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OPERATING CHARACTERISTICS OF CROSSCORRELATOR
WITH OR WITHOUT SAMPLE MEAN REMOVAL

INTRODUCTION

The detection of weak signals in two channels is often accomplished by
crosscorrelating the two waveforms and comparing with a threshold. For the
case where a large number of independent products are added to yield the
correlator output, the central 1imit theorem is often employed, with
questionable validity for low false alarm probabilities, i.e. large thresholds.
A]so, this approximation may not be valid for intermediate numbers of terms
added.

Here we wish to get exact operating characteristics for the
crosscorrelator, namely detection probability vs. false alarm probability,
even for probabilities as low as 1E-10. In particular, we desire results for
an arbitrary number of products summed, for any degree of correlation between
corresponding individual samples of the two channel inputs, and for any input
signal and noise power levels.

Furthermore, it sometimes happens that the two input channels contain dc
components, which can be considered either desirable or otherwise, depending
on the application. Here we will consider these dc components as nuisance
terms and will subtract them out prior to crosscorrelation. More precisely,
since the actual values of the dc components in each channel will generally be
unknown, we will estimate them via the sample means (over the available record
lengths) and subtract these estimates from the available data. This
subtraction feature creates new random variables, all of which are
statistically dependent on each other, and thereby significantly complicates
the analysis. Nevertheless, this crosscorrelation of the sample ac components
of the input channels is encountered in practical situations, and in one recent
study [1], it was in fact the generalized 1ikelihood ratio detector under two
different realistic scenarios. Accordingly, it merits study and accurate
quantitative evaluation of performance capability.
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More generally, we consider subtraction of scaled versions of the sample
means of each channel prior to multiplication and summation. Then as special
cases, we can investigate the crosscorrelator with or without sample mean
removal, or any intermediate case of interest.

The major analytical result here is a closed form for the characteristic
function of the correlator output, in the most compact form involving only two
rooting operations and one exponential. Although this processor could be
analyzed by the general method given in [2], in terms of the eigenvalues and
eigenvectors of a correlation matrix, it would be less accurate and
éonsiderab1y more time consuming, even with computer aid, especially for a
large number of terms summed. The actual numerical procedure adopted here for
proceeding from the characteristic function to the exceedance distribution
functions (false alarm and detection probabilities) is that given in [3], and
utilized to advantage in [2,3,4].
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PROBLEM DEFINITION

INPUT STATISTICS

The two channel inputs to the crosscorrelator are synchronously sampled
in time, yielding random variables {hég? and {Vé}?, where N is
the total number of data samples taken in each channel. These random
variables are Gaussian with the following statistics:

means Uu =u

all
independent (1)
of n.

2

. _ 2 -2
variances  (u.-u )" = o, (v =V )" = o,

covariances (un-un)(vn-vn) = 00,0,
(An overbar denotes a statistical average.) That is, the means and variances
in each channel, although different, do not change with time, and the degree

of correlation between channels is constant. Also

U, is statistically independent of u, if mén,
Vg 1s statistically independent of v, if m#n, (2)
Uy is statistically independent of v, if mé#n.

However, u, and v, are statistically dependent on each other, for all n,
to the extent p indicated in (1).

A SIGNAL AND NOISE MODEL

To better fix the mathematical definitions above, consider in this
subsection the following possible signal and noise model:

[
]

uy * ug(n) + ug(n)
for 1 < n <N, (3)

<
]

uy * ve(n) + vy(n)
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where random signal components us(")’ vs(n) are zero-mean and partially
correlated with each other:

us(h) = 0, vs(n) =0,
for all n. (4)

u?(n) =S v?(n)

1/2
s TR = 3Sy» uS{n) Vs(n) E °s(susv)

Thus S, S, are the powers of the random signal components in each channel.

Also, the random noise disturbances ug(n), Vd(") in (3) are zero-mean
and independent of each other:

ud(h) =0, vd(n) = 0,
for all n. (5)

ug(n) = Du’ vg(n) = Dv’ ud(ni vdini =0

Thus Du, D, are the powers of the random noise disturbances in each
channel. Finally, except for the statistical dependencies indicated in (4)

between Us(n) and v¢(n), all the 4N random components in (3) are
independent of each other.

For this particular signal and noise model in (3)-(5), the master
parameters in (1) take the special form

2 2 1/2
oy = Sy*Dys oy = 5,05 ooy = 0 (S,S,) / s (6)
from which there follows
Ru RV 1/2
o = ol TR, (7)
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where the signal-to-noise ratios (per sample) of the random components in (3)
have been defined as

Sy uz(n) Sy vg(n)
Bl = =2 = , R ==L -—2—— for all n. (8)
ud(n) Vd(n)

Thus the parameters Oys Oys O in (1) depend only on the statistics of the
random components in model (3), and not on the dc components My and Hy -
Observe that even if ps=1 and R =0, o would still be less than 1; the one

noisy channel prevents full correlation between inputs.

CROSSCORRELATOR OUTPUT

We define the sample ac components of each channel of the crosscorrelator

as
N
= 1
Uy = Uy - W 2 Un
m=1
for 1 < n < N, (9)
N
5 1
Yo = Vn TN :EE Vi
m=1

where we have subtracted the corresponding sample means from each and every
data sample. Thus {EA]T and {Vg}? have zero-means and have statistics
completely independent of the unknown actual values of input means Mys Mye
However, in trade, we now must deal with a new set of 2N random variables, all
of which are statistically dependent on each other; this is the feature which
complicates the ensuing analysis. The test statistic (decision variable) of
interest is the crosscorrelator output after sample mean removal,

N , N N N
q = Eunvn=§unvn—%2um§vn, (10)
n=1
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which is independent of the actual unknown values of input means My and My .
If we knew the input means, we could subtract them directly and not have to

resort to sample means.

More generally, we consider the modified channel components

> for 1 <n < N (11)

N N N N
b X
q = :EE UV, = ;E; UV = N ;Eg u :EE Vg s (12)

instead of (9) and (10). Scale factors a and/or 8 in (11) may be unequal to 1;
the final parameter y in (12) is given by

y=atg-as=1-(a-1)(8-1). (13)

The case of y=0 in (12) obviously corresponds to the case of no sample mean
removal. On the other hand, if either* &=l or 8=1l, then y=l, and we have
removal of the sample mean; i.e., (12) reduces to (10). We shall be interested
here in the analysis of the general case represented by (12), for arbitrary y.

* It is demonstrated in appendix A that if scale factor a=1 but g#l,

correlator output q is completely independent of Mys Mys Be
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CHARACTERISTIC FUNCTION OF CROSSCORRELATOR OUTPUT
DERIVATION

We express the collection of random variables in (1) and (2) in column
matrix form according to

u v

T
] 2 e oe N

U= [u1 Uy oo Uyd's V = [v1 v ]T 3 (14)

where superscript T denotes transpose. The crosscorrelator output g in (12)
can then be written as quadratic form

=uTqv, (15)
where: NxN matrix
0=1-%117, (16)
I is the NxN identity matrix, and
N S ) (17)

is a Nx1 column matrix of ones.

Since U and V are Gaussian, their joint probability density function is,
in terms of the parameters in (1),

1/2
p(U,V) = E‘H’G o (1~ ] exp |- —n
( i ) [ 2(1-p )

* )1 A Loy T 20
5(U = w, 1)U = u 1)+ SV - 1) (V- ul) - —
o o uv

(U - w, DV - uvlﬂ.(m)

The characteristic function of correlator output q in (15) is then given by
the statistical average
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fq(E) = exp(i¥q) = exn(1‘§UTQV) =

& ﬂdu dv p(U,V) exp(1'§UTQV) =
gllﬂ—Nj | I
= Znouov (].—p) J-dU dv exp[ifU QV - m)-

f{if(u } uul)T(U —ud) * 1—2(v _ uvl)T(V - w1 - 20 4 £ uul)T(V - uv1}}.(19)

o, o, 0%

At this point, in order to evaluate this 2N-fold integral, we employ the
general integral result (B-2) and (B-6) in appendix B, identifying the
matrices there as

A=— . — 1, B=— . > 1, C=1§Q+ > 5o b
o (1-p7) o (1-07) o o (1-p%)
u v uyv
7.2 IyHy = PI9yMy 1 £ Tutv T POy 1 (20)
cgov(l—pz) cuos(l—pz)

We also need the following auxiliary results for special matrix forms; namely,
for arbitrary scalars c;, c,, the matrix determinant

T N-1
det(cll + Cy 11) = ) (c1 + ch), (21)
and the matrix inverse
-1 C
T 1 2 T
(cqI+c,11) ==—1- ——(———————7-1 1 . (22)
1 2 ¢y cq(cy + Nc2

Employment of appendix B and (20)-(22) then yields, after a very considerable
amount of effort, a closed form for the characteristic function in (19) (in
its most compact form)
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G, + i%G
exp[i§ 1 2 5
1 - i§F, + 8%,
fq(§) = T T (23)
P —— B
1-ite, +3%6,) (1 - iF, + §%F
where
El = ZQOUOV, E2 = 0303(1—92) .
P ) PR A 8
1= % Y/ ) Y 5
Gy = N(1-v)u,u,» G, = %N(l-Y)Z(Oﬁus + osuﬁ - 2000, 1,1y ¢ (24)

The square roots in (23) are principal value, being +1 at ¥=0. This
characteristic function has four branch points and two essential singularities
which overlap two of the branch points; the complexity of this characteristic
function of g precludes tractable analytical results for the probability
density function or exceedance distribution function of the correlator output,
except in very special cases. Nevertheless, since the characteristic function
in (23) is easily numerically evaluated with computer aid, it readily lends
itself to the procedure presented in [2,3]. A program for the evaluation of
the cumulative and exceedance distribution functions corresponding to
characteristic function (23)-(24) is given in appendix C for arbitrary values
of

N, number of terms summed
v, scale factor in sample mean removal

H,, mean in u-channel

ys Mmean in v-channel

o,» Standard deviation in u-channel

Oys standard deviation in v-channel

p, correlation coefficient between channels.
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A sample plot of the cumulative and exceedance distribution functions for a
typical selection of numerical values for the above parameters is also
presented in appendix C.

