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ABSTRACT

Let a ei] (R, a ¢ L'(rR"), a(t) =blt)clt), 0 <t <=, where
b(t) is completely monotone and c(t) is of positive type. Thus
b(t) = 1{* o *tau(s), c(t) = ;1: ({T (1 - %)co.(lt)dv(l) where u(s), v(s)
are nondecreasing functions, defined on R+, and locally of bounded
variation. The resolvent r of a is the solution for ¢t > 0 of
r(t) + (r*a)(t) = a(t). Extend v to R as odd and let “ denote Pourier-
transforms. Then ;(z) - §-£ ;(z = ix)av(x) for Re z sufficiently large.
Using this formula we give conditions on u, v which imply that ; is

locally sufficiently smooth to satisfy r € L1(Rf). These conditions are

shown to differ depending on the size of b at infinity.
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SIGNIFICANCE AND EXPLANATION

sars
The standard (real, linear, scalar) Volterra equation

onrY

|N""”“/ |
) ) y
x(t) + [ x(t - s)a(s)ds = £(t), t >0, o easion Tor
o NTIS GRA&I
DTIC TAR ‘E
may easily be solved formally by the formula Junnnounced L]
Justiticotion
. —_—
(*) x(t) = £(t) - [ r(t - s)f(s)as, t >0, By
0 _Distr:ﬂbut‘lon/

Avaii:xb*’lity Codcsr_\"
:AV(:‘-}. caifor ]
. Dist | Special

r(t) + f r(t - s)a(s)ds = a(t), t > 0 . -
0 ..'

where the so called resolvent r(t) satisfies

Equivalently
r(z) = [1 + a(2)] 'a(z), a(z) %8F [ e *tarerae ,
R

for Re z sufficiently large. The usefulness of (*) does to a large extent
depend on whether the size of r can be determined. In particular, if
re L‘(R*) then properties of f 1like boundedness, integrability or
convergence at infinity induce the same behavior in x. Consequently a key
problem in Volterra equations is to obtain conditions on a(t) which insure
r(t) e L'(R*). This problem was completely solved by Paley and Wiener in the
case when a € L‘(R+). Por the case when a ¢ L‘(R*) very few results do
however exist.

In this report we analyze the case when a(t) = b(t)c(t), t » O,
a¢ L‘(nf), b(t) completely monotone and c(t) of positive type.
Conditions are given under which r € L'(R*). The hypotheses differ depending

on the size of b at infinity.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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ASYMPTOTIC ESTIMATES FOR RESOLVENTS OF SOME NONINTEGRABLE VOLTERRA KERNELS

Stig-Olof Londen

1. INTRODUCTION
Consider the scalar, real, linear Volterra equation
x(t) + (x*a)(t) = £(t), ¢t > 0,
where a, £ are given functions, x denotes convolution, i.e. (x*a)(t) =

t
] x(t - s)a(s)ds, and x is to be determined. As is well-known this equation can be

]
explicitly solved; under quite weak conditions on a and f one does in fact have
(ry) x(t) = £(t) - (r*f)(t), t >0,

where the resolvent r satisfies r(t) + (r*a)(t) = a(t), t > 0, or

re) = (1 + a2 Nate), atz) W[ eTPtatiae ,
R

for Re z sufficiently large. The representation (Fy) is obviously very useful for
studying the asymptotic behavior of x, in particular provided r e L'(R*). In this case
properties of f like boundedness, integrability, or convergence at infinity induce the
same behavior in x. Recent results show that even for nonlinear equations the
integrability of the resolvent is quite crucial in determining the asymptotic behavior of
the solution, [4].

It is well known, 6], that if a e L'(R*) then r e rV(r") iff

1+;(:)*0, Re z >0 .

In applications however many kernels decay as tqu. a e (0,1), and hence this condition
cannot always be applied. Thus one is led to the question: When do nonintegrable kernels
have integrable resolvents?

Due to the difficulty of the problem there exist comparatively few specific results

giving explicit answers to this question. In [7]) it was shown that

Spongored by the United States Army under Contract No. DAAG29-80-C-0041.
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ae L1(0,1), a nonnegative, nonincreasing and convex on (0,»)
suffices to give r e L‘(R*). Somewhat later an example of a locally integrable,
nonnegative, nonincreasing kernel a was constructed [1] for which r ¢ L‘(R*)- This of
course shows the importance of the convexity assumption. The results in (3] give more
insight in the problem and reduce the question of integrability to one of extended local
analyticity.

large classes of nonintegrable nonconvex kernels do however have integrable
resolvents. The kernels
alt) =t cos t, ae [0,1), a(t) =t I (t), ae (o, %),

provide two particularly simple examples. Common to these examples is that they are
products of a completely monotone function b(t) (=t™) and a function of positive type
c(t) (=cos t, Jo(t)). Although this fact alone does not quarantee r € L‘(R*) (a
counterexample is a(t) = t 6 vQJ}(J& ) where € e (0, ¥4)) it may still be surmised
that this is a class of functions worth investigating more thoroughly. This is also
motivated by the convenient representation formulas available for a completely monotone

function b(t) and for a function c{(t) of positive type:

bt} = f+ e *tau(x), clt) = !+ cos{xt)avix), t >0 .
R R

Here J, v are nondecreasing and locally of bounded variation. These formulas provide a
means of analyzing the behavior of ;(z). In this report we analyze the question only
locally, i.e. we let ;(z) blow up at a single point - which for simplicity we take equal
to the origin - and pay little or no attention to the behavior of ; elsewhere. Global
statements will appear in a forthcoming report. The same comment applies to a more
detailed study of some examples and to a weakening of the size and continuity hypotheses
(1.2), (1.3).

It waa observed in (7] that a consequence of a result by Hardy and Littlewood is that
if

ren'n), £ enr){zlrRe z > 0})

f(iw) is locally absolutely continuous with g& e LY (r)

-2-
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e e A= Ea

(here ¥ ot {zIre z > 0}) then there exists g e L‘(R*) such that
- 1 .4f
f(z) = g(z), Ra z > 0; gl < = 1=—1 .
'k 2 ¥l

We let £ = r, define a(w) = 1lim a(0 + iw) and conclude that the crucial thing which we
a+0 -
need in order to apply this consequence and to obtain [1 + alw)] ':(u) e ! is

da ~ =2 1
3%][1 +a(w)] “erL'(n) ,
and in particular

2 e L‘(-1,1) .

(ry) () Gawn”
The attainment of (F,) thus constitutes our primary goal.

Below we formulate our results which state hypotheses on the functions Uu, v under
which (F;) follows. In addition a few comments are given. In Sections 2, 3 and 4 we prove
Theorems 1, 2 and 3 respectively. Finally in Section 5 we prove an auxiliary result needed
in the proof of Theorem 1.

A preliminary version of Theorem 1 was given in [5].

THEOREM 1. Let 1i(x) be a nondecreasing function defined for x > 0 with »(0) = 0

and such that

w
(1.1 W wnax € yutw), 0<wc 1,
0

for some constant Y € (0,1). Assume that the (completely monotone) function
be) %% [ o™ tau(x) 1is well-defined for t > 0 and satisfies b e L'(o,1).
R

Let v(x) be an odd nondecreasing function defined for x € R and such that

(1.2) vi®) <>,

Suppose that
(1.3 v e c2(0,1] ,
with

(1.4)

avii{w) <=,
0 vz(u)u(u) *

and let for some p € (0,»)




(1.5) vi(w) € pu”v(w) on (0,1) .

