the present study, Viegas
and Coakley [12] applied MacCormack's hybrid technique to an interaction
occurring on an axisymmetric body. Little other work has concentrated upon
the axisymmetric problem.

This report presents and describes the development and application of a
fully viscous method for solving transonic shock wave-boundary layer
interaction problems. The method utilizes the Briley and McDonald (15, 16]
linearized block implicit (LBI) technique for the numerical solu . Jf the
multidimensional, time-dependent Navier-Stokes equations, and ha cen
applied to several axisymmetric flow problems. These .include tr onic flow
in a constant area axisymmetric pipe, transonic flow over an axi1 ,» .ric
bump, shock inducement at an axisymmetric compression corner and tne
two-dimensional flat plate boundary layer - impinging shock wave interaction
problem. In addition to these steady flow cases, several time-dependent
problems are reported in which the transonic flow over an axisymmetric bump
was subjected to downstream static pressure oscillation.

In the following sections, the governing equations are presented and a
general description of their transformation to general curvilinear
coordinates is given. However, description of the specific coordinate

transformation used for each case is presented on a case-by-case basis.

ANALYSIS

Governing Equations

The equations used in the present effort are the ensemble-averaged,

time-dependent Navier-Stokes equations which can be written in vector form as

Continuity
ap . "-
-S-E-+v Pu 0 (l)
Momentum
3’ >+ T
%‘.‘V.(puu)--VP+V'(ﬂ+ﬂ) (2)

e iiauiadars o .
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where p is density, u is velocity, p is pressure, 7 is the molecular stress
tensor ®1 is the turbulent stress tensor, h is enthalpy, q is the mean heat
flux vector, qT is the turbulent heat flux vector, ¢ is the mean flow
dissipation rate and € is the turbulence energy dissipation rate. 1If the
flow is assumed at a constant total temperature, the energy equation is

replaced by
T =T + %— = constant (4)

where T, is the stagnation temperature, q is the magnitude of the velocity
and C, is the specific heat at constant pressure. In a number of cases
considered in this work the assumption of constant total temperature has been
invoked by using Eq. 4 as an approximation to Eq. 3 for the sole purpose of
reducing computer run time where the constant T, assumption was warranted.
Cases in which this substitution has been made are identified in the text
describing results. A number of terms appearing in Eqs. l-4 require

definition. The stress tensor appearing in Eq. 2 is defined as

2 >
w = 2uD - 3u-KB)v-bn (5)

where Kg is the bulk viscosity coefficient and is the deformation tensor,
defined by:

D=5 (W) + (v)T) (6)

In addition the turbulent stress tensor has been modeled using an isotropic

eddy viscosity such that:

2l = - p MR 2uTID (7)

where Uy, the turbulent viscosity, is determined by a suitable turbulence
model. Turbulence modeling is described in some detail in the next section.

Equation 3 contains a mean heat flux vector defined as follows:

q=-x (%) (8)




and a turbulent heat flux vector defined as:

ar = T (v1) (9)

where ¥ and kT are the mean and turbulent thermal conductivities,

respectively.

Also appearing in Eq. 3 is the mean flow dissipation term &.

o=2uD :D- (Gu-x) D (10)

The equation of state for a perfect gas

p = PRT (11)

where R is the gas constant, the caloric equation of state

e = ch (12)

and the definition of static enthalpy

h=cT (13)
p

supplement the equations of motion.

Finally the flow properties u, x and Kg are determined using the following
constitutive relations.
The molecular viscosity u is determined using Sutherland's law.
3/2 T + S
LeF) e (14)
o o 1
where S} = 100°K for air.

The bulk viscosity will be assumed to be zero,

Rp = 0 (15)

and the thermal conductivity may be determined by use of a relation similar

to Sutherland's law viz.

*a (X )3/2 o2 (16)
K T T+ S
o o 2

where S9 = 194°K for air.
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Turb: 2nce Modeling

Several alternative turbulence models have been considered in the
course of the present work. In general terms, the models used were zero,
one~ and two-equation models. The formulation of each is described in this

section.