CUMULANTS OF CORRELATOR OUTPUT
By taking the natural logarithm of the characteristic function in (23)

and expanding in a power series in &, the cumulants of random variable g can
be extracted:

(n=1)![N-1+(1-y)"] (0,0 )"(s" + D") +

N

}%(n) 12

+ 2IN(L9) (0,00 s (S"T + 0"

u’v

+ N1 (,0,) "0l + ou) (s - 0™ (25)
where here
S=p+1, D=p-1. (26)

In particular, the mean and variance of q are available by using n=1 and 2
respectively in (25):

2

2 2, 22
0g = (N-21") (1402 )agop + N(1-)*(oguy + ooul + 200,0,um,)- (27)
SPECIAL CASE OF y=1, SAMPLE MEAN REMOVAL
For y=1, the general characteristic function in (23) reduces to
N-1
2 -7
Fq(8s v=1) = <1-1'§’E1 +8 E2> : (28)

10
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where El and E, are still given by (24), and are independent of means y,
and u,s as shown earlier. The cumulants in (25) reduce to

Xq() = 5(n-1):(N-1)(s,5)"L(*+1)" + (o-1)"T , (29)

and in particular, the mean and variance of q are

(N—l)pouo

l-lq = v?
og = (N-1) (1+%)0 %% . (30)
SPECIAL CASE OF y=0, SAMPLE MEAN NOT REMOVED
For y=0, the characteristic function in (23) reduces to
(0) 4 ;epnl0)
if (;9Y=0) = - 1}E1 +§ E exp 1§ ) s (31)
q 1-iBE, + §°E
1 2
where
El = ZQUUGV, E2 0503(1—92),
0 l,, 22 2 2
G{O) = Nujuys Gé = Moy * oym, - 2000 ). (32)

The cumulants are obtained by setting y=0 in (25), and in particular, the mean
and variance of correlator output q are

11
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INTERRELATIONSHIP OF TWO SPECIAL CASES

Let the general characteristic function in (23) be denoted by
fq(E; N, v, My “v)‘ We have already seen the expression for

fq(f; Ns 1, wys my) in (28). At the same time, from (23) and (24), there
follows

N1
: 2 -2
fs W1, 0,0, 0,) = (- igey +5%6,)) (34)
which is identical to (28). That is,
fq(F; N, 13 Uua Uv) = fq(E; N""]-a 03 03 0)- (35)

Thus the characteristic functions of the two following random variables are
identical:

(1) Sum of N terms with sample mean removal, and the true means

arbitrary,

(2) Sum of N-1 terms without sample mean removal, but the true means
zero. (36)

The removal of the sample means has eliminated the dependence of the correlator
output on the unknown means but has reduced the number of degrees of freedom by 1.

SPECIALIZATION TO THE SIGNAL AND NOISE MODEL
For general scaling factor y and arbitrary input means uy> uys and for
the model introduced earlier in (3)-(6), the general characteristic function of

the correlator output is still given by (23), but with the parameters in (24)
now specialized to the form

12
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E) = zps(susv)llz’ E, = DuDv+DuSv+DvSu+Susv(1'°§)’
F= (v, Fp = E,(1v)5
6 = N(=v)uyu,> G = PI-N)0(5,D )ule(s #0 Dl 2o (s s ) 2w ] . (37)

The general n-th cumulant is still given by (25); however, the use of~(6)
allows for determination in terms of the fundamental quantities of the signal

and noise model, namely S , Sys> Dys Dys o5 defined in (4)-(5). In
particular, the mean and variance of correlator output gq are

= (N-v)og (5,507 *+ N(1-y)uyu

Uq - v?
62 = (N-2y+y2)[D.D +D S +D S +(1+p2)S S I+
q° Y uv Cucv oviu 05 Py
2 2 2 1/2
* N(1-v)"0(S*#D, Ju, +(S,*D Ju, *20 (S S, )" “u u ] (38)

13/14
Reverse Blank
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ANALYTIC RESULTS FOR y=1, SAMPLE MEAN REMOVAL

In this section and the next, we will confine attention solely to the
case of scale factor y=l. The characteristic function of the crosscorrelator
output q follows from (28) and (24) as

h1 1
- -5
fq(f) =[1 - ifEl *'EZEZ] =[1 - 1E200uov + 520303(1—02)] =
_ N1
= {[1+ifcuov(l—p)] [l—ifcuov(l+p)} for y=1 , (39)

where we must have N>2. We observe, for later numerical use in appendix D,
that since ]1 +igb| = (1 +§’2b2)1/2 is monotonically increasing for ¥>0,
then ]fq(g)\ is monotonically decreasing for all ¥>0 and any N, Oys Oys Pe

GENERAL PROBABILITY RESULTS

The cumulants of q have already been listed in (29) and (30). The
probability density function corresponding to characteristic function (39) is
given by [5, 6.699 12]

N
-1 = i
pglu) = [r(“%) 20212, | é—},“c', )7 *

uv

* K (ATexp —QU__Z_ -for all u, =1, (40)
N
-1

cucv(l—p ) cuov(l—p )

where K,(z) is a modified Bessel function of the second kind [6, section 9.6].
If the number of terms added, N, to yield correlator output g, is odd, simple

relations for the probability density function in (40) can be obtained
[6, 10.2.15 and 10.1.9, last equation]; letting n = E%Q for N odd, we find the
exact result

15
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n
. o= (1-92)n - pu —lul‘\ :EE (2n-m2' 2 lul \F
q 20ucv 4" n! aucv(l—pzl/ln=0 (n-m)t m cuav(l—ozy
5 N3
or all u; n =7 N=3,5,7, ... . (41)

For example, for N=3, we have n=0, yielding

exp —32—:—12%— for all u. (42)
u-v aucv(l—o )

The corresponding cumulative distribution function for N=3 is

u
1-p u )
= = 4
Pq(u) (.dt pq(t) > exp(;u°v(1'°)j> for u<0, (43A)
— 00

while the exceedance distribution function is

4o

1+p -u
1- Pq(u) = g\dt pq(t) = exp<;ucv(1+p{> for u>0. (438B)
u

This dichotomy, of presenting the cumulative distribution function for
negative arguments, and the exceedance distribution function for positive
arguments, turns out to be notationally convenient and physically meaningful
and will be adopted throughout this report.

Although closed form expressions for the exceedance distribution function
corresponding to probability density function (40) are not available for
general N, the use of [6, 9.7.2] on (40) leads to the dominant term in the
asymptotic expansion of the exceedance distribution function:

N-3

1-P (u)~ 1p 4 Texp( =n as u—> +o (44)
q ZP(N%l) 20,0, c"uc"v(1+°1

For N=3, this is precise; see (43B).
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POSSIBLE NORMALIZATIONS OF g

If we define a normalized random variable

q q
X= 75 = > 172 ° 43)
Oy (1-07)

then the characteristic function of x is given by (39) as

N-1
-T2
£ (B) = £, (31E,/%) [1-1951/52’2 +§2] -
N4l
2 712 z
= |1 - i¥25(1-0%) +§ , (46)

which has only two fundamental parameters, namely, N and p.

A second possibility is the random variable defined by

y=—L (47)

for which characteristic function

N-1

. 2, 2] 2
f (5) = fqé%> = E - i§20 + §7(1-p 1_2 (48)
uv

also depends only on N and p. However, neither of the normalizations, (45) and
(47), are of interest to us here; an alternative normalization and reasons for
its selection are given below.

17
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SPECIALIZATION TO THE SIGNAL AND NOISE MODEL

For the model presented earlier in (3)-(8), the original Ey, E,
parameters in (24) take the form already given in the upper line of (37).
Let a normalized random variable, relative to the additive random noise
disturbances, be defined according to

(0,0,)

see (5). This normalization for the particular signal model (3) is different
from both x and y in the general case above. The reason we employ h is that
the normalization depends only on the power of the additive noise
disturbances, and not on the signal strengths or correlation coefficients;
this is consistent with a system which monitors the noise-only background and
sets a threshold for a desired false alarm probability.

The characteristic function of the normalized random variable h in (49)

is given by
_ N1
e ( 1/2 Ey 2 B z
Fu(8) = £, @100 %) = |1 - i + -
h q uv (D D ) E DUDV
uv
_ N1
2,2 2| 2
= |1 - i§2a + §°(8 =a") s (50)
where we define auxiliary parameters here as
a =0 RRIZ, 5= LR )1 V2. (51)

Here we used (39), (37), and (8). This characteristic function in (50)
depends on the four fundamental parameters N, Pgs Rys Rv’ where the

latter two quantities are the signal-to-noise ratios per sample of the random
components of model (3); see (8).

18
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Reference to (40) reveals that the probability density function of h
corresponding to characteristic function (50) is given by

N
-1 =-1
2
- ) 2 nrd] (Y
* Ky . %‘%) exp(;u 2) for all u. (52)
? - 8 —a 8 —a

For N odd, alternative forms are available from (41), if desired. The
asymptotic behavior of the exceedance distribution function of h follows in a
manner similar to that used for (44):

N-3
2
1 - P (u) ~ 1+;£B <%§) exp(%%;) as u—»+<0 | (53)
(%)

The cumulants of h follow from (29), (26), and (6)-(8):

%, (n) = 3(n-1) 1 (N-1)[ (a+8)" + (a-8)"] , (54)
and in particular, the mean and variance of h are

wy = (=1)a = (W-1)p (R R )2,

o2 = (N-1) (aP48%) = (N-1)[1 + R+ R+ R R (1+00)] . (55)

The two parameters, a« and 8, are given here by (51), in terms of the

fundamental quantities Ru’ R of the signal and noise model.

v’ Ps

REDUCTION TO IDENTICAL SIGNAL COMPONENTS

At this point, we will further specialize the results for the signal and
noise model in the above subsection. We presume that

19
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=1, (56A)
giving, from (51),
a = R, B = 14R; (568)

that is, the signal-to-noise ratios in the two channels are equal, and the two
channel signals are fully correlated. This corresponds physically to a case
where the random signal components in (3) are identical, Ug(n) = vg(n),

and the independent random noise disturbances have the same power level. This
éituation will hold for the rest of this section and all of the next section
where the graphical results are presented.

Equations (50) and (56B) then yield the characteristic function for
normalized random variable h in (49) as

N-1
) -T2
f(§) = [1 - ifR +£2(1+2R)] .
_M
= [(1 +i5)(1 - igQ*+2R))] 2 . (57)
The cumulants in (54) reduce to
%, (n) = $(n-1)t (W-1)[(1+2R)"+(-1)"] , (58)

and in particular, the mean and variance become

wy = (-1)R, oF = (N-1)(1+2R+2R?) . (59)
A11 the above statistical descriptions depend only on the two parameters R,

the per-sample signal-to-noise ratio, and N, the number of terms added to
yield the correlator output.

20
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The probability density function for h follows from (52) as

1 7 -1
o « ) 1 ot (i’

1+R Ru
* K-'z\l. P (ﬁﬁlul) exP(1+W> for all u , (60)

and the asymptotic exceedance distribution function from (53):

N-3

2

1+2R u .y

1. = Pl = ( ) explsm55) as u—>+e | (1)
h 2(1+R)P(N-%) 2(1+R) (1+2R)

An important word of caution must be mentioned at this point: when N is large,

(61) is inadequate for evaluating small false alarm and detection
probabilities, since the succeeding terms in the asymptotic expansion
contribute significantly. For example, when R=0, the maximum value of the
dominant term (61) occurs when u = (N-3)/2 which, for N=128, yields false
alarm probability 3.86E-21, a value far below those of interest. Thus (61)
has limited applicability, being best for small N; in fact, the first
correction term to (61) yields the multiplicative factor

1+ LR (N—3%SN+3+4R) . (62)

It indicates that, for large N, u must be of the order of N2 in order for
the dominant term (61) to be fairly accurate.

Although for N odd, an alternative closed form to the probability density
function (60) of h is available from (41), the exceedance distribution function
will generate a double sum and be rather cumbersome for large N. On the other
hand, the characteristic function in (57) decays rapidly with ¥ when N is large
and yields very nicely to the numerical approach given in [2,3]. The only diffi-
cult cases are in fact those for small N; accordingly, some analytic results for
N=2, 3, 4, 5will now be presented, based on characteristic function (57).

