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( ABSTRACT
'&This paper contains a design procedure for constructing finite :

dimensional compensators for a class of infinite dimensional systems with

unbounded input operators. Applications to retarded functional differential

-
.
[
(]
.
.
-
4
-

systems with delays in the input or the output variable and to partial

differential equations with boundary input operators are discussed.f:;\\\ 4/////
‘ 2
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SIGNIFICANCE AND EXPLANATION

For a large number of control and observation processes appropriate
mathematical models incorporate partial or functional differential equations
and therefore give rise to differential equations in an infini;e dimensional
state space. In order to improve the stability properties of the underlying
process, dynamic compensators have to be designed. A strajight forward
generalization of the finite dimensional theory leads to compensators which
themselves are infinite dimensional systems and therefore cannot be
implemented directly. Hence the question arises whether it is possible to
stabilize an infinite dimensional system through a finite dimensional
compensator. This problem is not new, however previous results are restricted
either to a special class of infinite dimensional systems or to systems with
bounded input/output-operators. But for many control and observation
processes there are severe limitations such as delays in the control actuator
and measurement devices and restrictions of controls and sensors to a few
points of the boundary of the spatial domain. Modelling such limitations
results in unbounded input/output-operators.

It is the purpose of this paper to present a general approach for the
design of finite dimensional compensators for infinite dimensional systems
which allows for unbounded input/output-~operators and can be applied to

parabolic and hyperbolic PDEs as well as retarded and neutral FDEs.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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FINITE DIMENSIONAL COMPENSATORS FOR INFINITE DIMENSIONAL
\ SYSTEMS WITH UNBOUNDED CONTROL ACTION

\) R.F. Curtain* and D. Salamon**

in 1.  INTRODUCTION

S

", In (15), [16), [17] SCHUMACHER presented a design procedure for constructing

stabilizing compensators for a class of infinite dimensional systems. The novel feature

g&’q ) was that the compensators were finite dimensional and that they could be readily ‘
;§ numerically calculated from finitely many system parameters. The class included those |
A systems described by retarded functional differential and partial differential equations ;
; provided that the eigenvectors of the system operators were complete and provided that the !
‘_‘i input and output operators were bounded. In (3] CURTAIN presented an alternative :
"E compensator design which applied to essentially the same class of systems, except that for !
‘ the special case of parabolic systems unbounded input and output operators were allowed. |
’;‘ By means of enlarging the state space of the given distributed boundary control system,

‘rA CURTAIN in [2) essentially transformed the original problem with unbounded control into

‘ o ' one with bounded control action so that the techniques of either [16] or (3] could be

applied. The resulting control, however, was of integral type. WNeither of these two

compensator designs are applicable to retarded systems with delays in the control or the

observation.

L S

In the present paper we make use of the abstract approach developed by SALAMON [14)
6 to extend the results of SCHUMACHER [16] to allow for unbounded control action. This is
?, done in a direct way without reformulating the original problem into one with a bounded
input operator. In section 2 we outline the abstract formulation and prove a theorem on

the existence of a finite dimensional compensator paralleling the development in (16]. 1In

v

)
¥

b

3 section 3 the general approach is then applied to retarded functional differential systems 1

_q L
A — 4

} ) *Mathematisch Instituut, Rijksuniversiteit Groningen, The Netherlands

- Sponsored by the U.S. Army under Contract No. DAAG29-80-C-0041.

st **This material is based upon work supported by the National Science Foundation under

N Grant No. MCS-8210950.
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( with delays in either the input or the output variables. The conditions are easy to check

and they are quite reasonable, except for the assumption of completeness of the

eigenfunctions which seems to be too strong. 1In a special case we are able to weaken this

e
PSR
s e’ fa"a"ale

MRk A s a8 LAKNERRE L L.,

: ~. assumption.
Finally, in section 4, we show how boundary control systems fit into the abstract
"..
" framework of section 2 and give an example. The results are compared with the approach in
\-“ [3] .
.l
-‘.‘
‘s 2. A GENERAL RESULT
.:f We consider the abstract Cauchy problem
Ry
:-:
- .
o8 (2.131) x(t) = Ax(t) + Bu(t), x(0) = x; € X,
o (2.1;2) y(t) = Cx(t),
A

> o)

o,

on the real, reflexive Banach space X where A : D(A) + X is the infinitesimal

generator of a strongly continuous semigroup 8(t) on X and C € Lix, o).

i
.': In order to give a precise definition of what we mean by an unbounded input operator
;'3 we need an extended state space Z > X . PFor this purpose let us first introduce the
~.‘§
X subspace
::d . » *
“§ zZ =D, (A)CX
1 g‘ X
i
B endowed with the graph norm of A'. Then z' becomes a real, reflexive Banach space and
LY the injection of z* into x* is continuous and dense. Defining Z to be the dual
3
:1 space of z', we obtain by duality that
3
XY
X8
_—~
- xXCz
:: with a continuous dense injection.
~
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REMARKS 2.1

L ]
(1) A can be regarded as a bounded operator from z' into x' and s.(t) restricts

to a strongly continuous semigroup on z'. By duality, A extends to a bounded operator
from X into 2Z. This extension, regarded as an unbounded operator on Z, is the
infinitesimal generator of the extended semigroup 8(t) € L(z) (see [14, Lemma 1.3.2]).
(11) If u @ o(A) = 0(A*), then the operator uI - A : X + Z is bijective.
Furthermore, this operator commutes with the semigroup 8(t) so that it provides a
similarity action between the semigroups S(t) € L(X) and S(t) e L(Z).

(i14i) It follows from (ii) that the exponential growth rate of the semigroup 8(t) 1is

the same on the state spaces X and 2Z, 1i.e.

w = lm t~' loghs(e)t

-1
o Ly = Mm t logis(t)l, 0.

tre tro
(iv) It also follows from (ii) that the spectrum of A on the state space X coincides
with the spectrum of A on Z (see (14, Ievma 1.3.2]). PFurthermore, the generalized
eigenvectors for both operators are the same, since the eigenvectors of A on Z are

contained in Dz(A) = X. Finally, the (generalized) eigenvectors of A are complete in

X 1if and only if they are complete in 2.

We will always assume that B is a bounded, linear operator from l" into 2.
However, we want the solutions of (2.1;1) to be in the smaller space X on which the

output operator is defined. Therefore we need the following hypothesis.

T
(H1) For every T > 0 there exists a constant by > 0 such that | s(T-s)Bu(a)as e x
0
and
IT
1| 8(T-s)Bui(s)dasl_ < b_ fu(+)}
0 x T tPro, %)

for every u(*) @ P10, TiR'] where 1< p <= .
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In the following we collect some important consequences of (H1) which have been

established in [14, section 1.3].

REMARKS 2.2

(1) (H1) is satisifed if and only if the inequality

1 .8'( ) .l <hb ¢ .I
B *)xX x -
3o, mrty T x

(3
3

holds for every x' e z' and every T > 0 where 1/p + 1/q = 1.

(14) If (H1) is satisfied, then

S
oo
TS

3 t
(2.2) x(t) = 8(t)x, + | S(t-s)Bu(s)ds € X
4 0
’
-
1"‘
@ is the unique strong solution of (2.1;1) for every X, € X and every
:v,.“ u() e Lp[o,'rm']. More precisely x(t) is continuous in X on the interval ([0,T]

and satisifies

t
x(t) = xo + | [Ax(s) + Bu(s)lds, 0K t < T,
0

where the integral has to be understood is the state space Z. Thus equation (2.1;1) is

satisfied in the space Z for almost every t € (0,T].

