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\\ ABSTRACT

N

—~ Many popular contemporary spectral estimation methods invoke the modeling of the observa-
tion time series by a rational transfer function. These techniques employ the approximation of the
second-order statistical relationships using the commoniy known Yuie-Walker equations. Soiving
these equations, one obtains the parameter estimates of the hypothesized rational transfer function
model. These parameter estimates represent a set of autocorrelation time lags of the observation
time series and are ideally selected to optimize the model being considered. Because of the optimi-
zation criteria, there are numerous methods/techniques which estimate parameters that have been
proposed in the literature. The objective of this paper is to investigate two of these methods and
report their respective performance.

The most general rational transfer function time series model is the Auto-Regressive Moving
Average (ARMA) model. This model consists of a rational transfer function containing both poles
and zeros. Of the numerous techniques available in estimating the ARMA parameters, there are two
which utilize the Modified Yule-Walker equations. This paper investigates both the Modified Yule-
Walker (MYW) and Least Squares Modified Yule-Walter (LSMYW) methods in estimating an ARMA
process. The MYW method estimates the ARMA parameters using a minimal set of Yule-Walker
equations. In contrast, the LSMYW method utilizes the parametric estimation of an overdetermined
set of Yule-Walker equations,
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INTRODUCTION

Spectral estimation has received much attention in a variety of applications such as radar,
sonar, underwater acoustics, seismology and speech over the last twenty years. The estimation of
the power spectral density, or simply the spectrum, is usually based on the use of the Fast Fourier
Transform (FFT). Until the introduction of the FFT in 1965, the classical method of estimating the
power spectrum was the Blackman and Tukey approach. It should be noted, however, that spectral
analysis can be classified into two categories, namely the non-parametric methods and the para-
metric methods.

The non-parametric methods do not model the spectrum but estimate the power spectrum by
performing operations on the observed data set directly. These methods are the classical or tradi-
tional techniques in estimating the power spectrum. Examples of these techniques include the
Blackman-Tukey, Periodogram, Modified Periodogram and the Averaged Periodogram spectral
estimators. The approach of operating on the observed data set directly without modeling is compu-
tationally efficient and usually produces reasonable results. However, for certain signal classes, there
are inherent performance limitations when a spectrum is estimated by use of traditional methods.
Two prominent limitations are frequency resolution and spectral *‘leakage’’ caused by windowing
the observed data set when the data are processed directly. These two limitations are highlighted
when a traditional method is used to analyze short data records. In general, since most data records
are short in nature, aiternative spectral estimation techniques must be considered.

ln contrast to the non-parametric techniques discussed above, the parametric methods assume
some particular rational system model that underlies the production of the observation time series.
The parametric methods estimate the parameters of an observed data set and then, by substituting
these estimates into the theoretical power spectral density implied by the model, yieid the com-
puted power spectra. These are the modern methods for estimating power spectra and alternatives
to processing data sets directly. Several examples of the models used in implementing these modern
methods are: the Auto-Regressive Moving Average (ARMA) model, the Auto-Regressive {AR)
model, and the Moving Average (MA) model. Each of these modern parametric estimation methods
assume the observed time series is generated from a particular model excited by white gaussian
noise,

Of the three models mentioned above, the most general rational system model is the ARMA
process. An ARMA model possesses a rational transfer function containing both poles and zeroes.
The more specialized models like the MA (all zero) or the AR {all pole) are derived from the general
ARMA model. In general, the ARMA model seems to be much more effective than the MA and AR
models in modeling an observation time series because it contains both poles and zeroes. However,
in practice, most practitioners favor utilizing the speciafized MA or AR modeils, because the ARMA
model is computationally more complex, proving to be inefficient in use. This has stimulated
considerable activity aimed toward generating computationally efficient ARMA modeling al-
gorithms, Because of this recent activity, several new ARMA modeling algorithms have been pro-
posed and presented in the literature,

The objective of this paper is to investigate two of these more recent technigues and evaluate
their respective performance. These two techniques are the Modified Yule-Walker (MYW) and Least
Squares Modified Yule-Walker (LSMYW) approaches to estimating an ARMA model. Like any of
the parametric methods discussed above, the ARMA model employs the approximation of second-
order statistical relationships which utilize the commonly known Yule-Walker equations. In the case
of an ARMA time series, since both poles and zeroes are contained in the rational transfer function
model, a special set of Yule-Walker equations should be evaluated. These special equations are
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sometimes called the Modified or Extended Yule-Walker equations. To evaluate the MYW and
LSMYW approaches in estimating an ARMA model, these Modified Yule-Walker equations will
be utilized.

The MYW and LSMYW approaches in estimating an ARMA model and sub-optimal techniques
in the sense of practical on-line or real-time processing. These methods estimate an ARMA process
by a three-step procedure. This procedure consists of estimating the AR and MA parameters separ-
ately rather than jointly as required for the optimal real-time parameter estimation. The procedure
first estimates the AR parameters, then inverse filters the original time series by the AR parameters,
and finally estimates the MA parameters. This procedure intuitively decouples the AR parameters
and the MA parameters, making possible the estimation of each parameter easily but contributes
to its sub-optimal nature as a real-time processor. Even though these techniques are sub-optimai,
they still make the computational load for estimating ARMA parameters more realizable. It should
be noted in this research, the MA parameters will be estimated using Durbin’s 1] algorithm,

THEORY

As discussed in the previous section, an ARMA process consists of a rational model transfer
function containing poles and zeroes. The order of the numerator designates the number of zeroes
q, and the order of the denominator designates the number of poles defined by p. Since an ARMA
(p. q) process assumes an ARMA transfer function excited by white gaussian noise, the observation
time series x(n} is depicted in Figure 1 as the response or output of a linear time invariant system.

s(n) » Bgl2) - x(n)
White Noise Ap (z) o
ARMA (p, q)
Transfer Function
Figure 1
The output x{n) can be written as [3]
p g
x(n) = - Z alk) x{n-k) + Z b(k) n(n-k) {1)
k=1 k=0

