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Distribution Results for Positive Definite Quadratic
Forms with Repeated Roots

By

M.E. Bock

SECTION 1. INTRODUCTION

This paper examines the distribution functions of quadratic forms

of the type
k
2
(%) Q=] c.X
=1 1Py

where the c, are distinct positive constants and the chi-square

variables are independent with degrees of freedom Py and where
at least one of the pi's is larger than one. The c, are the
roots and the Py their corresponding multiplicity.

Distributions of the form Q arise in a number of applica-
tions. Solomon (1961) noted that probabilities of hitting targets
frequently reduce to the distribution of quadratic forms of the

type Q. Pillai and Young (1973) show that the trace of a Wishart

matrix is distributed as Q with all the pi's equal. The variable

Q*

unbilased Rayleigh variate. (See Miller (1975).)

arises in the engineering literature described as a weighted

The form Q also arises in goodness-of-fit tests. Chernoff and

Lehmann (1954) showed that the asymptotic distribution of certain

1 A‘”

|
|

e

)/A

Avallaetility Codes
jAvall andsor
Dist | Spocial

C e e

———

............ A r e epr ;e
RIS AN B R RN, |




N

« A 4y

Lo,
Pl

i e P '

SN

-

chi-square goodness-of-fit tests has the form Q . The general
results of Moore and Spruill (1975), Moore (1978) and LeCam, Mahan
and Singh (1983) reveal that asymptotic distributions of the form Q
are appropriate for an even wider variety of tests. Alvo, Cabilio
and Feigen (1982) prove that the asymptotic distribution of the
average Kendall tau statistic has the form Q .

Section 2 of this paper treats the general form Q given in (%)
with several Py larger than one. It is shown that its distribution may
be represented as a finite sum of the distributions of quadratic forms

of the type Q with at most one 1] larger than one and with no more
distinct roots than the original form. In particular, if at least

two of the Py are larger than one in the quadratic form Q , then

P[Q>°1-Z 8 plq > cl

n=1
where each quadratic form Qn has exactly one root with multiplicity
greater than one. Furthermore, the number of distinct roots in each
Qn equals or is one more than the number of odd Py in Q.
A general method is given for reducing the multiplicity Py of

a root <y in Q : For Py >2,

P[Q > x] = 2¢,f (x) + P[Qi > x]

iQ
where fQ(x) is the density of Q and Q is the quadratic form
which matches Q except that the multiplicity of cy is (pi - 2)
rather than Py

In Section 3 the distribution function of Q 1is completely

specified for the case of exactly two distinct roots ¢y and ¢
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i.e., k 1s two in the above (%) representation of Q. The distri-
bution function is written in terms of commonly tabled functions and
may be expressly evaluated. Section 4 relates the problem of finding
the distribution of the trace of a 2 x 2 Wishart matrix to the special
case of the problem treated in Section 3 where P, = P, in the
quadratic form Q .

In Section 5, results are given for the quadratic form

where O < ci <1, 1=1, ,.. , r. This form arises in the
asymptotic distribution of certain chi-square goodness-of-fit tests.
The distribution function is completely specified in terms of tabled

functions when n 1is 1 . This is also true for the case when both

(n)
0 -

The distributional results obtained in this work increase the

n and r equal two in Q

importance of tables for the distribution of Q as defined by (*).

Kk
1=1 P1

bution function of Q for P=2 and 3 have been given by Grad and

Define P = L in the definition of Q. Tables for the distri-
Solomon (1955) and Solomon (1960) and Marsaglia (1960). (An abridged
version appears in Owen (1962).) Johnson and Kotz (1968) give tables
for P = 4 and 5. Many of the formulas given in this paper reduce the
distribution of a Q with a much larger value of P to finite sums
involving the distribution of a Q with a much smaller value of P.
Thus these tables of Solomon, and Grad and Solomon, and Marsaglia, and

Johnson and Kotz become even more useful. It seems clear that the tables
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of Solomon should appear in a more easily available location than the

present technical report since so many of these formulas depend on them.

In the cases where the exact finite formulas given here become
too involved or unwieldy, it is clearly appropriate to use approxima-
tions to the distribution function. Solomon and Stephens (1977,1978)
have compared various methods and give references. Of particular
interest are the ones to Kotz, Johnson and Boyd (1967), Imhof (1961)
and Jensen and Solomon (1972) and Davis (1977). The formulas given

in this work may offer insight for other approximations.
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SECTION 2

RESULTS FOR REPEATED ROOTS IN THE GENERAL FORM

2 Let cj be positive constants distinct and assume that the x§
Fa: X1 j
w are independent chi-square random variables with pj degrees of
ki freedom. Then define the quadratic form Q to be
X
R »t K
.-_* 2

Q= z cjxp .

=1 7 3
N
&Y
S? The cj are called the roots of the form Q and the pj their multi-

H
““ EliCit!.

79 When the pj are all even, Box (1954) has written the distribu-
Y
I{

?% . tion of Q in the form
P

p,/2
» j 2

é P[Q > c] = ] ! o FlXyg c/cj]
ke j=1 g=1 I°
2 K
4 where the aj g are positive constants depending on (ci} and

’ i=1
{pi}k . A result of this paper shows that if two or more of the

- i=1

ﬁ' pj are larger than one then the distribution of Q has the form
N

. PIQ>c] = ] BPlQ >c]

) n=l
' where each Qn is a quadratic form with no more than one repeated root
:3 (i.e. at most one pj is greater than one). Furthermore the roots of

the Qn are the cj's assoclated with the odd pj's in Q and

possibly one c.1 associated with an even pj.
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Also in this section formulas are given for reducing the distribu-
tion function of any quadratic form with a repeated root to that of a
similar quadratic form with multiplicity smaller by two for that root.
Recursive applications allow one to reduce a quadratic form distribu-

tion to that of a quadratic form with no repeated roots.