21
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GENERAL DISTRIBUTION INTEGRALS

Suppose a random variable y has characteristic function fy(;), The
cumulative distribution function of y can be written as a contour integral

(3, (5)& (6)]

f (&)
Py(u) = - ?%; S~ dg _Zéi_ exp(-iug) for all u , (63)
o ,

where C, is a contour along the real axis of the complex §-plane, with an
upward indentation at the origin £=0, to avoid the pole of the integrand there.

Similarly, the exceedance distribution function of random variable y can
be expressed as

L [ B o
1 - Py(u) =177 df~—??—— exp(-iug&) for all u , (64)
C

where C_ js a contour along the real § axis, with a downward indentation at

¢=0.

For u<0, both contours can be closed in the upper-half $-plane, since the
exp term furnishes rapid decay there. Similarly, for u>0, both contours can
be closed in the lower-half $-plane, to realize exponential decay on the
circular arcs tending to infinity.

DISTRIBUTIONS FOR N=2

From (57), the characteristic function of normalized correlator output h
is

f,(5) = [(1+ig)(1-ig(1+2R))17L/2 (65)

and the probability density function follows from (60) as
22
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ph(u) =(T;R)m KO(%“”) exp E;R) for all u . (66)
m

There is no closed form for the indefinite integral of a K0 function; see

[6, 11.1.8 and 11.1.9]. Instead, we use (65) in (63) and move the contour
upwards until it wraps around the branch point at §£=i and extends vertically
from there; this is in fact the steepest descent direction for the
exponential. The contributions of the small and large circular arcs tend to
zero as the radii tend to zero and infinity, respectively. Under a change of
variable, there follows the cumulative distribution function in the form

4

dt exp[u(1+t2)]

(1+t2)[1+(1+2R) (1+£2)11/2

+
2
Ph(u) == foru< 0. (67)
0
This is a useful exact result for several reasons: the integrand decays
rapidly, has no cusps, and involves only elementary functions which are easily

computed; also the integral is a sum of positive quantities and retains
significance even for large |u].

In a similar fashion, if characteristic function (65) is substituted in
(64) and the contour moved down and wrapped around the branch point at
¢ = -i/(1+2R) and along the vertical steepest descent direction for the
exponential, the exceedance distribution function becomes, upon a change of
variable,

+0 .

(1+2R) exp<I+l21R>f di Cxp(Suits) 77 for u > 0. (68)
[1+(1+2R) 2] 1+(1+2R) (1+t2) ]

1 - Ph(u) =

BRIV

o

This is useful for the same reasons given above.

There is one closed form result possible; namely, for u=0, direct
integration of probability density function (66) yields [5, 6.611 9]

23
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DISTRIBUTIONS FOR N=3

Use of [6, 10.2.17] on (60) immediately yields probability density
function

§T%:§T exp(u) for u<o0

pplu) = : . (70)

2(%+R) exp<§+;é> for u >0

The cumulative and exceedance distribution functions easily follow as

Ph(u) = ?T%7§T exp(u) foruc< 0,

1+2R - u
1 - Ph(u) = 2(IR) exp(i+2R) for u >0 .

This Tatter result corroborates (61) and (62).

(71)

DISTRIBUTIONS FOR N=4

The only closed form result possible is obtained by direct integration of
probability density function (60) to get origin value

1/2
Ph(O) o [%rc cos(lER) - R(1+2R; ] . (72)
" (1+R)
This follows by use of the integral
400
dx e ** x K, (px) = E2€ cos{a/B) _ g for 8 > -a , (73)
1 2 3/2 ( 2 2)
5 (8°-a ) B{(B —a

which follows from [5, 6.611 9] by applying 3/38 to both sides.
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DISTRIBUTIONS FOR N=5

Use of [6, 10.2.17] on (60) immediately yields probability density
function

fI;ZR—(l+R)u

3 exp(u) foruc<oO
4(1+R)
p, (u) { : (74)
1+2R+(1+R)u ( —u'>
exp foru >0
& 4(1+R)3 1+2R

The cumulative and exceedance distribution functions follow as

Ph(u) = 2+3R-(1#R )u exp(u) for u <0,
4(1+R)
1+2R -
1 - P (u) = T [(1+2R) (2+R)+(1+R)u] exp(ﬁ) for u >0 . (75)

This latter result corroborates (61) and (62). Also, this example was used as
a check on the numerical procedure [3] applied directly to the characteristic
function, which is used in the following section; the agreement was ten
decimals for numerous values of R and u.

25126
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GRAPHICAL RESULTS FOR y=1, SAMPLE MEAN REMOVAL
SUMMARY OF PARTICULAR CASE CONSIDERED

We first summarize here the particular case that will be considered
quantitatively in this section. The input samples are

Up = uy * ugn) + ug(n)
for 1 <n<N, (76)

Vo =y * vgn) * vg(n)

where these Gaussian random variables have statistics

us(n) = vs(n) = ud(n) = vd(n) =0,

2 2 1 /2

us(n) = Su’ vs(n) = Sv, u (v (n) = (SuSv) y

ug(n) = Du’ vg(n) = Dv’ udinivdini =0. (77)

We presume that the simultaneous signal components us(n), vs(n) in the two
channels are fully correlated, that all other random variables are
independent, and that the two channel input signal-to-noise ratios

Su Sv
u v

have a common value R. More general situations have been considered in
earlier sections; however, only this special case will be numerically
evaluated here.
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The normalized crosscorrelator output, with sample mean removal (y=1), is

N
1 ~ ~
h = —-———1/—2- § Un Vn ’ (79)

N N
= 1 = 1
Up =Uq - § zum’ Vn=vn'W§.Vm' (80)

The characteristic function of h is given by (57) as

Nl
W =

£, (5) = [(1+$)(1-i5(1+2R (81)

and depends only on signal-to-noise ratio R and number of terms N. We must
have N>2.

If R=0 and we evaluate the exceedance distribution function corresponding

to (81), we then have the false alarm probability. But when R>0, the
exceedance distribution function corresponding to (81) is the detection
probability. In the following, we plot the detection probability vs. the
false alarm probability, with signal-to-noise ratio R as a parameter;

different values of N are handled in separate plots.

.OPERATING CHARACTERISTICS FOR y=1

A sample program for evaluation of the cumulative and exceedance

distribution functions corresponding to characteristic function (81), and
thereby the detection probability vs. false alarm probability operating

characteristics of the crosscorrelator with sample mean removal, is given in

appendix D. It is heavily based on the technique developed and explained in

[3].
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In figureg'1-14 are presented the operating characteristics for the
crosscorrelator with sample mean removal, for values of

N=2, 3, 4, 6, 8 12, 16, 24, 32, 48, 64, 96, 128, 256, (82)

respectively. The case of N=2 was accomplished by use of (67)-(69); results
for N=3 relied on (71); and the remainder for N>4 employed a numerical
procedure [3] proceeding directly from characteristic function (81) to the
exceedance distribution function. False alarm probabilities PF in the range
%E—lO to .5 and detection probabilities PD covering 1E-10 to .999 are
presented. The abscissa and ordinate on these plots are according to a normal
probability transformation, as explained below. Values of signal-to-noise
ratio R are taken as R=2", where n assumes values appropriate for each plot

in order to cover the full range of probabilities of interest.

GAUSSIAN APPROXIMATION

Suppose the decision variable of a processor is Gaussian with mean and

standard deviation m , o  respectively when the input signal is absent,

and m, 0 when signal is present. Then for thresholdA, the false alarm
+o0
& u-m -
Pe = dui—¢(o°>=§(":
o 0 0 0

probability and detection probability are
.A)
A

o '
i, = M-
PD = qu¢<ol> =§(01 s (83)

respectively, where ¢ and & are the normalized Gaussian probability density
function and cumulative distribution function:

u
d(u) = (2072 exp(-u?r2),  B(u) = [are(t) . (s8)

If we let Qabe the inverse function to §, and define

X =@I(PF)’ y =§I(PD) ’ (85)

*See, page S et sa;. 29
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then threshold A can be eliminated from (83) to yield

m -m_*t g X
e 1 0 o” (86)

L

Equation (85) corresponds to the transformation to normal probability
coordinates; thus a plot of P vs Pe on normal probability paper is the
straight line (86) when the decision variable is Gaussian under both
hypotheses of signal absent as well as present.

Reference to (59) reveals that, for our application,

2

m =0, m = (N-1)R, o2 = N-1, cf = (N-1)(1+2R+2R%)

0] s (87)

since setting signal-to-noise ratio R=0 corresponds to hypothesis 0, signal
absent. Substitution in (86) yields

W
(N-1) R172x ; (88)
)

(1+2R+2R

y =
2

that is, if normalized crosscorrelator output h were Gaussian, the operating
characteristics would be straight lines dictated by (88). These straight
lines are superposed as dashed lines in figures 12-14 for N=96, 128, 256
respectively. Despite the large value of N=96 in figure 12, the Gaussian
approximation is not that accurate, especially for small false alarm
probabilities and large detection probabilities. The exact curve (solid) and
the Gaussian approximation (dashed) cross each other, and are labelled at the
crossing with the corresponding value of n in signal-to-noise ratio R=2".

For N=256 in figure 14, agreement is better and the Gaussian approximation is
probably adequate for larger N. If not, an additional term or two in an
Edgeworth expansion could be investigated with the aid of the cumulants given
in (58).
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An obvious shortcoming of the Gaussian approximation (88) may be seen
immediately:

1/2
limy = <E§I> <1 for any x . (89)

R0

Reference to (85) then yields the interpretation

1/2
lim Py = & (ﬂgl) >< 1 for any P . (90)

R»

That is, as input signal-to-noise ratio R tends to infinity, the approximate
detection probability saturates at a value less than 1, regardless of the
false alarm probability. Thus the Gaussian approximation must certainly
deteriorate for large R; the exact discrepancy for probabilities of practical
interest is displayed in figures 12-14.
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ANALYTIC RESULTS FOR y=0, SAMPLE MEAN NOT REMOVED

In this section and the next, attention will be confined solely to the
case of scale factor y=0. The characteristic function of the crosscorrelator
output q is then given in (31) and (32), and the mean and variance of q are
listed in (33). Due to the complexity of the exponential term in
characteristic function (31), there are no general probability density
function or cumulative distribution function results for arbitrary N, like
those given earlier in (40), (41), and (44) for y=1. Here, we can have N>l.

éPECIALIZATION TO THE SIGNAL AND NOISE MODEL
For the model presented earlier in (3)-(8), the original parameters in

(24) take the form already given in (37), but now with y=0. Specifically,
characteristic function (31) is

» N2 G£°) + igeé°)
fo(8) = (1 - igE, v87E,)  explip 2——2—|, (91)

1-i8E, + F°E,

where
1/2 2
E1 = ZoS(SuSV) 5 E2 = DuDV+DuSV+DVSu+SuSV(l—pS) s
2

600 = Muys 600 = NC(S,#D)u24 (5,40, Jul 20 (5,5, 2um, . (92)

The mean and variance of crosscorrelator output q follow from (38) according to

1/2

Mg = No (S,S,) gl s

2 2
9 = N[DuDV+DuSV+DVSu+(1+p

S)SUSV *

+(S, D uo (5, #0, Jugt2o (5,5, a1 (93)
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NORMALIZED CROSSCORRELATOR QUTPUT

As in (49), and for the same reasons, we define a normalized
crosscorrelator output, relative to the additive random noise disturbances

uqy(n) and vy(n) in (3) and (5), according to
h=—qr7?. (94)
(D,D,)
u-v
The characteristic function of h is available from (91) and (92):

Fo(6) = f ;’/(Duov)l/2> .