The modei’s AR parameters (the a(k)’s) and the MA parameters (the b(k)’s) can be obtained
directly by a set of exact autocorrelation lags given by

(M = E (x(n+k) x* (k)) {2)

where E ( ) denotes the expected value operation and x* denotes the complex conjugate.
Since the auto-correlation lags are complex, it can be assumed that the negative lags will be com-
plex conjugate symmetric (i.e., Ryx(-n) = R*xx(n)). It should be noted that throughout this

paper whenever negative lags are required this property will be automatically assumed.
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Therefore, by multiplying both sides of equation (1) by x* (n-L) and taking the expectation
selds

P q
Rax(L) = = D alkiRy(Lk) + D blkIRn (LK) (3)
k=1 k=0
where R, (L-k) = E (n(n)x*{n-k)) (4)

since R, (k) = 0, for k >0, then equation (3) can be written as (3)

p q
Rexll) = = D alk) Ry (Lk) + D blKIRy, (LK) (5a)
k=1 k=0
forL=0,1,2..... q
p
= ) alkiRy (LK) (5b)
k=1

forL=qg+1,q+2.....

Equations (5) represent the Yule-Walker equations for an ARMA process. Careful examination
of the Yule-Walker equations for an ARMA process indicates that the higher order terms do not
contain terms of the MA parameters. It seems that for L greater than q, the MA parameters are
decoupled from the AR parameters. These higher order equations have been called the Modified
or Extended Yule-Walker equations. Expanding the Modified Yule-Walker equations given by
equation (5b) yields

Ryx(a) Ryx(a-1) .o+ Ryxlq~p+1) aj ~Ryxla+1)
Rxx(q+1) Rxx(q) 32 -Rxx(q+2)
= (6)
Rxx(q+p-1) Ryx{a+p-2) oo Ryyla) a, -Ryxla+p)
in maxtrix notation, they can be written more compactly as '
Réx 3 = -Ryx @
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The previous section described the two methods being investigated in this paper namely, the
MYW and LSMYW techniques. Since both these methods compute the AR parameters first, then
compute the MA parameters second, the theory for computing the AR parameters for these two
methods is presented.

The MYW method computes the AR parameters by using a “‘minimal’’ set of Yule-Walker
equations. [t utilizes the generation of the Modified Yule-Walker equations given by equation (7).
Using this approach, the matrix Ry, of equation {7) will be Toeplitz, square, non-symmetric and

not assured to be either positive-definite or non-singular. In order to soive for the AR parameters,
a simple matrix inversion of Ry, yields

1

a= -R R (8)

xx  Pxx
The LSMYW method computes the AR parameters by using an ‘‘overdetermined’” set of
Yule-Walker equations. This method was studied by James A. Cadzow in 1979 (2] . Cadzow’s
method hypothesizes an overdetermined parametric approach which reduces the undesired hyper-
sensitivity caused by the minimal set of Yule-Walker equations. Using this approach, however,
causes the R, data matrix from equation (7} to be rectangular or non-square. This requires var-

ious least-squares techniques to be implemented which compute the pseudoinverse of the rec-
tangular data matrix Ry, and allow the solving of equation (8) for the AR parameters. The over-

determined input data matrix using the Modified Yule-Walker equations may be defined as

R(q) Ri{g-1) ... Rig-p+1) aq -R{g+1)
32 -R{g+2)
- (9)
R(M-1) - R(M-2) R(M-p) ag -R{M)
where M>>q+p
in matrix notation, they can be written more compactly as
Rya = -Rm {10)
To solve equation (10), since Ry is non-square, a least squares procedure should be utilized. De-
fining equation (10) in the least squares sense yields ‘
H g o= _gH 1
Ry Rm = -Rjy Ry (n
where H is the complex conjugate transpose.
Solving for the AR Parameters using equation (11) gives
= o ':l U -1 H
a (RM RM) RM RM (12)
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Now that the computation of the AR parameters for both the MYW and LSMYW methods
has been defined, our attention will now focus on computing the MA parameters. Recall that
in both methods, the next step requires the filtering of the original observation time series of
the AR components. This allows the computation of the MA parameters to be calculated separ-
ately and efficiently. Therefore, utilizing a finite-impulse-response (FIR) filter and setting its
filter coefficients to the AR parameters, the original observation time series can be fiitered yield-
ing a pure MA process. This all-zero filter will be defined as

p

Y(n) = Z a(k) x(n-k) (13)

k=0
where x{n-k) is the original observation time series a(k) is the AR parameters.
The third and final step is now to compute the MA parameters using some appropriate tech-
niques. In this research, Durbin’s algorithm was utilized which computes both the MA parameters

and the variance (s2) associated with that process.

Once the parameters of an ARMA {p,q) process are computed, including the variance (s2)
of the MA process, the power spectral density can be computed by [3]

P} = IHiexp(j2nf) 12P () (14)

q
= 521+ Z bik)exp(-j2rfk)| 2
k=1

P

1+ z a(k)exp(-j2n tk) 2
k=1

Thus far, all the computations of the ARMA process have been derived knowing the exact
auto-correlation lags of the process. However, when a practical implementation is simulated, an
estimate of the auto-correlations must be computed. In this research, the unbiased auto-correlation
estimate function was used in estimating the auto-correlation lag time series. This estimate auto-
correlation function is defined as

N-1-k
Rik) = = Z x* (1) x(t+k) (15)
=0

The hat (A) over the R in equation (15) denotes an estimate.
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SIMULATION PROCEDURE

The investigation of restimating an ARMA pracess utilizing the MYW and LSMYW methods
was performed using specially developed software on an International Business Machines
Corporation (I18M) 370 mainframe central computer system. The FFT and matrix inversion com-
putations were accomplished using the international Mathematical and Statisticatl Library ({MSL).
The specialized plotting routines were developed using the COMPLOT software algorithms. Figure 2
depicts the overall software/system flow diagram.

