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ABSTRACT

Let a e Lioc(R+), a # LI(R+), a(t) - b(t)c(t), 0 < t < -, where

b(t) is completely monotone and c(t) is of positive type. Thus
T

b(t) " j+ etd(s), c(t) - lir (I - I)cos(st)dv(s) where P(s), v(s)
R T# T)

are nondecreasing functions, defined on R, and locally of bounded

variation. The resolvent r of a is the solution for t 0 0 of

r(t) + (rea)(t) - a(t). Extend v to R7 as odd and let ^ denote Fourier-

transforms. Then a(z) - J b(z - ix)dv(x) for Re z sufficiently large.
R

Using this formula we give conditions on U, v which imply that r is

locally sufficiently smooth to satisfy r e L 1(R). These conditions are

shown to differ depending on the size of b at infinity.
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SIGNIFICANCE AND EXPLANATION

The standard (real, linear, scalar) Volterra equation

x(t) + f x(t -s)a(s)ds f(t), t ) 0 ,clession or
0 NTrS Gr A&I

DTIC TAB
may easily be solved formally by the formula U :Innou red

t
(*) x(t) - f(t) - f r(t - s)f(s)ds, t ) 0 , By_ L

0cI0 ~Dist r'.ut ! cm/

where the so called resolvent r(t) satisfies . Codes

t Dist j e

r(t) + f r(t - s)a(s)ds - a(t), t ) 0

Equivalently

r(z) D [1 + a(z)] a(z), a(z) d2f f+ e za(t)dt
R

for Re z sufficiently large. The usefulness of (*) does to a large extent

depend on whether the size of r can be determined. In particular, if

r e Ll(R+) then properties of f like boundedness, integrability or

convergence at infinity induce the same behavior in x. Consequently a key

problem in Volterra equations is to obtain conditions on a(t) which insure

r(t) e LI(R+). This problem was completely solved by Paley and Wiener in the

case when a e LI(R+). For the case when a 0 Ll(R+) very few results do
however exist.

In this report we analyze the case when a(t) - b(t)c(t), t ) 0,

S !a # L1 [R+), b(t) completely monotone and c(t) of positive type.
Conditions are given under which r e LllR+). The hypotheses differ depending

on the size of b at infinity.

* i The responsibility for the wording and views expressed in this descriptive
/ smary lies with MRC, and not with the author of this report.
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ASYMPTOTIC ESTIMATES FOR RESOLVZNTS OF SOE NONINTEGRABLE VOLTERRA KERNELS

Stig-Olof London

1. INTRODUCTION

Consider the scalar, real, linear Volterra equation

x(t) + (x'a)(t) - f(t), t ) 0

where a, f are given functions, x denotes convolution, i.e. (x*a)(t) -
t
f x(t - s)a(s)ds, and x is to be determined. As is well-known this equation can be
0

explicitly solved, under quite weak conditions on a and f one does in fact have

(FI ) x(t) - f(t) - (ref)(t), t ) 0

where the resolvent r satisfies r(t) + (r*a)(t) - a(t), t ) 0, or

r(z) = (1 + a(z)] a(s), a(z) d f + eZta(t)dt
R

for Re z sufficiently large. The representation (F1 ) is obviously very useful for

studying the asymptotic behavior of x, in particular provided r e Ll(R+). In this case

properties of f like boundedness, integrability, or convergence at infinity induce the

same behavior in x. Recent results show that even for nonlinear equations the

integrability of the resolvent is quite crucial in determining the asymptotic behavior of

the solution, (4].

It is well known, [6], that if a e LI(R +) then r e LI (R+ ) iff

1 + a(s) * 0, Re z ) 0

In applications however many kernels decay as t"
, a e (0,1), and hence this condition

cannot always be applied. Thus one is led to the question: When do nonintegrable kernels

have integrable resolvents?

Due to the difficulty of the problem there exist comparatively few specific results

giving explicit answers to this question. In 17] it was shown that

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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a e L1 (0,1), a nonnegative, nonincreasing and convex on (0,-)

suffices to give r e L1 (R+). Somewhat later an example of a locally integrable,

nonnegative, nonincreasing kernel a was constructed (1] for which r # LI(R+). This of

course shows the importance of the convexity assumption. The results in (3] give more

insight in the problem and reduce the question of integrability to one of extended local

analyticity.

Large classes of nonintegrable nonconvex kernels do however have integrable

resolvents. The kernels

a(t) - t -cen t, a e [0,1), a(t) - t -J 0 (t), a e [0, 1/2]

provide two particularly simple examples. Common to these examples is that they are

products of a completely monotone function b(t) (t -a ) and a function of positive type

c(t) (-coo t, J0 (t)). Although this fact alone does not guarantee r e LI(R+) (a

counterexample is a(t) - tCt 2 j 1 (2 ) where e e (0, 1/4]) it may still be surmised

that this is a class of functions worth investigating more thoroughly. This is also

motivated by the convenient representation formulas available for a completely monotone

function b(t) and for a function c(t) of positive type:

b(t + extdu(xl, c t) = J+ co,,xt)dv(x), t > 0
R R

Here p, v are nondecreasing and locally of bounded variation. These formulas provide a

means of analyzing the behavior of a(z). In this report we analyze the question only

locally, i.e. we let a(z) blow up at a single point - which for simplicity we take equal

to the origin - and pay little or no attention to the behavior of a elsewhere. Global

statements will appear in a forthcoming report. The same comment applies to a more

detailed study of some examples and to a weakening of the size and continuity hypotheses

(1.2), (1.3).

It was observed in (7] that a consequence of a result by Hardy and Littlewood is that

if

I. fH (w), f e (c n L 6)({zlR z ) 0))

df
lfliw) is locally absolutely continuous with e L (R)

-2-
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(here W d2f (ziRe z > 0)) then there exists g e L
1

(R
+

) such that

L I(R+) idl (R)

We let f - r, define a(a) - li a(O + iW) and conclude that the crucial thing which we
0+ -1-

need in order to apply this consequence and to obtain (1 + a(w)' a(w) L is

[-a] -2 L (f)

and in particular
rda -2

(F2 ) [j][a(w)] e L (-1,1)

The attainment of (F2) thus constitutes our primary goal.

Below we formulate our results which state hypotheses on the functions u, v under

which (F2 ) follows. In addition a few coments are given. In Sections 2, 3 and 4 we prove

Theorems 1, 2 and 3 respectively. Finally in Section 5 we prove an auxiliary result needed

in the proof of Theorem 1.

A preliminary version of Theorem I was given in [5).

THEOREM 1. Let 1(x) be a nondecreasing function defined for x ) 0 with 1(0) - 0

and such that

(1.1) U(
1 J i(x)dx 4 yjt(w), 0 < w • 1

0

for some constant y e (0,1). Assume that the (completely monotone) function

b(t) dgf f+ e-xtdu(x) is well-defined for t > 0 and satisfies b e L
1
(0,1).