Zero Equation Model - (Mixing Length)

Of all available turbulence models, Prandtl's mixing length model is
probably still the most widely used. The model was originally developed for
use in unseparated boundary layer flow situations and has been shown to
per form well under such conditions. In the cases described in this report
the mixing length model has been used extensively in order to investigate its
use in the shock wave/boundary layer interaction problem. An advantage of
the method from the point of view of economy is that is does not require
additional transport equations to model the effect of turbulence, but rather
relates the Reynold's shear stress to mean flow quantities via:

-

alul = M1
R

2 1/2

where by = p° (2D : D)

Re

where £ = min[2 , _xdD]

where d is the normal distance to the nearest wall and D is van Driest

damping coefficient given by .
D=1-exp(-y /A)

2= 0.094

o«
x = 0.4 O ¥))
y* -'duT/v
u, = (1,012
where the local shear stress 1) is obtained from

T, = (2D . p)l/2 (18)

and D is defined by Eq. 6.
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One problem in the mixing length formulation is the definition of 6. 1In
boundary layers the streamwise velocity u approaches an edge velocity, ug,
asymptotically, however, a monotonic approach to an asympototic edge velocity
is not characteristic of Navier-Stokes solutions. In order to avoid the
problem of determining the boundary layer edge, 8, as defined in the usual
boundary layer context, i.e., § is the distance from the wall at which u/ug

= 0.99, the following relation is used.

§ = 2,0d (19)

(q/qgax=c)

In other words, §, is taken as twice the distance (measured away from the

nearest wall) for which q/qp,e = c¢. The value of c used in the present

effort was 0.90.

One-Equation Model - (k-%)

Although as discussed above the mixing length concept is valid for a

variety of flows, some important flow situations arise in which a less

restrictive model is required. One such model is the one-equation turbulence
model {17, 18, 19] in which a transport equation for turbulence kinetic
energy, k, is formulated as follows:

3(pk > 1
a‘(:p ) ., Ve(pUk) = Vo (0— Vk) + 2up (D: D) - pe

k

where following Ref. 20, o, is set to 1.0, and k is the turbulence kinetic
energy

k= % ;' . ;é (20)

and the Prandtl-Kolmogorov relation, Eq. 21, defines the turbulent viscosity

U, = c — (21)
In addition, the turbulence dissipation rate ¢ is determined by:

3/4 32
= ¢
u

€ (22)

where £, is a relevant turbulent length scale for the problem of interest.

The k-t model has an advantage over the mixing length model in that the use




of a transport equation for turbulence kinetic energy allows for its

convection, production and dissipation. This is important because it allows

a nonequilibrium effect on the turbulence to be included in the calculation

while the mixing length model can only account for local equilibrium

turbulence effects via its association with the mean velocity field. A major

disadvantage which the k- model shares with the mixing length model is the

requirement of length scale specification. Typically the mixing length, as

described in the previous section, is used as the representative length

scale.

In modeling the flow in the near wall region where low local turbulence

Reynolds' numbers occur, two approaches are available. The first is the wall

function approach which does not resolve the near wall region but assumes
specific functional forms for the required turbulence quantities and uses
these forms to create the required normal derivative formulations at the
first grid point from the wall. Such an approach obviously requires a
detailed knowledge of the turbulence model dependent variables in the
vicinity of the wall. Although reasonable functional formulations can be
specified for simple flows such as constant pressure boundary layers,
specification in the much more complex flows of current interest are much
more difficult. Therefore, the alternative approach in which the viscous
sublayer is resolved has been used. The method makes no approximation at

boundary, but requires that the near wall low turbulence Reynolds' number

the

physics be modeled. In this work, a near wall model which was successfully

used by Shamroth and Gibeling [21] in a time-dependent airfoil flow field

analysis, has been implemented in the computer code. The analysis of Ref. 2l
follows the integral turbulence energy procedure of Refs. 22 - 24 by
utilizing a turbulence function aj, where
-1 1/2
8 =3¢, (23)

and a; is taken as a function of a turbulence Reynolds's number of the form

£(R.) £(R))
a = s 750 1.0 + 6.66 a_ (y55— - 1) (24)

a = 0115
o

- 0.22
£(R ) = 100 R_

f(Rt) = 68.1 R, + 614.3
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and a cubic curve was fitted for values of R between 1 and 40. As
previously discussed, Refs. 22 - 24 utilized an integral form of the
turbulence kinetic energy and, therefore, R; was defined as an average
value.