The procedure for evaluating each respective method was to first generate an ARMA model
time series given a set of ARMA coefficients. After generating the ARMA time series, the ARMA
coefficients were estimated using both techniques, then compared with the original set of given
ARMA coefficients. Table t depicts the given initial coefficient test conditions for an ARMA (4, 2)
process for four unique test cases. A somewhat better presentation and easier interpretation of these
initial test conditions can be achieved by calculating the pole/zero locations for each unique test
case. The initial pole/zero test conditions were computed and are listed in Tabie 2. Examining
Table 2 shows that Case #1 and Case #2 have moderately strong poles, while Case #3 and Case =4
exhibit very strong poles. The radius is very close to the unit circle. In contrast, with respect to
zero locations, Case £2 and Case 3 are strong while Case #1 and Case %4 are weak. An overview
of Table 2 yields the features of each unique test case shown in Table 3.

These features play an important role in generating the ARMA (4, 2) time series and also af-
fect performance results as discussed later.

The first step of the simulation procedure consisted of the generation of random White
Gaussian Noise (WGN) which was used to generate the ARMA (4, 2) time series. In generating the
ARMA (4, 2) times series, the impulse response of an infinite puise response {IIR) filter with the
ARMA (4, 2) coefficients was computed. Then the impulse response and the WGN were convoived
to generate the ARMA (4, 2) time series. It should be noted when implementing an [IR filter,
in theory its length is infinite; however, in order to implement an IR filter in practice, only a fin-
ite filter length should first be computed to some finite decimal point accuracy. The finite length
of the |IR filter computed in this research was computed by

" = 0.00002 (16)
where r = radius of pole
n = finite filter length

The finite length is very dependent on the cioseness of the pole to the unit circle. Therefore,
in computing the finite filter length, the strongest pole radius for each case was used. For Cases
#1 and #2, n was equal to 40, while for Cases #3 and #4, n was set to 500.

Another important point of interest is when the convolution process occurs, the impulse re-
sponse sequence is flipped about the origin and then slides and multiplies the WGN. This flipping
operation causes the index of the finite filter response to go from positive to negative.

This causes the initial values of the convolution process to be non-stationary and contain
transient spikes. To generate a stationary ARMA (4, 2) time series, these initial time series values
should be filtered out. The number of points filtered out or thrown away should be greater than
the finite filter length of the | IR filter response. For added safety, assuming worst case condi-
tions for all test cases, the first 1000 time series values were discarded to ensure stationarity in all
simulation runs.

1-——-—“-“
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Table 1. Initial Coefficient Test Conditions

Al A2 A3 A4 B1 B2
CASE #1 -1.352 1.338 -.662 .240 -2 .04
CASE #2 -1.352 1.338 -.662 240 -9 81
CASE #3 -2.7604 3.8085633 -2.6535 9238 -9 81
CASE #4 -2.7604 3.8085633 -2.6535 .9238 -2 .04
Table 2. Initial Pole/Zero Test Conditions
POLE #1 POLE #2 ZERO 1
RADIUS | FREQUENCY | RADIUS | FREQUENCY | RADIUS | FREQUENCY
CASE #1 .700 0.125 699 0.208 .200 0.166
CASE #2 .700 0.125 699 0.208 .900 0.166
CASE #3 979 0.109 981 0.140 .900 0.166
CASE #4 979 0.109 .981 0.140 .200 0.166 2

NOTE: ALL POLE/ZERO VALUES LISTED ABOVE ALSO HAVE SYMMETRIC COMPLEX
CONJUGATE VALUES

Table 3
POLES ZERQ
Case #1 Moderately Strong Weak
Case #2 Moderately Strong Strong
Case #3 Strong Strong
Case #4 Strong Weak
8
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After the ARMA time series had been generated, the next step was to estimate the auto-
correlation of the generated time series. In this research, the unbiased auto-correlation estimate
function was computed using equation (15) from the previous section. Following the estimation
of the auto-correlation function, both the MYW and LSMYW equations could now be generated
from the correlation estimates. In the case of the MYW method, the minimum number of correla-
tion time series lags required to form these equations is p+q {the order of both the AR and MA para-
meters). During simulation runs, 25 time series lags were computed. When the LSMYW equations
are computed, an overdetermined set of correlation time series lags are required. This length must
be much greater than p+q and is designated M 1. During LSMYW simulation runs, M1 was set at
50, and 75 time series lags were computed. For all simulation runs, the length of the input data time
series was 256 points.

The next step was to estimate the AR parameters from the newly formed MYW and LSMYW
equations. Both methods require a matrix inversion which provides the AR parameter estimates.

In the LSMYW approach, an intermediate step had to be performed prior to computing its
matrix inversion. This additional step was required because in the LSMYW approach, the correla-
tion matrix is non-square, therefore requiring a pseudoinverse of the correlation data matrix which
allowed solving the AR parameters.

Next the original time series was filtered by a FiR filter using the AR parameters as fiiter co-
efficients. This filtering operation yielded a time series containing only MA parameters. Then the
MA parameters could be estimated using Durbin’s algorithm which includes the estimates of the
MA parameters and the variance associated with that process. The final step was to compute the
power spectral density using the estimated AR parameters, MA parameters and variance and piot
the results.

RESULTS AND CONCLUSIONS

The results of the simulations of the MYW and LSMYW methods in estimating the parameters
of an ARMA (4, 2) process are contained in Appendix A. For each test case of each method, there .
were three experiments which yielded three unique plot presentations. These three presentations
are {1) the true power spectrum vs the estimated spectrum for one realization, (2} the true spectrum
vs an average of 50 estimated realizations and (3) the multiple plot of 50 estimated events. {n addi-
tion, there is also a plot of the true spectrum, a true pole/zero plot and the estimated pole/zero plot
for one realization for each test case. For all 50 event runs, there was no redundancy or overlap of
the input time series values from one time-frame to the next.