(114) If (H1) is satisifed, then for every w(+) € (C[0,T;X] there exists a unique

- x(+) @ C[0,T1X] satisfying the equation

b,

t

oo x(t) = w(t) + | S(t-s)BFx(s)ds, t > 0.
o\ 0

This solution x(°+) depends continuously on w(°*).

-4-
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} . Moreover hypothesis (H1) implies the following important perturbation result.
{
‘.'\

e

e THEOREM 2.3

_xf let F € f(X;R ) be given. Then the following statements hold.
L' %

(1) There exists a unique strongly continuous semigroup Sp(t) on X satisfying

¥
35y
1S4 t
»

- (2.3) Sp(t)x = S(t)x + | S(t-8)BFS_(s)xds

< F

7>y 0
f 'J

for every x € X and every t > 0. 1Its infinitesimal generator is given by

-

.
- l‘.“

D(Ag) = {x € X|Ax + BFx @ X} ,

» 4
“0 -

s e

e Apx = Ax + BFx .
oy
-
¢ . - . * . .
x'\: (1) A, =A +FB :D(Ar)-z+x .
o
-:%; 5111) sr(t) extends to a strongly continuous semigroup on Z and the infinitesimal
" 4
) generator of the extended semigroup is given by A+ BF : X » 2Z.
LS
oy (1v) Let xpeX and v(+) e 1P[0,7;R"] be given and let x(+) € C[0,T:X] be the unigue
AN
solution of
3
i .
, (2.4) x(t) = S(t)xy + | S(t~s)B[Fx(s) + v(s)]ds, 0 < ¢ < T .
0
.23
2
‘% Then
e,
¢
‘.: (2.5) x(t) = Sp(t)x, + é Sp(t~s)Bv(s)ds, 0 < £ < T .
:.w
%:; (v) Hypothesis (H1) is satisfied with S(t) replaced by Sp(t) and Sp(t) satisfies
1M
— .
2% (2.6) S_(t)x = S(t)x + | S_(t-8)BFS(s)xds
e F o F
\
A =5

et et Pa
ARG I R TR ‘.\_..\\.\'\..\-‘\
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‘ for every x € X and every t 2 0 .

P
2\ (vi) let xj@x and f(-) e LP(0,T:X] be given and define
4
\ y t .
! (2.7) x(t) = Sp(t)x, + ] 8 (t-s)f(s)ds, 0 < t < T.
b 0 r
XN
% Then
Y f—
21
N
3 ‘
> (2.8) x(t) = s(t)x, + ] S(t-s)[BPx(s) + £(s)]ds, 0 < t < T .
: 0
.
3: PROOF Statement (i) has been shown in [14, theorem 1.3.7] and (ii) follows from (14,
. *
& theorem 1.3.9]) since the input space is finite dimenaional. By (ii), sl'(t) restricts
- *
‘ to a strongly continuous semigroup on Z = D(Ar) and hence S'(t) extends to a
A
:_.: semigroup on 2Z. By remark 2.1(i), the extended semigroup is generated by the adjoint
."} » *
..3 operator of Ar, where Ar is regarded as a bounded operator from z' into x'. This
L
y proves statement (iii).
In order to establish statement (iv), let us first assume that v{+) € c'to,rm'} and
Y
g:; let x(°*) @ C[0,T:X] be the unique solution of (2.4). Then it follows from Remark 2.2
Fygf
4 1
i, (11) that x(-) e C (0,T;2) and
'S

d4/4t x(t) = (A + BP)x(t) + Bv(t), 0< t<T.

Hence it follows from (iii) and a classical result in semigroup theory that x(+) is
given by (2.5). 1In general, statement (iv) follows from the fact that the unique
solutions of both (2.4) and (2.5), regarded as continuous functions with values in 2,
depend continuously on v(e¢) € Lp[o,'x-m"].

It follows immediately from (iv) that (H1) is satisfied with 8S(t) replaced by
8p(t). Now let xi(t), t > 0, be defined by the RHS of (2.6). Then it follows from (iv)

that

\ . LA N S S g L % - - . -y . LASCENE «” .
’ X :} :‘: }_,,-.fs,&*,‘-’\ ™, \l,\"t :J,:: J_ \ ﬂ. -. s’s. =’ \ \ ;; :-'-M\-V*.':"-"
4 XA . ” LA [y "‘ " Q.f \'_&':sﬁ.(-;s \{su.\-
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t 8
x(t) = S(t)x + | S(t-8)B[P) S (8-1)BFS(1)xdT + PS(s)x]ds
0 0

t
= S(t)x + | S(t-s)BFx(s)ds
0

for t » 0 , and hence x(t) = s,(t)x, by the definition of s'(c). This proves

statement (v).

Statement (vi) can be established straight forwardly by inserting (2.3) into (2.7)

and interchanging integrals.s

The aim of this section is to give sufficient conditions under which system (2.1) can

be stabilized by a finite dimensional compensator of the form

(2.9;1) w(t) = Mw(t) - By(t), w(0) = o

(2.9:2) u(t) = Rw(t) + v(t),

NN Nx LxN
vhere M € R , HER ", Xenr are suitably chosen matrices. To this end we need

the following well posedness result for the connected system (2.1), (2.9).

PROPOSITION 2.4

Let (H1) be satisfied. Then for all x, € X, w, € R, v(e) e x.‘;oc[o,-m‘l there

exists a unique solution pair x(t), w(t) of (2.1) and (2.9). This means that x(t) is

continuous in X and absolutely continuous in 2, that (2.1;1) is satisfied for almost

every t > 0 where u(t) is given by (2.9;2) and that w(t) € B is continuously
differentiable and satisfies (2.9;1) where y(t) is given by (2.172).
PROOF let us introduce the spaces X, = X x K, z, = 2 x R', U, = & x 5 and the

operators S,(t) € L(xe)' B, @ L(ue,z.), F, € L(X ,0,) by

AT ala A -
A0 AN
Y 1 KTy

4L 2




¢
% j
2 ;
R
~ s(t) o B O 0K
3 t
! Seft) = ( th]' Be = Lo -H]' Fo [C 0] )
;
G
b Then hypothesis (H1) is satisfied with X, Z, S(t), B replaced by X,, 2., Sy(t), B,

respectively. Moreover x(t) € X and w(t) € R“ satisfy (2.1) and (2.9) in the above

sense if and only if the following equation holds for every t >0

-'. x t

‘. x(t) 0 x(s) v(s)
{§ (v(t)) * se(t)(wo) M {) se(t s)Be[pe(\vl(s)) * ( 0 )]ds )
¢
3. This proves the statement of the Proposition.
3N

¥
34
::f The following hypothesis together with (H1) will turn out to be sufficient for the

existence of a stabilizing, finite dimensional compensator for system (2.1). It
generalizes the approach of SCHUMACHER [15], [16], [17] to systems with unbounded input

operators.