Theorem 2.1. Assume the chi-sauare random variables are independent

and the roots ¢, are positive and distinct in the quadratic form Q

defined

| 3
1) 4 2

P D cp agg, * 2

Q= c, X, + c *X + c.. * X .
1=1 i 1 {=1 i+k0 1+2qi i=1 1+k0+k1 2qi+k1
The qi's are all positive integers and it is assumed that k1+k2 > 1,

and ki-z 0, i =0,1,2. Then P[Q > ¢c] may be written as

+
klzkz ;i )
P[Q > ¢c] = a, ,P[Q.+c *Xop > €]
{=1 =1 1,270 i+k0 22
where
k +
0 k @ ,
Q, = c, * Xe -
0 j=1 j 1
The formulas for the constants ai 2 are
’
kotkytk,  (Cype 19
0
ai,q - I c -c
i n-k0+l i+k0 n
n#k0+i

and for £ = 1,...,qi-1,

e ._.'_'.:.'.;...r" WAt e
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ai,qi k0+k1+k2 - 2
o = ) n
i.qi—l [) n=ko+1 n-k0 ci+k0—cn
n#i+k0
k.+k k,+k

=701 (1)x2 - 1 72 X2
Proof. Define W Ei=1 ¢y 1 and V Zi=l ci+k0 zqi Then
WV has the same distribution as Q and

P[Q > c] = P[WV > ¢]

= P[W>¢c] +P[W<ec and V > c-W]

Now P[W<c¢c and V > c-W] = E[:I(W< c) . P[V>c-W|Wﬂ. A theorem

of Box [1954] implies that for W < ¢,

P[V > c-W|W]
kytk, ;1 ) |
= a Plc Xoo > C-W[W]
TR T % Ry . R
Thus
P[W<c and V > c-W]
k1‘;‘2 ;1 )
- a, , EfI(W<e).Plec X >c-w|wﬂ
i{=]1 =l i, [ ko+i 22
k1*;‘2 ;1 )
= a, ,Plec Xog > C=W and W < ¢]
T T WA

Because P[cko+i ng >c-W and W <c] = qui,l >c] - P[W > c],

7
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1 where
2
. Q.o ™ % * Sy " X2p
! 0
we have
k1+k2 qi
P[@>c]=1- ] ] a | PlW>c]

i=1 2=1 ’
*
) k1*;‘2 E‘i
5 + a, , P[Q > el .
z 121 2=1 i, i
X
§ As noted by Pillai and Young (1973)
| 1
z kl+.<2 qi
» o =] .

4=1 g=1 1%

; Thus,
b
; +

kit ;1 |
‘ P >c] = o, P >cl . i
_; [Q ] izl 4 1,2 [Qi,IL 1 I :

Theorem 2.2. Let W be a continuous nomnegative random variable and

assume xﬁ has a central chi-square (n) distribution independent of

W. Let an(x) be the density of Qn = Wi—coxi where o > 0. For

¢>0, and n > 2,

Pl > <l = (2c0)an(c)+P[W+cox§_2 > c]

C e R T et T

- If n=2, this is

P[w+cox2 (c) +P[W > c]

2 >c] = (2c0)f

Q,

PRIt VA ¢
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Corollary 2.3. For the quadratic form

‘z‘ 2
Q= c.X
i=0 1Py

where the X: are independent and distinct cil>0, i=0,...,n, and
i

> 2,

2 s 2
P[Q > ¢c] = Pfc ot z c. X" >el+ 20 ()
Ox'po 2 i=1 i pi ]

where fQ(x) is the density of Q and xg = 0.

2
Proof of Theorem 2.2. Let Qn w+coxn. Let fQ (x) be the density of

n
Qn' Then

fq () = go [Fliwega < cl)

We may write

" A |
) cleg /21 -u/2 C=Cot
P{W+c <g¢] = —_— dF. _|du
Oxn 0 I.(521_)2n/2 0 W
n/2-1
c=-t
c (co ) e-l/2(c—t)/cO ot
- [ . 7 ar, |at
0 0 r@2 o

(where t = c-cyu is the change of variable).

Differentiating this last expression implies

2.2
(E:E 2 —(c—t)/ZcO
-1 ¢ %o ) t
£ (c) = (2c,) r<n33)f [ dF. |dt
Qn 0 0 cOF(Egg)Zn/Z-l 0 W
9
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(—C*;—t‘) e - )
0
r..n
0 COF(E)Z

n/2-1 -(c-t)/2c0 L
/2 ’

c
+ I{(n=2) U de

- 2 2
= (2¢,) 1 {I(n_>_3)P[w+°oXn-2 < e] + I(n=2)P[W < c] = P[Wepn < cl}
Thus, if n = 2

P[W+coX2

2 >¢] = P[W > c] + (2c0)fQ (c)

2

If n> 3,

PlWrcoX> > c] = PlWregx’_, > el + (2c)fq (@) ||
n

Corollary 2.4. Define

where ¢

i > 0 and the chi-square variables are independent and Pg > 2.

Let

2 (i) 2
Q, = c X, + Z e, X
3j 0% j=1 1 1
with density f. (x).
Yy
(a) For odd Pys
po_l
(0)_2 E (1)_2 ( §
P[Q, > ¢] = Plec, "x; + e, 'x; > c] + (2¢,) £ ()
0 = 07 421 Yoy

. S e e L e T T e T T Tt
L3P PR AP T UL D0 U T W P S e LA SO \_.x,-'L't'i




(b) For even Py>

\
.|
3 Po

! 2

" 61

’ PIgy > el = P[] e el 2ep) | £y (o) .

i=1 j=1 2]
;§ Proof. A recursive application of Corollary 2.3 gives the result. ||
N
: Substitute the result of Corollary 2.4 in Theorem 2.1 to obtain
" . .
:ﬁ the next result, recalling that 2122 ai 2 = 1:
W
L‘ Corollary 2.5. Define Q,Qo,ai 3 and c; as in Theorem 2.1. Then if
s

2
fi,l(y) is the density for the quadratic form Q04-ci+kOX22’ we have

‘ i
P[Q > c] = P[Q, > c] + B £, .(c)
0 1=1 g=1 1o* 4ap 1.3

where B = 2ci+k a

i,2 i,2°

Theorem 2.6. Let {ci}n be distinct and positive and let the chi-square

i=0

variables be independent. For c¢ > 0 and cy > Cys i=1,...,n,

e A

n
2 2
P[ z cixp + coXy >c] =P[ z cixp >c] +
i=1 i

1

{ - S -c/2cO n * pi/2
X +P(] e <cle n [_i

A i=1 i i=1 \&y

i
. -1 -1.-1

i where cy = (ci <o ) .

4,

q

$
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]i
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Proof.

n n
2 2 2

P[] cx_+cqx, >cl =P[ § «c, > el +
i Py 042 1Xpi

i=1 i=1
n 2 2 2 2
+ P[ z c < ¢ and c, X, > c - z c ]
14 1%y 0%2 i&1 1%y
Thus
o 2 2 g 2
(*) = P[ z c +c X, > c¢] - P[ Z c > c]
yop e 0% o1 ey
2 2 2, ¢ 2
= E[P[cX; >c- ) ¢ 'Y ¢ < e]l
0%2 R T N
n 2
a , —(l/2c0')(c-21=l cixpi)
- E[I( I cjx, < ee
i=1 i
172 2 (e, /e x>
-c/2c0 - i=1""1'"0 xpi n 2
=e Ele () 3%, < C)]
. i=1 i

Apply Lemma 4 of the Appendix n times to the last expectation gives

-

~c/2¢.{ n c -pi/Z n c
(*) = e 0[ n Q- —1) E|I Z L Xs <c . “
1=1 o i 1

12
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SECTION 3

QUADRATIC FORMS WITH TWO DISTINCT ROOTS

In this section we consider quadratic forms

2 2
Q= cixp * Xy

where the ¢

" > 0 are distinct and the chi-square variables are

independent.