Table 4 shows the estimated coefficients for one realization of the LSMYW method, while
Table 5 lists the estimated coefficients of one realization of the MYW method. Comparing the re-
sults of Table 4 and 5 with Table 1, indicates that in general the LSMYW method is superior to the
MYW method in estimating the parameters of an ARMA process.

The LSMYW method may be assumed to be superior to the MYW method because the LSMYW
method uses an overdetermined set of correlation lags. For the cases where the poles are close to the
unit circle, the LSMYW method should outperform the MYW method.

A careful review of all the results contained in Appendix A reveals that both methods exhibit
hypersensitivity caused by the closeness of either the pole or zero radius to the unit circle. Cases #3
and #4, the strong pole location test cases, seem to exhibit the best results for both methods. How-
ever, the LSMYW method outperforms the MYW method as expected. In Cases #1 and #2, both

w——_—“
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Table 4. One Realization of Least Squares Modified
Yule-Walker Estimates

Al A2 A3 A4 B1 B2
CASE #1 -1.8444 2.1362 -1.2857 0.5029 -0.6799 0.2576
CASE #2 -1.2690 1.0800 -0.6429 0.3318 -0.7268 0.3946
CASE #3 -2.7511 3.8050 -2.6473 0.9241 -0.8457 0.6776
CASE #4 -2.7122 3.7443 -2.6036 0.9207 -0.1346 0.0663

Table 5. One Realization of Modified Yule-Walker Estimates

Al A2 A3 A4 B1 B2
CASE #1 -0.1435 1.4551 -0.8115 0.4748 0.0340 0.4328
CASE #2 -1.2672 1.4643 -0.8598 0.2371 -0.6344 0.8144
CASE #3 -2.2047 3.0046 -2.1169 0.9251 -0.6242 0.8997
CASE #4 -2.7097 3.5733 -2.3706 0.7619 -0.2122 -0.1136

10
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methods suffer decreased performance which is attributed to the weaker pole locations. The worst
case is depicted in Case #2 for either method as seen in the multiple 50 realization plot. This case
is the moderately strong pole/strong zero test case which exhibits poor variance estimates using
Durbin’s algorithm, This poor variance estimate is attributed to the strong zero/moderately strong i
pole location combination, since the variance estimates for the other test cases were closer to the ;
original variance used to generate the original ARMA (4, 2) time series.

{n conclusion, the LSMYW and MYW spectral estimators have been shown to produce refi- 1
able ARMA spectral estimates for certain signal classes. In addition, both methods contribute to A
reducing the computation burden of computing an ARMA spectral estimate making possible its
computation more realizable. |t has also been shown that the LSMYW method outperforms the
MYW method but still suffers the problem of hypersensitivity caused by the close proximity of
either the pole or zero location to the unit circle. Therefore, it is recommended that future re-
search address the technical issue of hypersensitivity and also investigate another technique in es-
timating the processes’ variance independent of Durbin’s algorithm.
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(1] J. Durbin, “Efficient Estimation of Parameters in Moving Average Models,” Biometrika,
Vol. 46, p. 306, 1959,

[2] James A. Cadzow, ‘‘Spectral Estimation: An Overdetermined Rational Model Equation
Approach,”” |EEE Proceedings, Vol. 70, No. 9, pp. 907-939, September 1982,

{3] S.M. Kay and S. L. Marple, Jr., ‘Spectrum Analysis — A Modern Perspective,’”” |EEE Pro-
ceedings, Vol 69, No. 11, pp. 1380-1419, November 1981,
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LEGEND FOR APPENDIX A

SYMBOL DESCRIPTION
MYWE Modified Yule-Walker Equations
LSMYWE Least Squares Modified Yule-Walker Equations
d8 decibels
X poles
0 zeroes
NOTE: ON ALL GRAPHS THAT CONTAIN BOTH CONTINUOQUS AND
DASHED LINES, THE DASHED LINE REPRESENTS THE TRUE
SPECTRUM
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LSMYWE SPECTRAL ESTIMATE
MULTIPLE SPECTRAL PLOT
50 REALTIZATIONS

CASE #2

0.
FREQUENCY (Cycles/Sample)
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APPENDIX B
SAMPLE COMPUTER FROGRAMS
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FIZZA
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JOR (NTYF L L) e’ FIZZ 2 TIME=(2+ 30,

EXEC FORTVCG,REGION.50=1500K«LIB1=IMSLD L IB2=CPLOTY
//“QRT.SYSIN DD =

c

THIS FROGRAM COMFUTES THE MYW SPECTRAL ESTIMATE
DIMENSION W(20000)

REAL®S H(0:2000)+AC0:30),B(0:30)

REAL®8 Xx(0:20000),Y(0:20000),X3(0:20000)

REAL®B X2(0:2000),A2(0:30),Y3(0:2000)

COMPLEXX16 R(O:500)¢X1(0:52 ) sAL(100,20)»R1(100)
COMPLEX®15 WA(10200) v WK(1C . »

COMPLEXX1S C1(100),C(20,20)

REAL¥8 XF(300),AL(1005,100),POW(100)+X7 (300>
REAL®8 AYW(1005,100),R7(101),PYW(100)

CRRER RN I RN AN R AR AR R AAE XA XK R KRR AR EERER NS SREINEE R

OO0 O006

[F]

3
15

16

READ THE INFUT DATA AND FARAMETERS
NUM=NUMBER OF RUNS REQUESTED

N=LENGTH OF THE IMPULSE RESPONSE REQUESTED
IP=QRDER OF THE AUTO-REGRESSIVE FARAMETERS
IG=0KkDER OF THE MOVING-AVERAGE FARAMETERS
A(])aTHE AUTO-REGRESSIVE COEFFICIENTS
B(I)=THE MOVING AVERAGE CCEFFICIENTS
READ(L1r4) s NoNUM

WRITE(&s4) s NsNUM

FORMAT 13,12)

AREADCLIs 2o IR IQ

WRITE(&s2)» IPVIQ

FORMAT (212>

DO 1S Ka=1.]IP

READ(1 e ) rA(N)

FORMAT(F11.7)

CONTINUE

DO 16 J=1.1Q

READ(1+3) B¢ )

CONTINUE

CAARRXRREXEXERERAXAEEE TSR CATERUSNCERURSEEL LS XREELACRANY

c

10

GENERATE GAUSSIAN WHITE NOISE
NPTS216000

ISEED=11111

VakR=1.