R
Let v(x) be an odd nondecreasing function defined for x e R and such that

(1.2) v(M) <

8upImpke that

2(1.3) v e C (0,11 1

with
1 2

(1.4) 2 <
0 v2 ( lWi(W)v

and let for some P e (0,a)

-3-



(1.5) v() tC PW-v) on (0,1)

Finally assume that

(1.6) [v()( )]- 1 e L1 (0,1)

Define

(1.7) b(a) f f (x), Re a 0, * 0
R + x,

Then (z + iw)

a(w) dsf li a(z) - li. f ;(z - ix)dv(x)
0+0 0+0 R

is well defined and continuously differentiable for w * 0 and sufficiently small and

01.8)I+i o a(c + i)1 a(t) L ( O, O)

o)0, Io+iwI*0

for some positive numbers C0 ,c0  which depend on the local behavior of M,v only through

Y,P and the Ll-norms in 1.4) and 1.6).

To clarify the notation in (1.4) observe that as v' e BVIoc(0,1] then

v'(0)) - v(W) +"'(w), w > 0, where v is nondecreasing and v! is nonincreasing.

Note that condition (1.1) implies u(0+) - 0 and that by (1.6) u(x)v(x) > 0,

x > 0. But v(0+) > 0 is not excluded.

The condition (1.1) is crucial to the proof. In particular it is needed to obtain

Leamm I (see (2.54)), that is to obtain an appropriate estimate of f f(s)ds in terms of
0

f(Wo). Here f((O) dgf Re b(i), w * 0. In general Lema I ceases to be true if (1.1)

does not hold. To see that let for example IJ(W) [log 1 a > 0, then

f(W) const 1-1 (log (1) )-1- and (2.54) is not satisfied as a straightforward

computation shows.

More generally one has that if P(x) is slowly varying at the origin in the sense of

Karanata then (1.1) does not hold. (This is not difficult to prove and we leave it to the

reader). Conversely, suppose P(x) is not slowly varying at the origin. It then follows

that for me y ( I and some sequence on + 0 one has

-4-
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y(uln ) 1 J j(slds.

n n 
0

If in addition the sequence {0n} satisfies 1ii inf .n'2 > 0 then one can show thatH
n* n

(1.1) follows.

The conditions (1.2), (1.3) are of a technical nature and will be weakened in

forthcoming work.

The multiplication of c(t) by the completely monotone function b(t) should have

two consequences effecting a comparison between A- [ (w)]-1 and A - in opposite

directions. The first consequence is that as a at infinity will be less than b at

infinity then - in general - the singularity of a at the origin will be weaker than that

of b. i.e. Ia(w)1 < 1Z(w)t. The second consequence is that as a !bV' then some
local smoothing is to be expectedi La will behave in a nicer fashion than dc. The

hypothesis (1.4) brings out both these effects. To see this note that if v is absolutely

continuous than v'(w) may be interpreted as Re ;(W) and hence (ignoring IMa(w)) inI I

order to have 1 c() w < - we need
0

1 -

(1.9) v' absolutely continuous and f (v')-2 v"Idw < •

0

However, by (1.5) we have (1.4) provided

(1.10) v' e sVloc(0,1] and f <20 v'2IW)P(W)

The factor U in the denominator obviously accounts for the weakening of the

singularity. On the other hand, the weakening of Iv"(w)ldw to dv,(H) shows that much

less smoothness is now required on v. (In this context the relation (1.3) is

irrelevant). In addition note the important difference that (1.9) is a two-sided bound

whereas (1.10) restricts only the increase of v' for ( increasing. Observe that as
1 2

typically lie v'(w) = - then (1.4) need not imply f 2 dv'(w) >
SWO 0 v2(w)u(w) -

/
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The technical condition (1.5) is primarily needed to obtain (see (2.48))

v(W + y) -v(W - y) ( const. yW_-1v(w), w > 0, 0 < y ( 2-
1
W .

Note that also this condition is one-sided and that frequently, in specific examples, the

condition (1.4) can be shown to imply (1.5).

The condition (1.6) basically requires the functions bc to be sufficiently large at

infinity. To see this note that under the assumption of Theorem I and assuming in addition

x W
w

for some constant c then

c I )I c2 -U -, W > 0

for some constants c1,c 2 , But by Lemma 1 of (7] we have

1/W
c 3b(w)I 4 f b(t)dt 4 c lb(w)l, w > 0

0

for some constants c31 c4. For simplicity let finally c(t) be positive, nonincreasing;
1/W

then v(w) > c.w f c(t)dt. Under the above conditions one thus has that (1.6) is
0

implied by

f ~ dt<J t t

(ft c(s)ds)(f b(s)ds)

0 0

Note however that althouqh being close to, the relation (1.6) is not equivalent to the

requirement a # LI(R). To see this take the following simple example constructed in (2]:

c(t) R 1, b(t) - t
- 1

[1 - e
-
t], t ) 0

1 -
Then v(w) S 1, v(w) - w, 0 ( w ( 11 IA(w) - 1, w > 1, and so f (v(W)j(w)]

-Idw 
"

0

although a(t) - b(t) * L1
(R+).

In the next result the condition (1.1) is weakened.

THEORDE 2. Let i(x) be a nondecreasing function defined for x ) 0 with

U(O) - U(O+) - 0. Assume that the (completely monotone function b(t) d+f + f-xt J(x)

R

is well defined for t > 0 and satisfies b e LI(0,1).

* -6-

/

/ -- ~-



Let vlx) be an odd, nondecreasing function defined for x e R and such that (1.2),

(1.3), (1.5) hold. Assume that

(1.62) < ( -
0

(1.11) w 22)~ du)()

2 (w) () djvI(W) <

and let for some constant c

(1.12) 3 f d-j-(x) cU(w), 0 <to 1
w x

Define b(s) as in (1.7). Then

(1.13) Re Z(-) d~f lim Pe a(-) - list f Re b - ix)dvl(x)
040 0+0 R

is veil defined and continuously differentiable for w * 0 and sufficiently small and

(1.14) lim [Re ;(o + i.)] =)I . ( )
Ia+iWl+0 ddRe ;(W) L I(-%COC0  0

0-o, Io+iwl*o

for some positive numbers CoC which depend on the local behavior of u,v only through

pc and the L
1
-norma in (1.62) -and (111).

If in addition

(1. 15) w2 ; di(mx), .), 0 <,,< d u

w x

1 22
(1.16) 1W) dlv'I(w) <-

0 2
lw) 

2 lw)

(1.17) M~Le L1 (0,1)
y

then In a(m) is well defined and continuously differentiable for w 0 0 and 0, fficiently

-7-
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small and

(1.18) 1 (-Ce 0

!her_. COC0 depend on the local behavior of U,v only through pc and the Ll-norms in

(1.62), (1.16), (1.17).

Above the assumption (1.1) has been weakened to w. u(w) e L (0,1). (observe that

even this is needed only for handling Im ;(w)). Thus we do allow a large class of slowly

varying functions U; for example

is(to) -log ]-, > I

In this case b(t) - [log t]
" , t * .

Note that (1.17) implies b(iw) e L (0,1).

The key additional hypothesis compared to Theorem I that is now being made is th is

restriction on the variation of v' is two-sided (see (1.11), (1.16)). The smoothnes:

assumptions on v do however remain the same, i.e. in (1.11), (1.16) v' need of course

not be continuous.