-N/2 o
= [1-i52a+§°(s%a%)] expfs 25b - ] (95)
1- 1§2a+? (8°~a”)

where
o= ogRROMZ 8= [ IE,

1/2

1 2
a= Nrurv, ?N[(1+R ) + (1+Rv)r'u - ZpS(RuRV) rurv] § (96)
and where we have defined
S S u u
u v u v
fuso T u T T I (97)
Du Dv

The characteristic function in (95) depends on six fundamental parameters,

namely N, oo, Ry, Ry, Iy, ry. The mean and variance of h follow from
(94), (93), and (97):
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1/2

My = N[oS(RuRV) + rurv] s

2 2 2 2 1/2
o2 = N[(1R ) (1+R )+o°R R +(14R Jri+(14R )ri+2o (R R ) / oy

= (98)

ru and r, are referred to as normalized means.

REDUCTION TO IDENTICAL SIGNAL COMPONENTS

In order to prepare for numerical evaluation of the operating
¢haracteristics of the crosscorrelator with y=0, we further specialize the
signal and noise model to the case where

R =R =R,p=1,Y‘=I" = s (99)

see (56) et seq. This leads to

«=R, 8=1+, a=b=nr,

via (96). The characteristic function in (95) then reduces to

c 2 Nl
Fo(F) = [(1+i5) (1-iF(1+2r))I7V° exp% : (100)

and the mean and variance in (98) become

2

= N(R*r2), oﬁ = N[1+2R+2R%+2(1+2R)r%] . (101)

Hh
The characteristic function in (100) has a branch point at £= i, and another
branch point at § = -i/(1+2R) which overlaps an essential singularity; this
complicates some of the analytical development to follow.

There are three fundamental parameters in (100), namely N, R, r. Since

normalized mean r appears only through its square, we can presume r>0 without
loss of generality. Furthermore, if r=0, characteristic function (100)
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reduces to (57) if N-1 there is replaced by N. Thus the curves for r=0 here
can be obtained from the earlier curves for y=1l in figures 1-14 by looking at
a value for N there which is one greater; accordingly we can confine attention
to r>0 in this and the next section.

When the random signal components us(n), Vs(”) in model (3) are
absent, then R=0, and the exceedance distribution function corresponding to
characteristic function (100) becomes the false alarm probability. However,
(100) still depends on r, meaning that the false alarm probability must,
likewise. Thus, a non-zero mean in (3), i.e. r>0, is not considered a signal
attribute here, but rather is a nuisance quantity; it may, in fact, degrade
the operating characteristics if not removed.

For notational convenience in the following, we define
w = 1+2R . (102)

The magnitude of the exponential term in characteristic function (100) then
can be expressed as

2
exp[.__L] . (103)

N
l+§2w2

which is monotonically decreasing for £>0. Coupled with the observation
immediately under (39), it is seen that |fh(§)jin (100) is monotonically
decreasing for all ¥>0 and any N,R,r. This property allows for a convenient
termination procedure in the numerical transformation [3] of characteristic
function (100). It should however be observed that (103) does not decrease to
zero, but saturates at value exp(—Nrﬁs, regardless of how § increases to
infinity; thus the eventual decay of the characteristic function (100) is
furnished only by the leading factor.
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ASYMPTOTIC BEHAVIOR OF CUMULATIVE AND EXCEEDANCE DISTRIBUTION FUNCTIONS
In appendix E, it is shown that if characteristic function (100) is
substituted in (63) and (64), and the contours moved appropriately in the

complex ®-plane, then the following asymptotic behaviors obtain. The
cumulative distribution function

1, N, )
Ph(U) - [r'(g) 2N/2(1+R)N/2] (-u)2 expfu - ET%] *

N
5 -1 2
N 2 L N1+2R) N

We see again, in similar fashion to (61) and (62), that in order for the

correction term in the second Tine of (104) not to be too significant, we must
have u < -N2. For reasons elucidated in (61) et seq., (104) is not useful
for large N.

As checks on (104), we note that for r=0 and N=2, (104) reduces precisely
to the upper line of (71); this latter result pertains to y=1, N=3 and is
consistent with the observation already made in the paragraph below (101). In
addition, if we let r=0 and N=4 in (104), it reduces to the upper line of
(75); this latter result holds for y=1, N=5 and is likewise consistent.

Also given in appendix E are a variety of asymptotic expansions for the
exceedance distribution function; the simplest one is

1
N-1 w:
1 - (u) ~ forl 12 22 (1m)Y2 () (1428) 2+
N-3
Lo 112 _ (1122
* oy 5 exp[— (u 1+§RN r) ] as u—>+e; r>0 , (105)
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However, the same reservations as above, regarding u large relative to N2,

are again in order.
DISTRIBUTIONS FOR N=1

If characteristic function (100) with N=1 is substituted in (63), and if
the contour is moved as indicated under (66), there follows the exact result
for the cumulative distribution function

+ob
2

2
Ph(u) =-$- ( dt 1772 expE(1+t2) - ili-z—] for u<0. (106)
¢ (1+2)(1+u(1+t2)) Tru(137)

(This reduces to (67) for r=0, as it must.) This integral form possesses all
the desirable attributes listed under (67).

If characteristic function (100) with N=1 is substituted in (64) in an
attempt to get the exceedance distribution function, the analysis becomes
rather difficult, due to the overlapping essential singularity and branch
point of the integrand at § = -i/w. This problem is treated in detail in
appendix F, with the result that the exceedance distribution function can be
found via the characteristic function approach in terms of two integrals; see
(F-21)-(F-23). However, a better numerical procedure for the exceedance
distribution function is the direct result derived in (F-33); this latter
integral is the one actually used here to generate the operating
characteristics for y=0, N=1.

DISTRIBUTIONS FOR N=2
The characteristic function is available from (100):

P4
£ (5) = (1+5) D (1ipw) ™ expé_%g—w) = fET(E) L (107)
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where w = 1+2R. The probability density functions corresponding to these two
characteristic functions are [5, 6.631 4]

py(u) = exp(u) U(-u) ,

2
1 u+er 2r 1/2
pz(u) == exp<—T) Io(w—(ZU) ) Uu) , (108)
where U is the unit step function
0 for u<0
Uu) = . (109)
1 for ux0

The probability density function of h is given by convolution

+09
ph(u) = j‘dt pl(t) p2(u—t) for all u . (110)

Substitution of (108) in (110) yields

2
T{;exp(:—%i—(ﬂ) for u <0
p,(u) = (111)

2 1/2
1 2 2 2(1+
T+o expéj “f—:w) QC)I/Z( L )1/2 s (( ww)u} ) for u >0

1+w

where the Q-function is defined in [7] and the two integrals encountered have
been evaluated by use of [5, 6.631 4] and [7, (9)], respectively. The
cumulative and exceedance distribution functions of h readily follow from
(111), the latter by means of [7, (42)]:
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2 1/2
- l}'_m' exp<1 - -Zf_r;m> U177 2r 77 (2(1:;«»)&-1) ) for u > 0. (112)
w (1+w)

(As a check, for r=0, then (111) and (112) reduce to (70) and (71)

respectively, as they must.)
DISTRIBUTIONS FOR N=4
The characteristic function is available from (100):

2

£ (5) = (1¥E) ™2 (1-15w) ™ exp(—}{—%) = £ (0)*,(8) . (113)

where o = 1+2R. The probability density functions corresponding to these two
characteristic functions are [5, 6.631 4]

P(u) = —u exp(u) U(-u) ,

ol ?_exp( u+4r‘) 12 1 121 uto (110)

The probability density function of h is given by convolution (110). 1In
preparation for that result, we use the shorthand notation

1/2 o\ 1/2
oot E2)).
= 1/2 1/2
qM(u)=QMér(%) (%!) ) | (115)
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where the Q,—function is defined in [8]. We also present a new integral
result that will be needed in the sequel,

“+ 00
I‘dx X QM(b, ax) = Elﬁ{bZQM+1(b,ac)+2M QM(b,ac)—aZCZQM_l(b,ac)], (116)
C a

which can be interpreted as the limit of [8, (31)] as p—>0+. Substitution of
(114) in (110) yields probability density function

73 expé - —)Elr +2u(1+w)- (1+m) for u<0
(1+w)

(11 )4 expé - )[;r q3 u)+2uw( 1+w)q2( u)- (1+m)2uq1(U)] for u >0

where (115) has been used; the upper line employed [5, 6.631 4], while the
lower line used (116) and an integration by parts procedure to be elaborated
below in the exceedance distribution function evaluation.

The cumulative distribution function for u < 0 follows readily by
integration of (117):

2
Py (u) = (Tl_)z exp(} -1 er2+(1+m)(1+3m)-(1+m)2u] for u< 0.  (118)
+tu

For u > 0, a modified approach is required. Integration of (110) yields
cumulative distribution function
Job
P (u) = fdt py(t) Py(u-t) . (119)

—o0d

Probability density functions p; and p, are available in (114), and
cumulative distribution function P1 follows as

41



TR 7045

(1-u)exp(u) for u <0
P (u) = 4 (120)

1 foru >0

Substitution of (114) and (120) in (119) yields, for u > 0,

u
2
1 t+4r 1/2 ( 1/2
Ph(u) = gdtmexp(——m ) # I, (4rt /m) +
0

400

+ Jadt ?%F exp<, L ) 172 1(&rt1/2/ (1-u+t) exp(u-t) =

u

= 1-G,(u) + 5= exp(;- ) j-dt t exp( ) 1, (ar tH2/) (1-urt), (121)

via [8, (22)]. We now integrate by parts, letting U(t)=l-u+t, and the
remainder dV(t). Then using [8, (22)] again, we find

2
_ _ _2wr 4r
V(t) = (1+w)2 exp<;(1+w)) qz(t) . (122)

Combining these results, (121) and (116) yield

. 2
1 - P (u) = qy(u) - L 5 exp<u = —i’{—m—) qp(u) - fdt dy(t) =
(1+u) i

= EZ(U) - (1;)4 exp(: - )(M a3 (u)+(1*w) (1+3w)q, (u)- (1+w)2uq1(UE’
for u > 0. (123)
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The final results for N=4 are given by (115), (118), and (123). This case was
used as a numerical check on the computational approach [3] proceeding
directly from characteristic function (100) to the exceedance distribution
function, with excellent agreement for numerous values of R, r, and u.
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GRAPHICAL RESULTS FOR y=0, SAMPLE MEAN NOT REMOVED

SUMMARY OF PARTICULAR CASE CONSIDERED

The situation of interest has already been summarized in (76)-(78); in
addition, we have a common value for the normalized means,

1/2 = 01/2 =T , (124)
u v

and the normalized crosscorrelator output is not (79)-(80), but rather is, for

Y=09

N
|
h = ——— uv. o (125)
1/2 ;ZE nn
(DuDv) n=1

The characteristic function is given by (100):

Fo8) = [(1+i9) (1-170)] /7 exp(%i‘—;;), (126)
where w = 1+2R. When the signal is absent, then R=0; however the false alarm
probability corresponding to this characteristic function still depends on r.
Thus since the sample mean has not been removed, the operating characteristics
will also depend on r. Since results for r=0 can be found from an earlier
section, we only consider r>0 here.