CALL WGN(WsNPTSs»VAR, ISEED)
STORE THE WHITE NOISE IN X(I)
DO 10 I=0sNPTS-1

X1 =W({I+1)

CONTINUE

CEXRXRXXREERXEREEXEXNEARRAEAREAXBARAREERNERRRX XXX ARAX R X KR KX XX KK

c

100

B(0)=1.0

GENERATE THE IMPULSE RESFONSE

CALL IMPULS(NsHrA»ByIP»IQ)

FORMAT (4(3X»F9.4))

GENERATE ARMA TIME SERIES

LX=NPTS

LH=N

LY=NPTS+N

CALL CONVOLC(HsLHo XsLX2YsLY)

FILTER THE NON-STATIONARY DATA AND SAVE TIME SERIES
NS = LENGTH OF THE NON-STATIONARY VALUES OF H(N)
NS = 1000




W——'—'c

o000

o000

17

45

150
700

800
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DO 17 I=0,LY-NS~1

X3(I)=Y(I+NS) N

CONTINUE

X1(I) = ARMA STATIONARY TIME SERIES (COMPLEX)
X2¢(I) = ARMA STATIONARY TIME SERIES (REAL)
IFL = NUMBER OF STATIONARY POINTS REQUESTED
IFL MUST BE .LT. Y(I+NS)

WRITE(2,200) »NUM

NUM1=0

DO 800 KK2=1,NUM

IFL=256

DO 20 I=0sIFL-1

X1(I)=X3(I+NUML)

X2(1)=XI(I+NUML)

CONTINUE

COMPUTE THE AUTO-CORRELATION FUNCTION

SET LR=LENGTH OF AUTO-CORRELATION LAGS REQUESTED
FOR MYWE LR=IP+IQ

LR=2%

LN=(FL

CALL AUTO(X1sRsLR,LN)

GENERATE THE MODIFIED YULE-WALKER EQUATIONS
CALL MODY(R»IP:,IQsALl»R1,5IP)

INVERT THE MYWE AND SOLVE

CALL LEQ2C(A1»IF»1005R151+100+0»WAWK>IER)
WRITE(&65200) IER

FORMAT(I2)

SAVE THE AR PARAMETERS ESTIMATES

DO 45 I=1,IP

A(I)=RI(D)

CONTINUE

FILTER THE AR PARAMETERS

NPTS1=IFL

WRITE(62100) s (A2(K) s K=1,5IP)

CALL ARFIL(X2,IP»A2,Y3,LY3,NPTS1)

COMFUTE THE MOVING AVERAGE FARAMETERS
CALL DURBINC(Y3sLY3+I1IQ»80sAL,FOW0OL)
WRITE(S,100)y(AL(I»2)»I=1,1IQ)
WRITE(6v150)yPOWCT

FORMAT(F11.7)

WRITE(2+700) s CA2(K)»K=12IP)»(AL(I,»1Q?,»I=1,1Q),POWQL
FORMAT(21F11.7)

WRITE(69200) 7KK2

NUM1=NUM1+1IFL

CONTINUE

STOP

END
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JOB (NYF101)»'PIZZ’»TIME=(2,30)

// EXEC FORTVCGyREGION.GO=1500K,LIB1=IMSLDsLIB2=CPLOT
//FORT.SYSIN DD x

c

THIS PROGRAMS COMPUTES THE LSMYW SPECTRAL ESTIMATE
DIMENSION W(20000)

REALX8 H(0:2000),4(0:30)>B(0230)

REALX8 X(0:20000),Y(0:20000)sX3(0220000)

REALX8 X2¢(0:2000),A2¢(0:30)+Y3(0:2000)

COMPLEX%16 R(0:500)5X1(0:500)5A1¢(100,20),R1(100)
COMPLEX%X16 WA(10200),WK(100)

COMPLEX%16 C1(100),C(20,20)

REALX8 XF(300)+AL(1005100)sPOW(100) ¢+X7(300)

REALX8 AYW(1007100)yR7(101),FPYW(100)

CREXRRKRKXKERKKKXEKEKKKEX KR XK AR KK EKKRKK KKK KKK KRR KKK K

aOo0o00O0o000n

15

14

READ THE INPUT DATA AND PARAMETERS
NUM=NUMBER OF RUNS REGQUESTED

N=LENGTH OF THE IMPULSE RESPONSE REQUESTED
IP=0RDER OF THE AUTO-REGRESSIVE FARAMETERS
IG=0RDER OF THE MOVING-AVERAGE PARAMETERS
A(1)>=THE AUTO-REGRESSIVE COEFFICIENTS
B(I)=THE MOVING AVERAGE COEFFICIENTS
READ(14) r NoNUM

FORMAT(I3,12)

READ(1»2) v IP»1IQ

FORMAT(21I2)

DO 15 K=1,1IP

READ(1+¢3) rA(K)

FORMAT(F11.7)

CONTINUE

DO 16 J=1r1IQ

READ(1+3)¢B(J)

CONTINUE

CRERIRKEXKRXKRKERKEXEKKKEAKKKRLXKLRKERKRRERRERKEAKR XK KKK KR KRR

c

10

GENERATE GAUSSIAN WHITE NOISE
NPTS=16000

ISEED=11111

VAR=1.