Finally assume that

(1.6) tvwiwn ™ erlo,n .

Define

(1.7) ble) = [, WX}, pgg>0, s*0.
R

Then (z = 0 + jw)

3w %f 1im a(z) = lim [ blz - ix)dv(x)
o+0 o+0 R

is well defined and continuously differentiable for w # 0 and sufficiently small and
- a 1
(1.8) lim lato + w)| ==, 15 (=N, < ¢

|o+iw|+0 alw) L (-co,eo)
020, |g+iw]|#0

for some positive numbers co,co wvhich depend on_the local behavior of u,v only through

Y,p and the L'-norms in (1.4) and (1.6).

To clarify the notation in (1.4) observe that as v' @ BV 0c(0,1]  then

v'iw) = v;(w) + v'(w), w> 0, where v] ia nondecreasing and v! 1is nonincreasing.
Note that condition (1.1) implies u(0+) = 0 and that by (1.6) u(x)v(x) > 0,

x > 0. But v(0+) > 0 4is not excluded.
The condition (1.1) is crucial to the proof. 1In particular it is needed to obtain

w
Lemma 1 (see (2,54)), that is to obtain an appropriate estimate of f f(s)ds in terms of

f(w)., Here f(w) dgf Re ;(1m), w # 0, In general Lemma 1 ceases :o be true if (1.1)
does not hold. To see that let for example u(w) = [109 %]qm. a> 0; then
f(w) ~ const u"(log (%J)-1_° and (2.54) is not satisfied as a straightforward
computation shows.
More generally one has that if u(x) is slowly varying at the origin in the sense of

Karamata then (1.1) does not hold. (This is not difficult to prove and we leave it to the

reader). Conversely, suppose u(x) is not slowly varying at the origin. It then follows

that for some Y < 1 and some sequence &, + 0 one has
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s - - aa

“n

-1
e ) 2w [ us)as .
0
mn-1
If in addition the sequence {mn) satisfies 1lim inf ~——— > 0 then one can show that
nee n

(1.1) follows.

The conditions (1.2), (1.3) are of a technical nature and will be weakened in
forthcoming work.

The multiplication of c(t) by the completely monotone function b(t) should have
two consequences effecting a comparison between %; [;(0)1-1 and %; (:(w)l-1 in opposite
directions. The first consequence is that as a at infinity will be less than b at
infinity then -~ in general - the singularity of a2 at the origin will be weaker than that
of B, i.e. 13(w)] < |C(w)!. The second consequence is that as & = B*V' then some

~ ~

4
local smoothing is to be expected:; %& will behave in a nicer fashion than E&- The

hypothesis (1.4) brings out both these effects. To see this note that if v is absolutely

continuous than v'(w) may be interpreted as Re ¢{u) and hence (ignoring Im a(w)) in

~ -2.de
order to have | lc(w)} |%§|dﬂ <% ywe need
0
1 -2
(1.9) v' absolutely continuocus and | (v') “|v*|dw <= .,
0
However, by (1.5} we have (1.4) provided
1 aviiw)
(1.10) v' e BVloc(0,1] and <o,

0 v'Z(wu(w)

The factor U in the denominator obviously accounts for the weakening of the
singularity. On the other hand, the weakening of |v*(w)|dw to dv;(u) shows that much
less smoothness is now required on v. (In this context the relation (1.3) is
irrelevant). In addition note the important difference that (1.9) is a two-sided bound

whereas (1.10) restricts only the increase of v' for ® increasing. Observe that as
1

typically lim v'(w) = = then (1.4) need not imply f av'!(w) > -=,

w0 0 vz(u)u(w)

A




The technical condition (1.5) is primarily needed to obtain (see (2.48))
viw + y) =v(w - y) € const. yw 'v(w), © >0, 0<y< 27 .
Note that also this condition is one-sided and that frequently, in specific examples, the
condition (1.4) can be shown to imply (1.5).
The condition (1.6) basically requires the functions b,c to be sufficiently large at

infinity. To see this note that under the assumption of Theorem 1 and assuming in addition

L]
! du(x) < e u(w)' w>0,
x w
w
for some constant c¢ then
wiw) ~ ulw)
1w < |btw)] < cy, w>o0,

for some constants c4,Cp. But by Lemma 1 of {7] we have

~ 1/w ~
c,lbw)| < / b(t)at < ¢, Iblw)l, w >0,
0

for some conatants1 C3,C4+ For simplicity let finally c(t) be positive, nonincreasing;
then v(w) > cow [ 7 c(t)dt. Under the above conditions one thus has that (1.6) is
implied by °

®

I dat

< »

t t
(f c(s)ds)(f b(a)ds)
0 0

Note however that although being close to, the relation (1.6) is not equivalent to the
requirement a ¢ L‘(R*). To see this take the following simple example constructed in [2):
clt) 21, ble) =t (1 -et), £>0

1
-1
Then w(w) =1, plw) =w, 0<w< 1; pw) =1 w>1, andso | [velWw)) a ==
0
although a(t) = bit) & LY(R*).
In the next result the condition (1.1) is weakened.

THEOREM 2. let u(x) be a nondecreasing function defined for x » 0 with

u(0) = pu(0+) = 0. Assume that the (completely monotone function b(t) daf I* o *ai(x)
R

is well defined for t > 0 and satisfies b e r'(0,1).

-




Let wv(x) be an odd, nondecreasing function defined for x € R and such that (1.2),

(1.3), (1.5) hold. Assume that

2
AT {w)
(1.63) £ viou(a) & <*

1 2.2
(1.11) [ WA W)

2 a|v'i{w) <=
0 vi(wulw)

and let for some constant ¢

(1.12) w - < aulw), 0cw< 1,
w

Define b(s) as in (1.7). Then
def

1im Re a(z) = 1im { Re b{z - ix)dv(x)
o+0 g+0 R

($.13) Re afw)

is well defined and continuously differentiable for w # 0

a

[Re a(0 + iw)] ==, 15 ( !

(1.14) 1lim

and sufficiently small and

)I < S

lo+iw|+0
030, |o+iw] 0

for some positive numbers to,c

~ 1
Re a(w) L (-eo,co)

which depend on the local behavior of u,v only through

p,c and the Ll-norms in (1.6,) and (1.11).

If in addition

—3_< c(w), 0 <cw< 1,
x

2 [ aul
(1.15) w? [ X
w

1 w2x2(w)

a|v'i(w) <=
0 vz(«:)uz(ﬂ)

(1.16}

(1.17) Ll"ﬂen'(o.n

then Im a(w) 4is well defined and_continuously differentiable for w * 0 and sufficiently

-7=




amall and

1y e,

d ~ -
(1.18) I— (Im a(w))
dw L1(-€0'e0) 0

where eo,co depend on the local behavior of u,v only through p,c and the L‘-notms in

(1.65), (1.16), (1.17).

Above the assumption (1.1) has been weakened to w-'u(w) e L’(O,l). (Observe that
even this is needed only for handling Im a(w)). Thus we do allow a large class of slowly
varying functions u; for example

plw) = [loq %]qu, a>1.
In this case b(t) ~ [log t]™%, s,

Note that (1.17) implies B(iw) e L'(0,1).

The key additional hypothesis compared to Theorem 1 that is now being made is th 1e
restriction on the variation of v' is two-sided (see (1.11), (1.16)). The smoothnes
assumptions on v do however remain the same; f.e. in (1.11), (1.16) v' need of course
not be continuous.