The following technical complication also arises out of the fact that (1.1) does not

hold. A factor X2() appears in some of the integrands of Theorems 2 and 3. This factor

is defined by

(1.19) )L(W,) -() WU(W) , > 0

(W) - - f j(a)ds f sdau(s)0 0

Clearly I < k(u)) < - for w > 0. Vote that (1.1) may be interpreted as requiring

sup X(w) <. In most cases of interest X(w) does however grow only logarithmically;
0<6)4I

if for example

(1.20) UW - [log (2,) . 0 ,

then

lim sup - I 1

More generally, suppose du(s) = P'(s)ds with u'(s) nonincreasing. Then by (1.19),

~-8-
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.(w) ( 2ij(w)[C(w ()]
-1  

Hence the appearance of X does not significantly increase the

size of the integrands in (1.62), (1.11) and (1.16).

We also observe that the examples (1.20) do satisfy the fairly weak conditions (1.12),

(1.15). Of course, (1.15) implies 1.12).

Our next result concerns the case when (1.17) does not hold, thus there is no size

restriction on b(t) at infinity except that lim b(t) - 0. Note that b(w) e L (0,I)
t+ft

need not be satisfied any more.

THEOREM 3. Let the assumptions of Theorem 2 except (1.16). (1.17) be satisfied. In

addition let
W+y

(1.21) if (v(s) - v"(s - y)}dsl 4 y F(w), 0 < w < 1, 0 < y < w/2
W log (7)

for some a > I and some F satisfying

(1.22) f W
2

A
2

(W)F(w) d< -
0 v 2(W Nu()

Define for £ > 0, w * 0, aC (W) - f b(w - x)dv(x). Then a )Cu) is continuously

differentiable for w * 0 and sufficiently small and there exist positive constants

C0, co such that

(1.23) sup E I (c

0MEC 0 a C () L(1CO<<0 a£ L (-€0,£ 0) 0

The constants £0, co  depend on the local behavior of P,v only through p,c of (1.15)

and the Ll-norms of (1.62), (1.11), (1.22).

The above condition (1.21) does require v' to be absolutely continuous and is thus

stronger as to the smoothness of v than (1.4), (1.11), (1.16). Typically F - v" in

which case (1.22) is seen to reduce to (1.11) - modulo the added smoothness.

Our final result, Theorem 4, also considers the case when b Lloc
. 

We state it

without proof# the proof will be given in a forthcoming report.

THEOREM 4. Let the assumptions of Theorem 2 except (1.16), (1.17) be satisfied. In

addition let U be absolutely continuous with

| i -9-



(1.24) '(W) 4 c Iii) 0 < W 4 1

for some constant c. Define h(w) - w 2 X2 ( )v"(w)[v2 (W)u(w) - I and

W h (y) - 1hw + y) - h() I *(By (1.11) h 0 L1 (0,1)). Assume that h satisfies
L (0,1)

the integrated Dini-condition

(1.2S) f - y <- •
0 Y

Define a as in Theorem 3. Then (1.23) holds with the constants 0,c0 depending on the

local behavior of U,v only through p, c of (1.15), (1.24), and the Ll-norms of h(y),
-1 2 -1yWh (y) and A VM]-I

Note that at the expense of more smoothness on U and the Dini-condition we are able

to do without u(y)y
- I e L

I

loc"

The result (1.23) of Theorems 3 and 4 in of course intermediate in nature. Although

it does constitute the essential step towards obtaining r e LI(R + ) it is not entirely

routine how to accomplish the remaining steps. As we intend to return to this topic in a

forthcoming report we only sketch the procedure here.

The root of the difficulty lies of course in the fact that under the conditions of

Theorems 3 and 4 one does not have b(w) e L I (R). A consequence is that the analysis

yielding (2.29) and in particular (2.41) is not valid. But note that we always have

Re (,w) e L1  (R) and thus the difficulty appears only when the imaginary part isloc

considered. However, as Im b(0 + iw) is odd with respect to w for 0 ) 0 one may by

assuming, with i - 1,

IV)W - v(i)(x)I < c(w)Iw - xla , 
w * 0, 0 < lxi < w/2

(1.26)

{for some a > 0, c(W) e L6,'-), 6 > 0

still obtain (2.29) as a principal value integral. Suppose now that vn satisfy (1.26)

with i - 2, (c(w), a may depend on n) and that (for example)

ji -10-
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(O (Y) L12

sup lh I 1 + j- _In I y 12 2 1Sn L (0,1) L (0,1, v nl L (0,1)
(1.27) ft

IsuP n <
0

,

n

where %~ nh of course correspond to Vnin the manner h, Wh correspond to v and

ft 1 -1 - -
0 is such that v ' 0oW v." Denote a - b*v , (W) - -b(w - x)v'(x)dx.n n ft ft ft En Iw-xI)c n

Then en an as C 4 0 in the sense of (2.41) and by (1.27) and the last sentence of

Theorem 4,

C0 2d~a

(1.28) sup Iu 1l- 1d < -
n 0 n" d

Suppose that vn  can be made to approximate v in the sense that for some q e (1,2] and

say a > 0

I -;I +0 for n •

-1 0, asThen Ir n - Z1 + 0, n daf z n(I + nl 1
, and Consequently Ir - I (e)

n B . But by (1.28) r. e LI(R + ) with sup Irn ( I ( and so r e LI(R+).
nt L(R+)

-11
I
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2. PROOF OF THEORDM 1

We begin by deducing some properties of b(w) d~f ;(iw . Write

(2.1) f(wu) dlf Re b(w) 2 2 di(x), W * 0
R x W

(2.2) g(w) df Im ;(w) f + X
2 
+ W *

ImRw x+ 2 + W #02

Note that both f and g are locally absolutely continuous on R\0), and that

(2.3) f is even with f(w) > 0, w > 0

(2.4) g is odd with g(w) < 0, w > 0

(2.5) df f 2x .dt! 22) 0

ddw R+ (x
2 

+ w2)2

(2.6) 91 _ - dj(x), CtA) 0
dw R (2 + x2)2

CA)

(2.7) f f(a)ds -f tg'l(!)d(x), w > 0
0 R

+

Thus in particular f e Ll(ol). From (1.1) follows

(2.8) [1 - 1y(W) r U(N) - W (a) d - [ xdu (x)], 0 < w 1w
0 0

and o (X 2f (I - ]1)

(2.9) 0 < c w -
2 f xdu(x), 0 < w I)

W 
0

But a straightforward integration shows that w
2 f xdp(x) e L1(0,1) and therefore

0

(2.10) w li(w) e L (0,1)

It is not difficult to show that (2.2), (2.10) imply g e Ll(0,) (we leave the

verification of this to the reader) and thus

-12-
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jBwI jdWl

From the monotonicity of f we imediately have

(2.12) 0 < f(to) < TW71 f(M)ds, W~ 0

We wish to estimate af, q, A interms of f. For w~ * 0 ws have

(2.13) IM, < A
dk WrR +x 2+W 2 rf(o

Then note that from (2.7) follows

(2.14) wdj(x)1'
(2.14)f 2 2< " ) <L f~otg71 (!)dpx) C L f4 f(s)d.