The density of Q 1s given in Theorem 3.1 in terms of a confluent
hypergeometric function. (It is given in Miller (1975, page 61) in essen-
tially the same form.) Simple representations for the confluent hyper-
geometric function whose first two arguments are integers divided by
two are given in Bock, Judge and Yancy (1984) and may be used to evaluate
the density.

Finite representations for P[Q > c] are given in terms of commonly
tabled special functions. In the case that both m and n are even,
the result of Box (1954) given in section 2 shows that the special
functions are probabilities of chi-square variables with even degrees
of freedom. (There are simple formulas for these given in terms of the
exponential function and a polynomial.) Theorem 3.3 provides a finite

representation when m i1is odd and n 1is even. If ¢ the special

27
functions are probabilities of chi-square variables with odd degrees of

freedom. If c, > c, the special function is Dawson's integral tabled

in Abramowitz and Stegun (1964)., For odd m and n, Theorem 3.5 implies

13

O 3 O T O R Gy - T e e TN
4 Y » . »




R i

A

Py

&

el ! rid's:

1 wp wh g wf

Pk A A S ey

e e N N

X

S, e

s

-

-
T
¥
"
4
Y

NCH TR L ST T e TS T IS PN
. » V.0 o (w ¥

that P[Q > ¢] may be written as P[cil)x§+c§2)xi > ¢] (tabled by

Solomon (1960)) plus a finite number of modified Bessel functions
(tabled by Abramowitz and Stegun (1964)). Furthermore, Ruben (1960)
notes the (unpublished) result of Dr. David Kleinecke that

PlegVidres?xd <l = pIx) , <81 - PG 4 <Al

where

2 2
g(c'1/2_c-1/2) . B = E(C-1/2+C-1/2)

A =2l 2 AS 2

and xg A is a noncentral chi-square random variable with two degrees

’
of freedom. Extensive tables of noncentral chi-square probabilities by
Haynam, Govindarajulu, Leone and Siefert (1983) and these may be used to

supplement the tables of Solomon (1960) and Marsaglia (1960).

Theorem 3.1. Let m and n be positive integers and let €13¢y and

¢ be positive. Then the density of
2 2
Q= e Xp* Xy

is
(mn)/2-1 -y/2<:1 . )
e n wm  -1_ -1,y
£ = 7 " " 1F1Gr —3i(eg7=e7) )
PR (2¢ )™ % (2¢,)

for y > 0 where xz and xi are independent chi-square random

variables.

14
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4
ot
{ ' Proof. Let Wl and W2 be independent random variables such that
;: Wl/c1 has a chi-square (m) distribution and Wz/c2 has a chi-square
S
. : (n) distribution. Then the density of Wy is
A
m/2-1 -x/2c¢
"cf 1 - El_ m/Z i
b g T'( 2) (2cl) ;
o5
£\
i for x > 0.
."’;":‘ The density of W2 is
Y;.' ]
2
o n/2-1 -x/2c2
bt ho (x) = % e
2 n. n/2
‘% I'(z)(Zcz)
":‘ - for x > 0.
‘1
Rl Then the density of Q = wl+w2 is
y
fQ(y) = Jo h; (y=x)h, (x)dx
-1 -1
-y/2¢, [y _ 1 =%X/2(c,=c,7)
A e IU (y_x)m/z lxn/2 le 2 1
o 0
“,A - -
i m/2 n/2,,0, . m
] 2e))™ *(2e )™ TSI G
“G

The integral in parentheses can be written as

a o . EOR2-1
rQOreaxdy p@ ®ooo -1 -1y
mtn 1"1%*2°> 2° 1 2 2
I‘(—z—)
‘1
i according to Lemma 1 of the Appendix. Thus for vy > O,
‘i
)b .
2 15
B
A Od S o D 2 T T T e R T A L T s oy




\ -y/2c1 @t)/2-1 n mtn -1 -1
v n o, - b4
i !;. f (y) - e Y lFl(z’ 2 ] (cl cz ) 2) ”

(2¢

The following is a direct result of Corollary 2.3 and Theorem 3.1.

3 Corollary 3.2. Let €ysCy and c be positive and assume that chi-square
) variables are independent in the following expressions. Then if m > 2,
J‘
N
fe'% Plc 2+c 2><:]-P[c 2 +c 2>c]+
NI 0%’ €1%n 0%m-2"¢1%n

c (m#n)/2-1 -c/2c0

Ry c. (= e

EAYS 027 n mn c -1 -1

SS: I.(m+n)cm/2cn/2 1F1(2’ 2° Z(CO €1 ) -

5 2°°0 0
N2

K

’ For m = 2,

A

~‘€

& 2 2 2 _ ¢

}ﬁ% P[c°x2+clxn > ¢l P[xn > - ] +

¥ 1

. c n/2

S

}'} 2¢) ¢/2¢,  nom,.. e, -1 -1

% Taan C 1710 2%8 3(eg o))
%s Thereom 3.3. Let m be an odd integer and let n be an even integer.
Sy

;ﬁé Then for positive S and ¢y and c¢, and independent chi-square
A

- variables,

Y

"r&,?‘ 2 2 - 2 C_ *

‘kﬁ P[coxm+clxn > ¢] P[Xm > c0] + (*) .

B c , -1 -1

.25 If ¢y > s then x 3 (c1 -Cq ) <0 and

. 16
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By

m

* 1 —c /2 n/2-1 2 : re+3 Plxi > £

x) = ( Pf < =2x 1 X =24 2c
T (%) 2c°x =0 Xm+29 Lix 1

(The above also holds if m 1is even.) If ¢, <c¢ then

1 0’
c -1 -1
X = 5-(c1 -, ) >0 and

(%) = ° n/f-lP[ 2 >£ 1.4, - 2&5&131 - tme3)/2 (—1)txt+1/2
=0 1 /174 t=0 F(t+3)

where 0D(y) 1s Dawson's integral and

L, ¢
( )7 ( ) .
F(%)Z! chx 2cox _

(-1) rG+9

%

Proof. Let m be an odd integer and n an even integer.

P[c0x§+c1xi > c]

2
CoXn

¢1

.P[xi>2—o-]+P[X§<z—o and X,21> ] .