The following technical complication also arises out of the fact that (1.1) does not
hold. A factor Az(m) appears in some of the integrands of Theorems 2 and 3. This factor

is defined by

A(w) = 1@& = fHW)
ww) =2 [ wieras [ sau(s)
0 0

(1.19) w >0 .

Clearly 1 < A{w) <= for w > 0, Note that (1.1) may be interpreted as requiring

sup A(w) < =. In most cases of interest A(w) does however grow only logarithmically;
0<w<s 1
if for example

(1.20) wtw) = [log (-:;)]'“, a>o0,
then

lim sup Alw)

<1
w0 umdﬂ

More generally, suppose du(s) = u'(s)ds with u'(s) nonincreasing. Then by (1.19),




. wo

A(w) € 2u(w) (wu* (@)]”'. Hence the appearance of A does not significantly increase the
size of the integrands in (1.65), (1.11) and (1.16).

We also observe that the examples (1.20) do satisfy the fairly weak conditions (1.12),
(1.15). Of course, (1.15) implies (1.12).

Our next result concerns the case when (1.17) does not hold; thus there is no size
restriction on b(t) at infinity except that 1lim b(t) = 0. Note that blw) e L1(0,1)
t o

need not be satiafied any more.

THEOREM 3. Let the assumptions of Theorem 2 except (1.16), (1.17) be satisfied. In

addition let

art

wy
(1.21) I 7 {v"(8) - v(s - y)}as| €« —L—F(w), 0 <cw< 1, 0<Cy<uw2,
w log (;

for gome a > 1 and some F satisfying

1 wzlz(m)r(w)
- dw
0 vi(wlu(w)

< » ,

(1.22)

Define for € > 0, w * 0, :c(w) - / bB(w - x}av(x). Then :E(m) is continuously
| x=w|dew
differentiable for w # 0 and sufficiently small and there exist positive constants

€g¢ S such that

(1.23) sup 1L (=L <ep -

dw ‘~ 1
0<e<fe ‘c(”) L (-co,co)

The constants cn, <o depend on the local behavior of u,v only through p,c of (1.15)

and_the L'-norms of (1.6,), (1.11), (1.22).

The above condition (1.21) does require v' to be absolutely continuous and is thus
stronger as to the smoothness of v than (1.4), (1.11), (1.16)., Typically F = v" in
which case (1.22) is seen to reduce to (1.11) - modulo the added smoothness.

Our final result, Theorem 4, also considers the case when b ¢ L;oc‘ We state it
without proof; the proof will be given in a forthcoming report.

THEOREM 4. Let the assumptions of Theorem 2 except (1.16), (1.17) be satisfied. 1In

addition let Uu Dbe absolutely continuous with

-9a




(1.24) Ww) € e !ﬁﬂl, ocuct,
for some constant c¢. Define h(w) = mzlz(m)\l’"(m)[\vz(m)u(m)]-1 and
w(y) = Th(w +y) - h(@t | . (By (1.11) her'(0,1)). Assume that h satisties

L (0,1)
the integrated Dinji-~condition

1 uh(y)
o Y

(1.25) dy <=

Define ;c as in Theorem 3. Then (1.23) holds with the constants €0:Sp depending on the

local behavior of wu,v only through p, ¢ of (1.15), (1.24), and the L‘-norll of hiy),

y e (y) and 2

Note that at the expense of more smoothness on i and the Dini-condition we are able

-1 1
to do without u(yly e Lloc’

The result (1.23) of Theorems 3 and 4 is of course intermediate in nature. Although
it does constitute the essential step towards obtaining r & L‘(R’) it is not entirely
routine how to accomplish the remaining steps. As we intend to return to this topic in a
forthcoming report we only sketch the procedure here.

The root of the difficulty lies of course in the fact that under the conditions of
Theorems 3 and 4 one does not have bw) e L;oc(R)- A consequence is that the analysis

yielding (2.29) and in particular (2.41) is not valid. But note that we always have

1

Re b(w) € Lloc

(R) and thus the difficulty appears only when the imaginary part is
considered. However, as Im b(0 + iw) is odd with respect to w for 0 > 0 one may by

assuming, with { = 1,

(1) (

Iv (W) - v 1)(x)| € c(w)|w = x|®, w*o0, 0< Ix| €ws2,
(1.26)

for some a > 0, cl(w) e 8=, §>0,
still obtain (2.29) as a principal value integral. Suppose now that v, satisfy (1.26)

with i = 2, (c(w), a may depend on n) and that (for example)

-10=-




P

L

u, (y) 2
sup {th 1 + 1—n +1 ; 7 } <=,
n L' (0,1 Y v, viut Lo,

(1.27)

vhere h,, wy of course correspond to v, in the manner h, Nh correspond to v and
n

1 -1 ~ ~ ~ ~
P, is such that v < P@ v . Denote a = b'vr", ‘en(”) = | b{w - x)v"‘(x)dx.
- - |wex | >ew
Then 3n + a, as € 4+ 0 in the sense of (2.41) and by (1.27) and the last sentence of
Theoren 4,
€ ~
0 ~ .2 dan
(1.28) sup [ la_l |E-|<l» <®
n O n

Suppose that v, can be made to approximate v in the sense that for some q € (1,2] and

aay §>0
':n-;l +0 for n* ™.
LI ((~=,-6)Ul8 ,»))
~ ~ ~ dagf ~ ~ =1 -l .0
Then Ir - xl + 0, L cn[‘l + lnl + and consequently Ur = r Q.+ v as
19(r) 1 ")

n+e Butby (1.28) r, €L (R") with supir}, _ <= andso re L\(rY).

n LAY )

-11=
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2. PROOF OF THEOREM 1

We begin by deducing some properties of Bw) dgt b(iw). Write

(2.1) £(w) %87 Re B(w) = h"z"x_"i du(x), w* 0,
R x +uw
(2.2) gw) %% mBw = -, 3‘52-99—5, wto .
R x" +w

Note that both f and g are locally absolutely continuous on R\{0}, and that

(2.3) f is even with f£(w) > 0, w > 0,
(2.4) g is odd with g(w) < 0, w > 0 ,
R (x" + %)
dg w? - %
(2.6) = aul(x), w*o,
a R+ (02 + x2)2
w ~1rw
(2.7) | tfis)as = f tg (—)dm(x), wd>0 .
0 r* x

Thus in particular f e L1(0,1). From (1.1) follows

(" (")
(2.8) (1= Ylutw) € ww) =o' [ uslas =a”'[f xdu(x)], 0<w< 1,
0 0

and so (A gt (1 - Y]-1)

(w) -2
(2.9) 0 ¢E2 <t [ xaux), 0cwc 1,
0
-2 Y 1
But a strajightforward integration shows that f xdu(x) € L (0,1) and therefore
0
(2.10) o erlo,n .