0 + t 0 10 0

and as obviously

(2.15) f Wd(X <
w0 x 2+ W2

then

(2.16) g(o)I < [I +~.Ii I s)ds, wi 0
0

Observe that (2.12), (2.16) yield

(2.17) +w() 0 for 0 0

Continuing the relation (2.9) ws have

(2.1)) 4 2X fw xd~ C 2Xf(a))
0Ox + t

Thus

(2.19) 0 2 -x2 p() 2
(219 21 2 2 du (x) < -2~ f(w), w > 0

0 (W + x)

-13-



2 2
Let > 0. If x )w then x

2 
-2 o< and so

(2.20) if 2 -2 du(x)I < f 2d----) < !2.
W (,2 + .2)2 x , +

From (2.6), (2.19), (2.20)

(2.21) 1I

Define c by

(2.22) c(t) - f eitxdv(x), 0 C t < -
R

For Re z > 0 we then have

(2.23) f+ e-Ztb(t)c(t)dt f If +j e-ZteitXb(t)dtldv(x) f 2 j b(z - ix)dv(x) -

R R R 2

where the use of Fubinis theorem is allowed am

(2.24) dv ) 0, v(M) ( M

and by the fact that e-ztb(t) e Ll(R+) for Re z > 0. Write Z = 0 + AiM fix C, W

such that 0 < C < I(01 4 -1 and split the integral defining a:

(2.25) 2;(0 + Wu) - f + f (;(o + iw - ix)dv(x))

Provided w * x then lir b(O + tw - ix) is well-defined. Also, by (2.24) and an

0+0
sup b(0 + iA - ix)l < " we may use the dominated convergence theorem to get

lw-xln~

(2.26) li. f b(o + iw - ix)dv(x) - f 9(w - x)dv(x)
o+o Iw-xl) c Iw-x I

By (1.3) f v'(x) < -. Also note that if bo(t) dfetb(t), 0 > 01 then bo(t)

lw-x I <c
is convex and so by Lemma I of [7], w * 0,

I/I -O WI/ l

(2.27) Ib(O + ij) - Ib (-i )l c1 0 e- tb(t)dt C c f b(t)dt 4 c2 Ib(w)l
0 0

for some constants cl, c2. if b(O+) - - or if lb
1
(0+)l - -, define

I -14-
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bn(t) b(t + n-), obtain (2.27) for bn(t), let n + - and apply the monotone

convergence theorem to get (2.27) for b). Thus an application of the dominated

convergence theorem yields

(2.28) li. f b + i- - ix)dv(x)- f (w - x)v.(x)dx, 0 < C Iw< 1 .
0+0 I-xl<e Iw-xl 2

Hence, by (2.25), (2.26), (2.28) a(w) - i. a(O + iw) exists and satisfies
0+0

(2.29) a() . (w -x)dv(x), 0 < Iwi j

Also observe that the uniform continuity of b(w) on 0 < 0 4 IwI, (1.3) and (2.24) yield

e c(o < I-I ' 1).
2

We next demonstrate that the first part of (1.8) holds. In particular wm show that

1/2
(2.30) .is J Re b(a + iw - ix)dv(x) --

a+iwo.O -1/2
0a00,0+iw*0

The first part of (1.8) follows from (2.30) as dv ) 0 and as Re b(z) ) 0 for

Re z ) 0, z O 0. For 0 ; 0, W e R, s > 0 one has

0 + 5 1 a

(a + 0)2 + W2 2 (a + IW)
2 
+ 8

2

and therefore, as V is nondecreasing,

(2.31) Re b (a + im) f (a f sds) 2 f~ lal
+ (o+ ) 2 + 2  (o+ Il)+ s

We assert that (2.33) holds. Observe that from (2.18) and by (1.6)

(2.32) ( P 2. _S e L (0,1)

Therefore, if 8 e (s)v(,) L (0,1) than

(2.33) ii. [f(s)v(s)]
1 
- 0

i40

But from (1.5), (2.13), (2.32)

~-15-
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I* , [;f(.),Tv ( (3 + p][.f(s)v(s)] - I L (0,1)

and so (2.33) is true.

For Re z ) 0, z $ 0, one has - as pointed out above - Re bz) ) 0 and also

d b(a + iw) < 0, w * 0. Therefore, for 0 < T 4 2-
1 

and by (2.31)

1/2

f Re b(a + iw - ix)dv(x) f Re bO + iw - ix)dv(x)

(2.34) -1/2 IxI'CT

2Re b( + i1w + TI)v(T) ) f(o + 1w + TIM)v(T)

If 0 4 a 4 IWI ( let T - twI. Then by (2.13), (2.34)

1/2

(2.35) f Re b(O + Lw - ix)dv(x) ) f(3w)v(ll) > . f(w)v(IwI)
-1/2

If 0 4w ( 0 ( 1 let T - T. Again by (2.13), (2.34)

1/2 1

(2.36) f Re b(o + Lw - ix)dv(x) ) f(o)v(c)
-1/2

From (2.33), (2.35), (2.36) we have (2.30)

Our next aim in to approximate ;(w). Take E e (o, .] and define ac by
1

2a (w) - J b(w - x)dv(x), 0 < IwI •
Iw-xI Lw 4

Then e c(o < IwI 4 -1), Re is even, Im i n, odd and obviously
£ 4

(2.37) 2(Z - ;.)(w) " f S(w - x)dv(x), 0 < IwI •
lw-xl<cl I 4

Also note that

da

(2.38)
(O+CW

2 (-a )(w) -cb(cwWv(to - w) + Eb(-ew)vCw + Ew)d (a a+ f b(w-s)v"(s)ds

'I

I -16-
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and hence

(2.39) e C(< Iwi

db
follows from (1.3), (2.24) and from the fact that Z is uniformly continuous on [T,-),

T > 0. We claim that for any fixed a e ( 0, 1) one has

44
(2.40) lim sup r (0 W d w ()1

C,4o s'CIWI< 4z dw d

To obtain the first part of (2.40) it suffices to use (1.3) in (2.37). The second part of

(2.40) follows provided one employs (2.17) and (1.3) in the second part of (2.38).

From (2.30) follows that lal is certainly bounded away from zero on 0 < iWI 4

Consequently by (2.40) and the continuity of all functions involved,

2 da

(2.41) lim f Is W1)I I-II,- f- I--t <
C+O T I-C C d2  TI<IWI<, 2

14 rIIC2  1i 2

for any 0 < T < 2 -. Suppose there exists E e (o, 1 such that

dot - 2 d£

(2.42) C0  , sup J a (1) 1 ---l) <
0(<c(C 0 Iwlc 0

Then, by (2.41), we would have the second part of (1.8). Thus it suffices to prove

(2.42). Before attempting to prove this relation we make an additional simplification of

the problem.