(H2) Suppose that there exist operators F € L(x,llll, ce L(W",X) and a finite

dimensional subspace W C X such that the following conditions are satisfied.

iy ¢

AN

i 1. The feedback semigroup Sp(t) € L(X), defined by (2.3), is exponentially stable.

b

) .: 2. The observer semigroup SG(t) e L(X), generated by A + GC is exponentially
stable.

l.. ‘
‘,j 3. s,(f,)w CW for all t » 0. .

1 4. Range G C W.

A If (H2) is satisfied and R = dim W, then there exist linear maps 1o llN + X, .
L.y -
X N :
e ¥ : X* R satisfying R
p " A
o
M .
. (2.10) 7t = id, \¥fx = x, xX €W .

i

o
k"

& ‘
;-'

N .
% :

-

% '
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Moreover, W C D(AF) and hence ﬂAFl is a well defined linear map on Y. we will show

that the system

w(t) = (A, + GCiw(E) = WGy(t), w(0) = w

’
{2.11) 0
u({t) = Fiw(t),
3
—
A defines a stabilizing compensator for the Cauchy problem (2.1).
AN
\ -\.:_
‘n"‘-‘
A THEOREM 2.5
o . bl
. {f If (H1), (H2) and (2.10) are satisfied, then the closed loop system (2.1), (2.11) is
ﬂuf§ exponentially stable.
A PROOF By Proposition 2.4, the system (2.1), (2.11) is a well posed Cauchy problem. Now

let x(t) @ X, wit) € nF be any solution pair of (2.1), (2.11) and define
1
(2.12) z(t) = 1w(t) - x(t) e X, £t >0 .

Then

(2.13) wit) = TR IWIE) + TGCz(t)

"A_1t
e F and Theorem 2.3 (vi) with f£(t) = GCz(t), we get

and hence, using ISP(t)t

A B

-
¥
)
»
-

a

t
L. z(t) = 1nS_(t)iw + | 10S_(t-8)1wGCz(s)ds - x(t)
" F 1] 0 F

t
+ | S_(t-8)GCz(s)ds - x(t)
0 F

S e
AT

) t
- S(t)iwy + | S(t-s) [BFiw(s) + GCz(s))ds
0
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t
- S(t)x, - | stt-e)Bu(s)ds
0
t
= S(t)z(0) + | S(t-8)GCz(s)ds, t > O .
0
This implies z(t) = SG(t)z(O) and hence, by (2.13), stability of the pair z(t), w(t).

Now the stability of the pair x(t), w(t) follows from (2.12).s

Clearly, the hypothesis (H2) is not very useful in the present form since it is rather
difficult to check in concrete examples. Following the ideas of SCHUMACHER {16), we
transform (H2) into an easily verifiable criterion. The basic idea is to approximate G
by generalized eigenvectors of A, and to show that, if A has a complete set of
generalized eigenvectors and is stabilizable through B, then there exists a stabilizing
feedback operator F which does not destroy the completeness property of A.

More precisely, we need the following assumptions on A.

(H3) The resolvent operator of A is compact and the set A = {A € Po(A) | Rek > - w}

is finite for some w > 0 .
If (H3) is satisifed, then we may introduce the projection operator
1 -1
P = { (I - A) &

where T 1is a simple rectifiable curve surrounding A but no other eigenvalue of A.

Clearly, PA is a projection operator on both X and 2. Correspondingly we obtain the

decomposition

A A

X=X ©X, Z-XAOZ,

A

-10-
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:~:..°
Y
»
’ o
I
A A A
where )(A = range PA' Z = ker PA’ X =2 N X are invariant subspaces under S(t). If
* N
':'.'. NA = dim xA, we may identify XA with R A and obtain two maps
25 N N
R A A
WiR O X, W :ZeR
-‘..-
= with the properties
s
(2.14) Ty =44, 4w, =B, .
e
. :.": Then the projection xA(t) = ﬂAx(t) of a solution to (2.1) satisfies the finite
\-’\' dimensional ODE
N
v x,(t) = A x, (£) + Bu(t), x,(0) = 7 x
e (2.15) A WA A Ao
O Yplt) = Cyx, (t)
.-::-' ) where
\l
N . .
Lo (2.16) A, = "AMA' B, = m,B, CA =C,
-
IR
238
L)
N Now we can replace (H2) by the following stronger conditions which can in many cases
v be easily verified. The result has been proved by SCHUMACHER [16] for the case that
-
a0
! Y range B C X (bounded input operator).
B
)
N
.
P
e PROPOSITION 2.6
..,l
--I' Let the operator A pgatisfy (H3), assume that the exponential estimate
e
I_:l',
0
p=—a— t
N2 (2.17) 1ste)| 0 cMe™, tr0,
T~ b § L(x )
. -11-
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VA




A ALAAACHEREAAC AL AL THS SAAR MM A AR S OIS LA AL SL L AT RN,

"y
s holds for some M > 1 and that the reduced finite dimensional system (2.15) is

[§
e controllable and observable. Furthermore, assume that the generalized eigenvectors of
L A are complete in X. Then (H2) is satisfied.
‘;::_‘

c\3 IXNA

; PROOF Since (2.15) is controllable, there exists a matrix FA e R such that the

NS matrix A, + B,F, is stable. Furthermore, the estimate (2.17) implies that

>t

T

EN

e 1ste)] 00, <me™, e>0,

z" Lz

\
‘N
;ﬂfy (Remark 2.1(iii)). It is a well known result in infinite dimensional systems theory (see
N

»

{-,: e.g. [5] or [16]) that under these assumptions the closed loop semigroup SF(t) e Lz),

s
] L
‘o generated by A + BF : X + 2 with F = PAIA : 2+ R is exponentially stable. By theorem
;é: 2.3, Sp(t) restricts to a strongly continuous semigroup on X and the operator

-

N

N ul - A - BF : X + Z provides a similarity action between both semigroups (Remark

AR

tﬁ: 2.1(ii)). Hence the restricted semigroup sr(t) e L(X) is still exponentially stable

-
{ (Remark 2,1(iii)).
[ }z By assumption, the generalized eigenvectors of A are complete in X and hence they
‘.‘:-

"% are complete in Z (Remark 2.1(iv)). Since F is of finite rank, this implies that the
~

LY

generalized eigenvectors of A + BF : X + Z are complete in Z (SCHUMACHER [16]). It
follows again from the above similarity argument, that this completeness property carries

over to the restricted operator Ap : D(AP) + X introduced in Theorem 2.3 (i).
N _xm
Now choose GA eRr such that AA + GACA is stable and define

G = lAGA H ﬂn + X . Then it is again a well known fact from infinite dimensional linear

-

~

\i; systems theory that A + GC : J(A) + X generates an exponentially stable semigroup on

LS IS
f:f X (see [S] or (16]}). It is also well known that A + GC still generates an exponentially
[ -

e stable semigroup on X whenever 1G - Gl n is sufficiently small. Now we make use
e L(R «X)

of the fact that the generalized eigenvectors of AF are complete in X. This implies

T that G : R + X can be approximated arbitrarily close by an operator G : R > X whose

——

Y
A=A
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range is spanned by finitely many generalized eigenvectors of Ap. We choose G in such

a way that A + GC generates a stable semigroup and denote by W the finite dimensional

subspace of X which is invariant under Ap and generated by those generalized
eigenvectors which span the range of ;. Since W is a finite dimensional subspace
contained in D(A') and invariant under LeY the restriction of A, to W is a
bounded, linear operator generating a semigroup sw(t) on W. Since 4/4t Sylt)x =
A!sw(t)x, the semigroup S"(t) coincides with Sp(t) on W. Hence W 1is also
invariant under the semigroup Sp(t). We conclude that the operators F : Z * nl and

G:t R +X satisfy hypothesis (H2).s

Combining Proposition 2.6 with Theorem 2.5, we obtain a constructive procedure for
designing a finite dimensional compensator for the Cauchy problem (2.1). The construction
is based on the knowledge of the finite dimensional reduced system (2.15) and on the
knowledge of sufficiently many eigenvalues and eigenvectors of the operator Ap. For the
case of bounded input operators (range B C X) the procedure has been described in detail

by SCHUMACHER [16]. Precisely the same algorithm applies to the case where range B £ X.