OPERATING CHARACTERISTICS FOR y=0

A sample program for evaluation of the cumulative and exceedance
distribution functions corresponding to characteristic function (126), and
thereby the detection probability vs. false alarm probability operating
characteristics of the crosscorrelator without sample mean removal, is given
in appendix G. In figure§k15—35 are presented the operating characteristics
for values of

See page 65 ot Sez.
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N'=2lw25r3; 45 8,016, 32,64, 128 256 (127)

and for various values of r. The case of N=1 was accomplished by use of (106)
and (F-33); results for N=2 employed (112); and the remainder for N>3 employed
a numerical procedure [3] proceeding directly from characteristic function
(126) to the exceedance distribution function. False alarm probabilities PF
in the range 1E-10 to .5 and detection probabilities PD covering 1E-10 to

.999 are presented. The abscissa and ordinate on these plots employ a normal
nrobability transformation, as explained earlier in (84)-(86).

Values of signal-to-noise ratio R are taken as R=2", where n assumes
values appropriate for each plot in order to cover the full range of
probabilities of interest. Values of normalized mean r in (124) have been
taken as r=1 and 2, with the exception of figure 19 where one example for r=4
was added. ‘

Without exception, increasing r from zero degrades the operating
characteristics of the crosscorrelator. For example, figures 17, 18, 19 give
a succession of operating characteristics for r = 1, 2, 4 respectively, and
for common values of signal-to-noise ratio R. (In order to determine the
operating characteristics for r=0 here, we can look at the earlier results in
figures 1-14, but for a value of N which is one greater there.) Thus, not
removing the sample mean from the crosscorrelator output requires a larger
threshold setting for a specified false alarm probability and thereby lowers
the detection probability and degrades performance.

GAUSSIAN APPROXIMATION

If the crosscorrelator output is Gaussian, for both signal absent as well
as present, the earlier derivations in (83)-(86) pertain. Now reference to
(101) yields statistics

2

my = Nr%, my = N(R+r2)

b

2

og - N(1+2r9), o = N[ 1+2R+2R%

+2(142R)r2], (128)
46
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since setting signal-to-noise ratio R=0 corresponds to hypothesis 0, signal
absent. Substitution in (86) yields the normal probability approximation

1/2

y = — 7% Re(vor’) 7 - (129)
[1+2R+2R%+2(1+2R)r?]
These straight lines are superposed as dashed lines in figures 32-35 for N=128
and 256. The Gaussian approximation is moderately good for large N such as
256, and in fact crosses the exact curves (solid) at a point which is labeled
with the corresponding value of n in signal-to-noise ratio R=2".

An obvious shortcoming of the Gaussian approximation (129) is apparent:

N 1/2
limy = (7) for any x, r . (130)
R-»0

Reference to (85) then yields the interpretation

N\L/2
lim Py = ¢ (5) <1 foranyP, r. (131)

R+

That is, as input signal-to-noise ratio R tends to infinity, the approximate
detection probability saturates at a value less than 1, regardless of the
false alarm probability and normalized mean r. Thus the Gaussian
approximation must certainly be inaccurate for large R; the exact discrepancy
for probabilities of practical interest is displayed in figures 32-35.

47148
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SUMMARY

A closed form expression for the characteristic function of the output of
a crosscorrelator, with or without sample mean removal, has been derived in
(23)-(24) for general values of: the number of terms added to yield the
correlator output, the means and variances in each of the two input channels,
the degree of correlation between the two channels, and the scale factor
employed in the sample mean removal. A program for the evaluation of the
cumulative and exceedance distribution functions of this general case has also
been presented. These results can furnish the basis of a study of the error
probabilities of a correlator required to decide between alternative
hypotheses on the input statistics [1]; this problem will in fact be the
subject of a future technical report by this author.

The general results were first specialized to a signal and noise model,
and then to the two distinct cases of sample mean removal (y=1) and no sample
mean removal (y=0). Plots of the operating characteristics for numerous
values of N and signal-to-noise ratio R were then displayed for a wide range
of detection probability vs false alarm probability. Some new analytic
results for cumulative and exceedance distribution functions, especially for
small N, were derived and used as checks on the general numerical procedure.
Comparisons with a Gaussian approximation indicated quantitatively when that
simplification is valid. Asymptotic results derived were useful for small N,
but not for Targe N except in the region of probabilities too small to be of
practical importance.
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APPENDIX A. CORRELATOR OUTPUT INDEPENDENCE OF MEANS

If we let scale factors a=1 but 841 in (11), we still get y=1 from (13).

This means that correlator output
To see this directly, let

= +
Up =y

where means

<
[

Then (11) yields, with a=1,

[=3]
]

n=Y "~

which is obviously independent of
yields

g in (12) is independent of w , v , 8.

z =0. (A"Z)

N
1> (A-3)

M=

=

the actual value of mean Mye Also, (11)

N
= 8
Yn=%4 TN :EE Zn * o (1-8) (A-4)
m=1
which still depends on u, and 8. When (A-4) is substituted in (12), we get
correlator output
N N
a=2 0 - & Dz +u(1-0)| . (A-5)
n=1 m=1
But since
N
>0 -0 (A-6)

A-1



TR 7045

from (A-3), (A-5) reduces to

n=1 n=1 m=1
N N N
=§ vz ~ %} s z (A-7)
n=1 m=1 n=1

in terms of the ac components defined in (A-1) and (A-2). Correlator output

(A-7) is obviously independent of means Mys uy and scale factor g in (11).
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APPENDIX B. A USEFUL INTEGRAL OF EXPONENTIALS OF MATRIX FORMS

For symmetric KxK matrix M, with det M>0, the following K-fold integral
is well known (see for example, [9, section 8-3]):

1/2
K
fdx exp[- pXTMX+NTX] = [%tﬂﬁ] _ exp[% NTM'lN] i (B-1)

Here X and N are Kx1 column matrices. We wish to extend this result to the
case of double integral

I = (25)X J:(du dv exp[— 5 uTau -% vigy + uTey + oy + ETV] , (8=2)

where A and B are symmetric without loss of generality, and the integral
converges; here, matrices A, B, C are KxK while U, V, D, E are Kxl. Notice
that if we had the apparently more-general term

T T T T
U C1V +V CZU =U (C1 + C2)V 3 (8-3)
we would simply let C = Cl + C;, and thereby immediately have form (B-2).

To accomplish the evaluation of I in (B-2), identify M = B, NT = UTC + ET,
X =V in (B-1), and thereby evaluate the V-integral in (B-2), with result

(L12
fdv _— [éze;)e} expE(uTc + e lcTy + Eﬂ ., (B-4)

Substituting (B-4) in (B-2), regrouping, and using the symmetry of B (and
therefore B'l), there follows

-K/2
1220 7 gy exp |- L uT(a—celcTyu + (0T+ET8LcTyy + & ETB'lE] . (B-5)

B-1
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Now reemploying (B-1) with identifications M = A - c8~cT, N = 0 + cB~lE,

X = U, we get a closed form result for (B-5):

-1/2
[ = Ejet(AB " ca"lcTBﬂ exp[% e'g~lg +

+-%(D+CB"1E)T(A-CB"1CT)_1(D+CB_1 i].

This is the desired general result for integral (B-2).

As an aside, there is probably a more symmetric closed form result than

(B-6), since if we represent (B-2) by I(A, B, C, D, E), we quickly see, by

interchange of dummy variables U and V, that
I(A, B, C, D, E) = I(B, A, CT, E, D).

However, we have not discovered the symmetric form of (B-6).

(B-7)

The present form

follows as a result of the sequential integration of (B-2), first on V, then

on U.
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PROGRAM FOR CUMULATIVE AND EXCEEDANCE DISTRIBUTION

FUNCTIONS VIA CHARACTERISTIC FUNCTION (23)-(24).

The numerical procedure employed in appendices C, D,
heavily based on [3].

and G here is

The choices of L, A, b in lines 90 to 110 to control

truncation error and aliasing are also made according to the method of [3].

The parameters in (24) are evaluated once in lines 210-260 so as to minimize

computation time.
[3, pp. B-11 - B-12], and employs a zero-subscripted array.

The FFT subroutine used in lines 1030 et seq is listed in

A sample plot of

the cumulative and exceedance distribution functions follows the program.

s
[N A

=
[ux]

O S G

Louiog

,_

o
-
0

R A
I o I

LU U W WU A Y

o

=g T O B O Pl I o0 O3 T U e

I U R o R O U O ]

U )

Do B ) [ N PO (R i W RN U )

RO I T I T B T R T T R ORI O (N WS N R RS O O OO o (A S S i i i SN o S T n S L) [ O OO (SO

MU R U U Do R o o ]

Ju
@

CROSS-CORRELATOR WITH SAMPLE MEARHW REMOVAL; HUSC TR 745

H=5 ' MHumber of terms sunmed to wvisld output
Gamma=.5 V' Scale tactor in sanple mean removal
Mu=-.4 I U channel mean

Mus=, 3 ¥ channel mean

Su=.7 I U channsl s=tandard dewviation

Su=,9 IV channel standard dewiation

Rrtio=.& ' Correlation cosfficient

L=£8g I Limit on integral of char. function
Delta=.12 1 Sampling increment an char., function
Es= ;=+t:+FI Deltal ! Shift b, as fraction of alias interusal
My=23 Vo Size of FFT

PRIMTER I5 &

PRIWNT "L =";L,"Delta =";0=1ta,"b =";E=z,"Mf ="[HMf

FEDIM ®odiMf -1, YiBIME-13

DIM HOBi1azzs,vogl1823)

Su”—“u+-u I Calculate

Sud €5 I parameters

Ti=1-GCamma

T2=T1#T1

El=2+RhaxSusSy

EZ=Su2+5u2* (1 -Rho=Rho

Fil=E1%T1

Fa2=E2%T2

Gl=H#Mu+Mu*T]

G2=.SsH# CSua*Mu+sMu+SuZ#MusMu-EL1#MusMui«TZ

Hi=,5%cH-12 _
Mug=G1l+CH-Gamnma#EhaxSuxSy I Mean of random  wvariabls g
Muwp=Hug+Es=s ' Mean of zhitted wariable v

HER =3

YiBa=,5%Delta*xMun
FOR Hz=1 TO
#¥i=DeltasHs

HE=ui#®ki

IMTCLADeltal

Argument =i of char. function

Calculation

|
!