CALL WGN(WsNPTS»VARyISEED)
STORE THE WHITE NOISE IN X(I)
DO 10 I=0sNPTS~-1

X(I)=W(I+1)

CONTINUE

CREERIAXRXEKXKREKEXXEEEREXEKXEXKRERRAXXRRRKEKEKRXR KR KR KRR KKKRK

c
100

B(0)=1.0

GENERATE THE IMPULSE RESPONSE

CALL IMPULS(NsH»A»Br»IP,IQ)

FORMAT (4(3XsF9P.4))

GENERATE ARMA TIME SERIES

LX=NPTS

LH=N

LY=NPTS+N

CALL CONVOL (HsLHsXoLX»YrLY)

FILTER THE NON-STATIONARY DATA AND SAVE TIME SERIES
NS = LENGTH OF THE NON-STATIONARY VALUES OF H(N)
NS = 1000

B4
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DO 17 I=0sLY-NS-1

X3(I)=Y(I+NS) \

CONTINUE

X1(I) = ARMA STATIONARY TIME SERIES (COMPLEX)
X2(I) = ARMA STATIONARY TIME SERIES (REAL)
IFL = NUMBER OF STATIONARY FOINTS REQUESTED
IFL MUST BE .LTY. (LY-NS-1)

WRITE(2,200) rNUM

NUM1=0

DO 800 KK2=1,NUM

IFL=236

B0 20 I=0,IFL-1

X1(I)=XI(I+NUML)

X2(I)=X3(I+NUML)

CONTINUE

COMFUTE THE AUTO-CORRELATION FUNCTION

SET LR=LENGTH OF AUTO-CORRELATION LAGS REQUESTED
FOR LSMYWE LR.GT.M1

LR=7S

LN=IFL

M1s50

CALL AUTO(X1»RsLRsLN)

GENERATE THE MODIFIED YULE-WALKER EQUATIONS
CALL MODY(R»IP,IQsA1>R1sM1)

IR=M1~1Q

CALL INVR(A1s>R1,»IPsIRsC»C1l)

INVERT THE MYWE AND SOLVE

CALL LEQ2C(C»IP»100sC151»100505WArWKsIER)
WRITE(46,200)IER

FORMAT(I2)

SAVE THE AR PARAMETERS ESTIMATES

DO 45 I=1»IP

A2(I)=C1(I)

CONTINUE

FILTER THE AR PARAMETERS

NFTS1=IFL

WRITE(697100) s CA2(K) »K=1+1IF)

CALL ARFIL(X2,IP»A2»Y3»LYIINPTS1)
COMPUTE THE MOVING AVERAGE PARAMETERS
CALL DURBINC(Y3,LY3»1Q,80,AL+FOWOL)
WRITE(6,100) ¢ (AL(I»2),I=1,IQ)
WRITE(Sr150),POWO1L

FORMAT(F10.7)

WRITE(2,700) 9 (A2(K)+K=1»IP)» (AL(I»IQ)»I=1,1IQ)+POWOL
FORMAT(21F11.7)

WRITE(46,200) 7 KK2

NUM1=NUM1+IFL

CONTINUE

sSTOP

END




NADC-84027-30

(PSP R 233332880300 33030 0033238000333 3223223383383 3838335
THIS FROGRAM GENERATES WHITE GAUSSIAN RANDOM NOISE

INPUT PARAMETERS

VAR = THE VARIANCE

ISEED = 11111

NPTS = NUMBER OF DATA POINTS REQUESTED

T o TS e AT g

QUTFUT PARAMETERS
W(I> = THE OUTPUT TIME SERIES

EXKKXKXKEKKRKKEKRKXEKEEXEKEAKEREXE KR KRR KKK KRR KKK KER

cCOoOO0OOOOnNO0O000n

R

SUBROUTINE WGN(WsNPTS»VARs ISEED)
DIMENSION W(512)
M=NPTS
IF (MOD(NPTS»s2).NE,O)M=NPTS+1 '
DO 10 I=1,M i
CALL RANDU(ISEED»IY,YFL) '
ISEED=1Y

10 W(Id=YFL
CALL NORRAN(W»M70.»VAR)
RETURN
END
SUBROUTINE NORRAN(W»M»RMEAN,VAR)
DIMENSION W(Si2)
PI=4.0XATAN(1.0)

- o

L=M/2
DO 10 I=1,tL
Ul=W(2%xI~-1)

U2=Ww2xI)

TEMP=SQRT(-2.0%ALOG(U1))

W(2XI-1)=TEMFXCOS(2,0xPIXU2)XSART (VAR) +RMEAN
10 W2RI)=TEMFXSIN(2.0%PI%xU2)XSART(VAR) +RMEAN

RETURN

END

SUBROUTINE RANDUCIX»IYsYFL)

IY=IX¥4553°

IF(IY)S94+6

S IY=IY+2147483647+1
é YFL=LY
YFL=YFLX,4656613E-9
RETURN
END

B8
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TH1IS PROGRAM CALCULATES THE IMPULSE RESPONSE OF AN
AUTO-REGRESSIVE/MOVING AVERAGE FILTER TRANSFER FUNCTION

INPUT PARAMETERS

A(I) = THE AUTO-REGESSIVE COEFFICIENTS

B(I) = THE MOVING AVERAGE COEFFICIENTS

IP = THE ORDER OF THE AUTO-REGRESSIVE COEFFICIENTS
IQ = THE ORDER OF THE MOVING AVERAGE COEFFICIENTS
N = NUMBER OF FILTER RESPONSES REQUESTED

QUTPUT PARAMETERS
H(N) = OUTFUT DATA VECTOR
pE2 3208202923002ttt edttis s ei bt is ot eod et s stidt s