It is not difficult to show that (2.2), (2.10) imply g e L1(0,1) (we leave the

verification of this to the reader) and thus




—— -

- —

(2.11) ] 1Bl <=,
jwl€

Prom the monotonicity of f we immediately have
1 }""
(2.12) 0 < £(w) < f(s)ds, w * 0 ,
ToT ¢

We wish to estimate %ﬂg' [: 1) %% in terms of £. For w # 0 we have

(2.13) 155 < or [, Xl - e

Then note that from (2.7) follows

w (1] w
wdu(x) pl{w) 4 -trw 4
(2.14) | 5 <= o (Pam < =] fla)as
0 x“ +uw 0 0
and as obviously
-
(2.18) R
W x *+w
then
4y, -1 }""
(2.16) Igtw)l < [1 + 3] 1wl f(s)as, w# 0.
0
Observe that (2.12), (2.16) yield
(2.17) lwb(w)| + 0 gor w + 0 .
Continuing the relation (2.9) we have
piw) w xdp(x)
(2.19) R G [ S < Af(w) .
0 x +uw
Thus
I“ uz - X yul{w) 2
(2.19) Q((x) ¢ == € ~— £(w), w >0 .
0 (02 + xz)z “2 w ’
-13=
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Let w > 0., If x > w then xz-u;<£ and so
x° + W
(2.20) l!. w? - o x| ¢ I. xulx)  flw)
® (mz *xz)z I w
From (2.6), (2.19), (2.20)
(2.21) 1991 < 11+ 2] T%T flw), w#0.
Define c¢ by
(2.22) cle) = 3 £ elt™au(x), 0<t <=
For Re z > 0 we then have
(2.23) £* e Etnitic(tiat = 3 L {£+ e"teltTp(t)at}avix) = 1 L blz - ix)av(x) = a(z)

where the use of Fubinis theorem is allowed as

(2.24) av > 0, vi®) <=,

and by the fact that e Zth(t) e L'(R*) for Re 2 > 0. Write z =0 + w; fix €, w
such that 0 < € < Ju| < % and split the integral defining ;s

(2.25) 2a(c + 1w) = / + {blo + iw - tx)av(x)} .

lo~x|>€ jwex]<e

Provided ® # x then 1lim b(g + jw - ix) is well-defined. Also, by (2.24) and as

- ot0
sup |Ib(o + iw - ix)|] < ® ye may use the dominated convergence theorem to get
020
|w=x|>€
(2.26) 1m [ bl + iw ~ ix)avix) = [ Blw - x)av(x) .
0+0 |[w=-x|>€ lu=x|>¢
By (1.3) f v'(x) < *. Also note that if ba(t) agt e-‘"'b(t), g > 0; then bo(t)

lw=-x|<e
is convex and so by Lemma 1 of (7], w * O,

. - Viel o 1wl
(2.27)  Iblo + iw)| = Ib (@)| € ¢, [ e b(t)at < ¢, [

bit)at < c, (bl ,
0 0

for some constants c4, Cp¢ If b(0+) == or it Ib‘(O#)I = w, define




S

e~

by(t) = b(t + n"'), obtain (2.27) for b,(t), let n+ = and apply the monotone

convergence theorem to get (2.27) for b). Thus an application of the dominated

convergence theorem yields

(2.28) Um [  blo+ dw - ix)avix) = [ Blw - x)v'(x)ax, 0 <€ < |o] < -% .
ov0 |w-x|<e jw=x|<e

Hence, by (2.25), (2.26), (2.28) ;(m) = lim a(0 + iw) exists and satisfies
at0

(2.29) A =2/ Bl - mavix), 0< o] <3
R

Nl

Also observe that the uniform continuity of Bw) on 0 <o < [ul, (1.3) and (2.24) yield
2ec(o< ful < %).
We next demonstrate that the first part of (1.8) holds. In particular we show that
1/2 -
(2.30) lim J Re b(0 + 1w - ix)av(x) == ,
o+iw*0 =1/2
020,0+iws0
The first part of (1.8) follows from (2.30) as dv > 0 and as Re b(z) > 0 for

Rez >0, £#0, Por 020, we€R, 8>0 one has

g+
o+ 8%+ o+ 1w+

v
[ ] P9

and therefore, as u is nondecreasing,

(2.31) n.b(oom)-]MH‘——>l] —Q-(L__--f(a+|u|)

(0 + 8) R*(a*lwl)+-

We assert that (2.33) holds. Observe that from (2.18) and by (1.6)

1 2 1
< 1)
(2.32) sE(s)vis) . nlarviey S X (01
4
Therefore, if s 3~ [.t(.)v(.)] e1'0,1) then
(2.33) s (f(s)v(s)1" =0 .

st0

But from (1.5), (2.13), (2.32)




Tevrto,n

. | 1 -
Is S5 lszraverasl! € (3 + ol (sf(a)v(a)]
and so (2.33) is true.

For Re £ > 0, z # 0, one has - as pointed out above - Re b(z) > 0 and also

w4-Re b(o + 1) <0, w* 0. Therefore, for 0 < T < 2™ and by (2.31)
12 . .
] Reb(o+ iw-ix)avix) > [ Reblo+ fw - ix)avix) >
(2.34) =172 Ixl<T

2Re b(o + i|w + T|)v(T) » £(o + jw + T])v(T)

If 0< o< |ul < % let T = |w|. Then by (2.13), (2.34)
(2.35) | Re blo+ 1w - ix)av(x) > £(3w)v(lal) > % £wiv(lwl) .

1f 0< |w) €0 < % let T = 1. Again by (2.13), (2.34)

172 .
(2.36) I Re b(o + iw - ix)dv(x) > % £(o)vi{o)
~1/2

From (2.33), (2.35), (2.36) we have (2.30)

Our next aim is to approximate a(w). Take € € (0, ':-] and define ;e by
a,w = Bw - xavix), 0 < lol < .
lo=-x|>€w
: Then :e e c{o < |u] < '}), Re ;t is even, Im :c is odd and obviously
1
1
{ (2.37) 23 - 3w = Blw - x)avix), 0 < lo| € 4.
1 lw=x]<€ |w]
j Also note that
| —dze (o <
; roall lol < 2)
- a4 ~ ~ ~ ~ wiew
2 70 (8 - a )W) = eb(ew)v'(w = €w) + Eb(-€w)V' (W + €w) + [ blw-s)v"(s)as ,
w-ew

-16-
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and hence

~

da 1
— € ~
(2.39) = ec(o< ol )

ab
follows from (1.3), (2.24) and from the fact that aw is uniformly continuous on ([71,®),

T > 0. We claim that for any fixed s € (o, -:-) one has

~ da_(w)
(2.40) lim  sup , [ 1atw) = ae(w)l + l-‘l'—(-m—)-- £

—1] =0 .
€40 g<|w|<-‘- b W

To obtain the first part of (2.40) it suffices to use (1.3) in (2.37). The second part of
(2.40) follows provided one employs (2.17) and (1.3) in the second part of (2.38).

From (2.30) follows that lal is certainly bounded away from zero on 0 < luwl < —%-
Consequently by (2.40) and the continuity of all functions involved,

~

~ - d‘e ~ _2 d:
(2.41) lim | la_w)l “l=law = | late) |7 iolae <=
€40 11<|m|<12 r‘<|w|<12

2
|

1
for any 0 <71, <%, < % Suppose there exists €, € (o, -4-] such that

da
~ -2 €
(2.42) c def sup f fa_(w)l “je—]dw <= ,
€ aw
0<e<e |u|<eo
Then, by (2.41), we would have the second part of (1.8). Thus it suffices to prove
: (2.42). Before attempting to prove this relation we make an additional simplification of

the problem.