3. RETARDED SYSTEMS

In this section we apply the abstract result of the previous section to retarded
functional differential equations (RFDE) with delays either in the input or in the output
variable. If delays occur in the input and output variables at the same time, the RFDE
can still be reformulated as an abstract Cauchy problem (see e.g. PRITCHARD-SALAMON [12])

however, the completeness assumption will no longer be satisfied.

3.1 RETARDED SYSTEMS WITH OUTPUT DELAYS

We consider the linear RFDE

=13~
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,‘;
N x(t) = Lx, + Bju(t)
Y (3-1)
:;, y(t) = 0:::t
Y where x(t) @ W, u(t) @ l", y(t) € ® and L is defined by xt(t) = x(t+t) for
o “h € t<0, h>0. Correspondingly B, is a real n x £ - matrix and L and C are
» bounded linear functionals on (= C{~h,0;®’] with values in R and W,
1
: respectively. These can be written in the form
l
) 0 0
i =) an(tie(t) , cp =] &v(t)e(t) , ée C,
=h =h
b
". where n(T) and Y(T)  are normalized functions of bounded variation, i.e. they vanish
[}
4 for T >0, are constant for T € ~h and left continuous for -h < Tt < 0 .
i It is well know that equation (3.1) admits a unique solution
¥ x(s) @ :.‘1’ [=h,= 2] N n [o, ') for every input u(+) e 1.1 {0,#)&'] and every
3 «
: initial condition of the form
."
K

(3.2) x(0) = ¢°, x() =o'y, -ncrco,

where ¢ = (00, 0') e .n x Lp[-h,o;ln] -, Moreover, in these spaces the solution
x(*) of (3.1) and (3.2) depends continuocusly on ¢ and u(e¢) . This has motivated the

definition of the state of system (3.1) at time t > 0 to be the pair

(3.3) x(t) = (x(t),x,) enf .

P N k™ o Ty e,

'l The evolution of x(t) can be described by the variation-of-constants formula

.l

A

§ 3 e

b: (3.4) x(t) = 8(t)¢ + | S(t-s)Buls)ds , t > 0,

! 0

b L .P o L(wP
A where B € [(R ,M) maps u @ R into the pair Bu = (Bou,O) and 8(t) e L(M") 1is the
R

A -14-
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strongly continuous semigroup generated by

D(A) = {¢ e m"|01 ew'P, 4'0) = 00} .

A= (e'dh .

1
‘Plon,0,2") .

Here w"P denotes the Sobolev space W
We will consider the evolution of the state (3.3) of system (3.1) in the dense
subspace {(4(0),0)]¢ € W''P} C P which we shall 1dentifiy with w''P . Then B becomes
an ‘unbounded' operator ranging in the larger space #° . However, it follows from the
uniqueness and continuous dependence result for the solutions of (3.1) and (3.2) that the
state ;(t) of (3.1), (3.2) defines a continuous function in wleP provided that
‘e w''P ana u(*) e Lgoclo,-nltl . Hence, the operators A and B satisfy hypothesis
(B1) with Z2 =¥ and X =w''P . mis implies that the state ;(t) e "bp of (3.1),
(3.2) with ¢ @ W''P gatisfies the Cauchy problem

d/at x(t) = Ax(t) + Bu(t) , x(0) = ¢ @ '1,p ¢

(3.5) -
y(t) = Cx(t) ,

in the sense of Remark 2.2(ii). Of course, the output operator C : w"P + l’ is given

by

0 1 1
cé=J ar(tie’ () , eew’P,
=h

On the state space W''P this operator is bounded.

REMARKS 3.1

(i) If the equation

(3.6) n(t) = n(=h) + A, s+ ~h <t <€e€~h,

=15=
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holds for some € > 0 , then the generalized eigenfunctions of A are complete in mP

and in W"p if an only if
(3.7) det A, # 0

(see MANITIUS (9], SALAMON (14, chapter 3]).

(1) It is well known that the operator A satisifes (H3).

(i1i) The exponential growth of the semigroup S(t) on the complementary subspace xA
corresponding to A = {) @ o(A)|Red » 0] 4is determined by

sup{ReA A @ a(A), Rer < 0} < O .

(iv) Let (2.15) denote the reduced finite dimensional system obtained by spectral
projection of the solutions of (3.5) on the generalized eigenspace xA « Then (2.15) is

controllable iff
Ae
(3.8) rank[AI-L(e ),aol =n vAeAl

(PANDOLFI [10]) and observable iff

XI-L(QX.)
(3.9) rank =n vieAl

Cle
(BHAT-KOIVO {1}, SALAMON ([13], [14]).
Combining these facts with Proposition 2.6 and Theorem 2.5, we obtain the following

existence result for a finite dimensional compensator for system (3.1).

THEORIM 3.2

If (3.6-9) are satisfied, then there exists a finite dimensional compensator of the

form (2.9) such that the closed loop system (3.1), (2.9) is exponentially stable.

-16=
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;» 3.2 RETARDED SYSTMES WITH INPUT DELAYS J
A\
In this section we consider the RFDE !
« ]
’3 x(t) p
- x(t) = Ix + Bu_, -
¥ (3.10) t t :
4 y(t) = Cox(t) , .
o <
‘o with general delays in the state and input and no delays in the output variable. This :
Y ~
1 time Co is a real m x n - matrix and B a bounded linear functional on c[-h,o,n}1 R
“
) with values in R" given by i
.
N ) 0 '
22 B = | dB(1)E(r), E € C[-h,0,R] ,
< ~h
w!
q
4
™ where B(t) is an n x £ - matrix valued, normalized function of bounded variation. Of
f; course, we can immediately get an existence result for & finite dimensional compensator
4
‘q for system (3.10) by dualizing Theorem 3.2. However, for reasons to become clear later,
| 4
¥ we make use of a direct approach for system (3.10), following the ideas of VINTER and
4]
KWONG [18] (see also DELFOUR (6], SALAMON [14]).
y p LIPS 1 n
First note that (3.10) admits a unique solution x(+) @ Lloc[-h,-ak ] wloc[o,-,n )
L
‘: for every input u(°) @ L{oclo,-,!l] and every initial condition of the form
3
¢ .