For 0 < IwI < -. 0 < C ( - define a (W) by4 C

S2%(w) - + f b(w - s)dv(s)
W+Cw -1/2

SAs Ra(e - E)(W) > 0, Re ;.(w) > 0 it follows that

-17-
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~--2 daL - do€ -2 ota -;€

(2.43) I I 1 - [ (Re ]-21 1 + [Re a l I 

Straightforward estimates yield

1/4 2 d(a - a )
(2.44) sup 1  f [Re w] Ido < co

0<C4. -1/4

where the constant co  depends on v only through V(-) f 11 . A consequence of
1/2 x

(2.43), (2.44) is of course that (2.42) holds provided we show that there exists

C0 e (o, 11, c 0 < - such that

-20a 4 <0

-2 de
(2.45) f a I ,-Ed o , 0 < £ <

-wI4 2 do 0

(2.46) f a I- £---I o 0 C £ t
IwI(£ 0  e do

where we have defined Q = Re 0
£I S IM a"

For the proof of (2.45), (2.46) we need the following easy consequences of (1.5).

Without loss of generality let p ) I and assume t0 > 0 satisfiev 2p£0 4 1. Then (1.5)

yields, provided 0 < w 4 1, 0 < y C0W,

(2.47) v(w + cow) 4 2v(w)

(2.48) v(w + y) - v(w - y) 4 c ybl v(w), co , 23 p

A consequence of dv ) 0, (2.47) and of the fact that f is positive, decreasing for

> 0 is (provided C( CO)

W)-Ca 1
0 (w) >f f(w - s)dv(a) > f(w)v(w - L..) :, v(w))f(w)

C 0
(2.49)

(4w) v(w)u(w), 0 < t

where the last inequality follows from (2.19). Therefore, recall (1.6),

-18-
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1/4 14 -

(2.50) sup I / ( 4A f / [v(w)u(w)] "1 , o <-
0<ec€ 0 0 WeiC (W 0

For 0 < ( 0 < C 4 £O* we have

dm 3 dB 6

(2.51) - I - ,
i"1 1-4

where (h dgf Igi)

1/2 O)" 0)
11 - f + ff'(w - s)v'(*)}ds

+C 0 W -1/2

WC0 W i)C-u)

12 - f + f (f'Cw - e)v'(s))ds
W+£W W-C 0w

13 - f(CW)((1 - £)V'(W - £O) - (1 + C)v'(W + CW)]

(2.52)1/
1/2 w-Ow 0

14 - J f h'(w - s)v'())ds
W+C0 to - 1/2

W+C 0 W

15 - h(eu)v'(ow + Cw)[-1 - C] + f h'(W - o)v'(s)ds
W+CW

W-£W
T6 - -h(ew)v'(w - 1)1 - el - f h'(W - e)v'(s)ds

W-e 0 W

, €
0

0
(2.53) si - -2(',)1iI I- i ±- ... 6.

To proceed with the estimation of the quantities Si we need the following lemma which

crucially depends on (1.1).

-19-
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1EMMA 1. For any 5)0 there exists £ o > 0 such that

LOw

(2.54) f f(s)ds ( 6wf(w), 0 < w C £0
0

The proof of this lemma in given in Section 5.

Choose 8 > 0 sufficiently small then fix 0 4 (2p) - I such that (2.54) holds. Let

e e (O,eO] thus

Lw e0w

(2.55) f f(s)ds 4 fc0 f(s)ds 4 dwf(w), 0 < w 4 £0
0 0

From (2.13) and as f, dv ) 0,

1/2 W-C 0 W

Ixll - O f + f {f(w,- s)v'(s)dsl C 2( aw- L(w)

0 w+ 0 W -1/2

Consequently, by (2.49)

(2.56) Si 2.€ 0 0e I dw1 0 0 -("UW

To avoid any convergence problem in the estimation of S2 (which will occupy us until

(2.71)) we conider S2n d ~f f 2 . 0 < < C £o and obtain bounds independent of
1

n. The fact that f is even gives us

C0W

12 - 1 f'(y)[v'(w - y) - v'(w + y)]dy
Lw

0 W+y 0 w+y
f - f'(y)[ f dv.(s)ldy + f f'(y)fv'(w - y) - v'(w + y) + f dv:(s)]dy
cw w-y Lw w-y

where an additional term has been added and subtracted. As

w+y w+y

v'(w - y) - v(w + y) + f dv:(,)-- f dv(s) 0

W-Y w-y

-20-
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we obtain

(2.57) S n 2R I + R2

where

o - LW 4
(2.58) R n : G42 (W)[ f WWIIf dv;'(s)ldylai

to co
(2.59) R., .= f ~~F If'(y)I{v'(w - y) - v'(w + y)yd

n1 CU

W+y
For the estimation of RI~ it is convenient to approximate f dv;(s) by a step

function. Take any sequence satsfin

(2.60) 2- W1 I > W2 > .. 01 2W. i ), W i-I *1 * 0 for i

W i-I

and define ai f dv.'(s) ), 0. (Formally dv+'Cs) * ai8 w (s) where 8 s() is the
W i i

Dirac 8-function with eupport at W i). Our task is of course now to estimate

C0 0f
(261 Yd f Q ; 2 (w)[ If,(y)I{#i(w + Y) _ -iu

defy)1dy~&

where we have defined

(2.62 - -a h(w -W), 0 < W C -1 (w) -1, W > 01 h(w) - 0, w < 0

and to obtain a bound independent of N 1 1, TI. Note that for each fixed ni > 0 the series

in (2.61) contains only a finite number of terms.

For each i we have (c in an a priori constant depending on P, Y whose value

varies from one place to another)

(2.63) £0 &;2(W)[ I I(W + y) *(w- y)ldyda

Ti LL - 1co

Il 0 o W[ f'(y)IdyjdW

* -21-
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4ai Wi [ -C0 -1
2 -1 2-1 1 f(lw -w

v (W [1 + £ 0 ] )f (W (1 - EO] ) -1
i 0 1  -i 0

ca 2 Oi [16 ]1 aiW 8 aW 2

2 12 f f(y)dy - 2v2 (W 11) f2 (Wl  0 v2 (W _1)M (i) v2 (W i-1)hi (Wi1

where the first inequality follows by the definition of i the second uses the

monotonicity of f, v and (2.49); the third follows by (1.5), (2.13) and 2 ). 1- the

fourth follows from (2.55) after taking 6 sufficiently small and the last uses the

monotonicity of f, (2.49) and again the fact that 2w i ) i-1" Thus, by the monotonicity

of W, V, U,

a2 W 2dv+(W)1 a~i 1

i v (Wi 1)U(Wi) 0 v ()U(W)

and one concludes that 1 1 2dv+ 1)

(2.64) 2Rl 4 2
0 v 2(W)P(W)

We proceed to estimate R2,. An interchange of the order of integration produces

2 0 cc y/E c0n y/e

(2.65) R = f f + f f + f f If'(y)Iu2 (w)[v'(w - y) - v'(w + y)]ddy
CC 0 z E0n z en n

def y
where z d Consider the inner integral in the first term. kn integration by parts€0

gives

E 0 E 0

f 02(VI(W - y) - v'(W + y)]dw - 1 (-2W)v(w - y) -V((a + y)]
E Cz z

(2.66) (

+ 2 [ C( )) (v(w - y) - v(w + y)]dy
F dwz

-22-
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As y ) 0 then v(W - y) - v(W + y) ( 0. This fact coupled with ae > 0 implies that

the substitution term from the upper limit C. may be dropped. Also note that as y is

sufficiently small compared to z then (2.48) may be used to estimate

v(z + y) - v(z - y). Therefore the substitution term on the right side of (2.66) has the

upper bound c yz C (z)v(z).