PR TS

1 1 ~
For 0 < lwl S 0<€ <7 define o () by

- 172 w-ew
20w = [ + [ ble- sav(s) .
wHew -1/2

g e

As Re(a_ - 3 )(w) >0, Re a_(w) > 0 ft follows that

Y
‘ .
Y -
i i -
- - o aoki S I ik e, i iiindtl




~ ~

~

da da
-2 € ~ =2 [ ~ =2 €
(2.43) |ne| I&,-—I < [Re a) I&,-l + (Re a ] |- -

Straightforward estimates yield

1/4 N op dE - d)
(2.44) sup, | |[Re a )™ = ldo < ¢,
Ocesg =174

2 " avix)
1/2
(2.43), (2.44) is of course that (2.42) holds provided we show that there exists

1
where the constant c¢; depends on v only through V(T) « A consequence of

1
e, e (o, i]' ¢, ¢ ® such that

-2 dac
(2.45) / a ‘lgp-law < ¢y, 0 <ce<e,
lw|<e
0
-2, e
(2.46) / o lp-law € ¢y, 0ceEcE,
lwl<e,

~ ~

where we have defined ac = Re ae, se = Im ae.

For the proof of (2.45), (2.46) we need the following easy consegquences of (1.5).
Without loss of generality let p > 1 and assume £, > 0 satisfies ey < 1, Then (1.5)

yields, provided 0 ¢ w € l, 0 <y« €,
(2.47) viw + eom) < 2v(w) ,

(2.48) viw + y) = viw = y) < cpyw"v(m), = 2% .

A consequence of dv ? 0, (2.47) and of the fact that f is positive, decreasing for

w >0 is (provided ¢ < €,)

f(w -~ s)avi(s) > f(wlv(vw - ew) > % viw)f(w)

e e m——— e —

> (QXw)'1v(m)u(w), 0 <w¢ % ,

where the last inequality follows from (2.19). Therefore, recall (1.6),

-18-
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/4 -1
<af [v(wlu(w)] v ¢ .

0<e<eo 0 € 0

(2.50) sup [
Por 0<w< g, 0<c<c, wehave
da, 3
(2.51) rad Z 1
where (h dgt lql)
1/2 w=€ o

I,= [ + [ {t'(w - s)v'(s)las
uﬁ:ou -1/2

“'”o“‘ W=€W
I, - [+ | {f'(w - s)v'(s)}as
wiew w-€ 0

I, = f(ew)[(1 = €)v'(w = €w) = (1 + €)v'(w + €w)]

3
(2.52)
172 u-cow
1, | /] (h'(w - s)v'(s)}as
uﬁ:om -1/2
U)"foﬁl
Iy = hiew)v'(w + €w)[-1 - €]l + [ h'(w - s)v'(s)ds
WEw
w-tw
Ig = -h{cw)v'(w - ew)(1 =€l = [ h'(w =~ s)v'(s)ds
w-€ W
0
Denote
€ -
(2.53) s, = / a “(w) T, ldws 4 = 1,...,6 .

0

To proceed with the estimation of the quantities S; we need the following lemma which

crucially depends on (1.1).




P N S N U

1EMMA 1. For any 8§ > 0 there exists €0 > 0 such that

(2.54) f(s)ds € Swf(w), 0 < w < € -

oOV— ™

The proof of this lemma is given in Section 5.
Choose § > 0 sufficiently small then fix €, < (20)”" such that (2.54) holds. Let

€ e (o,eo] thus

Ew cow
(2.55) | t(s)as < | f(s)ds < Suf(w), 0 <w< e .
0 0

From (2,.13) and as £, d4v > 0,

\ 172 w=€ qu -
1) €= [ + [ {fw- s)v'(a)as} < 2[ew] a, @)
0 w+com -1/2
Consequently, by (2.49)
3, -1 1 S
(2.56) 51 < 2 Xeo I V(W)u(ul) .

0

To avoid any convergence problem in the estimation of S, (which will occupy us until

€
4 0 -
(2.71)) we conider 52n L / Gezllzldml 0<n < €5, and obtain bounds independent of
n

N. The fact that f 1is even gives us

€. w

0
I, = [ £(y)viiw=-y) - v'(s+yldy
(A7)

€ W Cou)

0 w+y w+y
== e ] avitm]ay + [ frimviiw -y - v+ y) ¢ [ avite)]ay
cw w-y ew W=y
where an additional term has been added and subtracted. As
w+y wty
v ~y) - v(w+y) + [ av {(s) = - [ avits) > 0
w-y W~y
=20~




e

we obtain

(2.57) SZn < 2R1n + R2n '
where
o €o® wty
-2 ' ’
(2.58) Ryg = ot [ et [ avitsrleylaw ,
n €w w=y
€ - €qW
(2.59) Ro=] @[ [ £ {viw - y) = v + y)dyla .
- n w
wy
For the estimation of Rln it is convenient to approximate ] av}(s) by a step
wy

function. Take any sequence {wi}:-1 satisfying

(2.60) 21 N e I T

2 1 2% ¥

i' wi + 0 for 1+ e,

@yaq

and define a - i dvi(s) > 0. (Formally dav)(s) ~ § .15wi(') vhere Gwi(a) is the

Dirac S§-function vléh support at wl). Our task is of course now to estimate

€ € w

def 0 -2 ¢
(2.61) YL ot ity -6, - iyl
in €w

where we have defined
(2.62) 4, (w) = -ah(u, - w), 0 <uw< %, hiw) =1, ©>0; hiw) =0, w <0,
and to obtain a bound independent of {ml}' N. Note that for each fixed n > 0 the series
in (2.61) contains only a finite number of terms.
Por each 1 we have (c 1is an a priori constant depending on p, Y whose value

varies from one place to another)

LR €
(2.63) / a;z(w)[f It'(y)l(oi(u ty) -4 - y)lay]aw
n ew
w [1-e 1! )
1 0 - 0
< a / a ‘) | 1£' (y) | dy]aw




1

4,1 w1[1-c°]
) Vi (1 e 1 et -1 I -1 tle = w e
i 0 i 0 w, [14€ )
i 0
ca, 260”1 [16)‘]-1a1m1 8-1aiwf
S [ ey« <5
v (mi-l)f (wil 0 v (wi_‘)f(mi) v (w1-1)"(“1-1)

where the first inequality follows by the definition of 011 the second uses the
monotonicity of f, v and (2.49); the third follows by (1.5), (2.13) and Zmi > w,_ 41 the
fourth follows from (2.55) after taking § sufficiently small and the last uses the

monotonicity of f, (2.49) and again the fact that Zwi >w Thus, by the monotonicity

i-1°

of w, v, u,

2 2.,
1 aimi 1 1w dv+(m)
L) < =]
8 i viw, uw, ) %o vt
MIRRTTS Rk TPt u
and one concludes that 2
1 1w dv;(w)
(2.64) Ry <] ——.
0 v (w)u(w)

We proceed to estimate RZn' An interchange of the order of integration produces

es € €E.  y/€ €N Y/€

2650 Ry =f [+ [+ [ lfrmie@ivie -y - viw + y)lasdy
n €
€ N z [A4] n

def
where 2 < %—- Consider the inner integral in the first term. an integration by parts

0
gives
£ " €9 -
f a “[vi(w - y) - viw+y)la = | a (W) viw = y) - v(w + y)]
z z
(2.66) €
0 -3 dae(u)
+ 2 L mﬁ (w) e {viw = y) = viw + y)lay .