The last probability in the sum is

*) = JC/CO um/2-1 e-u/Z o xn/2-le-x/2

m, ,m/2
0 r (E) 2

d

n
(c--cou)/c1 re;)2
The inner integral above in brackets is
c-c u 3

e-(c-cou)/2c1 n/2-1 ( 2c1 )
gm0 I

17
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N
e
\
A
)]
: Using this and making the change of variable w = cou/c in (*)
\
: implies that
¥
",
c
-¢/2¢, w/2 n/2-1 (2c1) 1 o -wc(cal—cll)/Z
4 (*) -E—m— -2—2—) ——j_'—_J w/ & (l—w)je dw
re 0 §=0 .
7
]
-c/2¢c (=)
1 m/2 n/2-1 ‘2¢
e c 1 m m m ¢, -1 -1
= —— () z —— [B(5,3+1),F. (5,341 + 55 S(c, " =c, )]
r@ 2¢, L 2 112 2’ 2°°1 "%

r

The evaluation of the integral follows from equation 3.393, #1, p. 318,

of Gradshteyn and Ryzhik. Thus

-c/2¢ m/2

e 1(2:. ) n/2-1 i ™™
s: 0 o8 60 T GBS,
y I‘(—2-) j=0 1 1"(5+ j+1) v
w
N
,; If <o > €y then x = %(czl—cal) < 0 and Case 2' of Theorem 2 (in
; Remark) of Bock, Judge and Yancey (1984) implies that
By
¥ —(lem
| &, 341+ %5x) m-1)/2 +@+1)/2 Tee-2x S Vppd < ax)
'@ F, -2 2% _ (1) 2 2k-1
N P r@ey+n 0?7 e@rz G- SRy Dy,
el .
X
.
- (m+1)
- Interchanging the summations in (*) we may write for £ = k-T
i
W ¢

-¢/2¢ n/2-1 T(2+%) n/2-1 e,
r@ 0 =0 o!x TS
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W b
e e e
"
o

s

PR (

:{‘
e
e

-C
£ 2c
n/%-l (2c1) e 1 2 c
Note that —— is P[ >—=—]. If e, >c¢ then
35, G-DY *n-2¢ 7 ¢ 0o~ ‘1
X = %(cil—cal) > 0 and by Case 2 of Theorem 2 of Bock, Judge and Yancey

(1984), implies

m
FCE)

—=— F, G 3+1+5x) = ez"(-l)(m“l)/2 .
r@+g+1) T 12 2
m
) xs+1/2—j-m/2 F(j+~5-s) 2D(xl/z) ) (m-3)/2+j-s (-x)t )
s=0 8+ (3-s): V= t=0 I‘(t+%)
m.
- e @D/2 % i (@-1)/2 ”“g)' {zv(x”z) (@2 (ot
=0 (3-2):2. Yy t=0 F(t4"%)
where 0D(y) 1is Dawson's integral, tabled in Abramowitz and Stegun.
Thus
(m+1)/2 -f-(m-1)/2
e"” 220 (‘2—:;:;) n/%-l e 3 % X r(e+2
(%) = — (-1) G— 7 3
Q/Z) I’(%) 4=0 2c1 =0 L2103~
2co
. {2v(x1/21 _2+(m-3?/_2 (-x)© )
/Tx =0 T(c+3)
-c/2¢c
e 0‘% w2 1/2, n/2-1 T(+D)
- 0 ') { z GJE-)j 2 }
oD@ e j=0 261" gag g1(j-) kT (@1)/2
m
) {n/%—l(_s_j I'(SL+E) i+(m=3)/2 (‘xlt i .
120 %1 gm0 21 -T2 o riesd
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200X

By interchanging the orders of summation the subtracted bracketed expres-

A,,
XX

sion with three summations may be written as

e

(3

fAg
»

e+
1

L)
2¢c 27 +(@m-3)/2

2+ (m-1)/2

n/2-1 (-x)t

3
t=0 T'(t +'f)

=0 Llx
j=-L

o C
& /21 %)

e (-1) x

, . S ( )
o [
3 xm/2 2=0 L! 2c1x =0 P(t-F%)

*’ﬂ c/2c; n/f-l I‘(l+%) o g H@=3)/2 tt+l/2.

-
ti:“ 2 C

ot RS TR

1/2

A similar interchange in the bracketed expression multiplying D(x'")

implies

o S ”

53‘*

- ‘)‘{‘y-:“ :l .+

(x) = ) 0

2 @2 a2 pol/2)  [a/z-l
r(‘-;l) 2 Ny

2=0

~ ‘rj

fo R e

T+ 24+m/2
X 2 Gex) P[Xp-20 ~ cc_l]} +

P
o

A

55l 12

. = ?A
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Cadis

[n/2-1 T+ 24m/2
_ 2 c 2 <
I 220 [ (2c1x) P[Xn-zz > c1]

H@=3)/2 )yt t4l/2 }

t=0 I‘(t+§-)
Thus
n/2-1
(*)-ex' 2 P[2 >-£-].a
ko Xp-24 o 3
{v;x1/22 i Z+(mi3)/2 1) /)
/Tls t=0 I‘(t+%)
where
r@+ ) (-1 @ /2 ¢ m/2
a = Gex) Ge) -
F(%) ' clx 2c0x

Remark: (Following Theorem 3.3) Kummer's transform (lFl(a,b;c) =

echl(b-a,b;-c)) implies that (%) may be written as

, € ]
( e“”zco . w2 { n/2-1 (2c1) rg+ra+d
*) = ) = .
I‘(%+ 1) 2% j=0 3 I'(l)l"(j+l+%)

. B, ¢ (1 -1
1F1 45, 145445 5 (ep7-cy ))}

Note that the summation in the bracket represents the first 521— terms

E‘_.c)

of an infinite series expansion for 1F1(1’1+2’ LT given by Slater

(1960) equation (2.3.2), p. 22. Thus as n + ©, the sum becomes

m [+
—2-’ 'z'c_)-

1F1(1,1+ 5
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! Examples (for Theorem 3.3). Let m be an odd integer and ¢, > ¢y
‘IY
\“ (a) For c¢

1~ o

2 2 2 c
Plegreyd > ¢l = 20 > £ +

55% -e/2¢;) ¢y w2 -1 -1
i§: e (cl_co) P[Xm < c(c0 -, )] .