The inner integrals in the second and third term on the right side of (2.65) may be

estimated in the same fashion. Substituting back into (2.65) we then obtain

2£

0-1 -2 -1 -20
R2n( Co f If'(y)Iyz a C(z)v(z)dy + c P n a C )v(r- ) f If(y)Iydy

(2.67) 
0

+2 0 do [a (W)-2 f- (W) 0% If'(y)Ifv(w + y) - v(W - y))dyldw
n CW

where we have combined the two first substitution terms and - after again interchanging the

order of integration - combined the double integrals to a single term. Denote the three

terms on the right side of (2.67) by Tin i - 1,2,3. For T, we have the estimate (use

(2.12), (2.13), (2.49), (2.55)

£20 2 1 (1 -vi2 -

T1  C c f ylf,(y)I[zv(z)f 2(z)]-dy C 0 ) L 0 f( 0z)
[
zv(z)f 

2
(z)]

- 
dz

(2.68) 
0

(f dw

v(w)Iu(w)

provided 5 is taken sufficiently small. From (2.13), (2.49), (2.55) follows (with 6

small enough)

(2.69) T ( n

2 Wnv(TI)

and from (2.13), (2.48), (2.49, (2.55) one has (F£ d~f a-2ldocI)

4-23-

i-,..-~--



T 3 (C 2c 0 J F CW wo%() vC Wf IV f(y)dy dW
ni 0

(2.70)

IC 41 F~ C(Wdw

provided 5was chosen small enough. By (2.57), (2.64), (2.67)-(2.70),

(2.71) S 1fIw2d+W 1 dy 1 .1 C0
2T ~ 2v~Wm(w) 4v(Ti)ujri) ~4 f F(w)d,

0v(wNu(w) 0Tn

We proceed to examine S d~ f I 2,Iw As v' > 0 we have

101 - c)VIN - Ew) - (I + L)v'(w + LW)I

ICII(W - Ew) - vI(W + Lw) + f dv'(sHl
W+LW

+ Lv'(w - Lw) + LV-(W + LW) + f dv'I(s)

W-LW

W+L w
(2.72) =V'(w - ew) - v'(w + Lw) + 2 f dv+(s) + ev-(w - Lw) + Lv'(w + Lw)

d W+eCW

fv(w - Lw) - v(w + Lw)] + 2 f dv+' () + 2ev-(w - Lw) + 2cv-(w + Lw)

W--1

Mvw - Lw)) - v(w + Lw)] + 2 f dv;(s) .+ LEAw V~W
dw W-E w

The contribution of the very last term of (2.72) to s3 is easily estimated (use (2.12),

(2.49), (2.55) and take 8 sufficiently small)

C

(2.73) cc 0 -2 (WfC)-1Ivwd 1 f du)
n £ (wf£Cw wd 2 0v(W)Iu(W)

We next wish to obtain the inequality

g -24-



0 lu+ew 1 w 2 dv' (W)
cz2(wfe) f dvf)d +(2.74) 2 f C Wl )f v'sdw4 2n W-ewj 0 v (Whi (W)

To accomplish this we proceed as when R was estimatedi i.e. choose (W as in
W+CW In±ii

(2.60) and approximate f dv:(s) by a atepfunction. For each i we now have the
W-EW

following contribution to the left side of (2.74) (use (2.12), (2.49), (2.55)),

-2 8e ai ( 2
(2.75) 2a± f (w()f(ew)dw C(a-' fd

wj C1+e]jl aI v (+] 2 (W W 4 V 2 NJ i-1 W(W~

Hence, after suming with respect to i and using the monotonicity of w, v, ji we have

(2.*74).

To obtain an upper bound for S 3n it thus remains to obtain an upper bound for

(2.76) 11 d~f leo 0C 2 
(W)f(EW) [ (W - EW) - v(W + W jd

n Cd

We integrate * by parts and obtain

e0 2
C (W)f(eW)Tv(w - eW) - V(W + Lw)]

n
C

(2.77) + 2 J Fe (W)Q- (w)f(Cw)[v(w - ew) - v(w + ew)ldw

£0
-Q2(W)f.(ew)[v(w _ Lw) - v(w + c~d

Denote the integrals on the right side of (2.77) by T4, T5. The substitution term from

C0 is negative and may be dropped. An estimation of the term given by the lower limit

yields

(2.78) 0-2 (n)f(en)[v(n + en) - v(n - en))]C _C 4v(n hi(n)

where (2.12), (2.48), (2.49) and (2.55) were used and 8was taken sufficiently small.

For T4 one gets by analogous estimates

-25-
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*1

(2.791)l 4 < f ~ lo(

n

Finally note that T5 has the upper bound f Henc
20

1 1 2CO

(2.80) S 4 f I + 1 fI 2 dv'(W) + n 0
v(W)U(W) 0 v

2
( +(w) 4v(n )W(i) '4" f 11)d .

But without lose of generality we may (recall (1.6)) choose n 4 0 such that

nlv(n)u(n)]-1 * 0. Hence by (2.51), (2.56), (2.71), (2.80) we have F e LI(0e 0 ) and

s €O f 60 0 P w i Ccf w +fIw2 dv"(1W)
(2.81) sup FL '( 1) <  

c S vlwlulw) + 
< '

0<e¢e 0 0 0 v 2 (W1W)

where c, Co depend only on o, y and where we have used (1.4), (1.6).
6

We proceed to show that sup . Si < a, and begin by examining the contribution
0<<c 0 1=4

of 14. From (2.21) follows IT 4 1 [1 + 2X1 [ 0 W] l() and so by (2.49)

40 L

(2.82) 94 < c I v(W)h(W) I0

Next note that as h is even we may write (add and subtract an extra term)

0W W+y

15 - -h(E 0WH)t + CIv'(l + VW) - f h'1y) f dv4(s)dy
ew W+LW

(2.83) 0W W1'

+ f h'(y)f-v(y +w) + (1 + E)v(w + Lw) + f dvl(s)ldy

LW W+LW

By (1.5), (2.16), (2.47), (2.49), (2.55) and provided 6 is sufficiently small,

(2.84) 1 O(Wh(L0 ) + E)v'(w + CW)dW C v(1 % dW

TI 0

* -26-
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As the quantity inside the square brackets in (2.83) is nonnegative we have that what

remains to be estimated in (2.83) is bounded from above by

C0 ww e 0w

(2.85) 2 J Ih'(y)I{ I dv.(s)ldy + I Ih'(y)l[-v'(y + w) + (1 + £)v'(W + £w)jdy
Lw W+W ew