.22

PR C N
: v ST AR P U
DR o - TR T R

I ———

PP e ainatid




As y 2 0 then «v(w-1y) - v(iw +y) € 0. This fact coupled with a, > 0 implies that

the substitution term from the upper limit €, may be dropped. Also note that as y is
sufficiently small compared to z then (2.48) may be used to estimate

viz + y) - v(z - y). Therefore the substitution term on the right side of (2.66) has the

a2 (z)v(z).

upper bound CDY!-
The inner integrals in the second and third term on the right side of (2.65) may be

estimated in the same fashion. Substituting back into (2.65) we then obtain

e2 €.n
0 -1 -2 -1 -2 0
R, €¢c / I£'(y)lyz a_“(z)v(z)dy + ¢ n a_ (nivin) [ |£'(y)|lydy
n [ € ) €
€40 en
(2.67)
€ sa_ o €
+2 3 (B (@)] [ae (w) £ (y)Hviw + y) - v(w = y)}ay]dw

£w

where we have combined the two first substitution terms and - after again interchanging the
order of integration - combined the double integrals to a single term. Denote the three
terms on the right side of (2.67) by Tin’ i =1,2,3, Por T, we have the estimate (use

(2.12), (2.13), (2.49), (2.55)

2

€ €
0 2 -1 {1 ~v) 0 2 -1

T, <c [ yler(y) ) lzviz)E“(2)]) ay € -——Erl— | cof(eoz)[zv(z)f (z)) dz
en n
(2.68) 0
11 Aaw
viw)u(w) *

0

provided & is taken sufficiently small. From (2,13), (2.49), (2.55) follows (with §

small enough)

n
‘_—_—
(2.69) T2 ¢  wowm ¢

da
-2
and from (2.13), (2.48), (2.49, (2.55) one has (F, def 2 —£))
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€o

3
n

(2.70)

€9

<o p (waw
n

provided 8 was chosen small enough. By (2.57),

2
1w av!(w) 1
{2.71) Sy ¢ %f - * + [ ——(w‘)""(w)
0 viwi(w) o VUM
o

We proceed to examine S3n
n

(1 -~ €e)v'(w = ew) - (1 + €)v'(w + cw)l

wHew

Clviw - ew) - viw +ew) + [ avi(e)l

w=cw

wWHew

+ evt(w - €w) + evi(w + €w) + | av}

w-cw

WAEW
(2.72) =viw-€0) - vi(we+ew) +2 [ av!
w-€w
a wHEW
= [viw = ew) - v(iw + ew)) + 2 f
w-Ew
wew
< g; [viw - ew) - v(w + €ew))] + 2 ]
WeEw

The contribution of the very last term of (2.72) to S is easily estimated (use (2.12),

(2.49), (2.55) and take § sufficiently small)

€
0 1
-2 -1 1 ww
(2.73) €c £ a “(w)f(ewlw viwldw < 5 £ Tt

We next wish to obtain the inequality

T, < 2, ) Fo(w)luwa_(w)]

o —D

det f agzllaldw. A8 v' 2 0 we have

€ w

0

Y [ f(pdy @
0

(2.64), (2.67)-(2.70),

€
0

1
wimu(m) * 4 £ Folwidw .

(8)
(8) + evi{w - €w) + ev'(w + €w) o
dv;(s) + 26v'(w - €w) + 2ev'(w + Ew)

dvi(s) .+ e viw) .

3n




l:0 -2 wHEw 1 1 mzdv;(w)

(2.74) 2 [ afwirew [ avi(si}dw < < .
€ + 4 2
n w-€w 0 vi(why(w)
a

To accomplish this we proceed as when R1 was estimated; i.e. choose {u } , as in

wHeEw n i’ 1=
{2.60) and approximate | dvi.(s) by a stepfunction. For each i we now have the

w-ew

following contribution to the left side of (2.74) (use (2.12), (2.49), (2.55)),

1 1

M -2 -1 0y U171 & 1 ‘1“’3
(2.75) 22, | a “(w)f(cw)dw < ba € J < 5 .
- € 1 1 Gt b e, ww, )
o [1+€] v, (14e] FERRLA FPe

Hence, after summing with respect to i and using the monotonicity of w, v, uy we have

(2.74).
To obtain an upper bound for 53n it thus remains to obtain an upper bound for
€0
(2.76) o O8f g ac-z(m)f(cw){% viw - €w) = vw + ca)l}dw .
n

We integrate ¢ by parts and obtain

€o

¢ = | a;z(m)f(cw)(v(m - ew) - viw + ew))

(2.77) +2 ] P e (vie - w) - viw + cw)ldw

0
-e u;z(w)f‘(cw)[v(w - ew) - viw + ew)ldw
n

Dencte the integrals on the right side of (2.77) by T4+ Tge The substitution term from

€ is negative and may be Aropped. An estimation of the term given by the lower limit

yields

-2 n
(2.78) o, ME(E {vin + €n) = v(n = eM)] € e

where (2.12), (2.48), (2.49) and (2.55) were used and § was taken sufficiently small.

For T, one gets by analogous estimates




o

I Fowa .
n

o) -

(2.79) '1'4 <

1
1 -1
Finally note that Tg has the upper bound Y | (v@)u(w)} &. Hence
[}

Vs 1] w? n 1 “o
(2.80) s, < + =] av' (v) + +=o[ P wa .
3n 5 viwlu@) 45 vz(w)u(w) + dv(n)u(n) 4 n €

But without loss of generality we may (recall (1.6)) choose n + 0 such that
1

nlv(niu(n)]™" + 0. Hence by (2.51), (2.56), (2.71), (2.80) we have F, eL‘(O.eo) and
€ 2 [
(2.81) sup Ior(m)dm<cf1—“;;ﬁ"-m+ 1(i,‘;d—vi(—m)—u-,
0<e<e0 0 € o Vi 0 v (wlulw)

where c, € depend only on p, Y and where we have used (1.4), (1.86).

0

6
We proceed to show that sup X si < %, and begin by examining the contribution
0<e<c° i=4

-1
of I,. From (2.21) follows |I4| < [1+ 2X][€°wl Qe(w) and so by (2.49)

duw

< ————
(2.82) 84 € g viw)u(w)

Next note that as h is even we may write (add and subtract an extra term)

€. W
0 wty
Ig = -h(cqu) (1 + €lv'iw + €w) - [ h'iy) [ avits)ay
tw WHEW
(2.83)
€o® w+y
+f nupf-viy )+ (vt ) + [ avite)]ay .
€W WHEw

By (1.5), (2.16), (2.47), (2.49), (2.55) and provided § is sufficiently small,

€ €
0 -1 &

-2
(2.84) £ a “(wih(e @) (1 + €)v'(w + €w)dw € € { Ty




e e

e m s e ema

- rema

As the quantity inside the square brackets in (2.83) is nonnegative we have that what

remains to be estimated in (2.83) is bounded from above by

toul wty com
(2.85) 2] Iny)i{ [ avitedlay + [  In(mIl-viiy +w) + (1 +e)viw + ew)ldy .
€W WHEW (A1)
why
Approximate | dv!(s) as before. Then, for each i, by (2.21), (2.47), (2.49),
WHEW
(2.55),
€ € W
o _ 0 Wy
2 f ucz(w) [ el f a s, (s)]ay &
n €W wHew i
-1
w, [14€] € W
i - 0
<2, / a. (@) [ In(y)ldy
w, [1+€ ]-1 W, -
(2.86) 1 0
-1
w, [1+€]) € W
2 ! 0
< ca, [f(w )v(w, )] J ] In(y)lay &
-1
ui[1+t:o) wi-w
o 0% awl
< ca,lf(w, )viw, )] | yIn'(y)lay < -—
¢ t i €W vz(m u(w )
1 i-1 i=-1
Thus
€ € w 2
0 -2 0 why LV wavie)
(2.87) 2 o[ Il [ avierley mc< [ - .
n €W wey 0 v (w(w)