1 (6§ 1 63
R = E'Io vody / ¥ fo v dy, (26)

In the present effort Ry was defined as the local ratio of turbulent to
laminar viscosity, a; was evaluated via Eq. 24 and C, related to a) via
Eq. 23.

Two-Equation Model - (k-€)

Although the one-equation approach does relieve some restrictions
present in the mixing length approach, it still requires specification of a
length scale. The k-€, two-equation turbulence model (20, 40] in which both
the turbulence kinetic energy and the turbulence dissipation rate are
governed by transport equations represents a more general model. In this
approach the k-equation is as given in Eq. 20, but the algebraic relation for
€ given by Eq. 22 is replaced by the following transport equation.

M,

5o (05) + Ve(pid) = v-(%

£ (21

- 2..2
Ve) + ¢ (2up D:D ) + 2u (VW - cp ¢

where following Reference 20

€, = 1.55
and
2
Cp ™ Com 1 -0.3 exp(-RT) ]
Cre = 2.0
and Ry is defined as: 2
Rl.' €y

However, attempts to solve Eqs., 20 and 27 without modification fail
because an appropriate boundary condition for € at a solid boundary is
difficult to prescribe such that Eq. 27 is satisfied. 1In order to circumvent

this problem, Eq. 27, the turbulence dissipation equation, has been modified

by the inclusion of the term:

- 211y2
2uuT (Véu)
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which following Jones and Launder [20} is included in order to obtain better
agreement with experimentally determined k distributions in the near-wall

region. In addition, Jones and Launder's [20] inclusion of the term:

- 20w (We}/2)2

in Eq. 28 is a numerical device, rather than a physical model, which allowed

¢=0 to be prescribed as a function boundary condition [20].

2(pk) + ¥+ (o) = ¥ « *T Wk + 2. ( D:D ) - pe - 20v (ml2)?  (28)
]

|
'.f} 12




COORDINATE SYSTEM DETAILS

Equations 1 - 3 and 27 ~ 28 are written in vector form in which the
spatial dependent variables represent a general curvilinear system yj
(j =1, 2, 3). In principle an arbitrary coordinate system can be used,
however experience has shown that to obtain accurate and economical numerical
solutions the coordinate system used must meet certain criteria. These
include the ability to permit accurate implementation of boundary conditions,
sufficient smoothness of coordinate data and flexible distribution of
computational grid points., The first factor to be considered concerns the
treatment of boundary conditions. The specification of boundary conditions
which do not fall upon coordinate lines or at specific grid points can
present a difficult problem for numerical analyses. Although finite
difference molecules can be constructed for boundary points which do not fall
upon coordinate lines, such molecules may have an unacceptably high spatial
truncation error associated with them. It should be noted that while the
boundary condition problem arises in both viscous and inviscid analyses, it
is considerably more severe in viscous flows where no-slip conditions on
solid walls can combine with boundary condition truncation error to produce
numerical solutions which are both qualitatively and quantitatively in
error. Thus, the first property required of any coordinate system to be used
in a viscous analysis should be that boundary surfaces coincide with
coordinate surfaces. A second coordinate system requirement is sufficient
smoothness of geometric data. This requirement is more stringent than simply
requiring the existence of a given number of analytically determined
coordinate transformation derivatives; the coordinates must not have large
changes in the coordinate geometry metric data between grid points. Such
large changes can cause serious deterioration of solution accuracy or even
prevent obtaining a converged solution. The final item to be considered is
the need to obtain high grid resolution in specified regions of the flow
field. For example, the wall region of viscous flows is characterized by
rapid changes in flow variables, therefore the computational grid should have
a distribution of points designed to resolve these gradients. In other
regions the flow variables change slowly and these regions should have a

relatively sparse computational grid associated with them, in order to

maintain an economic solution.
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A recent review of grid generation techaniques has been made by Thompson
[25] who presents an extensive overview of available grid generation
techniques. In summary, these include the elliptic methods popularized by
Thompson et al [26], the conformal techniques typified by Moretti's work
{27}, and the constructive approach such as that of Eiseman [28].