%x(0) = 00. x(t) = 01(1) P)
(3.11)
u(tr) = E(t), -h < T <0,

| 4

where ¢ € Hp and f eL (-h,o,tl] . In order to reformulate system (3.10) as an

evolution equations in a product space, we rewrite (3.10~11) as

0 0
X(t) = ) an(T)x(t+1) + | dB(T)ult+r) + £'(-t),
“« -t
(3.12)

- . Dl g e w e
ke 44—‘%‘< ‘ ‘a—“h“ A

y(£) = Cox(t) , x(0) = £,

St
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where the pair £ = (to,f1) e Hp s given by
0 0
t =4 ,
(3.13) o
tYo) -] an(1)e (1-0) +] aB(1)E(1=0) , ~h <0< 0,
=h

is regarded as the initial state of system (3.12). The corresponding state at time

> t >0 1is given by

x(t) = (x(t),x%) e uP ,

Y
g (3.14)
j*q t ¢ ¢ 1
\’-'t- x (o) = f an(T)x(t+tr—0) + ] d8(t)u(t+r=0) + £ (0=-t) .
W og-t a-t
WAL
o
)
N It has been shown in (6], (14], (18] that the evolution of this state can be described by
k.
¢.\. the variation-of-constants formula
Iq
33
D W) I . o .
RN (3.15) x(t) = 8T (t)e +] s (t-8)B" u(s)as, t > 0 .
kY
N o (o o T
*, - Here slll (t) e L(up) is the adjoint semigroup of S (t) € L(Hq) s VW/p ¢+ 1/q=1, which
‘ L]
:7 corresponds to the transposed equation x(t) = ert in the sense of section 3.1. S8ince
N L]
87(t) restricts to a semigroup on the dense subspace W''9C M3 , the adjoint
&
.y semigroup ST (t) extends to the dual space W ''P = (w''9)* which contains WP as a
L) *
y -:3 dense subspace in a natural way. The input operator BT e L(ll,wﬂ'p ) is the adjoint
NG
\:7: operator of DT e L(v"q, Il‘) given by
"‘:'79
AP
- 0
NN Ty =) sdmvinert, vewIcud.
% -
)
O8N
“" . O «
J: Since the infinitesimal generator AT of st (t) and the input operator BT satisfy
¥
o the hypothesis (H1) of section 2 with X = MP and Z = W™ ''P (see SALAMON [14]), the state

x{t) e w of system (3.12), given by (3.14), defines the unique solution of the abstract

-18-
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Cauchy problem
. . . .
a/dt x(t) = AT x(t) + BT u(t), x(0) = £ e uP
(3.16)

-

y(t) = Cx(t) ,

in the sense of Remark 2.2(ii). Of course, the output operator C : wP 4 n‘ is now given

by

P

0
ct=ct en , renf .

0
In order to make the results of this section more precise, we briefly outline the

construction of the reduced system (2.15). For this purpose let XA C W"p and

x: C '1,q denote the generalized eigenspaces of A and AT, respectively,

corresponding to A = {A @ o(A)[ReX > 0} . sSince A 1is a symmetric set, we can choose

real bases {01,...,0 } of X, and {¥_,...,¥. 1} of X? such that the matrices
“A A 1 "ﬁ A

1 P
¢ = (het 1 ew Plan,om 7]
nxN
Y= (v..e0, 1 @I on,0R A)
A
satisfy
00 N _xN
vT(0)0(0) + | J ¥N(a)an(t)8(t-0)as =1 e RN P,
“h T
W) M
Then 1, s R +uP ana whzn"»n may be defined by

-]
0 1
[1AxA1 - O(O)xA R lleA] (0) = {h dn(‘r)O(t-o)xA , h<og<o0,



-

‘,P‘
I

LAOKS
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A

el d

ST

0

ng =¥ + | o' ora0
-h
N N xN N,x2 mxN
for x, enRr A and f € up , and the matrices AA e R AA ’ BA e R A ’ CA e R A

are given by

0 r
B, =] Y (nas(n) , ¢

A(e(0)e) = (0(0),9)a, , A= Ct0)
=h
(see SALAMOR [14, section 2.4]).
REMARKS 3.3
T.

(1) If (3.6) is satisfied for some € > 0 , then the eigenfunctions of A are

lete in 'l and in u'1'P if and only if (3.7) holds (see MANITIUS [9], SALAMON (14,
comp,

chapter 3)).

(i1) 1t AA"A'CA are defined as above, then system (2.15) is controllable iff

(3.17) rank{A1 - L(."'),n(-x')] =n vieA

and observable iff

(3.18) rank AL - Le” ) =n ¥ eA

(see SALAMON [14])- |

-20~

), P 1 4 ¥ o ] "o hY A A LA RIS LS
o R S O LS N LN
%1 AU L Y ) AN Y

¥

S CR LN COr RN
'- 3 LY *



C i i’ - AR Al el Tl gy S

Theorem 3.4

1r (3.6-7) and (3.17-18) are satisfied, then there exists a finite dimensional

compensator of the form (2.9), such that the closed loop system (3.10), (2.9) is

sxponentially stable.

*

Remark 3.1(i) and Remark 3.3(i) show that the completeness property of A and AT

can be destroyed by arbitrarily small perturbations in the delays (compare MANITIUS

[9]). However such perturbations would not affect the stability of the closed loop system
(3.1), (2.9) respectively (3.10), (2.9). This indicates that the completeness assumption
is somewhat artifical for the purpose of stabilization by a finite dimensional
compensator. In the next section we will show that the completeness condition can in fact

be weakenend in the case of systems with atate delays only.

3.3 A SPECIAL CASE

In this section we consider the special case of the RFDE

x(t) = AgX(E) + A,x(t-h) + Bu(t) ,
(3.19)
yl(t) = cox(t),

with a single point delay in the sate varjables and no delays in control and
observation. Following the ideas presented in the previous section we define the state of

system (3.19) to be the pair

a
Y

x(t) = (x(t),x%) e wP ,
(3.20)
xt(O) = A1x(t-h-0), “h € o< 0.

*

T

This time the range of the input operator B = B 1is contained in MP |, since

1 T,0 1 -
BY = s':w (0) =B¥ for vew *Ac M9 . Therefore x(t) satisfies the Cauchy




o
Aod
-r.‘j
>
"-"
( problem
f.l
e\' ~ 'A
b T
r d/dt x(t) = A" x(t) + Bu(t),
SAN
HRN (3.21) “
y(t) = Cx(t) .
Sy
aTs
-:%,i We will regard this as an equation in the closed subspace
\‘_:
P X-(fenplf‘(‘l')erangen1, -h < 1 < 0}
o
+
< «
b.\'- of MP, Of course, this means that AT has to be restricted to the domain
K
R
N - v

o
=N

T T
Dx(h )-DHP(A ynx.

R
L Rl
s . 5:‘:

;:‘.'(. REMARKS 3.5 .
N (1) It has been shown by MANITIUS (9] that the eigenvectors of AT  are complete in X |
‘R
:.-; if and only if
K. ) ASAL A
g (3.22) rank = n + rank A
' A 1
1 0
'
:'. for some ) @ ¢ . This condition is obviously weaker than (3.7).
:;' (11) Clearly, the reduced finite dimensional system (2.15) remains the same when the
)
g Cauchy problem (3.21) is restricted to the closed subspace X C MP ., Therefore system
:' (2.15) is controllable and cbgervable if and only if
I N
PN
R
’::j rank[A1 - A - e"\hnvno]
L d
s (3.23) \I - - -XhA
0 = rank o~ °® 1il=n vieAl
_ .\; o
5,1
o
n -22~
g
i
|
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-A
where A = {\ e ¢|det(r1 - Ay - e hA’) = 0, Rel > 0}
(1i1) It is easy to see that the stability of the abstract closed loop system (3.21),
N
{2.9) in the state space X X R implies the stability of the closed loop delay equation

(3.19), (2.9).