(b) For c, > s

2. 2 2 ¢
PlegkgpteiX, > ) = Plxy > co] *

-c/2¢ c; m/2

1 2 -1 -1 _c
e C=)  (Plxg < eley=eN1A + 5 +
10 1
2 -1 -1,,m__ ‘o
L P[xm+2 < C(CO 1 )] 2 (c.—c b
Bt 01
v
2
e ¢ =1 -1
(¢) For ¢y < o and x = 5-(c1 =g ),

-c/2¢ - (m-1)/2
(Zcox)

1
) 2
;g: P[coxm+c1x§ >c] = P[xi >~£;] +e 0

ks i (mi3)/2 E_lztxtl ‘
Slh te0 T(e+D]

Corollary 3.4. For independent chi-square variables and positive S

c -1 -1
and ¢, and x = 2 (cl - )

(a) if ¢, > ¢ then x < 0 and

1 0’
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CARIP

.
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~~~~~~~~

2 2 2 c
P[coxl-l-clx2k > ¢] P[x1 > E;] +
k-1 P[x2 < =2x]
(=c__y1/2 1+29 Pl . > <]
2c0ﬂx 220 -1 k=22 ¢

zm%un+§)

() if ¢ < s then for
1
0 =D e a1
2 27 2clx ZCoﬂx
2 2 2 _ ¢
P[coxl+cl)(2k > c] ='P[)(l > c_o] +
+1/2
x &t 2 R T ks W s
e Z P[XZ(k-Q) >T] o YT =" 3 (-
2=0 1 Vil4 t=0 TI(t +5)

Examples (for Corollary 3.4). Assume c, < c.. Then

1 0

2 2 2 . ¢
(a) P{C0X1+C1X2 > C] - P[Xl > C—] +

0
-c/2¢c 4e 1/2 1/2
0 1 c -1 -1
*e e cp) PG ergN D
o 1
®  Plegirex; > el = pIx? > o
-c/2¢ 1/2
0] 1/2 c -1 c
+ e ) [2D(x™" Y1 + —1+x 7)) ~ ————=1]
2c0ﬁx 4c1 2c1(x)l/2
where x -‘% (cIl-cal).

If both m and n are odd, then Theorem 2.1 implies that

23




T T ™ T T TS
(m-1)/2 2 9
PIQ>c]l = ] oy o PlegXjipgte,xy > el +
2=1 ?
(n-1)/2 9 ?
+ @, ¢ PlegXpteoXyyge * ¢l
=1
where
¢ (m-1)/2 c (n-1)/2
2
al m-1 (cl-cz) ’ az n-1 (cz-cl) ’
v 2 > 2
'8
(n-1) €2 m-3
o = . ( Y ,8=1,..., = ;
m-1 m-1 2% c,~C ’ ? 2
1, > - 2 1, 2 2 71
'3
(m-1) €1 n-3
o _ = Q _ ¢ ) L, i=1,00., — .
2, nzl_g 2, n21 24 €17 2

The next theorem evaluates

Theorem 3,5,

Let m be an odd integer larger than one.

the probabilities in the summations.

For independent

chi-square variables and positive Cgr € and c,
P[coxi+clxi >c] = P[céo)xi+cil)xi > c] +
, [ -GgrpE-D2 adi - E Loy (d1mdg)
4 "1 TG+3) k=0 TP o RO
where di = c/(Aci), i=0,1, and In(t) is the modified Bessel functionm.

Remark: Note that I-n(t)

recursion formula

I () and I (-t) = (-l)nIn(t). Using the

24




- Yy ~ T ~w T F TR T K™
R PR /e Sl it S S A '_1

LN
e
ke,
<
K
-
‘i )
. = Zn
( I (&) =1 )+ 1 ()
~
o all the Bessel functions may be written in terms of Io(dl—do) and
.‘:\ _
= I,(d;-dp).
¥
-q-f Proof. Corollary 2.4 implies that
o
< (@-3)/2
m—
- 2 2 _ 0) 2, (1.2
N P[COXm+C1X1 >c] = P[c0 X1+c1 X1 > c] + (2c0) Z fQ .(c)
Pl j=0 3+2j
Nt
5
i where fQ (c) 1is the density of
[ k
Y
_ 2 2
U = X ¥ SXp
. Theorem 3.1 implies that
2 3421
+24+1
3 -1 -c/2¢ .
X 2 0 1 3+2+1 -1 -l.c
‘ c e 1F1G> T3 36 e )
N fQ3+2j (C) ) 3423541 3-;2' 1/2
N 3+23+1
s r—; )(2c0) (2¢))
-
'; -c/2c
® j+1 0 1 .=l -lc
& c’ e 1F1G> 3¥25 (eg7=¢y )3
\‘- =
(S .
3 (j+1)!(zco)3+3’2(2c1)1/2
29
u
-
:-: Kummer's transform for confluent hypergeometric functions implies
>
>
“
2
p 25
3
3
H
4
N
. WS L, TR AR DN C e O SO "-'.'-'.; e "'.___L. NS SN = \._;\.:"J




LA
.'l'l y

L/
Al

4RRRR

Ly

B

L\

v, "'..

«,
»
A

NG
" a“

-c/2¢
e

-l.c¢c
02

P

1 j+1 . 1, -1
3 1FL(GHL) +5, (G+1)+1, (e] =c

s

0 “
PP
L |

2% Y 44

S

(c) =

fa
3+24 (j+1)+1/2 1/2

(j+l)!(2c0) (2c1)

(m-3)/2

Thus (2c (c) is

N
22

N -

) £
0" 420 4y

P R N

k

. C

55 —c/2e, ¢, 1/2 (m-1)/2 G )
1,0 0 1 -1 ~1

e ('c—) z B 1Fl(k+—2-,k+l;(cl -CO )%) .

1 k=1

¢ >
e a3
.‘,’J

oAty !
4’;1 L

~»

Lemma 2 of the Appendix implies

.1

-1
1

.6 b"
. &
-

(m-3) /2 me, 1/2 —c/4(c61+c
(c) = Gj;—) e

)
f .
j=0  Q3+24 1

Y

(2¢

0

- 8 *

P
‘.l 'y
- -

i
LA

k
() k! c, -1 -
(m-1)/2 4c0 k 2-j % 122_ Cz(cl -y
T G-0) 1

1

%
AR Xy
-«

))

ok ’(."

.‘r.;
Lyl

k=1 I'(k+%_—) j=0 (=D 920

o

Adding this to P[céo)xi+c£1)xi > ¢] gives

Y P[coxi+c1xi >c] for di =-ZS—, i=0,1. |

'\ c
s§\' i
v

> Examples (for Theorem 3.5).
s Wy

ot

‘§§m Set di = c/(4ci), i=20,1.