OO0 0O000O000

SUBROUTINE IMPULS(NsHr»A»BrIPsIQ)
REAL X8 H(0:2000)rA(0:30)»B(0:30)
H(0)=B(0)
DO 10 I=1sN-1
IC=I
H(I)=0DO
IF (I.GT.IP) IC=IP
Do 20 J=1,IC
HOD) =H(I)~A(J) KH(I=J)
20 CONTINUE
IF (1.67.IQ) GO TO 10
H(I)=H(I) +B(]D)
10 CONTINUE
RETURN
END
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c THIS PROGRAM CONVOLVES THE INPUT SIGNEL X(N)
c WITH THE FILTER IMPULSE RESPONSE H(N)

c

c INPUT FARAMETERS

c X(I) = THE INPUT TIME SERIES

c LX = THE LENGTH OF THE INPUT TIME SERIES

c H(I) = THE IMPULSE RESPONSE

c LH = THE LENGTH OF THE IMPULSE RESPONSE

c

c QUTFUT PARAMETERS

c Y(I1) = THE OUTPUT TIME SERIES

c LY = THE LENGTH OF THE QUTPUT TIME SERIES

c

c XXXXx LX SHOULD BE GE. LH Xxxx

c

2123323333333 33322332 333¢¢0¢3¢8¢3323333332333333333¢8¢¢% 3
C

SUBROUTINE CONVOL(HsLH»XrLXrYsLY)
REAL X8 H(02:2000)sX(0:2000)9Y(0:2000)
INTEGER LHsLXsLY
00 10 I=0sLY-1
Y(I>=0DO
N=MINO(IrLH=-1)
DO 20 J=O»N
YCD=Y (D HHOI RX (I~ J)
20 CONTINUE
10 CONTINUE
RETURN
END

B-8
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0NOOOODHOOOODOD

10

THIS PROGRAM CALCULATES THE UNBIASED AUTO-CORRELATION
ESTIMATE OF A COMPLEX FUNCTION

INPUT PARAMETERS

LR = NUMBER OF LAGS CALCULATED

X1(I) = INPUT TIME SERIES

LN = THE LENGTH OF THE INPUT TIME SERIES

OUTPUT PARAMETERS
R(I) = THE AUTO-CORRELATION ESTIMATES

EEREEKKKARERKERKKEREXRKREEKKERRARKKERKE KKK KAEKKEKARKRRR KRR AR

SUBROUTINE AUTO(X1sRyLRYLN)
INTEGER LR

COMPLEX%148 R(0:500),X1(0:500)
DO 10 K=0sLR-1

NaLN~-1-K

R{(K)=(0DO»0DO)

DO 20 J=0sN
R(K)=R(K)+DCONJG(X1(J))RX1(K+J)
CONTINUE

M=LN-K

R(K)=R(K)/FLOAT(M)

CONTINUE

RETURN

END
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[ 2323332332333 33 3303333383 3338 3020333232383 8383032322333 23 %)
THIS PROGRAM CALCULATES, THE MODIFED YULE-WALKER
ESTIMATES BY SORTING THE INPUT AUTO~CORRELATION

TIME SERIES

INPUT PARAMETERS
IP = THE ORDER OF THE AUTO-REGRESSIVE FARAMETERS

IQ = THE ORDER OF THE MOVING AVERAGE FARAMETERS i
R(I) = THE INFUT AUTO-CORRELATION VALUES !

QUTPUT PARAMETERS
A1(I,J) = THE LEFT SIDE MODIFIED ESTIMATES
R1(I) = THE RIGHT SIDE MODIFIED ESTIMATES
L3322 30 3223000800223 cd2 2322833823233 822338 2883

O0000O00O0O00O0O00n00

SUBROUTINE MODY(R»IP»IQsA1s,R1¢M1)
COMPLEX%X16 A1(100,20)rR(0:500)sR1¢(100)
IF(IP.EQ.M1) M2=IP
IFCIP.LT.M1) M2=M1-1Q
IL=IP-1
M=1Q+1
DO 10 I=1,M2
DO 20 J=0-IL
KK=IQ-J+I-1
IF(KK.LT.0) A1(IyJ+1)=DCONJG(R(-KK))
IF(KK.GE.Q) AL (IyJ+1)=R(KK)
20 CONTINUE
10 CONTINUE
DO 30 I=1,M2
K3sM+1I-1
R1(I)==R(K3)
30 CONTINUE
RETURN
END
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(232220220 3323332330790 83 3320332229333 8 233332333333 33334 1
THIS SUBROUTINE CONVERTS A NON-SQUARE MATRIX TO
A SGUARE MATRIX IN ORDER TO SOLVE ITS INVERSE

INPUT PARAMETERS

A1(I»J) = LEFT SIDE OF NON-SQUARE MATRIX

R1(I) = RIGHT SIDE OF NON-SQUARE MATRIX

IC = NUMBER OF COLUMNS OF THE NON-SQUARE MATRIX
IR = NUMBER OF ROWS OF THE NON-SQUARE MATRIX

CUTPUT PARAMETERS
C(I> = LEFT SIDE OF SQUARE MATRIX
Ci1(I) = RIGHT SIDE OF SQUARE MATRIX

EEAREXZXERXEKREXERKXELRKEEREKERREEERKEXXEXKKXKERKKRXKXKE X EXK

0000000000000

SUBROUTINE INVR(A1sR1»IC,IR,C»C1)
COMPLEXX16 A1(100,20)sR1(100),C1(100)5C(100,100)
COMPUTE A1 TRANSPOSE R1
DO 120 I=1,1IC
C1(I)=(0DO0,»O0DO)
DO 120 J=1,IR
C1(I)=C1(I)+DCONJG(AL1(Js 1)) %RLI(J)
120 CONTINUE
c COMPUTE A1l TRANSFOSE Al
DO 130 I=1.IC
DO 130 J=1,1IC
C(I»J)=(0D0»ODO)
DO 130 K=1,IR
C(Is)=C(I+J)+DCONJGC(AL(KyI))I%XAL(K I )
130 CONTINUE
RETURN
END