Again combining these facts with the results of section 2, we obtain the following
existence result for a finite dimensional compensator. For system (3.19) this is a

stronger result than one would obtain by applying the theory of [16].

THEORMEM 3.6

If (3.22) and (3.23) are satisfied then there exists a finite dimensional compensator

of the form (2.9) such that the closed loop system (3.19), (3.20) is exponentially stable.

REMARK 3.7

This result suggests that it should be possible to weaken the completeness assumption
for the general RFDE which would be an important improvement. Another extension would be
an existence result for RFDEs with delays in simultaneously the control and the
observation. However, it is not obvious how this can be achieved with the present

approach, the main difficulty being the completeness property.

REMARK 3.8

Although the main results of this section, Theorems 3.2, 3.4 and 3.6 are stated as
existence results, we emphasize that the gtabilizing compensator can in fact be
constructed using exactly the same procedure as it is explained in detail in [16] for
RFDEs without delays in the external variables. The construction, as outlined in the
proof of Proposition 2.6, involves calculating finitely many eigenvalues and eigenvectors
of A and hence the projected system AA,BA,CA as it is described in section 3.2. Then

the matrices FA and GA can be calculated by standard finite dimensional procedures.

-23-
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The most difficult part of the design lies in finding eigenvectors of A + BF to generate
the subspace W . The approximation of G = IAGA by an operator é with range in W
then reduces to a finite dimensional linear optimization procedure. This procedure has to
be repeated - while increasing W - until & is close enough to G . The numerical
example for a retarded system examined in [16] gives insight into the details of the

design procedure.

4. BOUNDARY CONTROL SYSTEMS

The purpose of this section is to show how abstract boundary control systems in
Hilbert spaces fit into the framework of section 2. When these results are applied to
obtain finite dimensional compensators for particular classes of partial differential
equations (PDE), there is a considerable overlap with results of CURTAIN in (2], (3],
[4]. The relation between both approaches will be discussed in detail at the end of this
gection.

let W,X,U,Y be Hilbert spaces and suppose that

with a continuous, dense injection. Furthermore, let A € [(W,X), T e [(W,U), C € L(X,Y)

be given. Then we consider the boundary control system

a/4t x(t) = Ax(t), x(0) = x_ e W,

(4.1) 0

x(t) = u(t), t >0,

with the output

(4.2) y(t) =Cx(t) , t > 0.

-24-
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DEFINITION 4.1 (strong solution, wellposedness)

(i) let wu{(+*) e C[0,T;U} and Xo € W satisfy Pxo = u(0) . Then a function

x(*) e C{0,T;W] 4is said to be a (strong) solution of (4.1) 1if x(*) e C1[0,T;x] and if

(4.1) is satisfied for every t € {0,T].

(ii) The boundary control system (4.1) is said to be well posed if the subspace
1,

{x @ W|Tx = 0} 4ig dense in X , and if for all X, 8 W and u(*) ew 2[0,?;01 with

Pxo = u(0) there exists a unique solution x(*) € C[0,t;W] N a[O,T,x] of (4.1)

depending continously on x; and u(*) . This means that there exiats a constant

K > 0 such that the inequali:x

sup Ix(t)l_ + sup l;((t)lx < x{Ix

P+ [7 racernZae)2)
0<t<T 0<e<T ow o v

holds for every solution x(t) of (4.1).

REMARKS 4.2
Let system (4.1) be well posed.

(1) Taking u(t) £ 0 , it follows from a classical result in semigroup theory (PHILLIPS

{11]) that the operator
(4.3) Ax = Ax , D(A) = {x @ w|Tx = 0}

is the infinitesimal generator of a strongly centinous semigroup S(t) on X and that,
for every xg5 € D(a) , the function x{t) = S(t)xo ia the solution of (4.1) with
u{t) = 0 .

(11) 2As in section 2 we introduce the dense subspace z' = Dx.(A') € x". Then

S e e e
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with a continuous, dense injection, A extends to a bounded operator from

and S(t) to a strongly continuous semigroup on 2 .

(111) It follows from [14, Lemma 1.3.2(1)] that
{x @ w|Tx = 0} = Oy(A) = (x e x = DZ(A)IAx e x}

or in other words, if x €@ X and Ax @ X , then xeW and Ix =0

X to 2

Purthermore, the

w-norm on Uy(A) is equivalent to the graph norm of A {((14, Remark 1.3.1(ii1)]). This

means that there exists a constant K, > 0 such that the inequality
xt, < K [0xt + TAxt ]

holds for all x @€ W with Ix =0 .

(iv) T 1is onto. Hence there exists a constant Ky > 0 such that for every u @ U

there exists a wéWw

(4.4) Twsu, Ivlw < Kulnlu .

lLet us now construct the input operator B € L(U,Z).

1. Given u €U we may choose w 6 W such that Tw = u since T 1is onto (Remark

4.2(iv)). Por this w e VW we define Bu := Aw - Aw € Z . This expression is well

defined since Tw = 0 if and only if Aw = Aw (Remark 4.2(ii1)). Hence the map

B: U+ 2Z satisfies, by definition, the equation

(4.5) Bl'x = Ax - Ax , x€eWw.

2. It is easy to see that B is a linear map.

3. let u€@U be given and choose w € W such that (4.4) holds. Then
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and therefore B : U + Z {is bounded.
LEMMA 4.3
Let the operators A and B Dbe defined by (4.3) and (4.5), respectively.
Furthermore, let x € X and uedv satisfy Ax + Bu @ X . Then
x@eWw, I'x=u, Ax =pAx + Bu .

Furthermore there exists a constant K > 0 such that

+
el < K[0xly + fuly + Iax + Bul ]

for all x @ X, u@U with Ax + Bu @ X .

PROOF let x € X and u € U satisfy Ax + Bu € X and chocse w @ W such that (4.4)

holds. Then

A{x=w) = Ax + Bu = (ABl')w = Ax + Bu - Aw € X .
By Remark 4.2(1ii), this implies that x € W and

lxlw< Ivlw+lx-vl"

<+ K1[lx < vl 4 Ialx - wi ]
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< {1+ k1140 + K 180 Jowr

L(w,x) L(w,Xx)

A + I, + +
oy x1lx X Kile Brulx

<x [Naby + 0xly ¢ 0ax + Buly | .

sf"-i PFinally, we obtain again from Remark 4.2(iii) that I'x = T'w = u and from (4.5) that

e Ax = Ax + Bl'x = Ax + Bu .s

The above operators A and B allow us to reformulate the boundary control system
(4.1) as a Cauchy problem of the type (2.1). More precisely, we introduce the following

concept of a weak solution for (4.1).

DEFINITION 4.4 (weak solution)

Let the operators A € L(x,2) and B e [L(U,2) be defined as above. Moreover, let

X, @X and u(-) € L2[0,1'10] be given. Then x(°) € (C[0,T;X] N H"ZIO,T;ZJ is sajid to

_- be a weak solution of (4.1) if
Loy
o
0
by o 474t x(t) = Ax(t) + Bu(t) , 0< t< T,
(4.6)
x(0) = x,

is satisfied in Z (almost everywhere).