Our final purpose is to estimate the contribution to Sg by the second part of
{(2.85):
€ €%

def ° -2 . |
(2.88) L e a i) Iy 3 [vle + ew) - viu + y)ldylaw .
n cw

To estimate .n we proceed as when Rzn was estimated. Interchange the order of

-27-
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e - . ———————.. . R -

integration and write On as the sum of three terms with the limits of integration
identical to those in (2.65). Consider the inner integral in the first term. An

-1
integration by parts produces (z = €9 y)

o €o

I azzm) g; [vio + €w) - viw + y)ldw = | a:"(m)[v(w + ew) = viw + y))
z 4
Co -
+2 [ o (@F (W) vw + €w) = v(o + y)ldo .
z

A8 y > €w, d4dv > 0 and a. > 0 then the upper limit € yields a negative term.
Substitution of the lower limit gives the left side of (2.89). The first inequality in
(2.89) follows by dv > 0 and the second from (2.48).

ugz(z)[v(z +y) ~viz +¢c2)) € u;z(z)[v(z +y) - vizg - y)]

(2.89)

-1 =2
< cpyz a. (z)v(z) .

The inner integrals in the second and third term are estimated in the same fashion and the
result is that 0“ is dominated by the right side of (2.67) with f' replaced by h°'.
But by (2.21) ylh'(y}| € cf(y) and so the estimation can be carried out entirely as when

R was estimated. Thus

2n

1 o
aw n 1
I seww * wmwm * 4!‘ Felurds .

(2.90) On <

Consequently, by (2.81), (2.84), (2.87), (2.90), after letting n + 0.

e el e -

2

’ . 1 aw 5 tw dv;(w)
Sg < ¢ / v |3 / 2 .
[} 0 v (wy(w)

| By similar computations one obtains the same bound for Sg. Recalling also (2.82) one

finally has




——— ———— - e
6 1 . s 1 ulaviw)
Pscel smnmtl T
i=4 o Viwwie 0 viww)

which completes the proof.

. m e e ade e -
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3. PROOF OF THEOREM 2.
Choose CO e (0, %] such that 2pc° € 1 and consider the proof of Theorem 1 up to
and including (2.48). The only relations in this part which are now not valid are of
course (2.8), (2.9), (2.18), (2.19), (2.21). (Nota that (2.10) is assumed).

Define A(w) as in (1.19). Then (compare with (2.8), (2.9), (2.18)

w W
(3.1) B9 L2 1 oo < 2w [ O XX ¢ awyew)
W 0 0 x +w

and so, instead of (2.49) we have

(3.2) a(w) > HUE) 5 1wy v .

Let uc,ﬁs.li,s1 be as in the proof of Theorem 1. For Sy we now have the estimate

-1 A(w)
(3.3) Sy <8y | Stavumer @ -
To estimate S, we write
€% €W wty
(3.4) 1Ll =] v =-y) -viw+ylayl <[ lerpif [ oalvis}ay
€w €W W=y
wy wty
and approximate | dlv'|(s) in the same fashion as [ dvi(s) was approximated in the
w-y w-y

proof of Theorem 1. Note at first that straightforward calculations which use (1.12) give
w oW

(3.5) [ ] 1g£(y)idy o8 < cu(w) .
0 s

Then choose for each i, w, ,u, € [w ,w,_ ,] 80 that

-1
”“’u) < Aw), 2 w, €w <,

(3.6)
X(uzx)

ulwy ) ulw)




We now have, for each i,

Eo cou
[ e [ 1, s ) - 8w - y)lay @
n €W
wi et
ca, 3 3
< [ | if(y)lay as

2
v (w1_1)£(m1i)t(m21) 0 ]

%y 2
cuiu(s—] ‘ caiw1X(w'1)X(w21)

2 2
v (w1_1)£(mu)!(w21) v (m1_1)u(w21)

The first inequality follows by the definition of 01, by the first part of (3.2) and by
the fact that the growth of v, f is regulated; the second uses (3.5) and the last follows
as U is nondecreasing and by the second part of (3.2). Therefore, use the monotonicity

of w, v and (3.6),

.

1 2.2
s,¢c | L2 W) 5y (w)

0 v (wu(w)

(3.8)

For the estimation of S, we observe that straightforward calculations which use

(1.11) give

~

flew) - £ < c M, 2G¢ 2,

€W
which together with (3.2) yields
(3.9) ef(ew) < cA(w)f(w), %< W< 20 .
Now note that
WEwW
(3.10) 1(1 = e)v'(w -~ ew) = (1 + e)v'(w + ew)| € ec L‘?-l + [ alv'ie .
w-tw

The first term on the right side of (3.10) gives
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o

1.2
(3.11) i a;z(w)Ef(ew)w-‘v(m)dw <o A
n 0

viw)u(w)

vhere (3.9) with W= w, and (3.2) were used. To obtain our next goal:

€

o _, weew 1 wA 20,
(3.12) [ afwitew) [ alviisia < ¢ [ 2212 gjyr)qw)
n w-Ew 0 v (whu(w)

we proceed in the usual fashion. Let m1i:m21
; = m'i = and as we can regulate the growth of £, v;

1

w, [1-€)" w 11"
i -2 -1 i -2
a, g a“(w)f(ew)dw € ce ad(w, Ifw, ) [ g o, (w)d
(3.13) wy 1ee) wyf1ee)

2
WAy ) Aw,,)

€ ca

v (W

1 2 plw,,)
=) A

be as in (3.6). By (3.2), (3.9) - where

and thus, by the monotonicity of w, v and from (3.6) we have (3.12). From (3.10)-(3.12)

1 2 1 2 2
(3.14) s, ¢ off 2w 4. A alv' | ()]
3 viw)u(w)
0 0 vi(wu(w)

and so, by (3.3), (3.8), (3.14) and as A(w) > 1,

€
0 da 1 2 1 .2, . 2
€ -2 A% (w) AT (w)w
(3.15) | 1=t a ‘& < c[f & + [ === ajv' )]
0 aw € 0 viw)lu(w) 0 vi(wu(w)
€0

We next estimate [ I;;EI agzdm. From the definition of A(w) and as du > 0
0
-1
follows after some calculations that w \(w) is nonincreasing. Then note that now

(compare with (2.21) and use \{w) > 1)

& flw)
(3.16) 'dm' < 3 (w) w ' 9 o .
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Consequently
wEoW 12 AE )
|I‘| € [ + [ |h'(w - s)v'(slas < a, (W) .
-1/2 u+cow [}

Note that X(w) < e;‘k(eow). This fact together with (3.2) and as v, u are nondecreasing

implies
) €0 Ate w) €0 Ae wik(w)
! °;2|Id|d“ < €;1 ] wa ?w) < e j v(:) (w) @
n n () n v
(3.17)
€ 2
0 A% (e w) 1 2
0 A7 (s)
<e v(eom)u(eom) dw < ¢ g vis)u(s) -

write Ig as in (2.83) and observe that from (1.15) and (3.2) follows

h(w) € cw 'u(w) € cA(w)f(w) and thus
(3.18) h(cou) < ck(eom)t(eow) .