W+y

Approximate f dv(s) as before. Then, for each i, by (2.21), (2.47), (2.49),

W+LW

(2.55),

0 2 O +

2 a
2 

(W) Ih'(y)I[ f a 5 s)dy ad
i wTI W W+CW i

." [1+01-
1  

LW0

-2
c2aL f etc (w) f hh'(y)dyy d

(2.86) wil+o 0

w [1+C ) 
C -(

( cai [f(wi v(wi)]- f f y l h(y)dy d

w " [1+Cv(1 (-1

Thus

0 2 e0 . w .2 dvl(.)(2.7) wivs

en €.-Y 0 v
2 (. )

v 
(
W
)

, Our final purpose in to estimate the contribution to 85 by the second part of

i (2.85)t

€0  Co0 w
(2.88) 4 h2'()) -d v( + ew) - v( + y)1dy •

To estimate l1 w proceed as hen R2n was estimated. Interchange the order of

-27-
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integration and write 0 as the sum of three terms with the limits of integration

identical to those in (2.65). Consider the inner integral in the first term. An

integration by parts produces (z - ly)

0 d w + cw) - v(w + y)]dw E (W)[V(( + Cw) - V(w + Y))

z z

-1

+ 2 f l (w)YW)(v(W + LW) - v(W + y)Id
z

As y ) Lw, dv > 0 and a > 0 then the upper limit C. yields a negative term.

Substitution of the lower limit gives the left side of (2.89). The first inequality in

(2.89) follows by dv ) 0 and the second from (2.48).

-2 -2
a E(a)[v(z + y) - v(z + Lz)) - a 2(z)[v(z + y) - v(z - y)]

(2.89)
- 1 -2

Scoyz a E(z)v(z)

The inner integrals in the second and third term are estimated in the same fashion and the

result ic that 0 is dominated by the right side of (2.67) with f replaced by h.

But by (2.21) ylh'(y)I 4 cf(y) and so the estimation can be carried out entirely as when

R2n was estimated. Thus

(2.90) _ C f _ + 0 + 0

0 v(W)t (W) 4v(n)P(n) 4 F( ) .

Consequently, by (2.81), (2.84), (2.87), (2.90), after letting n 4 0.

*1 1I c +-I W +

S v((W)U(w) 4 2
0 0 v WOO (W)

By similar computations one obtains the same bound for S6 . Recalling also (2.82) one

finally has

-28-
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6 1 w 2 v(W
S C v(w)Cw(O) 2 ________(.

which ccinpletes the proof.
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3 . PROOF OF THEOREM 2.

Choose e0 • (o, 1] such that 2pc 0 < I and consider the proof of Theorem I up to

and including (2.48). The only relations in this part which are now not valid are of

course (2.8), (2.9), (2.18), (2.19), (2.21). (Note that (2.10) is assumed).

Define M(w) as in (1.19). Then (compare with (2.8), (2.9), (2.18)

(3.1) "( ) ]f Xd (x) C 2X(w) f' xd() 2  4 22(w)f(w)
W0 0 x + W

and so, instead of (2.49) we have

(3.2) a (W) ) v(W)f(w) - [4X(u)] Iv(W)U(W)
E 2

Let a ,fe ,i,S i  be as in the proof of Theorem 1. For S, we now have the estimate

(3.3) S1 ( 8%01 W dw .

To estimate S2 we write

0 0 W+y
(3.4) 1121 - If f'(y)lv'(w - y) - v'(w + y)]dyl < f If'(y)l{ f dIv'I(s)dy

CW LW Wo-y

W+y W~y

and approximate f dIv'I(s) in the same fashion as f dv;(s) was approximated in the
W-y W-Y

proof of Theorem 1. Note at first that straightforward calculations which use (1.12) give

(3.5) f f If'(y)Idy ds 4 cu(w)
0 s

Then choose for each i, w1Iw e21 [i,lwi1] so that

X(W li) i X < (w), 2- wW C W 4 2Ci

(3.6) ( )i

-- 2 w ,., 2w iU(W21) tj-' i
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We now have, for each 1,

J a 
2 1

w) If(Y)I(*ilW + Y) - *i(w - y)]dy dw
ft a- W

n LW

Wi Wi3-3-

2 cai If'(y)Idy do

22

(wi.1)f(W iMW21) 0 v

ca ica W 2 W M
1 3a ; ( 11 )l(21)

v2 (W i-I MW 
) 

i MW 
( 1 ) 

21) v2 (Wi- 1 )U( 12 
)

The first inequality follows by the definition of i, by the first part of (3.2) and by

the fact that the growth of v, f is regulated the second uses (3.5) and the last follows

as V is nondecreasing and by the second part of (3.2). Therefore, use the monotonicity

of w, v and (3.6),

(3.8) S2 C c 1 v dW)

0 v (w)uI(w)

For the estimation of S3  we observe that straightforward calculations which use

(1.11) give

f(ew) - f(;) C c UM, t 4 2w

which together with (3.2) yields

(3.9) Cf(CW) 4 cXw)f(q), w C 2w
2

Now note that

w4 W

(3.10) 1(1 - e)v'(W - Cw) - (I + )V'(W + W)I v() + I dfv'I(s)
w WCw

The first term on the right side of (3.10) gives

-31-
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£i

(3.11) 0 Q;
2 (W)Cf(Cw)w- v(W)d C c f 1 X2 ( )A)

n 0 v(W)u (w)

where (3.9) with w w, and (3.2) were used. To obtain our next goal:

- 0+ I 2 X 2 ( )

(3.12) a;2(W)f(cw) Wf ly'l(.) d  0 v 2 (W ) djv'(W)

we proceed in the usual fashion. Let w1 i , 21 be as in (3.6). By (3.2), (3.9) - where

W - (A) - and as we can regulate the growth of f, v;

W i [1-e] -2 1i [ 
1--1 -2

ai f a-(W)f(Ca)dw ( cc- ai (li)f(Wli) f a 2( )o

(3.13) Wi [(A)W 1+J]

2 2

12 ( i (W2 i)
i ( i1 1

and thus, by the monotonicity of w, v and from (3.6) we have (3.12). From (3.10)-(3.12)

(3.14) s3 c[f 1 X2 (W)W 2 dlvII(w)]

v()U (W) 0 V2(a)u (W)

and so, by (3.3), (3.8), (3.14) and as ,(w) ) 1,

f0 ,do M-C 1 2 1 2 23O -2, X (s) ds + X2() djvj(w))
0 dw 0 v(W)U(W) 0 v 2 ()I ())

0 0 do)~ 
(s

We next estimate f I- a;
2 da. From the definition of ).(a) and as dU ) 00 

-
follows after some calculations that (,-1X(W) is nonincreasing. Then note that now

(campare with (2.21) and use X(W) ' 1)
(3.16) d1 1 3X(w) w > 0

j -32-
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f

Consequently

W-C 0w -1/2 X(CO )

1141 f + f lh'(w - s)lv'(s)ds ( a CW)
-1/2 w+CW 0

Note that W(w) (e01 ( w). This fact together with (3.2) and as v, U are nondecreasing0 0

implies

EA e
2 4:1l11l 0 f wAC0W) d f 0 c f vw)j(w)