D% L4

1Bl

) 2 2 - (1). 2, (2).2

ﬁg}l (a) P[c0x3+clx1 > ¢ P[co X1+°1 Xq > el +
-

= (dg+d))
+ /hdd; e (1,(d,-d)+L, (d,-4))

YN INN,
XA AN

e 26

tm—

J. .

‘ 4

W

A Py AN G I S W L L PN T 1. N R S TR N L P S A A U e I RN R T T e L R T R SRS
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2 2 - 1,2, (2) 2
( (®)  Plegxgte Xy > el = Pleg "Xy+e;" x) > el +

‘\;\ﬂ -(d+Hd )

01 _
i + /4d0d1 e {1y@)-a)(1+,] +

+1,(d-d)[1+2 3] +1.(d d)EQ]}
1(d;-dq 3 4 2(dy-dy) (3

. e

NN A
OV N

A

-(d.+d,)
- (1) 2, (2).2 01
P[c0 x1+cl X1 >c] + 4 dodl e

4 2dg 1
N g (dyd[1+3 dpl + 1) @y-dp)[1+—5~ (2 - T=Z 1
) 170

-

Y.

A
A
%

27

<
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-
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SECTION 4

THE DISTRIBUTION OF THE TRACE OF A
2-DIMENSIONAL WISHART MATRIX

The distribution of the trace of a Wishart matrix arises naturally
in problems that involve a normal sample covariance matrix. Let Xi’
i=1,...,N be a random sample of p-dimensional vectors from the
normal population N(u,I). For X = 2i=1 Xi/N, it is well known
that the sample covariance matrix
N

s= ) (X

L% Ew-17t
j=

-X) (X
) ( 3
has a Wishart distribution Wp(N-l,(N-l)_IZ). (See Anderson (1958).)

Pillai and Young (1973) have shown that tr(5) has the distribution

E (1).2
e, X
1= 1 N1

where the ¢, are the characteristic roots of the positive definite
matrix (N-l)-1$ and the (i)x§_1 are independent chi-squared variables

each with N-1 degrees of freedom.

In this section, the distribution of tr(S) is analyzed for p = 2.

Theorem 4.1. Let the chi-square variables be independent and s ©

and c¢ positive. For an odd integer m larger than one,
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P[Cil)xi (2)Xm > ¢] = Plc

~(d.+d..)
2 1 2 (4dd )(‘“‘2)/2

{1

(d,-d,)
/2 T m=3y Y12

- (m-
1 d,-d >

r&ED) rmd

e Ml (d,-d.)}
+—“——I d,-d R
[d 2] (mgl) 1 72

where di = c/(4ci), i=1,2.

Proof. Two applications of Theorem 3.2 (first to ¢, and then to c2)

yield

](_l)xmﬂ:(z)xm >el] = P[c(l)xm 2+c§2)x;_2 > ¢]
m-1 -c/2c1
c, () e
+ 12 iF (z,m (c -c;l)%)
F(m)(clcz)mlz
-c/2¢
c_)m -2 1 -1
+ F@) (e,c )(m -2)/2, 1 1(2 1,m- '2(c - ) .

)

Setting di = c/(4ci), i=1,2, we may write

QZ)Xi-z > ¢]

(*) = P[cil)Xi+°§2)X§ >ec] - P[c(l)xi +c

2

m/2-1 m/2

(2d --2d1

(2d.,)
2 m
e lFl(Eym;Z(dl-dz))

1)

I'(m)
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R
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m/2-1 m/2-1

(2d,) (2d,) -2d
1 2 2 m_ . _
+ Ta-1) e 1Fl(2 l,m-l,Z(d2 dl)) .
Kummer's transform implies
-2d -2d

2

m 1
e 1Fl(-i---l,m-l,Z(dz-dl)) = g

m . -

-2d (d,~d

)
1 m . 172
= g {lFl(-z—-l,m-Z,Z(dl-dz)) +

m
NS 1F1(§,m;2(d1—d2))}

by Lemma 3 of the Appendix. Substitute this in (*) and write

-2dl

e m/2-1
(*) = T‘(m) (Zdl)

m/2-1

(2d,)

m m
{(2d2) 11“1(-2-,1:1;2(41«12)) + (m-1){1Fl(-2-- l,m—2;2(dl-—d2))

(d,-d,)
12 m
+ o) lFlCE,m,Z(dl-dz))}}
-2d
e 1(4d1d2)m/2-1 .
- T(m) @, +d)) F) Gom;2(d;-d,))

+ (m-l)lFl(%-1,m—2;2(d1-d2))} )

Equation 12.6.3, p. 509 of Abramowitz and Stegun implies that

d -d, d,-d, -(m-1)/2
m ol 179 G179 _

2
and

d.-d, d,-d, -(m~-3)/2
Ew-l,m-Z;Z(dl-dz)) = F(Eél)e 1 2( 12 I

1(2

(d,-d,).

1F




Sl -
Lo
lj'
:‘-3

;‘Ef
(. Substituting these in (*) we have
N

: ~@yHy) ]
o e 1 Ur@&buap™rl @)
23 *) = a4, w3/2 Hggy Laoy, @9+ T 5y (¢g-dp) . ]

. I'(m) ¢ > ) 1727 =9 >

b;:

1"1

: i Corollary 4.2. Let m be an odd positive integer larger than one. If
. Cys 9 and c¢ are positive and the chi-square variables are independent
x
. then
¥
us
e (2) (

” 1).2, (2).2 - 1) .2, (2).2
o~ P[cl xm+c2 Xm > ¢l P[cl X1+Cl X1 > ¢]

m-1
. + — - —> 1@d,-d )1, ,(d,-d,)+(d,+d,)I,(d,-4,)
1 - -

Sa 2(‘11012)1/2 j=1 (2! d1 d2 1 72775-1""1 "2 17727731 2
¥
A
%y

) where di = c/(4ci), i =1,2,
;S.h
%% Examples (for Corollary 4.2).

A

(a) P[cil)X§+c§2)x§ >c] = P[cil)x§+c§2)xi > ¢}

B Y

-(d1+d2) (dl+d2)

1/2
+e (4dld2) {Io(dl-dz) + ?EI:EET Il(dl-dz)} .

(b) P[c§1\x§+c§2)x§ >c] = P[cil)x§+c§2)xi > ¢]

-(d,+d.,) I,(d,-d,)
122 1/2 191792 8
+ e (4d,d,) {Io(dl—dz) + (dl‘dz) [d1+d2+3 dldzl
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A

I.(d.-d.)
+ ‘i_l—%" [% d)d,](d)+d))}
(dl-dz)

AN -
Y%

W

X

2) 2
- P[cil)x§+c§ )xl >c]l +te

Ly

1/2
(4dld2) {Io(dl-dz)

s

2(d.+d.)
(d.+d +2dd 1-—2 291}.