By (1.5), (2.47), (3.2), (3.18), as f(eow) < EBZ!(M). as v, u are monotone, and by the

fact that A{w) € ES‘X(EOW) we have (note that c varies from place to place)

o, €0 h(ewIviw)
] a “(wh(ew)[1 + €]v' (0 + cwldw < 2 | — ®
n n wa (W)
€
o Ae @IE(e W) I‘o Me o)
(3.19) <c —_—— < c —— e &
n uv(w)fz(w) n wv(w)f(w)
!‘o Ae I ) ' 20
< ¢ e eheeT * ¢ ¢© [ —=31 as
n v(eou)u(eou 0 vis)u(s)

Part of the second term on the right side of (2.83) is estimated by
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€. w € W
0 2ev(w) ¢
€ ! IR (y)lv'(w + ew)dy < - I In*(y)lay
cw €W
(3.20) 50“’
<c eva('w) I g(;) as < ¢ v(w)gz(w) ,
tw 8 W
where we used (recall (1.15))
(3.21) Ih* ()] < [ 9*“—’;’+&";1<CE‘L2’.
w X w W
Hence, by (3.2), (3.20)
€o €t 1.2
(3.22) e f a-2(w) J Ihy)iviw + ewldy aw < ¢ A lw)
. e viw)u(w) !
n €W 0
and it only remains to obtain
€ € w
o 0 wy 1 2,2
1.2y | e [ omei{ [ alviie) ey e < e [ —2AT0) g0 .
n Ew WHEw 0 vi(wu (w)

We proceed as before and remark that from (3.2), (3.21) and by (1.17),

o eo"’ wty
-2
(3.24) a‘f a“w [ i f 8, (s)}ay auw <
n €w wtew i
-1
w [14€] [
1 o2 0
<a { a. () [ Ih'(y)lay a
-1
wi[Hto] wi-w
-1
w, [14€) € w
. 2,0 9wy
< ac / a. (w) i E—%—- dy aw
w (14 ]-1 W, =w Y
i 0 i
34~
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. €00y €00y "
< ca 3 I / L-g— dy ds
v (wi)! (mi) ewi '] y
ca € 0

04 (y) cni
< / "—x—y ay <
0

vz(wi)tz(ui) vz(wi)fz(mi)

and so (3.23) is satisfied. By (3.17), (3.19), (3.22), (3.23) and as S5¢ 1is estimated

as Sg we obtain using (1.62) and (1.16)

€

0 48 1 2 1 2.2
-2 A7 (s) w2 " (w)
(3.25) / |_€| a_“(w)dw < c[! 01 gy [ =2 dlv'l(w)] <»
) aw € o Vvielu(s) 0 vz(m)u ()

which completes the proof of Theorem 2,
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4, PROOF OF THFOREM 3

By Theorem 2 we obviously have the relation (1.14) and it only remains to establigh

a8 -2
(4.1) sup | lg! og (waw <= .
0<ece 0

The estimate (3.17) for S, is still valid. To estimate Sg, Sg we combine Ig, Ig as

Ip+ 1= -h(eom)[v'(m + ew) + vi{w - ew)] + eh(ew)(v'(w =~ ew) - v'{w + €w))
(4.2)
whe 0
+ [ h'(w - 8)v'(s) = v'(w + €w) + v' (2w - 8) - v'(w - €w))ds
whew

The contribution to Sg + Sg by the first term on the right side of (4.2) is estimated as
in (3.19). (Note that (1.16), (1.17) are not needed for this estimate to hold). The

contribution by the second term is estimated by (use h(w) € an-1u(w) and (3.2))

€o 0 .2
(4.3) f G-Z(w)Eh(sw)lv'(m - €w) ~ v'(w + €w)|dw € c I -—5—121— w < .
: n € n viw)yp (w)
Finally we write the last term as
€. w
dif ¢ . ury L] " wiew " "
L f h (y)[f [v"(s -~ y) ~ v"(s8)]ds + f {v*(8) - v"(8 - ew))ds)dy .
cw w w
By (1.21), (3.21), as uy 4is nondecreasing and y > €uw,
€ .w
(4.4) Ll € ww) J y'z{-—zﬁ—T—} Flw)dy € cu(w)F(w) .
Ew log (-)
Y
Thus, from (1.22),
[
[} 1 2,2
(4.5) I acz(m)|L(w)|dm Scf WA (w)F(w) a Cc® ,
n 0 v (w)u(w)

This completes the proof.
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5. PROOF OF LEMMA 1

For any €4 > 0 the left side of (2.54) may be estimated as

E W

0 o« €E_w @
(5.1) | flsras = | tg (—Jauix) < Tulew) + e [ Bixd
x 2 0 0 x
0 0 € W
0
Por the right side of (2.54) we have (gee (2.18))
w L o
(5.2) £(w) -f +! {xgu(x)z} 3 {1 - Yiulwy | lf d"(X), 0 <we 1.
2w 2 x
[ @ x +Ww w

From (5.1), (5.2) follows that (2.54) certainly holds provided for any &8 > 0 ther: exists

co > 0 such that

o -«

(5.3 e w) +ew | B 8O ry ) &y
0 0 x Ls x
€. W w
0
def = au(s)
for 0 < w < €,. Note however that if G(w) < Hiw) +w ] . then (5.3) can be
w
written
[
(5.4) G(Cow) < 5 (1 - v)G(w), 0 <w¢« eo .
To show that (5.4) holds we begin by demonstrating that
-1 ~

(5.5) w | Gls)as € YG(w), 0<cw< 1,

0

> dgf -1 1
where Y 2 '{y + 11 e (0,1). Immediately one has G @ L (0,1) and
i " - 2

(5.6) o) =op(w) [ s “ds < w | u(s)s “ds = Gw), w >0

w w

Ffrom (1.1), (5.6) one has

w
w ' u(s)as < YG(w), 0 cwg 1,
0
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Thus

w
(5.7) (207 [ weras + 276w ¢ Yow), 0 <cwe 1.
0

w

But straightforward calculations show that the left side of (5.7) equals w ! ] G(s)ds
0

and so (5.5) follows. In addition note that

(5.8) G is nonnegative and nondecreasing, ® > 0 .

To complete the proof of (5.4) we use the following simple claim.

CLAIM. Let a function G(w) be defined on 0 <w < 1, let G be nonnegative,

nondecreasing and suppose there exists r € (0,1) such that

w
{5.9) w ! | Gls)ds ¢ rGw), 0 cwed 1.
0

Then given any 8 > 0 there exists €, > 0 such that

(5.10) G(Eow) < EG(w), 0 <w¢ eo .
Clearly this Claim together with (5.5), (5.8) gives (5.4).
To prove the Claim take any o & (0,1] and suppose w 1is such that

G((1 = r1/2)w) > r1/2G(w)- Then, as G is nonnegative and nondecreasing,

(1] w
W) cmas el [ atsas > 0 %G - (1 - £ - e,
0 (1_r1/2)w

which violates {5.9). Thus, we must have G((1 - t1/2)m) < 21/2G(®) for O <w < 1, and

so, by induction, for any positive integer n,
(1 - e /3%y ¢ t™%Gw), o0 <cwe 1.
rix 6 > 0 and take n sufficiently large so that ™2 < 5. Dpefine € = (1 - rV/2)n,

Then Gleyw) < §G(w), 0 < w < 1, which contains (5.10).
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