N

S

;?4 It follows from the definition of the operator B (Remark 4.2(iv)) that every strong
W1

..q solution x(°) @ C[(0,TsW] N C‘[o,'l';x] of (4.1) is a weak solution in the sense of
: Definition 4.4. Moreover we have the following result.
2.

*.

»

L

o
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( PROPOSITIOR 4.5 -t
4

. Suppose that the operator A defined by (4.3) is the infinitesimal generator of a .

': strongly continuous semigroup S(t) on X and that T e L(w,U) is onto. Furthermore N
- _—— ~

, et B @ L(U,Z) be defined by (4.5). Then the following statements are equivalent. ':

] “.

(1) System (4.1) is well posed. b

e
3

“
1§ (i1) The operators A and B satisfy hypothesis (H1) of section 2 with p = 2. -
4 ‘e
2 (111) For every x, € X and every u(*) e Lzlo,T)U] there exists a unique weak
it 1 "'
15 solution x(°¢) e C[O0,TiX) N W '2[0,1'121 Oof (4.1) depending continuously on x, e
* -
A and u(°) . !1
~
} Moreover, the weak (and in particular the strong) solutions of (4.1) are given by 5
[ -, B
- 5
.' t A
™ (4.7 x(t) = S(t)x, + | stt-s)Bu(s)as € x , 0< t< T.

3 0

2]

A%

~

N

\ - PROOF It is a well known semigroup theoretic result that the solutions of (4.6), and
{ therefore the weak solutions of (4.1), are given by (4.7). Furthermore, it follows from

' Remark 2.2(ii) that (ii) is equivalent to (iii).

‘ In order to prove that (ii) implies (i), suppose that (H1) is satisfied and let

[} .

¥ 1
o x(t) be given by (4.7) with x5 @ ¥ and u(+) € C [0,TjU] satisfying Ix, = u(0) .

Then it is a well known result from semigroup theory that x(°<) @ C[0,T:X] N C‘[O,T:z]

.‘

. satisfies

.

s,

" L]

g x(t) = Ax(t) + Bu(t)

. t .

., = 8(t) [Ax, + Bu(0)) + | s(t-s)Bu(s)ds

« 0

-

3 t .
- = 8(t)ax, + | s(t-s)Bu(s)as , 0< et < T,

0
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By (R1) and Remark 2.1(ii), this implies that x(+) € C[0,T;X] and

J sup Ix(t)I, € sup 18(t)1

-
L+ b lu()l .
\ 0<t<T 0<e<? w' b

2

1at Ix
L(x) " "L(w,x) 0 L (o0, TU}

Applying lesma 4.3 to the term Ax(t) + Bu(t) = x(t) € X , we obtain that

. h ]
prp? x(*) @ C{o,Tsw] N C(0,T1X] satisfies (4.1). Since every strong solution of (4.1) ias
2"{' 2 given by (4.7), x(t) is in fact the unique solution. PFurthermore, we obtain from Lesma

4.3 that
253 x(e)l, € K[Ix(e)l, + tute)ly + Ix(e)n ] .

Since

627 sup Ix(t)l < sup Ms(t)l 1441 Ix 1
‘ﬁ 0<t<? X ocecr Lix) L(w,x) 0w

*}i + b,r tu(e)!
L"(0,TsU)

W
'.'-3 sup fu(t)l_ < #T1 RN MY
0<t<T v “"u) L°(0,T;0)
LR for u(+) e c’[o,m,u] with u(0) = l‘xo ¢+ this shows that system (4.1) is well posed.
! Conversely, suppose that system (4.1) is wellposed in the sense of Definition 4.1,

let v(°) @ c'[o,'r.ul and define

t [ ] t
x(t) = [ 8(t-8)Bf v({T)atds , u(t) = [ v(T)dT , O0C t< T .
0 0 )

Then x(°*) @ c'[o,'nz] and

. t
Ax(t) + Bu(t) = x(t) = [ S(t-s)Bv(s)ds , 0< t < T .
0

-30-
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Hence x{°*) € C‘[O,T:x) and we obtain from Lemma 4.3 that x(¢) € C{0,T;W], Tx(t) = u(t)
and Ax(t) = Ax(t) + Bu(t) . Hence x(t) is a strong solution of (4.1) in the sense of

Definition 4.1(i) and satiafies the inequality

T
]| S(T-s)Bv(s)dst, = Ix(T)N < KIV(+)] .
0 L°fo,T:0)

This shows that the operators A and B satisfy the hypothesis (H1).am

Having established hypothesis (H1) we are now in a position to apply the perturbation

result of section 2 (theorem 2.2) to the boundary control system (4.1).

COROLLARY 4.6

ped system (4.1) is well posed, then the following statements holds.

(1) PFor every F € L(X,U) the operator

(4.8) Apx = Ax , D(A,) = {x @ wW|I'x = Px}

is the infinitesimal generator of a strongly continuous semigroup Sg(t) on X .

(i1) PFor every X0 e D(Ar) the function x(t) = s!(t)xo , £t >0, is continuous in

W , continously differentiable in X , and satisfies the closed loop boundary control

equations

a/4t x(t) = Ax(t) , x(0) = Xy 0

(4.9)
Tx(t) = Px(t) , t >0,

where the derivative has to be understood in the space X .

extends to a strongly continuous

(114) If U 41is finite dimensional, then Sp(t)

-31=
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semigroup on Z whose infinitesimal generator is given by the extended operator

A+ BF : X*»2Z .

PROOF By Proposition 4.5, the operators A and B defined by (4.3) and (4.5),
respectively, satisfy hypothesis (H1) of section 2. Hence it follows from Theorem 2.3(i)

that the operator
Agx = Ax + BFx , D(A,) = {x e x|ax + BPx € X}

generates a strongly continuous semigroup on X (note that the proof of this result in

[14, Theorem 1.3,7] does not require U to be finite dimensional). Lemma 4.3 shows that

this operator A, coincides with the one defined by (4.8). This proves statement (i).
In order to prove statement (ii), let xg € D(AP) be given and define u(t) =

Psp(t)xo s+ £t 20 . Then u(t) is continuously differentiable for ¢t » 0 and

satisfies u(0) = Fx, = Pxo . Hence (4.1) admits a unique strong solution

x{(t), t > 0 , which by definition of the operators A and B also satisfies (4.6) and

is therefore given by (4.7). This implies

t
x(t) = s(t)xo + é s(t - s)BFSF(s)xods = Sr(t)xo '

by definition of the semigroup Sg(t) .

Statement (iii) is an immediate consequence of Theorem 2.3(iii).ms

So far we have shown that the general theory of section 2 also covers abstract

boundary control systems. In particular, we have reformulated the boundary control system

32=
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(4.1) in the semigroup theoretic framework with an unbounded input operator. A very
similar approach has been developed by HO and RUSSELL in (8] under only slightly more
restrictive assumptions. However, (8] does not contain any feedback results and also the
above Proposition 4.5 seems to he new. Furthermore we point out that earlier results in
this direction for special classes of systems can be found e.g. in CURTAIN-PRITCHARD

[S5]. Another general approach has been presented by FATTORINI {7]. 1In [7] the input
operator is bounded, however, there are derivatives in the input function which do not
appear in our approach.