Ti=-¥1%F1 1 of

TE=1+H2*F2 1 characteriztic

CHLL Dyuwd—-HEI2G02,41<G6G1,TE,T1,A,EBy | +functian

CALL Logdl+#2+E2, -Ni=EL1,C, Do ] fulxin

CALL Loge(T2,TLl,E,F>

CALL ExplA-H1#0-,S+E, B~Hl*0-,S3#F+8i%EBs,Fur,Fui
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418
42
338
448
453
450
474
2R
3433
589
518
524
538
S44

4

o8

n

I

oI

v -3 O h
[xx]

Ry X
st 1

..
DX

=
"

DO G U U U o

U U I O U ot S I X )

L T TRt T T I Tt I It I A P I PO e o (O O o o S O Iy B I B
DDA I R

=
Dx]

PORRVERE (NI RS B CRE Bn R | I R ORI (% T o RN O e IRDLC I AL IS R 70 I AN g

Lo B O]
Do O o I X

g58

€-2

ID Mt

LMz d+F e oHs
LMsr+Fu s
HEAT H;

CALL Fet i@z oy Mosd Wisho
PLOTTER IS "GRAFHICS"
GRAPHICS

SCALE e,mMf,~-14,13

LIME TYFE 3

GRID Mfs3,1

FEHUF

LIME TWFE 1
E=Bs*Mt+leliasC2%P12
MOYE E, B

IRAW B,-14

FEHUF

FUH k== Tu HF—I
=V iksd PI-KzsMf

"l 2=,5-T

Y{ksi=Pr=,9+T

IF Pr>=1E-12 THEH Y=LGT<Fr2

IF Pr&-—lE 12 THEH Y=-24-LGT<(-Pr>
IF ABS(Fr»<1lE~12 THEHM ¥=-12

FLOT K:,”

NEXT K=

FEHUF

FRIMT Yomagy oty iMe-2o3cMe-12
FOR ¥z=& TO Mf-i

Fr==(kKzn

IF Prs=1E-12 THEH Y=LLTCFr2
IF Fr<=-1E-12 THEHM %=-24-LGT{-Pr>
IF AESCFra»<1E-12 THEH Y=-=12
FLOT Es,¥

HEXT K=

FEHUF

FRUZE

DUMF GRAFHICS

FRIMT LIH:S

PRINTER I% 1&

EHND

1

SUE nxunx1,r1 W2, V2 ,H, B2
T=RHZEH2+72EY2

A=Kl #X2+Y1xY20-T

B= WV 1snZ=-0lsWar-T

SUEEHD

]

SUB Logia,V,A B3
A=.S*L0GCHE*H+Y %Y )

IF ¥{>® THEHW 330
B=.S*FI*SoHCY 2

GOTD 95e

B=RTH{Y <Ko

IF <<@ THEHM B=F+PIx¢1-2% %<3
SUEBEHD

|

Collapsing

B ozubscript

drigin tor

Cunul at ive
Excesdance

=T

S1-528

FPEIMCIFAL

FFT

random wariabls q

probabi 1itw
probabilite

1]
]
&)

1 A ED
in YO¥D
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A=T*#COS 0y
E=T*SIHY
SUBEHD

|
SUE Fiel@zipM,woxd,Wis3D M oa= 2418 = 1824, H=2~IHTEGER B OSUBTCRIFT

C-3
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APPENDIX D. PROGRAM FOR EVALUATION OF OPERATING
CHARACTERISTICS FOR y=1

The comments in appendix C are relevant here also. The characteristic
function used as the starting point is given by (81). Sampling increment A
employed on the characteristic function can be coarse for small signal-to-noise
ratio R, but must be finer for larger R. The quantity DeltaO, by, in line
30 is that used for R=0; all other A values are sub-multiples, as indicated by

lines 110-130. A table follows.

N 4 6 8 12 16 24 32 48 64 9 128 256

of{.10 .09 .08 .06 .05 .05 .05 .05 .04 .03 .03 .02

Table D-1. Values of 4, for y=1

Let Al denote the sampling increment employed for a particular value of
signal-to-noise ratio Ry>0. The cumulative and exceedance distribution
function values are available at spacing s = 2ﬂ/(MfA) in general, where M¢
is the FFT size. If, for example, 81 = Ag/2, then sq = 2s, meaning
that probability values occur twice as coarsely for Rl as for R=0. Then in
order to plot detection probability PD vs false alarm probability Pe
without interpolating points, it is necessary to skip every other PF point
available, and only plot those PF, Pp pairs corresponding to the same
threshold. More generally, if 8 = AO/K, where K is an integer, then
S1 = Ksg, and we plot only every K-th point of the available Pe values.

Here we have chosen K to be a power of 2, for the purpose of ease of plotting.

We choose bias (shift) b in 1ine 80 in order to give a random variable y
which is virtually always positive for R=0; see [3]. We then keep b fixed as
R increases, which makes the probability of y>0 even greater. This feature of
choosing the same b for all R>0 enables an easy comparison of Pp and Pg,
since common threshold values are then conveniently realized.

D-1
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It was observed under (39) that the characteristic functions (39) or (81)
have monotonically decreasing magnitudes for all ¥>0. This makes the choice
of L, the truncation value on the characteristic function integral in (63) or
(64), rather simple; all we need to do is monitor lfh(E)l of (81) until it
decreases below a tolerance, here taken as 1E-12. There is no trial-and-error
procedure required as in [3] to guarantee negligible truncation error.

Subroutines Exp and Log have already been listed in appendix C, and so
are not relisted here.

18 ' GHMMA = 1 SAMFLE MEAH REMOVAL .
pe Ho=3 ' M, Mumber of terms summed

35 Delt b= 82 ! Initial d=lta

45 ==FPI-D0=1tad ! ERiaz b

54 M¢=2~180 ! Size of FFT

(=1 5] QUTFUT &, "GAMMAR = 1";" H =", Hc

g OUTPUT g

g DATA -2,-1,8,.%9,1,1.5,2,2.5,3,3.5,4,5

s FERD Hsix I SHR R=24n

185 DUTPUT 93H=C#3;

119 DATA 1,2,2,2,9,4,4,5,5,16,16,32, 64

120 READ Ideltad)

138 MAT Delta=<Deltad) Idelta

148 OUTPUT B:Dsltars);

159  DATA 1E-10,1E-9,1E-S,1E-7,1E-5,1E-5, 1E-4,.801,.91,.1,.5,.%, .99, .93
168 READ Sc(#)

T DIM HMz01:i12d,Ideltad@ilay,Ieltaldilas,Scdililan
oa DIM wopralel,Yimialals
3 FOR I=1 T0O 14

5] Scoln=FHInuphidSo (Il

5] HEXT 1

5] S=Scoly

5l B=Sc (142

i3 Scale=0iB-S)-0@-5)

5] “1=38

5 AZ=174a

5} Y1=33

5} Wa2=Y1+(nZ-Hlor*Scale

%} PLOTTER IS "3872R"

5] LIMIT #1,#2,%1,%&

5] GUTPUT 7aga;"waa"

O SR S - P PV VX SN B K P WU T R PR SR (WCRY (OB (0 RN Cv T O LR CACR i i g
LOXN (SO o S N R s o T R YR (ST RN a0 e T o S B CNR O O i )

5] SCALE $,8,5,F
5} FOR I=1 T 14
d MOVE Z,5c(I
5] DRAM @,5c(In
a HESXT I

5] FOF I=1 Ta 11
5} MOWYWE ScoId, =
5| IRAW Scela», E
5| HE®T 1

51 MOWE 5,5

5] DRAW &,0

@  PEHUF

o
]
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TR 7045
M1=HMf-1

Fc=H
GOTO S14a
Re=2~Hz{Ina I SHE R=2n

QUTFUT @3k =" Rc," Delta ="i0eltadln:
ASSIGH #1 TO "ABZCISY I Temporary storags for
Delta=Dcltadln:g ' false alarm probability

F2=Rc*2
F2l1=R2+1
HlZ=d<Hc-13-2

Mux={Hc-12%Rc ! Mean of random variable h
Muw=Mux=+Es o Mean of shifted variable wu

REDIM #eC@iMLa,Wo@imLs

MAT H“=Z<em

MAT Y=ZER

“uEr=n

YrBa=,5%0eltaxkuw

Ls=8

Le=Lz+1

Ai=lleltaxls I Argument xi of char. {n.
CALL Logil+xRixdi*R21,-¥i#R2,Ai,Bi I Calculation
CALL Expd-H1Z2#Ai,®i*Bsa-M12%Bi,Fur,Fuyid I of

M==L=z HWOD NMf I characteristic
Ar=Fur-Ls ' function
Ai=Fuwui L= LR NVE S 2S
WiMz =¥ M=) +Ar

YOMs =Y OM=s 3 +RA0

Magsq=Ar+Ar+Ai £

IF Magzq>1E-24 THEHW eS8

CQUTFRUT w;"xi =s"sHEig" . Mag ="{50R{Mag=g>

CALL Ffel3Izutf,mdea Wi

FOR M=z=9 TO M1

T=%iMzHFI-M=zsME

ACMz2=,5-T ! Cumylative diztribution function
WiMsa=,5+T ! Evcesdance distribution functiaon

HEXT M=
OUTFUT B
FLOTTER I
GRAFHICE
SCALE B,Mf,-14,4

LIHE TYFE 2

GEID Mf-2,1

PENUP

LIHNE TYFE 1

FOR M==98 TO M1

Fr=YcMs)

IF Pr>»=1E-12 THEHM Y=LGTIPr

IF Pr<=-1E-1& THEHN ¥=-24-LGT{-Pr2
IF AES(Pr><1E-12 THEHW ¥Y=-12

PLAT M=,%

HEXT M=

FEHUF

RN = DO S S B R S S B ]
S “"GREAFHICS!

D-3
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FOR Mz=& TO M1
Pr=iiis
IF Fri=1E-12 THEH ¥=LGTIFr?
-1E-12 THEM 'Y=-24-LGT{-FrJ
IF AESC(Fri<1E-12 THEM Y=-12

FLOT Ms, v

MEXT M=

PEMUP

DUMF GRAFPHICS

OUTFUT g ve

IF In>R THEM 1263

FOR Mz=t1Z TO M1

IF YiMs3<=9 THEH 1138

MEXT M=

MZ=Hz-1

REDIM HiMZIM3

FOR Mz=MZ TO M3
MiMzy=FMInuphi €Y OMs

MEXT M=

PRINT #1;Hc%2 I Stare false alarm probabilitw

GOTD 1328
REDIM #iM2iM35

READ #1l;,x0#) I Read in false alarm probabilituw

Id=Ideltailnd
J2=M2-14d
F=IHTOMI-T1do+1

FOR J=J2 T0O I3

YCIY=FHIruphi 040 T30

MEXT J

PLOTTER IS "9372A"

LIMIT ¥1,%2,%1,Y2

OQUTPUT 7@S;vws3e
SCALE $,9,5,E
FOR J=J2 Tn I3
T=J#1d

IF T»M3 THEM 137@

PLOT WeTa,vedd

MERT J

PEMUP

MEXT In

EHD

|

SUB Expif,Y¥,A,E> | EXPCZ)

]

SUE LogiX,¥,A,E) | PRIHNCIPAL LIGE(Z)
|

DEF FHIrnuphic PO IMVPHICKY wia AMS S5, 28.2.23

“alr THEM 1688

IF tHX>a» AND

GOTO 1679

IF ¥=.9 THEH FRETURH &
F=5

IF “Wr.5 THEH P=,3-0x-.52
P=SORC=-Z#LOGCFP )
T=1+P#01, 432730 +P=1,
P=F-(2.S515517+F%{. .32
IF “4.2 ThHEH F=-F
RETURH F

FMEHMT

|

SUR FEtlldziH, Kosh, Yisad ' Hod= 213, H=2~IHTEGER, 4

U

SUEBSCRIPT
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APPENDIX E. ASYMPTOTIC EXPANSIONS FOR DISTRIBUTIONS WHEN r>0

The characteristic function of interest is given by (100) and (102):

F0(8) = (Hp)™ (1-ipw)™ exp| R ], (E-1)

where for notational convenience in this appendix, we let

v = —ZN-, n = Nr‘2, w = 1+2R . (E-2)

The cumulative distribution function is obtained by substitution of (E-1) in
(63):

P, (U) = 15 ds 1 (1+i8)™ (1-igw)™ exp[-g% . 1uf] : (E-3)
+

The v-th powers are principé] value, being positive real where C_ crosses
the positive imaginary axis.