The governing equations for the present problems have been given in the
previous section in vector form (Eqs. 1 - 3 and 27 - 28). However,
implementation of a solution procedure requires that these equations be
transformed into an appropriate coordinate system. Therefore, the governing
equations written in a cylindrical-polar coordinate system are transformed
with a general Jacobian transformation of the form

yj = yj(;l, ;2, ;3, t)
(29)
T =t
where (;1, ;2, ;3) = (r, ©, z) are the original cylindrical polar
coordinates. The velocity components remain the components (U, Uj,
U3) in the (;1, ;2, ;3) coordinate directions, respectively. The new
independent variables yj are the computational coordinates in the
transformed system. The coordinate system requirements for the current
application may be represented by a subset of the general transformation,

Eq. 29,

yl = yl(fl, §3, t) (a)
y? =y &) (b) (30)
SR AT T (c)

which is a general axisymmetric time-dependent-treasformation. For
axisymmetric flows, Eq. 30b reduces to y2 = ;2. and all derivatives
3/3y2 are assumed to be zero. The transformation, Eq. 30, with the
axisymmetric flow assumption has been utilized in the computer code developed
under the present effort.

Application of the Jacobian transformation requires expansion of the

temporal and spacial derivatives using the chain rule, i.e.,

' 3
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and
3
3.7 5 2 (32)
ax, =1 Yoi ayd
where

(33)

The relations Eqs. 32 - 33 are first substituted into the governing equations
written in cylindrical polar coordinates. Then the resulting equations are

multiplied by the Jacobian determinant of the inverse transformation,

axl Bxl axl
iyl ay? gy
3(x1, Xy x3) 3x2 3x2 3x2
I =173 " | T =2 3 (34)
Ay , y°, ¥ 3y dy 3y
3x3 3x3 3x3
1 2 3

and the equations are cast into a conservative form using the following

relations
3 ay {
z - =0 (35)
i j=1 3y J
i
\ d |
' ) 2= =0 (36)
o - T gE gy
{ . ere
g YJsi g JYJoi
! ' 37
o v, =3,

It should be noted that Equation 36 expresses a geometric conservation law

and plays an important role in enabling the equations of motion to be cast

iato conservative form.
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The particular conservation form developed implies that all factors involving

the radial coordinate r = §1 remain as they were before the Jacobian
transformation. The resulting equations are presented below as Eqs. 40 - 49.
The geometric relations Eq. 35 - 36 may be obtained from the

transformation relations for ;,J and ¥s3 in terms of the inverse

t
transformation derivatives (e.g., Reference 29),
o.l - - - -
Y 2 T X2.,2 %3,3 7 ¥2,3%3,2
-] oz - _ = :
Yoo " X390 %1.37 %3,3%1,2
Vg =X , %y 4% 4K
Y a3 1,2 *2,3 1,3 *2,2
Y =R, g%y, m%, X
Yo 2,3 *3,1 T *2,1 *3,3
002 l - - - -
Yiog TX3.3%1 ) " %31 X3 (38)
Y, X, R, =% X
Y3 T %13 %2,1 7 *1,1 *2,3
. Rk, Ry .-% %
Yo 2,1 *3,2 7 *2,2 *3,1
. e E, R .-, X
Yoo T %31 %1,27 %3,2 %11
V=X, L K. -x %
Y3 % %101 %2,2 7 *1,2 *2,1
<j R
y 't - - z y % xk (39)
k=1 B3

The transformed governing equations may be written in the following

compact form:

3 (W) f 3 (a3, 0 § (8, 3 (3yd, )
" - Yy, - . yYo,.F.
- —_— t : - 1 — 11
T j =1 3y’ j=1 ay)
j j
sy, 2yl B e 3wy, 8)) (40)
3yJ 3yJ
> >
+ JS + JC
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where
y,) = 3y!
t t
IR, (al)
YnJi"-'azJ
ax.
i
Further, the coefficieats B;, Yj, §i are given by
B = 1, B =1,8 =1
r 2 r 3
Yy = 1, vy =1,y =1 (42)
1 2 r 3
[4 -_l’ g .l’; = 1
) 2 r 3

and m = 1 for all equations except the x3 —~ direction momentum equation,

for which m = 2., The vector variables used in Eq. 40 are defined as

A A
pU2 pUZUi
ou, oU, U,
W= 0 Foo= " pU; (43)
ph phUi
ok pkU,
| pe | | peU; |

where n =1 for i = 1l and n = 0 for i = 2, 3,




P8y BRait
2
P8, T2
. P8y . 113
P, = 0 G, = 0 (44)
i 1
0 - rq
Kk
Y,
[0 TYEy
[+
b s —
- -
il
T,
T12 .
i3 !
>
G.=| o0
i 1
U
1 Ez.Yik'i for i = 2,3
Lo %
I‘ \ u )
o = it
| L € . 1
|

Note that the velocity components (Uy, Uz, Uj) are the cylindrical-

[ - polar velocity componeats, and Tjj is the stress tensor written in

At o Fon s e

cylindrical-polar coordinates. The molecular and turbulent stress tensors

@ may be written as

Tij =- 2ueff ij (45)

e e
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= 1
Dll %
1
= v U
Ppp =l 2% 2
axz
= au
Pz 2
3x3
_
512 =1 r 3 (Eg) + l.igl
2 9% r r Ix
- 1 2
5 =1 3U3 . 3Ul
13° = =t =
2 ax, Ix
-1 3
5 -1 1 303 + U
23 T 2 i 2L
2 %, ox
- 2 3
veda1 3 up+1 P24
T r - -
axl 3x2 8x3

The derivatives required in Eqs. 46 - 47 must be expressed in terms of the !

computational coordinates yj using the chain rule, (Eq. 32).

- * . . 1] 3
Finally, the vector S contains source terms and certain differential

terms which do not conform to the basic structure of Eq. 40, and the vector g

contains the additional curvature terms due to the cylindrical-polar

coordinate system.

- o -
- 0
S = 0
0
22 + % + pe
u ][);5 D ] -pe - 2pv (n!/2)2
T ““Pi5 Pij e
= = 2 2
cl% [uT(ZDiJ. Dij) + 2 iy (V2U) - C2 p :_ ]
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Since the cases described in this report have widely differing
geometry, specific details of the grid transformations will be postponed

until each case and its results are described in detail in subsequent

sections.

Solution Procedure

[eNeoNelNeNe)

The solution procedure

previously is the linearized
McDonald [15, 16], which has

detailed explanation of this

McDonald [15, 16].

of the method can be found in the appendix to this report.

used to solve the governing equations detailed

block implicit (LBI) method of Briley and

been applied to numerous other problems.

A

method can be found in the work of Briley and

Repetition of this is unwarranted here; instead a summary

This appendix

also contains sections dealing with linearization and time differencing,

treatment of diffusive terms and the splitting scheme of the LBI method.




DISCUSSION OF RESULTS

Under the present effort a variety of test cases have been performed in
order to investigate various aspects of both steady and unsteady shock wave-
boundary layer interactions. These cases, which are summarized below, are
discussed in detail in this section. For clarity, geometry descriptions and
boundary condition specification are described subsequently for each case.
The cases presented are axisymmetric unless otherwise stated, and are as
follows:

(i) A normal shock wave-boundary layer interaction in a tube

(Mo = 1.84);
(ii) Steady transonic flow over a bump (Me = 0.875);

(iii) Unsteady transonic flow over a bump (Mw = 0.875, reduced
frequency = 0.175 and 0.004);

{iv) Flow over a compression ramp (Mo = 2.0);

(v) Shock impingement on a flat plate boundary layer flow
(Mo = 2.0).