172 37172
(d;-d,)

d1d2(d1+d2)] . Il(d

2

1792)
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l' SECTION 5

5\ APPLICATIONS TO CHI-SQUARE TESTS

22

Y

7

" When sample maximum likelihood estimates are used in chi-square
A tests for goodness of fit, Chernoff and Lehmann (1954) have shown that
'

‘23 the asymptotic distribution of the test has the form

* L ()2, .2
¢ -izlci ST

where the ¢ satisfy 0 <c¢, <1 and are distinct and the chi-square

i i
v variables are independent. For p = 2, Corollary 5.2 gives the exact
* r (1), 2
P ) percentage points of Q 1in terms of the distribution of Zi=1 ey Xl
) which may be taken from the tables of Solomon when r =2 or 3 or
A the tables of Johnson and Kotz when r = 4 or 5. See also the formula

of Kleinecke given in the first part of Section 3. For p =4, and

LN r = 2, Corollary 5.4 gives the distribution of Q* in terms of Solomon's
tables and modified Bessel functions. When p = 4 and r = 3, Corollary
5.3 gives the distribution of Q* in terms of Solomon's tables and
Johnson and Kotz's tables. Moore and Spruill (1975) give similar limiting
distributions for general chi-squared tests of fit as well as a unified
approach to the problem. An example of Moore (1978) for a chi-square

test of fit with random cell boundaries and M cells gives a limiting

distribution of the form

2 2
Q= Xu-2y A -
Y
et It i8 clear that if M 1is even, Corollary 3.4 allows one to compute

e
Tak kA
-

33




exact distribution points of Q from standard chi-square tables. If
M 1is even Corollary 3.5 implies that the use of Solomon's tables and
those for the modified Bessel functions allow the exact computation of
percentage points. (If M 1is large, it is better to use an approxi-
mation.)

The asymptotic distribution of (l+n?£) where ?; is the
average Kendall tau statistic has been shown by Alvo, Cabilio and

Feigen (1982) to be of the form

2 2
C1Xpa1 T CoXp

c
where m = (rzl) and El = r+1 and the chi-square variables are inde-
2
pendent.

See the results of Le Cam, Mahan and Singh (1983) for other appli-

cations.

Theorem 5.1. Assume < > cy >0, 1i=1,...,n, and the chi-square

variables are independent. Then

n n
(1) 2 2 (1) 2
P[ ) e,/ /xf+c x5 >cl =P[ ] c,;7/x§>cl
421 1 10%m IR B
N (1) 2 m-1 cJd 1
+RAP[) c, xy<el+ | ) GO w7 L
i 1 . 2c (3-k)!
i=1 j=1 k=0 0 n
{k,},_
27 2=1
Tk, =
=12'
0<k, <k
n 2(:; ky F(ki+% noL, L
(n == TPl ] i Xjyy, <l
i=1 kTG i=1 i f
34
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1 -c/2¢, n c, -1/2
* -1 -
where ey = (cil—col) and K = e 0 I (1-23)
i=1 0
Proof.
n n
(1) 2 2 (1) 2
P[ I e, 'x5te X, > e] - P 2 e, 'x, > ¢l
i=1 i 1 70"2m i=1 i 1
n n ,
= (%) = P| Z cii)xi < ¢ and coxgm >c - z cil)xi]
i=1 i=1
n *(i) * - - -1
Set W' = 2 c x2 where c, =(b.1—c l) ... . Because
=1 i 1 i i 0
h|
-1 (ﬁ
2 -a/2 ® 2
P[xm >a]l =e Y —
=0 1!
n .
T ow).2 = cil)xi n
(*) = E[I( Z c;7'Xg < c)p[%% > i=i z cgi)xf < ¢
i=1 0 i=1 -
¥ o2 a2 %1 &7
= E[I( ] ¢;7'x] < c)e 1 7]
i=1 j=0
where
n
(1) 2
a=(-~- Y. "xHle, .
L5 X%
(i) -1
n * 2 * -1 -1
By Lemma 4 of the Appendix, for W' = Zi=1 ¢, X and ci==(ci =g )
m-l [} j
*) = BI@ <o) ] LI ge
j=0 (2c0) 3!
where
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-c/2¢,. n c, -1/2
K=e O nqa-4
i=1 0
Thus
-1 (zco)'j .
(*) = P[W' <cl K+K J —— E[I(W' <c)(c-W")7)
=1 &
m-1 (2c )_j i _
= P[W'<c]l K+K § -———g-,—- i (f()(-l)kcj K
j=1 k=0
L ] k
* E[I(W'<ec)(W') ]
Observe that
k
E[I(W'<c)(W')k] = 3 ( K)o
n 1’ ’“n
{kz}
2=1
n
I k,=
=1 2
0<ky <k
n % (1) k
¢E[I(W'<ec) I (ci xi) i]
i=1
We can note that the desired result is true since
n (i) , k
E[IW <o) T (ci ¥ 5
i 1
i=]1
k
i 1 ‘
n k, 2 T(k, += n o, |
= {0 (D ¢ L 2, Yy ¢ x2 c]
j=1 1 F(%) g1 1T1t2k
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2 ks 2
because E[(xl) 1h(xl)] is

1
F(k.+§

I

) k.

2 B0 1, )]
1

for any real-valued function h, i.e.

m-1 ) -k h|
(*) = K4P[W' < c] + z % (~¢) (72%—) I

jo1 k=0 (-K)! L
27 e=1
n
Vok,=
{=1 *
0<k, <k
k
x < 1
L n (2c2) F(k2+"§)
P[ ) c,X <el(m wo.
a1 172Ky =1 T A I

This following corollary follows from Theorem 2.6 or Theorem 5.1.

Corollary 5.2. Let c¢, > cy >0, 1i=1,...,n and the chi-square

0

variables are independent. Then

n n n (i)
1) 2 2 (1).2 * 2
P Y ey /xitgxs; >cl =Pl [ e /xf>cl +P[ Jc, xj<clK
i=1 i 1 072 i=1 i 1 i=1 i 1
-1 -c/2¢c, n c, -1/2
where C: = (C-l—c_l) and K=e 0( I@Q--) .
10 i=1 o)

The following corollary follows directly from Theorem 5.1 for m =
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0 > ¢y >0, 1i=1,...,n and independent chi-square

Corollary 5.3. For ¢

variables, for

-c/2¢c,, n c. -1/2 * 1o -1
K=e 0 Il (1-—30 and ¢, = (c.l—c l) ,
. c i i 0
i=1 0
n n
(i) 2 2 _ ().2
P[izlci XpregX, > el = P[.Z e, Xy > el +
= i=1
(1) .
T % 2 c 2 €3
+RK{P[ J e, x5<eclQl+s—) - .
y=1 1 1 2c0 =1 2co
n ,{) 2 % 2
P ) ¢, XytepXz < cll .
i=1
i#2

In the following corollary, Solomon's tables and the modified Bessel
function tables allow one to evaluate the distribution of the quadratic

form.