Now let z = 1+i¥% in (E-3), yielding

P (u) = T%% \S\ dz (z--l)'1 27V (1+p-wz)™" exp[?i;}i; N u(z—li] . (E-4)
C
1

The contours C_ and C; in (E-3) and (E-4) are depicted as dashed lines in
figure E-1. The pole at ¥=0 is moved to z=1; the remaining singularities are
branch points (v non-integer); the v-th powers are positive real where C1
crosses the positive real axis. For u<0, an equivalent contour to Cl is

that indicated by C, in figure E-1, since the exponential in (E-4) furnishes
rapid decay in the left-half z-plane. We write (E-4) in the form

Pp(u) = %%%Qil \f dz z7° exp(-uz) 91(2) , (E-5)
Cy
where

E-1
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gl(z) = (1—2)'1 (1+w-wz)™Y exp[&éﬁ%%%] 2 (E-6)
<
_olane . I
b *( Z—Phne :
|
L\
) (@& G b
e R ‘:::::::’%:; K
"”/ f L}é;
éé—yé) T
|
|
(

Figure E-1. Contours of Integration for Cumulative Distribution Function

In order to get the asymptotic development of (E-5), we expand gl(z) in

a power series in z,
9;(2z) = gy(0) +93(0) 2z + ..., (E-7)
where

\)m +

By =™ exp<1+> 7‘7 (1:m)2 :

Appeal to [10, p. 96, (4)] then yields (for all v)

v-1
Ph(u)~exp(u)l}—zi))——gl(0 “‘(‘\,__791 ]

_ F(v)_l (1+0) ™ (=u)¥~ exp[y - .] [i i ( I*m * (1+:)2>]

as U—> — % , (E-9)

Substitution of (E-2) in (E-9) then yields result (104).

E-2
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When (E-1) is substituted into (64) instead, we obtain the exceedance

distribution function in the form

C

Now let z =~% - i§, to get

Bl
2

14n

1 - Ph(u) =

w Z

+ u(

;-1

)

i€n

S dg 5‘_1 (1+i%) 7™ (1-ifw)™ exp[l

-iPw

= iué] F (E-10)

(E-11)

The contours C_ and C3 in (E-10) and (E-11) are depicted as dashed lines
The pole at ¥=0 is moved to z = 1/w; the remaining

in figure E-2.

singularities are branch points.

—_—— —_— — —

Figure E-2.

f
!
|
I
!

G

Contours of Integration for Exceedance Distribution Function

For u>0, an equivalent contour to C3 is that indicated by C4 in
figure E-2, since the exponential in (E-11) furnishes rapid decay in the

left-half z-plane.

We write (E-11) in the form

E-3
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- + =
l—Ph(u) =0 (1+)™ exp<? E;ﬂ 7%; j; dz 2 > exp[;z + —%;]gz(z) , (E-12)
s 0wz

where
9,(2) = (1-2)™! (142 . (E-13)

As above, we expand 92(2) in a power series in z,

9,(2) =1 +w(l+=)z+ ... (E-14)

1+w

and substitute it in (E-12); employment of [10, p. 105, (2)] now yields (for
all v)

1 - P (u) ~ o (1*) Lo exp(—- —)
*[(wv%—')v_l I\)-l (21717‘) +w (14 1__\:_0))(10 %)v_z I\)—2 (&\!___:)—U')]

as u—> +oo, (E-15)

where Iu(z) is the modified Bessel function of the first kind. This is the
general result for the exceedance distribution function; the various
parameters given in (E-2) relate it back to the problem of interest in the
main text. '

As a check on this result, we let r-0; then n-0, and (E-15) reduces,
via [6, 9.6.7], to

- () = T (100)™ T exp(-ure) [125h o 1 )]

as u—=> +%; r=0. (E-16)

Employing the identifications in (E-2), there follows from (E-16)
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1 -P (U) = 1+2R u exp -Uu >*
h 2(IRYPNT2Y (2(1+R) I+2R
*E+%$R(MQQHMMRU as u—=>+%; r=0 . (E-17)

In order to compare this result with that for y=1, sample mean removal, we
must replace N here by N-1; see the paragraph under (101). When this is done,
(E-17) reverts precisely to (61) and (62).

Returning to the general result for the exceedance distribution function
in (E-15), if we keep n>0 and use [6, 9.7.1] for large arguments of Iu(z)’
there follows the simpler (less accurate) result

-1
v 1 v+1
1 - Ph(u) = [21r1/2(1+w)v n.z IJ w 2 &

2
exp[— %@1/2 - n1/2> ] as u—> +00, (E-18)

When (E-2) is substituted in (E-18), the result quoted in (105) follows.

lw

2
* 42

As a special case of (E-18), if v=1 (i.e. N=2), then

3/2 2

1(1/2 1/2

1-P(u)~ < exp [— —G - > ]as u—>4a; y=1. (E-19)
h 201 12(144) (qu) 12 w v

E-5/E-6
Reverse Blank
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APPENDIX F. EXCEEDANCE DISTRIBUTION FUNCTION FOR y=0, N=1, r>0
CHARACTERISTIC FUNCTION APPROACH

When characteristic function (100) with N=1 is substituted in (64), the
expression for the exceedance distribution function becomes

e 2
1- Ph(u) = T%F df ;‘1 (1+if)'1/2 (l—igw)-llz exp[}%%fa-— iuf%, (F-1)

where w = 1+2R as in (102). The square roots are taken as +1 at ®=0. For
u>0, the contour C_ can be modified to that indicated in figure F-1, where

the contributions of the large circular arcs in the lower-half §-plane tend to
zero. The small circle of radius p centered at branch point £= -i/w must have
0 < p < 1/w, since the latter is the distance to the pole at the origin.

£-plane Jsi

—————t—————

- i

~he
e

E—————————Y

W

Figure F-1. Equivalent Contours for (F-1)

It is easy to show that the two vertical contributions in figure F-1 are
equal. Under the change of variable

2
. +t
ig= L (F=2)

F-1
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the sum of the two vertical contributions to exceedance distribution function
(F-1) becomes

+o
1/2 2 -1
V(o) = 2‘”“ exp<— “:‘” > S dt (1+t2) *
(w0) /2
=1 ]2 2
* (1+m+t2) exp(?-gt2 - 5—:) . (F-3)
m wt

This integral remains convergent even as p=»0+. Furthermore, the integrand
decays rapidly, has no cusps, and involves only elementary functions; also the

integral is a sum of positive quantities and retains significance even for
large u. -

On the small circular contour Cp in figure F-1, let

iy = % - o exp(ie), (F-4)

to obtain, for the circular contribution to the exceedance distribution
function, the quantity

™

w2
Clo) = —2-—“’)-175 exp<- ym—r) o112 gde (1-wof) ™" *

m(1+w

-1

-1/2
wp . 8 L AK
*(1 - T E) exp(1 7 + ;E + pUE) . (F-5)
where we define in this appendix

2

2
A== <%£§§) , E = exp(ie) . (F-6)
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The exceedance distribution function is given exactly by the sum of (F-3)
and (F-5), for any 0 < o < 1/w. It would be advantageous numerically to let
>0+ in these two equations; however, the limit of (F-5) is not obvious and
can easily be done incorrectly.

AN ERRONEOUS APPROACH FOR C(p)

It is tempting to let p»0+ in those locations in (F-5) where it will "do
no damage", obtaining for the integral with scale factor 01/2 the quantity

i

Ios p1/2 Sde exp[i

-

+%exp(-—1’e):1 R (F-7)

N

(The fallacy of doing this for a residue calculation with an essential
singularity is demonstrated in the next subsection.) Furthermore, the limit
of (F-7) as p=0+ can in fact be determined in closed form, as follows.
Observe that the integrand of (F-7) has a saddle point in the complex e-plane
at

o, =-iL, L= Xn(g%) : (F-8)

this is in fact the only saddle point in the (-w,r) strip in the e-plane. Now
let z = o-8., getting for (F-7)

il

1 - (2a)1/2 S dz exp(i Z+ % exp(-—iz)] ) (F=9)

~r+il

The radius p now appears only in the 1imit L of the integral, and the
integrand has a saddle point at z=0.

F-3
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The straight line contour for (F-9) can be deformed into contour C,
depicted in figure F-2, which goes through the saddle point at z=0. Now if

=T+il. 09 il

3
Y
vy

;_.—‘:\Q"G,

= 0 oL

Figure F-2. Equivalent Contours for (F-9)
o—>0+, then L=+, and (F-9) yields

nt+ioo

I, = (2a)1/2 S dz exp[i 24 % exp(-iz)] , (F-10)

—qt+ieo

where the contour is the Timit of C in figure F-2 as L->+e; that is, the
integral is between the two valleys at #n+iw and is connected by the saddle

point at z=0.

The steepest descent curves out of the saddle point of the integrand of

(F-10) are given explicitly by
y = —,ln(éig—ﬁ) for -t < x < 7 . (F-11)

Thus if we let

F-4
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z=x+1y=x_11n(%—x),

dz p (S0s X l)

x=1-1 sin x  x’/ ? (F-12}

on the steepest descent curves in (F-10), there follows

m

I, = (21)1/2 gdx<1 - St %—) expE >+ %,Qn(“)': 23 +%s1)r§ . exp(—ixﬂ =

-

™
_\1/2
- 1/2 . cos x . . 1) [sin x X €Cos x| _
= (21) gd"é mall| s ;) (T) exP[?'?in_i]‘
-T

™

\1)2
(2172 25dx (s1)r:_x> exp(é—%’i—i—) = 22 202012 a2 L (Fa13)
B

(The integral value of (21r)1/2 in (F-13) was deduced by numerical integration.)

Recalling the definition of Ip in (F-7), we then have the dubious
result for the Timit of (F-5):

1/2 2
? /2 r utr
C(0) = (—) ——— exp(— ——) " (F-14)

where we employed (102) and (F-6). Actual numerical evaluation of (F-14),
combined with V(0) from (F-3), gives incorrect results for the exceedance
distribution function (F-1); thus the replacement of o with 0 in (F-5) is
invalid. The explanation for this pitfall is the essential singularity of
(F-1) at ¥ = -i/w; a simpler illustration follows.

F-5
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RESIDUE OF ESSENTIAL SINGULARITY

The function

1 1 1
EXp(E) =1+ 7 +2.—22- + ... (F—].S)

has an essential singularity at z=0, with residue 1, as exemplified by this
Laurent expansion. Now consider the function

f(z) = exp(3) 9(z) , (F-16)

where g(z) is analytic at z=0. Then

f(z) = (1 *’i‘* Z:iz i --->(9(0) +gM0) 2 +

l"\:ELl—‘

(2)(0) 22 + ) . (F-17)

The coefficient of 1/z in (F-17) is the residue of f(z) at z=0; namely

& (n)

Res = g(0) + ?% g(l)(o) + %T'%T 9(2)(0) + ... = :EE %Tfﬁé%%T . (F-18)
n=0

Thus the residue of f(z) at z=0 depends on the behavior of g(z) in a
neighborhood of z=0, and not just the value g(0).