1 1 1 ( -do Cc -d

(3.17)

CO 0e2(.))1 s

n V(Cow)u(CoW) 0 v(s)u(s)

Write Is as in (2.83) and observe that from (1.15) and (3.2) follows

h(w) IC cwIli(w) 4 cX(w)f(w) and thus

(3.18) h(M0w) C cx(e w)f(C0W)

By (1.5), (2.47), (3.2), (3.18), as f(COw) C ( as v, are monotone, and by the

fact that X(w) C E0
1

( 0 ) we have (note that c varies from place to place)

0 Wh(c0W)[1 + clv'(w + Cw)dw C 2 f 0 2 w w

£ 0 T wa (w)

CO0 (E w)f(E w) C0 (C w)

(3.19) c f 0 0 c v 0 d
n wv(w)f

2 
(W) wv(W)f(W)

CO )0 X( W() 1 2 )

cf 0 dw c f ds
Ti v( 0wO 0w 0vsjJ)

Part of the second term on the right side of (2.83) is estimated by

9 -33-
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Sf lh'(ylv'(w + EW)dy - 2 fv(w) h'(y)Idy

(3.20)

(V(w) 0 s v(WI (w)
w f 2 2 

Eti a W

where we used (recall (1.15))

(3.21) Ih'(w)l 4 f d (x) + (W) < c ()2 2 2
W x W W

Hence, by (3.2), (3.20)

C( L O + 1 2(w)
(3.22) C f CL2(w)I Ih'(y)lv'(w + £W)dy dw 4 c (w)

L ew 0 v(w)u(W)

and it only remains to obtain

L0  -2 W w,y 1 22
(3.23) 2

(w) f Ih(y)l{ f dlv'(s)}dy c f 2 2 dlv'Ilw)
n Lw w+CW 0 v 2(w)U (w)

We proceed as before and remark that from (3.2), (3.21) and by (1.17),

0 0 +y
(3.24) a, i (W) f ih'(y)IJ (s) dy& (

LW W+W

w [1+ j 1  
LW

ac f -2(w) 2 -Y dy dw
wt 1+ 01-I t-

w 1 (14tC) -2 C 0 W

-34-
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v (W ) (W OWi  a0 ya1 0 ±W0vllU(V
2 ( t )  

ca•

2ca 2 2f

v21(W 2 )f (W 0 y vl2 ilf2(Wi)

and so (3.23) is satisfied. By (3.17), (3.19), (3.22), (3.23) and as 86 i estimated

as S5 we obtain using (1.62) and (1.16)

Sdo 1 1 22

(3.25) -d + fvW)A (2 ) dlv'I(w)] <-
S00 v2 (W)U2 (W)

which completes the proof of Theorem 2.
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4. PPOOF OF THFOREM 3

By Theorem 2 we obviously have the relation (1.14) and it only remains to establish

0O dS

(4.1) sup 0II 2
o<<e 0 0

0

The estimate (3.17) for S4 is still valid. To estimate S5 , S6  we combine 15, 16 as

I5 + 16 -h(Low)[v'(w + Cw) + v'(w - Cw)] + Ch(Cw)[v'(w - w) - v'(w + Cw)]

(4.2) W+C

+ f h-(w - s)[v'(s) - v'(w + Lw) + v'(2w - a) - v'(w - Cw)]da
W+LW

The contribution to S5 + S6 by the first term on the right side of (4.2) is estimated as

in (3.19). (Note that (1.16), (1.17) are not needed for this estimate to hold). The

contribution by the second term is estimated by (use h(W) 4 ow-lu(w) and (3.2))

0O-2 c )O 2 (w <
f a2(w)ch(ew)Iv'(w - Cw) - v'(w + cw)Idw -C c f do <(4.C v(W)v (W)

Finally we write the last term as

0W W+y W+LW
L df f h'(y)[f [v"(s - y) - v"(s)lds + f tv"(s) - v"(s - w)Jds]dy

By (1.21), (3.21), as U is nondecreasing and y ) ew,

(4.4) ILI 4 u(w) 0 y-1-2y-I F(w)dy -C clj(w)F(w)
Lw log y.)iy

Thus, from (1.22),

(4.5) C 211L( 11 4 c 1 2 d <

n 0 v (W)hJ(w)

This completes the proof.
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5. PROOF OF LEMMA 1

For any C0 > 0 the left side of (2.54) may be estimated as

(5.1) f f(s)ds - f tg-1 (-)ft(x) , + C0W duX2

0 0 2CW

For the right side of (2.54) we have (see (2.18))

f W + f rxdUl(x) I > (1 - y),(w) + I f 'd(x)

(5.2) f(W) " 0 2 + 2 2w 2 x

From (5.1), (5.2) follows that (2.54) certainly holds provided for any 6 > 0 there exists

C0 > 0 such that

(5.3) u(C 0W) + C0 W j du(x . 80 W ') ( x

COW W

for 0 < W 4 C0. Note however that if G(w) def P(w) + w f - then (5.3) can be
W a

written
6

(5.4) G(C 0W) ( (I - y)G(w), 0 < w 4 Co

To show that (5.4) holds we begin by demonstrating that

W

(5.5) WI f G(,)d ( G(w), 0 < w C I
0

where df 2-'I + i e (0,1). Immediately one has G e LI(0,1) and

(5.6) IJ(w) - wU(w) f 6-2 do - W u(s)s-2 d - G(w), Wi > 0
W

From (1.1), (5.6) one has

W

W 1- f i(s)ds CyG(w), 0 < w 1
0
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Thus

(5.7) (2w) - 1 f u(s)ds + 2"IG(w) - 7G(W), 0 < W C 1
0

But straightforward calculations show that the left side of (5.7) equals w J G(a)d.
0

and so (5.5) follows. In addition note that

(5.8) G is nonnegative and nondecreasing, w > 0

To complete the proof of (5.4) we use the following simple claim.

CLAIM. Let a function G(w) be defined on 0 < w 4 1, let G be nonnegative.

nondetreasing and suppose there exists r e (0,1) such that

(5.9) W- J G(s)ds e rG(w), 0 < w 4 1
0

Then given any 6 > 0 there exists CO > 0 such that

(5.10) G(c w) < 6G(), 0 < W 4 C 0

Clearly this Claim together with (5.5), (5.8) gives (5.4).

To prove the Claim take any w e (0,11 and suppose w is such that

G(( - r1/21W>) r 1/2G(w). Then, as G is nonnegative and nondecreasing,

-1 w I d W-1 1/2 1/2
W f G(s > w- f G(s)ds > r1G(w)[w - (I - r )w] - rG(w)

0 (1-r 1/2 )W

which violates (5.9). Thus, we must have G((I - r1 /2 W) 4 r1/2G(w) for 0 w W ( 1, and

so, by induction, for any positive integer n,

G((1 - r
1
/
2
)OW) - rn/

2 G(W), 0 < W e I

Fix 6 > 0 and take n sufficiently large so that rn./ 2 4 i. Define E0 - (1 - r1/ 2 )n.

Then G(C0 W) f 6G(w), 0 < W C 1, which contains (5.10).
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