Corollary 5.4. For o > 1 > <, > 0 and independent chi-square variables,

2, (1,2, (2),2 _ .2, ()2
P[c0x4+cl x1+c2 x1 >¢c] = P[c1 X1+c2 Xl > ¢]

L), L@

2 2 * % c, -1 -1
+ aP[c1 xl+c2 x1 <ec] + B{(c1+c2)10(4(c2 -cy )
* % c, -1 -1
- (Cl-cz)Iléz(cz -¢y ))
-1
* -1 -1
where ¢y (ci —C, ) and
x
-c/2cO c;c; 1/2 c-cy-c,
o= s 4T
172 0
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~-c/2c
Setting K = e
-1
i

Oy ((egme) (e, 2,

Proof.

*
for c, = (c 1,2,

1.-1
i -co) )i-

(1. 2, (2).2 (1) 2, (2) 2

(1) (2)
c * 2, * 2
PRA g IPle xte Xp <

By example (a) following Theorem 3.5,

L)

- (2)
(*) = (2c0) 1 K{(cz+c;)P[c1 *

2 2
Xpte,  Xg < el

* %
-(d,+d,)
271 S x % * % * %
-e 4dldl ((cl+c2)10(d2—dl)

*
- (cyme T, (dy=d) )}

* *
where d, = c/(Aci), i=1,2.

i

-c/2¢

Because K = e 0

*x % 1/2 .4 * k
(Clczdle) (=) and d2-d1 = d

~
~

d2+d1 d2+dl———2c and 4dld2 = '—T'—*—-l—ﬁ , we have
0 2(c ey
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y 2
N (*) = P[cl x1+c2 X] > c] - P[cl x1+c2 Xl+c0x4 > ¢

1., % %2 % 2 X k2 % 2
= (2c0) K{clP[clx3+c2x1 <cl+ czP[clx3+c2)(l <cl}.

274

from Corollary 5.3
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Thus

_ —(do+dT) L =(d,+d
(2¢,) Tr/ag®a¥ e 21 2 ey le 1

*
271

(d,d,)

.....

2) 12

(1) 2, (2).2 2 (1.2, (2).2
Ple) ""Xytey "Xp¥egX, > ol = Pley ™ xy+e, " xy > el
* *
*(1) 2 *(2) 2 (C—Cl—cz)
+ KP[e;  Xxj*e, x| < cl{1 + 2c,
-(d.4+d,)
be - ; 4.d )2 KT eI (d }
% (d,d, eyt Ig(dy=d))=(e -c )1, (d)y-d,)
where d, = —— and c* = (_l -l)—1 i=1,2 i
TN i® %1 % » 1= el
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APPENDIX
Lemma 1.
ju xv_l(u—x)u-lesxdx
0
= uu+V-l L%%%£é¥l 1Fl(\),u+\);6u) for u,v positive.

(See Gradshteyn and Ryzhik (1965) equation 3.383, #1, p. 318.)

Lemma 2. For real-valued c¢ and positive integer n,

C
@)? /2 i § 23 % T2-39

1
ntl;c) = ]
p(n+%) 2" 4=0 (-1 Ly RG0!

1Fi(e+ 5
Proof. Equation (13.4.9), p. 507, of Abramowitz and Stegun (1964)
implies that

T[T 4 )

1
1Fl (n +§,n+l,c)

1
(F (—il;c)) .
1"(%+n) gt 1172

1 c/2

Because 1F1(2’1;c) = e IOC%), we have

(n) (n)

a l.,..)y= o023 X

acn (lFl(Z’l’c)) = 2 axn (e Io(x)) x=£
2

The product theorem for differentiation implies that

(n) n
)
— (I xN = |

n, Xx a(j)
ox j=0 3

et (1y(0)

41

A ‘7.. . ‘i"q‘ Ol '-"'f_;-’ ‘.'_- ., a2

AL Ml

AR SR A Sl o el L g Al S A

Rk




ot o8

AL

t 2

o 2 -
Ay g Ay AL, B,
TP LA

a3
)
)
“*

7
]
A

Equation 9.6.29 of Abramowitz and Stegun, p. 376, is

i)
3 -3 3
(I.(x)) = 2 ()1 (x) ,
3xj 0 Qio 27720~4

making these substitutions,

1
IF'3)I(14n) n
1F1(“+%’“+1;°) - i 27" Y /2 (@
F(’2—+n) j=0
-3 ] c
2 lio PIygy @
C
_ /A (an? Lc/2 'Z‘ o~ (mim) % L1 !
r(%”) j20 @D Ly G-I

Lemma 3. Let m be an odd positive integer larger than one. Then

2 st) = o _1.m-2: _ 1L Y

Proof. Equation 13.4.9, p. 507, Abramowitz and Stegun, implies that

T (HT (m-2)
F,G-1,0-2;t)) = 31 F1&a-150)
1‘(—2—- 1)T (m-1)

d
it &

1 m
=3 lFl(—z',m-l,t) .

Thus 1Fl(%,m-l;t) is 2 3% (lFl(%-l,m-Z;t)) which is
t/2
d o1 ¢ -@3)/2 t
2 It T @ I3 (-5))
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because lFl(k+%, 2k+1;2y) = I'(k+1)ey(327-)_k1k(y) (from Equation 13.6.3,

p. 509, of Abramowitz and Stegun). Thus

~(m-3)/2

PG = TEh S
&2
(m-3)
2 d -V
+2 I (T x ) 3

x=5 and v =—2—-

Equation 9.6.28, p. 376, of Abramotitz and Stegun implies that

= a,m ™ =1V, @
Thus
_ -(m-3)/2
F1Ga-1ie) = TEH 2 1 _,@+1_. @}
R PR

m_ e S m .
lFl(z 1,m: Z,C) + 2(m—1) 1F1(2’m’t) . ”

Lemma 4, For 0 <y <1, and h a real-valued function,

Y 2

Efh(x>)e? ) 0 (12

E[h G/ (1Y) ]

provided both expectations exist.
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N y 2

. X m/2-1 -u/2(1-Y)
[0 *) = E(hCre? ) - j 2 =

* h(u)u
0 F(%) 2m/2

; }I' _m/z o0 -1 wm/ 2‘1e-W/2dw
> = (1-y) J h((1-y) “w)
0 r@z2™?

where w = (1-Y)u >u = (1-y) w). ||

IO,

A
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