9]
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FILTER AR PARAMETERS AND ESTIMATE MA PARAMATERS

INPUT PARAMETERS

A2(I) = AR PARAMETERS

IP = ORDER OF AR PARAMETERS

X2¢I) = QRIGINAL INPUT TIME SERIES
NPTS1 = NUMBER OF INFPUT TIME SERIES

CUTFUT FARAMETERS
Y3(I) = FILTERED AR TIME SERIES
LY3 = LENGTH OF FILTERED TIME SERIES

KEXKRERXEEREXEEKLKERKRKEEERKEXEREEX KR KRR AR KRR RE R KRR KR KK

SUBROUTINE ARFIL(X2sIPrA2:Y3:LY3IINPTS1)
REAL®8 A2(0:30),X2¢(022000),Y3¢(0:2000)
M=NPTS1-IP-1

LY = My}

A2(0)=1.0

DO 10 NN=OsM

Y3(NN+IFP)=0DO

DO 20 K=0,1IP
YI(NN+IP)=YI(NN+IP) +A (K) RX2 (NN+IP-K)
CONTINUE

CONTINUE

RETURN

END

8-12
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THIS FROGRAM CALULATES THE MA PARAMETERS

INPUT PARAMETERS

XF(N)= INPUT TIME SERIES

NPTSF= NUMBER OF POINTS

NQMAX= ORDER OF THE PROCESS

NPL = NPTSF/S (ORDER FOR LONG AR PROCESS)

OUTPUT FARAMETERS
ALCI>NQMAX)= THE B(I) COEFFICIENTS
FOWO1 = THE VARIANCE

EEARKRRXEEKKKAKXXRREEREEERXXEERKKKKKRERRKRRKKR R KKK KK

SUBROUTINE DURBIN(XF»NPTSF»NQMAX»NPLsALFOWOL)
REALX8 XF(300)»AL(100,100),POW(100)

CALL LEVIN (XFsNPTSFsNPLsAL»POWOL,FOW)
XF(1)=1.0

DO 10 I=1,NPL

XFC(I+1)=AL(1/NFL)

NPL1=NPL+1

CALL LEVIN(XFsNPL1sNGMAX»AL,POWD,POW)
RETURN

END

SUBROUTINE LEVIN(XZsNPTSsNPrAYW,FYWODsPYW)
THIS SUBROUTINE COMPUTES THE YULE-WALKER ESTIMATES OF THE
AR FARAMETERS

REAL¥8 X7(300)sAYW(1005100),R7(101)sPYW(100)
N2=NP+1

DO 20 K=1,N2

NK=NFTS-K+1

R7(K)>=0.0

DO 10 L=1,NK

R7Z(K)=R7(K)+X7(LYXX7(L+K~1)

CONTINUE

R7Z(K)=R7(K)/FLOAT(NFTS)

CONTINUE

AYW(1»1)=-R7(2)/R7(1)

PYWO=R7(1)

PYW(1)=(1,0-AYW(1s1)X%2)XR7(1)
IF(NP.EQ.1)G0 TO 490

DO 50 I=2,NP

I1=1-1

B=~R7(I+1)

DO 30 K=1,I1

Ba2B-AYW(KsI-1)%XR7(I+1-K)
AYW(I»I)=B/PYW(I-1)

DO 40 K=1,1I1t

AYW(K» D) =AYW(Ky I=1)+AYW(I» I) RAYW(I-KrI-1)
PYW(I)=(1,0-AYW(I»I)XX2)XPYW(I~1)
CONTINUE

RETURN

END
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THIS SUBROUTINE COMPUTES THE POWER SPECTRAL DENSITY
OF AN ARMA FROCESS GIVEN THE MOVING AVERAGE AND
AUTO-REGRESSIVE COEFFICIENTS

INPUT PARAMETERS

10 = ORDER OF THE MOVING AVERAGE PROCESS
IP = OQRDER OF THE AUTQG-REGRESSIVE PROCESS
A(I) = AUTO~REGRESSIVE COEFFICIENTS

B(I) = MOVING AVERAGE COEFFICIENTS

N = LENGTH OF THE FFT

VAR = THE VARIANCE OF THE MA PROCESS

QUTPUT PARAMETERS
PS(I) = QUTPUT POWER SPECTRUM

EEXEEREAKRRKKKXXEREXKKKXKEREKEERKRRKKKREAKKXEERKXXXREERXRERREKR

SUBROUTINE POWER(IQyIPsAyBsNsPS»VAR)
REALXS A(0:30)sB(02:30)+XS5(200)9»X6(200)
REALX8 Y(200),Y1(200):PS(200)
COMPLEX%1&6 XB(200)¢X7(200)
REALX8 WK(1000)

DIMENSION IWK(1001)
ND2=N/2

N1=N-IP~1

D0 10 I=0,IP

XSC(I+1)=ACI)

CONTINUE

DO 1S I=1,N1
XS(I+IP+1)=0D0Q

CONTINUE

CALL FFTRC(XSyNe X7 IUKWK)
DO 20 I=2,ND2

X7 (N+2-1)=DCONJG(X7(1))
CONTINUE

DO 25 I=1sN
X7(I)=DCONJG(X7¢(I))
CONTINUE

DO 26 I=1,N
Y(I)=CDABS(X7(1))%x%x2
CONTINUE
WRITE(6940) 9 (Y(K) P K=19N)
N2=N-10~-1

DQ 30 I=0s10

X6(I1+1)=B(I)

CONTINUE

DO 35 I=1,N2
X6(I+1Q+1)=0D0

CONTINUE

CALL FFTRC(X&sN2X8» IWK WK)
DO 41 I=2,ND2

B-14
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X8(N+2-1>=DCONJG(X8(I))
CONTINUE

DO 43 I=1,N
X8(I)=DCONJG(XB(I))
CONTINUE

DO 44 I=1,N
Y1(I)=CDABS(X8(I))x%2
CONTINUE
WRITE(6760) 9 (Y1(K)sK319N)
DO 350 I=1,N
PS(I)=(YL1(I)/Y(I))RVAR
CONTINUE

FORMAT (S(3XrFP.6))
RETURN

END
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