Normal Shock Wave-Boundary Layer Interaction in a Constant Area Tube

Normal shock~wave~boundary layer interaction is a frequently occurring
phenomenon in aeronautical applications. The flow field contains a complex
set of phenomena including shock waves, boundary layers in adverse pressure
gradients and possibly a zone of separated flow. Even in cases where the
shock pattern is essentially steady, the sudden wall static pressure rise
accompanying the interaction can lead to significant unbalanced forces, and
the high heat transfer rates typically present in non-isothermal flows at
flow reattachment can lead to structural problems. The first case considered
simulates a normal shock wave-boundary layer interaction occurring at modest
supersonic Mach number in a tube of constant circular cross section. The
case has been specified to coincide with the experimental data of Mateer,
Brosh and Viegas [30]. These experimental results are available in
sufficient detail to enable detailed comparison between experiment and
prediction to be performed.

The calculation was performed for an inlet Mach number of 1.44 with an
imposed exit to inlet pressure ratio of 2.0 and a Reynolds' number based on
upstream boundary layer thickness of 5.83 x 105, The inlet boundary layer

thickness which was 2.5 c¢m was also used as the reference length for the

calculation.
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Boundary Conditions

A major factor in obtaining efficient solutions for the Navier-Stokes
equations is specification of appropriate boundary conditions. Boundary
condition specification, which has been the subject of considerable effort in
recent years, essentially imposes the effect of the environment in regions
outside the computational domain on the problem being investigated.
Specification of boundary conditions at walls is relatively straight forward,
but proper specification at inflow and outflow boundaries presents a more
difficult problem. The present effort follows the work of Briley and
McDonald [33] who suggest examining the characteristics of the inviscid
problem for guidance at inflow and outflow boundaries. Since at a supersonic
inflow boundary all dependent variables can be specified and since at a
subsonic outflow boundary only one dependent variable can be specified,

boundary conditions were set as follows:

(i) Upstream (supersonic inflow) boundary -
Functior boundary conditions for each dependent variable
(u, w, p, h, k and €) with profiles consistent with

experimentally determined values [30].

(ii) Downstream (subsonic outflow) boundary -
Second derivative of u, w, h, k and € set to zero.

Static pressure specified.

(iii) wall boundary -
No-slip (i.e. function values u = w = k = ¢ = 0),
Normal Momentum equation.
Adiabatic Wall.

(iv) Symmetry Plane -
Function value u = 0,

First Derivative of w, p, h, k and € set to zero.

A second major consideration in obtaining accurate numerical
simulations of flow situations is specification of a proper computational
grid. Obviously, code size, computer core size, computer run costs, etc.

dictate that the number of computational grid points used in performing a

calculation be minimized. However, in most flow situations not all regions




of the flow require the same grid resolution. In regions containing boundary
layers or shock waves dependent variables change rapidly with physical
distance and these flow regions require high grid resolution. Other flow
regions may be satisfactorily resolved with a considerably sparser grid point
density. As previously described, the governing Navier-Stokes equations are
written in a general coordinate system. However, before performing a
specific calculation a coordinate system transformation suitable for the
problem at hand must be provided. Many possible methods are available for
grid generation, but in this example where both boundary geometry and flow
structure conform to well defined, geometric shapes, construction of the
coordinate system is preferable.

For the axisymmetric normal shock problem of this section, a stretched
Cartesian grid has been used in the symmetry plane. For this purpose, a
modification of the method of Roberts' [31], was employed. This approach
uses a sinh functioan for the purpose of clustering points in the interior of
a domain, to resolve the shock gradients, and a tanh function at boundaries
to resolve boundary layer gradients. A typical example of the grid, at a
particular time, is given in Figure 1. It should be noted in this connection
that care must be exercised in using the sinh function, since excessive

stretching can lead to the introduction of large cpatial truncation errors.