In {2] and [3] CURTAIN has used FATTORINI'S results for the constructin of finite
dimensional compensators which leads to integral terms in the loop. These integral terms
will disappear if we apply the approach of this section to obtain existence results for
finite dimensional compensators. More precisely, we have to assume that the operators A,
B and C , introduced in this section, satisfy hypothesis (H2) of section 2, or
reapectively, hypothesis (H3) and the assumptions of Proposition 2.6. Under these
conditions it follows readily from Theorem 2.5 that there exists a finite dimensional
compensator of the form (2.9) such that the closed loop system (4.1), (4.2), (2.9) is
exponentially stable.

Starting from equations (4.1), (4.2), the following problems have to be solved for
the construction of the compensator.

1. PFind the operators A and B .

2. Determine the spectrum of the operator A and the reduced subsystem (2.15).

3. Pind the stabilizing operators F : X + U and G : Y + X .

4. Determine the eigenvalues and eigenvectors of Ap to approximate G .

To illustrate this procedure, we consider the heat equation with Neumann boundary

conditions and boundary control which has also been treated in [3] with different methods.

EXAMPLE 4.7

Consider the parabolic PDE

-33-
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( (4.10; 1) 2, =% g, 0CECT, £>0, d

(4.10;2) 2z (0,t) = u(t), z_.(1,.) =0, ¢ >0,

"; € (3
E (4.10;3) z(£,0) ;- 2, l8) , 0<E<T,
e (4.10;4) yit) = [ clE)e(E,£)a , ¢ >0 .
0
'.\' This system can be written in the abstract form (4.1) with
<
,*»l
L "4
b x=1%10,1 , w={senro,é() =0, v=r,
t
- - .
N Ap =7 " ¢, Té = ¢(0)
-
4
>
-y . . 2 . .
- Z =D(A) =D(A) = {v e B°(0,11]|9(0) = 0 = p(1)} .
i
. K The operator A satisfies (H3) and has a complete set of eigenvectors
¥ !
o 00(5) =1, Qn(E) = /2 cos n=E , corresponding to the eigenvalues
A Xo -0, An--nz s €N . In order to determine the operator B : R+ Z , let us
:j choose any ¢ € W such that Td = 1, e.g. ¢(E) = -(5-1)2/2 . Then, for every
% .
> v ez , the following equation holds
£
* L ]
» Bo=<BWY,l¢>ecP,Bléd > =< P,06 -2 >
"
)
:"ﬂf .
.‘3 =< V,4¢ > = <AV,
N
~ \ ]1 . ; It..
, - - $(E)S(E)AE -~ — V(E)(E)ak
"'.: 12 0 12 0 ]
o, 1
N 1 . ‘
o ==L ENE) + EIEN AL
Wy ™ 0 1
o = —{pnén - v1(0)]
"
sd"}’ ]
W
-
L%
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[
.

It has been shown in PRITCHARD-SALAMON [12] that these operators A and B satisfy

st 0]

hypothesis (H1) and therefore system (4.10) is wellposed in X = L2[0,1] in the sense of

NAX;

Definition 4.1 (see Proposition 4.5). The spectral projection of L2[0,1] onto the

eigenspace X, = {uoola € R} of A corresponding to the unstable part A = {0} of the

spectrum is given by

KAXXXX R

~»

1
P#(E) = [ éttyar , 0 <¢E <1,
1]

. . L
s WY v

.

. With the choice of (00} as a basis of X, , this operator splits into P, = 1,7, ,

"rfp

vhere ol L2[0,1] + R and 1, t R* L2[0,1] are given by
1 J
e = é $nar , yx (E) =x, , 0<SEC T, S
i Then the reduced finite dimensional system (2.15) is described by the "matrices" i
: -2

1
N Ay =0, B ==~%", ¢ =] clb)eE .
‘- o

This system is controllable and obgervable if and only if

1
(4.11) c, = | c(E)aE # 0 .
0

L e T

a2 1 s 2

-~

Stabilizing matrices are given e.g. by

"'l.

-1 :

LS N Py ¢

F -ﬁ2/4, GA--CA

A

93

s,
LNy Sy §

--’ - - I’
so that AA + B,F, /4 ¢ AA + GACA 1 Then the operator A, with
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F= PA'IA : L2[0,1] + R given by

2 1
D(a) = {6 € w0, )4t = 0, §0) = I | rerat)
0

-
Apd =3¢ .
.4

The eigenvectors and eigenvalues of Ap coincide with those of A except for Xo =0

which is now replaced by XP = - ‘/4 « The corresponding normalized eigenfunction is
¢ () =Y2s8in T .
F 2

We will choose W = span{bp} and the maps

(lyv)(E)-or(E)v, 0<E<1, weRrR,

1
(FE) = | o) , o etiom
1]

So that lr'lp 3 x. [(0,1] + W is the orthogonal projection onto W and ‘lplp =1,

Let us now consider the case that c¢(£) =E for 0< £ < 1. Then CA = 1/2 and we

choose G, = -ng/2/2, g > 0 . With this choice the operator G : R » L2[0,1] is given by
- - - g
[Gy] (E) hAGAyl(E) 2',,_y , 0CEC 1.,

We replace this 'operator by

[GYI(E) = [1.7 Gyl (E) = -gy/2 sin -;- £, 0CEC T,

a

vhose range is in W . Since the perturbed operator A + GC generates an analytic

-36~=
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semigroup it satisfies the "spectrum determined growth” assumption. Furthermore, its

spectrum is given by

o(A + GC)

= {-mzlg[1 - coswn| = w3[8K + w2/2/5 - /Eizwz]sinww, w * o}

Y VRPNV NI Y U

if g> 0 . In the case g < 0 there is an additional positive eigenvalue XO = w2 >0 -
where fﬁ
"4
-
ww -Wx
-gé& te =2. m’[ax + w2/2/2 + lzwzwz] .
FCLEN " .

We conclude that A + GC generates an exponentially stable semigroup if and only if
g > 0 . Hence the operators F and G satisfy the hypothesis (H2) with the one
dimensional subspace W = span{oy} . In this case the compensator (2.9) is described by

the "matrices”

Hence the first order system

. 1 a2
we<-gw- g[-i— w - y]
(4.12) "
L
u = ": w
V2
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defines a stablizing compensator for the parabolic PDE (4.10) with c(&)

if and only if g > 0 .

REMARK 4.8

The results of this section show that the abstract framework of section 2 is general
enough to cover both FDEs and PDEs. We mention that the approach of this section can also
be applied to damped hyperbolic systems. Hence this paper represents a complete
generalization of the compensator design of SCHUMACHER [16] to infinite dimensional
systems with unbounded control action. However, the degree of unboundedness which we can
allow for the input/output operators is not as general as one would desire. For example,
for the pnraboi}c PDE (4.10) we cannot allow simultaneously Neumann boundary control and
point observation. Also we cannot allow Dirichlet boundary control when the output
operator is an aibitrary functional on i2[0,1] « A general theory which covers these

cases would require the consideration of unbounded output operators as well. The

development of such an approach seems to involve some further difficulties and would be an

interesting problem for future research.

REMARK 4.9

Using the abstract approach outlined in section 2, it is possible to directly extend
the results of SCHUMACHER ([15], {17] on tracking and regulation in infinite dimensions to
unbounded control action. A different approach is to use the extended system formulation

discussed in [2], which results in integral control action and this can be found in

CURTAIN [4].
-38-
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