A couple of examples yield the following:

9(z) =-(1-az), Res = %Bg:‘-ﬂ ;
5 Il(2a)
g(z) = exp(a®z) , Res = — - (F-19)

F-6
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CORRECT APPROACH FOR C(p)

Reconsider the integral in (F-5) plus the scale factor 01/2; making the
substitution z = e+ilL, where L is given in (F-8), there follows for this quantity

n+il

1
; "3
(2a)1/2 5; dz (1-2ox %)L (1 - B2 17 T

—rHil

* exp[i %-+ % e "+ 2z e1z] ; (F-20)
The uppermost singularity of the integrand in the z-plane (within the -w, =

strip) is a pole at z, =1 An(2wr); however, the straight line contour in
(F-20) remains above this pole because p < 1/w; see (F-8). Furthermore, the
total integrand of (F-20) has a saddle point on the imaginary axis of the
z-plane above the pole location Z,, because the integrand is infinite at the
pole and at z = 0 +i®. Thus the straight line contour in (F-20) can be
modified so as to pass through the saddle point, and yet remain above zp,
Finally, letting p->0+, then L=>+e, and (F-20) combined with (F-5) yields the
exact result for the circular component

11+l.ob

2 R |
c(0) = I exp(— u+r> 5 dz (1-2wx e1z) *
v 2112 (14,)172 w o

—1r+i<”
.\ -1/2
*(1 - —%f:’ eu) expE % +

where the two valleys of the integrand at #r+iw are joined with a contour

N —

e '+ 2 ei%] . (F-21)

through the saddle point lying above the pole at z, =i An(2wr). Here
w = 1+2R.
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The other component of the exceedance distribution function,
corresponding to (F-21), is given by (F-3) at p = O+:

1/2 2 i 1
V(0) = 2 m“ exp (} u:r‘> Jﬁdt (1+t2) *
0
-1/2 2
*(1+e+t?)  exp <_ 42 _ r—z) (F-22)
@ ot

Thus for u > 0, (F-1) and figure F-1 yield exceedance distribution function

1-7P (u) =C(0) +V(0) = (F-21) + (F-22) . (F-23)

h
Computationally, (F-21) is not too attractive, because of the complex
integrand and/or the need to determine the steepest descent paths to #g+ico
numerically. Accordingly, an alternative direct procedure for determining the
exceedance distribution function of random variable h is now presented.

DIRECT EVALUATION OF EXCEEDANCE DISTRIBUTION FUNCTION

For y=0, N=1, (12) and (3) yield the crosscorrelator output for the
signal and noise model as

q = upvy = [uu *u (1) +uy(1)] L, + v (1) +vy(1)] .. (F-24)

The normalized crosscorrelator output is then, from (49) and (97),

h el

ooz = u T s T
u-v

A v; & v&) = xy , (F=25)

where x and y are joint Gaussian random variables with statistics



2 Y,
ci =1 *Rp oy =1*+R, (xx){y-y) = oS(RuR\,)”2 .

We now make the same assumptions as in (99); see also (56) et seq.

(F-26) specializes to

X=y=r, o-=0¢"=1+Rx ¢, pxy=%.

The joint probability density function of x, y is then given by

_1 2 2
1/2 (x=r)~ + (y-r)" = 2o (x-r)(y-r)
PZ(X,y) = [211’02<1—pr,) :I exp |- Xy

2 2
207 (1 - oxy)

We now have cumulative distribution function

R,+R

Ph(u) = Si{‘ dx dy pz(x,y) foru<o0,
2 4

and exceedance distribution function

1 - Ph(u) = \gS\ dx dy pz(x,y) foru >0,

where regions Ry, R,, R3, Ry are indicated in figure F-3.

TR 7045

(F-26)

Then

(F-27)

(F-28)

(F-29)

(F-30)

F-9
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Figure F-3. Regions of Integration

If we now rotate axes according to

s=£2‘l, t = XY (F-31)

and employ (84) and (F-27), there follows (after scale changes of the
variables)

400
Ph(u) =2 j- dv ¢6/ - r(Z/m)1/2> @(—(wyz—2u)1/2> Tl 10 (F-32)

and

' -
- Vu+v2/2) ﬁr - Yutv©/2 }
1 -P (u) =2|dv ¢(v) ( — + " ) >0. (F-33)
h \£ v ¢(v [}ﬁ 7 @l\ WIE? or u >

Here w = 1+2R. These real integrals are very useful for the evaluation of the
distributions of h when y=0, N=1. In fact, (F-33) is preferred over
(F-21)-(F-23); but (106) is preferred over (F-32) since & need not be
evaluated in (106). This is in fact the procedure utilized here to obtain

numerical results for this case of y=0, N=1.

F-10
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APPENDIX G. PROGRAM FOR EVALUATION OF OPERATING CHARACTERISTICS FOR y=0

The comments in appendices C and D are relevant here also. The
characteristic function used as the starting point is given by (100). It was
observed under (103) that [fh(g), for (100) is monotonically decreasing for
all ¥ > 0; thus the choice of truncation value L is simplified; see appendix D
comments. A table for sampling increment A, (when R=0) follows.

N A, for r=1 A, for r=2
3 .07 .05
4 .07 .05
8 .05 .03
16 .04 .02
32 .03 .02
64 .025 .015
128 .020 .010
256 .012 .007

Table G-1. Values of 4, for y=0

18 ' GAMMA = & HI SAMPLE MEARH FEMOVAL ,
24 NHe=32 b M, Humber of terms added
g5 z= ' r, Hormalized mean

48 Bz } Initial delta

b5 ‘Deltads, 275 I EBias b tdepends on ol
(3] I Size of FFT

ye QUTFUT @ "GARMMA = @a";" M o="iHcy" r ="}R=

29 oUTFUT B;""

1] ATRA -4,-3,-2.5,-2,-1.5,-1,-.5,8,.5,1,1.5,2

166 RERD M=z%3 ! SHR R=2“n

114 OUTPUT @3 Hs 3}

128 DATH 1,2,2,&8,2,2,2,2,2,4,4,4,8

136 FRERD Ideltads)

148 MAT Delta=cleitabrsIdelta
154 QUTFUT ©@;Deltacsd;

1&a DIATA 1E-18,1E-2,1E-2,1E-7,1E-&,1E-5,1E-4,.881,.81,.1,.5,.%,.99,.92
174 READ Scixl

188 DIM Hzol:12x, Ideltalidil2s,Deltal@ilary,scdlrldn
DIM H¥oiBiol3ts,Yo@i21310

281 FOR I=1 Tt 14

AL
o
L

LL
D

u—
o
o

3o

214 Scclr=FHInwphitScoIad
2z2a MEKT 1

Xy}
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-
AR

[p]

N

N

T
ScalesCEBE-Sis0B-50
wl=24a
wZ=1iva
Y1=35

R IS ST 1

FLGTTER 13 "33
LIMIT ¥1,82,Y1,%2
GUTRUT 7@5; vz
SCALE 3,4,%5,

FOR I=1 70 14
MOYWE S,%cil)

DRAW B,5ccl>

HE®T 1

FOR I=
MOYE =
IRAW Scils, B
HE®T 1
MOVME 5,3

IRAW B,d

PEHUF

Mi=Mf-1

M2=Mc -2
Rzn=Hc Rz %Rz

FOR In=4 TO 12

IF Iz THEHW SZ9
Rc=0

GOTO Sze
c=2oMHz 0 Im

QUTPUT @y "R =" R, "
ASSIGH #1 TO “REBSCISM
Delta=licltallna
R2=Rc*2

FR2i=RZ+1

Mux=Hc #REc+Rzn
Muw=Mux+E=

REDIM He@iMiy,vo@3iMio
MAT X=ZER

MAT Y¥=2ER

Kepar=9
YCeRi=,5%DeltasMuw
Ls=83

Le=L=+1

Ri=Deltasls
Ei=si*RZI1

i H pr~Z

I SHR RE=2"n
='iDhelradlny
I Temporary

storage

T for falses alarm probabilitwe

b Argument xi

CALL Logil+Xis*Ei,-Hi*R2,Ai,Bi
CALL Diw¢®,Hi*Rsn,1,-Ei,Ci,Di?
CALL ExpCi-H2%Ai,Di+%i*Bs-H2%Ei,Fyr,Fui

Ms=Ls MOD M¥
Ar=Fur/Ls
Hi=Fwi-Ls=s
AUMEa=EOME Y HAr
YoMe =Y o=+ R
Mag=q=Ar*Ar+Ai #A[1
IF Mag=q:1E-Z4 THEH
OUTFUT &3 "1 ="

G

Mag =";SARMag=q

CALL Fft13zeMf, Hosd, v is)0

random
shifrted

of

char.

M
-
=

wariable
var i abl

m

frie
Calculation

ot
characteriztic
function
focuil
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1824a
1636
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1578
1838
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1188
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11206
1138
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FOR Mz=& TO M1
T=% Mz FI-MzsNf
HiMza=, S-T

YoMz o=,5+T
HEXT M=
QUTRUT &;
PLOTTER IS
GRAFHICS
SCALE B, My, -14,8
LINE TYFE 3

GRID My~ 3,1

"SRAFHICE"

FEHUF
LIHE TYPE 1
FOR Mz==8 TO M1

Fr=4YiMs2

IF Fri =1E-1Z
IF Pri=-1E-12
IF ABSCFr
LUT I1; 1] I
HEXT HMs
PEHUF

FOR Mz=8 TO M1
Pr=¥ZiMs>

IF Fr>=1E-1& THEH
IF Pri=-1E-1& THEH
IF ARESCPrY<1E-12 THEH
FLOT M=,

HEXT M=

PEHUF

DUMF GEAFHICES

OUTRUT B3 ""
IF In*3 THEH

FOR M=z==a3 TO
IF ¥YiMz3<,7

HE®T M=

M2=Mz-1

FOR M==MZ
IF ¥<M=)><=8

NEXT M=

M3=Mz-1

REDIM WeM2iM32

FOR Ms=MZ TO M3

KMz I=FHNInuphi Y iMs> 2

HEXT Ms

FRINT #1;X(#>

GOTO 1458

REDIM ¥<M2iM3s

READ #1;X(+>
Id=Idelralln:

J2=INTC(H2~Id2

J3=IHTCM3-Idr+1

FOR J=J2 TO IZ

YCTi=FHInwphi Yol

HEXT J

THEH
THEH

127e
M1
THEH 1168

TO M1

THEH 12@e

¥=LGTCFr s
T=-24-LGT(-Fr)
1E-12 THEM Y=-12

Y=LGTCPr)
Y=-2d4-LGT¢-Pro)

"

=-12
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Exceedanc
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FLOTTER
LIMIT ¥
QuUTRUT
SCHLE £
FOR I=
T=T#1d
IF T<Mz
IF T>M3 THEH 1459
PLOT ®CT2,%eT)
HEXT J

PENUF

MERT In

END
|
SUE
|
SUE
|
SUE
!
DEF
!
SUER

THEH 1448

Diwidl,Y1,82,Y2,f/, B2
Expid, VA, B3
Logu, Y, /B
FHIrephi dwd

Ffe13ziH, Bisa, O3

DIWcZo

EXPCZD
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