Solution Adaptive Coordinate System

Specification of high grid resolution in the vicinity of a no-slip wall
is obviocusly required to resolve a boundary layer. However, specification of
a high resolution region to resolve a shock is not as simple a problem. 1In
some flow situations, both the shock location and angle can be well estimated
and in these cases an accurate, a priori judgment can be made in specifying
the region of high resolution. However, in many cases the situation is not
clear because the shock location and/or its shape may not be known a priori.
Since adequate grid resolution in the shock region is required to obtain
sharp solutions without spurious spatial oscillations, an alternative
procedure must be used. In the present case, a normal shock was expected in
the tube. Therefore, an orthogonal system with one set of coordinates
parallel to the wall and one set normal to the wall would be appropriate if

proper regions of high resolution could be obtained to resolve the shock.
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With the basic form of the coordinate system established, a viable
shock tracking strategy was developed using the wall pressure gradient and
pressure rises to determine the shock location. In particular, a search for
the maximum pressure gradient location was used to establish a definition for
the shock center. In the early stages of calculation a "noisy" solution
often exists. Any spurious oscillations in the solution would prove
detrimental to accurate shock center determination since large gradients are
possible and could conceivably exceed the gradient at the actual shock
center. In order to avoid this possibility, a "filtering scheme" was applied
to the process of shock location. Figure 2 demonstrates diagrammtically the
relevant features of the search and filtering processes. In addition to the
filtering applied to the adaptive grid shock location scheme, the movement of
the mesh was controlled. This was achieved by allowing only limited mesh
movement at each time step. This avoids the introduction of excessive
temporal truncation error which could slow convergence.

Essentially, the procedure ideantifies turning points in the wall static
pressure distribution, examines the change in pressure between subsequent
turning points and carries out a search for the maximum pressure gradient in
the interval having largest pressure rise. Sections having negative pressure
gradient are ignored for this particular problem. This approach assumes that
the shock is centered at the point of maximum streamwise pressure gradient in
the interval having the largest positive pressure increase. This effectively
filters out all but the most significant pressure rise which is assumed to be
the rise due to the shock. In more general cases where multiple shocks occur
or where separation and reattachment give rise to a plateau in the pressure
distribution a less restrictive filter would be required if resolution of
each significant pressure rise is desired. A significant pressure rise is of
course problem dependent, therefore, general guidelines are difficult to
prescribe.

Once the shock center was located, a new grid was constructed by
centering the sinh function at the new shock location. The transverse grid
was not changed in the normal shock calculation even though local boundary
layer thickening occurs in the interaction zone. However, the transverse
grid transformation was constructed to take account of the expected
thickening and thereby ensure adequate boundary layer resolution throughout

the calculation domain. The entire process of establishing the shock
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location and constructing a new grid was performed explicitly, after each
time step, and as a consequence the grid motion lags the shock motion. The
grid motion was accounted for in the governing equations through inclusion of

terms containing derivatives of computational coordinates with time.

Results

The present case was run with two different turbulence models. These
were a mixing length model, and a k - € model; both of which have been de-
scribed earlier. Before beginning the calculation, an initial, consistent
approximation to the flow field was constructed. This was obtained by assum-
ing the Rankine-Hugoniot relations for both static pressure and velocity
ratios across the shock, at an assumed streamwise location, and applying a
tanh function to blend the upstream and downstream values for a given trans-
verse location. By also assuming constant total enthalpy and a specified up-
stream velocity profile, a consistent initial flow field was obtained. The
assumed shock location did not take into account the influence of the bound-
ary layer on shock location and as expected, the shock location began to move
upon initiation of the calculation, In order to maintain adequate resolution
in all phases of the calculation, the adaptive mesh strategy described ear-
lier was invoked. The calculation was first performed on a computational
grid with 41 transverse and 3] streamwise points, using the mixing length
turbulence model described earlier. This calculation converged within 150
time steps with an overall reduction in the maximum residual in the field of
two orders of magnitude. The residual was monotonically decreasing with
increase in time and the solution was stationary when the calculation was
terminated.

The results obtained are shown in Figs. 3 and 4 along with those
obtained using a two-equation, k - € turbulence model. In the current work
an intermediate calculation was also performed using a one-equation, k - 2
model. This additional calculation was performed in order to obtain a suit-
able initial k field for use in starting the k - € model prediction.

However, more recent work indicates that the additional step is not necessary
and that the k - € calculation can be performed by using the mean flow
obtained using mixing length assumptions and using initial approximations for
k and € determined from algebraic relations. Results obtained using both
mixing length and k - € models are shown in Figs. 3 - 4 which also show

comparison with experimental data, for the wall static pressure through the
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